On rootless operators and operators without logarithms

By DON DECKARD and CARL PEARCY in Miami (Florida, U.s. A)

- 1. Introduction

Let $ be an infinite dimensional, separable, complex Hilbert space, and denote
by £(%) the algebra of all bounded linear operators on $. Topological properties
of subsets of £($) under discussion always refer to the uniform operator topology.
An operator 4 € 2($) is said to be rootless if for every positive integer n=2, A4 fails
to have any n-throots. Throughout this note, the set of invertible, rootless operators
on 9 is denoted by R. That R is non-empty was first proved by HALMOS, LUMER,
and’ SCBAFFER in [2], and that R has non-void interior was established in [3], and
again proved-in [5] and [6]. In fact, all previously known examples of operators
in R are interior points of R, and this caused Lumer [5] to ask if R is open. In this
note we generalize the methods of [1], which led to the construction of a
certain class of operators without square roots, and thereby prove the following

Theorem 1. The set R is not open and is not closed relative to the invertible
operators. . v

Closely related to.the question of whether an invertible operator 4 has roots
is the question of whether 4 has a logarithm; i.e., whether there is some B€£(9) .
satisfying exp (B) =A. We denote the set of all invertible operators on $ that fail
to have a logarithm by £. (4 necessary and sufficient condition that an operator
belong to L is known [4, page 285], but it has not yielded specific examples of opera-
tors in £.) It is clear that R £, and the existence of invertible operators with square
roots but no fourth roots [1, 6] implies that the above inclusion is proper. That
L has non-void interior follows from the fact that R does. However, the questions
as to whether £ is open, or closed relative to the invertible operators, seem to have
gone unanswered, and we furnish answers as follows:

Theorem 2. The set & is not open and is not closed relative to the invertible -
operators. ’

2. Preliminaries

-Before discussing the idea used in the proofs of Theorems 1 and 2, we introduce
the following terminology.

Let N denote the set of mtegers greater than 2, and let N,, N;, ... be infinite
disjoint subsets of N whose union is N. The sets N and N,,p=2,3, ..., will remain
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fixed throughout the paper, and will frequently be regarded as increasing séquences

without further apology. Notation such as lim {a,} will be used for simplicity,
néEN,
and should be given the obvious interpretation.

For each n€N, let §, be n-dimensional complex H11bert space, and let £(9,)
be the algebra of all (linear) operators on §,. Denote by & the Hilbert space

2 ®9,, and let the algebra Ic2(H) be the Cxsum I= 2 ®2(9H,). Then,
neN
of course, I consists of all operators A= EBA,, where A,‘, € 2(33,,) and the sequence

. neEN
{4, }sen is bounded.
Note that to prove that neither R nor £ is open it clearly suffices to prove the
following proposition. .

I) There exists an operator A€ INR and a séquence {G®} of operators in
3 such that each G® has a logarithm and such that ||G® — 4| 0.

On the other hand, to show that neither R nor £ is closed relative to the class
of invertible operators, it is enough to prove following proposition.

1) There exists an operator CE€J having a logarithm and a sequeme {B"‘)} of
operators in SNR such that |B® —C| 0.

Our task of proving Theorems 1 and 2 will be accomplished by proving 1) and
II). To do this, we show that it suffices to prove the following

Theorem 3. There exists a sequence {4, }uens> A €L2(D,), satisfying:
a) J®A4,eRNT

. neEN .
b) every operator B=2 @®B, in I such that spectrum B,=spectrum 4,
- for n€N and B,= A, for all sufficiently large n, satisfies BER. '

Furthermore, there exists a sequence {C,},en, C,€2(9,), sattsfying.‘
©). spectrum C, =spectrum 4, for n€N,

d) [C,— A4, 0, :
e) 2, @ C, has a logarithm in 3 (and thus is itself an invertible operator in 3).
nEN

Proof of I) and II) using Theorem 3. With the notation as above, define:

A4=3®4, C=3&C,

neN negN

and for each k€N, .
' B(k)='C3®...@Ck@Ak+1®Ak+2®-;~.:

GV =30 .0 4D Coi ®Coir @ ...

Since C has a logarithm in 3, and every invertible operator on a finite dimensional
space has a logarithm, each G® has a logarithm. Since obviously |G® —A| -0,
1) is proved. Since each B® ¢ RN I and obviously |B® —C|| -0, 1) is proved.

Thus to prove Theorems 1 and 2,it suﬁ’ices to prove Theorem 3,and the remamder
of the paper is devoted to this task.
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" 3. A construction

To begin the préof of Theorem 3, we wish to produce for each p=>1 an operator
of the form Z’ ® 4, that has no p-th root. Thus we must suitably modify and

generalize the lemmas of [1,§2] to make them applicable. to the problem of p-th
roots. Throughout the paper- we denote by wf, the n-th root of unity

of, = e2nirin (r=0 41, 42,..).

Lemma 3.1. Let p=2 and n=3 be integers, and let {4}, be complex
numbers such that ()Y =}, for r=1,2, ..., n. Then '

b= 0ok for r=12,..,n,

where each k(r) is some integer satisfying 1 =k(r)=p, and either
(@) for some r satisfying 1 =r=n—1,

()P =t h)? 2n or
A=At T nll—wd}’
B K)=k(2)=...=k(n), in which case,
| ()= Ay 2n
A=k | T al-ei]"

Proof Suppose there is an r satisfying 1 =r=n—1 such that k(r)=k(r +1),
and note that

‘ ()P — (AP
lr Ar+1

@ — @it | _
w;m (Ol;,(r) _w;":l Col}c’(r+ 1) -

1—ow}
—ml [k(r+1)—k(r)]’
11—}, ok

B ‘ o), — i+l
k. 1 K 1
CO;,‘ [wp(r) - a.)pn wp(r+ )]

Now k= k(r+1)' k(r) is a non-zero mteger satisfyfng ~(p—1)=k=p—1, and
it is clear that the distance from 1 to w}, w‘l, along the unit circle is less than or
equal to the distance from 1 to the point wp,,w,, along the unit circle. Thus

11— apof] = (1 -0}, 07| o

Furthermore, |1 —w, w“[ attains its minimum as a function of n at n=3, so

E -0l = 1-0),0;' = |1-0},
and thus
l—co,, _ |1~ 2n
T—wlof| = [1-w?, |~ n|l-wi,l’
On the other hand, if k(1) =k(2)=... =k(n), then
@yl | 1-wl | 2
AL—an T l—ole T nll-wd,)’

as before.
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Lemma 3.2. Suppose that KcL(9) has the distinct eigenvalues {A;};¢c;, and
suppose that for i €I, the eigenspace corresponding to A, is spanned by the vector x;.
If J is any operator on § that commutes with K, and K is any subspace of spanned
by some subset of the {x;};¢|, then K is an invariant subspace for J.

Proof. It suffices to show that for i€ I, Jx; =a;x; for some scalar ;. If Jx; =y,
then Ky,=KJx;=JKx;=2,y;, so that by hypothesis y,=ax,.
The following corollaries are immediate.

Corollary 3. 3. If p and n are positive integers, T is an n X n complex matrix in
upper triangular form having n distinct eigenvalues, and R° =T, then R is also in
upper triangular form. :

Corollary 3. 4. Suppose K€ 3 and satisfies the hypothesés of Lemma 3.2
and the additional hypothesis that the vectors {x;};e; sSpan 9. Suppose also that
JE€ (D) and satisfies J* = K for some positive integer p. Then J€ J

The following easy computation is designated as a lemma for convenience in
referring to it later.

Lemma 3. 5. Let T be the n X n complex matrix

B |z
0 (2
where B is an (n— ])><(n— 1) matrix, z is a (n—1)-vector, and A is a scalar not in

the spectrum of B. If p is any positive integer, then T? is the matrix

ganl

where x is the (n—1)-vector x=(B —A)~'(B? — A¥)z.

(We call an # X n matrix upper triangular if the elements below its diagonal are
all equal to 0.)

The following lemma is obtained from Lemma 3.5 by induction on the size
of the matrix.

Lemma 3. 6. Let p and n be positive integers larger than 1. Let T be an upper
triangular nXn matrix whose diagonal elements are u,, ..., u,, where the u; are
distinct complex numbers. For i=1,2, ..., n, let A; be such that (1,)? =u;. Then there
exists exactly one upper triangular nXn matrix R whose diagonal elements are
Ay oois Ay, and for-which R"=T. :

With these preparatory lemmas out of the way, we proceed with some additional
-definitions needed to prove Theorem 3. The sequences of operators we shall consider
can most easily be described matricially, so we assume given for each n€N an
orthonormal basis X, for §,, and the matrices exhibited hereafter are to be regarded
as the corresponding operators. For each pair (p, n) of integers with p>1 and
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n€N,, we define Q, to be the umque operator on $, whose matrix is upper tri-
angular and has the diagonal elements (1+l/n)1“’ ok, (k=1,. .., n), satisfying
ol nt

w? n-t

n

@) = (1+1/n) .
-1 n_*

n
wﬂ

‘w

Next define (for each p>1) the sequence {c,},cy, of complex numbers by

wl—1
— n ()
‘ Ca [(,0 CO ] Gin
Finaliy, (for each p >1) define the sequence {fidnen, as follows:
y) if the sequence {c, },,EN does not converge to zero, set f, =0 for n€N,;

d) if the sequence {c,},en, converges to zero, set f,= 0 for all n¢ N, such that
e,l =1, and set f, =1—c¢, for those n€N, such that |c,|=

Lemma 3.7. For each pair (p, n) with p>1 and n€N,, let A, be the operator

w! nt In
o> nt
A, = (1+1/n)
ot gt
;
and let T, be the unique operator of the form
(o
O 17
T, = (41
i)
ol N
satisfying (T,)F = A,. Then 1 = (¢, + fr) [a;’"—;ul)—”]

The proof of this lemma is an easy calculation‘using Lemmas 3.5 and 3. 6
and is omitted.

4. The proof of Theorem 3
Note that if for each integer p>1 a sequence {t,},cy, has been defined, then

these sequences give rise in an obvious way to a sequence {t, },,e N The follow1 ng
lemma proves the first half of Theorem 3.
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Lemma 4. 1. For each pair of integers (p, n) withp=1 and n EN let A, €2(9,)
be as in Lemma 3.7. Let ny=3 be a fixed integer, and let B= ZEBB belong to
3 and satisfy: neN

(0) for 3=n=n,, the elgenvalues of B, are identical with those of A,, and

(t) for i>ny, B,=A,.

Then BER; i.e., B is an invertible rootless operator.-

Proof. The inverse on §, of each A, can be computed directly, and an easy
calculation shows that

47 = A=1Vn) + £

Since the sequence {f,},ey is bounded by construction, B~!= @ B; €3,
N

. n¢
Now suppose that for some p=1 there is an operator S€L(9H) satisfying SP=B
Smce B satisfies the hypotheses of Corollary 3.4, S€ 3, and we write S = Z @ S

By Corollary 3.3, for n>n,, S, is in upper triangular form. Thus for each neEN,
satisfying n=>n,, let
Ao )
PER

S, = (1 +1/n)l»

)

Direct computation shows that, for each a,

A pi+ . '
S i+1 = [(l‘)" AH-I)p] (l/l/—) ,121’ 2, ...,n—1,

and-we note that the {4;}7., satisfy the hypotheses of Lemma 3. 1. Thus by Lemmas
3.1 and 3.6, for each n¢N, satisfying n=>n,

l/n ]1 w3p|

lsi ] =

for some i satisfying 1 =i=n—1 or S, =wk®™T,, where T, is as defined in Lemma
3. 7 and k(n) is some integer. Since | S = Is‘"Z+ 1| and S is assumed to be bounded,
there must exist an integer n, =n, such that S,=wk®T, for all n€N, satlsfymg
n=>n,. But then by Lemma 3. 7,

s = "(")(c /o) (@pn = 2p) for ne€N,, n=>n,,

(0, —1)

and applying Lemma 3. 1 [case (f)],

lep il [1 = dyln

sl = o
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By constructron, the sequence {c, +f; }ne v, does not converge to zero, so the sequence
{sm Jnew, is unbounded, contradicting S € £($). Thus the lemma is proved.
The following lemma completes the proof of Theorem 3..

Lemma 4.2. For each néN let C,,EB(@,,) be the operator

@, I
w?
Co=Q1+1/n)
;)
where f, is as previously defined, and let D, e&(D,) be the operator
2mifn ' d,
. 4riln
=log(l+1mI+| = - :
' 2(n—1)mi/n
' 0
2f,mi . . : .
where d,= r@ioT) Then for neN, exp(D,)=C, and |D,|=11, so that
D=3 G}D,,éd and exp (D)=C.

nenN
Proof. Compute, using the fact that |f,[=2.

Question. Is it possible for an 1nvert1b1e operator to have roots of all orders
and yet fail to have a logarlthm?
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