On a theorem of Lowner
and its connections with resolvents
of selfadjoint transformations.

By A. KORANYI in Szeged.

In his paper {4] LOWNER characterized the class Cy of monotone matrix
functions of arbitrarily high finite order, i. e. functions for wich A = B implies
f(A) = f(B) for any two finite hermitian matrices A, B of the same order and
with spectra in (—1, 1).”). These functions are at the same time monotone
operator functions in Hilbert space, i.e. f(4)= f(B) is implied by A= E
for any two selfadjoint operators A, B with spectra in (—1,1) (see [2]).

LOWNER first proved by some relatively simple ingenious considerations
that Cy is identical with the class Cp of real-valued functions f(x), which
are continuously derivable in the interval (—1,1) and satisfy the inequality
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for any finite system of points x;,...,x, in (—1,1) and complex numbers
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The problem of the explicit characterization of the class Cp has also
been solved by LOWNER. Using his deep results on interpolation by monotone
matrix functions he proved that C, is identical with the class C4 of functions
analytic in (—1, 1), which can be continued analytically onto the entire upper
haif-plane and have there a non-negative imaginary part.

This problem has also been solved by BENDAT and SHERMAN [2] in an
other, more direct way. Departing from a transformation of condition (1) and
making use of a theorem of S. BERNSTEIN and the Hamburger moment prob-

1) Throughout this paper the restriction to the interval (—1,1) is unessential. All
results can easily be transformed to the case of an arbitrary open interval (a, b).
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lem they proved that C, is identical with the class C, of functions represent-
able in the integral form '

]
) - F@=fO+ | i du®

-1

with a bounded non-decreasing «(f). It is known, however, that C,==C..%)

It was aiso essentially the same problem that has been solved by
WIGNER and NEUMANN (7] in connection with the quantum theory of colli-
sions. Their method rests on fumtlon-theoretlc arguments and contmued
fraction expansions.

In section 1 of this paper we shall give a new, perhaps simpler proof
of C;=C,, based on considerations of geometrjcal nature in Hilbert space.
Our method parts from an idea applied by GeLFanD and Raikov, and
GODEMENT in the representation theory of locally compact abelian groups
and developed in an abstract form by ARONSzAjN [1]. The result C,. €S C, will
be obtained in a quite elementary way, and a simple use of the spectral
theorem will furnish the relation Cp=C;.

In section 2 we show that our method of proof yields also a more
general result on operators in Hilbert space. Namely, we shall obtain a
necessary and sufficient condition that a bounded symmetric operator T.
depending on a real parameter x. be the projection of the resolvent of a self-
adjoint operator defined in a wider Hilbert space.

I wish to express my sincere gratitude to professor BELA Sz.-NaGy for
his kind interest in this work and for his valuable suggestions.

1. Theorem 1. Let f(x) be continuously derivable in (—1,1), and
suppose that (1) holds for any system x,,...,x.€(—1,1)and any «,, ..., ..
Then f(x) admits of a representation (2) with a bounded non-decreasing w(t).
Conversely, every function of the form (2) satisfies condition (1).

Proof. Consider the set $, of functions representable in the form

¢ (x) =D ak(x,y) (3:€(—1,1)). & is evidently a linear set. Now define
i=x]
the inner product of the elements ¢(x) and w(x)= Zﬁ,k(x z;) by

" w "

@ GE, w(x))—*ZZk(z,,y)w; er(z,)ﬂ, ;«Ty)

?) For a simple proof of this fact see [3].
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From the evident relations k(x y)—k(y x) and (3) it is seen that the inner
product does not depend on the special representation of q:(f) and v(x), and
it is easily verified that this definition has the usual properties of the inner
product. So we have made $, a (not necessarily complete) Hilbert space. Let
D be the closure of 9,.

Now define an operator A, in 9, first for: the elements of the form -
k(x,y) with y==0 (as a function of x) by

1
Ak(x, ) =~ [k(x 7) — k(x, 0]
For any two elements k(x, y), k(x, 2) (y,z:%:O) we have

(@) (A5 ), k(D) = |5 kx, )~ k(x, O, K, z)) = 1 (k{2 )— k(0 =
1 [f(y) —f@) _ f&)—i <0)] 2 () —yf@)— <y—z) f0) _
y .

y—2z z yy—2a)z
~ OO _SOIO]_ e k0.1

2, x| = (k0 ), Ak, )

(In this calculation we assumed y==z. In the case y=2, however, our result
istrivial.) A, can now be defined for all linear combinations of the elements k(x, )
(y==0) by linearity. A, is densely defined; to see this it suffices to notice that k(x, 0)
can be represented as the limit of other k(x, y). However, this is evident since

lim ||k(x, y)— k(x 0)l? -hm F ()— 2f(y) f(0)

1/—»

+70)=

because of the contmulty of f’(x). We have Stl” to show that A, is uniquely
determined, i.e. that > « k(x, ) =0 implies 4_,«,A k(x,y)=0. Now this

follows from the equahty
(2 cihik(x, ), k(x, ) = V« (A k(x, ), k(x, )=
= 2 @ (k3. Auk(x, ) =(Z ak(x, 1), Ak(x,7)) =0 .

‘whence Za.A k(x y.)_O owing to the fact that the elements k(x, y)(y==0)
span .@ o
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So A is a “densely defmed symmetnc lmear ‘Operator in b Evrdently,
‘A, is real with® respect to the conjugation. determined by

J S aik(x, y)) = ka(x, )

'so it has a selfadjoint extensron A.

We show that (/—yA)™ exists for all y with |yl<1 Since .J—yA is
selfadjoint, we have to show only that the range of I—yA is dense in 9.
Now, by : ) . S
(I——yA)k(x, Z)= k(x Z)— —[k(x, z)_;k(x, 0)] '.=’(1—%)k(x, 'z)+}”— k(x, 0) 4
(z=£0), it follows that - S -
| k(x,0)=(—yA) k(x, ).
and , B E ' _

k(x, 2) ——1— [(1— yAYk(x, 2)— L k(x, 0)]
S22t T
fot z==y, thus k(x, z)A is in the range of _I—QyA for all z5=y. Now,

k(x, y)=‘limk(x, 2)
because of the continuity of f (x) and S0 our assertron is proved Specxally
we have for y==0 : . .

10) yf O _ (0,9) = (k(x ), k(x,00) =

=(U—»A) U=y A k(x, y), k(X: 0))—«((1—yA)“k(x, 0), k(x, 0)),
or, for any ye(—-l 1)
O - o) = f(0)+(y(l-—yA)’1k(x, 0), k(x,0)).

From the spectral theorem of se]fad]omt operators

10) f(0)+ f T d(E:k(x, 0k 0) =0 + f L dudl).

To finish the proof we have only to show that y(t) is constant outside
[—1,1]). For |y|<1 we have : L

_ f T 0= 10—24) k(5,0 u*——{n«;(» F=k0n=r0.
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and so for 'yx]Sl '

@

J‘(x T du (t) xzf( )

Whence, for any |x|= w (> 1),

o]

Ju rdu() = max () =M

=

Let w=a<b, x———zi[l Then

h

M, = ‘ (x ——du () H_b_l_’ J‘d_u(t): (?é—"a)ﬂ [()—s(@)],

—_l

and

- 1(b)—u(a) _ b=

/ b—ua n

It follows that «'(t) exists for £ >w and p'(t)=0. So u(f) is constant for
t > w, and since m was arbitrary, m > 1, u(f) is constant for > 1. The same
argument shows that u(f) is constant also for t < —1.

The prove the converse of the theorem we notice that f(x) being of
the form (2) we have :

M,

1

- ) : | |
©® kmw—4¢33¢3E@®,  | ;
and so for any x;,..., X5 ¢y, ..., €,
1
s Sl
=~ k(x,,x)u., ¢ = } ;J == d,u(t)a.a,

Remark The assertion C» < Cy can be read immediately from the
proof, without using the spectral theorem. The representation (5) shows that
f(») has an analytic continuation f(2) onto the upper haif-plane, and puttmg
(I—zA) ' k(x,0)=v we have
_ Im f(z)=Im (v, ([—zA)v) = Im z[(», v)—-z(Az @)]-Im z” ”2
and so Imf(z)>01f Imz=0. ‘
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2. In this section we wish to characterize the functions 7., the values
of which are bounded operators in a Hilbert space 9, which can be repre-
sented as projections PR, onto © of the resolvent of a bounded selfadjoint
operator defined in a wider Hilbert space .%) It will be seen that theorem 1
is a special case of theorem 2. For the sake of convenience we shall con-
sider the “resolvent” of A as defined by Q,=x(/—xA)™"' instead of the
usually defined resolvent R.=(A—x/)"'. We have evidently the simple
relation Q,—---—Rx

Theorem 2 In order that the bounded symmetrtc operator T, defined
in © for —1<x<1 be the projection PQ. of the resolvent of a selfadjoint
operator A, |A||=1, in a wider Hilbert space $2 9, the following conditions
are necessary and sufficient :

a) T. admits of a weakly continuous weak derivative T7,*

b) T,=0, Ti=1, .

¢) for any finite system of points x;€(—1,1) and elements f €n

n n

> \ﬁ(K(Xj,xi)fi:fj) =0,

I=

with K(x,x)=T;, K(x,y)—I——i(x-*—y)

Proof. In the proof of the necessity we use the relation

, Q—Q=(—y)(—xA)y (I—yA)",
which is essentially the Hilbert functional equation of the resolvent. The
necessity of conditions a), b) can easily be seen from this (and is also well

known). To see the necessity of c) let K(x,y) be the kernel operator built
from Q. instead of T.; then it follows from 7,= PQ. that

2 2K x) o f) = 2 20 (PR (%, ) fu )= 20 2 (R (5, %) for i) =
=2 2 (U=xA) (=xBY f, ) = | 2 —x:A)fip = 0.

For the proof of the sufficiency we construct the spacé 9. We consider
the set §, of functions defined for —1 <x <1 and taking their values in 9,

representable in the form f(x) = S‘K(x, y:) fi. The inner product of f(x) and
3) This terminology has been introduced in {6]. ln this case it means simply that

Txf———PQ.rf for annyD
Y L e (T-f,g) has a continuous denvatxve with respect to x for any fixed f, g.
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(x)—Z K(x, z)) g; will be

_ ), 8> = Z Z(K(z,,yof.,go

It is seen in the same way as above for (3), that this is a legitimate definition,
- and the set Dl can be completed to a complete Hilbert space 9.

Owing to the equalities

cK(x,0)f=K(x,0)cf, K(x,O)(fx+f2)==K(x,0)f1+K(x,0)f-z,

<K(x,0)f, K(x,0) &> =(K(0,0) f, &) =(f, 2)

© can be imbedded into $ with the identification f~ K(x, 0) f.%)

We shall need the projection P of an element K(x,y)f onto 9. For
every h€ 9 we have _ ‘

CPK(x, ) f, h>=<K(x, ) f, K(x,0) > = (K(0, y) , ),
therefore }
PK(x,y) f=K(0, y)f.
We define the operator A, in © for the elements K(x,y)f (y-‘—O) by

A K(x, y)f——[K(x nf—Kx O)f]
The property )
AKx S, K(x 2@ =<Kx N AKE )L
can be seen in the same way as on p. 65 and A, can be continued for all

linear combinations of the K(x,y)f. The fact that these combinations are
dense in » follows from

lim | K(x,9)f— K, 0) 17 =lim [(T;f,f) ~2(Z s 1)) =0

by conditions a), b). Introducing a conjugation /*) in 9, A, is seen to be a

real operator with respect to the conjugation determined by J > K(x, ) fi—
K(x y) Jf:, so it has a selfadjoint extension A. Analogously to the

proof of theorem 1 it can aiso be seen that (/—yA)™" “exists if [yl<1,
For every y==0 we have

M v ([—yfi)'lK(x, 0) f= K(x, ) £,

5) These considerations are analogous to those in [6] for operator functions on
s.semigroups.
6) See [5] p. 40—41. We may define J as follows. Let {p=} be any complete ortho-

normal set in . Then put, for any f€ 9, Jf= y(lpa,f)(Pa



70 A. Koranyi: On a theorem of Lowner.

and so

KO, ) f=PK(x, ) f= P (I—yAY 'K(x, 0) f= B(I—yAY" f

L f—BU—yA)'f

for any fé¢%. Multiplying by y we have T,= PQ,f for any f€%; and this
equality holds evidently also for y==0.

It remains to prove that A is bounded, with || Al = 1. Denote the reso-
lution of the identity belonging to A by E,. For any f¢ % we have

@

(TS D= Pri=y A1) =08 1.1 = J 325 4@, 1

-G

and we conciude, in the same way as in the case of Theorem 1 that (E,f,f)
is constant outside [-—1, 1]. Now, £ is minimal in the sense that the elements -
Ef (f€9) span 9, as it can be seen immediately from (7):

@

Kenf= | i dbf  (feD).

-

By a known argument (see [6], p. 4—5) it follows then that £, is constant
outside {—1, 1], thus proving our assertion.
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