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Introduction

A rate-independent system is a specific case of quasistatic systems. It is time-dependent
but its behavior is slow enough that the inertial effects can be ignored and the systems are
affected only by external loadings. Moreover, in rate-independent systems, the rate of change
of solutions to the systems depends only on the change of the velocity of the loading (it is
independent of the velocity itself, and hence “rate-independent”).

In this introduction, for simplicity, let us consider a point z(¢) with the initial position
x(0) = xo in some finite dimensional normed vector space X, subject to a force defined by a
smooth energy functional & : [0,7] x X — [0, +00) and a convex, positively 1-homogeneous
dissipation potential ¥ : X — [0, +00). We say that x(-) is a solution to the rate-independent
system (&, U, xp) if the following inclusion holds true,

0€ 0V (i(t)) + 0,E(t, z(t)) for a.e. t € (0,T),

where OV is the sub-differential of the convex function .

Some specific examples of rate-independent systems were studied by many authors includ-
ing Francfort, Marigo, Larsen, Dal Maso and Lazzaroni on brittle fractures [12, 14} [15], 9], Dal
Maso, DeSimone and Solombrino on the Cam-Clay model [§], Dal Maso, DeSimone, Mora
and Morini on plasticity with softening [6, [7], Alberti and DeSimone on capillary drops [I].
The reader is referred to the surveys [17, 19, 20] by Mielke for further references.

The case of a convex energy is quite classical and was considered long time ago by many
authors. For instance, if the energy functional &(t, -) is uniformly convex and satisfies some
suitable smoothness conditions, then the system admits a unique solution x(-) which is
Lipschitz continuous [28]. However, in the case that the energy functional & is not convex,
uniqueness may be lost (see e.g. Examplein Chapter 1) and strong solutions may not exist
[31]. Hence, the question of defining a suitable weak solution for arises naturally. There
are several ways to define a weak solution, such as the concept of energetic solution [27], 12],
BV solution [25] 26], epsilon-neighborhood solution [17, [10], local solution [34], parametrized
solution [26] and epsilon-stable solution [I5]. In this thesis, we shall consider energetic
solutions, BV solutions and epsilon-neighborhood solutions in a very abstract model.

The notion of energetic solution is the first attempt to answer the question of finding
weak solutions. This notion was introduced by Mielke and Theil [27] for shape-memory alloys
(Francfort and Marigo [12] developed a very similar of energetic solutions in the context of
fracture mechanics at about the same time). Then the existence of energetic solutions was
established in many other rate-independent systems as well as for the abstract model, see
e.g. [28, [16] 18, 13|, 19, 21]. A function z : [0, 7] — X is called an energetic solution of the
rate-independent system (&, ¥, xy), if it satisfies the initial condition x(0) = xy and x(t),
the global stability

E(t,z(t)) < &(t,x) + V(x —z(t))

v



for all (t,z) € [0,T] x X, and the energy-dissipation balance

E(ta, x(t2)) — &(t1, x(t1)) = /t 2 0E(s,x(s))ds — Diss(x; [t1, ta])

fOI'aHOStlthST.

If the energy functional &(t, ) is convex, then the global stability ensures that at every
time ¢, x(t) is the optimal position, in the sense that any loss of energy when moving to
another position will be compensated by dissipation. However, when the energy functional
is non-convex, then the global stability is too strong. In fact, there are situations where the
system admits a strong solution which is not an energetic solution (see e.g. [31]). Moreover,
global minimizers make the energetic solutions jump easier than physically feasible and into
far-apart energetic configurations, and hence fail to describe the related physical phenomena.

For general (non-convex) energy functionals, some notions based on local minimality are
preferred to overcome this shortcoming of energetic solutions. One of these notions is BV
solution constructed by vanishing viscosity. This notion was introduced by Mielke, Rossi
and Savaré [25], 26]. The idea is to add a small viscosity term to the dissipation functional
W. This results in a new dissipation functional ., which has super-linear growth at infinity
and which converges to W as ¢ tends to zero in an appropriate meaning. The super-linear
growth of W, makes the limit z(-) of the sequence {z°(-)} when ¢ goes to 0 difficult to jump,
and therefore z(-) should prefer a close-by state which is locally stable to a far-away state
which is globally stable. Moreover, Mielke, Rossi and Savaré have proved in [20] that the
limit 2(-) is a BV solution to the system (&, ¥, z(), which means x(0) = o and z(t) satisfies
the weak local stability,

|0,& (t,x(t))| < 1 provided that t — z(t) is continuous at ,

and the new energy-dissipation balance,

E(ta,x(t2)) — &(t1, x(t1)) = /t 2 0E(s,2(8))ds — DisSpew(x(t); [t1,t2])

forall0 <t <ty <T.

Note that the weak local stability in BV solutions only holds at continuity points. The
information at jump points is contained in the new energy-dissipation balance. Moreover,
the new energy-dissipation balance also reveals the information of the solutions along the
jump path. Indeed, if the BV solution z(-) jumps at time ¢, then there exists an absolutely
continuous path v : [0,1] — X connecting z(¢~) and z(¢*) such that along this path, we
have that |0,& (to,v(s))| > 1 for all s € [0, 1] (see [25] 26]).

However, BV solutions constructed by vanishing viscosity depend heavily on the choice
of the viscosity. There are examples (see Chapter 1) showing that different viscosities make
BV solutions jump in different time.

Another way to avoid global minimality is to find the minimizer in a small neighborhood
of order € and obtain an epsilon-neighborhood solution z°(-). When taking the limit of z°(-)
as € — 0, we get a function z(-) which satisfies both the weak local stability and the new
energy-dissipation balance. We call the limit function z(-) BV solution constructed by epsilon
neighborhood.



The epsilon-neighborhood approach was first suggested in [17] (Section 6) for a one-
dimensional case when ¢ is chosen proportional to the square root of the time-step. The
weak local stability was then obtained in [I0]. However, it seems that the fact that the
solution also satisfies the new energy-dissipation balance does not appear explicitly in the
literature. In this thesis, we shall prove it in detail (see Section 2.3).

Another topic of this thesis is about regularity of weak solutions to rate-independent
systems (see Chapter 3). The regularity for energetic solutions when the energy functional
is conver was already considered by Mielke, Rossi and Thomas [19, 24, [33]. However, if
the energy functional is non-convez, there are very few results on the regularity of energetic
solutions.

The first regularity question is about the jump set of solutions. Since each solution
has bounded variation, the number of jumps is at most countable. However, without the
convexity assumption, there are examples showing that energetic solutions may have dense
Jumps (see Section 3.2). One of our results is to provide sufficient conditions to ensure that
weak solutions have only finitely many jumps. More precisely, we consider one dimensional
models, in which the energy functional & is C* and satisfies

{(t,z) € [0, T] xR | 0,&(t,x) € {—1,1},0..8(t,x) =0} =0

and the dissipation ¥ is the usual distance in R. We show that every weak solution z(-)
satisfying the weak local stability and the energy-dissipation upper bound

to

E(ta, x(t2)) — &E(t1, x(t1)) < /@6’(8, x(s))ds — Ziss(x(+); [t1, t2])

t1

for all 0 < t; <ty < T (e.g., energetic solutions, epsilon-neighborhood solutions and BV
solutions) has only finitely many jumps.

The second question is about the smoothness of solutions. In one-dimension, with the
assumption that &(t,x) is of class C* and the set

{(t,z) € (0,T) xR | 0,&(t,x) € {—1,1}, 008 (t, 1) = Dy & (¢, ) = 0}

is finite, we can show that any weak solution z(-) (in the same meaning as above) is of class
SBV. Moreover, under some stronger conditions, we derive better smoothness properties for
energetic solutions, such as the pointwise differentiability and the piecewise C!-regularity.

In summary, this thesis contains four chapters. In Chapter 1 and 2, we review of the
definitions of energetic and BV solutions in an abstract setting, with proofs in suitably
simplified cases. In particular, we give a complete proof of the convergence of epsilon-
neighborhood solutions to BV solutions, which seems to be not contained in the previous
works [I7, T0]. In Chapter 3, we consider the regularity of weak solutions and in particular
energetic solutions. More precisely, we provide sufficient conditions to ensure that the weak
solutions have finitely many jumps, or are of class SBV, and the pointwise differentiable, or
piecewise C! for energetic solutions. These regularity results are taken from the preprint
[22]. Finally, in Chapter 4, we explicitly compute the different types of weak solutions in
many examples.

The research stated in this thesis is far from complete. First at all, we would like to
extend the results of epsilon-neighborhood solutions in Section 2.3 to higher dimensions.

vi



Moreover, we would like to improve the weak local stability for BV solutions constructed by
epsilon-neighborhood. Note that this problem is not simple since there are examples (see
Example 4.5) showing that BV solutions (both obtained by vanishing viscosity and epsilon
neighborhood) do not satisfy the strong local stability. Second, the techniques we employed
in Chapter 3 are rather specific for the one-dimensional case and some further work would
be needed to obtain the results in higher dimensions. Finally, we would like to develop the
theory of BV solutions in Chapter 2 and the regularity results in Chapter 3 in some concrete
infinite-dimensional example, such as capillary drops.

vii



Chapter 1

Weak solutions of rate-independent
systems

1 General ideas about rate-independent systems

A rate-independent system is a specific case of a larger class of phenomena which are called
quasistatic systems. Quasistatic systems are considered as the bridge between dynamic and
static systems, and are used widely in mathematical frameworks as well as physical models
to describe many phenomena involved in plasticity, phase transformation (e.g. electromag-
netism, superconductivity or dry friction on surfaces), and some hysteresis models (e.g.
shape-memory alloy, quasistatic delamination, fracture). Such systems are time-dependent,
but unlike dynamic systems, their behavior is slow enough such that the inertial effects can
be ignored.

Notice that quasistatic systems have no dynamics of their own. Hence, the changes of
the systems are caused solely by the changes of the external conditions. Moreover, the time
scales of the external conditions are much longer than the intrinsic time scales of the systems.
This property makes the quasistatic systems close to equilibrium at almost every moment.

Although most of quasistatic systems are reversible, the presence of a dissipation effect
makes rate-independent systems irreversible (The reader is referred to Section 1.3 below
for the concept of irreversibility). On the other hand, in rate-independent systems, we do
not allow for viscosity, while in a general quasistatic system, viscous effects may still be
present. Another characterization of rate-independent systems is that, the rate of change
of the solutions to the systems depends only on the change of the velocity of the loading.
Due to this reason, these systems are called rate-independent. For example, if the loading
acts twice faster, then the solutions also respond twice faster. Later on, we will see that this
property is described by the positively 1-homogeneity of the dissipation potential.

In short, by rate-independent systems we denote those systems which have no inertial
effects, no kinetic energy, no viscous effects, are irreversible, and are rate-independent. For
a detailed discussion on the rate-independent systems, we refer to the book [18].

1.1 An abstract framework

We now give an abstract framework for rate-independent systems. Let us consider a point
x(t), dependent on the time ¢, in some finite-dimensional normed vector space X. Since



the system is considered to be quasistatic, the energy functional & does not depend on the
velocity #, i.e., & : [0,T] x X — [0, 400) consists only the potential energy.

Apart from the energy, we have a dissipation in the model, which describes the loss of
energy caused by the changing in position of the system. Usually, dissipation is characterized
by the convex dissipation potential ¥ : X — [0, +00), which is supposed to be positively
1-homogeneous to make the system rate-independent.

More precisely, from now on, we shall use the following assumptions.

e X is finite-dimensional normed vector space.

e &£:[0,T]x X — [0,+00) is of class C? and satisfies the following technical assumption:
There exists A = A\(&") such that

|0:& (s, 2)| < XN&E(s,z) for all (s,z) € [0,T] x X.
e U: X — [0,400) is convex and positively 1-homogeneous, i.e., ¥(yv) = yV¥(v) for all
v > 0.

Then the rate-independent system including the energy & and the dissipation ¥ can be
written as the following differential inclusion

0 € 0V (i(t)) + 0,E(t, z(t)) for a.e. t € (0,T). (1.1)
Here OV is the sub-differential of the convex function W,
oV(v):={ne X |VweX:VU(w)>TV()+ (nw-—uv)}.
(see [30] Section 23 for more detail about sub-differential of convex functions).
The following example is taken from [2].

Example 1.1. Let us consider a basic example of a small box pulled by a spring on a rough
surface (see Figure 1). If we assume that the other end of the spring moves at a prescribed
slow speed, then at every moment, the box is subject to two forces: the external force (f.)
due to the spring, and the frictional force (f,) due to the rough surface.

More precisely, let us denote by x(t) the center of the box, and by y(¢) the end of the
spring. Here x(t) and y(t) are points of R?, but in the following we can think that they are
point masses in R%. Now if we call I, the length at rest of the spring and ¢ the constant of
the spring, then the external force is

fe = _axg}(ta JJ),
where the potential energy is

E(t,x) == —(x — y(t) + lo)>

2
On the other hand, since the dissipation force f, in this case is caused by dry friction, it
obeys the following law
I = —kﬁ if v #0,
= feand |fy| <k ifv=0.

Here v is the velocity of the box, and k is the frictional coefficient.

2



rough surface box spring
| l

LLE L LR LT S R LT T T fa el F T T TR TTTIT T LA 00 A0 AL 0 f 0 4 e PSR AT TR T

Figure 1. Small box on a rough surface (This picture is taken from [2]).

Therefore, if at the beginning the external force is small (that is, |f.| < k), then it is
cancelled by the frictional force (f,). Therefore, the system is in static equilibrium and the
box does not move. If we keep pulling the end of the spring, the external force becomes
larger and larger, and when it reaches the critical value (| fe| = k), the frictional force can no
longer balance the external force. Equilibrium is broken and the box starts moving together
with the spring.

The equation of dynamics is then

mj:fa‘i‘fea

here we call m the mass of the box.
However, if everything is moving so slowly, we can neglect the term ma. Thus, we get
the following force balance

Ozfa_l'fe- (12)

Notice that this system is quasistatic only as a limit of approximation. And indeed, the
body moves even if the total force is 0.

Now if we define the dissipation function ¥(v) := k|v|, then by direct computation, we
see that —f, € 0¥ (v) (we denote by 0¥ (v) the sub-differential of ¥ at v). Hence, equation

becomes
0 € 0U(i(t)) + 0,&(t, x(t)),

which is exactly the equation ([1.1)).

1.2 Solutions to rate-independent systems

In the case that the energy functional &(¢,-) is uniformly convex and satisfies some suitable
smoothness conditions, then admits a unique solution which is Lipschitz continuous (see
[28] Section 7). However, in the case that the energy functional & is not convex, uniqueness
may be lost (see Example and strong solutions may not exist [31]. Hence, the question
on how to define a suitable weak solution for arises naturally. In the following, we
will introduce the notions of weak solution, energetic solution, BV solution, and epsilon-
neighborhood solution to the system . Some other notions, e.g. parameterized solution,
epsilon stable solution, can be found in [21], [15].



1.3 Some basic properties of weak solutions
Rate independence

If z(t) is a solution to the system (&, W), then it remains solution to this system after
rescaling time.
More precisely, if we denote

E(s,x) = E(t(s),x),
with s+ #(s) is continuous and increasing, then Z(s) := x(t(s)) is a solution to the system
(€, ¥).
Time irreversibility

If z(t) is a solution to the system (&, W), then it is no longer solution to the system after
reversing the time.
More precisely, if we denote

E(t,z) = &(—t,z),
then in general #(t) := x(—t) is not a solution to the system (&, U).

Symmetry

Assume that z(t) is a solution to the system (&, ¥). Denote

E(t,x) = E(t, (),

where ® : X' — X is an isometry w.r.t. ¥, ie., U(®(x) —®(y)) = V(z—y), for any z,y € X.
Then Z(t) := —x(t) is a solution to the system (&, V).

Concatenation

Let x; : [a1,a2] — X be a solution to the system (&, ¥, z;1(ay)) on the time interval [a;, as]
and x5 : [a2,a3] — X be a solution to the system (&, U, z5(az)) on the time interval [as, ag].
If 1 (az) = z2(ay), then

ﬂo:{“@ if ¢ € [ar, az],

.Tg(t) if t e [CLQ, &3],

is a solution to the system (&, ¥, x1(a)) on the time interval [aq, as].

Restriction

Let z : [a,b] — X be a solution to the system (&, ¥, z(a)) on the time interval [a,b]. For
any subinterval [c,d] C [a,b], the restriction of z(-) on [c,d] is a solution to the system
(&,W,z(c)) on the time interval [c, d].

Remark. The above properties also hold for energetic solutions and BV solutions.



2 Energetic solutions

The first attempt to define a weak notion of solution for ([1.1)) was made in [27] by Mielke
and Theil for a model for shape-memory alloys via the concept of energetic solution. Then
the existence of energetic solutions was established in many other rate-independent systems
as well as in the abstract case, see [28| [16, [13| [19)].

2.1 Motivation and definition

The following argument is taken from [18| 20, 21].

Assume for the moment that the function ¢ — x(t) satisfies equation for almost
every t € (0,7). We denote 0,&(t,z(t)) by &(t), and denote by ¥* the Legendre-Fenchel
transform of ¥ (see [30] Section 12),

U (n) := sup{(n,v) = ¥(v) | v € X}.
By the Fenchel equivalence (see [30] Section 23)
vt € OF (2) = F(z) + F*(z*) = (2", 2),
equation is equivalent to
(i (1)) + U (—E(t)) = (~€(8), (1)) (1.3)

If we assume moreover that &(¢, r) and x(t) are smooth enough (e.g. & € C*and z € C1),
we can apply the classical chain rule

%éa(t, 2()) = (€(t), i()) + Db (t, x(2)),

and rewrite (1.3)) as

W(i(t) + (=€) = —%5(@ z(t)) + 0 & (t, x(t)).

Integrating this equation w.r.t. ¢, we get

/Q[W(i(t))Jr\IJ*(—g(t))] dt = &(ty, z(t1)) —é"(tg,x(tg))—|—/t23té"(t,:v(t))dt (1.4)

t1 1

forevery 0 <t; <t; <T.
Since W is positively 1-homogeneous, the value of its Legendre-Fenchel transform ¥* is

T () = 0 if n € 0¥(0),
= +o00  otherwise.

From the equation (1.4)), we have

/OT U (—€(t))dt < oo.

Hence, U*(—£(t)) < +oo for a.e. t € (0,7). Thus, equation (1.4) can be rewritten in terms
of the two following conditions



Weak local stability (w-LS)
U*(—=£(t)) < 400 a.e. in (0,7, that is, — 0,8(t,x(t)) € O¥(0) a.e. in (0,7T),

Energy-dissipation balance (ED)

Cga(tg,l'(tg)) tl, / at t ZL‘ dt - / \If(x(t))dt for all 0 S tl S tg S T.
1

Note that the above formula (ED) involves the time derivative of the solution and therefore
makes sense only for “smooth” z(-), while we know that in general solutions to the system
(&,¥) may have jumps as a function of time and therefore are not smooth. To write this
formula in a form that makes sense also for non-smooth functions, we need to introduce
the notion of dissipation distance D : X x X — [0, +00], and the dissipation functional

Diss(x(t); [t1,ta]),

D(zo, 1) = inf { [ w0y € W0,1:X).000) = (1) = } |

Diss(x(t); [t1,t2]) :—sup{ZD x(si—1),2(s:)) | N € Njtp < s9g< 81 < -+ <sN§t2}.
We have the following properties.

Proposition 1.2. (i) D(xg, 1) = V(z1 — x¢) for all zg,x1 € X.

(ii) If u: [0,T] — X is absolutely continuous and satisfies

/T U(a(t))dt < +oo,

then

Diss(u(t); [t1,ta]) = / 2 U(u(t))dt.

t1

The definition of absolutely continuous functions can be found in [I1] (Section 1.7). The
proof of Proposition is given at the end of this chapter.
By Proposition [1.2] we have another definition of Ziss(x(t); [t1,t2])

Diss(x(t); [t1,t2]) .—sup{zllf ) —x(si-1)) | NGN,t1§50<31<---<sN§t2}.

Thanks to Proposition , we can deduce from the energy-dissipation balance (ED) the
following equality

E(ts, x(t)) — E(tr, 2(t1)) = /t COE(t, 2(8))dt — Diss(x(b): [, ta])

for all 0 < t; < ty < T, provided that x(:) is smooth enough. However, in general, the
function xz(-) is only of class BV. This leads us to the definition of weak solution.

6



Definition 1.1 (Weak solution). A function z : [0,7] — X is called a weak solution of
the rate-independent system (&, ¥, zy), if it satisfies the initial condition z(0) = zy, the weak
local stability (w-LS)

—0,8(t,z(t)) € 0¥(0), for a.e. t € (0,T), (w-LS)

and the energy-dissipation upper bound (ED-upper)

E(ta, x(ta)) — &(t1, 2(t1)) < /;2 0 & (t, x(t))dt — Diss(x(t); [t1, ta]) (ED-upper)

forall 0 <t <ty <T.

The class of weak solutions is very large, since it contains all of the other notions of solu-
tions, including energetic solutions [27], BV solutions [26], local solutions [34], parametrized
solutions [26], epsilon-stable solutions [15], and epsilon-neighborhood solutions (introduced
below). This also means that, the weak local stability (w-LS) and the energy-dissipation
inequality (ED-ineq) seem to be too weak to characterize solutions for . However, if
we require solution satisfies global minimality at every time instead of the local one (w-LS),
then global minimality gives us the opposite side of energy-dissipation inequality (ED-ineq).
This leads us to the notion of energetic solution. This notion was first introduced by Mielke
and Theil in 1998 [27] and by Francfort and Marigo at the same time [12].

Definition 1.2 (Energetic solution). A function z : [0,7] — X is called an energetic
solution of the rate-independent system (&, ¥, x), if it satisfies the initial condition z(0) =
xo, the global stability

E(t,x(t)) < Et,x) + U(x — x(t)) (S)

for all (t,z) € [0,T] x X, and the energy-dissipation balance

E(ty, x(ty)) — &(t1, x(t1)) = /t 2 0,8 (s,x(s))ds — Diss(x(t); [t1,t2]) (ED)

forall 0 <t <ty <T.

It can be seen that there is no time-dependence in the global stability (S), which means
that rate-independent systems are quite “close” to static systems. And the energy balance
(ED) can be understood as the conservation of energy, in the sense that, the released energy
is always balanced by the difference between the work of external forces and the dissipated
energy.

Since there is no derivative of z(-) appearing in the definition of energetic solution, this
notion is well-suited even for solutions that are not smooth.

2.2 Construction of energetic solutions

A classical way to obtain energetic solutions is via time-discretization (see for example [21]
for more details).

For every 7 > 0, we divide the time interval [0, T'] into smaller subintervals by a partition
0=ty <ty <---<ty <Tsuchthatt,—t, ;=7forallne{1,2,... Ntand T —tny < T.
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Denote zg := 2(0) the initial position. At every time ¢, with n € {1,..., N}, we require
that the position z, is a global minimizer of the energy plus the dissipation, i.e.

T, € argmin . x{&(t,, ) + V(z — z,,-1)}. (1.5)

The discretized solution z7 is then defined by linear interpolation of {x,}»_,. It can be
showed that {«”} has uniformly bounded variation. Therefore, Helly’s selection theorem is
applicable.

Proposition 1.3. [Helly’s selection theorem [1, (10, [29]] Let I be an interval, X a complete
metric space, and f, : I — X a sequence of maps with uniformly bounded variation, i.e.

N
sup Var(f,; I) := supsup {Z dx (fulteo1), falte)) | {tx}ney is an partition of ]} < 00.

neN neN 1

Assume moreover that for every t € I, the set of values {f,(t)} is relatively compact in X.
Then up to a subsequence, f, converges pointwise to some limit f : I — X and

Var(f;I) < liminf Var(f,;I).

n—oo

Thanks to Helly’s selection theorem, we find a subsequence 7, — 0 such that 2™ (-)
converges pointwise to some z(+), which also has bounded variation. Moreover, we can check
that x(-) satisfies the global stability (S) and the energy-dissipation balance (ED) (see [21]).
For the reader’s convenience, a proof is presented in Chapter 2 below.

2.3 Some comments

Note that, at the moment, we still do not know whether or not the time-discretization
method can characterize all energetic solutions given by Definition However, given a BV
function t — x(t), it is easy to verify if () is an energetic solution of the system (&, ¥, x¢)
by the following criterion (which generalizes Proposition 5.13 in [I]). This proposition is
useful to verify an energetic solution in many examples. For the definition of BV functions
see [L1].

Proposition 1.4. Let x € BV([0,T]; X) be a left-continuous function at every t € [0,T]
and satisfy

(i) x(t) € argmin {&(t,x) + ¥(x — x(0))} for every t € [0,T];
(11) Piss(x(t);]0,T)) = V(z(T) — z(0)).

Here the dissipation functional ¥ : X — [0,+00) is convex and 1-positively continuous,
the energy functional & : [0, T] x X — [0,+00) is C? and satisfies the following technical
assumption:

There exists A = (&) such that
10,8 (s, 2)| < XNE(s,x) for all (s,z) € [0,T] x X.

Then, x(-) is an energetic solution to the system (&, V¥, z(0)).
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The condition on the left-continuity is only a technical assumption, since any energetic
solution can be modified to be left- or right-continuous. More precisely, we have

Proposition 1.5. Let = : [0,T7] — X be an energetic solution of the system (&,V,xy).
Here the energy functional & : [0,T] x X — [0,+00) is C? and the dissipation functional
U: X — [0,+00) is continuous.

Since x € BV ([0,T]; X), the limits x(t") and x(t~) always exist. Moreover, any function
z(+) satisfying £(0) = z(0), z(T) = z(T) and

z(t) € {z(tT),z(t7)} forall t € (0,7T),

is also an energetic solution to the system (&, V¥, xg).
Moreover, if x(-) is a weak solution of the system (&, V¥, xy), then the function x(-) defined
as in Pfr’opositz'on is also a weak solution of the system (&,V¥, xg).

For the reader’s convenience, the proofs of Proposition [I.4] and [I.5] are given at the end
of this chapter.

Example 1.6. Consider the system defined by the energy functional
Etyx) =2 — 2" +032° + ¢ (1 — 2°) — |7
where t € [0,2], z € R, the dissipation functional ¥(z) := |z|, and the initial value xq := 0.

Using Proposition [1.4] one can quickly check that this system admits two energetic solu-

tions
o(t) = {0 S— if t € 10,1/6),
Y ifte[1/6,2],

and

. 0 if t €[0,1/6),
0= _ i I ift e [1/6,2)

In the case that the energy functional is convex, global stability is equivalent to local
stability. Moreover, at every time, the position z(t) defined by global minimality is the best
one, in the sense that, any loss in energy when moving to another position will be compen-
sated by dissipation. However, when the energy functional is non-convex, global stability
turns out to be a too strong requirement. In fact, there are some situations where (1.1
admits a strong solution which is not globally stable (see, for example, in [31]). Moreover,
global minimizers make the energetic solutions jump easier than physically feasible and into
too far-apart energetic configurations. And hence sometimes, they fail in describing some
natural phenomena.

For example, in nature, water always flows downhill, regardless of the fact that flowing
uphill for a while may help it to reach a better final position. But if we force the water
to satisfy the global minimality, then it would act so that the final position has the lowest
altitude, no matter what in some moment it must go uphill.



More mathematically, let us return to Example In this example, the energetic solu-
tions jump at time ¢t = 1/6 from 2 = 0 to z = ++/15/3. However, this is not a reasonable
jump, since the energy plus dissipation functional must increase a little bit when moving
from # = 0 to x = £/15/3 (see Figure 2). Hence, the right position at time ¢ = 1/6 should
be x = 0, which is a local minimizer of energy plus dissipation functionals.

Figure 2. The function & (¢, z) + ¥(z) = 2% —2* 4+ 0.32° + ¢ (1 — 2?) at t = 1/6.

3 BYV solutions

Since global minimality cannot characterize the “natural” solution trajectory in the case that
the energy functional is nonconvex, alternative notions of solutions involving local minimality
are preferred to overcome this shortcoming of energetic solutions. One of such approaches is
vanishing viscosity, which produces the so-called BV solutions [25] 26].

The idea is to add a small viscosity term to the dissipation functional W. This results in a
new dissipation functional V., which has super-linear growth at infinity and which converges
to W as € tends to zero in an appropriate meaning. The super-linear growth of U, makes the
limit x(-) of the sequence {z°(-)} when ¢ goes to 0 difficult to jump, and therefore z(-) should
prefer a close-by state which is locally stable to a far-away state which is globally stable.
Moreover, Mielke, Rossi and Savaré have proved in [26] that the limit z(-) also satisfies the
new energy-dissipation balance, which is

E(ta, x(t2)) — &(t1, x(t1)) = /t 2 0 & (8, 2(8))ds — DisSpew(x(t); [t1,t2])
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for all 0 < t; <ty <T. Here Zisspen(xt);[t1,t2]) > Diss(x(t);[t1,t2]). The precise formula
for the new dissipation function Ziss,., will be given later.

3.1 Motivation and definition

The following argument follows that of Mielke, Rossi, and Savaré in [20].
In general, the viscous term can be chosen in the form e !'Wy(ev), where ¢ > 0 and
Uy : X — [0,00] is a convex function satisfying

v
(a) |0(|U) — 0 as |[v| = 0,
v
v
(b) |0(|U) — 00 as |v| = oo
v

Then for each € > 0, the dissipation with viscosity reads
U_(v) == U(v) + & 'Wy(ev), for all v € X.

Condition (a) guarantees that W, converges to ¥ when ¢ goes to 0, while W, has super-linear
growth by condition (b). For simplicity, here we choose W(v) = |v| the usual distance in X,
and Wy(v) = |[v]|?/2. Then

U, (v) = |v| + g|v|2 for all v € X.
After adding viscosity, the evolution equation (|1.1)) becomes
0 € 9V (i°(t)) + 0. E(t,2°(t)) for a.e. t € (0,T). (1.6)

Thanks to the results by Colli and Visintin [5], 4], this equation admits at least one absolutely
continuous solution z° € AC([0,T]; X'). We then repeat the argument for energetic solutions,
and get an identity similar to (1.4])

/2[\I’a(i“a(t))+\112(—3x65"(t,$5(t)))]dt = E(t,2%(h)) = E(ta, 27(L2))

t1

+ / * 06t 25 (1)t (1.7)

t1

In particular, we have

/OT [Wo(a°(t) + W2 (=0:6(t, 2°(¢)))] di < C,

here we denote by C' some constant independent of ¢.
Denote 2 := max{z,0}. A direct computation gives Uz (w) = o ((Jw| —1)*)2. Since ¥,
is non-negative, we get

T T
lim inf / %((yﬁxéa(t,x‘f"(t))] — 1)*)2dt = lim inf / U (—0,8(t 2= (1)))dt < C.
0 0

n—00 En n— o0
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Using Fatou’s lemma and the fact that €, — 0, we obtain

/0 lim inf((|0,& (£, 2" ()| — 1)7)%dt < lim inf/o ((10.6 (¢, 25" (£))| — 1)*)2dt = 0.

n—oo n—oo

Therefore,
lim inf(|0,& (t, 2" (t))] — 1)* = 0 for a.e. t € (0,7T). (1.8)
n—oo

Moreover, it follows from Proposition [I.2] that

Diss(z5():[0,T)) < /Oqu(j;f(t))dt < /OT W (35 (t))dt < C. (1.9)

Thus, the sequence {2°(-)}.~o has uniformly bounded variation. Then we can apply
Helly’s selection theorem (see Proposition to get a subsequence ¢,, — 0 such that z°"(-)
converges pointwise to some BV function z(-). By the continuity of & we also have that
0,& (t, x°(t)) converges pointwise to 0, & (t, z(t)) as n — oo. Hence, we obtain from (|1.8))

10,8 (t,x(t)))| <1 for ae. t € (0,7T).
Moreover, by the continuity of z(-), we get
10,8 (t,z(t)))] <1if z(-) is continuous at t.

This condition is in fact the weak local stability (w-LS), since we have chosen W(x) =
|z| for all x € X.
On the other hand, we have the lower semicontinuity of dissipation

Diss(x(t); [t1,ta]) < liminf Ziss(x®(t); [t1, t2]). (1.10)

n—o0

By Proposition [1.2], we also have

Diss(x(t); [t1, t2]) < / 2 (W, (@57 (1) + UL (—0,&(t, 2 (¢)))] dt. (1.11)

t1

Combining ((1.10)), (1.11) and (1.7)), and taking into account the continuity of & and the
convergence of x°"(t) to x(t), we get the following energy-dissipation inequality (ED-ineq)

E(ta, x(t2)) — &E(t1,x(t1)) < /tt2 0 & (t, x(t))dt — Diss(x(t); [t1,ta]), forall 0 <t <ty <T.

Thus, the BV function x(-) also satisfies the definition of weak solution (see Definition [1.1)).
Moreover, Mielke, Rossi and Savaré have proved in [26] that we have an even better upper
bound

E(ta, 1(ts)) — E(tr, a(t)) < / O 2(1))dt — Dissnen(@(t); [t1, 13]) (1.12)

t1
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for all 0 < t; <ty < T, where the new dissipation is defined by

DisSpew(x(t); [t1,t2]) = Diss(x(t); [t1,t2]) — Z [z(t™) — z(t)] + |x(t) — 2(t)]]

teJ

+ 3 [Anew(t, 2(t7), (1) + Apew(t, 2(1), 2(t1))]

teJ

J is the jump set of z(-) and

Apew(t;a,b)
= inf {/ [o(r)] - max{1, |0, & (t,v(r))|} | v € AC([0,T]; X),v(0) = a,v(1) = b} :

There is a general fact (see [25] Proposition 4.2) that if a BV function satisfies the weak
local stability (w-LS), then it also satisfies the opposite of inequality (1.12]). Hence, in ({1.12])
we have an equality. It leads us to the notion of BV solution.

Definition 1.3 (BV solution). A function z : [0,7] — X is called a BV solution of the
rate-independent system (&, ¥, xg) if it satisfies the initial condition z(0) = zg, the weak
local stability (w-LS)

|0, & (t,z(t))| <1 provided that ¢t — z(t) is continuous at t, (w-LS)

and the new energy-dissipation balance (ED-new)

E(ta, x(t2)) — E(t1,x(t1)) = /t 2 0 & (s,2(5))ds — DisSnew((t); [t1,t2]) (ED-new)

fOrallOStlthST.

Unlike energetic solutions, the stability condition for BV solutions (w-LS) does not hold
for every t. Roughly speaking, (w-LS) can only tell us the information on solutions at
continuity points. The information at jump points is contained in the new energy-dissipation
balance (ED-new). More than that, (ED-new) also reveals the information of BV solutions
along the jump path. Indeed, if the BV solution z(-) jumps at time ¢, then there exists
an absolutely continuous path v : [0,1] — X connecting x(¢~) and x(¢*) such that along
this path, we have that |0,& (tg,v(s))| > 1 for all s € [0,1] (see [25], 26] for further details).
However, we can see that the weak local stability (w-LS) is really weak, in the sense that it
allows for both local minimizers and local maximizers. Moreover, we cannot expect a better
local stability, since in some cases, the BV solutions are really local maximizer (see Example

below).

Example 1.7. Consider the system defined by the energy functional & (¢, x) := ¢ (25— z%) —
|z| where t € [0,1] and = € R, the dissipation function ¥(z) := |z|, and the initial value
2o := 0. Then the BV solution corresponding to the dissipation with viscosity

. (z) = |z| + ga:Q,
is z(t) =0 for all t € [0, 1].
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In the figure below, we see that x = 0 is a local maximizer for the functional =
E(t,z) + |z| when ¢t > 0. A detailed proof of this claim is given in Chapter 4.

I:|1 T T T T T

0.08

0.06

2 0.04

0.0z

0oz 1 1 1 1 1
-1.4 -1 0.4 a 0.5 1 1.5

Figure 3. &(t,z) + ¥(z) =t (25 — 2*) with t = 0.1.

3.2 Construction of BV solutions

Here we construct a BV solution by vanishing viscosity. This construction was given by
Mielke, Rossi, and Savaré in [26]. For simplicity, here we choose the dissipation and dissipa-
tion with viscosity as follows

9
W () i= ol + 5ol

for all v € X.
For every ¢ > 0,7 > 0, we choose the following partition of [0,7]: 0 =1ty < t; < -+ <
ty < T such thatt, —t, y=7forallne{1,2,... N}and T —ty < 7.
Denote xy := x(0) the initial position. Then the approximation position x
time t,, is defined by iteration as follows

T,

.- at every

hf € argming . {8 (tn, ) + | — 2%, | + 23]93 — a0 *} forallm € {1,2,...,N}.
T

We shall assume that ¢ — 0, 7 — 0 and ¢/7 — oco. Hence, the appearance of the term
|z — 2,2, ensures that 277 is very “close” to z,°;. In other words, even if we are looking
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for a minimizer over all X, only points close to x%; can be chosen. Then we also denote
the discretized solution z7 by taking the interpolation of {z7¢}"_,. The BV solution is

obtained by taking the limit of {#™°} when ¢ — 0,7 — 0 such that /7 — oo. For the
reader’s convenience, a detailed proof is given in Chapter 2.

3.3 Some comments

Note that the BV solution defined above depends heavily on the choice of the viscosity. There
are examples showing that for different choices of viscosity, we get different BV solutions
that jump at different times.

Now we are back to Example[1.7], but here we consider the BV solution corresponding to
the different viscosity term.

Example 1.8. Consider the system defined by the energy functional & (¢, x) :=t (2% —2) —
|z|, where t € [0,1] and = € R, the dissipation function ¥(z) := |z|, and the initial value
o := 0.

As we know from Example that the BV solution corresponding to viscosity %xz is
z(t) = 0 for all ¢t € [0, 1].

Now we choose the viscosity €’z% with 7 — 0o (where 7 is the time step in the
discretization). Then the BV solutions corresponding to this viscosity are

2(0) = 0, z(t) = 1/2/3 for all t € (0,1]

—25/18

and

2(0) = 0, z(t) = —/2/3 for all t € (0, 1].

A detailed proof of this claim is given in Chapter 4.

It can be seen in Figure 3 above that when ¢ > 0, the BV solution corresponding to
viscosity %xz is a local maximizer of energy plus dissipation instead of a local minimizer,
while the BV solutions corresponding to viscosity €°z% is global minimizer of energy plus
dissipation (see Figure 4 below). This fact implies that in some specific cases, a “too strong”
viscosity could prevent the solution from jumping even when a jump might be expected. Be-
sides, similarly to energetic solutions, we do not know if BV solutions obtained by vanishing
viscosity can characterize all of BV solutions given by definition.
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Figure 4. &(t,z) + U(x — /2/3) = t(2° — 2*) — |z| + |z — \/2/3| with ¢t = 0.1.

4 Another construction of BV solutions

4.1 Motivation and construction

Another way to avoid global minimality is to find the minimizer z, in in a small
neighborhood of x,_;. More precisely, for any € > 0,7 > 0, consider the following partition
of [0,T]: 0=ty <t; <--- <ty <T, where t, —t,_y =7 foralln € {1,2,..., N} and
T —t, <7. Set xy" := x(0). For all n € {1,2,..., N}, define the sequence {257} as follows

257 € argming {8t @) + o — 25| | o — 257, ] < e},

Here for simplicity, we focus on the case W(x) = |z| for all z € X.
The discretized solution t — 27 (t) is then defined by interpolation as follows

2°7(t) ;== a7 for every t € [t,_1,t,),n € {1,2,...,N}.

The epsilon-neighborhood solution x=(t) is defined by the pointwise limit of {x=7(¢)} when
7 — 0 (such limit exists thanks to Helly’s selection theorem). Then we can prove (see Chapter
2) that outside the jump set, x°(t) satisfies the minimality in an epsilon neighborhood of
2°(t) (eps-LS) and the energy-dissipation inequality (ED-ineq). In particular, any epsilon-
neighborhood solution satisfies the definition of weak solution (see Definition [I.)).

Once again, Helly’s selection theorem gives us the pointwise limit x(t) of {°(¢)} when
taking ¢ — 0. In Chapter 2 (see Theorem [2.18)), we will prove that z(-) fulfills the definition
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of BV solution, i.e., it satisfies the weak local stability (w-LS) outside the jump set, and the
new energy-dissipation balance (ED-new) at every time. We call it BV solution constructed
by epsilon-neighborhood.

This approach was first suggested in [I7, Section 6] for one dimensional case when ¢ is
chosen proportional to the square root of the time-step. The existence was then obtained
in [10] via reparametrization. It was also proved in [I0] that the solution satisfies the weak
local stability (w-LS). However, to our knowledge, the fact that the solution satisfies the
new energy-dissipation balance (ED-new) does not explicitly appear in the literature. In
Chapter 2 (Section 2.3), we shall prove the existence and properties of epsilon-neighborhood
solutions z¢(-) and its limit z(-).

Remark. Roughly speaking, this approach is a special case of the vanishing viscosity approach
when viscosity term is chosen as follows

T (v) 0 if || <1,
v) =
’ too if o] > 1.

4.2 Definition of epsilon-neighborhood solution

Definition 1.4 (Epsilon-neighborhood solution). For any fixed ¢ > 0, a function
¢ 1 [0,T] — X is called an epsilon-neighborhood solution of the rate-independent system
(&, W, z) if it satisfies the initial condition xz°(0) = xo, the epsilon local stability (eps-LS)

E(t,x°(t)) < &E(t,x) + |x — 2°(t)| for all |z — 2°(t)| < e, (eps-LS)

provided that z(-) is continuous at ¢, and the energy-dissipation inequality (ED-ineq)
to
E(ta, x°(t2)) — & (t1,2°(11)) < / 0i& (s, 2°(s))ds — Diss(x°(t); [t1, ta]) (ED-ineq)
t1

fOI'&HOStlthST.

The epsilon local stability (eps-LS) is stronger than the weak local stability (w-LS).
Hence, epsilon-neighborhood solutions belong to the class of weak solutions.

When e becomes smaller and smaller, the epsilon-neighborhood solutions behave more
and more like BV solutions. Besides, in many examples, we see that when ¢ is small enough,
the epsilon-neighborhood solution z°(+) is independent of €, and hence, z°(-) coincides with its
limit (-). Thus, z(-) satisfies the epsilon local stability (eps-LS) for some ¢ > 0. Therefore,
in those cases, x(-) satisfies both the epsilon local stability (eps-LS) for some € > 0 and the
new energy-dissipation balance (ED-new).

Now we are back to the system given in Example [1.7, but here we are interested in the
BV solutions constructed by epsilon-neighborhood.

Example 1.9. Consider the system defined by the energy function & (¢, x) =t (2% —21) — ||
where t € [0,1] and z € R, the dissipation function ¥(z) := |z|, and the initial value zq := 0.
It was already shown in Example that the BV solution corresponding to the viscous
dissipation W.(z) = |z| + 52* is z(t) = 0 for all ¢ € [0, 1].
When ¢ € (0, 1/2/3], the epsilon-neighborhood solutions are

25(0) = 0, z°(t) = \/2/3 for all t € (0,1]
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and

2°(0) = 0, 2°(t) = —/2/3 for all t € (0, 1].

The proof of this claim is given in Chapter 4.

In Example 1.8 the BV solution z(¢) = 0 for all ¢ € [0,1] does not satisfy the strong
local stability, namely

x(t) is a local minimizer of the functional z — &(t, z) + |z — z(t)| for a.e. t. (s-LS)

However, the BV solutions constructed by epsilon-neighborhood in Example satisfy
the strong local stability (s-LS). Hence, the question on whether a BV solution constructed
by epsilon neighborhood always satisfy (s-LS) arises naturally. Unfortunately, the answer is
negative, as shown in the following example.

Example 1.10. Consider the system defined by the energy functional &(¢,z) :=tg(z) — z
with g(x) := z°sin(1/x), t € [0,1], the dissipation function ¥(z) := |z|, and the initial value
xo := 0. Note that ¢g(-) has a unique global minimizer z; = 0.2638367621... (see Figure 5
below). Moreover,

(i) The energetic solution constructed by time-discretization is

z(0) =0 and z(t) = z; for all ¢t € (0, 1].

(ii) The BV solution constructed by epsilon-neighborhood is x(t) = 0 for all ¢ € [0,1].
Here we can choose any neighborhood of the form I.(a) = a + I.(0) where I.(0) is a
closed connected neighborhood of 0 with diameter of order O(¢).

(iii) The BV solution constructed by vanishing viscosity is x(t) = 0 for all ¢ € [0, 1]. Here
we can choose an arbitrary viscosity of the form e W (ez) where ¥, : R — [0, 00) and
lim‘m|_>oo \IJO((E)/’.T‘ = Q.

A detailed proof of this claim is given in Chapter 4.

In this example, both the BV solution constructed by vanishing viscosity and the BV
solution constructed by epsilon-neighborhood take the value 0 for every t € [0, 1]. However,
as we can see in Figure 5, for every t > 0, x = 0 is neither a local minimizer nor a local
maximizer of the function z — &(t, z) + |z|.
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Figure 5. The function &(t, ) + |z| = tz®sin(1/x) when ¢t = 1 and x > 0.

Similarly to BV solutions constructed by vanishing viscosity, along the jump path of
BV solutions constructed by epsilon-neighborhood, we have [0,&(t,-)| > 1. Moreover,
Lemma in Chapter 2 tells us that the energy plus dissipation along each jump path
is non-increasing. This fact makes the behavior of BV solutions constructed by epsilon-
neighborhood at jumps more reasonable than the behavior of energetic solutions. However,
BV solutions constructed by epsilon-neighborhood still depend on the way we choose the
neighborhood, see the following example.

Example 1.11. Consider the system defined by the energy functional

3
&(t,x) ::t(g Sl e+ 1+ |x—2|) "

where t € [0,1] and x € R, the dissipation function ¥(z) := |z|, and the initial value z( := 0.
We have

(i) The BV solution constructed by epsilon-neighborhood with the usual neighborhood
I.(a)=[a—¢e,a+¢e]is

z(0) =0 and z(t) = —1 for all t € (0,1].
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(ii) The BV solution constructed by epsilon-neighborhood with the neighborhood I.(a) =
la—¢e,a+ 3¢] is

2(0) =0 and z(t) =2 for all t € (0,1].
(iii) The BV solutions constructed by epsilon-neighborhood with the neighborhood I.(a) =
l[a — €,a + 2¢| are both solutions given before.

The proof of this claim can be found in Chapter 4.

5 Comparison of energetic and BV solutions

In this section, we will compare energetic solutions, BV solutions constructed by vanishing
viscosity and BV solutions constructed by epsilon-neighborhood.

5.1 Energetic and BV solutions may be the same
We consider again the system given in Example [I.7]

Example 1.12. Consider the system defined by the energy functional &(t,z) := t (25 —
x1) — |z| where t € [0, 1], the dissipation function ¥(z) := |z|, and the initial value xq := 0.
Then

(i) The energetic solutions constructed by time-discretization are

2(0) = 0, z(t) = /2/3 for all t € (0, 1]

and

2(0) = 0, z(t) = —/2/3 for all t € (0,1].

These energetic solutions satisfy the definition of BV solution.

ii) The BV solutions corresponding to the viscosity term 2% with ¢=2/187 — oo (where
g Yy

7 is the time step in the discretization) are precisely the energetic solutions.

(iii) The BV solutions constructed by epsilon-neighborhood are precisely the energetic so-
lutions.

5.2 BYV solutions constructed by epsilon neighborhood may jump
later than energetic solutions

Since the construction of a solution by epsilon neighborhood uses local minimizers, such
solution is expected to jump later than energetic solutions. This fact is illustrated by the
following example.

Example 1.13. Consider the system defined by the energy functional
Etyr) =2 —2*+032°+t(1—2%) —|z|, t €[0,2],z € R,

the dissipation function ¥(x) := |z|, and the initial value xy := 0. We have
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(i) The energetic solutions constructed by time-discretization satisfy either

1 1 t
_ vV 0+\3/ 0+ 90 g

z(t) = 0if t < 1/6, x(1/6) € {0,1/5/3}, x(t)

/6
or
z(t)=0if t < 1/6, x(1/6) € {0, —/5/3}, x(t) =
(ii) The BV solutions constructed by epsilon-neighborhood satisfy either

10 + /10 4+ 90¢
:\/ +3 + ift>1

10+ /1 t
Y10+ 3 0+ 90 if £ > 1/6.

z(t)=0if t <1, z(t)

or

z(t)=0ift <1, z(t) = 1.

V10 + /10 + 907 .
— 3 if ¢t >

As we can see from the example above, the energetic solutions jump at ¢ = 1/6. This
jump point is not reasonable since along the jump path, there are some moment the energy
plus dissipation function is increased (see Figure 2 above). On the other hand, the BV
solution constructed by epsilon-neighborhood jumps at ¢ = 1. This is a reasonable jump
time, since the functional x +— &(t,z) + ¥(z) admits x = 0 as a local minimizer when ¢ < 1
(see Figure 2), and as a local maximizer when ¢ > 1 (see Figure 6 below).

Figure 6. The function & (¢, x) + ¥(z) when ¢ = 1.2.

Now we compare BV solutions constructed by epsilon-neighborhood with BV solutions
constructed by vanishing viscosity.
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5.3 BYV solutions constructed by epsilon neighborhood may jump
sooner than those constructed by vanishing viscosity

As we mentioned above, BV solutions constructed by epsilon-neighborhood belong to the
class of BV solutions. Moreover, there are BV solutions that cannot be obtained by using
epsilon-neighborhood. In fact, the following example points out that there exist BV solutions
constructed by vanishing viscosity which are different from BV solutions constructed by
epsilon-neighborhood. Now we are back to the system given in Example [1.6]

Example 1.14. Consider the system defined by the energy functional
Et,r) =2 —2*+032°+t(1—2%) —|z|, t€[0,2], x € R,
the dissipation function ¥(x) := |z|, and the initial value xy := 0. We have

(i) The BV solutions constructed by epsilon-neighborhood satisfy either

1 1 t
o) = 0ift <1, a(t) = ¥ 0“3 O+ 90 4y <1
or
1 1 t
o(t) = 0if t < 1, o() = - YIOF 4 090y o1,

(i) The BV solution with viscous dissipation ¥_(z) = |x|+ex? is z(t) = 0 for all ¢ € [0, 2].

The proof of this claim is given in Chapter 4.

Appendix A: Proofs of some technical lemmas

Proof of Proposition (i). By the convexity of W, the following inequality holds true for
every function x € WH(]0, 1]; X) such that z(0) = zy and x(1) = z;.

/01 U(i(t))dt > U (/le'(t)dt) = U(x; — o).

Taking the infimum of the left-hand side of the above inequality over all functions x €
Wh1([0,1]; X) such that z(0) = x¢ and z(1) = x1, we get

D(xg,z1) > ¥(z1 — x0). (1.13)

On the other hand, choosing y(t) = zo+t(x1 —zo) then y € WH([0, 1]; X) and () = 1 — .
Hence

/0 U(y(t))dt = V(x; — xp).

Therefore, by definition of D(xg,x;) we obtain

D(l’o,l‘l) S \I/(I'l — ZL‘()). (114)
Thus, combining ([1.13)) and ([1.14]) we get the result. O
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Proof of Proposition[1.9 (ii). Step 1. First, we prove that

Diss(u(t); [tr,t2]) < /t2 U(a(t))dt for every u € AC([0,T7; X).

t1

In fact, since u € AC([0,T]; X), we have that w € L'(0,7T) and

t2
u(te) —u(ty) = / u(t)dt forall 0 <t; <ty <T. (1.15)

t1

On the other hand, by Proposition (i) and Jensen’s inequality for the convex function
U, we have

D(u(ty), ults)) = U (u(ts) — u(ty)) = ¥ (/tt u(s)ds) < /: U(a(s))ds. (1.16)

Choosing an arbitrary partition t; = sy < s < -+- < sy = tg of [t1,t5] and applying

(1.16]) for (u(s;—1),u(s;)), we obtain
N

> Dlulsi 1) uls) = 3 / W (i(s))ds < / "W (a(s))ds.

=1 t1

Taking the supremum over all of the partitions of [t1, 5], we get the desired result.

Step 2. Now, we prove the converse inequality
to
Diss(ult): [tr, 12]) > / B(a()dt for every u € AC([0,T]: X).
t1

We need the following claims.
Claim 1: For any 0 < 51 < s9 < T, we have that

52

/52 U(a(s))ds < W(u(s) —u(sy)) —|—/ U(a(s) — u(sg))ds

S1 S1

+u < / " li(s) — u(s)]ds) for every so € [s1, 53] (1.17)

S1

Proof of Claim 1. Since V¥ is convex and positively 1-homogeneous, the triangle inequality

holds
U(a+b) < ¥(a)+ V(b) for all a,b € X. (1.18)

From the above triangle inequality, it follows that

/SQqJ(u(s))dS < /82\11(”@(3) —u(so))ds+/82\11(u(so))ds. (1.19)

S1 S1 S1
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By the 1-homogeneity of ¥ and the triangle inequality ([1.18]), we can write

[ watds = (2= 50w o)

S1

= ([t - iolds) + 9ulen) —ulsr). (120

In the last equality, we have employed the equality (1.15). Then, the estimate ((1.17]) follows
by (TI9) and (T20). .

Claim 2: For L'-a.e. s € [0,T] and every € > 0, there exists 1y > 0 (depending on &
and s) such that

s+
/ U(u(t) — a(s))dt < er, for all r <.

=T

Proof of Claim 2. This proof follows by an argument in [11] (see Section 1.7, Corollary 1).

Since X is a finite dimensional normed vector space, we can choose a countable dense
subset {x;}22, of X. Since ¥(u) € L', we can apply the Lebesgue-Besicovitch Differentiation
Theorem (see [I1] page 43) to get

lim — / ' U (a(t) — x;)dt = U(u(s) — ;)

for £L'-a.e. s € (0,T) and i = 1,2,.... Thus there exists a set A C [0, T] such that £'(A4) =0
and s € X'\ A implies

lim / ' W(u(t) — x;)dt = W(u(s) — x;)

for all i. Fix s € [0,7]\A and € > 0. Since ¥(0) = 0 and V¥ is convex, we have

lim ¥(z) = 0.

z—0

Moreover, since {z;}°, we can choose z; such that

max{W(u(s) — a7), Uz —u(s))} < Z
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Then

1 s+r 1 s+r
lim sup — U(u(t) —a(s))dt < limsup — U(a(t) — x;)dt
r—0 r s—r r—0 270 s—r
1 s+r
+ limsup — U (z; —u(s))dt
r—0 T Js—r

= W(ils) — @) + V(o —ls) <

N ™

]

Claim 3: For L'-a.e. s € (0,T), for any € > 0, there exists ry > 0 (depending on & and
s) such that

w < / jT[u(s) - u(t)]dt> < er, forall r < 1o, (1.21)

Proof of Claim 3. Apply the Lebesgue-Besicovitch Differentiation Theorem (see [I1]) for u €
L', we get

for £'-a.e. s € (0,T). Since lim, ,,0 ¥U(z) = 0 and ¥ is positively 1-homogeneous, we also

have
lim -0 ( / i) - u(t)]dt) ~0

r—0 2r .

for Ll-a.e. s € (0,7). O

Given € > 0, for L1-a.e. s € (0,T), thanks to Claim 2 and 3, we can choose r (depending
on ¢ and s) such that

/5 j B(at) — i(s))dt < er, (1.22)
and
w ( / ir[a(s) - u(t)]dt) <er (1.23)

Now we can apply Besicovitch Covering Theorem (see [11]) to the family of these intervals
[s —r,s + r| and to the measure p := W¥(@)dt to find finitely many disjoint intervals [; :=
[s; — 73y 8; + 1;] such that
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Hence, thanks to (1.17)), (1.24)), (1.22)) and (1.23)), we can write

3 / T a()dt

i S;—T5

+Z/Si " Wat) — alt)dt + >u (/

< et Y Wluls i) —uls — 1) +2 ery

< (2T +z e + Ziss(u(t); [t1,t2]).

/pr(u@))dt _ /[tt]\u].\lf(u(t))dtJr

t1

IN

alt) — u<t>1dt)

Since € > 0 is arbitrary, we finish the proof of Step 2.

Step 3: Combine the inequalities in Step 1 and 2, we conclude that

Diss(u(-): [t1, 1a]) = / "W (at))dt.

t1
for every u € AC([0,7]; X). This completes the proof of Proposition (ii). O

Proof of Proposition[I1.4. Tt is sufficient to prove that z(-) is a limit of a sequence of dis-
cretized solutions.
Step 1. First we check that, for every ¢ and ¢’ such that 0 < ¢ <t < T there holds

z(t) € argming  x{&(t,z) + U(z — x(t'))}.

Indeed, since W is convex, non-negative and positively 1-homogeneous, repeat the argument
in the proof of Step 2 Proposition [1.2] we have the following triangle inequality for ¥

U(z —2(0) < U(z—2z(t)) + V(z(t') — 2(0)) for all x € X. (1.25)
Thanks to (i) we have the following inequality
E(t,x(t)) + ¥(z(t) —x(0)) < E(t,x) + Y(xr — 2(0)) for all z € X. (1.26)
On the other hand, thanks to assumption (ii) we get
U(z(t) — z(0)) = VU(x(t) — z(t')) + U(x(t') — x(0)) for any ' € [0, ¢]. (1.27)
Combining (1.27)), and ([1.25]), we have that for all ¢ € [0, 7]

Et,x(t) + W(x(t) —x(t) = &t x(t) + V(x(t) — x(0)) — U(z(t) — 2(0))
E(t,x) +¥(x —z(0)) — ¥(z(t') — z(0))
E(t,x) +¥(x —z(t)) for all x € X.

IA A
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Step 2. Construction of the discretized solution from z(-).
For every T > 0 fixed, we consider the following partition of [0,77] :

O=to<ty < - <ty <T)t,—t,y=7foreverynec{l,2,.... N}and T —ty <.
Denote y7(t) := x(t,—1) if t € [t,—1,1,), then by Step 1
x(t,) € argmin, . {&(tn, ) + V(r — z(th-1))}-

Hence, y7(t) is one of the discretized solutions of (&, ¥, z(0)) corresponding to the partition
{tn}i0-

Step 3. Now we prove z(-) is the limit of the sequence of discretized solutions {y™} for
some sequence {7, }.

In fact, consider the sequence {7,,} such that 7,, = 27", and denote y™ (¢) the discretized
solution corresponding to 7,.

If we call {t;"} the partition of [0, 7] corresponding to 7, then we have

y™(t) = x(ty") for every t € [t ;7).

On the other hand, for every ¢ € [0,7] and for every n € N, there exists ¢ such that

t et t") and t]"; — t as n — co. Hence, by the left-continuity of z(-) we get
7}1_{2055(@71) = x(t).
Thus,

lim y™(t) = lim x(t]";) = z(¢).

n—o0 n—o0

Step 4. Since z(-) is the limit of the sequence of discretized solutions {y™}, we know that
x(-) satisfies the definition of energetic solution for the system (&, ¥, z(0)) (see for example
Theorem 2.1 in the forthcoming Chapter 2). O]

Proof of Propositions[1.5. Step 1. First we prove the stability, namely
E(t,T(t) < £, 2) + ¥(z — z(t))

for all (¢,2) € [0,T] x X.

If t € {0,T} or z(-) is continuous at ¢, then Z(t) = z(¢) and we have the result. Now
assume that z(-) is not continuous at ¢ € (0,7) and z(¢t) = x(¢~) (the case Z(t) = z(t*) can
be treated in the same way). Since z(-) has only at most countably many jumps, we can
find a sequence t,, 1 t such that z(-) is continuous at every t,. Therefore, using the stability

at t,, we have
E(t,x(ty)) < E(t,2)+V(z—z(ty))

for all z € X. Taking the limit as n — co we obtain

Et,z(t7)) <&, z) +V(z—xz(t7))
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for all z € X. Since z(t) = x(t~), we have the desired stability.

Step 2. Next, we verify the energy-dissipation balance
Bt 7(0)) — £, 7(0)) = [ 08 (5, 5))ds — Piss(i(s 1,1
1
From the proof of Step 2, Lemma [2.5, we know that the global stability implies
8 (ty, T(t2)) — E(t1,x(t1)) > /i 0,8 (s,7(s))ds — Diss(z(+); [t1,ta)]). (1.28)
1
Therefore, it remains to show the following inequality
E(ty, T(t2)) — E(t1,x(t1)) < /t2 0,8 (5,2(8))ds — Diss(x(-); [t1, ta]). (1.29)
t1

Since 7(0) = z(0), z(T) = x(T) and Ziss(z(-);[0,T]) < Ziss(z(+);[0,T]), we get imme-
diately from the energy-dissipation balance of z(-) that

ST, 5(T)) — £(0,7(0) = (T, 2(T)) — &(0,2(0))
_ /0 0.8 (5, (s))ds — Diss(x(-): 0,T])
< /0 0 & (s,2(s))ds — Diss(z(+);[0,T1). (1.30)

Now denote I(ty,t2) by the difference between the left and right-hand side of ([1.29). We
have already know from (1.28)) that I(t;,%2) > 0 for all 0 < t; < ¢ty < T. Moreover, thanks
to ((1.30]), we also have I(0,7") < 0. Hence,

0>1(0,T)=1(0,t1) + I(t1,t2) + I(ta2,T).
Since each addendum in the last term is non-negative, all of them must be null. In

particular, I(t1,ty) = 0.
]
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Chapter 2

Existence of weak solutions to
rate-independent systems

In this chapter, we prove the existence of energetic solutions and BV solutions to the rate-
independent systems in the abstract one-dimensional framework.

For the sake of simplicity, we shall assume that the ambient space X = R, the energy
functional is non-negative, and the dissipation coincides with the usual distance in R. Some
of the following proofs do not work for higher dimensions as well as for the general dissipation
functional.

Moreover, we always assume that the energy functional & is C?, and satisfies the following

technical assumption:
There exists A = A(&) such that

10,8 (s,2)] < A&E(s,x) for all (s,z) € [0,T] x R. (E1)
Remark. The condition (E1) together with Gronwall’s inequality imply that
E(r,x) < E(s,x) Nl [9,8(r,x)| < AE(s, ) N (2.1)

for any r, s in [0, T7.
Under these assumptions, our equation (1.1)) becomes

0, &(t,z(t)) + 02’ (t)] 0 for a.e. t € (0,T). (2.2)

1 Existence of energetic solutions

In this section we prove the existence of energetic solutions to (2.2)) via time-discretization.
First, we divide [0, 7] into small intervals by the partition 0 =ty < t; < --- <ty < T
such that ¢, —t,—y < 7 for every n € {1,...,N} and T —ty < 7. Denote z := x¢ the

initial position, then for n € {1,..., N}, we define the approximate position z7 by iteration
as follows

x, € argmin, p{&(t,, ) + |z — 2,_4|}. (IP)

Now we denote the discretized solution x7(t) := z_, for every t € [t,_1,t,). We will

prove that the sequence {x7(-)},~¢ is an approximation of some energetic solution z(-) in an
appropriate meaning.
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Here comes the main theorem of this section.

Theorem 2.1 (Energetic solution). Let & : [0,T] x R — [0, +00] be of class C* and satisfy
(E1). Given any initial data zo € R such that xo is a minimizer for the function x
(0, 2) 4+ |x — x| over x € R. Then the following statements hold true:

(i) For any 7 > 0 and for any partition 0 =ty < t; < --- <ty < T of [0,T] such that
tn—ton 1 =1 foralln € {l,...,N} and T —ty < 7, there exists a discretized solution
t — x7(t) satisfying

T\ = To;
x, minimizes the function x — & (t,,x) + |z;_; — x|, foralln=1,2,...,N;
xT(t) = 35;—1 th € [tn—btn)'

(1i) There exists a subsequence {1y} such that x™(-) converges pointwise to some limit x(-)
and t — x(t) has bounded variation.

(iii) The limit x(-) is an energetic solution of (2.4), namely
(Global stability) For allt € [0,T] and z € R,

E(t,x(t)) < Et,2) + |x(t) — 2.

(Energy-dissipation balance) For all 0 < s <t < T, one has
t
E(t,x(t)) — &(s,x(s)) = / 0 & (ryx(r))dr — Diss(x(-); [s, t]).

The reader is referred to [I1] for the definition of bounded variation functions. We recall
here the definition of dissipation

N
Diss(x;[s,t]) := sup {Z lz(t;) —x(tic)| [ NeEN,s=tg<t; <--- <ty = t} .
i=1

for any mapping x : [0,7] - R and any 0 < s <t <T.
The proof of this theorem is given in Lemmas and [2.5] below.

1.1 Discretized solutions

Lemma 2.2 (Discretized solution). For any given initial state xo, any 7 > 0 and any
partition 0 =ty < t; < --- < ty < T of [0,T] such that t, — t,_1 = T, there exists a
discretized solution t — 7 (t) satisfying the following two properties:

(Minimizer) x], minimizes x — & (t,,x) + |z _y — x|, for alln =1,2,... ,N; and

(Interpolation) x™(t) = x]_y if t € [th—1,tn).
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Proof. Since x — &(t,,x) + |x — x]_,| is continuous and converges to +0o as x — +o0, it
is known that this function has a minimizer. O

The following energy estimates will be useful.

Lemma 2.3 (Energy estimates). Let 2], be as in Lemma[2.4 For anyn € {1,...,N}, we
have

E(ty,aT) < &(0,0) M and £(0,27) < &(0, z0) e
Moreover, it holds that Ziss(x7;[0,T]) < oo, &&(-,27()) € LY (0,T) and, for all 0 < s <
t<T,

E(t,x7(t)) —E(s,27(s)) < / O & (r,x” (r))dr — Diss(x”; s, t]).

Proof. Step 1. By the minimality of z7 at time t,,, we have

n

Etn, a) + |zn_y —apn] < E(tn,x]_y)

:@ﬁnhnl /8t 7n1)t'

here the last equality comes from the fact that &(t,—1,2]_,) < oo and &(-,z]_,) is of class
ch

By (2.1),

HE(t, al_1) < AE(ty—1,7,_1) M=) for all t € [t,_1,t,).
Hence
Etn, 7)) < E(tn, xy) + |y — a7
<

tn
/ AE (b, _y) X0 dt 4 E (b, a7, y)
tn—1

= E(tn-1,7,_4)(e Altn=tn1) 1)+ &(tp-1,7,_1)
E(tn_1,x]_ )e’\(t"_t”*l).

n—1

By induction,

g(tn—1,$T )eA(tn—tn 1) < é"( 2y TT 2) 6)\(tn_1—tn_2) e)\(tn—tn_l)

n—1

- < E(0,z0) M) All2=t) | Al —tnm1) — 2((), 1) M

E(tn, 7)<
<

Finally, by (2.1)) again,
E(0,27) < E(ty,al) e < &(0, 3) 2.,

Step 2. Now we prove the integral bound. Assume that ¢,_y < s <t <ty <---<t; <
t <tjy1, where {¢,} is the partition corresponding to x7. We start by writing

Et,a™(t) — &(s,27(s) = Et,a7(t) — E(ty, 27 (t))) + E(ty,27(8) — E(tj—1, 27 (tj-1))
+ - E(t, 7 (t)) — E(s,x7(s)). (2.3)
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Denote xy := x7(t;). By the minimality of z; at time ¢;, we have

E(ty, xr) — E(ty—1,2p-1) < E(th, Th1) — |Tp—1 — 2| — E(tp—1, Th—1)

12
= & (r,xp—1)dr — |Tp_1 — )
te—1
ktk
= & (ry ™ (r))dr — |xp_1 — x|
lk—1

In the last equality we have used z7(r) = x,_ for all r € [ty_1, tx).
Taking the sum for all £ from i + 1 to j, we get

J J th

Z &ty vx) — E(th-1,76-1)] < Z 0 & (r, ™ (r))dr
k=i+1 k=i+1 te—1
J
- Z |2k — Tp—1]- (2.4)
k=i+1
Moreover,
g(t,lﬂ—(t)) —éa(tj,.’L'T(tj)) = t $]) éa(t],x])
= / O & (r,x;)dr — |x; — x4
= / 0 & (r,a” (r))dr — |z7 () — ] (2.5)
2
and

E(tiy,x"(t;)) — E(s,27(s)) = E(ti,x;) — E(s,x4-1)

< E(ti,xior) — |wios — x| — E(s, 1)
t;

= O & (1, xim1)dr — |ximq — x4
sti
= / 0 & (ry ™ (r))dr — |27 (s) — x4 (2.6)
From (Z3), (&), [5) and [&5), we get

E(t,z"(t) — E(s,27(s)) < /@@@(r,:ﬁ(r))dr
- (W(t) a4 D o=l +1a7(5) - |)

B / 8,8 (1" (r))dr — Diss(a”; [s,1).
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1.2 Existence and properties of the limit

Lemma 2.4 (Existence of the limit). Let ], be as in Lemmal[2.9. Then Piss(a™;(0,T]) < C
and &(t,z7(t)) < C for allt € [0, T], where C is a constant independent of T.

Consequently, there exists a subsequence 7, — 0 such that {x™(-)} converges pointwise
to some function z(-) and

Piss(x;(0,T]) < liminf Ziss(x2™;[0,T]) < C.

k—o0

Proof. By definition of 27(-), condition (2.1)), and Lemma [2.3] we have for all ¢ € [t,_1,1,)

g(t’xT@)) - fg](taxﬁq)
< E(tn_1,27_) eMt—tn—1)
< &0, 1) Mt eMNt=tn-1)
= &(0,20) M. (2.7)

Moreover, by Lemma [2.3| again, we get
T
Piss(x";[0,T]) < &(0,20) — &, 2™ (T)) + / 0 & (t, 7 (t))dt
. 0
< &(0,x) + / AE(t, x7 (t))dt.
0

Here in the last inequality, we have used the fact that &(7,27(T)) is non-negative, and
condition ([2.1)).
Now taking into account (2.7)), the last inequality becomes
T
Piss(x7;[0,T]) < &(0,x) —i—/ A& (0, ) eMdt
0
< &(0,z0) .

Finally, thanks to Helly’s principle (see Proposition [1.3), we have a subsequence 7, — 0
such that 2™ converges pointwise to some limit z(-). Moreover, we have

Piss(x;[0,T]) < liminf Ziss(x2™;[0,T]) < C,

k—o0

O

Now we prove that the limit z(-) is an energetic solution of (2.2]). More precisely, we
prove

Lemma 2.5 (Properties of the limit). Let () be as in Lemma[2.4 Then one has
(1) (Global stability) For anyt € [0,T],

E(t,x(t)) < E(t,z) + |x(t) — z| for all z € R.
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(ii) (Energy-dissipation balance) For all0 < s <t <T,

E(t,x(t) — &(s,x(s)) = / 0& (r,x(r))dr — Diss(x; [s,t]).

Proof. Step 1: Global stability. Recall that we have a sequence of discretized solutions
x™ (t) converging pointwise to z(t) for every ¢t. Now for every 73, we choose some n such that
t € [t} ,tk). Using the minimality for ™ (¢* |) at time ¢," |, we get

n—17"n
E(tyy, a™(tyy)) + [ () —a™ ()| < &ty 2) + |z —a™(t;,)] for all 2z € R.
Hence,

E(tnty, ™t 1))

n—1

E(tyr,2) + |z —a™(tg)| — [2™(t,) — 2™ (5,)]

<
< EtF L, z) 4 ™ (tF ) — 2| for all z € R.

Taking the limit of the above inequality as & — oo and using that ™ (¢t* ) = x™(¢)
whenever t € [t |, t7F), we get the global stability at t.

n—17"n

Step 2: Energy-dissipation lower bound. By the continuity of 9,&", for every € > 0, we
can find a partition s =t; < t;41 <--- <t; =t of [s,] such that

" & (r, x(ty))dr > /t 0 & (r,x(r))dr — .

k=it+1 7 th—1

Using the global stability of x(tx_1) at time ¢;_1 we get

éo(tkfl, x(tk,l)) < g(tk,b x(tk)) + ‘.T(tk) — :I:(tk,l)\.
Hence,

J

E(t,a(t) = E(s,a(s)) = Y [Elt2(te)) = E (b, (ti))]

> Z (& (tr, 2(tk)) — & (tr—r, () — |x(tr) — 2(te-1)]]
> Z /t E(r,x(ty)) — Diss(x;[s, t])

> / K& (r,2(r))dr — Diss(w; [s,1]) —

Since € was arbitrary, we get the energy-dissipation lower bound

E(t,x(t)) — &E(s,x(s)) > /t O & (r,x(r))dr — Diss(x;[s,t]) for all 0 < s <t < T.
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Step 3: Energy-dissipation upper bound. Using Lemma we have
t
E(t,x™(t)) — E(s,2™(s)) < / & (r,x™(r))dr — Piss(x™;[s, t]),

here {27 (t)} is a sequence of discretized solutions of (2.2) that converges pointwise to x(t).
We take the limit of the above inequality as k — oo. By the continuity of & and the fact
that ™ (r) converges pointwise to z(r), we have

lim E(t,a™ (1)) = £(t,2(1)),
lim &(s,2™(s)) = &(s,x(s)).

k—o0

Moreover, by the continuity of 0;&, we also get 0;&(r,x™(r)) converges pointwise to
0:& (r,x(t)). Employing the dominated convergence theorem, we have

lim 8t5(r,:c7’€(r))d7“:/ 0 & (1, z(r))dr.

k—o0 s

Finally, thanks to Lemma [2.4], we get

liminf Ziss(x™; [s,t]) > Diss(x;[s,t]).

k—o00

Now putting everything together, we get the following upper bound estimate
t
E(t,x(t) — &(s,x(s)) < / 0 & (r,x(r))dr — Diss(x; [s,t]) for all 0 < s <t < T.

This ends the proof of the lemma. O

Thus, we have already constructed a solution to ([2.2) satisfying global stability (S) and
energy-dissipation balance (ED) in the one-dimensional case. For the proof in a more general
framework, we refer to the paper of Mielke [21].

Remark. From the proof of Step 2, we also get the following result.
Let X be a finite dimensional normed space and z : [0,7] — X be any BV function
satisfying the stability

E(t,x(t) < E(t,z) + |z — x(t)| for all (¢,2) € [0,T] x X,

then it holds that

E(t,x(t) — &(s,x(s)) > /t O & (r,x(r))dr — Diss(x;[s,t]) for all 0 < s <t < T.
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2 Existence of BV solutions

The existence of BV solutions is proved via the so-called vanishing-viscosity procedure. This
method was developed by Mielke, Rossi and Savaré, see for instance [26]. The idea is to add
a small viscosity into the dissipation term. BV solutions are then obtained in the limit of the
sequence of the new discretized solutions when the viscosity term and the time-discretization
step go to zero.

For simplicity, here we choose the dissipation with viscosity W. = |- |+ £[ - |>. The
incremental problem (IP) after adding the viscosity becomes

(IP.) ¢ € argmin, g {&(tn, ) + |x — 25| + |z — 2,°,|*} for every n € {1,...,N}.

Here 7 > 0 and € > 0 are fixed, 0 = ¢y < --- < ty < T is a partition of [0, 7] satisfying
tp —thp1=71foreveryne{l,... N}and T —ty < 7.

Denote @, (t) := x,°, for every t € [t,_1,t,). We will prove that the sequence of {u,}
is an approximation of some BV solution u(-) in an appropriate sense.

Theorem 2.6 (BV solution). Let & : [0,T] x R — [0,400] be of class C? and satisfy
(E1). Given any initial data xo € R such that xo is a local minimizer for the function
x = &(0,2) + |v — xo|. Then the following statements hold true.

(i) For any T >0, for any € > 0 and for any partition 0 =ty < t; < --- <tnx <T of [0,T]
such that t, —t,_1 =7 and T — ty < T, there exists a discretized solution t — u™°(t)
satisfying

] minimizes © — & (t,, x) + v — x| + £|x —al,|? forall n=1,2,...,N;

ut(t) = xSy if t € [tp1,tn).

(ii) There exists a subsequence {u™°+} such that w™*°*(t) converges pointwise to some limit
u(t), and u(-) also has bounded variation.

(iii) The limit u(t) is a BV solution of (2.9), namely
10,8 (t,u(t))| <1 for ae t e (0,7T),
¢
forall0 <s<t<T &t ut)) —&(s,uls)) = / & (ryu(r))dr — Dissnew(u; [s,1]).

Here for simplicity, we always assume that t — u(t) is right-continuous, then we can
write

Dissnew(u:[0,T)) = Diss(u; [0,T])=> (At ut™), u(t)+D> _(Anew(t, ult™), u(t?))),

teJ teJ

J is the jump set of u, the classical jump step is A(t,u(t™),u(t?)) := |u(t™) — u(t)],
and the new jump step is

new t u ) (t+))
|v

=t | o)) max{1, 10,8 ¢, efr))[}r | 0 € AC(0,1), 0(0) = u(t”),v(1) = u(t*)}.
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The notion of BV (bounded variation) functions could be found in [II]. The notion of
AC (absolutely continuous) functions could be found in [32].
This theorem is proved thanks to Lemma [2.7] and below.

2.1 Discretized solutions

Lemma 2.7 (Discretized solution). For any given initial state xg, any € > 0, any 7 > 0 and
any partition 0 = to < t; < --- <ty <T of [0,T] such that t, —t,_1 =7 and T —ty < T,
there exists a discretized solution t «— 1, .(t) defined by

(Minimizer) x® minimizes © — & (ty,x) + | — 25| + =[x — 25, |%, for all n =

1,2,...,N; and
(Interpolation) T, -(t) = x, %, if t € [tn_1,tn).

Proof. The proof is obvious from the general fact: Given f : X — [0,+oc] such that f is
continuous and f(x) — oo as || — co. Then f admits a minimizer. O

We shall need the following energy estimates for the discretized solutions.

Lemma 2.8 (Energy estimates). Let ™° be as in Lemma . Then for any n we have
E(ty, 17°) < &(0,m0) M and &(0,27°) < (0, 1) e*Mr.
Moreover,
(a7 = aff |+ ool = ) < (0,00) 7

and for alln=1,2,..., N,

-
2" — 27| < C—

€
for some constant C' > 0 independent of T and €.

Proof. Step 1. By the minimality of x]°, we have
T € T
Etn, a7%) + |77 — iy |+ oo — Sy P < ().

By the C'-continuity of & (-, ), we can write

» Tp—1

E(tn,1,°0) = E(tn,1,50) = E(tnr, 2,50) + E(tna,2,°1)
tn

= atég(a Ty,_ 1)dt+é"( n—1, 7L ;El)

tn—1

Using condition (2.1]), we get

NE(t, 27 ) < AE(tu_y, 20%,) M=V for all t € [t 1, t,].
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Hence,

éa(tnvx;(E) < g(tn7x76)+|x7—s_x |+_|xT€_ 17;61 ?

S g(tnﬂxn’fl)
tn

= atg(? T, l)dt—f—é‘g(n LT 261)
b
tnl

< / AE (tn-1, ;61)6 (it 1)dt—i—<§"(n 1,2, )
tn—1

= E(tpr, a2 (AT = 1)+ E o, 27Ey)

= Etp-1, 7,7 1)6/\(%7% v,

By induction,
éa(tn71;n ) S 5(tn7171’;’51) eA(tn*tn 1 < éa( n— 2’ ;E2> ek(tnflftnf2) eA(tnftnfl)
< K E(0,mp) M) Allamt) M tm1) — 20 ) e

Finally, by (2.1) again
E(0,27°) < E(tn, 277) X < E(0,m0) €.

Thus,
E(tn, v7°) < &(0,10) M and &(0,27°) < &(0, zo) M.

Step 2. Now we prove that

N
Dl =il + ol = i) < £(0,m0) T
vt 2T

Since z]° is a minimizer of y — & (t,, y) + |y — 2,5, + =|y — ,,2,|*, we have

9
8ty 33) + |03 = 072+ oo = T2 < 6t 27).
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Taking the sum when n runs from 1 to N, we get

N N
T, T, 8 s T, T, T,
D a7 = aifl b el =) < D[Sty — St 2]
n=1 n=1

WE

[E(tn, a7)) — Etp1,a7°,)] +

S
Il

1M

+ [ (tnr, 251) — & (bn, 2]

n—1
n=1

— Z/ O & (tyx )dt + (0, 20) — E(tn, )

VAN

Z/n atg y Ly 1)dt+5(0 350)

By (2.1)),

& (t, 1,7 )) < AE(tn1,7,°) )‘(t_t"*), for all t € [t,_1,t,).

By Step 1,
E(tn1,2°) < E(0,z0) M.
Thus,
O,E(t,x]° ) < AE(0,20) ™, for all t € [t 1,1,).

Hence,

N R N tn

Z(|a:;5 — x5+ E\xf —a ) < Z (0, g / AeMdt + &(0, o)

n=1 n=1 -1

N

= Z 0.2130(/\%— At 1)+éa(0330)

=1

= céa(O7 7o) MV < £(0, z0) M.

Step 3. Finally we show that for every n,
n

a7 — @l < O

for some constant C' > 0 independent of 7 and ¢.
By the minimality of x]° we have

€
g(tnv xn ) + ’1::178 - x;7il| + Z|x:{€ - x;ilP S @@(tn7x;751)7
or equivalently,

£
le7e — x| + Z\x?f - x;’i1’2 < Eltn,x5) — (e, 277)

T,E

Tn
= 0.8 (tn,y)dy
I:{El
< Clai® — a5
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Here, the constant C' is independent of n, since the sequence {z]*} is uniformly bounded.
This ends the proof of Lemma [2.8 m

2.2 Existence and properties of the limit

Now we prove that there is a subsequence of {%,.(t)} converging pointwise to some function
u(t) when ¢ — 0 and 7 — 0.

Lemma 2.9 (Existence of the limit). Let 27° be as in Lemma[2.7 Then Ziss(t,;[0,T]) <
C and &(t,u.-(t)) < C for allt € [0, T], where C is a constant independent of T, .

Consequently, there exists a subsequence {u, ., }, T — 0,ex — 0, converging pointwise
to some function u(t) and

Piss(u; [0,T]) < liminf Ziss(u,, .,;[0,7]) < C

k—o0

Proof. Thanks to Lemma [2.8 we have

N

Piss(Ure; [0, T]) = Z |27 — 7%, | < &(0,20) M = const.
n=1
By Helly’s selection theorem, there exists a subsequence %, ., (t) converging to some u(t)
for all ¢ € [0,T]. Moreover,
Piss(u; [0,T]) < li]gn inf Ziss(t,, ,;[0,7]) < C.
—00

O

So far, we have proved there is a sequence {%,.} converging pointwise to some function
u(t) for all t € [0, 7] when 7 and € tend to 0. Now we will prove that u(t) is a BV solution
of (2.2) under the assumption that % tends to 0. More precisely, we prove that

Lemma 2.10 (Properties of the limit). Let u(-) be a limit of the sequence {tu,, . } as in
Lemma . If we choose the sequences T, — 0,5 — 0 so that 2 — 0, then
k

(Local stability) |0,& (t,u(t))] <1 for a.e. t € (0,T).

(New energy-dissipation balance) For all0 < s <t < T,

E(t,u(t)) — &(s,u(s)) = / O& (ryu(r))dr — DisSpew(u; [s, 1)),

S

Remark. The condition 7;,/e2 — 0 is not optimal. In [26], Mielke, Rossi and Savaré show
that the condition 74 /e, — 0 is enough to obtain a BV solution. However, for simplicity, we
use the stronger condition 73 /7 — 0, which allows for a simpler proof as below.

Now we introduce two more approximations of u(t).
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Definition 2.1. Let 27° be as in Lemma We define the left-continuous piecewise con-
stant interpolation

u, () =a°if t € (t,—1,t,),

—T,&
and the piecewise linear interpolation

t—th1 th—t ..

Ure(t) = ——ghf 4 " g7
775( ) tn - Zfnfl " tn - tnfl -l
A x t, — xT%t,
= D Temly gy Teolm T nl ey e (g, ).
T T

Lemma 2.11. Let x7° be as in Lemma . Let Ure,u, ., and u, . be the right-continuous
piecewise constant interpolation, left-continuous piecewise constant interpolation, and the
piecewise linear interpolation of the sequence {x[}. Then , up to subsequences, all three
sequences {Ur, ¢, },{u,, ., }, and {ur .} converge pointwise to the same limit u(t) for all

t €[0,T], when ey, — 0 and 2 — 0.

Proof. Observe that

T,E
n—1

IN

|ltre — Trel| sup |z)° — x
n

T,E
n—11*

[ure = || < suplay® —a
n

We also get from Lemma [2.8 that
-
|27 — 25| < Og-

Thus, when 7 and ¢ tend to 0 with constraint Z — 0, we have

T,E

lim |z]° — 2%, =0.

€—0,2—0

On the other hand, by Lemma , we know that, up to a subsequence, {u,, , } converges
pointwise to some u(t). So we also have

Ur, e (1) = u(t
(t) = u(t),

M‘rkzak
as ¢ — 0 and 7 /e, — 0. O

Now we call ¥ the classical dissipation function and W, the dissipation function with
viscosity term,

U(z) := |z
V.(x) =[] + al? (2.8)
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Lemma 2.12. Let U, be the dissipation function with viscosity as in (@), U* be the Legendre

transform of V. (see [30] for the definition of Legrendre transform). Let x1:* be as in Lemma

. ure be the piecewise linear interpolation of {x},°}, w, . be the left-continuous piecewise

constant interpolation of —0,& (ty, T} ), ie. w, (t) = =0,8(ty, x]) if t € (th_1,t,], and
u(t) be the limit defined in Lemma . Then we have the following relation

[ [l (1) + Wi, ()] dt = £(0,20) — E(T, u(T)) + / 018 (8, u(t))dt

a—>0,6l2—>0 0

Proof. From (IP.), we have that z7° is a minimizer of the following function

s (b, 1) + 7, (—_) |

T

Differentiating w.r.t. x, we get

0 € 0,8 (tn, a7 + OV, (M) . (2.9)

T

Using the Fenchel equivalence,
" € OF (z) <= F(z) + F*(2") = (2", x) ,
(2.9) now becomes

T, (_x,; - xn_1> + 7= 08 (b, 1)) = (= 0u (b, 7)1 — 3%y (2.10)

Y
T n

Applying the chain rule for &(t, u,.(t)) where & € C' and u,. is piecewise linear, we have

iéa(t,um(t)) = 0 (t,ure(t)) + (0u8 (t, ure(t)), Ure(t))

dt
ot — ol
= 08(t, ure(t)) + ( 0.8 (L, ure(t)), ——— ) ,forall t € (t,—1,t,).
T
Then
n T — T
E(tn, 7)) — E(tn1,2.°,) 8t (t,urc(t))dt + 0.8 (t,ure(t)), ——— ) dt,
tn—1 tn—1 T
or equivalently,
tn tn oTE _ o TE
0=~Etn_1,2,°1)—&E(tn, z7°)+ Gtg(t,um(t))dH/ <8w@@(t, urc(t)), "—"_1> dt.
tno1 tn—1 T

Plugging the above equation into (2.10) and then taking the sum over n, we arrive at

N T, __

> {\If (— o ) + Tw:<—axéa<tn,xr>>}
T

n=1

N

- —Z@é"tn,xn a +Z b1, 7751) = & (tn, 277))

T, T,€

+Z/ & (t, ure(t dHZ/tn 1< (t um(t)),@>dt (2.11)
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If we replace % by i, (t) and —0,& (t,, 27,°) by w, (t) for t € (t,-1,ty], then the
left-hand side of (2.11)) becomes

LHSET) - Z/ o (EE ) Z/t (0,6 (b, )
tn— n—1
- Z/ ura dt‘l'z —T€ dt
tn—1

= [T vtapas [ v o 212)

The right-hand side of (2.11)) can be written as

RHS = £<Oax0) thrtN / 8,5 tUTE ))

N

+Z / <a b (t)), i> At — 3" (0,8 (b, a7), 2 — a7)
tn—1 T n=1
N

= éa(O,xO) tN,ZEtN / 8,5 t U-,-g dt+ZMn (213)

where
T,

tn T . m’?’&‘
M, = / <8xéf’<t,u7,g<t>>, —> dt — (0,6 (b, 77, a5 — 2l
tn—1

T

Now we show that 25:1 M, — 0ase— 0, and 7/e? — 0.
In fact, by C? continuity of & in both two variables ¢t and z we can write

tn T _ .THE tn L lﬂ?‘f
|Mn| < / <8Ig(t, uﬁa(t))7 M> dt — / <8z@(a(tn, x;,e)7 n—n1> dt’
tn1 T tn—1 T
tn T — pTE
< [ 0 e 0) - Du 7 | P
tn—1 T
tn x’T,S _ $T78
= / |axg(t’ u775<t)) - axéa<t7 'CE;’EM o R dt
tn—1 T
tn ZL'T’E o xT,&‘l
+/ |aac6g)(t, x;va) — (9xéa('[;717 x;78)| | Zn n=1| 1t
tn—1 T
t t T,E
n O n e _ Ty
< / —[an® =t [Pt +/ Or |2 — It gy,
tn—1 T tn—1 T

with the constants C' independent of 7, and n.
By Lemma we have

n

lo7e — 2t ] < Cg.

43



Therefore, M, can be estimated by

tn tn
IM,| < / C%dt+/ o
tn—l E tn—l E

2 2

T T
= 05 +C—.
g g

Thus, taking the sum over n, and noticing that n ~ g, we get
Z\M|<C—+C’——>0When8—>0andr/5 — 0. (2.14)

Finally, taking the limit in (2.11)) and using (2.12)), (2.13) and ([2.14)), we get the result.
This ends the proof of Lemma [2.12] O]

Now we are able to prove the Local Stability.
Proof of Lemma[2.10. Local stability

In particular, from Lemma [2.12] we have

T
liminf/ Ul (w, . (t)) < const.
0

€
a—>07512—>0

Denote z* := max{x,0}. A direct computation gives us that

1
U -1 2.15
Hw) = o (el = 1)%)” (2.15)
Hence, we have
L e +12
liminf — [ ((Jw,.| —1)")" < const.

e—0, E% —0 2¢ 0

Using Fatou’s Lemma and the fact that € — 0, we obtain

0= liminf (Jw, .| —1)" = (|0.E(t, u(t))] — 1) for ae. t € (0,7).

e=0, 50
Thus, we get the weak local stability (w-LS)
—0,8(t,u(t)) € [-1,1] for a.e. t € (0,T).
[

Remark. 1f we call J the jump set of u(-), then by the continuity of &(-,-) and u(-) outside
J, we also have —9,& (t,u(t)) € [-1,1] for all t € (0, T)\J.

Before proving the new Energy-Dissipation balance in Lemma [2.10] we need some pre-
liminary lemmas.

Lemma 2.13. Let V., VI 27 u, ., w

57n7

as before. Then it holds that

—T,E

lim inf /0 T(\If:(wm(t)) W (=0, (L, ur (1))t > 0.

s—>0,€l2—>0
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Proof. Step 1. By (2.15)), we can write

[ ot -

- > [ [

N

_ Z/{ (1068 (b, 77) — 1)) —

(O =17 =

U2 (—0,8(t,ure(t)))] dt
3 (0.8 urcle)] — VY at

2—{5<<|ax£<t,u7,g<t>>| -0 a

N
= Z/ / (2.16)
tn—1 tn—1
here we denote
T = |aar@(‘0(m Ly >|_1
n \/2_6 b
|08 (t, ur (1)) — 1
t) = : .
y(t) o
From Lemma [2.12} we have
T
| v <c
0
Thus
N tn
Z/ (z1)? < (2.17)
n=1"Y1tn-1

Step 2. Note that by the Cauchy-Schwarz inequality, for all m > 0 and =,y € R we have

(") = ()? = (yt—at
ly —z|.(y" +27)

IN

IN

IN

In particular, choosing m = 1/4 we obtain

(y")? <8(x —y)* +3(x"

Hence for all m > 0 and x,y € R we get

= @R < (o 10m) (@
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Step 3. Now applying the elementary inequality in Step 2, we can write

| {%«W(tn,xzﬁn—1>+>2—§<<|M<t,uT,a<t>>|—1>+>2 it

= /t:: ()2 = (y(t)")?*] at
> /tt {— (% + 16m> (2 — y(1))? — 8m(:€j{)2} dt. (2.18)

Notice that for all ¢t € (t,-1,t,), we have

_ (|8zéa<tn,x:f>| — |axé"<t,u7,g<t>>|>2
NGE

(20 — y(1))*

S (OBt urel0) — 0,8 (1, 7))
1

< Ot unalt) — 0.8 TN + OB 5 — D2, 47
1 1

< Z TEe . THE |2 - tn o tnf 2‘

= €C|In xnfll + 80( 1)

Thus by Lemma 2.8

™

tn tn 1
[ @—sra < | [—cwga—xmu-c<tn—tn_1>2
tn—1 th—1 )
D |
< / {—CT—Z—F—C’TQ}
tn_1 g € g
tn
< / cll. (2.19)
tn—1

Combining (2.16]), (2.17)), (2.18) and (2.19)), we get

/0 (2 1y (1)) — (0,0 (1))l > (nzle /tt _ (% N 16m) ng_gg) -

Choosing m = 7/&? — 0, we obtain the desired result in Lemma O

Lemma 2.14. Let {u,} be a sequence of Lipschitz functions. Suppose that u, converges
uniformly to some u in C°([0,S]), and 1, is w*-convergent to some v in L>(0,S). Then u
is Lipschitz continuous and v =1 for a.e. s € (0,.5).

Proof. By definition of the w*-convergence in L>°(0, .S), we have for every g in L(0,.5),
S S
lim Un(8)g(s)ds = / v(s)g(s)ds. (2.20)
0

n—o0 0
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Now, we choose some g € WH1(0,S). Since the sequence u,, uniformly converges to u,
the dominated convergence theorem gives us
5

s
lim un(s)g(s)dSZ/O u(s)g(s)ds.

n—oo 0

Itegrating by parts, we get from the above equality
S

lim un(s)g(s)ds:/o u(s)g(s)ds. (2.21)

n— oo 0

This equality is valid for every g € Whi(0,5).

Thus, we get from ([2.20]) and ( -
s
/ u(s)g(s)ds _/ v(s)g(s)ds, for all g € WH(0,9).
0 0

In particular, the above inequality also holds for all g € C2°. Thus, we have that @ = v a.e.
n (0,9). O

Lemma 2.15. Let {u,} be a sequence of BV functions. If u, converges to u in L*°(0,S)
and |u,| converges w* to v in L>(0,S), then v(s) > |ul(s) for a.e. s € (0,5).

Proof. Let ¢(x) = sign(u(z)). For all ¢ € L', ¢ > 0 we have

s
/ lulp = /u¢gp—hm/ Un P < hm/ lun| 6] - o] = hm/ [un|@ = /vgp.
0

Therefore,
S s
/ vp > / [ule, Yo € L1, > 0.
0 0
This implies that v > |u| a.e. O
Lemma 2.16. Let V., U 27° u, ., u(t) as before. Then we have the following estimate

lim inf /O (We(itro () + W (—OuE(t, wra (1))t > Do (ai: 0, T)).

e—0,75—0
€

Proof. The proof is divided into 6 steps.

Step 1. Change of variables.

itr (1)) - max {1, | — 0, (t, e ()}t

We have
/OT U (7o (1) + V(=08 (t, ur (1))
= [ (10 + i + 0 = 28 00~ 177)
- [ <|a7,a<t>| 20 Sl - =1~ 6t 1)~ 1>+>2)
_ / (I ()] + itre(B)] - (| = 0a8 (1, o (6))] = 1))
&
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Choose sequences {7, } and {e,} such that u., ., (t) converges to u(t) pointwise for all t €
[0, 7] and denote

Sp(t) :=1+ /0 [V, (U, e, (h)) + UL (=0,E (h,un, ., (h)))] dh,

and S, := s,(T). Since s,(t) is strictly increasing and continuous, we can define the inverse
t,(s) :==s.1(s), for all s €[0,S,].

Choosing a subsequence of (7, ,) if needed, by Lemma we have

T
im0, (1 () = W2 (<008t 1, () 2 0
en—0,m/e2—0 Jg " nEn "

Therefore, thanks to Lemma the sequence {S,}nen is uniformly bounded. Hence, we

can find a number S such that S, < S, for all n. And we can also find a subsequence of

{S,} (we also denote this subsequence by {S,}) such that S, converges to some S > 0.
Now we extend the sequence of functions {t,} over [0,S] by defining ¢, (s) := t,(S,)

for all s > S,, and denote for every s € [0, 5]

Uy (8) 1= Up, e, (L,(5)),
Mn(s) = _acc(g)(zn(s)vﬂn(s))

Notice that since s,(t) is strictly increasing, t,,(s) is also strictly increasing on [0, S,]. So

“n

t,(s) >0 forall s € [0,S,]. By changing variables in the integral, we get

S

T
/ gy o (B)] - mac{ L, | — 0,8t ur, o, (1))t = / Loy -l ()] - max{1, |, (s)]}ds.
0 0

In the next steps we find convergent subsequences of ¢, (s), u,(s) and w,(s).

Step 2. Convergent subsequence of {t, }.

Notice that the sequence {t, } is uniformly bounded by a constant: |t, (s)| < T, for all s €
[0, S]. Moreover, the sequence {t,} is equicontinuous: ,(s) < 1 for all s € (0,S5,) since
6,(t)] = $,(t) > 1 forall t € (0,T), and £,(s) = 0 for all s € (S,,S) by definition of ¢,.
Hence we can apply the Arzela-Ascoli theorem to get a subsequence (still denoted by {,,})
converging uniformly to some ¢.

Moreover, we also have ||£, || 105 < 1. Thus, (up to a subsequence) we can assume that

t, w*-converges to some s in L>°(0,S). By Lemma we have £ = s.
Step 3. Convergent subsequence of {u,}.

First, we prove that the sequence {,} is uniformly bounded in L*-norm. In fact, by
the definition of u, we have

1y, (5) = iy e, (£ (5)) £ (5) = u_(tgﬂ

here we denote t :=t,(s).
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Now we call {tx} the partition corresponding to 7,. Since s,(t) is strictly increasing, we
can find two numbers si, sy such that if s; < s < sy then t,_; < t < t;. Notice that both
$1,89 and t_1,t, depend on 7,.

By the definition of u,, ., (t), we know that

:L.Tnysn _ .Tnsén
g, e, (1) = % if £ € (be_y, t).
n

By the definition of s,(t), we get

Sn(t) = 14 Ve, (tr, e, (1) + VT (=08 (L, Ur, c, (1))

xTn75n _ xT'ruEn
_ 14w (%) F U (=08 (L e (1)
n
:L,Tn,en _ x’Tn,En e x’rn,an o :L,Tn,an 2 1 )
= 1 g et U |2k TRel — (1. &(t M = 1)),
P S T B (10,6 e, ()]~ 1)7)
Hence, for all s;1 < s < s we have
xTnyan _ xT'ruEn
. k k—
()] = |
n
1
Tn,€n _ . Tn.&n Tn.€n _ . Tn,en 2
L+ |2+ 5 || 4 2 (106 e, (D) - 1))

< 1

Thus, [&,(s)] <1 for all s € (s1,s2). This implies ||i, ||~z < 1.
Therefore, we can apply the Arzela-Ascoli theorem to get a subsequence (also denoted by
{w,}) converging uniformly to some u in C°([0, S]). Moreover, since ||i,||; 35 < 1, up to

subsequence, we can assume that @, converges in w*-sense to some v in L*(0,5). Applying
Lemma [2.14] we have u = v a.e.

Moreover, we can check that u(s) = u(t(s)), for all s € [0, S] such that £(s) ¢ J.

In fact, let ¢ : [0,7] — R be an arbitrary continuous function. Since u,, ., converges
to u pointwise and |u,, ., | < C, we can apply the Dominated Convergence Theorem to get
Uy, ., converges to u strongly in L'(0,T). Consequently,

T

im [ un . (£) 6(t) dt = /0 u(t) o(t) dt. (2.22)

n—o0 0

On the other hand, for every n € N, using change of variable t = ¢, (s), we get

T S )
im [ w, . (o) dt = / 10.50) Urn o (£ (5)) Dt (5)) £ (5) s

n—o0 0

_ / 105,11, (5) D(t,(5)) () ds. (2.23)
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Since u,, converges to u uniformly in ([0, S]), ¢ is continuous, ¢,, converges to ¢ uniformly
in C°([0, S]), S, converges to S in R, and {, converges to ¢ weakly-* in L>(0, S), we have

lin [ st e ds = [ g u) o(es)ifs)ds

_ / u(s) B(t(s)) 1(s) ds. (2.24)

Now, using change of variable ¢t = t(s), we get

/0 ult) () dt = / ult(s)) O(t(s)) i(s) ds. (2.25)

Combining (2.22)), (2.23)), (2.24)), and (2.25)), we get

S . S .
/0 ult(s)) $(t(s)) Hs) ds = / u(s) 6(t(s)) i(s) ds. (2.26)

Denote by J the jump set of u(-). For any ¢ € J, we denote the set A(t) = {s €
[0,S] | t(s) = t}. Since t is increasing, A(t) is an interval in R. Since u(t) has bounded
variation, J is at most countable. Thus, we can write J = {t1,%s,...,t,,... }. Now denote
by A := Upeny,esA(tn), we can see that ¢ is strictly increasing outside the set A. Together
with the fact that ¢ is absolutely continuous, we get that ¢ > 0 for a.e. s € [0, S]\A.

Hence, by and the fact that ¢ > 0 for a.e. s € [0, S]\A, we obtain

u(t(s)) = u(s) for a.e. s € [0,S]\A.
By continuity of u, we also get

u(t(s)) = u(s) for all s € [0, S]\ A.

Step 4. Convergent subsequence of {w,}. B
Since w,, converges uniformly to u in C°([0, S]), t,, converges uniformly to ¢ in C°([0, S]),
and & is C?, we have immediately that w,, to w in C°([0,S]), and

w(s) = —0,E(t(s),u(s)).

Step 5. Now we show that
S
lim Ljo,5,] * |2, ()| - max{1, |w,(s)|}ds > Disspew(u;[0,T7).
n—oo 0

In fact, denote a,(s) := 1y,g,](s) - max{1, |wy(s)|}, then a,(s) converges to

a(s) = Ljo,s)(s) - max{l, [w(s)]}
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strongly in L'(0,S). Since ||, |z~ < C, up to a subsequence we can assume that |1, |

w*-converges to some v in L>(0,S). Apply Lemma we have v > |4] a.e. Thus
S S
lim [ 1s,) - [2,(s)] - max{l,|w,(s)|}ds = Tim [ an(s)-|@,(s)|ds

n—oo Jq nﬁ;O 0
= /0 a(s) - v(s)ds
S
= /0 Lio,s) - max{1, |w(s)|} - v(s)ds
S
> [ {1, o)} - i)l

By the local stability, for all ¢ ¢ J, we know that |0,&(¢,u(t))] < 1. Hence, for all
s & UesA(t), we have |w(s)| < 1. Thus, we can write

S
max{1, |lw(s)|} - |u(s)|ds = max{1, |w ds.
A (L J(3)]} - i(s)] AWMA |+Z/ (L J(s)]} - i(s)]

teJ

First, we prove that

/ lu(s)|ds > Ziss(u Z lu(t) —u(t™)|
[0,5\Ute s A(t) teJ
— @Zss ZA t u ))
teJ

In fact, consider ¢; € J, we can write that A(t;) = [a1,b1]. For any 6 > 0 such that
a; — 0,by + 6 ¢ Uie jA(), we have
/ lu(s)|ds = Ziss(u; [0, S]\[a1 — 6,01 + 6])
[0,S]\[a1—6,b1+6]

(;
= Ziss(u; [0,a1 — 6]) + Ziss(u; [by + 6, 5])
> Piss(u; [0,t(a; — 0)]) + Ziss(u; [t(by + 9),T])
= Ziss(u;[0,T]) — Diss(u; [t(ar — 9),t(br + 9)]).

Here the inequalities
Piss(u; [0,a1 — 0]) > Ziss(u;[0,t(a; — 0)])

and

Diss(u; [by + 6, S]) > Diss(u; [t(by +6),T))

come from the fact that a; —0,b1 40 ¢ Uic s A(), and that u(s) = u(t(s)) for all s € [0, S]\A.
Now choosing a sequence 6y — 0 such that a; — O, by + 0 & UiesA(t) for all k. Taking
k — 0o, we get

/ ji(s)| ds > Diss(us [0, 1) — Ju(ty) — u(t?)).
[0,5]\[a1,b1]
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By induction, the above inequality also holds for finitely many jumps

/ ja(s)|ds > Diss(u: 0,7]) — 3 Ju(t7) — u(t)].
[0,S\U A(t:) i=1

Taking n — oo, we get the result.
Now we verify that

S [ L e i) 2 D Bt () )

te] te]
In fact, for any t € J, since A(t) is an interval in R, we can denote A(t) = [so, $1]. Now
using the change of variable to replace u(s) by some v(r) satisfying v € AC([0,1]),v(0) =
u(so) = u(t™),v(l) = u(sy) = u(th), we have

S1

/A s i) = [ masft )]} - i)

S0
51

= max{1, |0, (t(s), u(s))|} - [i(s)]

_ /0 max{L, [0,&(t, v(r))} - [o(r)|dr
> Apew(tu(t™),u(t)}.

Thus,
S
/ max{1,|w(s)|} - |u(s)|ds > Ziss(u Z At u(t™),u(th)) + Z A (t,u(t™), u(th))
0 teJ teJ
= DiSSpew(u;[0,T1]).
This completes the proof of Lemma [2.16] O]

Lemma 2.17 (Lower bound of the new Energy - Dissipation balance). For any BV func-
tion u : [0,T] — R, for any energy functional & € C?*(R?) satisfying the constraint
0.8 (t,u(t))| <1 for a.e. t € (0,T), it holds that

E(t1,u(ty)) — &E(to, ulty)) > /t 1 0 & (s,u(8))ds — DisSpew (U, [to, t1]).

Proof. Since u is BV, the distributional derivative Du can be split into three parts: the
absolutely continuous part w.r.t. Lebesgue measure D%, the jump part D’u and the Cantor
part D°u. Now we denote u.,, = D%+ Du, then applying the chain rule formula for & € C?
and u € BV (see [3]), we get

&(t1, u(ty)) — & (to, ulto))
= [Coctsautonas+ [ o) a3 sl - £ )

teJN(to,t1)

8 (to,u(t])) — Elto,ults)) + (1, u(tr)) — E(t, utr)
> / O (sl = [ luiy(sllds = 30 16 ul?) = Eltu(t)

teJN(to,t1)

— & (to, ulty)) — & (to, ulto))| — 1€ (tr, u(tr)) — &ty ulty))]
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Notice that

/tIIU’co(S)IdS = Piss(u;fto,t1]) — Y Ju(tT) —u(t?)] = u(ty) = ulte)] — |u(t:) — u(ty)]

teJN(to,t1)

= Ziss(uifto,t1]) — Y Alt,u(t?),u(th)) (2.27)

teJN(to,t1)

—A(to, ulto), u(ty)) — Alty, ulty), u(tr)).

Moreover, for every absolutely continuous curve v in AC([0, 1]) such that v(0) = u(t™),
v(1) = u(t™) we have the following formula

St uth) — £t ult)) = /0 D, (¢, () - 0(x)dz.
Thus

&t u(th)) — &t ut))] < /Olaz@“’(t,v(fﬁ))|-!@(ﬂf)!dw

< /0 max{1, |0,& (t,v(x))|} - |0(x)|dx.

The above inequality holds for every absolutely continuous curve v connecting u(t~) and
u(t™). Thus we can write

€t u(t™)) — &t u(t))|

< irvlf{/o max{1,[0,&(t,v(x))|} - |[o(z)|dx : v € AC(]0,1]),v(0) = u(t™),v(1) = u(t™)}
= Apew(t,u(t),u(th)). (2.28)

Therefore, it follows from ([2.27)) and (2.28)

E(t1,u(ty)) — &E(to, ul(to)) / 0, & (s,u(s))ds — Piss(u; [to, t1])
b A u), ult) + Alto, ulto), u(td))
teJE(to,th)

FA(ulty), u(t)) = ) Aew(t,u(t), u(th))

teJN(to,t1)

—Anew(to, ulto), ulty)) = Anew(ty, ulty), ulty))
/t 0 (s,u(s))ds — Disspew(u, [to, t1]).

This ends the proof of the lower bound. n

Now we are able to prove the upper bound of the new Energy-Dissipation balance.
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Proof of Lemma[2.10. From Lemma [2.12] we know that

lim (Ui (1)) + W (w, . (1))t = E(0, ) — E(T, u(T)) + /0 Q& (L, u(t))dt.

sHO,E—QﬁO 0

On the other hand, we see that
/0 (it (£)) + U aw, (1))t = / (0 1w (1)) — W2 (0, ure (1))

+/0 (U (iire () + WL (=0, (¢, urs (1)) )dt.
By Lemma [2.13]

Thanks to Lemma [2.16]

lim inf /0 (W (itr o () + U (—OuE(t, wra (1))t > Dismen(ai: 0, T)).

e—>0,5l2—>0
Hence,
T
Fissea(w0.71) < limint [ (U2, (0) = V-0, (1 e 1))
e=0,5-0 J
T
+ liminf / (Ve (tUre(t)) + UI(—0,E8(t, ure(t))))dt
a—>0,sl2—>0 0
T
< liminf (Ve (tre(t) + Vi(w, (t))dt
e—>0,5l2—>0 0 ’
T
< &(0,20) — E(T,u(T)) —l—/ 0 & (t,u(t))dt.
0
Thus, we get
T
E(T,uw(T)) — &(0,z9) < / 0 & (t,u(t))dt — Disspew(us; [0,T7]). (2.29)
0

Now denote by I(t1, ) the difference between the left-hand side and the right-hand side
of (2.29)). Then it follows from Lemma that I(t1,t9) > 0 for every 0 <ty <t; <T. On
the other hand, from Lemma [2.10] we have that I(0,7") < 0. Thus,

0> 1(0,T) =1(0,t0) + I(to,t1) + I(t1,T).

Since each addendum of the above formula is nonnegative, we get that I(to,¢;) = 0, which
is the new energy-dissipation balance.

E(t1,u(ty)) — & (to, u(ug)) < / 1 0 (s,u(s))ds — Disspew(u, [to, t1]) (2.30)

to

for every 0 <ty <t; <T. This ends the proof of the new energy-dissipation balance. O

Remark. For a proof in a more general setting, we refer to the paper of Mielke, Rossi, and
Savaré [20].
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3 Another construction of BV solutions

The idea is to find the minimizer z; of the discretized problem in some small neighborhood
of x;_1, instead of finding the minimizer over all R. To be precise, let ¢ > 0, 7 > 0 and let
N € N satisfy 1 € [rN,7(N +1)). We define a sequence {257} by

(IPL) xy" = xo (initial position) and

x;" € argmin{& (t,, x) + |v — 27| | | — 277)| < e} foreveryie {1,...,N}.
We define the discretized solution z=7(-) by interpolation
o7 (t) :== 277, for every t € [t;1,t;),i € {1,...,N}.
The limit z(-) of 257(+) as ¢ — 0 and 7 — 0 is a solution to in an appropriate sense.

Theorem 2.18 (BV solutions constructed by epsilon-neighborhood). Let & : [0,T] x R —
[0, +00] be of class C? and satisfy (E1). Let us consider an initial datum xo € R such that x
is a local minimizer for the functional x — &(0,x) + |x — xo|. Then the following statements
hold true.

(i) For any € > 0 and T > 0, there exists a discretized solution t — x57(-) as described
above. For any e > 0, there exists a subsequence T, — 0 such that =™ (-) converges
pointwise to some limit x°(-). There exists a subsequence €, — 0 such that z°"(-)
converges pointwise to some BV function x(-).

(11) (Local stability) If t — x(t) is continuous at t, then

10,8 (t, x(t))] < 1.

(111) (New energy-dissipation balance) For all0 < s <t <T, one has

E(t,x(t) — &(s,x(s)) = / O& (1, x(r))dr — DiSSnew(x; [5,1]).

S

This theorem is proved in the following subsections.

3.1 Discretized solutions
We start by considering the discretized solution x*7.

Lemma 2.19 (Discretized solution). For any given initial state xo, any 7 > 0 and any
partition 0 =ty < t; < -+ < ty < T of [0,T] such that t, — t,_1 = T, there exists a
discretized solution t — x=7(t) satisfying the following two properties:

(i) (Minimizer) We have xg" = xo and for every i = 1,2,...,N, x" minimizes ©
E(tn, x) + |27, — x| over x € R, |x — z;7y| < ¢e; and

(it) (Interpolation) x=7 (t) = x;” if t € [ti—1,t;), i € {1,...,N}.

Proof. Since z — & (t,, z) + |z — 27| is continuous, this functional has a minimizer z;” in
the compact set |z — 277} < e. ]
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By the same argument as for energetic solutions (cf. Lemma , we have the following
estimates.

Lemma 2.20 (Energy estimates). Let 257 be as in Lemma[2.19. Then we have

(1) (Discrete bound) For any n € {1,..., N} we have

E(ty,257) < &(0,20) M and &(0,257) < £(0, x0) M.

(i1) (Integral bound) For all 0 < s < t < T, it holds that PDiss(x®7;[s,t]) < oo,
& (x5 (+)) € LY0,T) and

E(t,x7(t)) — &(s,257(s)) < / O & (r, a7 (r))dr — Diss(x™7; [s, t]).

3.2 The epsilon-neighborhood solutions

Lemma 2.21 (epsilon-neighborhood solution). Given an initial datum xo € R such that
&(0,x9) < 0o and xg is a local minimizer for the functional x — &(0,z) + |z — x¢|, let 257
be as in Lemma[2.19. Then there exists a subsequence 7, — 0 such that x5™ (t) — z°(t)
for all t € [0,T]. Moreover, the epsilon-neighborhood solution x°(-) satisfies the following
properties:

(i) (Epsilon local stability) If x°(-) is right-continuous at t, namely limy .+ x°(t') = 2°(t),
then x°(t) satisfies the epsilon local stability

E(t,x°(t)) < &E(t,x) + |x — 2°(t)| for all |[x — 2°(t)] < e.

(i1) (Energy-dissipation inequalities) We have Ziss(z%;]0,T]) < C (independent of ¢),
& (-, 2°(+)) € LY0,T) and for all0 < s <t < T,

—DiSSpew (2[5, 1]) < E(t,2°(t)) — E(s,2°(s)) —/ 0 & (r,x(r))dr < —Ziss(z%; s, t]).

Proof. Step 1. Existence. By Lemma and the condition (E1), we see that {x=7(-)}
has uniformly bounded variation and it is uniformly bounded. Therefore, applying Helly’s
selection principle we can find a subsequence 7,, — 0 and a BV function z°(-) such that
=™ (t) — 2°(t) as n — oo for all t € [0, 7.

Step 2. A consequence of the right-continuity. Let us denote by {t! fvz”o the par-
tition corresponding to 7, and assume that ¢ € [t? |, ¢"]. It is obvious that
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Let ¢ > . Due to the integral bound in Lemma [2.20, we have
t/
E(t,x5™(t)) — EW, 25™ (') + Diss(x5™; [t,1']) < / & (r, =™ (r))dr < C|t' — ¢].(2.31)
t

For n large enough, we have t < ¢ < t'. Therefore,

5™ — 2l | < Diss(x®™ [, t]).

(2

Moreover, when n — oo, we have
5™ (t) — 2°(t) and 5™ (') — 2°(t).
Thus it follows from (2.31)) that

E(t,2°(t)) — EW',2°(t")) + limsup |27™ — ;77| < C|t —t].

n—o0
Since this inequality holds for all ¢ > ¢, we can take ¢’ — t and use the assumption z°(¢t*) =

x°(t) to obtain

limsup |;™ — 2777 ] < 0.
n—oo

&€ Tn €,Tn

Since we have already known that ;"7 — z(t), we can conclude that z;™ — x(t).

Step 3. Stability. We show that for all ¢ € [0, 77,
E(t,z°(t)) < E(t,z) + |z — 2°(t)| for all |z —2°(t)] < e.

First, we prove the result for z € R such that |z—z°(t)| < e. Since lim,,_,o, ™ (t) = (%),
we get
|z —25™(t)] < e

€,Tn

for n large enough. Using the notation in Step 2, from the definition of z;”" and condition

|z — 2,77 | < e, we obtain
E(t,a7™) + ™ - < EH 2) + |z — 2T

ETn

Taking the limit as n — oo and using the fact that both 237 and z;™ converge to z(t) (see

Step 2), we obtain
E(t,x°(t)) < E(t,2) + |z — 2°(t)] for all |z — 2°(t)| < e. (2.32)

Now for any z such that |z — 2°(t)| = ¢, we can choose a sequence z, converges to z such
that |z, — 2°(t)| < e. Applying (2.32)) for z,, we get

E(t, 27 (1) < E(t, 2) + |20 — 2°(1). (2.33)
)
t

Notice that the mappings z — &(t,2) and z — |z — 2°(¢)| are continuous. Hence, we can
19

t)|
take the limit in (2.33)) and get the result also for |z — 2°(t)| =

Step 4. Energy-dissipation inequalities.
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From Lemma [2.20| we have, for all 0 < s <¢ < T,
¢
E(t,x=™(t)) — E(s,25™(s)) < / O & (r,x®™ (r))dr — Diss(x®™; s, 1]).

Since =™ (r) — 2°(r) for all r € [0, T, we have
E(t,z5™(t)) — E(s, 25 (s)) = &(t,2°(t)) — E(s,2°(s))

and

/st 08 (r, 2™ (r))dr — / A

as n — 0o. Moreover, one has

liminf Ziss(z™™; [s,t]) > Diss(a®; s, t]).

n—oo

Thus we can derive one energy-dissipation inequality
E(t,z°(t)) — &(s,2°(s)) < /t 0 & (r,2°(r))dr — Diss(x®; [s,t]).
We shall use Lemma to obtain the other energy-dissipation inequality,
E(t,2°(t)) — &(s,2°(s)) > /t 0 & (1, 2% (r))dr — DiSSpew(x%; [s,1]).

It is suffices to verify that |0,&(t,2°(t))| < 1 for a.e. t € (0,T). In fact, for every ¢ € [0,T]
such that z°(+) is right-continuous at t, we have proved in Step 3 the e-stability
E(t,z°(t)) < &(t,x) + | — 2°(t)] for all |x — 2°(t)| < e.

This inequality implies that 0,&(¢,2°(¢)) € [—1,1]. On the other hand, since z°(-) is a BV
function, it is continuous except at most countably many points. Therefore, we can apply
Lemma to derive the desired inequality. O

3.3 Existence and properties of the limit

Lemma 2.22 (Limit of epsilon-neighborhood solutions). Let us consider an initial datum
xo € R such that £(0,x0) < 0o and o is a local minimizer for the functional x — &(0,x) +
|z — xo|. Let 2° be as in Lemma [2.21 Then there exists a subsequence &, — 0 and a BV
function () such that x°"(t) — x(t) for all t € [0, T]. Moreover, the function x(-) satisfies
the following properties

(i) (Local stability) If t — x(t) is continuous at t, then

0.8 (t, z(t))] < 1.

(ii) (New energy-dissipation balance) For all 0 < s <t < T, one has

E(t,x(t) — &(s,x(s)) = / O& (1, x(r))dr — DiSSnew(x; [5,1]).
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Proof. Step 1. Existence. Since Ziss(z%;[0,7]) < C independent of ¢, by Helly’s selection
principle we can find a subsequence ¢, — 0 and a BV function z(-) such that z°"(t) — z(t)
as n — oo for all ¢t € [0,7].

Step 2. Stability. Let
A:={t€]0,T]|z(-) is right continuous at ¢ for all n > 1}.
Then [0, T]\ A is at most countable. Moreover, for ¢t € A, by Lemma we have
E(t,x (1) < E(t,z) + |z — 2 (t)| for all |z — 2z (t)] < g,

for all n > 1. Therefore,
10,8 (t, 27 (t))] <1 for all n > 1.

Taking n — oo, we obtain

|0u& (¢, (1)) <1

for all t € A.
Moreover, by continuity, we also get |0,& (¢, 2(t))| < 1 provided z(-) is continuous at ¢.

Step 3. New energy-dissipation balance. First, similarly to the proof of energy in-
equalities in Lemma [2.21] we have

—Di3Spew(x(+); [s,t]) < E(t,x(t)) — E(s,2(s)) — / 0& (1, x(r))dr < —Ziss(x(-); [s, t]).

(More precisely, the second inequality is a consequence of the corresponding inequality of x°
in Lemma and Fatou’s lemma, while the first inequality follows from Lemma [2.17})
If z(-) has no jumps in [s, t], then we have immediately the energy-dissipation balance

E(t,x(t)) — &(s,x(s)) — / 0 & (r,x(r))dr = —Diss(x(:); [s, t]) = —DisSnew(x(+); [s,1]).

Therefore, it remains to consider jump points. More precisely, we need to show that if
x(+) jumps at ¢t € (0,T), namely x(t~) # x(t"), then

Etuth)) — &t ut)) = —Anew(t, u(t™), u(t™)).
This fact follows from Lemma [2.23] and 2.24] below. O
The following lemma is similar to Theorem 4.7 in [26].

Lemma 2.23 (New energy-dissipation balance at a jump). Let be given a BV function
u:[0,T] = R and an energy functional & € C*(R?). If u(-) jumps at t € (0,T) and

sign(u(t™) —u(t™)) - 0,E(t,2) < —1
for all z between u(t~) and u(t™), then we have the equality

E(tu(t™)) = &t ult™)) = —Anew(t, ult™), u(t?)).
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Here recall that A, (¢, u(t™),u(t")) is defined by

inf {/0 max{1, |8,& (¢, v(x))|} - |o(x)|dz | v € AC([0,1]),v(0) = u(t™), v(1) = u(t+)} .

Proof. For any BV function u one has
Et,uth)) —&Etu(t)) = /0 0.8 (t,v(x)) - v(x)dx
— 0;& (t,v(x))| - |v(x)|dx
>~ [0 o) i)

> _/0 max{1, [0,&(t, v(@)|} - |6(z)|de.
for any v € AC(]0, 1]) such that v(0) = u(¢~) and v(1) = u(t™). Therefore,
Et,ult™)) — Etut™)) > —Apew(t, ult™), u(th)).

Now we show the reverse inequality. We shall consider the case u(t™) > u(t~) (the other
case can be treated by the same way). Since 0,&(t,z) < —1 for all z between u(¢~) and
u(t™), then by choosing

v(s) =u(t™) + s(u(t™) —u(t™)), se€]l0,1],

we obtain 0(s) = u(t™) —u(t™) > 0 and
Et,uth)) —&Etu(tT)) = /0 0.8 (t,v(s)) - 0(s)ds

1
_ _/ max{1, 0,8 (t, v(s)|} - [6(s)]ds
0
S _Anew(ta u<t_)7 u(t+)>‘
This completes the proof. O

To obtain the energy-dissipation balance in Lemma [2.22] it remains to verify the second
condition in Lemma [2.23|

Lemma 2.24 (Monotonicity in jump intervals). Let z(-) be the function as in Lemma [2.29
If x(t7) < x(tT), then the function

2= E(t,2)+ |z —x(t7)]

is decreasing on [x(t7), x(t1)].
On the other hand, if x(t7) > x(t"), then the function

2= E(t 2)+ |z —x(t)

is increasing on [z(t1), x(t7)].
Consequently, if x(t7) # x(t1), then we always have

sign(x(tt) —z(t7)) - 0,8(t,2) < —1

for all z between x(t™) and x(t7).
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Proof. We shall consider the case xz(t7) < x(t") (the other case can be treated in the same
way). Assume by contradiction that there exist zq, 29 € (z(t7), (7)) such that z; < 2z and

E(t,z1) + |21 —x(t7)] < E(t, 22) + |22 — z(t7)].

Denote
= g)(t,ZQ) —5@,21) 4+ 29 — 21 > 0.

By the continuity of (¢, z1, z2) — & (¢, 20) — &(t, 21) + 20 — 21, we can choose t; < t < ty and
e’ € (0,29 — 21) such that
J)(tl) <2 < 29 < ZE(tQ)

and
E(82,42) — E(s1,01) +y2 —y1 > 0/2 (2.34)

for all s1,s9 € [t1,t2], y1 € [21 —€'/2,21 +€'/2], yo € |20 —€'/2, 20+ £'/2].
By the definition of z(-), there exist ¢ € (0,¢’) and 7 > 0 such that

$6’T(t1) <z < 29 < x“(tz).

Since the function z=7(-) has no jump step bigger than e, there exist t; < 57 < s < t3 such
that
x°7(s1) € [21 —€/2,21 +€/2] and 257 (s9) € [20 — /2,20 + €/2].

The inequality ([2.34) implies that
& (82,277 (82)) — & (51,277 (81)) + 257 (89) — 257 (81) > 6/2.

On the other hand, using the integral bound in Lemma we get

E (52,257 (52)) — & (51,257 (s1)) < O & (r, 27 (r))dr — Diss(x™7; [s1, Sa)

S1

< C(sg —s1) = (297(s2) — 297(s1))

since 0,8 is continuous and z°7(-) is bounded uniformly w.r.t. € and 7. Therefore,
0/2 < E(s9,277(s9)) — & (51,257 (51)) + 257 (82) — %7 (s1) < C(82 — 51).
Since 0 < sy — 81 < ty — t1, we can conclude that
§ <2C(ty — ty).

This is a contradiction since > 0 is fixed while the difference t5 —¢; can be chosen arbitrary
small. n
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Chapter 3

Regularity of weak solutions to
rate-independent systems

In this chapter, we deal with the regularity results for weak solutions (in particular, energetic
solutions and BV solutions) to the rate-independent systems in one-dimension.

The regularity for energetic solutions to rate-independent systems when the energy func-
tional is conver was already considered by Mielke and Thomas [19, 33]. It was shown that if
the energy functional & (¢, ) is a-convex in z € X, where X is a finite dimensional normed
space, for any fixed t € [0, 7] and satisfies some technical assumptions like

JN:  V(t,x) such that &(t,z) < oo, then
&(-,x) € CH([0,T)) and 9,8 (s, ) < AE(s,x) Vs €[0,T],

then the energetic solutions are Lipschitz continuous (or Hélder continuous) provided that
0;& (t, ) is Lipschitz continuous (or Hélder continuous, respectively).

However, if the energy functional is non-convez, there are very few results on the regu-
larity of the energetic solutions as well as the other classes of weak solutions. In general, we
cannot expect a regularity to be better than BV as we can see in Example below. But
under some assumptions on &, we can obtain the SBV regularity, or even piecewise C?.

Example 3.1. Let u : [0,1] — [0,1] be any increasing and left-continuous function. Then

u(t) is an energetic solution of the rate-independent system defined by (&, ¥, z¢), where the

energy functional is &(t,z) := £ (u(t) + 1 — x)?, the dissipation function is ¥(z) := |z| and

the initial position is zg := u(0).

Proof. Applying Cauchy’s inequality of the form a4+ b > 2v/ab with a = (u(t) + 1 — z)? and
b=1, we get

1 1 1
5(u(t)+1—m)2+\x—xo| = 5((u(t)+1—x)2+1)+|x—x0]—§
1
> Jult) 1~ o] + [ — | - &
1
> u(t)—x0+§
1
= ]u(t)—xd—i—i
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Therefore, u(t) minimizes © — {&(t,x) + |v — x|} among all x € R. Moreover, since u(t) is
increasing in t, we have Ziss(u; [0, 1]) = |u(1l) — u(0)| = |u(1) — zo|. Applying Proposition
1.4 we obtain that u(t) is an energetic solution of the system (&, U, x). O

In general, we have the following result, which will be proved later.

Theorem 3.2 (Any increasing function is an energetic solution). Let u : [0,7] — R be an
arbitrary increasing and left-continuous function. Then u is an energetic solution of some
rate-independent system with smooth energy functional.

Thus, an energetic solution may not belong to the class SBV, even if the energy func-
tional is smooth. In this chapter, we prove that under some relevant requirements (but not
convexity) on the energy functional, weak solutions (and in particular energetic solutions,
and BV solutions) are of class SBV. To our knowledge, there is no available results on the
regularity of weak solutions for general, non-convex energy functionals.

Moreover, in the case that the solutions have only finitely many jumps, a kind of piecewise
C'-smoothness can be obtained. We also give some condition ensuring that weak solutions
have only finitely many jumps. A regularity result for the vector-valued cases is provided in
the end of this chapter.

1 Regularity results

Let z(-) be a weak solution to the system described by the energy functional & (¢, ) and the
dissipation functional ¥(z,y) := |z — y|. More precisely, = : [0,7] — R is a BV function
which satisfies two conditions:

(w-LS) (Weak local stability) For all ¢ € (0,7), if x(-) is continuous at ¢, then
|0.&(t, z(t))] < 1.

(ED-upper) (Energy-dissipation upper bound) For all 0 <t} <ty < T,
to
E(ta, x(ta)) — & (ty, x(t1)) < /@éa(s, x(s))ds — Piss(x(+); [t1, t2]).
t1

Remark. Energetic solutions, BV solutions and epsilon-neighborhood solutions satisfy (w-LS)
and (ED-upper).

We shall use the following assumptions.
(H1) &(t,z) is of class C? and the set
{(t,z) € (0,T) xR | 0,&(t,x) € {—1,1}, 042 & (t, &) = Opza&(t, ) = 0}

has only finitely many elements.
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(H2) The set
{(t,x) € (0,T) x R | 0,&(t,x) € {—1,1},0..E(t,x) = 08 (t, x) =0,
[amté"(t, l’)]Z = 8mtt(/§a(t, ZE) : amzé"(t, l‘)}
has only finitely many elements.

(H3) The set
{(t,z) € (0,T) x R | 0,&(t,x) € {—1,1},0,,8(t,x) = 00 & (t, x) = 0}
has only finitely many elements.
(H4) The set
{(t,z) € [0,T] x R | 0,&(t,x) € {—1,1},04E (t,x) = Ops& (¢, x) = 0}
is empty.

(H5) The set
{(t,z) € [0,T] x R| 0, &(t,x) € {—1,1}, 0. E(t, x) = 0}

is empty.

These conditions hold true for a dense class of energy functionals (we are not going to
specify exactly the meaning of dense). Note that no convexity is imposed.

All our regularity results apply to the scalar case (d = 1). Only the last result works in
an arbitrary dimension.

Theorem 3.3 (SBV regularity). Assume that the function x(-) has bounded variation and
satisfies (w-LS) and (ED-upper). If (H1) holds true, then x(-) is of class SBV.

In the next theorem, we consider the differentiability of energetic solutions in the case
that they have finitely many jumps.

Theorem 3.4 (Differentiability). Assume that x(-) is a BV function satisfying (S) and
(ED-upper) and x(-) has only finitely many jump points. If (H1) holds true, then we can
decompose [0, T] into four disjoint sets Iy, I, I3 and J such that the following holds true.

(i) For everyt € I, 2'(t) does not exist and either &' (t) =0 or 2’ (t) = 0.

(ii) For every t € Iy, 2’ (t) and x' (t) do exist, but they are different. Moreover, x(-) is
differentiable in a neighborhood of t (except the point t itself) and

/ IRT / / T /
zl (t) = lgglx (s), ' (t)= l;gm: (s).

(11i) For every t € I3, x(-) is differentiable at t, namely z'(t) ezists.
(i) J is the jump set of z(-).

Notice that both Iy and I are discrete sets. Moreover, if (H2) also holds true, then I, U I
is also a discrete set.

64



Here the right and left derivatives 2/, (t), 2’_(t) are defined by

() =i PO o) i MO

In the next two theorems, we consider the piecewise C'-smoothness of the energetic
solutions.

Theorem 3.5 (Weak C' regularity). Assume that z(-) is a BV function satisfying (S) and
(ED-upper) and x(-) has only finitely many jump points. If (H1) and (H3) hold true, then
there exists a set I of isolated points such that for any t € (0,T)\I, the classical derivative
2'(t) exists. Moreover, the function 2'(-) is continuous on (0, T)\I.

Here we say that ¢ is an isolated point of [ if there exists € > 0 such that
(t—et+e)nl={t},

Theorem 3.6 (C' regularity). Assume that z(-) is a BV function satisfying (S) and (ED-
upper) and z(-) has only finitely many jump points. If (H1), (H3) and (H4) hold true, then

there exist finite disjoint open intervals {I,})%, such that [0,T) = UM, I,, and x(-) is C" on
any nterval I,.

In Theorem [3.4] [3.5] and we require that the energetic solution has finitely many
jump points. In the following theorem, we give a simple condition to make sure a weak
solution has only finitely many jumps in one dimension.

Theorem 3.7 (Finite jumps). Assume that x(-) is a BV function satisfying (w-LS) and
(ED-upper). If (H5) holds true, then x(-) has only finitely many jumps.

So far, all of the regularity theorems are stated in one dimension, since our techniques
seem rather specific for one dimension. Now we give one generalization for SBV regularity
in higher dimensions.

Theorem 3.8 (SBV regularity for higher dimensions). Let z : [0,7] — R? (d > 1) be a BV
function satisfying (w-LS) and (ED-upper). Moreover, we assume that

(H6) &(t,z) is of class C3*(R*) and the set
{(t,r) € (0,T) x R | [V, &(t,z)| = 1, F(t,x) = (V& (L, x)) - (V. F(t,x)) =0}
is countable, where the function F(t,z) is defined by
F(t,x) := (V,&(t,x)) - H(t,z) - (V. E(t,z))"
and the Hessian matriz H(t,x) is defined by
[H (¢, x)ij = (00,00, ) (¢, ).
Then z(-) is of class SBV.

The previous theorems are proved in the next sections.
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2 Any increasing function is an energetic solution

To prove Theorem (3.2}, we start with some classical results.

Lemma 3.9. For any closed set C' in R?, there exists a smooth function ¢ such that ¢ :
R? — [0,1] and ¢~1(0) = C.

Proof. Since the set R¥\C is open, we can find a family of open balls {B,} such that

RN\C = | ] B..

neN

Moreover, a classical result tells us that, for any n € N, there exist ¢, : R* — [0, 1] such
that ¢, is of class C* and ¢, 1(0) = RN\ B,,.
Take ¢ := )"\ Qngpy With o, > 0 for all n. This implies ¢~1(0) = C.

Now for every n € N, we choose a,, such that ||D*p,||ec -, < 27" for all k =0,1,...,n.
It is easy to check that o(R?) € [0,1] and ¢ is of class C°°. This completes the proof of
Lemma 3.9 O

Lemma 3.10. Ifu: [0,T] — R is an increasing function, then there exists a smooth function
g:10,7] x R — R such that

g(t,x) € [=1,0) for all t € [0,T] and for all x < u(t),
g(t,x) € (0,1] for allt € [0,T] and for all x > u(t),
g(t,z) =0 for all t € [0,T) and for all x = u(t).
Proof. Define
Cr={(t2) [z >u(t)}, Co={(tz)|z<ult)}

We show that C; and C5 are closed sets in R?. For example, to prove that C) is closed, we
need to show that if a sequence {(¢,,x,)}n>1 C C1 converges to (o, o), then (tg,z0) € C1,
namely xy > u(ty). Indeed, if s < to, then for n large enough we have ¢, > s, and
hence z,, > u(t;) > wu(s). Thus xy = limz, > u(s) for all s < ¢y, which implies that
xo > limgpy, u(s) = u(ty ). Thus C} is closed. Similarly, we have Cy is closed.

Applying Lemmawe can choose two smooth functions g, : R? — [0,1] and g, : R* —
[0, 1] such that

971(0) = ¢y and g;1(0) = Cs.

We define
g(t,x) := go(t,x) — g1(t, ) for all (¢t,z) € [0,T] x R.

It is straight-forward to see that the function ¢ has all desired properties. O]

Now we are able to show
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Proof of Theorem[3.2. We choose the energy functional & (¢, z) such that g(t, z) = 0,&(t, )+
1 (here g is from Lemma [3.10)), the dissipation function ¥(z) := |z|, and the initial value
xo := u(0). We shall prove that u is an energetic solution of the system (&, |.|, u(0)).

By Proposition [1.4] z(-) is an energetic solution to the system (&, |.|, o) if the following
three conditions hold.

(i) x(-) is left-continuous.
(il) Ziss(x(-);10,T)) = |z(T) — o]
(iii) For all t € [0,T], 2(¢t) minimizes the functional x — &(t,z) + |z — xo| for € R.

Thus it remains to check that u satisfies the condition (iii). We shall use the fact that
for all t, 0,&(t,u(t)) = —1 and 0,&(t,z) € (—1,0] if z > u(t), and 0,8 (t,x) € [-2,—1) if
x < u(t). We distinguish two cases.

Case 1: = > u(t). By the smoothness of &, we can write

E(t,x) = éa(t,u(t))—l—/x 0.8 (t, z)dz

Thus,

E(t,x)+ v —u(0)] > [t u(t))+ u(t) — x| + [x — u(0)]
— &t ult)) + ult) - u(0).

Case 2: z < u(t). Similarly to Case 1, we write

E(t,x) = &(t,u(t)) — " 0.8 (t, z)dz

x

u(t)
> c?(t,u(t))—/ (1) =&(t, u(t)) +u(t) — .

Hence,

E(t,x) + |z —u(0) > [Etut)) +ult) — 2] + [z — u(0)]
= &(tu(t)) + u(t) — u(0).

In summary, u(t) is the unique minimizer for the functional x — & (¢, x) + |z — 2(0)| over
x € R. This completes the proof. O

3 SBYV regularity

Now we prove Theorem [3.3]
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Proof of Theorem[3.3. Step 1. Thanks to Proposition , we can assume that x(-) is right-
continuous.
By dividing (0,7") into smaller intervals if necessary, we can assume that the set

{(t,z) € (0,T) x R| 0,&(t,x) € {—1,1}, 0,8 (t, ) = Opu6'(t, ) = 0}
is empty.

Step 2. Since z(+) is a BV function in 1-dim which is right-continuous, there is a real-valued
Radon measure y such that

x(t) = const + u((0,t]) for all t € [0,7].
By Lebesgue Decomposition Theorem we can write
p=fdx+ ps

where f € L' and p, = p|g with

S - {te (0,7) | lim A=A ER) :oo}.
h10 h

Let J be the jump set of z(-). We split i, into the Cantor part p. := plg ; and the jump

part p; = p|;. To show that z(-) is of SBV, we need to prove that u. = 0.

Step 3. Next, we shall use the following lemmas:

Lemma 3.11. For any BV function x : [0,T] — R which is right-continuous, the set

x(t+h})l—x(t)’ _ OO}

A= {t € (0,7)\J | liminf
h—0

has |ps|-measure 0.

Lemma 3.12. Assume that x : [0,T] — R has bounded variation and satisfies (w-LS) and
(ED-upper). If (H1) holds true, then the set

B = {t € (0,7)\J | lim

h—0

z(t + h) —x(t)‘ _ oo}
h
is at most countable. Therefore, |us|(B) = 0.

Step 4. Since p. is the restriction of pus on (0,7)\J, p. = 0 if |us|((0,7)\J) = 0. Because
we can write (0,7)\J = AU B, Lemma and ensure that |us|((0,7)\.J) = 0. This
completes the proof of Theorem [3.3] O

It remains to show Lemma B.11 and B.12
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Proof of Lemma([3.11] Step 1. For any h > 0, we have
x(t+ h) —z(t) = p((0,¢ + h]) — p((0,1]) = p((t,t + h))

Thus, we can rewrite

A= {t € (0,T)\J | lil}}liélf

M) o).

If we define

Ay = {t € (0,T)\J | ‘M

< k  for some h > 0 arbitrary close to 0} ,

then A C U2, A;. We can prove that Ay is Borel, and hence it is |p,|-measurable. We will
obtain |us|(A) = 0 if we can check |us|(Ag) = 0 for all k.

Step 2. Since u, LL', there exists a Borel set S, such that |u,|(S5) = 0 and £'(S,) = 0.
For any € > 0 there exists an open set U, D S, such that £!(U.) < . We have

ps(Ay) = NS<A;€>7
where A} = A, NU..

Step 3. Next, we consider the following family F covering A} where
F ={[t,t +h]:t e A} and h is chosen such that [¢t,t + h] C U. and |u|((¢,t + h]) < kh}.

Notice that since ¢ does not belong to J, p([t,t + h]) = pu((t,t + h]). We refine F to F’ such
that F' still covers A as follows: if I € F is a subset of another interval of F, or I is a
subset of the union of two other intervals of F, then we omit I.

After refining F, we obtain the family F’ with the following properties.

P1. No interval of F’ is a subset of another interval of F".

P2. Three different intervals of F’ always have no common element (otherwise, two of
them cover the remaining one). As a consequence, any t € A} is covered by at most 2
intervals of F’.

P3. Any interval of F’ is disjoint from all of the others except at most 2 intervals. In fact,
it JNT#0,J ¢ Iand I ¢ J,then J must contain precisely one of the two boundary
points of I. Therefore, by property P2, there are at most 2 intervals of F’, which are
different from I and have nontrivial intersections with 1.

P4. For any I € F', there is a nontrivial interval (a,b) C I such that
(a,b) N ( U I') =.
reF\{1}

In fact, assume that for all (a,b) C I, there exists J € F', J # I, such that (a,b)NJ # ().
By property P3, there are (at most) two intervals .J;, Jo € F’ such that for all (a,b) C I,
then either (a,b) NJ; # 0 or (a,b) N Jy # (). It implies that I C J; U Jp, which is a
contradiction.
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P5. F' is at most countable. In fact, by property P4, each I € F’ contains a nontrivial
interval (a, b) which has empty intersection with all of the other intervals of F’. In this
interval (a,b) we can choose a rational number ¢;. Since I — ¢; is injective from F’
into Q, we conclude that F’ is at most countable.

P6. We can divide F' into three subfamilies F], F, F3, such that each subfamily is disjoint.
This can be done by induction using property P2.

Step 4. Now we have

|1 (Ak) = [pesl (A}) < [ps] (U I) <D Al <D D Il

IeF' IeF’ Jj=1 \IeF]

Recall that any I € F' satisfies |u,|(I) < kL'(I). Moreover, for any j = 1,2, 3, the family
JF contains disjoint intervals I C U.. Therefore,

> sl (D) < kD> LYI) = kLN U.) < ke forall j =1,2,3.
Ie]—‘]’. Ie]—‘j’.

Thus
15| (Ay) < 3ke.

Because it holds true for any € > 0, we conclude that |us|(Ax) = 0. This completes the proof
of Lemma [B.11] n

Before proving Lemma [3.12] we need some preliminary results.

Lemma 3.13. Assume that x : [0,T] — R has bounded variation and satisfies the weak local
stability (w-LS) and the energy-dissipation upper bound (ED-upper)

t2

E(ta, x(t2)) — E(t1, x(t1)) < /8t<o@(s,x(s))ds — Diss(x(-); [t1,ta)])

t1

for all 0 < t; <ty <T, then we have
0,8 (t,x(t)) € {—1,1}
forallt ¢ J and t ¢ int(N U J). Here we denote by J the jump set of x(-) and
N :={t|2'(t) exists and 2'(t) = 0}. (3.1)

Moreover, if we assume furthermore that x(-) is right-continuous and satisfies the global
stability (S), then 0,& (t,x(t)) € {—1,1} for all t ¢ int(N).
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Remark. Recall that the global stability, namely x(¢) is a global minimizer for the functional
z€R = &t 2) + |z — x(t)],

implies that
0 € 0, [t x) + |z — 2(t)|Jamao)-

This yields the weak local stability,
0,8 (t,x(t)) € [-1,1].

Proof. Step 1. First, we show that if t ¢ N U J, then 0,&(t,z(t)) € {—1,1}.
Since t ¢ N, we can find a sequence t,, — t and t,, # t such that

z(tn) — x(t)
t, —t

lim inf
n—oo

‘ > 0. (32)

Case 1. Assume that ¢, | t. From the energy-dissipation upper bound, one has
tn
E(tn,x(ty)) — E(t,x(t)) < /até"(s, x(s))ds — Ziss(x(:); [t, tn)).
t

Using Taylor’s expansion on the left-hand side and the continuity of s — 0;&(s, z(s)) on the
right-hand side, we obtain
& (t,x(t)) - (tn —t) + 0uE(t, x(t)) - (x(tn) — x(t)) + o(z(t,) — x(t)) + o(t, — )
< (tn—1t)- 0 E(t,x(t)) — Piss(x(-); [t, tn]) + o(tn — t).

Dividing this inequality by |z(¢,) — x(t)| and using (3.2)), we obtain

x(t,) — z(t) < ~ Diss(x(); [t ta])
[(tn) =2 = fa(ts) — x(t)]
Consequently, |0,&(t,x(t))] > 1. On the other hand, |0,& (t,z(t))] < 1 by (w-LS). Thus

|0:&(t, x(1))] = 1.
Case 2. Assume that ¢, T ¢. From the energy-dissipation upper bound, one has

0,8 (t, x(t)) -

+o(1) < =1+ o0(1). (3.3)

Bt (1)) — E(t,2(t)) > /at@@(s, 2(5))ds + Diss(z(-): [bn, 1]).

Following the above proof, we obtain

_ x(t,) — z(t) Diss(x(+); [tn, t])
|2(tn) — z(1)] |2(tn) — z(1)]

This also implies that |0, & (¢, z(t))| = 1.

0,8 (t, (1)) ig +o(1) > 1+ o(1).
Step 2. We show that if ¢t ¢ J and ¢ ¢ int(N U J), then 0,8(¢,x(t)) € {—1,1}.
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Since t ¢ int(INU.J), there exists a sequence t,, — t such that ¢, ¢ NUJ for allmn > 1. By
the previous step, 0,8 (t,, z(t,)) € {—1,1} for all n > 1. Moreover, since x(-) is continuous
at t, we get

0pE (tn, x(ty)) = 0.8 (L, x(t)).

Therefore, 0,& (¢, z(t)) € {—1,1}.
Step 3. Now assume furthermore that z(-) is right-continuous and satisfies the global sta-
bility. We shall show that 0,& (t,z(t)) € {—1,1} for all t € J. Then by the same continuity

argument as above, we obtain 0,& (¢, z(t)) € {—1,1} for all ¢ ¢ int(N).
In fact, since x(t) is right-continuous and ¢ € J, we have

o =a(t) =2(th) £a(t”) = x_.
From the energy-dissipation upper bound, we get
E(t,x_) > E(t,xo) + |xog — x|
On the other hand, from the stability of x(¢) we obtain
E(t,z) > E(t,x_) — |x —ax_| forallz € R.
Combining them together, we arrive at
E(t,x) > E(t,xo) + |xvg —x—| — |x — x| for all z € R. (3.4)

We distinguish two cases: zg < z_ and g > z_.
Case 1. 1o < z_. In this case, (3.4)) implies that

E(t,x) — E(t, xg)

o — a0l =z —o_| _

0,8 (t, z0) = lim > lim 1.
zlxo T — X LAR T — 2o
Case 2. 7y > z_. Using (3.4) again we get
E(t,r) — &(t _— x| —|x —a_
0,8 (t, 79) = lim (t.2) = 6 20) _yppy Joomwol = fr =)
ztro T — X zlxo T — X

On the other hand, by continuity, we have 0,& (t, x9) € [—1, 1]. Therefore, in both cases,
we have 0, & (t,z(t)) = 0,8 (t,x9) € {—1,1} when t € J. O

Lemma 3.14. Assume that x : [0,T] — R has bounded variation and satisfies the weak local
stability (w-LS) and the energy-dissipation upper bound (ED-upper). Ift ¢ JUint(N U J)
and 0., & (t,xz(t)) # 0, then for any sequence t,, — t such that t, ¢ J and t, ¢ int(N U J)
and t, #t for alln > 1, one has

. x(ty) —x(t) Ot & (t, (1))
lim = — .
n—00 t, —t &mg(t, x(t))
Moreover, if x(-) is right-continuous and satisfies (S) and (ED-upper), then if t ¢ J U

int(N) and 0,,&(t,x(t)) # 0, then for any sequence t, — t such that t,, ¢ int(N),t, # t,
one has

. x(ty) — x(t) Ont & (t, x(t))
lim = — )
n—oo  t, —t O0pa8 (t, 2(t))
Here the set N is defined in .
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Proof. By Lemma we have 0,8 (t,z(t)) € {—1,1} and 0,& (t,, z(t,)) € {—1,1} for all
n > 1. Due to the continuity of s — 9,&(s,z(s)) at s = t, we obtain

0.8 (tn, x(t,)) = 0. (t, x(t))
for n large enough. Therefore, by Taylor’s expansion

0 = 8,8(tn,a(ty)) — D& (t, x(t))
= OuE(t,(t)) - (tn — 1) + 0B (L, (1)) - ((t) — (1)) + o(tn — t) + o(x(ts) — 2(2)).

This implies that

when 0,,&(t,z(t)) # 0. O
Now we are able to show
Proof of Lemma[3.13. Consider the set
E:={te(0,T)]|0,8(t,x(t)) € {—1,1}, 05 (t, x(t)) = 0}. (3.5)

Recall that we are assuming that 0,,,&(t,z(t)) # 0 for any ¢ € E. Consider an arbitrary t.
Case 1. If t € N U J, then t ¢ B by definition of B and N.
Case 2. If t is an accumulation point of (0,7)\(N U J) and t ¢ FE, then we can find a
sequence t, — t such that ¢, ¢ N U J and t,, # t for all n > 1. By Lemma [3.14]

po 2t —2(t) _ 0ud(t 2 (1)
n—o0 t, —t 0226 (t, x@))

Thus in this case, t ¢ B.
Case 3. If t ¢ J and t is an accumulation point of E, then we can find a sequence
s, € B, s, = t. Using Taylor’s expansion again, we get

0 = 00é(sn,%(50)) = Oral (L, 2(1))

= 0wt (t,x(1)) - (S — 1) + 0paa& (t, (1)) - (2(85) — (1))
+o(sn — 1) + o(x(sn) — x(t)).

Since 0y & (t, x(t)) # 0, we arrive at

lim = — ,
n—oo S, —t Ouaa® (t, x(t))
which is a finite number. Thus t ¢ B.
Conclusion. In summary, if t € B, then either ¢ is an isolated point of (0,7)\(N U J),
or t is an isolated point of E. Therefore, B is at most countable. Since p,({t}) = 0 for any

t € B C (0,T)\J, we have |ps|(B) = 0. This ends the proof of Lemma [3.12] O

Remark. The proof of Theorem [3.3]is unchanged if the set
{(t,2) € (0,T) xR | 0,8 (t,x) € {—1,1}, 0028 (t, ) = Oy & (L, ) = 0}

in condition (H1) is assumed to be countable.
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4 Weak C' regularity

In this section we shall prove Theorem [3.5] Beside Lemma [3.13] and Lemma [3.14] we have
some other useful preliminaries.

Lemma 3.15. Assume that x : [0,7] — R is right-continuous, has bounded variation
and satisfies the global stability (S) and the energy-dissipation upper bound (ED-upper).
If t ¢ int(N) and t ¢ J, then 0,8 (t,x(t)) > 0. Moreover, if t € E, then 0,&(t,z(t)) -
Opzz® (t, 2(t)) < 0. Here the set N is defined in and the set E is defined in (3.5).

Proof. 1. From the global stability (S)
E(t,x(t)) < Et,x) + |x — x(t)| for all z € R and for all ¢ € [0, 7],
using Taylor’s expansion for &(¢,-) up to second order, we have
E(ta(t) < Et,a() + |r — 2(t)] + 8L x(t)) - (¢ — (1))

2
+0pe & (t, (1)) - w + o(|z — z(t)]?). (3.6)
By Lemma [3.13] 0,&(t,z(t)) € {—1,1} for all ¢ ¢ int(N). If 9,&(t,z(t)) = —1, then
taking a sequence x | x(t) in we get 0,8 (t,z(t)) > 0. If 9,8 (t,z(t)) = 1, then taking
a sequence z 1 z(t) in (3.6)), we also get 0,,&(t,z(t)) > 0.
2. Now assuming 0,,& (t,z(t)) = 0, we shall prove that 0,& (¢, z(t)) - 0,08 (t, x(t)) < 0.
Using the above stability and Taylor’s expansion for &(¢,) up to third order, we get

E(t,x(t) < E(t,x(t) + | —x(t)| + 0.E(t,x(t)) - (x — x(t))

+0422 6 (t, (1)) - w + o(|z — z(t)]*). (3.7)

If 0,&(t,x(t)) = —1, then taking a sequence x,, | z(t) in we get Opp. & (t,x(t)) > 0. If
0,8 (t,z(t)) = 1, then taking a sequence x, T z(t) in (3.6), we get ... & (t, 2(t)) < 0. Thus
in both cases,
0p & (t, () « Opea (t, (1)) <O.
[

Lemma 3.16. Assume that x : [0,T] — R has bounded variation and satisfies the weak
local stability (w-LS) and the energy-dissipation upper bound (ED-upper). Then for all t €
(0,7)\J, one has

lim sup {amg(t,a:(t)) : M} <0.

s—t s—t
Proof. We shall show that for any sequence t,, — t and t,, # t then

ZOEEU

lim sup {Gxé"(t, x(t)) - —

n—oo
Of course, we may assume that

r{t) = a(0)|
t, —t

lim inf
n—oo
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and either ¢, | t or ¢, 1 t.
Case 1. If ¢, | t, then due to the inequality (3.3)) in the proof of Lemma one has

lim 0,8t o(t)) - i) =)

oo A ErO

This implies that

1ma£@mm$@(ﬁwii@)zq.

n—00 t, —t
Case 2. If ¢, T ¢, then similarly, one has

i 08020 (2=

and hence

n—oo

lim 9,&(t, z(t)) - sign (M) — 1

Thus in all cases, we have

1ma£@mms@(ﬂ@:i@)—4.

n—00 t, —t
and the conclusion follows. O

Lemma 3.17. Assume that x : [0,T] — R is right-continuous, has bounded variation and
satisfies the global stability (S) and the energy-dissipation upper bound (ED-upper). Let
t € int[(0, T)\int(N)], t € E, t ¢ J and 0,2, & (t, x(t)) # 0, then we have 0,4:& (t, z(t)) = 0.
Here we denote N as in and E as in .

Proof. Step 1. Take an arbitrary sequence t, — t, t, # t, t, € int[(0,T)\int(N)].
By Lemma and the continuity of the function s — 0,8 (s,z(s)) at s = t, we have
0.8 (tn, x(t,)) = 0.8 (t, z(t)). Using Taylor’s expansion and 0,,& (t, z(t)) = 0, we have

0 = 0,8 (tn, x(tn)) — 0:E(t, (1))
= 0u8(t,x(t)) (t, —t) + o(z(t,) — (1)) + o(t, —t). (3.8)

Thus we can conclude that 0,:& (¢, z(t)) = 0 if we can find a sequence t,, — t such that

tn) — x(t

Step 2. Since z(-) has bounded variation, it has at most countably many jumps. Moreover,
since t € int[(0,7)\int(N)], we can choose an arbitrary sequence s, 1 t, s, # t, s, €
int[(0,T)\int(N)], and s, ¢ J. Therefore, by Lemma we have 0., & (sp, x(s,)) > 0 =
Oz & (t, x(t)). Using Taylor’s expansion we have

0 < 0u8(sn,(sn)) — O (¢, (1))
= Owt&(t,x(t)) - (8 — t) 4 Opza& (L, (1)) - (2(85) — (1))
+o(z(sp) — x(t)) + o(s, — 1).
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Dividing the above inequality by (s, —t) < 0, we have

0> (b, 2(1)) + (Dren(t, (1)) + o(1)) - ) =)

Note that 0,,.& (¢, z(t)) # 0 by our assumption.

Step 3. We distinguish two cases.
Case 1. Assume 9,&(t,z(t)) = —1. Then 9,,,& (¢, z(t)) > 0 by Lemma [3.15] Therefore,

(3.9) implies that
l < _
131_%313 Sp—t T O (t, x(t))

On the other hand, by Lemma [3.16]
lim inf {M} > 0.

< 0Q.

n—00 Sp —t -
Therefore,
n) —x(t
n—00 |Sn - t|

Case 2. Assume 0,& (¢, z(t)) = 1. Similarly, we have 9,,,& (¢, z(t)) < 0 by Lemma[3.15]
and hence

JI(Sn) - l’(t) > aa:xtéa(t? x(t))

lim inf ——5 > —00.
e sa—t  © Omebta(t)
Moreover, by Lemma [3.16
n) — Xt
limn sup M} <0,
n—00 Sp — t
Thus .
n—o0 ’Sn - t’
Step 4. In summary, if s, T ¢, then we always have
n) —x(
lim sup M < 0.
n—o0 |5n - t’
Therefore, choosing t,, = s, in (3.8), we conclude that 0,,&(t, z(t)) = 0. O

Lemma 3.18. Assume that x : [0,T] — R is right-continuous, has bounded variation and
satisfies the global stability (S) and the energy-dissipation upper bound (ED-upper). Ift is

an accumulation point ofﬁjif and t ¢ J, we have 0, & (t, x(t)) = 0. Moreover, ift ¢ E, then
2'(t) =0 and 0. & (L, z(t)) = 0.

Here we denote by (9]6[ the boundary of the interior of N, N 1is defined as in and
E is defined as in .
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Proof. Step 1. Since t is an accumulation point of 9 N, we can find a,, — ¢, b, — t such that

(@p, by) C int(N) and ay,, b, € ON. By Lemma [3.13] and the continuity of s — 0,& (s, x(s))
at s = t, one has, for n large enough,

0,8 (an, w(ay)) = o8 (t, 2(t)) = 0,6 (b, 2(by)) € {—1,1}.

Note that for all s € [a,,b,], x(s) = ¢,, a constant independent of s. Consider the
one-variable function

s fn(8) = 0.E(s,¢p).

Since f(a,) = fu(by), by Rolle’s Theorem, we can find a number s, € (a,,b,) such that
f1(sn) = 0. This means 0,;& (s, x(s,)) = 0. Since s, — t, one has

0 = 0u& (S, ©(Sn)) = Ou& (L, x(1)).

Step 2. Now we assume that ¢t ¢ E. We distinguish two cases.
Case 1. Let t,, ¢ int(N), t, #t and t,, — t. Then by Lemma we have

o 2t —2(t) _ 0ué(t 2 (1))
n—00 t, —t 0v 8 (t, (1))

=0.

Case 2. Let s, € int(/V) and s,, — t. Since t is an accumulation point of 9 N, we can

assume that s, € (a,,b,) C int(N) with a,, b, € 8]?[. Using Case 1, one has

z(an) —x(t) _

n— 00 Ay — t n—oo bn —1

On the other hand, since z'(s) = 0 when s € (ay,b,), we have z(s,) = z(a,) = x(by).

Therefore,
o) 0] {2l 0 100210}

as n — 0o.
Thus in summary, for any sequence t,, — t and t,, # t we always have

i Z) =) 0uE (2 (t)

ooty — 1 O

This means z/(t) = 0.

Step 3. Now we show that if we assume furthermore that ¢ ¢ E, then 0,,& (¢, z(t)) = 0.
Since t ¢ E and the functions s — 0,&(s,x(s)),s — 0.6 (s, x(s)) are continuous at

s =t, we have s ¢ E if s is in a neighborhood of ¢. In particular, if s is in a neighborhood
of t, s € int[(0, T)\int(N)] and s ¢ J, then 0,,8(s,z(s)) > 0 by Lemma and

[IZ'/(S> _ aﬂ?t(g)(‘S? I(S))
0w (8, 2(5))
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by Lemma [3.14] Using Lemma [3.16], we conclude that
08 (s,x(8)) - 0:E(s,z(s)) > 0. (3.10)

Let us assume that 0,&(t,z(t)) = —1 (the other case, 0,&(t,z(t)) = 1, can be treated
by the same way). If s is in a neighborhood of t, s ¢ J and s € int[(0,7)\int(V)], then
0,8 (s,2z(s)) <0, and hence 0,;8 (s, z(s)) < 0 by (3.10). In particular, we have

O0pt& (an, x(ay,)) < 0 and 0,48 (b, (b)) <0

for n large enough, where {a,}, {b,} are taken as in Step 1.

On the other hand, it was already shown in Step 1 that there exists ¢, € (a,,b,) such
that 0,:8 (t,, x(t,)) = 0. Therefore, the function g(s) := 0,4 (s, z(s)) has a local maximizer
Sn € (an,by). Hence, for n large enough,

Outr8 (S, 2(8,)) = ¢'(sn) = 0.
Since s, — t, by taking the limit as n — oo we obtain 0,4 (t, z(t)) = 0. O

Now we are able to give

Proof of Theorem[3.5 Since z(+) has finite jump points and (H1), (H3) hold true, by dividing
(0,T") into subintervals if necessary, we may further assume that z(-) has no jumps on (0,7)
and

{(t,z) € (0,T) x R| 0,E(t,x) € {=1,1}, 0, E(t, 7) = Opyu&(t, ) =0} =0,
{(t,2) € (0,T) x R | 0,E(t,x) € {—1,1}, 008 (t,2) = 0pE(t,2) = 0} = .

We denote by I; the set of isolated points of 0 ]if . It remains to consider the case t ¢ .
We distinguish the following cases.

Case 1. If t € int(N), then 2/(t) = 0. Moreover, if s is in a neighborhood of ¢ then
2'(s) = 0. Therefore, 2'(-) is continuous at t.

Case 2. If t € int[(0,7)\int(N)], then by Lemma we have t ¢ E. Therefore, by

Lemma i
@ aa;téa<t7x(t))

0 &t x(t)

Since the same formula also holds true for any s in a neighborhood of ¢, we have that z/(-)
1s continuous at 7. .

Case 3. If t is an accumulation point of d N, then 0,,&(t,z(t)) = 0 by Lemma [3.18]
Therefore, t ¢ E. By Lemma one has 2'(t) = 0. Next, we shall show that if ¢, — ¢ and
tn & I, then 2/(t,) — 2/(t) = 0. Indeed, if t,, € int[(0, T")\int(NNV)], then

2 (t) =

Qb (tn)) | Oub(t (1))

2 (t,) = = 0.

Otherwise, if ¢, € int(N) or ¢, is an accumulation point of d ]if , then we already have
2'(t,) = 0.
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In summary, if ¢ € (0,7)\; one has
_ Oué(t, (1))

0 otherwise,

if ¢ € int[(0,T)\int(N)],

and 2/(+) is continuous on (0,7)\/;. This completes the proof of Theorem [3.5] O

Remark. In general, the set I in the statement of Theorem [3.5| contains the following points:

the isolated points of 0 ]if (namely the set [; in the above proof), the jump points, and the
points t such that 0,8 (t,z(t)) € {—1,1}, 0., (t,z(t)) = 0 and either 0,,,& (¢, z(t)) = 0 or
On&(t,x(t)) = 0.

5 C! regularity

Now we prove Theorem [3.6] First, we need the following lemmas.

Lemma 3.19. Assume that x : [0,T] — R is right-continuous, has bounded variation and
satisfies the global stability (S) and the energy-dissipation upper bound (ED-upper). Assume
furthermore that t ¢ J,t & int(N), 0,8 (t,x(t)) = 0u&(t,2(t)) = 0 and 0prr&(t, (1)) # 0.
If there exists a sequence s, ¢ J Uint(N) such that s, |t (or s, Tt), then the limit

—x(t —x(t
M (07" lim M ,respectz'vely)
s¢ JUInt(N),slt s—t s¢ JUint(N),sTt s—t
exists and it is a solution of the equation
Ot & (t, (1)) 4 20p0 & (t, 2(t)) - X + Opea(t, (1)) - X* = 0. (3.11)

Moreover, if there is a sequence t, — t such thatt, #t, t, ¢ int(N) and 0., & (L, x(t,)) =
0 for all n > 1, then (3.11) has the unique solution —0yu & (t,2(t))/Osea (¢, x(t)). Here the
set N 1is defined as in (@ .

Proof. Step 1. Let t, — t and ¢, ¢ J U int(N). We have 0,8 (t,,xz(t,)) = 0.8 (t,z(t)) by
Lemma and the continuity of s — 0,& (s, x(s)) at s = t. Using Taylor’s expansion we
obtain

0 = 8,8(tn,2(tn)) — D& (t, 2(t))
Do (t, (1)) - (tn — )2 + 20, E(t, (1)) - (2(t) — 2(8)) - (tn — 1)
a8 (2 () - (2(ta) — 2(8)) + o(|(tn) — 2(t)[2) + o |tn — t]2).

Dividing this equality by (¢, — t)? and taking the limit as n — oo we get

0o (t, 1 (1)) + 20,008 (t, 1(1)) - w + DyuaE (1, (1)) - <w>2 5 0.(3.12)

Notice that, (3.12) also shows that the solutions of (3.11)) are real. Moreover, if we denote
by X; and X5 the two solutions of the equation (3.11]), then

_X2'}—>0
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as n — oQ.

Step 2. Using Lemma [3.15] and Taylor’s expansion one has

0 < 0l (tn,x(tn)) — Ou&(t, x(1))
Oyt (1, 2(t)) -+ (tn — 1) + Onaa8 (£, (1)) - (x(tn) — (1))
+o(t, —t) + o(x(t,) — x(t)). (3.13)
By Lemma [3.13] 9,&(t, z(t)) € {—1,1}. We distinguish two cases.

Case 1. 0,8(t,z(t)) = —1. In this case, by Lemma we have 0,,,&(t,z(t)) > 0.
Therefore, from the inequality (3.13)), if ¢,, | ¢, then

.. ff(tn) - I(t) @Emté"(t, x(t))
> : .

= 2 g a(1) (3:14)
while if ¢,, T ¢, then

_ z(t,) — z(t) Dot (t, (1))

1 < — ) Nl

Y T Tt T T 0,8 2(t)) (3-15)
Since P 5@ (t))

X X _ xxt 71:
1A E e et (D)

we have

Ouat & (t, (1))
Oraa® (L, (1))

and then together with (3.14]) and (3.15)), the convergence in (3.12)) reduces to

max{Xl,XQ} 2 - Z min{XlaXQ}a

t,) — x(t .
lim M =max{ Xy, Xo} if ¢, | ¢,
e (1) (1)

nh_}IIC}O tn——t = mlH{Xl,XQ} if tn T t.

Case 2. If 0,8(t,z(t)) = 1, then similarly,

lim 20 =20 v o) it Lt

n—00 t, — 1t
. (t) ~ a(0)
. i n — X .
nh—>I£lo tn——t = maX{Xl,Xg} if tn T t.

In both cases, the first conclusion of Lemma follows.

Step 3. Now assume that there is a sequence t,, — ¢ such that t, # t, ¢, ¢ int(N) and
Oz (tn, x(t,)) = 0 for all n > 1. Using Taylor’s expansion,
0 = 0 (tn, x(ty)) — 08 (t, (1))
0wt & (L, (1)) - (tn — 1) + Opga& (t, (1)) - (x(t,) — (1))
+o(t, —t) + o(x(t,) — x(t)),
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we find that

i 2t —2(t) _ 0end(t3(t)
nhee  t, — 1 Ouas (L, (1))

Thus —0, & (t, 2(t))/0pend (t, x(t)) is a solution to (3.11). Substituting this solution into
(3.11)) we find that

000t (t, (1)) = 0uue8'(t, (1)) - D8 (2, (1)),
which implies that (3.11]) has a unique solution. H

Lemma 3.20. Assume that x : [0,T] — R is right-continuous, has bounded variation and
satisfies the global stability (S) and the energy-dissipation upper bound (ED-upper). Lett be

an accumulation point of 8]{?, t ¢ J and eithert ¢ E, ort € E and 8mmé‘7it,x(t)) # 0.

Then o'(t) = 0, and 0,8 (t,x(t)) = 0. Here we denote E as in (E), N asin (3.1) and O N
the boundary of the interior of N.

Proof. Since t is an accumulation point of 6]37, Lemma [3.18) ensures that 0,,& (¢, z(t)) = 0.
If t ¢ E, then Lemma also implies that 2/(t) = 0 and 0,,4& (t, x(t)) = 0. Therefore, it
remains to consider the case when t € F and 0,,,8(t,z(t)) # 0.

Step 1. Since ¢ is an accumulation point of 0 Jif , there exists a sequence {(ay,, b,)} such that
(G, bp) C int(N), ap, b, € 8](7 for all n > 1, and a,, b, | t (or a,,b, 1 t). By Lemma |3.19,

we have
i Z@) =2 _ 2 —2()

n—00 a, —t n—00 b, —t

where X is a solution to (3.11). Note that x(s) = ¢, is a constant on [a,, b,]. Therefore, if
tn € [an, by] for all n > 1, then using the fact that x(-) is a constant in [a,, b,], one has

x(t,) —(t) Xl‘ © max { z(bn) () _ 5 } S0

r) —alt)

?

t, —1 b, —t a, —t
Thus if t,, € [ay, by], then
t,) —x(t
tim 20 =20 _
n—o0 t, —t

Step 2. On the other hand, by Lemma the fact that a,,b,,t ¢ int(N), we have
0x8 (an, x(ay)), 0.8 (t,x(t)), 0:E (bn, x(by)) € {—1,1} for all n € N.
Moreover, by the continuity of s — 0,& (s, x(s)) at s = t, we get
0,8 (an, x(ay)) = 0,8 (t,x(t)) = 0,8 (bn, x(by)) € {—1,1}. (3.16)
for n large enough. Consider the one-variable function

fn(8) == 0.8(s,¢,) on s € |ay, by, (3.17)
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where recall that x(s) = ¢, for all s € [a,,b,]. Since f,(a,) = f.(b,), by applying Rolle’s
Theorem, we can find ¢, € (ay,,b,) such that

Ot & (tn, x(tn)) = [l () = 0.
Using Taylor’s expansion we have

0 = 9ué(tn,2(ty)) — Oué(t, z(t))
= O (L, 2(1)) - (tn — 1) + Opue & (L, (1)) - (2(tn) — 2(t)) + 0(tn — 1) + o(x(tn) — z(2)).

Dividing this equality by ¢, — ¢t and taking the limit as n — oo we obtain

Oy (1, (1)) + By & (L, (1)) - X = 0. (3.18)

Step 3. We show that 0,4& (t, x(t)) = 0. Assume by contradiction that 0,4& (t, z(t)) # 0.
Then from (3.18)), we must have 0,8 (¢, z(t)) # 0 and

Ot (1))
M= gl e 7

Since X is a solution to (3.11]), we obtain
[Oaat & (¢, 2(1))]* = Opue (£, (1)) - Oua (£, (1)), (3.19)

which in particular implies that X; is the unique solution to (3.11)).
In view of (3.16)), we may assume that

0.8 (an, x(ay,)) = 0,8 (t, x(t)) = 0, (b, x(b,)) = —1

for n large enough (the other case can be treated by the same way).

By Lemma one has 0,.,& (t,z(t)) > 0. From (3.19) one has 0,4& (¢, x(t)) > 0. By
the continuity of s — 0,48 (s, z(s)) at s = t, we have 0,48 (s,2(s)) > 0 when s is in a
neighborhood of ¢. In particular, the function f,(s) defined by satisfies

Ii(s) = 0w&(s,2(s)) >0 for all s € (an,by)

n

for n large enough.
Thus f,, is strictly convex on [a,, b,]. Consequently, if we choose s := (a,, + b,)/2, then

flan) + f(bn)
2

0.8 (s,2(s)) = fuls) < =—1.

However, this contradicts the fact that 0,8 (s, z(s)) > —1 for all s ¢ int(/N) by Lemma3.13]
Thus we must have 0,48 (t, z(t)) = 0.

Step 4. Now we show that X; = 0. In fact, if 0,8 (¢, z(t)) # 0, then from 0,,,& (¢, z(t)) = 0

and (3.18) we must have X; = 0. Otherwise, if 0,,& (t,2(t)) = 0, then 0 is the unique
solution to the equation (3.11)), and hence we also have X; = 0.
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Step 5. Now we show that /() = 0. We distinguish three cases.
Case 1. Assume that there exists a < t such that (a,t) C int(IN). It is obvious that
(1) =0= 11%1 ' (s). It remains to show that 2/, (t) = 0, namely to show that

lim x(t,) — z(t)

=0

provided that ¢, | t.

First, we assume that ¢, € int(N) and ¢, | . Note that (¢,b) ¢ int(N) for all b > ¢
(otherwise, by the continuity we have x(a) = z(t) = z(b) and t € (a,b) C int(N), which is
a contradiction). Therefore, as in Step 1, we can choose the sequence {(an,b,)} such that
(Gp,bp) C int(N), ay, b, € 8]27 for all n > 1, and a,, b, | t. Therefore, it follows from Step
1 and the fact that X; =0

ot —alt) _ | ala) —alt)
n—00 tn — 1 n—00 a, —t

= 0.

Next, assume that t,, ¢ int(N) and ¢, | t. Then by Lemma we have

t,)) — x(t . D) —a(t
im E0) —2(t) o wlen) — ()
n—00 tn — 1 n—00 a, — t
Thus for any sequence t, | t we obtain
i PEa) =) _

Therefore, 2/, (t) = 0. Thus /() = 0.

Case 2. If there exists b > ¢ such that (¢,b) C int(/V), then similarly to Case 1 we have
2'(t) = 0.

Case 3. Finally, assume that (a,t) ¢ int(N) for all a < ¢, and (¢,b) ¢ int(N) for all
b > t. Then by the same proof in Case 1, using the fact that (¢,b) ¢ int(NN) for all b > ¢,
we have 2/, (t) = 0. Similarly, using the fact that (a,t) ¢ int(N) for all a < ¢, we obtain
x'_(t) = 0. Thus 2/(t) = 0. This completes our proof. O

Now we are able to prove the main result of this section.

Proof of Theorem|[3.6. Step 1. Since z(-) has only finitely many jumps and (H1), (H3),
(H4) hold true, by dividing (0,7") into subintervals if necessary, we may assume that z(-)
has no jumps and

{(t,z) € (0,T) x R | 0,&(t,x) € {—1,1}, 0.8 (t,2) = OpueE(t, ) =0
{(t,x) € (0,T) xR | 0,8(t,x) € {—1,1},0,.E(t,x) = & (t,x) =0} =0
{(t,z) € [0,T] xR | 0,8 (t,x) € {—1,1},0,4E(t,x) = s & (t, ) = 0} = 0.

Step 2. Assume that 0 N has an accumulation point t. Then we have 0,8 (¢, z(t)) € {—1,1}
by Lemma [3.13] Note that if t = 0 or t = T, then Lemma |3.13]is not applicable directly to
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t, but because t is an accumulation point of 9 N, we can apply Lemma |3.13|to the points in

0 ](\)[ N(0,T) first, and then take the limit to get the conclusion at t.

Next, we have 9,,&(t,z(t)) = 0 by Lemma [3.18] and 0,4 (¢, z(t)) = 0 by Lemma
(when ¢ ¢ E) and Lemma(3.20] (when ¢t € E and 0,,,& (¢, z(t)) # 0). Note that these lemmas
apply even if t=0ort="1T.

Thus

0,8, 2(1)) € {—1,1},00E(t, 2(t)) = 0, Do (L, 2(t)) = 0.

By condition (H3), this case cannot happen. Therefore, 9 N has no accumulation point.

Thus O N has finitely many points, and hence int(N) U int[(0,7)\int(/V)] is the union of
finitely many open intervals.

Step 3. Finally, if ¢ € int(/N), then 2/(t) = 0. On the other hand, if ¢ € int[(0, 7")\int(V)],
then by Lemma we have t ¢ E, and hence

8:ctg(t7 I(t»

Y = o E )

by Lemma|3.14] Thus we can conclude that x(-) is of class C! in int(N)U int[(0, T)\int(N)].
The proof is completed. O

6 Differentiability

Now we prove Theorem [3.4] First we need the following lemma.

Lemma 3.21. Assume that x(-) is continuous, has bounded variation and satisfies the global
stability (S) and the energy-dissipation upper bound (ED-upper). If t € int[(0,7T)\int(N)],
t € E and 0.y, 8(t,2(t)) # 0, then the right and left derivatives

. x(s) —x(t)
' (t) = lim ————= = S P
7 1) st st s—t

exist and they are two solutions of the equation .
Moreover, if t is an accumulation point of E, then

/ - aamtg(tv (L’(t))
) = =5 o)

and it is the unique solution to the equation .
On the other hand, if t is an isolated point of E, then either

axxtéa(t? l'(t))

0 =5 F.20)

or

/ IRT / / T /
z (t) = léglx (s), z(t) = l;glw (s).

Here the set E s defined as in and the set N is defined as in .
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Proof. Step 1. Sincet € int[(0,7")\int(/N)] and t € F, Lemma/|3.17|ensures that 0,,& (t, x(t)) =
0. Therefore, by Lemma 3.19, we get that 2/ (t), ' (¢) exist and they are two solutions of

the equation (3.11]).

Step 2. If t is an accumulation point of F/, then by Lemma again, the equation (3.11))
has a unique solution —0,.+& (t, x(t))/0rzz& (t, x(t)). Therefore,

Opat & (t, (1))

) = =l at)

Step 3. Now we assume that ¢ is an isolated point of E. If the equation (3.11]) has a unique
solution, then it must be —0,.+& (¢, x(t))/0p22& (¢, 2(t)), and hence
Oput& (L, (1))

T =g, Eta)

Otherwise, if the equation (3.11)) has two distinct solutions, then we shall show that

/ T / / T /
a (t) = liglx (s), ' (t)= lgrtlx (s).

In fact, since ¢ is an isolated point of E, when s is in a neighborhood of ¢ we have s ¢ E.
Therefore, using Lemma and de L’Hopital’s rule, we have, as s | t,

2(s) =

Oné (s, x(s)) st
058 (s, x(s)) <azz£<s,x<s>)faméf’(t,w)))
Ot x(t)) + et x(1)) 2, (¢) _
mtéa( 7x<t)) + axmg( ) (t)) xl—l-(t) -

Here in the last identity we have used that 2/, (¢) solves the equation - Note that
Ot (1, () +0rae6 (, (1)) 2, (t) # 0 because the equation (3.11]) has two distinct solutions.

Similarly, as s 1 ¢,

;o OnB(s,2(s ,
2 (s) = " O0nE(s.2(s) — ' (t).

The proof is completed. O

Now we are able to prove Theorem [3.4]

Proof of Theorem|[3.] Step 1. Assume that z(-) has only finitely many jumps and (H1)
holds. By dividing (0,7") into subintervals if necessary, we may further assume that x(-) has
no jumps and

{(t,x) € (0,T) x R| 0,8(t,x) € {—1,1}, 02 E(t, ) = Dpua&(t,x) = 0} = 0.
Thus either t ¢ E, or t € E and 0,,,& (t,z(t)) # 0. Choose I3 and I; as follows
I3 :={t €1]0,7] | z(-) is differentiable at ¢};
I :={t € [0,T)\I3 | t is an isolated point of 8]%}
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Now we consider the case t is not an isolated point of 9 Jif . We have the following cases.
Case 1. If t € int(N), then 2/(t) = 0 by definition.

Case 2. If ¢ is an accumulation point of 8]?7, then 2/(t) = 0 by Lemma |3.20}
Case 3. If t € int[(0,7)\int(N)] and t ¢ E, then by Lemma [3.14]

axtéa<t7 .Q?(t))

T = =5 Fta0)

Case 4. If t € int[(0,7)\int(N)] and ¢ is an accumulation point of F, then by Lemma

@’ axxtéa(t7 x@))

Opzz® (L, (1))
Case 5. If t € int[(0,7)\int(N)] and ¢ is an isolated point of F, then by Lemma [3.21}
we have either

() = —

Ot & (t, (1))

) =g Eta)

or there exist #/, (t), ' (t) and

/ T / / T /
z' (t) = I;EII (s), " (t) = 1;%156 (s).

Thus we can choose I5 as follows

I, .= {t € [0, T]\(11UI5) | t is an isolated point of E in int[(0, T)\int(N)] and 2’ (¢) # 2/, (¢)}.

Step 2. Assume that (H2) also holds. Then by dividing (0,7") into subintervals again we
may assume further that

{(t,z) € (0,T) x R | 0,8(t, 2) € {—1,1},00u8(t, ) = 0t x) = 0,
[8J:xt(ga(t7x)]2 = xttéa(t7x) ' 8a:x1‘g(tax)} = @ (320)

We show that in this case the set I := I; U I only contains isolated points. Assume
by contradiction that ¢ is an accumulation point of I. Thus we must have a sequence
t, — t € I with t, € I, for all n > 1. By Lemma we have 0,8 (t,,x(t,)) = 0
for all n. Since 0,.& (tn, (t,)) = 0ud (tn, x(t,)) = 0, taking the limit as n — oo we get
Dua (b, (t)) = & (t,x(t)) = 0. Therefore, by the second statement of Lemma [3.19 the
equation has a unique solution —0,,+& (¢, x(t))/0rzx® (t, x(t)). This implies that

[@mtg(t, [L')]Q = Ittéa(t, .T) . amxé"(t, .ZC)

However, since 0,,& (t,z(t)) = 0x&(t,x(t)) = 0 and 0,&(t,z(t)) € {-1,1} (by Lemma
3.13)), we obtain a contradiction to the assumption (3.20). The proof is completed. O
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7 Condition for finite jump set

Now we prove Theorem [3.7]

Proof. Step 1. Since z(-) is a BV function, we have L := supy<,<r |2(t)| < oo. For any
t € [0, 7], define
F(t):={xe[-L,L]:0,6(t x) =1}

We shall show that there exists € > 0 independent of ¢ such that if x,y € Z(t) and = # y,
then |z —y| > ¢.

Indeed, we assume by contradiction that there exists a sequence {t,}>°, C [0,7] and
Ty Yn € F(t,) such that z,, < y, and |z, — y,| — 0. By compactness, after passing to
subsequences if necessary, we may assume that ¢, — to, z, — z¢ and y, — xg. Using the
continuity of 0,&, we have |0,& (to, zo)| = 1.

On the other hand, since |0,& (t,, z,)|> = 1 = |08 (tn, yn)|?, by applying Rolle’s The-
orem for the function z +— [9,& (t,,2)|?, we can find an element z, € (z,,y,) such that
08 (tn, zn) = 0. Taking n — oo, we obtain 0,,& (to, x¢) = 0.

Thus |0,& (to, xo)| = 1 and 0,.& (to, x9) = 0, which contradict (H5). Therefore, there
exists € > 0 independent of ¢, such that |z — y| > € for all z,y € Z(t) and = # y.

Step 2. We assume that z(-) jumps at ¢, namely x(t~) # z(t*), here

x(t7) = liglx(s) and z(t1) := I;glx(s)

We shall show that |z(t7) — z(t7)] > «.

From the weak local stability of x(-), we have [0,&(t,z(t7))| < 1 and |0, (¢, z(t1))| < 1.

If |0,8(t,x(t7))] =1 =10,&(t,z(t7))], then by Step 1 we already get |z(t7) — z(tT)] > e.
Hence, let us assume that

min{|0,&(t, z(t7))],[0.E(t, z(tT))]} < 1. (3.21)

Using the energy-dissipation upper bound, we get

z(t™)
lz(tT) —z(t7)| < Et,z(t7)) — &, z(th)) = / 0,8 (t,2)dz

()

< / 10,6(t,2)| (3.22)

where [ is the closed interval between z(¢~) and x(t").

From (3.21) and (3.22)), we conclude that there exists y between z(t~) and x(t*) such
that |0,&(t,y)| > 1. Since |0,&(t,z(t7))| < 1 < |0,&(t,y)|, there exists z_ between z(t™)
and y such that [0,&(t,z_)| = 1 (here z_ may be equal to z(t7)). Similarly, there exists
2, between z(t*) and y such that |0,8(t,zy)| = 1 (here z, may be equal to z(t")). Since
zy # z_, we have |zy —z_| > e by Step 1. Thus |z(tT) —x(t7)| > |24 — 2_| > &.

Step 3. Thus by Step 2, any jump step is not less than €. Since z(-) is a BV function, it
can only have finitely many jumps. O]
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8 SBYV regularity in the vector-valued case

Now we prove Theorem [3.8] The proof of this Theorem is quite similar to Theorem [3.3]

First, we can assume that z(-) is right-continuous thanks to Proposition [L.5| Since z(-)
is a BV function on [0, 7] which is right-continuous, there is a vector-valued Radon measure
1 such that

z(t) = ¢+ u((0,t]) for all t € [0, 7] and for some vector ¢ in R?.
By the Lebesgue Decomposition Theorem we can write
po=fdx+ ps

where f € L' and ps = plg with

S = {te (0.7) | lim l(t = Ayt + h) :oo}.

h

Let J be the jump set of x(-). We split u, into the Cantor part ,u|S\J and the jump part
tt| ;. To show that x(-) is of SBV, we need to prove that p. = 0. This fact follows from the
following two lemmas.

Lemma 3.22. For any BV function x : [0, T] — R® which is right-continuous, the set

;m+2—aw<m}

A= {t € (0,7)\J | liminf
h—0

has |ps|-measure 0.

Lemma 3.23. Assume that x : [0,T] — R® has bounded variation and satisfies (w-LS) and
(ED-upper). If (H6) holds, then the set

B := {t € (0, 7)\J | lim

h—0

x@+2—x@‘:m}

is at most countable. Therefore |us|(B) = 0.

Since we can write (0,7) = AUBUJ, Lemma[3.22|and [3.23]ensure that |s]((0, T)\J) = 0.
This implies p. = 0. And the proof of Theorem [3.8|is complete.

The proof of Lemma [3.22| is the same as in the one-dimensional case, cf. Lemma |3.11}]
Hence, we shall only concentrate on the proof of Lemma [3.23] Our key observation is the
following.

Lemma 3.24. Assume that x(-) satisfies the weak local stability and the energy-dissipation
upper bound. Then for allt € (0,T)\(N U J), we have

Vol (t,2(t))] = 1,
where N denotes the null set of the derivative of x(-),

N :={te€ (0,T) | 2'(t) exists and 2'(t) = 0}.
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Proof. Since t ¢ N, we can find a sequence t,, — t and t,, # ¢ such that

z(tn) — x(t)
b, —t

lim inf
n—oo

‘ > 0. (3.23)

By passing to a subsequence if necessary, we can further assume that

lim x(t,) — z(t)

) ) p in RY with b = 1. (3.24)

Case 1. Assume that ¢, | t. From the energy-dissipation upper bound, one has
tn
E(tn,x(t,)) — E(t,x(t)) < /@(5‘(5, x(s))ds — Piss(xz(+); [t, tn]).
t

Using Taylor’s expansion on the left-hand side, the continuity of s — 0,& (s, x(s)) at s =t
on the right-hand side, we obtain

& (L, x(t)) - (tn — ) + Vol (8, 2(t)) - (2(tn) — (1) + o[z (tn) — 2(1)]) + o(tn — 1)
< 0 E(t,x(t)) - (tn —t) + oty —t) — Ziss(x(:); [t, tn]).
Dividing this inequality by |z(t,) — z(t)| and using and (3.24), we obtain
- x(tn) — () < _ Diss(x(); [t ta])
jz(tn) —x@)] = fa(ty) — (1)

V.E(t,z(t)) +o(1) < =1+ o(1).

Hence
V. E(t z(t)) - b < —1. (3.25)

On the other hand, due to the Schwarz inequality and the weak local stability of z(-), we
have

V. E(t,x(t)) - b < |V, E(t,x(t)) - b| < |V.&(t,x(t))|- 0] < 1.
Or equivalently,
V. &t x(t) b > —1. (3.26)

Thus from the inequalities (3.25)) and (3.26)), we conclude that V,&(t,z(t)) = —b. In par-
ticular, |V,&(t,z(t))| = 1.
Case 2. Assume that ¢, T t. From the energy-dissipation upper bound, one has

Bt (1)) — E(t,2(t)) > /3té"(s, 2(5))ds + Diss(z(-): [bn, 1]).

Following the above proof, we obtain

a(te) —x(t) _ Ziss(x(); [t 1)) ) )
Vel T G Za o] = et — ] O = Ol
This also implies that V,& (¢, z(t)) = b. In particular, |V,&(t, z(t))| = 1. O
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Remark. From the proof, we can see that if ¢ ¢ N U J, then

_x(s) —a(t) .

D prsy I AR O)
and

lim 23 =2 V. E(t, x(t)).

stt |z(s) — 2(t))]
Moreover, if the limit

lim w — v in RY

exists then v = —cV,& (¢, z(t)) for some number ¢ > 0.

Proof of Lemma |3.25. Denote the “bad set”
E:={te(0,T)||V.E(t,z(t))| =1, F(t,z(t)) =0},

where

F(t,x) := (V,&(t,x)) - H(t,z) - (V& (t,z))"

and
[H(t,a:)]l.j 1= (0p,0,,6)(t, 7).

We distinguish the following cases.

1. Ifte NUJ, thent ¢ B.

2. If t € (0, T)\(N U J) and ¢ is an isolated point of (0,7)\(N U J), then we can ignore
it, since the set of the isolated points is at most countable.

3. Thus it remains to consider the case when ¢ is an accumulation point of (0,7)\(NU.J).

We show that in this case if t € B, then t € E. In fact, since t is an accumulation point
of (0,7)\(INV U J) we can find a sequence t,, in (0,7)\(N U J), t, # t, and ¢, — t. Because
|V.&(s,x(s))|* =1 for all s ¢ N U J, using Taylor’s expansion we can write

0 = |Vol(tn, x(ty))* = [VaE(t, (1))
OV, E (L, 1(t)) - Vadh&(t, 2(t)) - (te — 1) + 2V, E(t, () - H(t, 2(t)) - (2(ts) — ()T
+o(|z(tn) — z(t)]) + o([tn — t]).

Next, we divide the latter equation by |z(t,) — z(t)| and take the limit as t,, — ¢. Since

z(t,) —x

— ®) ‘ — oo and — V. E(t,x(t)),

we obtain

Vo&(t,x(t) - H(t,x(t)) - (V& (1, 2(1)))" =0,

which implies t € F.
4. If t is an accumulation point of (0,7")\(N U J) and ¢ is an isolated point of E, then
this point can be ignored since there are at most countably many such points.

90



5. If ¢ is an accumulation point of (0,7)\(N U J), t is an accumulation point of £ and
(Vo&(t,2(1))) - (Vo F(L, (1)) = 0,

then by (H6) we know that there are at most countably many such points.
6. If ¢ is an accumulation point of (0,7)\(N U J), t is an accumulation point of £ and

(Va&(t,2(1))) - (Vo (L, 2(1))) # 0.

In this case, there exists a sequence {t,} in E converging to t. We prove that t ¢ B.
Assume by contradiction that ¢ € B. Since both ¢,, and t belong to E, we have

Va8 (t,x(t)-H(t, 2(t) (Vo b (t,2(1)" = 0 = Vo (tn, 2(tn))-H (tn, 2(tn)): (Vo (tn, 2 (t0))) "

Or equivalently

Y (0t 2(1)) - (00 & (1, 2(1))) +2 Z 0p, &' (1, (1)) - Oy 6 (1,3 (1)) - Oniary € (1, (1))

= Z(axiéa(tmx(tn)))Q'(axixz'@@@nvx( +228 (6 (tn, T(tn)) - Op; & (tn, 1(tn)) * Opya, 6 (tn, 2(t0))
= 0.

Substracting the right-hand side to the left-hand side, and then using Taylor’s expansion we
get

d

> " (0a,(tn) + 0s,) - ( (tp —t) - Oy + Z zi(t) — zp(t)) - am) Oy (L)
d
+ 2 Z <(tn . x t T+ Z l’k - Jfk ) : a@@) : am]- (tn) ) 8-'171’-’17]‘ (tn)

+
M- 1

ij=1
d

+ QZami.<t . mzxk p—p ).8mjzk>.8mim].(tn)
ij=1
d

+ 228%.8%.<t —t) %%H—Zxk — et ).&ﬁimjzk)
ij=1

= 0

where 0,, means 0,,& (t,x(t)) and 0, (t,) means 0,,& (t,, x(t,)). Dividing this equality by
|z(t,) — z(t)|, taking ¢, — ¢, and using



and

we arrive at

This is equivalent to

must have t ¢ B.

J d
=1

d

ij=1

d

1,7=1

2(tn) — x(t)
by —1

k=1 =1
d d
> +Y 0, - (2 > 04, Oy amj)
k=1 ij=1

>:0.

V.E(t,x(t)) - (V. F(t,z(t))) = 0.
Thus t € F and V,&(t,z(t)) - (V. F(t,z(t))) = 0, which is a contradiction. Therefore, we

Conclusion: The set B is a subset of the union of the following three sets: isolated
points of [(0,7)\ (/N U J)], isolated points of E, and the set

G:={te(0,7)||V.E(t,z(t)| =1, F(t,z(t)) = (V. E(t,x(t))) - (V. F(t,z(t))) = 0}.

Consequently, B is at most countable. This completes the proof of Lemma in the

d-dimensional case.

]
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Chapter 4

Examples

1

Example

Example 4.1. Consider the system defined by the energy functional & (¢, x) := t (2% —z) —
|z|, where ¢t € [0,1] and = € R, the dissipation function ¥(z) := |z|, and the initial value
xo = 0. We have the following claims.

(i)

(iii)

(iv)

The energetic solutions constructed by time-discretization are

2(0) = 0, z(t) = 1/2/3 for all ¢ € (0,1]

and

z(0) =0, z(t) = —/2/3 for all ¢t € (0,1].
These energetic solutions have “reasonable” jumps and they also satisfy the definition
of BV solutions.

The BV solution corresponding to the viscous dissipation W.(z) = |z + 522 is
z(t) =0 forallt e [0,1].
This solution does not satisfy the strong local stability (s-LS).
Recall that ¢ — z(t) satisfies strong local stability (s-LS) if
x(t) is local minimizer of x — &(t,z) + |z — x(¢)| at every continuity point.
The BV solutions corresponding to the viscous dissipation W, (z) = |z| + 2% with
e~2/187 5 oo (where T is the time step in the discretization) are precisely the energetic

solutions. Thus the BV solutions obtained by vanishing viscosity depend on the choice
of the viscosity.

The epsilon-neighborhood solutions z° are independent of £ when ¢ € (0, /2/3]. The
BV solutions constructed by epsilon-neighborhood are precisely the energetic solutions.

Proof. 1. Energetic solutions. We show that the energetic solutions constructed by
time-discretization are

2(0) = 0, z(t) = /2/3 for all t € (0,1]
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and
2(0) = 0, z(t) = —/2/3 for all t € (0, 1].

Fix a small time step 7 > 0 and consider a partition {t;}X, of [0,1] such that 0 = ¢, <
o<ty <landt;—t;_;y=7foralli=1,2,... N, here N € Nsatisfies 1 € [TN,7(N+1)).
To find the discretized solution z7(t) when t € [0, 1], it suffices to compute z; := 27 (t;).

Step 1: Given xy = 0, we calculate x;. By definition, x; := 27(¢;) minimizes the func-
tional
Fl(ﬂl') = (b@(tl,l’) + |l’| = tl(SCG — 134)

over ¢ € R.

I:|1 T T T T T

0.05

0.06

2 0.04

0.02

0.0z 1 1 1 1 1
-1.4 -1 0.4 a 0.5 1 15

Figure 1. &(t, ) + |x| with ¢t = 0.1.

A direct computation shows that F} attains its minimum at x = £,/2/3. Thus, we can
choose either x; = /2/3 or 1 = —4/2/3.

Step 2: Given x; = +4/2/3, we calculate z5. Let us consider the case 1 = 1/2/3 since the
other case can be treated in the same way. By definition, x5 minimizes the functional

Fo(@) i= E(t,2) + | = VV2/3| = ta(a® — 2*) — [a] + o — V/2/3]

over x € R. If z < 0, then Fy(z) > Fy(—xz). Therefore, it suffices to consider when x > 0.
We distinguish two cases.
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Case 1: If x > /2/3 then
Fy(z) = to(2® — 2*) — \/2/3.

Thus the unique minimizer for F, when x > 1/2/3 is 1/2/3.
Case 2: If 0 <z < /2/3 then

Fy(z) = to(af — 2ty —z+/2/3—z
> tQ(xG—fl)—\/%zFQ( 2/3).

-1 1 1 ]
-2 -1.5 -1 0.5

Figure 2. &(t,z) + |z — /2/3] with t = 0.1.

We can conclude that the unique minimizer for Fy is xo = 1/2/3. Thus if 21 = /2/3, then
xe = x1. Similarly, if 21 = —1/2/3, we also have xy = ;.

Step 3. By the same way, we have z; = x; for all « = 1,2,..., N. Thus the discretized
solution x7 is either

27(t) =0 when t <7 and 27 (t) = \/2/3 when t € [7, 1],
or

27(t) =0 when t <7 and 27 (t) = —/2/3 when t € [1, 1].
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Step 4. Taking the limit of the sequence x7(¢) when 7 — 0, we see that the energetic
solution is either

2(0) = 0, z(t) = 1/2/3 for all ¢ € (0,1],

or

2(0) = 0, z(t) = —/2/3 for all t € (0, 1].

2. The energetic solutions are BV solutions. We need to verify that the energetic
solutions satisfy the new energy dissipation balance

E(t,x(t)) — &(0,2(0)) = /0 & (s, x(s))ds — Disspew(r;]0,1]) (4.1)

for all ¢ € (0,1]. For example, we consider the solution

z(0) =0, z(t) = \/g for all ¢ € (0, 1].

A direct computation gives us

and

/0 3t(5"(s,x(s))ds:/0(x(s)ﬁ—x(s)4)ds: ( %) - < g) t= —%t.

Moreover,
Dis5pew(1;[0,1]) = Diss(z;]0,t]) — A0, 2(0), 2(07)) + Apew (0, 2(0), 2(01))
— v [V e iy - V27
Thus holds true.
3. The BV solution for V.(x) = |z| + $2* is z(t) = 0 for all ¢ € [0, 1].

First we find the discretized solutions. Fix ¢ > 0 and 7 > 0 such that ¢/7 > 2. To
compute the discretized solution xz™°(t), we shall calculate x; := x™¢(¢;) with ¢, = 0 and

t;=14/N fori=1,...,N. Here N € N is such that 1 € [N, 7(N + 1)). We will show that
the incremental problem
x; € argmin, g {&(t;, x) + | — 21| + %LZ’ — i [*}

admits the unique minimizer x; = 0 for every ¢t = 1,..., N.
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Let us start by considering
xy € argmin, g F(z)

where
F(z) = &(t, ) + |z] + %W = t,(2 — 2%) + ea?
and e := % Since e > 1 > t;, we have
F(r)=t,(z° — 2+ 2%) + (e — t1)2* > 0

for all x € R and x = 0 is the unique minimizer for F. Thus, x; = 0.

In the above argument, we can replace t; by any t; < 1 < e. Therefore, by induction, we
obtain easily that x; = 0 for all ¢ = 2,..., N. Thus, for every ¢ > 0, for every 7 > 0 such
that /7 > 2, the unique discretized solution is defined by x™¢(¢t) = 0 for all ¢ € [0, 1].

By taking the limit when 7 — 0 and /7 — oo, we get the BV solution z(¢) = 0 for all
te0,1].

4. The BV solution z(t) = 0 does not satisfy the strong local stability (s-LS). Since
the BV solution z(t) = 0 is not a local minimizer for the functional & (¢, x) + |z| = t(2° — z*)
for ¢ > 0, we see that it does not satisfy the strong local stability (s-LS) for any ¢ > 0. In
fact, z = 0 is a local maximizer for the functional & (¢, z) + |z| = t(2% — 2*) when ¢ > 0 (see
Figure 1).

5. The BV solutions corresponding to U.(r) = |z| + %25, with ¢ %/187 — oo,
are energetic solutions.

Step 1. We start with the discretized solutions. Let ¢ > 0 and 7 > 0 such that 7 — 0

and e~%/187 — 0o, To compute the discretized solution x7(t), it suffices to calculate x; :=

x™4(t;) with tg =0 and t; = i/N for i = 1,..., N. Here N € N satisfies 1 € [TN,7(N + 1)).
The sequence {x;}¥, solves the incremental problem

5
: £
x; € argming g {&(t;, x) + | — 21| + ;|x —x;4|%}

wheni=1,..., N.
When ¢ = 1, since xy = 0, x; is a minimizer for

Fi(x) =&(t1,z)+ |z| + 75__21'6 = (1 + €)2b — rat.

with e := ¢/7. A direct computation shows that

" 2T

Ty = —_—.

! 3(T + €%)

In the following, we shall consider the case x1 = 3(T2J:e5). The other case can be treated in

the same way.
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Step 2. We show that if 0 < 27 < /2/3, then for all i = 1,2,..., N

0<wmi <z <+/2/3
and

We assume by induction that z;_; < 1/2/3. Recall that, for any ¢ = 2, ..., N, x; is a minimizer
for
FQ(SL’) = (ga(tl, SL’) + |l’ — Q3i71| + 65’13 — ;UZ',1|6
= t;(2® —2*) — |z| + |z — 21| + | — 34]%
We shall show that z; > z; 1. If z; < 0, then Fy(x;) > Fy(—x;) because ;1 > 0, which

contradicts the fact that z; is a minimizer for F5. Thus z; > 0.
Now using —|x| + |x; — x;_1| > —x;_1, we obtain

Fy(z) > g(x;) with g(z) = t;(2® — o) — 251 + €’ (z — 2;_1)"
The minimization problem inf,>( ¢g(x) has a minimizer y > 0 which satisfies the equation
t;(6y° — 4y°) + 6€°(y — z;_1)° = 0.

It is easy to see that z; ; < y < /2/3. In fact, if y < 2,1 < /2/3, then both 6y° — 4y?
and (y —x;_1)° are strictly negative, which is a contradiction. Similarly, if y > \/ﬂ > Tiq,
then both 6y° — 4y3 and (y — x;_1)° are strictly positive, which is also a contradiction. Thus
i1 <Y< \/ﬁ

Therefore, Fy(x;) > g(x;) > g(y) = F(y). Therefore, we must have z; = y € [2;_1,1/2/3]
and z; satisfies the equation (4.2)).

Step 3. Fix § > 0. We shall show that for ¢ and 7 small and £~2°/'®7 large, we have

.Z‘L—F(SZ \/2/3,

for all L > 0N.
We assume by contradiction that zp < 1/2/3 —§. From (4.2) we have

‘. 1/5
Ti— Xj—1 = (6;5 |67 — 4$?’) :

For any 1 <i < L, one has z; < z; < 1/2/3 — 0. Therefore,

627 — 4a?| = 27 (4 — 627) > .

(593%) 1/5
Ti— Ty 2

Thus

6e®
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for all = 1,2,..., L. Taking the sum we obtain

L 1/5 1/5 L, .\ 1/5
Szt dxiT i
> ! = L8511 Z
IL—;(fseeﬁ) <6e5> iZIL
1/5
1 (5:&;) / 76/5 /1 /54
6e 0

2
1 5 (dxir 1/ 6/5
= 32 6\ee ) U

Here we have used that

v

when L is large enough, since

L i 1/5 1
lim L' (—) = / s'/5ds.
L—oo P L 0

Finally, replacing L > 0N = §/7, x1 > %\/T/€5 and e = ¢/7, we obtain

for a constant Cs > 0 independent of ¢ and 7. However, this inequality contradicts the
assumption that e=2*/187 — co. Thus we must have z; + 0 > /2/3 for all L > §N.

—25/18

Step 4. After passing to the limit as 7 — 0 and & T — 00, we obtain a BV solu-

tion xz(-) satisfying
V2/3—0<z(t)<+/2/3
for all 1 >t > 6 > 0. Therefore, we get z(t) = 1/2/3 for all t € (0, 1].

Similarly, if we have z; < 0 in Step 2, then we get the BV solution z(t) = —+/2/3 for all
t € (0,1]. The two BV solutions are precisely the energetic solutions obtained before.

Numerical computation. To verify the above theoretical argument, we can compute
the discretized solution z™(¢) by using Maple-software as follows.
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Program.

tau := 0.0001; e = 20; N := 1/tau;

fi=s%(20 =29+ (2 —a)’ * €

for i from 1 to N do
t[i] := i x tau;

end do;

z[1] == fsolve(subs(s = t[1],a = 0,dif f(f,z)), z = exp(—20)..2);

for i from 2 to N do

zli] := fsolve(subs(s = tli],a = z[i — 1], dif f(f,2)), 2z = exp(—20)..2);
end do;

plot([seq([t[il, x[i]], i = 1..N)]);

Result.

02
07 -
06 -
0.5
ut) n.4-
03+

0.2 5

0.1+

0 7T T—TT
01 02 03 04 05 06 0F 08 09 10
t

Figure 3. The discretized solution x™¢(t) solution with viscosity 5
when 7 = 0.0001 and € = 0.002.

6. The BV solutions constructed by epsilon-neighborhood are energetic solu-
tions.
Step 1. Let ¢ > 0 and 7 > 0 be small. Let us compute the discretized solution x=7(t).

100



Denote zq := 0, it suffices to calculate z; := x°7(¢;) with ¢; = i/N for i = 1,..., N. Here
N € Nis such that 1 € [N, 7(N + 1)).
By definition, for all : = 1,2,..., N, the value z; is a minimizer for the functional

(b@(tz,l') + |§C — Ii,1|

over x € [z;_1 — &, 2,1 + €.
Since g = 0, z1 is a minimizer for the functional

Fl(J?) = éa(tl,l') + |CL'| = t1($6 — $4)

over x € [—¢,¢]. It is easy to verify (see Figure 1), if ¢ < /2/3, then x; = *e.
In the following, we shall concentrate on the case x; = €. The other case can be treated
in the same way.

Step 2. We show that if 1 > 0, then

x; = min{x;_; +¢,1/2/3}

for all i = 1,2,..., N. By induction, we can assume that ¢ < z;_; < 1/2/3. Recall that z; is
a minimizer for

FQ(I‘) = (/j@(tl,.ﬁ) + |ZL’ - Ii_1’ = tl(lﬁ — I4) - ‘$| + |$ - IZ’_1|

over [z;_1 — €, x;_1 + €]. Using the inequality —|z| + |z — x;_1| > —x;_1 and the properties

of the function 2% — 2 (see Figure 1), we have

Fy(x) > ti(2® — ) — i1 > 1:(y° — y*) — 21 = F(y)

with y := min{x;_; + €,4/2/3}, for all © € [x;1 — e, 2;_1 + €]. Therefore, we must have

x; =y =min{x;_1 +¢,/2/3}.

Step 3. Now we fix ¢ € (0,4/2/3] and passing to the limit when 7 — oo, we see that
the limit z° of 27 is

2°(0) = 0, 2°(t) = \/2/3 for all t € (0, 1].

Similarly, if in Step 2 we assume x; < 0, then we get the epsilon-neighborhood solution

25(0) = 0, 2°(t) = —\/2/3 for all t € (0, 1].

In fact, these limits are independent of ¢ and they are precisely the energetic solutions.
Hence, when we take the limit when € — 0, we get the same functions. O]

2 Example

Example 4.2. Consider the system defined by the energy functional
Et,r) =2 —2*+0325+t(1—2%) —|z|, t€]0,2], v€R,

the dissipation function ¥(x) := |z|, and the initial value xy := 0. We have
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(i) The energetic solutions constructed by time-discretization satisfy either

/10 + /10 + 907 .
— 3 if ¢t >

1/6

x(t)=0 if t<1/6, 2(1/6) € {0,/5/3}, z(t)

or

1/6.

() =0 if t<1/6, 2(1/6) € {0,—/5/3}, z(t) = — V10 + ng 0 e

These solutions jump at t = 1/6. This jump point is not reasonable (the reasonable
jump is at ¢t = 1). These energetic solutions are not BV solutions.

(i) The BV solution corresponding to the viscous dissipation U, (z) = |z| + ex? is

z(t) = 0 for all ¢t € [0,2].

(iii) The BV solutions constructed by epsilon-neighborhood satisfy either

V10 + /10 + 90¢ .
= 1
3

z(t)=0 if t <1, x(t) 1

or

z(t)=0 if t<1, z(t) =

10 + /10 4+ 90¢
—\/ +3 + ift>1.

The jump point at ¢ = 1 is reasonable. These BV solutions do not satisfy the energy-
dissipation balance (ED).

Proof. 1. Energetic solutions via time-discretization.
Step 1. Fix a time step 7 > 0. To find the discretized solution z7(t), it suffices to calculate
x;:=a7(t;) where 0 =tg < --- <ty <landt;—t; y =7foralli=1,2,... N.Here N € N
satisfies 1 € [TN,7(N + 1)).

We have g = 0 and for all e = 1,2,..., N, z; is a minimizer of the functional

Fi(z) = &(ti,x) + | — 41|
over z € R.
Step 2. Let us fix t € (0,2] and consider the functional
F(x) =&t x) +|z] =2* — 2 +0.32° + t(1 — 2°), z €R.

We have
F'(x) = 2(2 — 2t + 42° + 1.8 2").

When t < 1, F(z) has five critical points

i\/10 + /10 + 90t
; .

=0 and z =
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Among these five critical points, there are three local minimizers
r=0 and x = ty(t),

where

J(t) = /10 + /10 + 90¢
= ; .

On the other hand, when ¢t > 1, F/(x) has three critical points x = 0 and x = +y(t), among
those critical points there are two local minimizers x = £y(t).
Note that

1
F(xy(t)) — F(0) = %(10 + V10 4+ 90t)(8 — 18t — /10 + 90t),
which is positive if ¢ < 1/6 and negative if ¢ > 1/6.

Thus we can conclude that if ¢ < 1/6, then F' has the unique minimizer x = 0, and if
1/6 <t <2, then F has two minimizers at +y(t). Moreover, if ¢ < 1, then x = 0 is a local
minimizer for F'; and if £ > 1, then x = 0 is a local maximizer for F.

25

0.4

Figure 4. The function F(x) with ¢ = 1/6.
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Figure 5. The function F'(x) with ¢t = 1.2.

Step 3. Recall that x; minimizes the functional
E(ty,r) + || =2 — 2" +032° + t,(1 — 2%), 7 €R.

From the analysis of F'(x) above, we have z; = 0.
More generally, if x;_; = 0, then z; is a minimizer for the functional

E(ti,x) + || =2 —2* +0.32° + ;(1 — 2?), z€R.
Thus we have x; = 0 if t; < 1/6; z; € {Fy(t,)} if t; > 1/6; and z; € {0, +y(t,)} =

{o,i\/%} if t;, = 1/6.

Step 4. Next, we show that if x; 1 = y(t;_1) > 0, then z; = y(¢;) (similarly, if z; ; =
—y(ti—1) <0, then x; = —y(¢;)). Recall that z; is a minimizer for the functional

Fi(z) == &(t, ) + |v — 21| = 2% —2* + 0325 + ;(1 — 2%) — |2| + |2 — 244

over R. If x < 0, then F;(x) > F;(—x) since x;_; > 0. Hence x; > 0. Using the inequality
—lz| 4+ |x — z;-1] > —x;—1 we have

Fi(z) > g(x) = 2® — 2" + 0.32° + ;(1 — 2°) — 2;_1.

By the same analysis of F' and the fact that ¢; > ¢;,_; > 1/6 (since x;_; # 0), we can con-
clude that the minimization problem inf,>q g(z) has the unique minimizer y(t;). Moreover,
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g(y(t;)) = Fi(y(t;)). Therefore, we must have x; = y(t;).

Step 5. Taking the limit of the sequence x7(¢) when 7 — 0, we can see that the ener-
getic solution satisfies either

x(t) =0 if t€[0,1/6), 2(1/6) € {0,/5/3}, x(t) = y(t) if t € [1/6,2],
z(t) =0 if t€0,1/6), z(1/6) € {0,—/5/3}, x(t) = —y(t) if t € [1/6,2].

Remark. These solutions jump at ¢ = 1/6, from = = 0 to z = £/5/3. However, according
to Figure 4, we can see that the jump at ¢ = 1/6 is not reasonable since along the jump
step there is some moment, the energy plus dissipation is increased.

2. The energetic solutions constructed above are not BV solutions.
Let us consider the jump point ¢ = 1/6. We shall show that if z(+) is an energetic solution
constructed in Step 1, then at t = 1/6,

Et,x(th)) — &, x(t7)) > —Apew(t, z(t7), z(tT)).
In fact, a direct computation gives us at ¢t = 1/6,

Et,x(t)) — &t z(t7)) = £(1/6,1/5/3) — £(1/6,0) 5/3.

On the other hand, at ¢ = 1/6 we have

V15/3 9
Apew(t, z(t7),z(tT)) = / max {1, |§y — 4y 4+ 1.8y° — 1|} dy
0
\f/3 @ 2
= / 1dy + / (—gy + 4y — 1.8¢° + 1)dy
0

% \/_\/_185\/—

486 3 3 486 +
Thus, &(t,x(t7)) — E(t, 2(t7)) > —Anew(t, z(t7), z(t1)) at t = 1/6.

3. BV solutions corresponding to the viscous dissipation V_(z) = |z| + ex?.
We construct the BV solutions via vanishing viscosity with the viscous term ez?. Let
e >0 and 7 > 0 satisfy e := ¢/7 > 2. For t € (0, 2], we consider the function

F(x) =&t x) + |z +elzf =t+ (1+e—t)2*> —2* +0.32° 2 €R.

Since 1 +e —t > 1, one has

Flz)>t+a2>—2* 40325 =t + x+<\/7x—\/7 > = F(0).

Thus F' has the unique minimizer z = 0.
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Consequently, the discretized solution 27 is identically equal to 0. Therefore, after pass-
ing to the limit, this BV solution is also identically equal to O.

4. BV solutions by epsilon-neighborhood.
Step 1. Let ¢ > 0 and 7 > 0 be small. To compute the discretized solution =7 (t), it suffices
to calculate xz; := z°7(t;) with t¢ = 0 and ¢; = i/N for i = 1,...,N. Here N € N is such
that 1 € [TN,7(N +1)).

By definition, for all : = 1,2,..., N, the value x; is a minimizer for the functional

Fi(z) ==&ty x) + o — 2| = 2* — 2 +0.32° + (1 — 2%) — |z| + |2 — 24|
over x € [x;_1 —¢&,x;_1 + €.
Step 2. In particular, if z;_; = 0, then z; is a minimizer for
Fi(z) = 2® —2* + 0325 + t;(1 — %)

over x € [—¢,¢].
If t; < 1, then Fj(x) has a local minimizer at x = 0 (see Figure 4) and the distance from
0 to the closest critical points of Fj is

V10— I0+90f, 1 [100 — (10 + 90¢;) - [1—1t;
10 + /10 +90¢; — 2

3 -3
Therefore, if ¢ < y/(1 —t;)/2, then = 0 is the unique minimizer for F;(x) on z € [—¢,¢].
Hence z; = 0. By induction, we can conclude that if ; < 1 — 2¢2, then z; = 0.

Step 3. We show that if t; € [1 — 2¢2,1], then z; € [—y(t;),y(t;)]. By induction, we
can assume that z;_1 € [—y(ti—1), y(ti—1)]-

We assume by contradiction that z; > y(¢;). Because z;_1 < y(t;i-1) < y(t;) < x; <
xi—1 + €, there exists a € (y(t;),x;) N [x;-1 — €,x;—1 + €]. Then using the fact that the
function z — 2% — 2% 4+ 0.32° + ¢;(1 — 2?) is strictly increasing on [y(t;), 00) we have

Fi(z;)) = af —a} +032% +;(1 — 2?) — 24

)

> a’ —a* +0.3a° +t;,(1 — a®) — 2,1 = Fy(a).

This contradicts the assumption that z; is a minimizer for F;(z) over x € [z;,_1 — &, x;_1 + €.
Thus we must have z; < y(t;). In the same way we obtain x; > —y(t;).

Step 4. Now assume that ¢; € (1,2] and ;.1 € [—y(ti—1),y(ti1)]. We show that if
xi—1 = 0, then z; € {%e}; if x;_1 € (0,y(t;—1)], then z; = min{x; 1 + €,y(¢;)}; and if
xi—1 € [—y(ti—1),0), then x; = max{z;,_1 — e, —y(t;)}.

Case 1. If x;_1 = 0, then x; is a minimizer for

Fi(z) =2 — 2" +0.32° + ;(1 — 2?)

over x € [—¢,¢|. Since x = 0 is a local minimizer for F; and x — F;(z) is a strictly decreasing
function on z € [—¢, ] (see Figure 5), we have x; = +e.
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Case 2. We consider the case when ;1 € (0,y(t;—1)]. Recall that x; is a minimizer for
Fi(z) =2 —2* +0.32% +;,(1 — 2?) — || + |2 — 24|
over [x;_1 — &, 2,1 + €|. Using the inequality —|z| + | — z;_1| > —x;_1, we have
Fy(x) > g(x) with g(z) := 2% — 2* +0.32°% +¢,(1 — 2%) — z;_;.

Since in the interval z € [z;,_1 — e, x;—1 +¢], g(x) has the unique minimizer z; := min{z;_, +
g,y(t;)} (see Figure 5), then

Fi(zi) > g(x:) > g(:) = Fi(73).

Thus we can conclude that x; = Z; = min{z,_1 + &, y(t;) }.
Case 3. If 2,1 € [—y(t;—1),0), then similarly to Case 2, we have z; = max{x;_; —

e, —y(t:)}-

Step 5. Taking the limit 7 — 0, we obtain that the epsilon-neighborhood solution z°(-)
satisfies z°(t) = 0 if ¢ < 1 — 2¢? and either z°(t) = y(t) or 2°(t) = —y(t) for all t € (1,2].
Taking the limit e — 0, we obtain that the BV solution constructed by epsilon-neighborhood
satisfies that x(t) = 0 if £ € (0,1) and either z(t) = y(¢t) or z(t) = —y(t) for t € (1,2).
Remark. Thus the BV solutions constructed by epsilon-neighborhood jump at ¢t = 1, from
0 to +y(1) = +£v/20/3. This jump is reasonable since 2 = 0 is a local minimizer for the
corresponding functional if ¢ < 1 (see Figure 4), and = = 0 is a local maximizer when ¢ > 1
(see Figure 5).

5. The BV solutions constructed by epsilon-neighborhood do not satisfy the
energy-dissipation balance (ED).

We consider the solution z(¢) = 0 if ¢t € (0,1) and z(t) = y(t) if t € (1,2). The other
solution can be treated in the same way.

Indeed, at the jump point ¢ = 1, one has

Alt,a(t),2(th) = |e(t7) — 2(th)] = 222

On the other hand, a direct computation gives us at t =1,

£t 2(t)) — E(t 2(t)) = E(1,v/20/3) — £(1,0) = — 220 _ V20

243 3
Therefore,
Et,a(t™)) = Eta(t™)) < —A(t,z(t7), x(tT)).
Thus the solutions z(-) do not satisfy the energy-dissipation balance. O
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3 Example

Example 4.3. Consider the system defined by the energy functional

3
E(t,x):=t (% — Z]x\ + |z + 1]+ |x—2|> —lz|, t €]0,1], x € R,
the dissipation function W(z) := |z|, and the initial value zy := 0. We have

(i) The energetic solutions constructed by time-discretization are
2(0) =0 and z(t) = —1 for all ¢t € (0, 1],
and
2(0) =0 and z(t) =2 for all t € (0,1].
The jump point ¢t = 0 is reasonable. These energetic solutions are also BV solutions.
(ii) The BV solution corresponding to the viscous dissipation ¥, (z) = |z| + ex? is
2(0) =0 and z(t) = —1 for all ¢ € (0,1].

The BV solution corresponding to

o(x) = |z| + ex? if © >0,
)= |w|+45x2ifz§0,

satisfies either z(t) = —1 for all ¢ € (0,1}, or 2(t) = 2 for all ¢t € (0, 1].
The BV solution corresponding to

. (2) |$|+€x21f:v20,
e\ L) = .
|z| + 5e2? if 2 <0,

satisfies that x(t) = 2 for all t € (0,1].

(iii) The BV solution constructed by epsilon-neighborhood with the usual neighborhood
I.(a) =[a—¢e,a+¢elis

2(0) =0 and z(t) = —1 for all ¢t € (0,1].

The BV solution constructed by epsilon-neighborhood with the neighborhood I.(a) =
la —e,a+ 3¢] is

2(0) =0 and z(t) =2 for all t € (0,1].

The BV solution constructed by epsilon-neighborhood with the neighborhood I.(a) =
l[a — €, a + 2¢] coincide with the two above solutions.
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Proof. 1. Energetic solutions.
Step 1. Taking a small time step 7 > 0, we find the discretized solution z7(t). It suffices to
calculate x; := 27(t;) where 0 =ty < -+- <ty <landt;—t;y =7 foralli=1,2,...,N.
Here N € N satisfies 1 € [TN, 7(N + 1)).

Recall that for all i = 1,2,..., N, x; is a minimizer for the functional &(¢;, x) + |z — ;1|
over rz € R.

Step 2. Since zo = 0, 7 is a minimizer for the functional

r 3
Fi(z) = &(t,x) + x| =t (Z - Z]m| +lz+ 1|+ |x— 2|>

over € R. A simple computation shows that z; € {—1,2}.

o)

Figure 6. The function Fi(x)/t;.

Step 2. We show that if x;_; = 2, then x; = 2. In fact, x; is a minimizer for the functional

FQ(Z’) = (g(tz,l') + ].75 — ,1'1;1’ = tl (f

3
4—Z]x|+\x+1\+\x—2\)—|x\—|—|x—2[

over € R. Using the inequality —|z| + |x — 2| > —2 and the properties of the functional
Fy (see Figure 6) we have

t; t;
Fy(z) = EFl(JJ) — o[+ |z 2] > EFl(Q) —2=I5(2)
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for all z € R. Moreover, x = 2 is the unique minimizer for F, over R. Thus x; = 2.
Similarly, we can show that if x;_; = —1, then z; = —1.

Step 3. Taking the limit when 7 — oo, we see that the energetic solution is either
z(0) =0 and z(t) = —1 for all t € (0, 1],

or
2(0) =0 and z(t) =2 for all t € (0,1].

Remark. From Figure 6, we can see that the jump point ¢t = 0 is reasonable.

2. Energetic solutions are also BV solutions.
We consider the case when z(t) = 2 for all ¢ € (0,1], and the other case can be treated
in the same way. We need to show that at the jump point ¢ = 0 one has

Et,z(tT) =&t z(t7)) = —Dnew(t, z(t7), z(tT)).
By a direct computation at t = 0, we have
Et,z(tT) =&, z(t7)) = &£(0,2) — &£(0,0) = —2

and
Bpeultt),2() = [ max{LL]0.6 (0]}
_ /0 max{1,| — 1[}dy = 2.
Thus, &(t, 2(t+)) — €t 2(t7)) = —Anen(t, 2(t7), (7)) at t = 0.

3. BV solutions constructed by vanishing viscosities V..

Let ¢ > 0 and 7 > 0 satisfy e := ¢/7 > 1. We choose t; = i/N for i = 0,..., N, where
N € Nis such that 1 € [TN,7(N +1)). To compute the discretized solution x™¢(t), it suffices
to calculate x; ;== x™(t;), where o = 0 and z; is a minimizer for the functional

T

Fi(z) = &(ti,x)+ 1Y, (m)
over z € R. Then we take the limit when ¢ — 0, 7 — 0, and e := /7 — +o0.

(a) We consider ¥ (z) = |z| + ez?. We shall show that if z; ; € [-1,0], then

t;
T; = max{—l,xi_l — —}
2e

forall  =0,1,..., N. We distinguish three cases.
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Case 1. If z € [—1,0] we have

Fi(r) = ti(x+3)—|o|+ |z — 21| +elr —21)?

> ti(z+3)+ a1 Felr —x )
2

2
t; -
= — T+ — | iz +3) i — -
e(x x126> (i1 )x146

. 2

2
#
> Ti — Tic1 + 5= ti(@i1+3 i1 — — = F(z;
> e(:v x 1+26) +ti(xio1 +3) +xig he (7)

where Z; := max{—1,z;,1 — t;/(2e)}. Moreover, the equality holds if and only if x = 7;.
Case 2. If x < —1, we have

E(ZL‘) = tz(l - l’) +x,1 + 6(1‘ - $i_1)2
> 2+ 3o + 6(1 — Ii,1)2 = FZ(—l)

Case 3. If x > 0, then

T
Fi(x) =t <—§—|—|x+1|—|—]a:—2]>—xi,l—l—er
>t <—g + 3> ti —xi_1 + 6(37 - 513'2',1)2
£ 2+ iy + 3t t
= e\TXr —Tj—1 — — - — Ti— P
" e 2 ! 16¢

S + 3t L > Fy(%)
5 Ti— i i\Li)-
= ! 16e

Thus we can conclude that Fj(z) has the unique minimizer z;. Consequently, x; = z; =
max{—1,z;1 —t;/(2¢)}.

After taking the limit when € — 0,7 — 0 such that e = ¢/7 — oo, we can see that the
BV solution x(-) satisfies that xz(t) = —1 for all t € (0, 1].

(b) Now we consider

|z| + ex? if © >0,
. (z) =
(@) { |z| + dex? if 2 <0,

Step 1. We show that x; € {—t1/(8¢),t1/(4e)}. Recall that z; is a minimizer for

3
ty (f—1|m|+|x+1|+|x—2|>+ex2 if z >0,

Fy(z) !
1\r) =
3
h (E_Z|x|+|x+1|+|f—2|)+4ex2 if z<0.

Similarly to the above argument, we distinguish three cases.
Case 1. If z € [—1,0] we have

t\” 2 £
Fi(z) = D) opst - L >3- L
(@) (I+ 86) L TP T
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and we have the equality if and only if = —t; /8e.
Case 2. If x < —1, we have

Fi(z) = t1(1 — 2) + dex® > 2t; + 5e.
Case 3. If x > 0, then

T
Fi(x) = t (———|—|x+1|+|x—2]>—|—ea:2

2
L 2
> tl(—§—i—3>t1—i—e:€
2 2
— _ = 3t — L
e(m 46) ol 16e
t2
> 3t — —
- ! 16e

and the equality occurs when = = t/(4e).
Thus z; is either —t;/(8e) or t;/(4e).

Step 2. By distinguish three cases as above, we can show that if z;_; € [—1, —t;/(8¢)], then

T; = max —1,33'@',1 — 8_ )
e

L
T; = min {2,xi_1 + —} )

and if x;_; € [t1/(4e), 2], then

4de

Step 3. Taking the limit when ¢ — 0,7 — 0 such that e = ¢/7 — 00, we can see that the
BV solution x(-) satisfies either x(t) = —1 for all ¢ € (0, 1], or z(t) = 2 for all ¢t € (0, 1].

(c) We consider

2| + e2® if z >0,
U (z) =
(@) { |z| + 5ex? if 2 <0,

By similar computation, we can show that z; = ¢;/(4e) and

2
T; = min {2,:101-_1 + —} )
4e

Hence, by taking the limit when € — 0,7 — 0 such that e = ¢/7 — 0o, we can see that the
BV solution x(-) satisfies that x(t) = 2 for all t € (0, 1].

4. BV solutions constructed by epsilon-neighborhood.
Let € € (0,1/2) and let 7 > 0 be small. Let ¢; =i/N for i =0,..., N, where N € N is such
that 1 € [N, 7(N + 1)).

To compute the discretized solution z=7(t), it suffices to calculate z; := 2°7(¢;). Recall
that for all i = 1,2,..., N, the value z; is a minimizer for the functional &(t;, z) + | — z;_1]
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over z € I.(x;_y).
(a) Let I.(a) :=[a—¢€,a+¢].
Step 1. Since xg = 0, x7 is a minimizer for the functional

r 3
Fi(z) :=&(t,x) + x| =t (Z — 1|:U| +lz+ 1|+ |z — 2|>

over x € [—¢,¢]. Note that when z € [—1,2], we have |z + 1| + |z — 2| = 3. Therefore

r 3
Hence, a simple comparison shows that z; = —¢ (see Figure 6).

Step 2. Next, we shall show that if z; _; € [-1, —¢], then
r; = max{—1,z,_1 — e}.

In fact, x; is a minimizer for the functional

Fy(a) = E(ti,x) + |2 = t, (E

3
4—Z|x|+|x+1|+|m—2|> —|z| + |z — x|

over r € [x;_1 — ¢, 2;_1 + €]. Using the inequality —|z| + | — x;_1| > —|z;_1] = 21, we
obtain

Fy(z) > g(x) with g(x) :=t; (%

3
— Z_1|;1;\ +lz+ 1|+ \:U—2|) +xig.

Note that when = € [r;1 — &,2;-1 + €] C (—00,0], g(z) has the unique minimizer z; :=
max{—1,z;_1 — e} (see Figure 6). Moreover,

Fy(:) = g(2:) = g(7:) = Fo(Ts).

Therefore, we must have z; = 7; = max{—1,z,_1 — ¢}.

Step 3. Taking the limit 7 — 0, we obtain the epsilon-neighborhood solution
z°(0) =0, 2°(t) = —1 for all t € (0, 1].

Since the solution z¢ does not depend on € € (0,1/2), when taking the limit ¢ — 0 we get
the same solution.

(b) Let I.(a) :=[a —¢&,a + 3¢].
Since g = 0, z1 is a minimizer for the functional

r 3
Fle) = 8,0+ 1ol =t (§ - Jlel + o+ 1112 —21)

over z € [—¢,3¢]. A simple comparison shows that z; = 3¢ (see Figure 6).
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By the same argument as in the above proof, we can show that if z;_; € [3¢, 2], then
x; = min{2, ;1 + 3¢}.

Therefore, after passing the limit when 7 — 0, we obtain the epsilon-neighborhood
solution
2°(0) =0, 2°(t) =2 for all t € (0,1].

Taking the limit when ¢ — 0, we get the desired BV solution.

(c) Let I.(a) :=[a —&,a + 2¢].
Since g = 0, z1 is a minimizer for the functional

r 3
Fia)i= 80,0 +lal =t0 (5 = el o+ 1)+ o - 21

over x € [—¢,2¢]. A simple comparison shows that z; € {—¢,2¢} (see Figure 6).
By the same argument as in the above proof, we can show that if x; ; € [—1, —¢], then
x; = max{—1,z;_1 — e}, and if x;_; € [2¢,2], then x; = min{2, z;_, + 2¢}.
Taking the the limit when 7 — 0, we see that the epsilon-neighborhood solution z°
satisfies either
z°(0) =0, 2°(t) = —1 for all t € (0,1],

or
2°(0) =0, 2°(t) =2 for all t € (0,1].

Taking the limit when ¢ — 0, we get the BV solutions as desired. O

4 Example 4.4

Example 4.4. Consider the system defined by the energy functional

2] =1 — |z = 1]
2

é’(t,m):t( +|x—2|—1)—|m|,tG[O,l],mGIR,

the dissipation function ¥(x) := |z|, and the initial value z := 0. We have

(i) The energetic solution constructed by time-discretization is

2(0) =0 and z(t) =2 for all t € (0, 1].

(ii) All BV solutions constructed by epsilon-neighborhood (with the usual neighborhood
I.(a) = [a — €, a + ¢]) satisfy that x(-) is increasing and

z(t) €[0,1) if t € [0,t9) and z(t) =2 for all t € (tg, 1].

for an arbitrary o € [0, 1].
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(iii) Now we consider the viscous dissipation of the form ¥_(z) := |z| + e 'Wy(ex), where
U, is convex and satisfies that

lim Wo(x) = and lim o(2)

z—0 ’.%" |z]—o0 ‘.f’

=

If Ug(x) > 0 when = # 0, then the BV solution corresponding to V. is x(t) =
0 for all ¢ € [0, 1].

On the other hand, if Ug(xz) = 0 in a neighborhood of = 0, then the BV solutions
corresponding to W, are precisely all BV solutions constructed by epsilon-neighborhood.

Proof. 1. Emergetic solutions. Take a small time step 7 > 0 and let N € N satisfy
1€ [rN,7(N +1)). To find the discretized solution z7(t), it suffices to calculate x; := z7(;)
where 0 =ty < --- < ty < 1. Recall that for all : = 1,2,..., N, x; is a minimizer for the
functional &(t;,z) + |x — x;-1| over x € R.

In particular, since xg = 0, x; is a global minimizer for the functional

2 =1 — [z -1

Fi(z) =t g(x) with g(z) := .

+lz—2/—1.

A simple calculation (see Figure 7) shows that z; = 2.

DE T T T T T T T T

0.4

0.2

202

0.4

0.6

0.8

Figure 7. The function g(z) = Fi(z)/t;.

Next, we shall show that if z;_; = 2, then x; = 2 for all > 1. In fact, x; is a minimizer
for the functional
Fi(z) = tig(x) — [z + |z — 2|

115



over € R. Using the inequality —|z| + |z — 2| > —2 and the same analysis of F}, we have
Fi2) > tig(e) =2 > t1g(2) — 2 = F(2)

and the equality occurs if and only if = 2. Therefore, x; = 2.
Thus z; = 2 for all + > 1. Hence, after passing the limit 7 — 0, we get the energetic
solution z(t) = 2 for all ¢ € (0, 2].

2. BV solutions constructed by epsilon-neighborhood I.(a) = a + I.(0).

Let ¢ > 0 and 7 > 0 be small. Let t; = i/N for i = 0,...,N, where N € N satisfies
1 € [TN,7(N + 1)). We need to compute the discretized solution x=7(t) by calculating
x; = x°7(t;), where the value x; is a minimizer for the function

over z € I.(x;_1).

Step 1. We show that if sup I.(x;_1) < 1, then x; can be chosen arbitrary in [x;_1,1] N
Ig(xi_l).
First, notice that —|z| 4+ |x — x;_1| > —z;_1 and we have the equality if and only if
x > x;,_1. Hence,
Fi(z) > tig(x) — 21 > inf  g(a) — 2,

acl, (ac,-_1)

for all z € I.(x;_1). Due to the properties of g(x) (see Figure 7), we have

inf  g(a) =g(y)

a€le(zi—1)

for any y € [x;_1,1] N I.(x;—1). Thus we can choose x; arbitrarily in [z;_1, 1] N I-(z;_1).
Moreover, if x < ;_1, then using the strict inequality —|z|+|z—x;_1| = ;21 =22 > —x;4
we have
Fi(z) > tig(w) — i1 > tig(zioy) — w1 = F(2).

Therefore, we cannot choose x; < z;_1. Thus all possible choices of z; are x; € [z;_1,1] N
15(331‘—1)-

Step 2. We show that if sup I.(x;_1) > 1, then
x; = min{2,sup I.(z;_1)}.

In fact, since the variational problem inf,cr (s, ,)g(x) has the unique minimizer at a; :=
min{2, sup I.(z;_1)}, we have

Fi(z) > tig(a;) — vi1 = Fia;)
and the equality occurs if and only if 2 = a;. Thus x; = a; = min{2, sup I.(z;,_1)}.
Step 3. Note that with the assumption I.(a) = a + I.(0), we have sup I.(z;—1) = x;_1 + .

where 6. := sup [.(0) > 0. Hence, after passing to the limit 7 — 0, and then ¢ — 0, we
obtain all BV solutions constructed by epsilon-neighborhood as desired.
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3. BV solutions constructed by an arbitrary viscous dissipation V.(z) = |z| +
e Wy(ex) with a convex function ¥, : R — [0,00) satisfying lim, ,o Uo(z)/|z| = 0
and lim,|_,o Yo(z)/|2| = oco.

Let ¢ > 0 and 7 > 0. We choose t; = i/N for i = 0,...,N, where N € N is such
that 1 € [TN,7(N + 1)). Let U.(z) := |z] + e '¥y(ex) for some given convex function
Uy : R = [0, 00) satisfying lim, 0 Wo(z)/|2z| = 0 and lim;)—,e Yo(x)/|z| = co. To compute
the discretized solution x7°(+), it suffices to calculate z; := x™°(¢;), where x; is a minimizer
for the functional

fﬂ@:=<ﬂm@+7%(ﬁgﬁi)
= tig(x) — |z + |z — zia| + e ole(r — zi-1))

over x € R, where e := ¢/7. BV solutions z(-) are obtained from the discretized solution
x™¢(+) after taking the limit as 7 — 0, ¢ — 0 and e — 0.

(a) We consider the case that Vy(z) > 0 if 2 > 0. We shall show that in this case
the unique BV solution is z(t) = 0 for all ¢ € [0, 1].

It suffices to show that if e := ¢/7 is large enough, then z; = 0 for all ¢ > 0. By induction,
we can assume that ;1 = 0 and z; is a minimizer for the functional

Fi(z) = tig(x) + e "W (ex)

over x € R. We have F;(0) = 0. If z # 0, we distinguish two cases.

Case 1. If 0 < z < 1, then using the inequality g(z) > ¢(0) and ¥y(ex) > 0, we obtain
Fix) > 0 = F(0).

Case 2. If x > 1, then using the inequality g(x) > g(2) we have

Fi(z) > g(2) + e "Wy (ex).
Since lim|;| 00 Yo(2)/|2| = 00, for e large enough we have

Uy (ex)
ex
Therefore, F;(z) > 0= F;(0) for all z > 1.
Thus the unique minimizer for F; is x = 0. Hence x; = 0. Consequently, the unique BV
solution is z(t) = 0 for all ¢ € [0, 1].

> 19(2)]-

(b) We consider the case when ¥((z) = 0 in a neighborhood of 0. We shall show
that the BV solutions in this case are the same with all BV solutions constructed by epsilon-
neighborhood.

Let 0 := sup ¥y '(0), namely § > 0 is the largest number such that Wy(d) = 0. Let &' > 0
be an arbitrary small number. Note that both § and ¢’ are independent of € and 7.

Step 1. We show that if x;_; € [0, 2], then x; > z;_;.
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In fact, if x; < x;_1, then using the inequalities Wy > 0, —|z;| + |z; — 21| = ©i-1 — 22, >
—x;_1, and g(x;) > g(z;—1) (since g(z) is decreasing in (—o0, 2], see Figure 7), we have

FZ<I1) = tzg(l’l) - |JI1| + |$1 - «771'—1' + 671‘110(6 («Tz — xi—l))
> tig(xic1) — xio1 = Fi(wq).

This contradicts the assumption that Fj(z;) = inf,er Fi(z). Thus x; > ;1.

Step 2. We show that if z;_; + de™! € (1,2], then z; > x;_; + de~ L.
If #; < z;_1 + de~ !, then using the inequalities —|z;| + |z; — x;_1| > zi_1, Yo > 0, and
g(z;) > g(x;_1 + de™!) (since g(x) is strictly decreasing in [1,2], see Figure 7), we obtain

E(l’z) > tz‘g(l’i_l + 56_1) —Ti1 = Fi<l’i_1 + (56_1).

This contradicts the assumption that Fj(z;) = inf,er Fi(x). Thus x; > x;_1 + de?

Remark. Note that although the number de~! is small, we have

NTo )
> — — 0

Née™ ! =
¢ e = 2

ase — 0and 7 — 0.

Step 3. We show that for any given ¢’, if e is large enough (namely e is larger than a
constant dependent only on ¢'), then z; < x;_1 + ¢ for all i > 1.
We assume by contradiction that x; > x;_; + ¢’. Then

Fi(:) = Fy(wi) = ti(g(z:) — g(wi1)) + e Wo(e(z; — zi-1)).
Note that
9(y) = 9(x) = =(y — x)

for all y > 2. On the other hand, since limpo ¥o(z)/|x| = oo, there exists L > 0
(dependent only on Wg) such that \Ifo( ) > 2x for all z > L. When e > L/d', we have
e(r; —x;_q1) > ed > L and hence

6_1\110(6(1'2‘ — $i_1>> Z 2(1‘1 — wi—l)-

Thus

Fi(z;) — Fi(zio1) > (2 —ti)(zi — 2-1) > 0.
This contradicts the assumption that Fj(z;) = inf,er Fi(z). Thus x; < ;1 + 9.
Step 4. We show that if z;_; > 2, then x; < x;_1.

We assume by contradiction that x; > z;_1. Since g(x) is strictly increasing when = > 2,
we obtain

Fz<(L’Z> = t2g<l‘l> — X1+ 671\11()(6(.%1' — xi—l))
> tig(wi1) — o1 = Fy(xi1).
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This contradicts the assumption that F;(x;) = inf,cr Fi(z). Thus x; < z;_;.

Step 5. Now taking the limit as 7 — 0, ¢ — 0 and e = ¢/7 — 00, we obtain the BV
solutions z(-). These solutions have the property that there exists to > 0 (¢, may be larger
than or equal to 1) such that z(¢) is increasing on [0, %) and z(t) € [0,1) for all ¢ € [0, t);
moreover, z(t) € [2,2 + '] for all ¢ € (¢, 1].

Since the latter property holds for an arbitrary ¢’ > 0, letting ¢’ — 0 we conclude that
the BV solutions thus obtained coincide with those constructed by e-neighborhood. O

5 Example

Example 4.5. Consider the system defined by the energy functional &(¢,z) := tg(x) — z
with g(z) := 2°sin(1/x),t € [0, 1], the dissipation function ¥(z) := |z|, and the initial value
xo := 0. Note that g(-) has a unique global minimizer z; = 0.2638367621.... Moreover,

(i) The energetic solution constructed by time-discretization is

2(0) =0 and z(t) = z; for all ¢t € (0,1].

(ii) The BV solution constructed by epsilon-neighborhood is z(t) = 0 for all ¢ € [0,1].
Here we can choose any neighborhood of the form I.(a) = a + I.(0) where I.(0) is a
closed connected neighborhood of 0 with diameter of order O(e).

(iii) The BV solution constructed by vanishing viscosity is x(¢) = 0 for all ¢ € [0, 1]. Here
we can choose an arbitrary viscous dissipation of the form W (z) = |x| + e ' Uy(ex)
where Uy : R — [0, 00) is convex and satisfies that

= Q.

Proof. 1. Properties of g. Here we list some key properties of the function g, which can
be verified by a direct computation.

First, we have g(z) = g(—x), g(0) = 0 and lim;|—,» g(x) = 0. In the region (0,00), the
set of zeroes of the function

g (z) = 5x*sin(1/z) — 2 cos(1/x)
is {z;}5°,, where each z, has multiplicity 1 and

Z1 > 29 > -+ > lim 2z, =0.
n—o0

Remark. In fact, the numbers 2! are solutions to the equation 5sin z = z cos z, which can

be computed numerically: z; = 0.2638367621..., 25 = 0.1379263106..., z3 = 0.07251993503...
ete.

As a consequence, for every n = 1,2,..., we see that zy,_1 is a local minimizer of g (in
particular, z; is a global minimizer of g) and 2z, is a local maximizer of g (see Figure 8).
Moreover, it is straightforward to check that g(z) + |z| > 0 for every x # 0 (see Figure 9).

119



00004 —

0.0002 —

T
005 010

-0.0002 —

-0.0004 —

-0.0006 —

SRS sl L)

Figure 8. The function g(z) = 2°sin(1/x).
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Figure 9. The function g(z) + |z| = 2°sin(1/z) + |z|.

Energetic solutions. Take a small time step 7 > 0 and let N € N satisfy 1 €
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[TN,7(N + 1)). To find the discretized solution z7(t), it suffices to calculate x; := 27 (¢;)
where 0 =ty < --- <ty < 1.
Recall that for all e = 1,2,..., N, z; is a minimizer for the functional

Eti,x) + v — x| =t g(x) —x + | — 224

over z € R.

First, since o = 0, x; is a minimizer for ¢, g(x) — x + |z| over z € R. Note that
g(x) > g(z1) (and the equality occurs if and only if z = +21) and —z + |z| > 0 (and the
equality occurs if and only if x > 0). Therefore,

tig(z) =z + 2] =t g(2)

and the equality occurs if and only if z = 2z;. Thus x; = 2;.
Next, since x1 = 21, x5 is a minimizer for ¢, g(z) — x + | — x| over z € R. Since
g(x) > g(z1) and —z + | — 1| > —x;, we have

tag(x) —x+ |z — 21| > tag(z1)

and the equality occurs if and only if x = z;. Thus x5 = 2;.
In the same way, we get x; = z; for all ¢ = 1,2, ..., N. Thus after passing to the limit as
7 — 0, we obtain the energetic solution x(t) = z; for all t € (0, 1].

3. BV solutions by epsilon-neighborhood.

Step 1. Let ¢ > 0 and 7 > 0 be small. Let t; = i/N for i =0,..., N, where N € N satis-
fies 1 € [TN,7(N + 1)). We need to compute the discretized solution z=7(t) by calculating
x; := x°7(t;), where the value z; is a minimizer for the function

Fi(z) =&, z) + | — x| = tig(z) — |2 + |2 — 24|

over x € I.(x;_1).
For every ¢ > 0 small, let js € N be the largest number satisfying

min{|zoj5-1 — 22|, [22j5-1 — 22552/} > 6.

Note that js — oo as § — 0.

Step 2. Now fix § > 0. For ¢ > 0 small, we have I.(0) C [—d,0]. We shall show that
the discrete solution
0 < 257(t) < 22551

for all t € [0,1]. It suffices to show that z; = 2°7(t;) € [0, 295,_1] for all i € {1,2,..., N}.
First, we show that x; > 0 for all 2 =1,2,..., N. Since xqg = 0, x; is a minimizer for the
function z — t; g(z) — x + |x| over I.(0). If x < 0, then

tiglz) —xz+ |z =t g(z) =22 > t; (g(z) —x) >0

(see Figure 9). Therefore, we must have z; > 0. By the same argument, we get x; > 0 for
allv=1,2,..., N.
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Now we show that xj, < 29,1 forall k =1,2,..., N. Assume by contradiction that x; >
2951 for some k € {1,2,..., N}. Then we can choose the smallest number i € {1,2,..., N}
such that z9;,_1 € [7;_1,2;]. Recall that z; is a minimizer of the function

over x € I.(x;_1). Since x;_; and z; belong to I.(z;_1), we have 29, 1 € [x;_1,z;] C I(x;_1).
Note that I.(x;_1) C [22/,, 22j,—2] and the function g is strictly decreasing on [z, 22j,—1] and
strictly increasing on [zoj,_1, 22j,—2|. Therefore, g(z) has the unique minimizer z,;,_; over
x € I.(z;-1). Hence, there holds

tig(x) —x + v — x| >t g(2955-1) — 22j5-1 + |22j5-1 — @i

for all x € I.(x;_1) and the equality occurs if and only if © = 25;,_;. Thus x; = 29;,_1.
Similarly, we have xj, = 29;,_1 for all k = 7,i+1,..., N. On the other hand, it is obviously
that x; < 295,_1 for every & < i —1 (due to the choice of 7). Hence, we can conclude that
xp < 29551 forall k =4,7+1,...,N.
Thus 0 < 257 (t) < 295,71 for all t € [0, 1].

Step 3. After passing to the limit as 7 — 0, we see that 0 < 2°(t) < 2351 for all
t € [0, 1], provided £ > 0 is small enough such that I.(0) C [0, d]. Then taking the limit as
e — 0, we obtain the BV solution 0 < z(t) < 255, for all ¢t € [0, 1]. Since lims_,o js = 00
and lim,,_,~ 2, = 0, we can take § — 0 to obtain that z(¢) = 0 for all ¢ € [0, 1].

4. BV solutions by vanishing viscosity.

Step 1. Let € > 0 and 7 > 0. We choose t; = i/N for i = 0,..., N, where N € N is such
that 1 € [TN,7(N +1)). Let ¥y : R — [0,00) be a convex function such that Wy(0) = 0 and
lim| 4|00 Wo(x)/|2| = 00. To compute the discretized solution x™4(t), it suffices to calculate
x; := x7%(t;), where x; is a minimizer for the function

Fi(x)=t;g(x) —z+ |z — zi1| + e " Wo(e(z — ;1))

over x € R, where e := ¢/7.

Step 2. We show that x; € [0, 2] for all i = 1,2,..., N.
Assume by contradiction that x; < 0 for some i. If we take the smallest ¢ such that
x; < 0, then z;_1 > 0. We have

Fi(zi) — Fi(wi1) = ti(g(w:) — g(zio1)) + 2|lzia| — 2|zi| + 671‘1’0(6@ —xi-1)) >0

since g(z) + |z| > 0 for all = # 0. However, it is a contradiction to the assumption that x;
is a minimizer for F;. Thus we must have x; > 0 for all 2 =1,2,..., V.

Assume by contradiction that z; > z; for some ¢. If we take the smallest ¢ such that
xr; > z1, then x;_1 < z;. We have

Fi(x;) — Fi(z1) = ti(g(x;) — g(z21)) + e (Wole(z; — zi-1)) — Vo(e(z1 — 25-1))) -

Note that g(x;) > g(z1) (see Figure 8). Moreover, since Wy is convex, Uy(0) = 0 and
Uy (400) = 400, the function Wy is increasing. Hence, Wo(e(z; — z;-1)) > Yole(z; — xi-1))
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because x; — x;_1 > z; —x;_1. Thus Fj(z;) — F;(z1) > 0. However, it is a contradiction to the
assumption that x; is a minimizer for F;. Thus we must have z; < z; for all i = 1,2, ..., V.

Step 3. Fix § > 0. We show that if e = ¢/7 is large enough, then |z; — z;_1| < ¢ for
alli =1,2,..., N — 1. We have

Fi(x;) — Fi(wio1) = ti(g(a:) — g(wim1)) — 2 + |2 — 2| + e Wo(e(z; — 25-1)).
Since z;—1 and z; belong to [0, 1], we have
ti(g(xi) — g(wi-1)) — @i + |2 — 24| < C =2 ( sglp | ()] + Zl) :
x€(0,21

On the other hand, since lim;|—,o Wo(z)/|2| = 00, if |2; — ;1] < 6, by choosing e > 0 large
enough (dependent only on §, and independent of x; and z;_1), we have

e "Wole(w; —x;1)) > C+ 1.

We thus obtain Fj(x;) — F;(x;—1) > 1 > 0, which is a contradiction to the assumption that
x; is a minimizer for Fj.

Thus we must have |z; — z;_1| < § for all i = 1,2,..., N — 1, provided that e = ¢/7 is
large enough.

Step 4. Now we use the same argument of the proof of BV solutions constructed by
epsilon-neighborhood solutions. Let js € N be the largest number satisfying

min{|zgj5-1 — 22|, [22j5-1 — 22552/} > 6.

We shall show that x; < 29,1 foralli=1,2,..., N.
Assume by contradiction that there exists i € {1,2,..., N} such that z;,_; < 29,1 < ;.
Then

Fi(x;) — Fi(z255-1) = ti(g(x:) — 9(2255-1)) + €' (Wole(w; — zi-1)) — Pole(zj5-1 — i-1))) -
Since |z; — x;_1| < §, we have
Ti—1,T; € [22j5—1 — 0, 22j,—1 + J] C [Z2j57 sz5—2]-

Since the function g(z) has the unique minimizer zo5,_1 over x € [z9;;, 22/,—2|, We get g(x;) >
9(2955—1). Moreover, Wo(e(x; — x;-1)) > Wo(e(z2j,—1 — xi—1)) since ¥y is increasing and x; —
Ti—1 > Zojs—1 — Ti—1. Thus Fj(x;) > Fj(z9,—1). However, it is a contradiction to the
assumption that z; is a minimizer for Fj.

Thus we must have z; < 295, foralli =1,2,..., N.

Step 5. After passing to the limit as 7 — 0, ¢ — 0 and e = ¢/7 — o0, we obtain the

BV solution z(-) satisfying 0 < z(t) < 295, for all ¢t € [0, 1]. Because this bound holds true
for all § > 0 and lims_,g 225,—1 = 0, we can conclude that z(t) = 0 for all ¢ € [0, 1]. O
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