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1. Introduction

It has been well recognized that moment problems have close connection with
spectral theory for selfadjoint or unitary operators. The trigonometric moment
theory, for instance, is applied to establish the spectral theorem for unitary operators.
while the spectral theory affords a unified treatment for various kinds of moment
problems even for operators (see Sz.-NAGY [7], and KReIN and KRASNOSELSKI! [5]),
In this paper we shall further develop this approach to solve truncated moment
problems for operators. Our basic problem is to find conditions for the existence
of an increasing operator-valued function E(4) such that

(power moment problem): A,= f dEQQ)  (k=0,1,...,m)
. I _

or
(trigonometric moment problem): A4,= f edEQ)  (k=0,1, ..., m),
I . )

where -Ao, ..., A, are given bounded linear operators on a Hilbert space and I
is a finite or infinite interval. While the classical moment problems, in which each
A, is an operator of rank one, have been settled mostly with help of function theory
and an extension theorem for positive linear functionals (see AHIEZER [1], and
Aniezer and KreiN [2]), the key to our development is provided with extension
theorems for symmetric operators with non-dense domain, as shown by KREIN
and KRASNOSELSKIY [5] on proving the power moment problem with m=2nr and
I=[-1,1. - _ :
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2. Preliminaries

All operators are assumed to be linear. To a bounded operator T from a Hilbert
space 8 to a Hilbert space &,, there corresponds its adjoint 7* as a bounded operator
from K, to K. The square root of T*T will be denoted by |T |. A positive operator
means a non-negative selfadjoint operator. The inverse A~' of a bounded positive
operator A is, by definition, the uniquely determined operator with D(A4~!) = R(4)
and A='4 = 1—P, where P is the orthogonal projection onto the kernel of A.
A~12 stands for the inverse of 42, An operator S on a Hilbert space is symmetric
if (81, g)=(/, Sg) for f, g€D(S).

A bounded positive operator A on a Hilbert space K gives rise to a new semi-
inner product: (f, g).=(Af, g). The completion of K with respect to this semi-
inner product will be denoted by &,. A bounded positive operator C is called
A-bounded (resp. A-closable), if the canonical identification of & is a bounded (resp.
closable) operator from K, to R¢. Thus C is 4-bounded (resp. A-closable) if and
‘only if there exists a bounded (resp. closed) operator X with C=|XAY2|2,

Lemma. Let A be a bounded positive operator. Then a vector h belongs to
D(A™?) if and only if, with the convention 0/0=0,.

A
sestn AR

In this case the left hand side coincides with || A=12h||3.

Proof. Suppose that 4 belongs to-D(4-"2). Then

(s B> _ 1421, A=12h)P?
O/ N VL

Since R(A4'7?) is dense in the orthogonal complement of the kernel of A4,

A
S r sy T AT

Suppose conversely that the left hand side is finite. Then # is orthogonal to the kernel
of A. Let E(1) (0=21 <) be the resolution of identity for 4. Then it follows that

h = lim (1 - E@)h.

Since each (l—E(s))h belongs to ZD(A 12y the closedness of A -2 implies that A
belongs to D(A-1?) if and only if

sup[4=42(1 ~ E@)H| < =
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Now since
(e —E@B? _ [ -E@eh)?  _ AR
Uge)  (A(1-EE)s (1-E@)) ~ seawn (A1)’
it follows from the preceding part of the proof that

,(1—E@©)h)|? h)|?
sup |42 (1 ~E@)A|* = sup sup |(g(<Ag,$)) S = eatn lgf}l)

Th1s completes the proof.

" Each bounded operator T from a direct sum @ 8; to another @ K, is repre--
l_
sented in the natural way by the corresponding nXm matrlx ( :7), where

T;; is a bounded operator from K; to K,

- Proposition 1. Let A be a bounded positive operator on K, and B a bounded

operator from K, to K,. There exists a bounded operator C on K,, for which the
B* C .

is fulfilled, |A~**B|? is the minimum of all such C.

Proof (cf. [3]). A matrix [g* lé] is positive, if and only if

(A1) +(Be. )+ (B, 8)+(Cg, ) =0 (fERy, gERy),

matrix [A B] is positive, if and only if |\B*|* is A-bounded. When this condition

that is,
I(Bg, I*=(4,)Cs 8  (fER;,gERY).

By Lemma this last condition can be converted to the inequality
| 412 = C

and the minimum property of |A 12B|2 is clear. On the other hand, |B"‘|2 is A-bounded
if and only if for some y=>0

IB* 1> = (41, f) (f€ ),
or, with C=1,

(Bg, /HI> =(4f, f)(Cg, g)  (feR,geRy).
This completes the proof.
Corollary 1. If a matrix T= [g* Ié] is positive, then
. A B
J*PJ = B* |A-12B2]’

where J is the canonical map of R =R, ® R, to ]y and P is the orthogonal projection
of K1 onto the closure of J(K,). Thus J(RK,) is dense in Ky if and only if C=|A~-2B|2,
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Proof. ‘Since PJf=Jf for f€RK,, it follows

(*PIff)=(Af,f) and (J*PJf,g)=(B*f,g) (fE€R,,gERy).
Finally it results

2 2
(*PIg.£) = (P, Plg)y = sup LB A8 I al” _ o IBEDE _ o2 e,

reso LIDT ges (ANS)
Corollary 2. A symmetric operator T on a Hilbert .s‘pace K admits a positive
extension of norm =1 if and only if

VT2 =(Thf) ~ (feD(A)).

Proof. The inequality is obviously satisfied if 7" admits the required extensions

If, conversely, the inequality is valid, it follows [|Zf||=|f]l, so that the domain

D(T) may be assumed closed. Let &, =D(T), ], =K, A4=0TQ and

. B* = (1-Q)TQ, where Q is the orthogonal projection onto ;. Since the ine-
quality in question is equivalent to :

(T WP =TL )b B (fER, hES),
|B*2 is A-bounded, consequently by Corollary 1 the operator T = [ B*|4-17 BP]
gives a positive extension of 7. The assertion on norm follows from the relation

_ @
b= s "y =®B :

Remark 1. Corollary 2 is just a variant of the fundamental theorem of
KrEiN (see [S; § 6] or [6; n° 125]) that a symmetric operator of norm =1 admits
a selfadjoint extension of norm ~=1.- Corollary 1 corresponds to Lemma 7. 1 in [5].
EQ) (a=A=b) is called a spectral function, if (1) each E(4) is a bounded positive
operator, (2) E(A)= E(y) for A=y, (3) E(1+0) = E(4) and (3") E(a+0) = 0 and/or
E(b—0) = E(b) in case a = —<o andfor b =<, It is orthogonal, if each E(4) is
an orthogonal projection. The basic connection between spectral functions and
orthogonal spectral functions was established by NAIMARK (see [7]). We shall use
his result in the following modified form: if E(1) is a spectral function in a Hilbert
space 8, there exist a Hilbert space &, an orthogonal spectral function P(%) in
R and a bounded operator J from K to { such that E(A)=J *P(A)J ’

Given a spectral function E(1) (a =1 =0b), the weak integral f A*dE(2) deterrnmes

a closed symmetric operator with dense domain (k=0,1, ..). When E(1) is an
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b
orthogonal spectral function, the domain of the operator f M*dE(2) consists of

b
vectors f, for which the strong integral f ¥dE(Q) f converges.

Proposition 2. If S is a closable symmetric operator on a Hilbert space K,
there exists a spectral function E(A) (— o= 1=o0) such that, for all k, j,

co

(5%, Sig) = [ WA(EWSg) (feD(ESY, geD(S)).

— oo

Proof. The Krasnoselskii Theorem [4;§3] on closed symmetric operators-‘
guarantees that there exists a selfadjoint operator S on the direct sum of & and
its copy, which is an extension of S. Then the spectral function E(A), defined by

EQf=0PA)Sf  (feR),

meets the requirement, where P(4) is the resolution of identity for § and Q is the
orthogonal projection onto . In fact, for f€D(S*) and g€D(S),

(', Sig) = (S, 8'9) = [ A+*d(P(Df,8) = [ A+Fd(E(R)S, g)-
If V is an isometric operator with non-dense domain in a Hilbert space K,
it admits obviously a unitary extension ¥ on the direct sum of & and its copy. Then,
as in the proof of Proposition 2, there exists a spectral function E(A) (—n=1=n=)

such that f e**dE(}) is an extension of V* for all k.
-1

Proposition 3. An isometric operator V with non-dense domain admits the
representation for some spectral function E() (—n2=A=mn/2):

/2’ .
Vif= [ eMdEQDS  (feDIH), k=0,1,..),
if and only if " ‘
Re (Vf, f)=0  (feD(V)).

Proof. If ¥V admits such representation, it follows
n/2

Re(Vf,f) = [ cosid(E()f,f) = 0.

—-n/2
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Suppose, conversely, that the inequality is satisfied. Since (V+1)h = 0 implies
J1=0 by assumption, the operator
i+1

T ===+

is symmetric. Calculation shows that, with (f/+ Df =g,

(T, 2) = (f,f)+Re (V. £) +Im (Vf, f)

and

(Te, Tg) = Im (V. 1)+ (£, 1),
hence .
ITgl? = (Tg, g)-

‘Then by Corollary 2 T admits a selfadjoint‘extension 0=T=1. The operator

. 1+i ). 1—-i)!
7= (-1 -5

is a unitary extension of ¥ with Re () =0. Since the spectrum of ¥ is concentrated
on the arc {e*: —n/2=A=n/2}, the resolution of identity for ¥V produces a spectral
function of the kind we expected.

Remark 2. Proposition 3 can be modified to get a condition for a represent-

ation of the form _/'e"“dE(/I) for some 0 <t <m.

3. Hamburger truncated moment problem

A finite sequence {4, ..., 4,,} of bounded selfadjoint operators on a Hilbert
space R is called a Hamburger moment sequence, if there exists a spectral function
E(A) (—eo=1=0c0) such that

oo

A= [IdEQ)  (k=0,1,..,m).

— oo

The direct sum of n+1 copies of & will be denoted simply‘ by é R and a
¢ . i L
general element -in it by a row vector (fy, ..., f,). D K] (n=m) is identified with
o

the subspace of é K, consisting of vectors of the form (fy,...,/,,0, ..., 0).
y :
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For a sequence {4y, 4, ...

matrix H, is,

Ay A, A, ...
A1 A2 A3.--

H, =
An An+-1

The n-th Hankel matrices for ‘{Al, A,, ...

} and {Az, A3,

} of bounded selfadjoint operators, the n-th Hankel
by definition, the operator on @ R, given by
- 0

A,

. An+1

.. Ay

} will be denoted

by K, and L, respectively, i.e.

v Ansy . A4, A4;

A Ay . Ay,
S Il B S I
An+1 An+2"~' A2n+1 An+2 An+3"' A2n+2

The 'n- th marginal matrtx B, for {4,, 4, ..
K to EB S given by

.} is, by definition, the operator from

n+1

n+2

A2n+1

The n-th marginal matrices for {4,, 4,, ...} and {4,, 4,, ...} will be denoted by

C, and D,, respectively, i.e.

n+2 .
"*3 and D, =
A2n+2 - '

'Theorem 1. {Aq, ..., Ayns2} is a Hamburger moment sequence if and only if
the Hankel matrix H,, , is positive and there exists a closed operator X such that

An+3
An+4

A2n+3

Aznyz = A+|XCY22,
where

= IH”—UZB"P and C= A2n+A— [(Hn—1+Ln—1)_1/2(Bn—-1 ;*'Dn—l)lz'

Proof.. Suppose that {4, ..., 45,4} is a Hamburger moment sequence
with respect to a spectral function E(1). In view of the Nalmark theorem there
exist an orthogonal spectral functlon P(2) in a Hilbert space ® and a bounded
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J from & to & such that E(i)=J*P(1)J. Consider the selfadjoint operator
{= [ idP(d).

Since Jf belongs to the domain of A"*! for all f€ &, it follows

nt1 nt1 2
2 Ui f) = || 2 A% If) =0,
J,k=0 k=0
hence the Hankel matrix H,,, is positive. Since
) . n+1
Ko o ot sty = | > 4%,

the shift operator S: :
S{fos coos S =0, fo, . i)
nd1 “ .
is well-defined and closable in (é R)y,,, because of the closedness of 4. S is
. o .

obviously symmetric. Consider further the truncated shift operator: T =PSP,
where P is the orthogonal projection onto the closure of the canonical image of

n +1
@ Kin (nea R)n,, - T is also symmetric and closable, because it is densely defined.
0 0 ’

It follows from Corollary 1 that

IT o - fos OWas = PO, foo ooes Sl =
= K0, fo» - s St s = (Aznsz = Dy ) =
= [8(fo> -+ s Jur Ol s = (251 2 — D1 £)-
IKASYs o s A, + IT S, o £, O, ~ O
_ A =) ama ~ O (N, M~ o),
Then
ISCEY, - S, 0y = S{fE, o, 20, O, =
= [TV, - i, 0) TS, o, /0, O, +
FIE =L s2-a =~ 0 (N, M~ o).
Since both S and T are closable, it follows that A _
12— a = ISKAEY, s i, OBy — IlT<f‘"’ s A Ol = 0 (N> o0).
Let L, be the n-th Hankel matrix for {4,, ..., 42,41, A} and let Q be the drthogonal

Suppose that

and

. n n—1
projection of (@R)g,+y; onto the closure of the canonical image of ¢ K. Then
0 - 0

”<f09 ’f;|>”12{,,+L,'. = “<f01 soe ’f;l>“%{,.+ ”T<f0, seey f;n 0>”%ln+l ¢
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Now the above convergence implication can be written in the form
"(1 - Q)<Oa eeey O?f(N)>”12-In+L;. -0

and ‘
™ —fOI%,,,-a =0 (N, M — =)

implies
1/, 2-a =0 (N —~ =),

for, by the definition of the projection Q, there are f&, ..., ;%) such that
KA, o s L ™V ss = (L= Q)0 -, 0, f ™l 41+ /N,

This means, however, that A,,,;,—4 is C—closablé, for it follows from Corollary 1

that
”(1 - Q)<09 sees Osf>"]2~[,.+L-.’1 =

= ((A2n+A)f;f)—(l(Hn—l +Ln—1)_.1/2(Bn—1 +D,_ 1)[2ﬁf) = (Cf:f)

Suppose, conversely, that H,,, is positive and A4,,,, —4 is C-closable. The
~above argument can be traced backwards to conclude that the shift operator S

is symmetric and closable in (EBR)H . Let E(A) be the spectral function in

(EB R)H"H for S, guaranteed by Proposition 2. Then it follows, for j, k=n+1,
V] .
(AJ'H‘f g) (Sk(f; b4 0) S <g’ 4 "’O>)Hn+1 =
- le”"d(E(A)(f, 0,...,0),¢0, ...,

hence the expected spectral function £(2) can be given by
(EQ) £, 8) =(BAX 1, 0, ..., 0%, (g, 0, ..., O)) ..
This completes the proof.

Corollary 3. If the Hankel matrix H, ., is positive, there exists a selfadjoint
operator A such that 0=A=A,,,, and Ihe sequence {Ag, ..., Aypiy, A} is a
Hamburger moment sequence. '

Proof. Since H, ., is positive, by Proposition 1
A = [H; 2B,
is bounded. Then, with X =0, the conditions of Theorem 1 are fulfilled.

Corollary 4. If the Hankel matrix H, ., is positive and has a bounded inverse,
then the sequence {Aq, ..., Ayniz, A2nys} is a Hamburger moment sequence.
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Proof. Since [B},,|* is obviously H,,,-bounded, the Hankel matrix H,,,,
with 4,,, 4 replaced by [H,_ +‘{ B,.,%1s posmve by Propos1t10n 1. Now the assertion
follows from Corollary 3.

Corollary 5. {4y, ..., Az} is @ Hamburger moment sequence if the Hankel
matrix H, is positive, |C}_,|* is H,_ -bounded, and there exists a bounded operator
X such that

A2n+ 1= B+ (A2n - A)1/2 X’
where

4= IHn_—I{z];n—I]2 and B = (I_In_—I{ZBn—l)*(Hn_—l{ZCn—l)'

Proof. In view of Corollary 3, it suffices to show that the Hankel matrix
H,, ., is positive for suitably chosen 4,,.,. However, by Proposition 1 the positivity
of H, ., is equivalent to the inequality:

AZ;n A2n+ 1]

H, 1’2[13,, N O [
l ! j]l A2n+1’ A2n+2

or, with C = |H;2C,_,|?,

- A2n _A! A2u+1 _B]
: =0,
A2n+1—B s A2n+2_C

By Proposition 1 the last inequality means that |4,,,,; —B*|?is (4,,—4)-bounded,
what is guaranteed by the existence of X in the assertion of the corollary.

4. Stieltjes truncated moment problem

A finite sequence {4, ..., 4,} of bounded positive operators is called a
Stieltjes moment sequence, 1f there exists a spectral function E(1) (0=1=o0)
such that

= [JdEQ)  (k=0,1,...,m)

0o

To a spectral function E(1) (0=A=-<o), there corresponds a spectral function
F(A) (— o= 1=o0) such that

\—:—‘mm oo

f A2 AF () = j A dE(2)
and

[A#1aF@) =0 (k=0,1,..).

— oo
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In fact, F(4) can be given, for instance, by

1E(w)—31E(12—0) if A <0,

F(h = {%E(Az)+%E(oo) if A= 0.

Conversely, to a spectral function F(1) (— e =A1=<) there cdrresponds a spectral
function E(1) (0=A=-0) such that

fwl"dE(A) = szde(,l) (k;-. 0,1,...).

Theorem 2. {A,, ..., Ay,} is a Stieltjes moment sequence if and only if the
Hankel matrices H,, and K,_, are positive, and there exists a closed operator X
such that

Ay, = A+|XCY2)2,
where
A= IH;—I{ZBn—IP and C = A2n—1 +A - {(Kn—'Z +Ln—2)—1/2(cn—2 +Dn—2)|2'

Proof. As remarked above, {A,, ..., A,,} is a Stieltjes moment- sequénce-
if and only if {4,,0,4,,0,4,,0,...,4,,_,,0,4,,} is a Hamburger moment
sequence. The simultaneous row-column permutation:

2k—k (k=0,1,..,n—1) and 2k—1—>n+k—1 (k=1,...,n)

brings the 2n-th Hankel matrix for {4,, 0, 4,, ...,0, 4,,} to the form

B:—l 0 A2n
Under the same permutation the (27 —2)-th Hankel matrix for {4,,0, ..., 0, 4,,}

is transformed to
K,_, O
10 L,_,l’

Similarly the (2n—2)-th marginal matrices for {4,,0,4,, ...,0, 4,,} and
{4,,0,4,,...,0, 4,,} are transformed respectively to :

o] = b,
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Now the conditions of Theorem 1 for {4,,0, 4, ..., 0, 4,,} to be a Hamburger
moment sequence are converted to the ones in the assertion of the present theorem,
for the obvious permutation brings

P

H{l—l 0 Bn—l ’H 0
0 K., 0 | 1o [ : ]
B, 0 A, 0 K

and the following relations hold:

[Hn—l 0 ]_1/2 [Bn—l
0 K,, 0

e S P | KO S |

= .I(Kn—l +Ln—2)—1/2(cn—2 +Dn-—2)lz'

2
= [H{*B, [

and
2

This completes the proof. .
In the similar way the following theorem and the corollary can be derived
from the results of the preceding section.

Theorem 2. {4, ..., Ay,+1} is a Stieltjes moment sequence, if and only if
the Hankel matrices H, andL,, are positive and there exists a closed operator X such that

A2n+1 = A+ [XC1/2|29
where
4= IKH_—I{Z Cn-llz and C = A2n+A'— KHn—l +Kn—1)_1/2(Bn—1 +Cn—1)‘2'
Corollary 6. If both the Hankel matrices H, and K, _, (resp. K,) are positive,
there exists a bounded selfadjoint operator A such that 0=A=A,, (resp. =A,,+1)

and the sequence {Aq, ..., Ayn_1, A} (resp. {Adq, ..., Aa,, A}) is a Stieltjes moment
sequence. .

5. Hausdorff truncated moment problem

A finite sequence {4,, ..., 4,,} of bounded selfadjoint operators in a Hilbert
space & is called a Hausdorff moment sequence, if there exists a spectral function
E(2) (0=A=1) such that

1
A= [dEQ)  (k=0,1,..,m).
8 .
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Theorem 3. {Ao, vy A} is a Hausdor[f moment sequence if and only if ‘
the Hankel matrices satzsfy the following inequalities:
H,=0 and K,_,=L,.,=0 (if m=2n),

or
H,zK,=0 (if m = 2n+1).

Proof Suppose that {4, ..., 4,} is a Hausdorff moment sequence. As in -
the proof of Theorem 1, there exrst a selfadjomt operator 0=K=lona Hrlbert
space & and a bounded operator J from | to A such that :

(Hn<f0,‘...,ﬁ,>, oroonf)) = Hk:ZO‘A‘k-Jﬁ‘HZ

and‘ ‘ : . : N N
(Koo -oonfih oo o) = (A( 3 A% 08). 2 4% T).

where N = n—1 or =n according as m=2n or.= 2n+1. Thus the Hankel
matrix H, is positive. The inequality: K,_,=L,_, follows from the followmg
relation, based on the property 0=A=1:

(4(Z aean), 3 aeean) = [A(S v =

=0 k=0 =

= Lueslos s foetds o e

The inequality H,,%K,,‘,Vin case m = 2n+1, follows from the relation:

NGl = (A(Z o). S avm),

Suppose, conversely, that m=2n, H,=0 and K,_,=L,.,. Consider the

v

shift operator S in EB K:
.S<f0a '-~l,f;|—1’ 0> = <0’f0,.'“ afn—l)'

Ils<fds ~--;fp—1’ 0>”f{,. = )
= (Loe 1 Sos s Srmt)s LSor oo frm 1)) = Koot s o fom s Jor oo o)) =
' =(S<fo,---,fn 15 0% {for s forts O, s

-the operator S can be considered asa symmetric operator in ( GB R)y,, and admits,

Since

by Corollary 2,a selfadjoint extension 0=S8=1 on ( @ RK)y,. LetE() 0=1=1)

be the resolutron of 1dent1ty for S, ‘then just as in the proof of . Theorem 1;

10 A
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{Ao, ,,,} is a Hausdorff moment sequence with respect to the spectral function
EQ%), deﬁned by

(EW S 8)= (E(l)(f, 0) (&0, <> O,

Suppose finally that m = 2n+1 and H,,EK,,EO Then the Hankel matrix
H,:, with 4,,,,=A4,,, is positive. In fact,

(Hn+1_<f0’ "'9f;|+1>’ <f0’ . 9f;|+1>) (K <f03 9./;|>: <f0: :f;|>)+

+,‘=20(An+1+kfmﬁ.+1)+k§ (ot 1 Ans 1)+ Aanesfosio ford) =
; ”(fo, cees ,,_l,f;,+f,.+1>”12("'

’ ’ . . n+1
Consider the truncated shift operator T in ( (4] R)Hm:
. 0

T(fos -ovs S O0) = PO, fo, e s fi)s
‘where P is the. orthogonal projection onto the cldsure of the canonical image
of é'} K. Since : - _
° I«Osfo, S (80> ""gn’0>)Hn+1|2

Tfos - > Sn> Oll&,., = sup =
ITSos - sus Ol = sUP Gos s 20 O

. |(Kn<f09~".’f;l>’ <g0, "'>gn>)lz - = .
- ggg (H,.(go,_—..,g,,>, <g0,-.“’gn> — (Kn<f0’ "'5f;t>’ <f03 :f;x»

= (T<f0’ .. f;::0> <f0: coes S O>)H,,+13

~ the operator T is considered as a symmetric operator in (EB R)H and admits,

by Corollary 2, a selfadjoint extension 0=T=1. It follows that for j=n+1 and
k=n

(Aj+kf,g)=(S"<f, ,...,O),S<g, . 0))1;““—
= (T£,0, ..., 0), Tg, 0, ..., sy, ,»
T(£,0, ..., 0) = $K(£,0, ...,0)  (k=n) |
$/(g,0, ..., 0y = STi~1(g; 0, ...,05 (I =j=n+1).

Let E(A) (0=A=1) be the resolution of 1dent1ty for T. Then ‘it follows that for
j=2n+1

for

and

(Ajf; g) = (T"<f; 0, ceny 0), <g, 0, ""O>)Hn+1 =
. ‘ :
= [MAEDS0, ..., 0%, (g0, ..., M, -
0 : .



E Trur'_leated moment problems - - . © 333

Now {4,, ... Az,,+1} is a Hausdorff moment sequence thh respect to the spectral
_functlon E(A),. deﬁned by

(E(/l)f, £)=(E@XA0, ..., 00,48, 0, ..., Oy, .

" This completes ‘the proof ‘ .
Remark 3. KREIN and KRASNOSELSKII {5; §7] proved Theorem 3 only for.

the case m=2n. '

6. Tr_igonometric truncated moment problem-

A finite sequence {AO, . A,} of bounded operators is called a trigonometric -
-moment sequence, if there exists a spectral function E(4) (—m=21=n) such that

— fe““dE(l)' '(k=0,1,...,.n).

Itisa Kréin,moment sequence, if E(2) can be ta_.ken as a function on [—n/2, 7/2], i.e.
, 2 : N :
4, = [ eMdEQ) . (k —_,-40,1, )

—n/2

“For a sequence {Ao, Ag, .. } the Toeplztz matrix T, and the shtfted Toeplztz

matrix T,, + are the operators on @ K], glven respectlvely by

 (Aoy Arr Ay, LA,
: AT, AO’ Als "'-9An—1
_Tn __' :;’ AT) AO"AI’“"An—Z

hor Aoy s
P Ao, ’ ’Al’ ...,A;‘
"and Tn,‘+ = S

. .....n...‘.....‘.._............. *— A* _l:'.- A
A:‘:a n lsA:'Za "'9A0 S n—2’v T
Theorem 4 {Ao, .» A,} is a trigonometric moment sequence, if and only if
the Toeplitz matrix T, is positive. It is a Krein moment sequence, if and only zf in
- addition, the shifted Toeplitz matrix T,_, . has positive real part.

Proof. Suppose. that {4,,...,4 } is a trigonometric moment sequence.
As in. the proof of Theorem 1, there exists a unitary operator Uona Hllbert space
& and a bounded operator J from K to R such that

2
-Jf

o) = 3

10*



334 . - "T. Ando: Truncated moment problems °

and

n—1 n—1

(Cesilos s damads oo oo o)) = (0( 2 05 4), 3 0% 1)

Thus the Toephtz matnx T, is positive. ‘In case of a Krein moment sequence, j
has positive real part, for U has positive real part. ‘ :
If, conversely, the Toeplitz matrix T, is positive, the shift operator V:

V<f0’ sees, :1—1’0> = <0"f0: t"af;n‘—1>

. n . N N . .
1§ isometric in (@ K)y,» hence, there exists a spectral function E(4) (—-n=1=n)
t 0 : b ‘

in ( é RK), such that /e""'df(l) is an extension of V* for all k. It follows, as in the
0 e . - .
proof of Theorem 1,

f eMdEQ)  (k=0,1,...,n),

where E(1) is the spectral function in &, defined by
(ED, ) = B0, ..., 0), (g, 0,...:, O)r,

“If, in addition, the shlfted Toeplitz matrix T,_; has posmve real part, it follows

RC(V<f0, "j9f;r—150>’ <f0’ "'sfn-—lsO/)T,, = )
. = (Re(Tu'-l +)<f0: [ERI Jr- 1> <f0’ ?f;x—.l>) 20
hence by Proposition 3 E(1) can be taken as a functlon on [ n/2, n/2]. This
comp]etes the proof.
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