181

Complemented modular lattices derived from
non-associative rings

By ICHIRO A_MEMIYA 1) in Tokyo (Japan) and ISRAEL HALPERIN in Kingston (Canada)

§ 1. Introduction

K. D. FRYER and the authors prcved in [6] and [2]: if L is a comple-
mented modular lattice and if a normalized frame of order 3 in L satisfies the
conditions (3. 1.7), (5. 1. 1), (5. 1. 2) of [6] (see Remark 1 following Theorem 4
in §5 below) then L can be coordinatized. The coordinatization uses a ring®)
R with unit satisfying: '

(P): R is idempotent-associative, i.e., (¢f)y =a(B8y) if any of @,8,7
is idempotent.

(P): R is regular, i.e., for each « there exists a left partial inverse /,8
(this means: fe is idempotent and a(fe¢) =) and a right partial inverse
@& (this means: ¢# is idempotent and (28)a = ).

(Ps): In R, (eB)y=wea(By) if any of «pB, By is idempotent.?)

In this paper we shall make use of the following property which is
stronger than (P,;) but which, in the presence of (P,) and (P,), is easily seen
to be implied by (P).

(P): For every e in R, (&)= Re and (e),=«R; for each e« there
exists # and an idempotent e such that ee=ea, Sa=e and for every

1) Post-doctorate Fellow (of the National Research Council of Canada) at Queen’s
University.

2) Ring means non-associative ring, i. e., an additive group R with a left and right distribu-
tive multiplication ; e is idempotent means ee—=e. A subgroup [ is a left ideal of R if RIC/;
by duality, a right ideal if IR C I (henceforth, it is understood that every definition and
statement in this paper is to include its dual). The smallest left ideal containing AC®
exists (obviously); it is denuted by (A),, by (a), if 4=(a). Obviously, Ra C (a),.

8) Von Neumanw called an associative ring regular if for each e, there exists § with
afa==a (then ag, 8« are both idempotent).

4) The reader can verify easily that (Py), (Py), (P;) together lmply the other condi-
tion on 3t proved in [6], namely: Sa idempotent with « = a(g«) implies that g is idem-
_potent.
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y:ey=0 implies ey=0; and for each e« there exists & and idempotent ¢
such that e =a, ¢f’ =¢€" and for every y:ya=0 implies ye’=0.

‘ Although it is not needed for the rest of this paper, we shall show below
(see § 4, Corollary to Theorem 2) that in the presence of (P,) and (P;), the
property (P;) is equivalent to:

(Ps)': R is alternative, i.e., the associator [e, 8, y] =(aB)y —ea(8y)
vanishes whenever two of e, 8, y coincide.

In the present paper we consider an arbitrary ring R and we define
R* to be the set of associating elements®) in R (our R* is denoted as R, in
[10] and called there the “Kern” of R ; earlier, it was denoted as N by BRuck
and KLEINFELD [3] and called the “Nucleus”). As we show in Lemma 1.1,
R* is an associative subring of R. We define L ==L(R) to be the set of all
(e): with e idempotent, ordered by set inclusion. Obviously; L has (0) for
zero and, if % has a right unit,’) R for unit -element. M.(R) will denote the
ring of all n X n matrices («’) with all ¢¥ in % and S, = S.(R) will denote
the set of such (e¢¥) with ¢¥=0 for i<, and all e associating. Then
S, =®R" and the reader can verify by obvious calculation thai for n=1,2
or 3, S, iso an associative ring (with a right unit if R has a right unit).

For n=1,2 or 3 we define L,=L.(R) to be L(S.(R)). If R is idem-
potent-associative, % and R* have the same idempotents (obviously) and then
L and L,= L(R°) are isomorphic (obviously).

The main results of this paper are:

(1) If R is idempotent-associative and semi-regular’) then L is a rela-
.tively complemented lattice®) with zero, complemented .if R has a right unit,
modular if R is regular (§ 3, Theorem 1).

(2) ¥ R is idempotent-associative and regular then L, is a r'elativel)"
complemented, modular lattice with zero, complemented with a homogeneous
basis of order 2 if  has a right unit (§ 5, Theorem 3).

5) 4 is called associating if («8)y — a(8y) whenever any of «,8,y coincide with 6.

%) An idempotent e in R is a right unit for ACH if ae=a for all « in A, a unit
for A if ae=ea=a for all a in A.

7) See § 3 for definition of “semi-regular”’; every idempotent-associative regular ning
is necessarily semi-regular.

¥) We call an arbitrary ordered set relatively complemented if: whenever. a=b=c
- there exists some d (called a relative complement of b in ¢ over a, denoted [c—b],) such
that a is the meet of d, b and ¢ is the union of d,b. When a is a zero element we write
[c—b] and call it a relative complernent of b in c. In a lattice we denote union and meet
of two elements a,b by a -+ b, ab respectively; if the lattice has a zero, element 0 and
ab=0 we sometimes write a P b in place of a+ b.
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(3) If R is idempotent-associative and (P,) holds then L, is a relatively
complemented modular lattice with zero, complemented with a homogeneous
basis of order 3 if R has a right unit (§ 5, Theorem 3). : :

(4) If R is idempotent-associative and regular and (P;) holds (equiv-
alently, R is alternative) and R has a right unit, then every normalized
frame of order 3 for L; does satisfy (3.1.7), (5.1.1), (5.1.2) of [6]; and if
R is the coordinatizing ring of some L', as defined in [6], then L; is iso-
morphic to L’.?) Moreover the construction of [6), applied to a suitable nor-
malized frame for L; will give a coordinatizing ring which is isomorphic to
the original %) (§ 5, Theorem 4).

We recall that the original construction of a relatively complemented
modular lattice with zero L., for every integer n =1, made by J. VON NEUMANN,
required R to be associative and regular ([9], Part II, Theorems 2. 14 and
2.4; [5], §3.6).

§2 contains some preliminary lemmas of general interest wmch are
required in the other sections.

§ 3 contains the proof of (1). Here Lemma 3.2 permits us to adapt
the usual arguments for the associative, regular case.

§ 5 contains the proofs of (2), (3), (4). Lattice character of L, and L3
is obtained without difficulty but modularity is established only with the help
of an embedding theorem for rings by means of which we can reduce the
discussion to rings having no 1dempotents other than 0, 1. The embedding
theorem for rings is given in § 4.

§ 2. Preliminaries

By easy calculation the reader can verify the identity : ')

2.1 a[8, 7,91+ [, By, O] +[a, 8, Y0 =B, v, O] + e, 8, y ]
and hence

2.2) e[B,v,0l=|[ef, v,d] if e« is associating,
2.3 [a, 8y, 0l=le, 8, yd] if y is associating.

9) We actually show that Ls is isomorphic to the lattice L¥ of M-sets of vectors
used in [2] and shown there to be isomorphic to the given L’. (M-sets and LY are defined
in §5 below.)

10) Whether all normalized frames of order 3 for a fixed L, give isomorphic cbor-
dinatizing rings is not known, even if % is associative. However this isomorphism does
hold if ® has “no associative part”, i.e., if B=(0) in Theorem 2 (from the embedding
construction used in Theorem 3 and the Remark following the proof of Lemma 5.3 (i))-

11) Given as (2) on page 125 of [12].
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We let A= A(R) denote the set of ¢ in R* for which R, Rec R*
and we let B denote the set of @ such that fe=af8=0 for all « in A.

Lemma 2.1. A and B are ideals of %, R/B is an associative ring,
R* is an associative subring of R and if R is idempotent-associative and
regular then R° is regular.

Proof. To show that A is an ideal we need only prove that ¢ in A
implies Bey is associating for all 8, y. But (2.2) implies for all d, ¢:
[Bey, d, o] = (Be) [y, J, o] = Blay, J,0] =0,
and. by duality, [d, 0, Sey] =0. Also, (2. 3) implies:

- [8, Bey, o] =0, 8, eye]=I[9, B, yo] =0.
Thus Bey is associating, so A is an ideal.
Next, B is a right ideal; for if g is in B, and « is in A and y is
arbitrary,
a(By)=(«8)y=0, (Bp)a=_B(ye)=0.
By duality, B is also a left ideal, hence an ideal.
Next, (2. 2) and its dual show that for ¢ in A and arbitrary 8,7, 9:

a[ﬂ) Y; d];“—oz [ﬂ; e 6]“,
so [8,7,d] is in B. Thus all associators in R/B are zero, which means R/B
is an associative ring.
Next, « and B both associating clearly implies: ¢—§# is associating
and, from (2. 2), the dual of (2.2) and (2. 3), e@ is also associating. Thus
R* is a subring, obviously associative.
Finally, suppose R is idempotent-associative and regular. If fe=—e
(idempotent) and e =ece and e« is associating, then «f is idempotent, for
(aB) (ef) = (aBa)f=eap. Now (ef)a—e and eg@ is associating, for (2. 2)
and (2. 3) show:
[e,ﬁ’, e d] = e[ﬂ: Ve d,] = ﬂ[aﬂ; Ve 6] = 0’
[7, eﬂ) d] == [Y} ﬂ(aﬂ)x d] = [Y; ﬂ} aﬂ')’] = [7; ﬂay ﬂd] =0)
[7) dr Eﬂ] == [}’r dﬂ“) :8] = [Y; dﬂ, aﬂ] = 0)

since f, S are idempotent. Thus R* is regular.

Lemma 2. 2. Suppose R is idempotent-associative. Then if e is idem-
potent, (e)=Re (obviously). If h,e, f are idempotents with Rhc Rec Rf
then there exist orthogonal idempotents) e; (i=1,2,3) with Rh=Re,,
Re=R(e,+ &), Rf=NR(e.+e,+e).

12) a, 8 orthogonal means: a8 =3 =0.
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Proof. RhcRecRf implies e=ef, h=he=nhf. The lemma holds .
with e, = feh, e,= fe—e,, e3=f—elf—e2.

Corollary. If R is idempotent-associd_tive then L is relatively comple-
mented.

Proof. In Lemma 2.2, R(e,+es) is a relative complement of R(e, -+ ;)
in R(e,+e.+es) over Re,.

Lemma 2. 3. Suppose R is idempotent-associative. Then e—eaf is an
idempotent whenever f is an idempotent such that (¢*—ea)f=a*—ea and
fef=fea.

Proof. (e*—ea)f=a’—« implies a®*—a’f—=a—af. Now
(a—af)(e—af)=a*—aefe—’f+afaf=(—af)+a(faf—fa)=a—cf.

Corollary. Suppose R is an idempotent-associative regular ring
and suppose [ is an ideal of R. If either

(i) every idempotent in R is in the centre®) of R or

(ii) I=A4, _
then R/I is also idempotent-associative and every idempotent in R/l is of the
form e+1 with . e idempotent.

Proof. Suppose e-4-/ is idempotent in R//. Then (e+/)(a+1)=
=a+ 1, hence ¢’—a is in I. Since R is regular there is an idempotent f
such that: (¢*—a)f=eae*—« and f= y(e’—e) for some y.

Now f is in the ideal / (since ¢*—e is in this ideal), then also gf, /8
are in [ for all &

In case (i) fef=/fe. In case (ii) all fB, 8f are associating (by the
definition of A) so in this case also

fef =ffaf=(fr)(&—a)(ef) =(f7) a(a(af)—(fy) a(af) =
= (f)e((@—a)f)=(fr) e(@—a)=(((fr)e)e) e—((fy)@)e =
=(fy)(e*—a)e=ffa=fa.
Thus, in both cases, Lemma 2.3 shows that e==a—eaf is idempotent.
Since ef is in /, e+ I=e+- 1. This means: every idempotent in R// is of

the form e+ / with e idempotent. This implies that R// is idempotent-asso-
ciative.

Lemma 2.4. Suppose R is idempotent-associative. Then ea—ee is in’
A for every a and every idempotent e.

18) e is in the centre of R means: e#=4ge for all # in .
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Proof. For any J in R, e4+ed—ede and e+ Jde—ede are idempo-
tents and their difference ed—de is_associating. Now suppose d=ed and
de=0; then d=ed—de is associating, and also for arbitrary 8,

08=0(Be—ef)+e(d8)—(dh)e
and ‘
) B0 = (Be—eB)d+e(8J)—(B8J)e
are associating; so d is in A. This applies in particular to d =ea—eae so

ea—eae is in A. By duality, ae-—eee is in A. Hence their difference
ex—ee is in A.

Corollary. If R isidempotent-associative and regular, R/A is idem-
potent-associative and has all its idempotents in its centre.

Proof. By the Corollary to Lemma 2. 3 every idempotent in R/A is of
the form e+ A. Now (e+_A) (e+A)—(ae+A)(e+A)=(ee—ae)+ A=A.

Lemma 2.5. Suppose R is a ring with unit. Then

(i) R is a division ring without zero divisors) if and only if (P,) holds
and R has no idempotents other than 0O, 1, and

(ii) | is an alternative division ring if and only if it is regular and
(P;) holds and R has no idempotents other than O, 1.

Proof. The reader can verify easily that (i) follows from the definitions.

(ii) is easily transformed into the now well known statement that a ring
is a Moufang division ring if and only if it is an alternative division ring
([12]; [8], §1I; [10], p. 161, Theorem 4). (ii) is required by us only to prove
- the Corollary to Theorem 2, which is itself not required for the rest of this
paper.

§ 3. Semi-regular rings

A right unit e for /R is called a left idempotent for A if ef—e for
every right unit f for A (if R is idempotent-associative, this is equivalent to:
Re is the smallest element in L which contains A).

R is called left semi-regular if every @ in R possesses a left idempo-
tent, semi-regular if it is also right semi-regular. If R is idempotent-associa-

14) A ring is a division ring means: every equation ¢f=1y can be solved for g if
a #0 and for a if 8+ 0; without zero divisors means: «8=0 implies « or 8 is 0. An
alternative division ring means: an alternative division ring without zero divisors (then it
must have a unit, see [10], page 161). A ring is a Moufang ring if it has a unit and for
each a0, there exist 8, 8; such that: fja=agy=1 and y =4, (ay)= (ya)ﬂg for every »
(then necessarily, 8;=#g,=4¢ is unique).
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tive, ® and R* have the. same idempotents (obvnously) and R left semi-
regular implies R* is left semi-regular (obviously).

If R is idempotent-associative and regular.then each (@) is. of the form
Re which implies R is left semi-regular; by duality, R is also right semi-
regular, hence semi-regular.

Lemma 3.1. Suppose R is idempotent-associative and that every finite
_ subset of R has a right unit. If some a—ae has a left idempotent with e
idempotent then « also has a left idempotent provided that:

3.1 a€Rg implies ecRg for every idempotent g.

Proof. Let f be a left idempotent for e¢—ae. We shall show that
fe=0. ' ; :
In fact, if g is a right unit for {e,e}, then fg=/f g—ge is idem-
potent and (e —ee) (g—ge)—=a—eae (i.e., g—ge is a nght unit for ¢ —ee),
so f(g—ge)=f, hence fe=0.

We now show that h=e4 f—ef is a left idempotent for «. In fact,
hh=h and eh=ce+(a—ae)f=cae+a—ae=ue; if g is any idempotent
with ¢g =« then, by hypothesis, eg=¢, (e¢—ae)g =a—ce, hence fg=g
and finally hg =h.

Remark. (3.1) is 'certainly satisfied if e has the form e==ga.

Lemma 3.2. Suppose R is idempotent-associative and left semi-regular.
If e is a left tdempotent for « then for every idempotent f, af=0 implies
ef=0.

Proof. Let g be a left idempotent for e+f—fe. Then e=ea(e+f—fe)€
"€ER(e+f—fe)cRe. Hence e =ag,e=eg (since e is a left idempotent
for @), and

fg=(e+f—fe)g— (e—fe)g—(e+f—fe) —(e—fe)=/.

" Then g—gfis a nght unit for ¢ (g—gf is idempotent and a(g—gf)—
=a—af=qa) so e(g—gf)=ke, i.e, ef=0.

Remark. }f (P, also held, then in Lemma 3.2, «8=0 would imply _
ef=0 for all §. ' ‘ :

Theorem 1. Suppose R is idempotent-associative and. semi-regular.’
Then L is a relatively complemented lattice with zero (complemented if R has a
right unit) and the lattice meet of Re, §Rf in L coincides with their set’inter-
section. ‘

If R is also regular then L is modular.
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Proof. This theorem is easily verified since Lemma 2.2 holds and
for arbitrary idempotents e, f:

(i) the least element in L containing Re and Rf is precisely R(e+g—eg)
where g is any left idempotent for f—fe;

(ii) the greatest element in L contained in both Re and Rf is precisely
R(f—gf) where g is any right idempotent for f—fe and this greatest ele-
ment coincides with the set intersection Ren Rf;

(iii) if R is regular, the least element in (i) coincides with ‘ﬁe+§Rf
and L is a sublattice of the modular lattice £ of all left ideals of R.

Indeed, in (i) f—fe=(f—fe)g implies f—=fe+(f—fe)g and, by
Lemma 3. 2, (f—fe)e=0 implies ge=0. Hence, e g—eg is idempotent. Then
e=e(et+g—eg), f=(fet+fg—feg)(e+g—eg), so R(e+g—eg)DRe,
Rf. On the other hand, any element of L which contains Re, Rf must also
contain f—fe, hence g (g is a left idempotent for f—fe so if h is idem-
potent and (f—fe)h=f—fe then g=gh€ Rh), and so it must contain
.e4g—eg, hence R(e+g—eg) too. '

In (ii), f(f—fe)=f—fe, hence fg=g since g is a right idempotent
for f—fe. This implies that f—gf is an idempotent. But g(f—fe)=f—fe
implies that f—gf=(f—gf)e so R(f—gf)cRenRf. But if e« is any
element in RenNRf, ¢« possessés a left idempotent A and h is in Ren Rf.
Then h(f—fe)=h—h=0. This implies hg==0 by the dual of Lemma
3.2 so ag=(ah)g=ea(hg)=0 and e(f—gf)=af—0=g¢, i.e., a is
in R(f—gf).

(iii) If R is regular then in (i) above, g can be chosen to be .of the
form «(f—fe) for some a«. Then R(e+g—eg), which is the union of NRe
and Rf in L, is contained in Re+Rf. On the other hand, this union ob-
viously contains Re--Rf, so they coincide. Since Re-+Rf is the union of
Re and Rf in £, Re and Rf have the same union in L and in €. By (ii)
above, e and Rf have the same lattice meet in L and in £. This proves (iii).

Corollary 1. Suppose R, is a subring of an idempotent-associative
semi-regular ring R and suppose that for each « in R, there exist idempo-
tents in R, which are right and left idempotents respectively, for « in R.
Then L(R,) is isomorphic to a sublattice of L(R) under the mappmg R.e— NRe
for idempotents e in R,.

- Proof. Clearly, %, is idempotent-associative and semi-regular. If e, f
are in R, then (i) and (ii) of the proof of Theorem 1 show that there are
idempotents g, # in R, such that the union and meet of Re and Rf are
Rg, Rh respectively; at the same time, those of R,e and R,f are R, g, R,A
respectively. It follows that the given mapping is a lattice isomorphism.
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Corollary 2. If R is idempotent-associative and left semi-regular,
then every finite subset of R has a right unit, and every finite subset of
S.(R) has a right unit.

Proof. The proof of (i) in Theorem 1 holds for this . Now suppose
each e; has right unit ¢; (i=1, ..., m) and let Re be the union of the Re;. Then
clearly, @,, ..., @, has e as.right unit in R. If e,, ..., @ are all the elements of
a set of matrices in S.(R) then these matrices have for right unit the dia-
gonal matrix with all diagonal elements equal to e, all other matrix elements
equal to zero.

'§ 4. Decomposition theorems for rings -

_ Lemma 4. 1. Suppose R is left semi-regular. Then A, B have only 0
in common and hence a—(a+ A, e+ B) is an isomorphic mapping of R
onto a subring of the direct sum R/B@ R/A.

Proof. If « is in both A and B then so is a left idempotent e of a
since A and B are ideals, by Lemma 2.1. Then ee=0 so e=0, and
a=ae=0. '

Lemma 4.2. Suppose R is idempotent-associative and regular and
every idempotent of R is in its centre. Then R contains a family of ideals
N, such that each R.=R/N, is idempotent-associative, regular and has a
unit but no other non-zero idempotents and «— (e¢+ N,) is an isomorphic
mapping of R onto a subring of the direct sum of the Ni.

Proof. Let E denote the set of idempotents in R, ordered by: e=f
if ef=e. Then E is a Boolean ring. For each maximal ideal 2 of E let N,
denote the set of ¢ in R for which ee =« for some e in 4. Then N, is an
ideal of R, since

(i) if @ is in N, then. ee=a for some e in Ai; then e(ap)=cap,
e(Ba) = f(ea) = B« for this e; thus B, fa are in N, for all 8 in R;

(ii) if @, 8 are in N, then ee=e, f6=4 for some e, f in 4; then,
e+4-f—ef is also in 4 and, since e, f are commuting idempotents,

(e+/—ef) (@+B8)=(e+f—ef)ea+fB)=ca+4,

thus ¢+ ¢ is also in Ni. Moreover, by the Corollary to Lemma 2. 3, every
idempotent in R, =NR/N, is of the form e-- N. with e idempotent in .
Now let f be any idempotent not in 4. Then for every e in R,
=q—ef satisfies f¥=0. Let ¢, be a left unit for 8. Then e=e,—e,f is
also a left unit for 3, i.e., e8=g. But ef=0, hence the set 4 consisting of
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all eh+g—ehg (h€ E, g€ ) excludes f (and includes e). But 4 is an ideal
of E and A24. Hence A=24 since 4 is a maximal ideal of E. Thus 4 con-
tains e, hence (by. definition) N, contains 8. Now

@+ N) (f+N) = (F+No) (@+ No)= fa+ M=
~fe+B+N)=(fa+B)+M=c+N

showing that f+ N, is a unit of Rs. _

The mapping ¢—(ae+N,) is an isomorphism. For, if =0, then -
there exists an idempotent e with fa =e, ae=ea(since R is regular) and,
obviously, es~0; hence there exists a maximal ideal 4 in E for which e€l
is false (as is well known, such i can be constructed with the help of
ZorN’s Lemma or by the usual transfinite induction); hence « € N, is false.
Thus e —. (M) only if ¢=0.

Theorem 2. Suppose R is idempotent-associative and regular. Then R
is isomorphic to a subring of a direct sum R = R/B@® ZR/N,. where R/B is
associative and regular and each R/N. is a regular ring with unit but no
idempotents other than O and 1. R satisfies (P,) or (Ps) if and only if each
R/N, satisfies (Py), (Ps) respectively, and if only if each R/N, is a division
ring without zero divisors or an alternative division ring, respectively.’®)

Proof. This follows from Lemma 4.1, Lemma 2.1, the Corollary to
Lemma 2.4, Lemma 4. 2 and Lemma 2.5, since % s:gisﬁes (P) or (Py) if
and only if each homomorphic map R/N, satisfies (P;) or (P;) respectively.

Corollary. An idempotent-associative regular ring has property (Ps) if
and only if it is alternative.

§ 5. M-sets and S.-matrices

R will denote a fixed ring, n a fixed integer =1.

A vector v=(e';i=1,...,n) with all ¢ in R, will be called an
r-vector (and we sometimes write (¢',..., ¢") for v) if ¢*=0 for all i>r,
a controlled r-vector if also & is idempotent (=e(v) =e¢, say) with ea’=a’
for all j<r. , :

A set of vectors v, ..., v, will be called a basis if each v, is a con-
trolled r-vector, canonical if also a,e; =0 for all i <r where e; denotes e(vy).

An M,-set (or simply M-set), written M(v,,...,v,), shall be defined
whenever v,,...,v, is a basis and .shall consist of all controlled vectors of

15) Related decomposition theorems were given by Forsvrie and McCov [4] and
M. F. SmiLey [11].
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the form y,v,+ -+ +ynvn; 01, ..., va is called then a basis for M(v,, ..., vn).
The set of all M-sets, ordered by inclusion, will be denoted L= L¥ = LY(®R).
We shall sometimes denote M(v,...,wvn) by [vi,...,v.] omitting some or
all of those »; which happen to be O. '

An S.-matrix (or simply S-matrix) shall mean a matrix X=(ai;
r,i=1,...,n) in S=S8,.(R), i.e, the r-th row is an r-vector v, with «;
- associating. We sometimes write ||vy, ..., va|| for X. The matrix X is called
canonical if v, ..., v, is a canonical basis. If R is idempotent-associative
then a canonical X is necessarily idempotent.

Lemma 5. 1. Suppose R is idempotent-associative. If n=1, 2 or 3 then

() My, ..., u) S M(y,...,vs) if and only if all u,...,u. are in
M@, ..., v.),

(ii) every M-set has a canonical basis, : .

(iii) for every idempotent X in S there exists a canorucal E in S with
XE=X and EX=E, (so that SE= SX, since S is an associative ring),

(iv) L¥ and L(S) are order-isomorphic under the correspondence M« SE

if M consists of all controlled vectors occurring as rows in matrices of SE,
where E is an idempotent in S.

Proof. We consider n=—3 only (the argument given will cover the
cases n=1, 2 also).

(i) can be verified easily by the reader.

(ii) If (&), (@, &), (8, 7, €s) is a basis for the M-set then (e,), (e—eae,, e,),
(8—Be,—y(a—ae), y—ye,, e)) is a canonical basis for the M-set.

(i) An idempotent X must have the form |l(e), (e, /), (8,7, )| with

e, f,g idempotent and ee-+fe=a, fe+ye+gB8=p, vf+gy—=7. Now
- E=||(e), (fa,f), (g8—gBe, gy—gyf, g)| satisfies the requirements. This
implies SE=SEXSSX and SX=SXEZESE; i.e, SE=SX. :

(iv) From (i), (ii) and (iii), L¥ and L(S) are order-isomorphic under
the correspondence M(u,, u,, us)«— ||y, u,, us]| for canonical bases u,, s, us.
Indeed, if u,, u,, us and v,, v,, v, are each a canonical basis, then by (i) above
M(uy, u,, us) < M(v,, vy, v5) if and only if

Uy==ew, U ==ayv+evy,; U=V T AyVy-+€l;
for suitable a;; and idempotents e,, e,,e; in R. But this condition is equiv-
alent to ,

i, e, ]| = |(&2), (@, €3), (01, @ia, €5)][ |01, v |

that is, to: ||u,, u, us|| € Sllw, v,, ]| From (ii) and (iii) it now follows that the
correspondence given above is an order-isomorphism of all L¥ and all L(S).
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Finally, suppose E is an idempotent in S, so that, by (iii)), SE=
= §||u,, us, us|| where u,, us, us is a canonical basis. If now w is a control-
led vector in a matrix of SE, then w is a controlled vector of the form
i, + ety + azu; and thus it is in M(u,, u,, u5). On the other hand, if w is
~a vector in M(u,, u,, us) it must be a controlled vector of one of the forms

e, eaunlh+el,y, oyl + ayully+esl;

- and hence does occur as a row in a matrix obtained from ||u,, u,, us| by
. multiplying on the left by a matrix of one of the forms

i), ©), O, 1(0), (an, e, O, [(0), V), (@a, @2, &)
This proves all parts of (iv). ‘

Lemma 5.2. Suppose R is idempotent-associative.

() If R isregular and e is a left idempotent for ¢, then X=|(0), (), (0)|!
has E =||(e), (0), (0))| for left idempotent in S;, and ||(0), («)|| has ||(e), (0)}]
for left idempotent in S;, and every X,=(0), (e, 8), (0)|| with § associating
has a left idempotent ||v,, v,, (0)|] in S; such that ||(0), (e, 8)|| has ||vi, v,| as
left idempotent in S,.

(ii) If (P, holds in R, then every X=||(0), (0), (¢, 8)|| has a left idem-

potent of the form E=||(e), (y,f), (0)|| in Ss, and every X,=:||(0), (0), (e, 8, )||
with y associating has a left idempotent in S;.

Proof of (i). Clearly XE=X. If F=||a,,...| is idempotent (neces-
sarily u,=(h) with A idempotent) and XF= X then eh=«. Hence eh—=e
since e is a left idempotent for «. This implies EF= E so E is a left idem-
potent for X.

Now, since g is associating, by Lemma 2.1 there is a left partial in-
verse B €R* for B Then E, =||(0), (0,8°88’), (0)|| X; is canonical. By
Lemma 3.1 and Corollary 2 to Theorem 1, X; has a left idempotent if
X,—X,E, has a left idempotent, and thls is so since X,— X, E, has the form

11(0), (@), ).

Proof of (ii). By (P,) there exist idempotents e, f, g and an element J
such ‘that B8f=g and for every 1z, fn=0 implies fn—= 0 gf8=28 and
BR=gNR; d(e—ga)=c¢e and (¢«—ga)e=a—ga.

Then e —ee=ga—gae € gR(=pFR), hence ¢ —ae =Ly for some y.
Since gy = (8f)y =2~8(fy), we may use fy as a new 7. After this change,
we have fy=y. Since fye—= (e —ae)e=0 it follows that fye=0, hence
7e=_0.

Now E=||(e), (y,f), (0)[ is canonical, and XE=X. If XF=X for
any F=||(6), (o, ), us|| then a8+ go=a, Bp=F and 6,9 are associating.
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To show E is a left idempotent for X we need only prove that EF=E,
i.e., e0=¢, y0+fo=y, fo=/ But, since e =a—pB¢ and gf=4,

e0—d(a—ga)b—d(a—Bo— g(@—Po) = (¢ —ga)—e;
since @ =ae+ By =al-+ Bp and Bf =24,

B(y0+fo—y)=(e—ae)f+Bo—By=ab—ae+PBo—By=

.= (ab+B0)—(ae+£y) =0,
hence, .

0=f(y0+fe—y)=y0+fo—y (since fr=7y);

so y0-+fe=y. Finally, since 8= g8f= B¢, therefore #(¢—f)=0, hence
f(9p—f)=0 so fo=/1. This completes the proof that E is a left idempotent
for X. o ‘

Now if y is associating, there is a left partial inverse y’ € R" for y. As in the
proof of (i), X, has a left partial inverse since E,=||(0), (0), (G, O, ¥'y¥)| X
is canonical and X;— X, E, is of the form ||(0), (0), (a1, 8)||-

Theorem 3. Suppose R is idempotent-associative.

(i) If R is regular then S, is semi-regular and L, is a relatively com-
plemented modular lattice with zero, complemented with a homogeneous basis
of order 2 if R has a right unit.

(i) If (Py) holds then S, is semi-regular and L is a relatively comple-
mented modular lattice with zero, complemented with a homogeneous basis of
order 3 if R has a right unit.

Proof. We consider (ii) (the argument given will cover (i) also).

Proof of (ii): lattice character. We first show that every X=
=|l(@), (8, 7), (4, n,¥)]| in S; has a left idempotent.

Let e be a left unit for e, 8, y, 4, u, v (existing by Corollary 2 to Theo-
rem 1; the Corollary applies since (P,) implies % is regular, a fortiori, semi-
regular). Let X,=/||(e), (0, ¢), (0)||X. Now if X, has a left idempotent E,
then Lemma 3.1 shows that X also has a left idempotent. Indeed, Lemma 3.1
applies with S; in place of R, X in place of «, and E in place of e; (3.1)
holds because for every idempotent G in S;, X€S;G implies X= XG,
hence X,G=X, and so EG=E, that is, E€S,G; further, X—XE =
=||(0), (0), (4", &', »")]| has a left idempotent by Lemma 5.2 (ii). Thus we
need consider only X, i.e., we can suppose A=pu=:v=0. Similarly we
can suppose 8=y=0.
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Now if &’ € R* is a left partial inverse of « then ||(&"), (0), (0)]]||(«), (0), (0)||
is clearly a left idempotent for ||(«), (0), (0)| in S; so that S; is left semi-
regular.

By the dual argument,”®) S; is also right semi-regular, hence semi-
regular. Then, by Theorem 1, L; is a relatively complemented lattice with zero.

Proof of (ii): modularity.. By Theorem 2, R can be imbedded in a
direct sum R= ?R/B@ZER/NA, and this induces a natural imbedding of S;(R)
in the direct sum S;== S;(R/B) P IS;(R/N»). We have already shown that
every X in S;(R) has a left idempotent E in S,;(RN) (for example, if
X=|| (@), (0), (0)]] then E=||(<'a), (0), (0)|| where &’ ¢R* is a left partial
inverse of e«; but then this E is also a left idempotent for this X, conside-
red in S;). Examination of Lemma 3.1 and Lemma 5. 2 and their application
to construct a left idempotent E in S;(R) for arbitrary X in S;(%) shows that
E is also a left idempotent for X considered in S;. A dual statement holds
for right idempotents. So by Corollary 1 to Theorem 1, Ly(R)=L(S:(R)) is
lattice isomorphic to a sublattice of L(S;)=L(S:(R/B))®D SL(S:(R/Ny)).
Thus, to prove L, modular we need only show that L(S:(R/B)) is modular
and that each L(S;(%/N,)) is modular.

Since R/B is associative and regular, the work of VON NEUMANN [9)],
Part 11, Proof of. Theorem 2. 13, shows") that M;(R/B) is associative and
regular and that. L(Ms(R/B)) is isomorphic to L(S:(R/B)), so the latter is
modular (for the definition of M.(R) see § 1).

Thus, by Theorem 2, we need only show: L;(R) is modular when R
is a division ring with unit, and without zero divisors. '

It is sufficient to show that L¥(R) is a projective plane geometry™),
hence modular. Clearly M(u,, u,, us) is an atom if and only if exactly one

16) The dual ring %’ consists of the elements of % with addition unchanged but
with multiplication eo 2 in W' coinciding with Se in %. Then S3(§R) is anti-isomorphic to
. S3(R) under the correspondence

” («), (6,7) (4, 10, 7) ” hing “ ®), (#:¥) ('2: 8, a) “

Now the proof of left semi-regularity of S;(N) is also a proof of left semi-regularity of
S; () which is equivalent to right semi-regularity of S;(R).

17) J. von Neumann showed that if % is regular and associative then M, (%) is as-
sociative and regular for all n=1,2,... so that for every A in M, (%) there exists an
idempotent E in Mn(é)t) with M, (%) A= M, (R)E. Now, aithough this is not stated expli-
citly, the argument given by von Neumann actually shows that there exists such an E in-
S, (9 ; hence, if % is associative and regular there is an obvmus order-isomorphism be-
tween L(M (%)) and L(S, (R)) for each n=1,2,. .

18) We do not require R to be alternatnve, hence this plane pro;ectlve geometry is
more general than the geometry constructed by R. Mourana [8].
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of the u; is =0 and M(u,, us, u;) is the unit of LY if all u; are s0; we
“shall call M(u,, u,, u;) a line if exactly two of the u; 3= 0. v
It is easily verified that if one line is.c'ontained in another, they are
identical, it is obvious that every line contains at least two distinct points,
and we know already (Lemma 5. 1, (iv)) that L} is a relatively complemented
lattice. Therefore, to show that L} is a prolectlve plane we need only show:
(i) two atoms are always contained in some line,
(ii) two lines have at least one atom in common.

(i) is obvious except when the atoms are of the form [(e, 8 1)] and
[(4, &, 1)]. In this case, either §=p and then both atoms are contained in
the line [(1), (a, 8, 1)]; or 8=+un and then both atoms are contained in the
line [(y, 1) (6,0, 1)] where J is a solution for (¢ —g)0=A1—e and y is the
common value of Ai—ud=a—48d0.

(ii) is obvious except when the lines are of the form [(e, 1), (6,0, 1)]
and [(4, 1), (#, 0, 1)] with e~4. Then ye-+Bf=yi-+un for some y; with
this y, [(ye+8, y, 1)] is common to both lines.

This completes the proof of modularity of L,.

i

Proof of (ii): homogeneous basis. Finally, if % has a right unit e,
the following is readily verified to be a normalized frame for L¥: a, = [(e)],
a,=[(O, eo)], a;=[(0,0, €y)], Clo=Cn = [(—eo; e, cs = Cn= [(.—eo; 0, eo)]s Co3 =
=g = [(0; —&, eo)]'.

Theorem 4. Suppose R is an idempotent-associative, regular ring
with unit for which (Ps) holds. Then

(i) every normalized frame of order 3 for L, satisfies the conditions (3.1.T),
(5.1.1), (5.1.2) of [6),

(ii) the construction of [6], applied to’ the particular normalized frame
given at the end of the proof of Theorem 3, yields a coordinatizing ring
isomorphic o the .original R, under the mappzng 2« [(—ea,0, 1)) (e€R,
[(—e, 0, 1)] € Ly). '

(iii) if N is the coordinatizing ring of some L' constructed as in [6],
then L; is isomorphic to L'.

" Remark 1. We recall that if a,a,, s, Co=Cn, C3=2Ca, Cs=0C5 iS A
normalized frame for any complemented modular lattice L then L, denotes -
the set of x with x@aj=a:;Pa;. If i,j,k are 1,2,3 in some order, then
Pi:;x denotes (x+ca)(ai+a;). In each L;, multiplication is defined by:

X X y=(Pi:;x+ Pi.:y) (a: +a;).
The conditions (5. 1. 1), (5. 1.2) of [6] are equivalent to
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(M)., For all x,y in Lj;:
Pr:j(x X y) = (Pr;;x) X (Pr:5¥),
Pk:i(x X y) = (Pk:ix) X (Pk:t'y)-
The condition (3.1.7) of [6] asserts
" (A)y: For all x,y in L, the value of Z(x,y, p,q)= {(x+p)(g+a)+
+(y+9) (p+ a))} (a: + a;) is independent of p, g provided that p+g=a;4-¢q,
g(ai+a;)=0, pa;=x and we write x+y for the common value of
Z(x, ¥, p,q). Then @ =(x;;i>j) is called an upper semi-L-number if for
i>j, x; € Lij and Py, X3 = Xy, Pas X =Xn. As shown in [6], the set of such
«, under the operations @+ 8= (x;+ »;), @B=(x;; X ) for all &=(xy;),
8= (y;) forms a ring R with unit having properties (P,), (Po), (Ps) provided
(A)n, (A)z, (A)z and (M); all hold.

Remark 2. In an arbitrary ordered set

a+b=c means: the union of a, b does exist and it is c,
ab=c means: the meet of a, b does exist and it is.c.

Now consider Ls(R) where R is merely an idempotent-associative ring with
unit (do not assume R to be regular). Then easy calculations show that
(11=[(1)], a2=[(0! 1)]r a;= [(0’ 0, 1)]: Clﬁ=c21=[(_l’ ]»0)]: Cz==Cgp== [(Or -1, 1)],
Cs=Cy==[(—1, 0, 1)} is a normalized frame, i.e., a,+a,+a;=1 and a;Paj=
=C,'j€B a;, a.~(a,~+ ak) =O, Cij == Cji, (Cij+Cjk) (a.~—|— ak) = Cix for i, j, k all dif-
ferent. Moreover with respect to this frame, L; consists precisely of all
[(—e,0,1)] with arbitrary ¢ in R and Pus[(—e,0, 1)]=[(—e,1,0))],
Py,[(—e, 0, DN]=[(0, —e, 1)]. Fmally if x==[(—e,0,1)] and y=[(—8,0, 1)],

then
Z(x, ¥, €, ) ={l[(—e, 1, 0)] +{(—4, 0, D]+ 1O, 1P (W] +
+10, —1, DD (DI + [0, 0, N)]) =
={l(—e 1, 0]+ [(—8 —1 D} ((D]+©, 0, D))=
=[(—(z+#),0,1))],
xxy=(I0, —a, DI+ [(—5 1, 0)])([(1)]+[(0 0, D))=
=[(—e8,0,1)].
Thus (ii) certainly holds if the construction of [6] is possible, i.e., if
(i) holds (the above calculation: are important in the problem of coordina-
tizing ordered sets much more general than those discussed in this paper,
which are complemented modular lattices satisfying the special conditions
enumerated in Remark 1 above).

Remark 3. If % is the coordinatizing ring of some L’ as constructed
in [6] then LY is isomorphic to L’ (as shown in [2], where Lj was called Ls).
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Lemma 5.1 shows that the L, of the present paper is isomorphic to L¥ so
that (iii) is proved.

Proof of Theorem 4. We need only show (i), in view of Remarks
2, 3 above. Moreover, as in the proof of modularity in Theorem 3, we need
prove (i) only for the two special cases: R is associative and regular or R
is a division ring without zero divisors, with unit, in which (P;) holds. Since
the first case was settled by the work of VON NEUMANN [6], §§ 4.3, 4.8 we
need only consider the second special case (L, is then a plane projective
geometry). ) :

As shown in [6], the conditions (3.1.7), (5.1.1), (5.1.2) of [6], i.e.,
(A); and (M); for all i<~ j, for an arbitrary normalized frame of order 3 in
any projective plane geometry, follow from the following quadrangle condi-
tion (Qs), given in [6], §6%).

(Qs): Suppose two quadrangles P; and P; (i=1,2,3,4) and a line W
are such that:

(i) no three of the vertices of the same quadrangle lie on a common line;

(ii) W contains none of the vertices of either quadrangle. For i,j=
=1,2,3,4,i5<j, let P;=(P.+P)W and P;=(Pi+P)W (Py, P; are
necessarily points).

Suppose also that:

(ili) Pyy== Py, Pl,= Ps;

(iv) P;= P} except possibly for the pair (i, ;) = (3, 4). Then (iv) holds
also for the pair (i, /) =(3, 4).

Thus the proof of Theorem 4 is completed by (ii) of the following lemma.

Lemma 5.3. Let Ly(R) be the plane projective geometry defined by a
fixed division ring R with unit without zero divisors and satisfying (Ps).

19) Under our present assumptions on %, it is easy to show that this geometry coin-
cides with the plane geometry constructed by R. Mourang starting from an arbitrary alter-
native division ring ® [8]. It was shown by Mourana that in this geometry her conditton (Dy)
holds, which implies the “uniqueness of harmonic conjugate point” condition; as showr in [6],
§ 6, this in turn implies the conditions (3. 1.7), (5.1.1), (5. 1. 2) of [6] if the dtagonal points
of a complete quadrangle are non-collinear.. Here we do not suppose such non-collinearity
of diagonal points and we give a .complete proof

%) To prove (A); choose P,=p, Py=q, P,=(p+x) (¢+4a), P,=(q9+y)(p+ay,
W= a;+a; (we may suppose xséai, y#a‘) to prove (M)u' flrst choose P=xxy,
Py=P,.;x, Pp=x, P,=P, ;(xxy), P{=1y, Pi=cy; Py=c;, P,=P,;y W—a +a;

(we may suppose x#4a; y#4; )y # ) then choose P ,=x x » Py=P, .y, P=y,
P,=P,.(xxy), Pi=x, P,= Cxj» Py= =P,. ,x, W-- a;+a, (we may suppose
X#£a;, y#a;, X#£C).

l]’



198 . : I. Amemiya and I. Halperin

(i) If P; and P; (i=1,2,3) are points such that the three P; do not lie
on a line and the three P! do not lie on a line then there is a lattice auto-
morphism of Ly(R) which maps each P on P.™).

(i) (Qs) holds in Ly(R).

Proof of (i). Since the product of automorphisms is an automorph-
ism, we may suppose P;=a; (i=1, 2, 3) where a;, c; are as in Theorem 3
and the Remark 2 following Theorem 4. It is clearly sufficient to show for
each j=1,2,3: if Pi=P; for all i <j then there is an automorphism of
L; which leaves P! fixed for i <j and maps Pj onto P;.

Consider the following functions®) which map point onto point:

1) For arbitrary fixed 7, d:

"70[(“: B, 1)]=[(“+7, 8+, 1)]
Yl(e, D]=[(a, 1)]
P((D)=[(1)]

2) Yl(e, 8, D] =[(8, , 1)]
Yol(e, D] =[e™,1)] if «£0%)
Y2 [(O, ])] = [(] )]
Yu[(1)]=[(0, 1)]

3) Ysl(e, 8, D] =[(6"'e, 87, 1)] if 8+0
Yos [(ar 0’ 1)] = [(a’ 1)]
1/]23 [(a’ 1)] = [(a: Or 1)]
W [(D]=[(1)]-

The reader can verify easily that if u,, u,, u; is a canonical basis, then each
of 1), 2), 3) maps M(u,, u,, us) onto M(v,, vy, v5) where [v] is the map of .
[z, and hence each of 1), 2), 3) determines an automorphism. The reader
can also verify that a suitable product of automorphisms of types 1), 2), 3)
satisfies the requirements of (i).

Remark. From the work of BRUCK and KLEINFELD ([3] and [T] it fol-
lows that for each fixed d=£0, there exists a function ¢(e) which maps R
onto itself and has the properties (see [10], page 196): for all «, 8 in R,

p(a+8)=g(a)+9(8)
p(eB)=9(a) (¢ 9(8))

) If use is made of the work of Bruck and KieinreLp [3] and [7] it can be shown that
Sour points P;, no three on a line, can be mapped onto four points P;, no three on a line
(see the Remark following the proof of (i)):

22) See [8), p. 215.

-8) If +#0, A" denotes the unique solution of 8~ 8=28"=1.
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(necessarily, ¢(1)=06"", p(—1)=—d"). Then a lattice automorphism is
determined by the point function:

4) ol(e, 8, D] =[(9(a), 9(3), 1)]
olle, D1 =[0¢(a), 1)]
el(M]=[(1)] '
With the use of 4), (i) can be sharpened as described in footnote 21.
However, we do not make use of 4) and our proof of (ii) below can be
read without knowledge of the Bruck—Kileinfeld structure theory.

Proof of (ii). Because of (i) we may now suppose that P,= P, =
=a;=[(0,0, 1)] and Py=Py,= Py = P=a,=[(1,0,0)]; then Pyy= P, =
=[(e, 0, 1)] for some ¢ and P, = P, =][(8,0,1)] for some 8. We shall
calculate Py, and FPj,.

Clearly not both of P,, P, are on a,+a, since P; is on Py}-a,. We
may therefore suppose P, is not on a,-}a, since we can always interchange
the pairs P, P, and P,, P;. Hence P, has the form [(y, d, 1)] with Jd=£0.

The -possibilities for P, are: '

(07, D] or [(B(07'y),6,1)] with 60;
we consider these two cases separately.

If P,=[(d"'y,1)] then P, must be [(@+7,d,1)], Pi=[0""(y—8), 1],
and P, =[(e+48,0,1)]

I P,=[6(©7y),6,1)], P, must be [(e+y—d(0'a),d,1)], Pi=
= [(8+6(dy—d 8),6,1)] and Py,=][(s, 0, 1)] where
£=p+6(0"'y—078)—0{(6—6) " (—B—O(d ' y—37'8)+a+y—0(6 )}

To calculate ¢ we note that for all o:

(6——0)“(00)=(6—9)"(69—(6—-0)0)=(6—0)"(6o)——e

If 9—6 'y—067'8, the above expression is equal to (6—6)~ (y—p’)—
—(07y—d7'8). Hence

s=p+0(0 'y— d"ﬂ)+0«6—0 Tr—8)—
—(07'y—07'8)—6((0—6) (e +7—B—0(0 7)) =
—B8+0{(0—6)" (y—B—a—y+B8+0(6 " a)} =
=8460{(6—6)"(3(6" e)—e)} =
=B+6{(0—06)" ((6—0)+6) (6" 2)—a)} =
=B+0{6"a+(0— 0)“(a—a>}—
=840 e)=ca+8.
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Thus in all cases Py ={[(a+ 6,0, 1)] so that, by the same- calculation Pj= P,
as required to establish (ii). This completes the proof of (ii) and so Theo-
rem 4 is completely proved.

Remark. Let A, Pz, P, P4 be four points, no three of which lie on
a Ime Let

1;—(P4+P1)(P2+P3),. Dz='= (Pi+ Py) (Pi+ Ps), Ds=(P,+ Py) (P1+P2)-

Then the diagonal points D, D,, D, always lie on a line or never lie on a
line accordmg as 14+1=0or 14150 in A.

For, by Lemma 5. 3 (i), we may suppose P,=a,, Pg—ag, P;=a;. Then
D;=[(e,0,1)] for some a=£0, and - '

[(@+@,0, )] =((D, + D) (P, + P+ P)(P,+ Py.

Thus ¢4« =0 if and only-if this last point is P,, i.e., if and only if
P,+(D,+ D.)(P,+ P,) contains P;; since P,+ D, contains P;, this means,
if and only if (D,+ D,)(P,+ P,) coincides with D;, or equivalently D, 4 D;
contains Ds. Thus D,, D;, D, lie on a line if and only if e¢+4a=0. But
e+a=ca(l+1); since a0, e+ a=0 is equivalent to 14+ 1=0.

Note (added in proof, August 14, 1959). P. JorDAN and H. FREUDEN-
"THAL (see the references listed in our [10] as 103, 75 and 76) have con-
structed a lattice which is isomorphic to our L; (R) for the case that R is the
alternative division ring of Cayley numbers (octaves); they made use of the
available conjugation ¢ —« in R and used Hermitian symmetric 3 X 3 matrices
over R. This ‘method of construction has been recently generalized to a general
~ alternative division ring by T. SPRINGER (announced at the Freudenthal sympo-
sium, Utrecht, August, 1959).
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