On interpolation fanctions. II

By J. PEETRE in Lund (Sweden)

The purpose of this note is to indicate a certain simplification of the ‘results
of [2]. (We use throughout the terminology of that note.) .

If h=h(u) is a positive Borel measurable function on (0, ) we agree to say
that A is pseudo-concave if it is equivalent to a concave function, i.e. if there exist a
concave function A, and a constant C such that C~'hy(u) = h(u)= Chy(u) for all u.

Lemma. h is pseudo-concave if and only if for some C holds
ORE h(v) = Cmax (1,0/u) k() for all u,v.

‘Proof (necessity).. It suffices to show that (1) holds for A,. But from the concav-
ho(u)-
u

ity it follows that ho(x) is increasing {but
with C=1.

is decreasing. Therefore (1) follows

Proof (sufficiency). Let aiéO; Z’oz,-=1, u= 2 o, (ﬁnite sums). Using (1)
we obtain

Zoh(u) = CXa;max [l —] h(u) = C[Zoc +X- % ‘]h(u) = 2Ch(u)

This éstabhshes the pseudo-concavity because we may now take. -

ho(u)=sup > o;h(u;),

which is by the way the least concave majorant of h.
1

Corollary. If h(u) is pseudo -concave 5o is k(u) (h(u ) where r w any real
number #0.

Proof. Obv1ous — This corollary was obtained in. [2] as a by product of the
main result there which we now reformulate as follows. :

Theorem.: A4 function H=H(z,, z,) homogeneous of degree i1 and satisfying
condition (2) in [2] is an mterpolatton function (of any power p) if and. only zf it is
of the form H (zo,21) = zoh(2/z0) with h pseudo -concave. :
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Proof (necessity). Consider the space X={x, y} provided with the measure
p such that each of the two points x and y carries the mass 1. Take
' L)=1, Le=1; {(X)=u {;()=0v"
and deﬁﬁe a linear mapi)ing 7 by ma(x)=0, na(y)=a(x). -The correspondmg
operator norms of = (considered as a mapping from L}, into L}, etc.) are

—_— v h(v) .
My=1, M,= = M oR
By the 1nequa11ty (¢ 1nequa11ty (1) in [2]) M =C max (M,, M) ‘we now get
h(v) - .
T) = C max [1, u‘]

which estabhshes (1)

~ Proof (sufficiency). By the lemma H is equlvalent toa functlon of the form (4)
in [2]. Therefore we may use the corresponding part of the proof of theorem 1 in [2]
(¢f. in particular pp. 168—169)

We conclude by illustrating our new result in a concrete case (cf. [1])
Let X=(0, ), p=Haar measure, {o(x)=1, {;(x)=€*" (x>0). With

() = elos; 2 =§ @~ 5 = 0)
‘we th_én haV@ o L '
-l

We c1a1m that % is pseudo-concave. It is clear that. h(u):is 1ncreasmg It suffices there-

()

fore to 'show that is decreasing if u is large, since the values u<1 do not

interfere. To this end we consider the corresponding logarithmic derivative; we have

d log (h@)/u) = (l(log W= 1—1)u

which, since A<1, eventually becomes < 0. Applymg now our theorem we thus
get the following interpolation theorem: If = is ‘a continuous linear mapping from
LE into L% and from L? into L? it is also a continuous linear mapping from 124 info
L (a>ﬂ>0) Here we have set LY =12 ., with =0, o, B- '

()
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