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Some prime-number consequences of the Ikehara theorem.

By NORBERT WIENER and LEONARD GELLERT in Cambridge, Mass.

~ SELBERG! and ERDOs? have recently shown the Prime Number Theorem
to be demonstrable by elementary methods!). The present paper is devoted,
not to elementary proofs of this theorem, but to simple analytical conside-
rations which may throw light on the reasons why such elementary, but not
easy, proofs may be expected to function. Our fundamentat tool is the Ikehara
theorem") to the effect that 1f for Rz>1,
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Let us now consider £{(z) on the line z——l-l—zy. It is well known
- that £(2) 1s analytlc on this line, except at z=1, when it is of the form

zeros of fmlte order. Now, if ¢ is real and positive

s _w(m |2
e |22 5

(/)(Z)-—{— , where @(2) is analytic. It consequently has on the line only

so that the zeta function cannot have a pole of higher order than 1 on the

1-line. It follows that — —Z-(-))— cannot have a singularity on the 1-line
that is not a pole of order 1 with residue — 1, except for the singularity
£'(2)

at z=1, Which is a pole of order 1 with residue 1. Thus either — 0]

has- no other singularity on the 1-line.than the pole.at z==1, in which case
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or it has a singularity at }4-iZ. In the first case, we may ‘write (9):
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and since it is well known that & (u) =o(u), it follows that
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which is equivalent to the prime number theorem.
- On the other hand, let .
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will be a Dirichlet series with non-negatiizé coefficients with no singularity |
at z=1. It is easy to. show that it can then have no singularity on Rz=1.
Thus by a very weak form of the lkehara theorem, .
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On the other hand, —I‘—!f,(g) dz is a function which may be shown
to behave like T '
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at z==1, and to be analytic elsewhere in x> 1, except for possible Iogarithmic
singularities where £(2) = 0. These do not interfere with Lebesgue integrability-
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Hence the lkehara theorem applies, and
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Combmmo thls with (16) (17), and (18), we see that for large u’s”
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Since ¢, is -arbitrary, we see th‘at
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This is however inconsistent with the known elementary Chebychev theorem
to the effect that-
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so that we have succeeded in eliminating the hypothesis that there is a 2

for which £(1-+4-i2)=0, and have proved the prime number theorem.
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