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- Abelian groups every finitely generated subgroup
of which is an endomorphic image.

By A. KERTESZ and T. SzELE in Debrecen.

§ 1. Introduction.

In a previous article one of us has determined all groups every sub-
group of which is a direct summand [2]). In a subsequent joint paper [3]
we have split this problem into the following two, rather difficult problems:

Problem [. Determine all groups every subgroup of which is an
endomorphic image of the group.

Problem II. Determine all groups every endomorphic image of which
is a direct summand of the group.

These problems seem to be very difficult even in the case of abelian
groups. Our paper [3] is devoted to the discussion of Problem Il in case of
abelian groups, and contains an almost complete solution of this problem.

In the present paper we shall make the first step towards the solution
of Problem [ in the case of abelian groups, namely we determine all abelian
groups G possessing the following property :

(1) Every finitely generated subgroup of G is an endomorphic image of G.

All such groups are described in Theorem 1 and 2 (see § 2).

As to nofations and terminology we make the following remarks. By a group
we always mean an additively written abelian group. The letters x,a, b,c; ...,
g denote elements of groups and the other small Latin letters ordinary inte-

gers. The symbol la,, a,, ...} denotes the group generated by the elements
a,, Q... of a group. We denote hy O(a) the order of the element a of a

group. Then 1 = O(a) = ~. An abelian group is called torsion-free if it con-
tains no element ==0 of finite order. In the contrary case, i. . if any element
of the group is of finite order, the- group is called a torsion group. It may’
happen that in a torsion group there exists an element of maximal order.
Then we say that the group is a bounded group. -In the contrary case we
call the group an wanbounded group. 1t is well-known that any (abelian)

torsion group splits info the direct sum of its uniquely determined primary

!) The numbers in brackets refer to the Bibliography at the end of this paper.
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components, the latter being p-groups, i.e. groups every element of which is
of p-power order where p denotes a fixed prime number. The direct sum of .
two groups A, B will be denoted by A--B. The cyclic. group of order r
(1 =r = oo) we denote by C(r). Then, e. g.,

@ - )

is a direct sum of n cyclic groups of infinite order.

A system of elements (of an arbitrary finite or infinite cardinal number)
a,, a,, ... of a group is said to be independent if any relation (containing an
arbitrary finite subset of the system) '

, ma,+ - +m.a;, =0
implies .
m,al———---:mkak:——o. . .
The maximal number of elements of an independent system of elements of
infinite order in a group G is called the forsion-free rank of G.

A group A is called algebraically closed (or, in another terminology,
complete) if any equation nx=a has a solution x€ A for each element ac A
and for each natural number n. An equivalent of this condition is the require-
ment nA— A for n==1,2,3,.... (Here nA denotes the set of all elements
na with a€A.) The union A of all algebraically closed subgroups of an
arbitrary group P is obviously itself an algebraically closed group, and we
~call’ it the maximal algebraically closed subgroup of P. Since, by a weli-
known theorem of R. BAER ([1], p. 766), every algebraically closed subgroup
of a group is a direct summand of the group, we have the representation

3) P—=A+B

where the subgroup B of P contains (by the definition of A) no algebraically
closed subgroup ==0. Such a group is called a reduced group. While the
maximal algebraically closed subgroup A of P is invariantly defined, the
reduced subgroup B in (3) is not uniquely determined in general. The struc-
ture of B, however, is uniquely determined, since (3) implies the isomorphism

(4) B>~ P/A.

We make use of the representation (3) only in the case if P is a
p-group. Then the subgroup A is defined as the union of all subgroups U
of P for which pU=U holds. It is well-known that an algebraically closed
p-group U (i.e. a p-group with the property pU=U) is always a direct
sum of groups of type C(p”), where C(p*) denotes the quasicyclic group
of type (p*) defined as the additive group modulo 1 of the rational numbers
with p-power denominators. Then the representation (3) says that any abelian
p-group can be decomposed into a direct sum A+ B where the subgroup A
is a direct sum of groups of type C(p™) while the subgroup B contains no
subgroup of type C(p™).
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§ 2 Results.

Our results are contained in the following two theorems.

Theorem Y. Let G be an arbitrary abelian group containing only
elements of finite order. Then every finitely generated subgroup of G is an
endomorphic image of G if and only if for each primary component P of G
the following requirement is fulfilled : if the maximal algebraically closed sub-
.group of A is not O, then P A is an unbounded group.

Remark. Consequently a reduced torsion group G possesses always
the property (1).

Theorem 2. Let G be an arbitrary abelian group containing elements
of infinite order. Then every finitely generated subgroup of G is an endo-
morphic image of G if and only if either G is a direct sum of a finite num-
ber of infinite cyclic groups and of a torsion group described in Theorem 1,
or G contains a direct summand (2) for each n (== 1,2,3,...).

Remark. In particular, a torsion-free group G possesses the property
(1) if and only if either G- itself is finitely generated, or it contains a finitely
generated direct summand of rank n for ‘each n (=1,2,3,...).

- § 3. Proof of Theorem 1.

We start with the following
Lemma.?) If a is an element of order p* of an abelian p-group N such
that .
©) - {ayNp'N -0,
then the cyclic subgroup la} is a direct summand of N.

Proof. We show that (5) implies
6) g N={a}+M
with a suitable subgroup M of N. For this purpose we define M as a
maximal subgroup of N possessing the following properties :
) PPNEM, lainM=0. ' .
(The existence of such a group M is assured by ZORN’s lemma.) If (6) is
not ‘true, then there exists an element x€ N such that

8) - x¢{a)+M .
but _

_ pxetal+M

1. €. . .

9 px=ta+d (deM).

Then we have by (9)
. pl'x:pr lta+p:'—ld.

?) This is a special case of a Theorem in [4].
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On the other hand, we infer from (7) that p"x€M, i.e.,-by (7) and the last
equation p"ta=:0. Thus t= pt’, so that we- get by (9)

p(x—ta)-=d,
i.e., for the element
(10) , X x—ta
XEM, pxX=deM

hold. This implies, by the maximality of M,

fa} N M, x'} ==0.
Consequently x’¢ {a} + M, which involves by (10) -
x€lal+M.

This contradicts (8), completing so the proof of the Lemma.

Proof of the necessity of the conditions in Theorem 1. Let G be an
arbitrary abelian torsion group with property (1), and P a primary component
of G. Since the p-group P is an endomorphic image of (G, P is also a
group with property (1). Starting from this fact we show that P satisfies the
requirement formulated in Theorem 1.- Moreover, we shall prove this even
under the weaker assumption that every cyclic subgroup of P is an endo-
morphic image of P. Suppose that, contrary to our assertation, for the repre-
sentation (3) of P ‘ ,

(11) Af:;:.___ 0, P ulB.,ﬂ{_‘: 0, p"B- 0

hold with some natural number m. Then it follows from A=-0 that P con-

tains a subgroup C(p™*'). We show that this subgroup cannot be an endo-

morphic image of P. Indeed, the existence of a subgroup Hc P with

PH~C(p™") .
would imply p:' PC H. On the other hand, we have by (3) and (11)
‘ pmflpzpm-,—lA _i;plltmlB = pm:l A _____ A’ .

" so that A< H. Then, however, o
B~PA~P-H~C(p)

which is, by (11), impossible, proving so the necessity of the conditions in

Theorem 1.

Proof of the sufficiency of the conditions in Theorem 1. In proving
the sufficiency of the conditions, we can clearly restrict ourselves to the case
in -which G= P is a p-group. Let us suppose that P is an abelian p-group,
and P A is an. unbounded group, inasmuch as the maximal algebraically
closed subgroup A of P is ==0. We have to show that every finite subgroup

of P is an endomorphic image of P. If in the representation (3) B is a
bounded group, then A==0 and for the group P==B our assertion follows

'/’,'
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immediately from the previous Lemma.?) Therefore in the sequel we have to
. consider only the case in which B is an unbounded group. Since, by (3),
B is a homomorphic image of P, our above assertion follows from the fact
that an arbitrary finite abelian p-group is a homomorphic image of B. This
can be .verified as follows. Let D be the cross cut.of all groups

B, pB, p’B,...,p'B,....

Obviously D is identical with the set of all elements of infinite height in
B.*) We state that B = B‘D is an unbounded abelian p-group without elements
of infinite height. Indeed, p™ B =0 would imply p” BE D, i. e., p* B=p"*'B =
= p(p™ B). But this is impossible since B is a reduced group, and thus the
algebraically closed subgroup p™B of B must be =0, in contradiction to our
assumption that B is an unbounded group. On the other hand, B contains
no element =0 of infinite height. For let us suppose that the coset
b="b-4-D (b€B) is an element of infinite height in the group B. Then the
congruence
» p'x=b (mod D) _

has a solution x€ B for every natural number n. Since this congruence is
equivalent to p*x—b¢ D and every element of D is of infinite height in B,
we obtain that b is an element of infinite height in B, i.e. €D and there-
-fore b=0. :

Thus we have reached our aim by proving the following statement:
Every finite abelian p-group is a homomorphic image of the unbounded abelian
p-group B containing no element of infinite height. This follows immediately
* by repeated application of the following fact: It s is‘ an arbitrary natural
number, then )

(12) B=C(p)+M (1=

holds with a suitable natural number .r=s and with suitable subgroups
C(p’), M of B. We show the validity of this statement by the aid of the
previous Lemma. Let & be an element of B with O(b)=p' = p* From
P'-'b3=0 we infer that there exists a maximal natural number A for which
the equation p*x—= p*-'b can be solved in B. Let- x—a¢B be a solution of
" this equation, i.e. .

pra=pt-lb (h=t—1).

Clearly '

((13) pr=0@=ptzp=zp.

3) The Lemma implies, namely, that {a} is a direct summand of P for each element
a€P of maximal order. The repeated. application of this procedure leads to the fact that
‘every finite subgroup of P is an endomorphic image of P.

i 1) The element & of a p-group B is called an element of infinite height in B if the
|equat10n prx=~> has a solution x € B for each natural number n.
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On the other hand,

(14) layNpB==0
holds. As a matter of fact, if (14) is not true we get
pra=—=p-ta=pb==0  (beB)

which says that the equation p'x—=p'a=p-'b would have a solution -
“x=b,¢B for n=r:==-/i-+1, contrary to the maximal property of 4. Hence
"(14) and (13) prove the validity of (12), completing so the proof of Theorem 1.

§ 4. Proof of Theorem 2.

In this section G denotes an abelian group -containing elements of
infinite order.’ '
Proof of the necessity of the conditions in Theo:em 2. Let G be first
an arbitrary abelian group with property (1) and with the torsion-free rank
r< oo, and let g,,...,g, be an independent system of elements of mfmlte‘
order in G. Then by our assumption
(15) Glgh+ + g
Let g/ be an inverse image of g; under the homomorphlsm (15) (i==1,2,.:.,n).
Then we have obviously

G:lg-{_ +lrl+T '

where T is the kernel of the homomorphism (15). Clearly T is .identivcal with
the torsion subgroup of G (i.e. T consists of all elements of finite order of
G) for T contains no element of infinite order, r being the torsion-free rank

of G. . S
By Theorem 1 there remains only to be proved that 7 is a group with
property (1). Let therefore F be an arbitrary finite subgroup of 7. Then

(16) ' - S=1{gi+--+High+F

is a finitely generated subgroup of G, and consequentiy

.(17) . G~ 8. o '

We have to show that this homomorphism maps the subgroup 7 onto F. If
g'€(Q is an inverse image of g/ under this homomorphism (i=1,2,...,7).
_then we have — as before —

(18) : G={gi}+ -+ g} +K

where K consists of all elements of G which are mapped into F under the
homomorphism (17). (Namely K is the kernel of the product of two homo-
~ morphisms ¢ and 3 where « denotes the homomorphism (17) and 3 denotes
- the “projection” of S onto {gi}+4 ... -+ {g’} corresponding to the direct rep-
resentation (16).) Since g, ..., g/ are elements of infinite order, we have
in (18) K= T which shows that the homomorphism (17) maps only elements-
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of T into F. This means that the image of 7 under the homomorphism (17)
is exactly F. Thus we have completed the proof for the case, in which the
torsion-free rank of G is finite. -

Now, if the torsion-free rank of G is infinite, then let g,, g,,... be an
infinite independent system of elements of infinite order in G. Since, by the
property (1) of G, for an arbitrary natural number n the subgroup

&+ + (g}
is an endomorphic image of G, we get — as before —

G={gj+ - +{g}+H, :
H being the kernel of the endomorphism in question. This completes the
proof of the necessity of the conditions in Theorem 2.

Proof of the sufficiency of the conditions in Theorem 2. Let be first

19) ‘ G={g}+ - +{g}+T
where {g;} is an infinite cyclic group (i=1,2,...,r) and T is an abelian
group ‘with property (1). Since each finitely generated subgroup S of G is a
direct sum of a finite subgroup F of T and ‘of a free abelian group of rank
=, the representation (19) shows immediately that S is a homomorphic
image of G. )

‘On the other hand, if C contains a direct summand (2) for each natural
number n, then it is obvious that an arbitrary finitely generated abelian group
is a homomorphic image of G. This completes the proof of Theorem 2.
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