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Introduction

The simplicial volume is a topological invariant of closed connected oriented
manifolds that was first defined by Gromov in the seminal article “Volume
and Bounded Cohomology” [Gro82]. This invariant is defined in the context
of singular homology: the {!-norm on singular chains naturally induces a
seminorm on homology and the simplicial volume is the value taken by this
seminorm on the fundamental class of the manifold.

An interesting feature of the simplicial volume is that it is related to
metric properties of the manifold even if its definition is purely topological.
Gromov and Thurston proved (respectively in [Gro82| and in [Thu79|) what
is known as Gromov’s proportionality principle: for every manifold that
admits a Riemannian structure, the simplicial volume is proportional to the
Riemannian volume and the proportionality constant depends only on the
metric covering of the manifold.

The purpose of the thesis is to compute the value of the simplicial volume
of the product of two surfaces following Bucher-Karlsson [Buc08B|. Using
Gromov’s proportionality principle, we will reduce to compute the propor-
tionality constant for the Riemannian manifolds covered by the product of
two hyperbolic planes. It is worth remarking that this is the unique non-
vanishing proportionality constant that is known, apart from the case of
hyperbolic manifolds.

A fundamental step in the computation of this proportionality coefficient,
and, in general, in the study of the simplicial volume is a duality theorem
(due to Gromov) that translates the problems related to the simplicial vol-
ume in a cohomological language. The bounded cohomology of a topological
space is the homology of the complex of the bounded singular cochains, i.e.
the singular cochains with finite [*° norm. It can be proved (Theorem 3.2.2)
that the duality at the cochain level between the I' norm and the I°° norm
descends to a duality between the induced seminorms in homology. This
implies that the computation of the simplicial volume (i.e. the seminorm of
the fundamental class) is equivalent to the computation of the seminorm of
the fundamental coclass.

The cohomological translation is useful not only because of the richer
structure on the cohomological ring, but also because of the relationships be-
tween the bounded cohomology of topological spaces and of groups. The the-



ory of bounded cohomology of discrete groups, studied by Ivanov in [Iva87] is,
indeed, a valid tool: many results from classical homological algebra gener-
alize to this context, and this fact allows to choose simpler resolutions whose
homology is isometrically isomorphic to the group cohomology making the
simplicial volume explicitly computable. This sort of argument will be used
in order to compute the proportionality coefficient for manifolds covered by
H? x H2.

Recently Burger and Monod (see [Mon01]) generalized the bounded group
cohomology to the context of Lie groups (or, more generally, of locally com-
pact topological groups). In this case it is important to consider also the
topology on the group and hence it is natural to study the continuous
bounded cohomology (i.e. the homology of the complex of the continu-
ous bounded G-invariant cochains). The continuous bounded cohomology
has strict, yet not fully understood, relationships with a third cohomolog-
ical theory (namely the continuous cohomology first studied by Mostow in
[Mos61]). All this theories (and the subtle relationships among them) have
important geometric applications, particularly in the study of the simplicial
volume.

For example, when we restrict to the class of locally simmetric spaces
(e.g. manifolds covered by H? x H?), the bounded group cohomology is
a key tool for an easy proof of the proportionality principle (this proof is
due to Bucher-Karlsson, [Buc0O8A|). A symmetric space (e.g. H? x H?) is
the quotient of its isometry group (that we denote by G) with respect to a
compact subgroup. Moreover the choice of a metric covering of a manifold
M induces an inclusion of the fundamental group of M in G and hence
induces, in cohomology, a map res : H*(G,R) — H*(m(M),R). Using
arguments of group cohomology, it can be proved (Theorem 3.3.10) that,
whenever we consider the continuous cohomology of G, the map res is an
isometric inclusion. Then, in order to prove the proportionality principle it
is sufficient to study the preimage of the fundamental coclass.

An useful tool for this purpose is van Est’s Theorem (Theorem 1.7.5) on
continuous cohomology. This fundamental theorem implies that the contin-
uous cohomology of a Lie group G can be computed from the complex of
the G-invariant differential forms on the homogeneous space G/K where K
is a maximal compact subgroup. In particular, starting from this descrip-
tion, it can be easily proved that res maps the class of the volume form of
H? x H?, belonging to H}(G,R), to the class vol(M) - [M]®. The propor-
tionality principle follows from this fact, moreover the proof explains what
should be computed in order to get the proportionality constant.

In this thesis we will introduce all the ingredients necessary to the study
of simplicial volume of locally symmetric spaces following the approach of
Bucher-Karlsson with a particular interest towards the computation of the
proportionality constant for manifolds covered by H? x H?2.



In the first part of the thesis we collect the algebraic prerequisites con-
cerning continuous (bounded) group cohomology. In the first chapter we
describe the theory of continuous cohomology for locally compact topologi-
cal groups that was first introduced by Mostow and Hochschild in 1960 (see
[Mos61] and [HoMo62]). We follow the exposition of Borel and Wallach that
can be found in [BoWa00|. After the combinatorial definition we develop
the useful homological approach that allows us to find many different (and
useful) complexes whose homology is the continuous cohomology of a given
Lie group. In particular we discuss the resolutions provided by the contin-
uous functions, the locally integrable functions and the functions from the
homogeneous space associated to G. All these resolutions will be useful in
the study of the simplicial volume in the second part of the thesis. At the
end of Chapter 1 we prove Van Est’s Theorem providing also an explicit
description (at the cochain level) of the map that induces the isomorphism
in cohomology.

In the second chapter we focus on the theory of continuous bounded coho-
mology as described in Monod’s monography [Mon01]. We find analogies and
differences with respect to the theory of continuous cohomology described in
the first chapter and we follow, at least in the first sections, the structure of
Chapter 1. In the second part of the chapter we depart from that treatment:
no analogue of Van Est’s Theorem is known to hold in the context of con-
tinuous bounded cohomology. Instead we describe the theory of amenability
for topological groups that is deeply related to continuous bounded cohomol-
ogy. A topological group is amenable if there exists a G-invariant projection
m : L®°(G;R) — R. This theory is a very useful tool since, on one hand
it provides many unexpected vanishing results (for example the continuous
bounded cohomology of any abelian group is null), on the other hand it will
allow us to choose, when computing the continuous bounded cohomology,
smaller complexes: taking advantage of the theory of amenability we show,
for example, that the continuous cohomology of PSLy(R) can be computed
from the complex of the invariant functions from S* (regarded as the quo-
tient of PSLy(R) with respect to an amenable subgroup). In the last section
(Section 2.7) we define the bounded cohomology for topological spaces and
discuss a deep theorem of Gromov that relates the bounded cohomology of
a topological space and that of its fundamental group.

The second part of the thesis is devoted to the study of simplicial vol-
ume. In the third chapter we focus on general properties of the simplicial
volume: we begin by giving the definiton of this topological invariant and
studying its first properties (e.g. the behaviour under finite coverings and
some vanishing results); then we translate the problem in a cohomological
setting proving the duality principle. As a first application we give extimates
on the simplicial volume of the product of manifolds. Starting from Section
3.3 we focus on locally symmetric spaces: after briefly recalling their defini-



tion and their properties, we prove the proportionality principle for locally
symmetric spaces following the approach of Bucher-Karlsson ([Buc08A]). As
an example we consider the hyperbolic case in which the cohomological proof
of the proportionality principle can be used in order to easily compute the
simplicial volume. We compute the simplicial volume also a homological
setting and compare the two approaches.

In the last chapter of the thesis we compute the simplicial volume of
manifolds covered by H? x H2. Let us denote by G = PSLy(R) x PSLy(R)
the connected component of the identity of the isometries of H? x H?. As a
consequence of the discussion of the third chapter, it is sufficient to compute
the seminorm of the image, under van Est’s isomorphism, of the volume form
in H}(G;R). In the first sections of the chapter (Sections 4.1 to 4.3) we
take advantage of the homological algebra developed in the first chapters in
order to find a small complex in which the seminorm is actually computable
combinatorically. The suitable complex is the one given by the bounded
measurable alternating functions from S! x S1, that we regard as the product
of the boundaries of the two hyperbolic factors. This complex is useful for two
reason: the first is that G acts transitively on the triples of points, the other
is that an even permutation of the vertices of a 4-simplex can be realized
by an odd isometry; both this properties will be crucial in the proof of the
fact that our chosen representative of the class is, indeed, of minimal norm.
However S x S is the quotient of G with respect to a minimal parabolic
subgroup that is amenable but not compact. This implies that our chosen
complex is suitable for computing the continuous bounded cohomology of
G but not the continuous cohomology. In order to avoid this difficulty we
will have to show (in the whole Section 4.5) that the comparison map, i.e.
the map induced by the inclusion of the bounded cochains in the classical
cochains, induces an isomorphism ¢ : H%(G;R) — H}(G;R).



Chapter 1

Continuous cohomology of
topological groups

Let G be a group and R be a ring. The cohomology of G with ring of
coefficients R can be defined as the cohomology of the complex formed by
the functions which are invariant with respect to a natural action that will
be properly introduced in the next section:

C"(G,R)Y = {¢: G — R| ¢ is G-invariant}.

This definition has been first given by Eilenberg and Mac Lane in in 1943
and is now classical (see, for example, the first Chapter of [Gui80]).

When G is a topological group, this definition can be slightly modified
(taking in account only continuous cochains) to obtain the continuous coho-
mology of G. The aim of this chapter is to define the continuous cohomology:
it will be a fundamental tool in the study of the simplicial volume of mani-
folds covered by H? x H2.

A central theorem in the theory of continuous cohomology is van Est’s
Theorem (Theorem 1.7.5) that describes the continuous cohomology of a Lie
group G as a quotient of the G-invariant differential forms on a adequate
symmetric space. This resul will be crucial in our geometric applications
and makes sense only when the coefficients’ module is a vector space.

In order to prove van Est’s Theorem (and many other theorems in this
context), we will need subtle results on continuous cohomology that we will
deduce from some hard algebraic machinery. Since the coefficients we will
be interested in later are finite dimensional vector spaces, and homologi-
cal algebra works better in the context of topological vector spaces, we will
restrict to this class of coefficients (even if the definition of continuous coho-
mology makes sense for a broader class of coefficients). Anyway we will not
restrict to the case of finite dimensional vector spaces: infinite dimensonal
vector spaces naturally arise in the proofs even when one starts with finite
dimensional vector spaces. On the contrary the category of Frechet separa-



ble vector spaces is closed under the needed constructions, and this is the
reason why we work in this category.

1.1 Combinatorial definition

Let G be a Hausdorff, locally compact topological group that admits an ex-
haustion of compacts. Since in our applications G will be indeed a Lie group,
more precisely the Lie group of the isometries of a symmetric space, this as-
sumption is useful but not restrictive. A fopological G-module is a Frechet
separable vector space V endowed with a representation 7 : G — Aut(V)
that is strongly continuous: this means that the induced map G xV — V
has to be jointly continuous. When this does not cause confusion, we will
omit explicit reference to the representation and we will simply write g -, v,
g - v or also gv instead of 7(g) (v) We will often call the representation a
G-action.

Given a G-module V we will denote by V& the elements of V' that are
invariant with respect to the G action:

Vé={veV| gv=uv, VgeG}

Let us fix a topological G-module V' (that will usually be R with the
trivial G-action). The module of the continuous n-cochains from G to V is

C™"(G,V)={¢:G"™ = V| is continuous}. (1.1)
We can consider, on C'(G, V), the G-action given by:

(9-0)(90,---,9n) = 90(g " gos-- .9 " gn).

A coboundary operator § : C*(G,V) — C*1(G, V) is defined by the for-

mula:
n+1

6(0)(90,- - -+ Gnt1) = Z(—l)iéﬁ(goy ey Gis e Gnt1)-

i=0
Since the projection
7 GMT?2 5 gt
(905 -+ -+ Gnt1) = (9o, -+, i+ -+ Gnt1)
is continuous, § is well defined (i.e. it maps continuous cochains to continuous

cochains), moreover it is obvious that 6 commutes with the G-action. This
implies that we may define the subcomplex of C (G, V') given by:

0—= C%G, V)¢ —2> C1(G, V)6 —2= C2(G, V)G — -



Definition 1.1.1. The continuous cohomology of the topological group G
with coefficients in the topological G-module V' is the homology of the com-
plex of continuous cochains:

HY(G,V) = H,(CXG,V)%).

It is worth remarking that the classical cohomology of abstract groups
can be comprehended in this theory: if G is an abstract group, we can endow
it with the discrete topology and consider its continuous cohomology. Since
G is discrete, the continuity condition in (1.1) is empty, and hence

H}(G,V)=H"(G,V)

where H*(G, V) is the classical cohomology of G mentioned in the introduc-
tion of this chapter.

1.2 Some homological algebra

In this Section we will develop concepts coming from homological algebra
that are useful when dealing with the continuous cohomology of locally
compact groups. The notion of injectivity is classical in group cohomology
and has been adapted to continuous cohomology by Mostow [Mos61] and
Hochschild [HoMo62| around 1960. We will follow the approach of Borel
and Wallach described in Chapter IX of [BoWa00].

We work in the category of topological G-modules whose definition was
given in Section 1.1:

Definition 1.2.1. A topological G-module is a Frechet vector space V en-
dowed with a strongly continuous representation @ : G — GL(V), where
GL(V) denotes the continuous linear automorphisms of V.

Lemma 1.2.2. The representation is strongly continuous if and only if, for
every v in 'V, the map G — V defined by g — gv is continuous (if this second
condition holds, we will call the representation separately continuous).

Proof. Obviously, if the representation is strongly continuous, it is also sep-
arately continuous: the map g — gv is the composition of the continuous
inclusion G — G x V given by g — (g,v) and of the map G x V — V
induced by the representation (that is continuous by the assumption that
the representation is strongly continuous).

Let us prove the converse implication. We first show that, provided the
representation is separately continuous, the image, under 7, of any compact
subset K of G is equicontinuous. Indeed, since 7 is separately continuous, the
map 7 : G — GL(V) is continuous when we endow GL(V') with the topology
of the pointwise convergence. This implies that, for every compact subset



K of G, its image is compact in that topology. Banach-Steinhaus Theorem
implies that, under this assumption, w(K) is equicontinuous (since, for every
v €V, the set 7(K)v is bounded).

Let us now prove that the representation is strongly continuous. Both G
(being Hausdorff and locally compact) and V' (being Frechet) are metrizable.
Let us choose g, — g in G and v, — v in V, it is enough to show that g,v,
converges to gv. By triangular inequality we get d(gnvn, gv) < d(gnvn, gnv)+
d(gnv, gv). Since G is locally compact, we can assume that every g, belongs
to a fixed compact neighborhood of e and hence 7(gy,) are equicontinuous.
This implies that the first term is small if v, is sufficiently close to v. The
continuity of g — gv ensures that the second term is small when g, is close
to g. ]

The natural arrows in the category of topological G-modules are mor-
phisms that preserve the representations: a G-morphism between two G-
modules ¢ : V — W is a continuous linear map that commutes with
the G action. This means that, for every v € V and g € G, we have
P9y v) =9y 9(v).

A G-morphism between two topological G-modules ¢ : V' — W is said
to be continuously strongly injective (or simply strongly injective) if it has a
continuous left inverse, i.e. if there exists a continuous linear mapo : W — V
such that o - ¢ =idy. Note that o ought not to be a G-map.

Obviously, if ¢ is continuously strongly injective, ¢ is also injective. More-
over, if ¢ is continuously strongly injective, (¢o)? = ¢o (since 0¢ = id) so
¢o is a continuous projector onto a closed subspace W’. This implies that
W splits as a direct sum W = W/ @ W"” where W" = ker(¢o) and both W,
W' are closed vector subspaces of W. Indeed W’ = im(¢) = V (because ¢
is injective). Since ¢ is a topological G-morphism, W’ is G-invariant, but
W ought not to be a G-module and so o, that coresponds to the projection
on the first factor of the direct sum, is not necessarily a G-morphism.

The definition of continuously strongly injective morphism was necessary
to introduce the notion of relative injectivity for a topological G-module.
This notion will allow us to adapt tools from classical homological algebra
to the context of continuous cohomology.

Definition 1.2.3. A topological G-module Z is continuously relatively in-
jective if, for every continuously strongly injective G-morphism ¢ : V — W,
for every G-morphism « : V. — Z, there exists a G-morphism g : W — Z
such that S¢ = a.

10



We will sometimes call the map 5 an extension of a: we have already re-
marked that, since ¢ is continuous strongly injective, it corresponds to an
inclusion of V' as a G-subspace of W, the morphism g extends the morphism
« already defined on this subspace. The following lemma is useful for proving
the relative injectivity of many modules:

Lemma 1.2.4. Let W be a continuously relatively injective G-module. As-
sume that o« :' V. — W and g : W — V are G-morphisms such that
Boa=1idy. ThenV is relatively injective.

Proof.

Let A and B be two G-modules, let ¢ : A — B be a strongly injective G-
morphism, and let v : A — V be any G-morphism. Since ay: A — W is a
G-morphism, as a consequence of the relatively injectivity of W, there exists
a G-morphism § : B — W such that d¢ = ay. The composition 3§ : B — V
is a G-morphism such that (80)¢p = B(ay) = 7.

O

If V is a topological G-module, a G-resolution of V is an exact sequence
(F*,d) of topological G-modules and G-morphisms.

A resolution is strong if there exist continuous maps k' : F* — F'~! such
that k"t1d’ + d'~'k’ = id:. Note that, as in the definition of strongly in-
jective G-morphism, we do not require the contracting homotopy £* to be
made of G-morphisms.

k0 Kl k2 k3
M e —— A e
0 1 2 3
0 |4 F o F 7 F 2 F P

Remark 1.2.5. As in the definition of strongly injective morphism, a con-
tracting homotopy induces a splitting of the topological vector spaces F* into
a direct sum of closed subspaces (of whom only one must be G-invariant).
To be more precise, but omitting apices for the sake of brevity, let us
consider the continuous automorphism kd of F*. it is a projector on a closed
subspace V'
(kd)? = k(dk)d =
= k(id)d — kkdd =
=kd

11



and hence induces a splitting of F' as the direct sum V' @ Q' where we
denoted by Q' the kernel of kd. The subspace Q' is indeed the kernel of
the boundary operator d: obviously kerd C Q°, moreover dQ' = kddQ® +
dkdQ® = 0. Since d is a G-morphism @’ is G-invariant.

We have just proved that, if (F*,d) is a strong resolution, each vector
space F" splits as Q' @ V? where Q° = ker d is a G-invariant closed subspace.
Moreover d : V¢ — Q'*! is a topological isomorphism (it is bijective because
Vinkerd = (), and Q“t! = imd since the resolution is exact; a continuous
inverse of d is given by the restriction k| : Q“t1 — V).

The next theorem is a continuous version of of the fundamental theorem
of homological algebra:

Theorem 1.2.6 (Uniqueness of the resolution). Let (Fy,d1), (Fy,ds) be
two strong G-resolutions of the topological G-module V. Assume also that
F! and F% are relatively injective for all i € N. Then, for every i, there
exists a G-morphism h; : Fi — F3 such that the diagram below commutes.
Moreover the h;’s are unique up to continuous G-chain homotopy.

v F10 d F11 d F12 d
id i ho J/hl \Lhz
Vv Fg d F21 d F22 d

Proof. Consider the short strongly exact sequence of topological G-modules:

dk

[y nihdung . d .
0 Q== Ff Qi 0
lgi hl %gi+1
Ak v
0 Qy— = I} s 0

where, accordingly with the notations of the previous remark, Q}; = ker d}'C -
E ,f/, The inclusions ji are G-morphisms since Q}; is a G-submodule. Moreover
41 : Q% — Fiis strongly injective (an inverse is provided by d'~!ok?). Let us
prove, by induction on i, that there exist G-morphisms h; : F} — F& unique
up to G-chain homotopy and these maps induce G-morphisms g;1 : Qlfrl —
Q5

To begin the induction, note that Qg =V so that gg = id is already de-
fined. Suppose then that g; has been defined. Since F is relatively injective
by assumption and js o g; is a G-morphism, there exists a map h; making
the diagram commutative (we have already pointed out that j; is strongly

injective). Moreover Q}:rl = Fé/@; as a topological G-module (Q}, is G-

invariant and closed). Since hl(Qll) C @5, the map A’ induces a continuous
G-morphism ¢! : QT — QL.

12



The proof of the uniqueness up to chain homotopy is similar: suppose
that hs, b/, are chain G-morphisms that extend the identity in degree —1, we
have to prove that there exists a chain homotopy 7 : Fj — Fgfl such that
h—h'"=Td+dT. Again (by induction on ) suppose that such a homotopy
has been defined for every n <7+ 1.

d d d

i—1 7 i+1
Fi Fi Fi

[l oyl e

i—1 _d i d i+1
F; F3 F;

i+2
FI

Consider the morphism A —h' —dT : Ff“ — Fg“, it is enough to show that
there exists a G-morphism 7 : F{*? — Fy™' such that h — b’ — dT = Td.
By inductive hypothesis h — A’ — dT'|gi+1 = 0: we have already pointed out
that Q™ = im(d) and

hd — I'd —dTd = dh— dh' —dTd =
—d(h— K —Td) =
= ddT = 0.

As in the first part of the proof, h—h'—dT induces a G-morphism a : Q’fg =

i+1 . .

B /Qz'+1 — FQZH. Since F2ZJrl is relatively injective and j is strong, there
1

exists the desired map T

it2 J i+2
Q] -y

LT

F2i+1
]

Corollary 1.2.7. Fiz (F},d1), (F5,d2) two strong relatively injective reso-
lutions of the topological G-module V, and consider ((F;)%,dy), ((F5)Y, dg)
the subcomplezes of the G-invariants. Then the homology groups of the two
complezes are isomorphic:

H.((F)%, dv) = Hy((F3)°, d2)

Proof. Theorem 1.2.6 ensures the existence of G-morphisms h; : F} — Fi
and, arguing by symmetry, h} : F{ — F!. The compositions h; o h! and
R o h; are chain G-morphisms that extend the identity of V. Since also the
identity id : F ; — F JZ is a chain G-morphism that extends the identity on V/,
the second statement of Theorem 1.2.6 ensures that h; o b} and A/ o h; are
G-chain homotopic to the identity.

13



Since all the maps just constructed are G-morphisms, they restrict to
the subcomplexes of the G-invariants inducing, in homology, the required
isomorphisms.

O]

Theorem 1.2.6 will allow us to define the continuous cohomology of a
topological group starting from different resolutions. Infact we will prove
that the complex (C}(G,V),d) is strong and relatively injective. Once this
result is estabilished, we will conclude that the continuous cohomology of
a topological group can be computed from an arbitrary strong, relatively
injective resolution of the G-module of the coefficients.

1.3 The standard resolution

We will consider the topological vector space of the continuous functions
from G to V'
C.(G,V)={¢: G — V|¢is continuous}

endowed with the compact-open topology. It can be proved that, provided
that V is a Frechet separable space, also C.(G,V) is. It is a standard fact
that, since G is locally compact and o-compact and V' is metrizable, the
compact-open topology coincides with the topology of the uniform conver-
gence on compact subsets.

We can endow this space with two different (but both useful) G-actions:

e the regular left representation
(lg - )(90) = g ¢(9™ ' 90)
e the regular right representation:

(1 - 9)(90) = #(909)-

Lemma 1.3.1. The regqular left representation is continuous.

Proof. As a consequence of Lemma 1.2.2, it is sufficient to show that the
map g — lg¢ is continuous for every ¢ in C.(G,V).
The sets of the form

U(KvB<x76)) = {f € CC(G7 V) ’d(f(k),l’) <e€ ke K}7

where K is a compact subset of G and «x is a point in V', are a prebasis of the
compact open topology of C.(G, V). Since a basis of the compact-open topol-
ogy can be obtained considering the finite intersections of elements of the
form U(K, B(x,¢€)), it is sufficient to show that, if ¢ belongs to U(K, B(x,€)),
and g is sufficiently small, then g¢ belongs to U (K, B(x,¢€)).

14



d((gp)(k),z) =d(go(g— k), x)
< d(go(g—'k), gz) + d(gz, z)
< cd(¢(g~'k), x) + d(ga, ).

In the last inequality we used a refinement of Banach-Steinhaus Theorem on
the representation m of G on V: we can choose a sufficiently small compact
neighborhood W of e in G such that, not only the image 7 (W) is equicontin-
uous, but also the constant of equicontinuity (on the compact set Wk — x)
can be choosen to be smaller than any constant ¢ > 1. The thesis follows
from the continuity of ¢ (that allows to control the first summand) and that
of the representation of G on V. 0

It is even easier to verify that the regular right representation is continuous
(since the action of G on V is not involved) and hence both actions make
C.(G,V) a topological G-module.

Indeed the two representations are equivalent: there exists an operator
intertwining the two representations, i.e. a topological isomorphism 7" mak-
ing the diagram

C.(G, V) —Ls (G, V)

lg Tg

C.(G, V) —Ls (G, V)

commutative for every g in G.

Let us consider the map T : C.(G,V) — C.(G,V) defined by (T¢)(x) =
z¢(z~1). It is an involution since TT¢(x) = z(Tp(x~ 1)) = zx~ ¢(z). More-
over it intertwins the two representations:

T f(x) =g((Tf)g  x)
=gg 'zf(z1g))
= z(rgf(z™1))
= T(rgf)(z).

Proposition 1.3.2. C.(G,V) endowed with the regular right representation
1s relatively injective.

Proof.

A‘/TB

a /’5
CC(G7 V)

Let b denote a generic element in B, define 5 by putting £b(g) = aogb(e).
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e The map (b is continuous (and hence [ is well defined): since the
action G x B — B is continuous, the map G — B sending ¢ to gb is
also continuous. This implies that 8b : G — V is continuous because
it is a composition of continuous maps.

e The G-invariance is obvious: 3(hb)(g) = aoghb(e) = Sb(gh) = r,8b(g).

e The map [ is continuous: let us consider an open neighborhood U (K, U)
of B(b) in the compact open topology. We want to find an open neigh-
borhood W of b such that 3(W) C U. The existence of such a neigh-
borhood is guaranteed from the continuity of the map K x B — V,
(g,b) — B(b)(g) and the compactness of K: since (5(b) belongs to
U(K,U), the image of K x {b} is contained in the open set U and,
since K is compact, we can find a product neighborhood of K x {b}
with the same property.

e Also the fact that 8¢ = « follows from an easy computation:

acgg(a)(e) = aogpg(a)(e)
= agale)
= gaa(e)
= aa(e).

O]

Remark 1.3.3. Since T is an involution that conjugates the regular left
representation with the regular right representation, also C.(G, V) endowed
with the left G-module structure is relatively injective (Lemma 1.2.4).

We will now turn back to the modules C*(G, V) = C.(G™™!, V') on which
we will always consider the (diagonal) left representation already defined in
Section 1.1:

(99)(90,---9n) = 909" g0, -, 9" gn).

Proposition 1.3.4. There exists an isomorphism of G-modules C'(G,V') =
C.(G" V) = C.(G, 071G, V)), where C.(G,C"Y(G,V)) is endowed
with the regular left representation.

Proof. Let us consider the map

U:CMG, V) — Co(G,CP G, V)
U (#)(90)(g1s---+9n) = ¢(905 915 - - -+ gn)

It is easy to show that it is well defined and bijective: since G is locally
compact, a map ¢ : G"1 — V is jointly continuous if and only if, for every
g in G, the map ¥(¢)(g) is continuous and ¥(¢) : G — C»HG,V) is a
continuous map (the proof is analogue to that of Lemma 1.2.2).
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oV is also bicontinuous: we will show that the compact open topolo-
gies coincide under the identification W. A prebasis for the compact-open
topology on C.(G™; V) is given by the sets

M(Kl ><...XKn+1,U):{fECC(Gn;V)|f(K1 X...xKn+1)§U}

where K is a compact in G and U belongs to a basis of the open sets of V.
Clearly ¥ restricts to a bijection of the sets

UKL X ... X Kny1,U) = UK LUK % . X Ky, U))

and hence W is bicontinuous.
oV is G-invariant: on one hand

U (g9)(g90)(g1,---,9n) = (90)(90;---,9n)
=969 90,-. .9 gn),

on the other hand:

(92(#))(90)(91,---,9n) = (9% (¢)(97 " 90))(91, - -, n)
= g(Yo(g  90) (9 91,9 gn))
=909 90,-- .9 gn).

This concludes the proof: the map WV is a bijective G-morphism that provides
the required isomorphism. O

Lemma 1.3.5. The resolution:
0—=V —=CYUG,V) == C{G,V) == C¥(G,V) —----
k! k2
15 strong.

Proof. We will construct the homotopy using the map dual to the continuous

inclusion
le : G™ — Gl

(91---59n) —(e,91,--.,9n)

This means that we are considering the homotopy

ks O UG, V) — CN(G, V)
kn(d))(vlv B ,’l)n) = d)(€>v1> S 7””)

e It is well defined (k"¢ is continuous being the composition of continu-
ous maps);

e k* is continuous with respect to the compact-open topologies (the proof
is analogue to that of the continuity of ¥ in Proposition 1.3.4);
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e it is a contracting homotopy (an easy computation shows that kd+dk =
id).

O

Proposition 1.3.4 combined with Proposition 1.3.2 imply that C}(G, V)
is relatively injective and thus, by Lemma 1.3.5, (C¥(G,V),d) provides a
strong relatively injective resolution of V. A consequence of this fact and
of the foundamental Theorem of homological algebra (Theorem 1.2.6) is the
following theorem:

Theorem 1.3.6. Let (F™*,d) be any strong relatively injective resolution of
the topological G-module V. Then

H,((F*)%,d) = H (G,V).

1.4 Resolution via locally p-integrable functions

As a first application of the algebraic machinery we have developed, we
exhibit a different strong relatively injective resolution of a topological G-
module V' that will be useful in Section 3.4. As a consequence of Theorem
1.3.6, the homology of the subcomplex of G-invariants is canonically isomor-
phic to H}(G,V).

As usual we will only sketch the proofs omitting many details. Com-
plete proofs can be found in P. Blanc original paper [Bla79] in wich locally
p-integrable class functions were first introduced to study continuous coho-
mology.

In order to construct maps and homotopies, it will be necessary to com-
pute integrals. Since G is, by assumption, Hausdorff and locally compact,
we will consider the left Haar measure p on G, i.e. the unique (up to scaling)
left invariant measure on GG that is finite on compact sets. We address to
[Gui80, Chapter D.2| for definition and properties of integrals of functions
with values in a Frechet vector space.

The modules that we will study are:

LML) = {7 G VIVE €6, [ < o)

K
where {|| - ||;} are the seminorms that define the Frechet space. It can be
proved that, if V' is a Frechet separable vector space, and G is o-compact,
then Lf’ (G™, V) is a Frechet separable vector space with the seminorms
given by the integration on a family of compact subsets.

The space C.(G™; V) is continuously included in Lf (G™,V): the topol-
ogy of C.(G™; V) is finer than the one of L} (G™, V). Moreover C.(G™; V) is
dense in LY (G™, V) as a consequence of standard approximation theorems.

loc

The density of C.(G™; V) allows to define a G-morphism d : L! (G", V) —

loc
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Ly C(G”“, V) by continuously extending the coboundary operator defined
on continuous cochains.

The same arguments imply that the regular left representation of G on
LP (G™1V) is well defined and continuous: it is the continuous extension
of the continuous representation of G on the dense subset C?(G, V).

An application of Fubini-Tonelli’s Theorem is the following useful lemma:

Lemma 1.4.1.

Ly (GMTh vy = IP (G, L (G™,V)).

loc loc

Proof. See |Gui80, D.2.2 vii]. O

We will now prove that (L (G™*!,V),d) is a strong relatively injective
resolution of V:

Proposition 1.4.2. The resolution (L} (G"™',V),d) is strong.

Proof. We define the contracting homotopy averaging on a compact neigh-
borhood of the identity the cone defined for continuous cochains. Fix a con-
tinuous function x : G — R with compact support K and mean equal to one.
For every ¢ € L! (G™, V), we denote by ¢ the element of L} (G,L} (G"~',V))
corresponding to ¢ under the isomorphism of Lemma 1.4.1 and we set

k" LY (G V) — L (G"1 V)

k'(8) = [ x(9)8(g)dp.
This provides the contracting homotopy we were looking for. O

p
loc

Proposition 1.4.3. The topological G-module LfOC(G”H,V) 1s relatively
mnjective.

It remains to prove that the modules L (G™, V) are relatively injective.

Proof. As a consequence of Lemma 1.4.1, it is enough to show the the-

sis for the module L} (G,V). Since we already know (see Proposition

1.3.2) that C.(G, L} .(G,V)) is relatively injective, by Lemma 1.2.4, it is

sufficient to exhibit G-morphisms « : LY (G,V) — C.(G,L! (G,V)), B :

loc loc
C.(G, L} (G,V)) — LY (G,V) such that fa = id.

We set a equal to the constant inclusion, namely a¢(g) = ¢. An easy
computation shows that it is a G-morphism (its continuity is obvious). To
define the map S let us consider the diagonal inclusion A : G — G x G. A

induces a G-morphism A* : L (G x G,V) — L (G, V) that induces the

loc loc
required G-morphism 8 by composition:

B:Cu(G, IV (G,V)) — LP

loc loc

(G, LP (G, V)2 LP (Gx G, V) LP

loc — loc loc

(G, V)

The composition S« is the identy by definition. O
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We have thus proved the main theorem of this section:

Theorem 1.4.4. Let V be a topological G-module, the homology of the com-
plex

0——LP (G,V)6 —=IP

loc

(GQv V) - Lp

loc

(G V)G ——s

loc
is naturally isomorphic to H (G, V).

Explicit formulas for the isomorphims can be given: the inclusion of
C*(G,V) in LP (G™"1,V) induces the isomorphism in cohomology. The

homotopical inverse to this map (at the cochain level) has been explicitly
defined by P. Blanc in [Bla79] by regularizing L? functions.

1.5 Other useful complexes

Let K be a compact subgroup of the locally compact group G. We consider
the space G/K of left cosets {gK |g € G} of K in G i.e the quotient of G
with respect to the right multiplication of K. We will denote by 7 : G —
G /K the projection. In this section we will study the topological G-module
C.(G/K;V) endowed with the regular left representation.

Proposition 1.5.1. The topological G-module C.(G/K;V) is relatively in-
jective

Proof. As a consequence of Lemma 1.2.4 and Proposition 1.3.2, we need only
to construct a left G-inverse a to 7*

Co(G/E; V) T Cu(G; V) == Co(G/K; V).

To construct the map « it is sufficient to observe that, since the projection
7 is surjective and G/ K is endowed with the quotient topology, the map 7*
identifies C.(G/K; V) with the submodule of C.(G; V) invariant with respect
to the action of K on G via the right multiplication (i.e. the restriction to
K of the regular right representation).

Let dx denote the left invariant Haar measure on K, we consider the map
a:C.(G;V) = C.(G;V) defined by

aqﬁ(g):/@()/}( redlg)ds = s /mx

The map « is well defined (i.e. «¢ is continuous) since we are averaging
continuous functions on a compact set. It is G-invariant (with respect to the
left action of G) since

lyad(g) = ya@(y‘ 9)
= K) fK y"'r¢ )
fK T$y¢ )
(y¢)( )-
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Since the Haar measure on K is left invariant, the image of « is contained
in the submodule of the right K-invariant functions and hence « induces a
map a : C.(G; V) = C.(G/K; V). It is moreover obvious from the definition
of & that a is a left inverse to 7*: if ¢ lies in the image of 7* (and hence is
K-invariant), we get a¢ = ¢. O

Theorem 1.5.2. The resolution
00—V —=C.(G/K;V) —C.((G/K)*;V) — - -~
15 a strong relatively injective resolution of the topological G-module V.

Proof. The proof of Proposition 1.3.4 applies verbatim (we only used the fact
that G was locally compact and that all the spaces were endowed with the
compact open topology) in this context to show that C.((G/K)"*1,V) =
C.(G/K,C.((G/K)™, V)) where both vector spaces are endowed with the
regular left representation. As a consequence of Proposition 1.5.1 each mod-
ule is continuously relatively injective.

It thus remains only to prove that the resolution is strong. The cone oper-
ator described in the proof of Lemma 1.3.5 provides the required contracting
homotopy. O

Corollary 1.5.3. Let G be a Lie group, K a mazimal compact subgroup,
M = G/K the associated homogeneous space. The continuous cohomology
of G can be computed from the complex (Co.(M* V)E d).

We will use this result in Theorem 3.4.1 where we compute the continuous
cohomology of Isom™ (H") from the complex (C.((H")*,R)%,d).

1.6 Closed subgroups

In the previous section we have considered a smaller complex than C#(G; V)¢
(namely C.((G/K)*;V)%) whose homology is isometric to the continuous
cohomology of G. It is sometimes useful to consider also bigger complexes
with the same homology, expecially when we need to compare the continuous
cohomology of different groups.

For this purpose let I' be a closed subgroup of a topological group G.
The aim of this section is to prove the following theorem:

Theorem 1.6.1. The vector space C.(G; V) is relatively injective as a topo-
logical I'-module and hence the continuous cohomology of

0—CUG V) — G V) — (G V) — - -

is isomorphic to HX(I'; V).
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The proof or the relative injectivity of C.(G; V') as a I'-module is based
on the existence of a generalized Bruhat function (compare [Mon01, page
42))

Definition 1.6.2. Let I" be a closed subgroup of the locally compact group
G. A generalized Bruhat function for the action (via left multiplication) of
I’ on G is a continuous function h : G — R such that

o for every z in G, [, h(y~tx)dy = 1;
e for every compact subset K of G, supp(h) NTK is compact.

Generalized Bruhat functions exist for every closed subgroup of G pro-
vided G is locally compact. This is a non-elementary consequence of the
fact that the homogeneous space of right cosets I'\G is paracompact (cfr.
[Mon01, Lemma 4.5.4]). We begin proving the existence of such a function
in the two easy cases that we will need.

Lemma 1.6.3. Let I' < G be a subgroup of finite index n = [G : T'], then
there exists a Bruhat function for I' in G.

Proof. Since I' is closed and has finite index, the group G is disconnected
and is the union of n disjoint copies I'; of I': the right lateral classes of I" in
G. It is sufficient to consider the sum h of functions h; compactly supported
in I'; with mean 1. The first property of a Bruhat function follows from the
fact that, for any point x in I';, we have 'z = I';; the second frome the fact
that, since supp(h) is compact, also supp(h) NTK is compact. O

Lemma 1.6.4. Let I" be a discrete subgroup of a locally compact group G.
Then there exists a Bruhat function for the action of I' on G.

Proof. Since I is a discrete subgroup of a locally compact group, the projec-
tion 7 : G — I'\G is a covering map. Let us choose a locally finite trivializing
covering {U;} of '\G (with the additional property that U; is compact) and,
for every i, a preimage U; of U; (so the restriction of 7 is a homeomorphism
between U; and U;).

Let us moreover fix on the quotient space I'\G a continuous partition of
unity ¢; (i.e. continuous functions ¢; : I'\G — R* such that Y ¢; = 1),
adapted to the covering {U;}, i.e. with the property that supp(¢;) C U;.

For every i let us consider the function ¢; : U; — R satisfying ¢; = ¢.
The functions ¢; extend to continuous functions ¢; : G — R. The map
h = ), ¢; is the generalized Bruhat function we were looking for: it is
continuous since it is a locally finite sum of continuous functions, and it is
easy to check that, since {¢;} is a partition of unity, the sum h satisfies the
properties of a Bruhat function. O
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Proposition 1.6.5. Let I' be a closed subgroup of the locally compact group
G, let V be a topological G-module (and hence also a topological T'-module
with the restricted action), then C.(G, V') is relatively injective as a topolog-
ical I'-module.

Proof.

b
Ve B

C.(G,V)
Let us consider the fuction 8 defined by

bes / Wy g)alro (v 18)(g)dn.

The function £(b) is continuous since we have proved in Proposition 1.3.2
that the function (v,g) = a(yo(y7'b))(g) is continuous and the second
property of a Bruhat function implies that, for every ¢ in G, the function
v = h(y tg)a(yo(y71b))(g) is different from 0 only on a compact subset
of I'. With similar arguments it can be proved that the linear map g is
continuous (see [Mon01, Lemmma 4.5.5|).

Moreover 3 is G-invariant:

Blgob) = Jph( 70( - gob))( )dv—
= Jph v gogo g)a(gogy 70(7 gob))(
= [rh(v " g5 9 goa(vo (v 1)) (g5 g)dy =
= gofB(b).

And [ satisfies B o gb =

Jrh(v tg)al(yo(oya))(g)dy =
Jr (v g)ala)(g)dy = a(a).

O]

Theorem 1.6.6. Let I' be a closed subgroup of the topological group G, the
continuous cohomology of

0 —=CAG;V)' —=CLG; V) —=CA(G; V)T
is isomorphic to HX(T; V).
Proof. The isomorphism C?(G,V) = C.(G,C?1(G,V)) is also an isomor-
phism of I modules (since the representation of I' is the restriction of that
of G) and hence Proposition 1.6.5 implies that the resolution is relatively
injective. Since the fact that a resolution is strong doesn’t depend on the
representation, Lemma 1.3.5 implies that we are dealing with a strong reso-

lution. The thesis of the theorem is hence a consequence of the fundamental
Theorem of homological algebra. O
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We will use this result in Theorem 3.3.10 (resp. in Proposition 4.1.1) to
show that, if T is a discrete subgroup of G (resp. a finite index subgroup),
there is an injection

HX (G V) — HX (T3 V).

1.7 Van Est’s Theorem

We can now turn to the main theorem of this chapter: van Est’s Theorem
that relates continuous cohomology (with real coefficients) of a Lie group
to the differential forms on the homogeneous space given by the quotient
of G with respect to any maximal compact subgroup K of G. Indeed this
theorem is much more general and an analogue statement is valid for a broad
class of coefficient (namely the integrable differential G-modules) but for the
purposes of this thesis we will need only this elementary statement and the
loss of generality prevents us from a rather long functional analitic detour.

Let H be any compact subgroup of the Lie group G. The space of left
cosets G/H = {gH| g € G} can be endowed with a unique smooth structure
such that the projection 7 : G — G/H is C* and there exist local smooth
sections of G/H in G [War83, Theorem 3.58]. If we consider this smooth
structure on G/ H , the group G acts transitively on G /H via diffeomorphisms
by left translations. We are interested in the complex formed by the modules

QY(G/H;R) = {R-valued differential i-forms on G/H?}.

with the external differential. As usual we topologize this space with the
topology of the uniform convergence on compact sets.

Just as in the previous section, we are going to show that the differential
forms provide a relatively injective strong resolution of R (with the trivial
G-action) and hence the homology of the complex is H.(G;R). We will
prove the result in several steps: it is rather easy to show that Q!(G;R) is
relatively injective, however, in general, the complex of the differential forms
is not even exact and hence, in particular, is not a strong resolution. We will
restrict to K-invariant differential forms to get a strong resolution, here K
denotes a maximal compact subgroup.

The action of G on M = G/H via diffeomorphisms induces a represen-
tation of G on the differentiable functions on M: if we fix f in C°°(M;R)
and g in G, we set

(9- =)= flg~ ).
It is naturally defined also an action of G on vector fields: let us fix X €
T (M), if we denote by I, the diffeomorphism of M induced by the left
multiplication by g, we have

(- X)m =d(lg)g-1mXg-1p,-
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A vector field on M is G-invariant if g o X = X. Finally we consider the
action on Q/(M,R) defined by

(g0 w)m = ((lg=1)"@)m = Wyt © (A'd(lg-1)m)-

All these actions are compatible: (g- X)(f) = go (X(g'o f)), and, in
the same way,
(gow, X) =glw.g7 o X).

Let us now consider the case H = {e} and hence work with the differential
forms on the group G itself. We denote by g the Lie algebra of the left
invariant vector fields on G. Since g is a basis (over C*°(G;R)) of the vector
fields in G, we have Q/(G,R) = Hom(A'g,R) ® C*(G;R), moreover, the
action on Hom(A'g, R)®@C*(G; R) is trivial on the first factor and the regular
left representation on the second.

The first step of the proof of van Est’s Theorem is to show that C*°(G; R)
is relatively injective. This result will allow us to deduce that the modules
QH(G;R) are, in turn, relatively injective.

Proposition 1.7.1. The G-module C*°(G,R) is relatively injective.

Proof. The proof is very similar to the proof of Proposition 1.4.3. The only
difference is due to the fact that we do not have an immersion C.(G,R) —
C*(G,R) and thus we need to regularize continuous cochains. Fix a func-
tion x € C*(G,R") with compact support, and with mass one (that is
I x(¢g7Y)dp = 1, where p is the left Haar measure on G). Let us consider
the right convolution with x:

a: Co(G,C®(G,R)) — C®(G x G,R)
ad(g0,91) = [ x (97 90)0(9)(91)dp(g).

Since the convolution of the smooth map y with the continuous map ¢(+)(g1)
is smooth, a¢ is smooth in the first variable. One can easily see that the
map « is well defined (¢ is smooth in both its variables). The continuity
of a descends from the definition of the topologies via some computations.
We will now prove that the left invariance of the Haar measure p implies the
G-invariance of a:

a(lz¢)(go0, 91)

x(97 g0) (o0 )( ))(gl)du( )
x(g~ 19 0)(¢(z~ g))( ) du(g)

I
3????

x(g~ e go)p(a™ )( Yg1)dpu(g)
= [ox(h ™tz g)sb(h)(ft Yg1)dp(h)
¢)(z go)(z 1)
= l.a¢(go).
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Since we have chosen x such that fG (g7 du = 1, if ¢(g) = ¢g is an element
of C.(G;C*(G,R)) that doesn’t depend on g, then a($)(g0,91) = ¢o(g1)-
We thus have that the composition:

C*(G,V) = C.(G,C*(G,V)) = C®(G xG,V) = C™(G,V)

is the identity, where the first G-morphism is the inclusion as constant func-
tions, the second is the just defined map a and the last G-morphism is dual to
the diagonal map. All the involved maps are G-morphisms, and the composi-
tion is the identity of C*°(G, V). We already know that C.(G,C*(G,V)) is
continuously relatively injective, so we get the thesis from Lemma 1.2.4. [

Proposition 1.7.2. The G-module Q'(G;R) is continuously relatively injec-
tive.

Proof. We have already pointed out that
QY(G;R) =2 C*(G;R) ® Hom(A'g, R)

and that G acts only on the first factor. This implies that Q'(G;R) is a
finite direct sum of relatively injective G-modules (it is a consequence of
Proposition 1.7.1) and so is itself relatively injective. O

Proposition 1.7.3. Let H be any compact subgroup of G, then QP (G/H;R)
1s relatively injective.

Proof. Consider the projection 7 : G — G/H. The pullback via 7 gives an
inclusion

OP(G/H;R) — QP(G;R)

whose image are precisely the differential forms that are invariant with re-
spect to the action of H via right multiplication, i.e. the differential forms w
such that rjw = w for every h € H. Since H is compact, u(H) < oo hence
we can define the map

a: QG;R) — Q(G;R)
aw = ﬁ Sy rawdu(g)

By definition, « is a projection on 7*QP(G/H;R). Moreover it is easy to
show that a is continuous and that it is G-invariant (since the actions of G
on itself via left and right multiplication commute). This is enough to ensure
that QP(G/H;R) is relatively injective, since we already know that QP(G;R)
is (see Proposition 1.7.2). O

The first part of the proof of van Est’s Theorem doesn’t require that the
compact subgroup K is maximal. This is however necessary to guarantee
that the resolution of the trivial G-module R provided by the differential
forms is strong:
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Proposition 1.7.4. Let K be a mazimal compact subgroup of G. Then the
resolution

0—R—Q°G/K;R) — QY (G/K;R) — Q*(G/K;R) —
15 strong.

Proof. This is a consequence of Poincaré’s Lemma: the quotient of a Lie
group G by a maximal compact subgroup is diffeomorphic to R™ (see [Hel62,
IV, Theorem 2.2(iii)]). The usual proof of Poincaré’s Lemma (that can be
found, for example, in [War83, 4.18]) provides a continuous contracting ho-
motopy that ensures that the resolution is strong. O

Combining Proposition 1.7.3 and Proposition 1.7.4, we have shown van
Est’s Theorem:

Theorem 1.7.5 (van Est). Let G be a Lie group, K < G a mazimal compact
subgroup, M the associated homogeneous space. Then

HY(G;R) = H*(Q*(M;R)“,d).

1.8 Explicit isomorphism

In Section 3.4 we will need explicit formulas for van Est’s isomorphism.
These formulas were first given by Dupont in [Dup76, Section 5]. We will
need the fact that the quotient of a Lie group with respect to a maximal
compact subgroup has non-positive sectional curvature at every point and
hence is a uniquely geodesic space (and geodesics depend continuously on
their endpoints).

In view of Theorem 1.2.6 a G-chain map I* : Q*(G/K;R) — C*(G;R)
that extends the identity of R is unique up to G-chain homotopy; thus it is
sufficient to exhibit a particular chain map.

Let us fix a point x € M = G/K. We will need, for every i and for every
(i+1)-uple (go, - .-, gi), a simplex spanning (goz, . . ., g;x) such that its choice
is invariant with respect to the action of G on G*t! via left multiplication
and on G/K via isometries. Since G/K is uniquely geodesic and geodesics
depend continuously on their endpoints, we can define, by induction on 4,
a geodesic simplex A(go,...,gi), coning on the first vertex. This means
that we are considering the function from the linear parametrization of the
standard ¢-simplex with values in X given by the formulas:

A(g()v R 7gi)(t(17 0,... 70) + (1 - t)s) - [gol’, A(.gla o 792)(8)](t)
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where we denote by [a,b] : [0,1] — X the unique geodesic with [a,b](0) =
a and [a,b](1) = b. Since X is uniquely geodesic, and G acts on X by
isometries, for every g in G we get

g9-A(gos-- - 9i) = Alggo, - -5 994)-
We can now exhibit explicit formulas for van Est’s isomorphism:
Proposition 1.8.1. The chain G-morphism:
I": Q"(G/K;R) — CMG;R)
I"(w)(g0;-- - 9n) = fA(gO,,,,,gn) w
induces, in homology, van Est’s isomorphism.

Proof. Since in X geodesics depend continuously on their endpoints (with re-
spect to the C! topology), the map is well defined and continuous. Moreover,
it is G-invariant:

lo(I"(@))(g0, -+, gn) = T"(w)(g " 90, -, 9 " gn)

A (goyegn) lg*lw

— Inl;,lw.

The fact that I* is a chain map descends from Stokes theorem and the choice
of the geodesic simplex spanning (go, . - ., gn+1):

(dln(w)(907 s ;gn-l—l)) = Z?:O(_l)i fA(go,...,§i7---7Qn) w

- faﬂ(go ----- gni1) Y

= fA(QOv“"gn+l) dw
= I"tldw.
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Chapter 2

Continuous bounded
cohomology

The purpose of this chapter is to develop another cohomological theory for
locally compact groups that will have deep geometric applications in the next
chapters. More precisely, we will study the cohomology of the complex

m(G; V) ={f:G"" = V| f is continuous and bounded}

where V is a normed vector space.

The functorial approach to continuous bounded cohomology is less trans-
parent then the one we dealt with in the unbounded setting: it is natural to
put on C7(G;V) the topology of the uniform convergence (induced by the
operatorial norm), unfortunately the regular actions of G on C7}(G;V) are
not continuous with respect to this topology, while, in Chapter 1, we used
widely the fact that the regular actions of G on C?(G;V) are continuous
with respect to the compact-open topology (see Lemma 1.3.1). However it
is possible, with some efforts, to adapt the algebraic tools we have developed
in the first chapter to the context of continuous bounded cohomology.

In the first part of the chapter we will describe the necessary ingredi-
ents that make the algebraic machinery work in this context. Then we will
closely follow the exposition of Chapter 1 and discuss the analogies and the
differences of the two theories. We will refer to the monograph [Mon01] for
complete proofs. In particular we will study the resolutions provided by
continuous bounded functions and measurable bounded functions (these are
the analogues in the bounded context of continuous and locally integrable
functions that we have studied in the first chapter).

A big difference with respect to continuous cohomology is that no ana-
logue of Van Est’s Theorem is known to hold in the bounded setting and
hence continuous bounded cohomology is in general much more difficult to
compute. One of the main advantages of this theory is that the continuous
bounded cohomology of a group can be endowed with a seminorm that has
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a deep geometric meaning, as we will show in the next chapters.

Another key feature of the theory of continuous bounded cohomology
is that there is a large class of groups (namely the amenable groups that
we will define in Section 2.6) that, roughly speaking, can be ignored in
the study of continuous bounded cohomology. This means that, if H < G
is amenable, the continuous bounded cohomology of G can be computed
from the complex Cu((G/H)™; V)Y, in particular the continuous bounded
cohomology of amenable groups vanishes. This feature will play a crucial
role in Chapter 4. Section 2.6 will be devoted to the study of amenable
groups and of quotients by amenable groups.

The theory of continuous bounded cohomology of locally compact groups
has been developed by Monod in [Mon01]| and much of the material of this
chapter can be found in that monograph. However the theory of bounded
cohomology of discrete groups (that can be considered as a subcase of locally
compact groups) is older: it had already been deeply studied by Ivanov in
the late eighties (see [Iva87]).

The theory of bounded cohomology of discrete groups has interesting ge-
ometric motivations first discovered by Gromov in the seminal article “Vol-
ume and bounded cohomology” [Gro82|. It is possible to define also the
bounded cohomology of a topological space X and if the discrete group G
is the fundamental group of X, a deep result of Gromov states that the
bounded cohomology of G is isometrically isomorphic to that of X. In turn
the bounded cohomology of a topological space carries informations about
interesting geometric invariants such as the simplicial volume.

In the last section of this chapter we will properly define the bounded
cohomology of a topological space and discuss the relations with the bounded
cohomology of its fundamental group. In the following chapters we will study
the simplicial volume and we will see many applications of the theory of
continuous (bounded) cohomology in that setting.

2.1 Normed chain complexes

Let G be a locally compact group. A Banach G-module is a Banach vector
space V endowed with a representation 7 of G in the group of the isometric
linear automorphisms of V. A Banach G-module is continuous if the repre-
sentation is jointly continuous. The analogue of Lemma 1.2.2 holds in this
context: it is sufficient to verify that, for every v in V, the map g — gv is
continuous.

Lemma 2.1.1. Let E be a Banach space on which G acts by isometries, the
following statements are equivalent

1. the action is continuous

2. the map g — gv s continuous for every v € E.
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Proof. Clearly the first assertion implies the second and hence we have only

to show that the function
GxE—FE

(g,v) = gv
is continuous. For this purpose let g, — ¢ and v, — v be convergent
sequences in G and E respectively. Then

lgnvn — gvll < llgnvn — gnv| + llgnv — gv|| < |lvn — vl + [|(gn — 9)v|.

As usual we will denote by V& the submodule of V fixed by G.
Ve ={veV|gv=uv,VgeG}

Since a continuous Banach G-module is in particular a topological G-module,
we can consider the complex of the continuous n-cochains from G to V' (cfr
Section 1.1)

CYG,V)={¢:G"™ = V|4 is continuous}.
The norm on V induces a norm on C?(G,V):

[pllo = sup lé(g0,-- -, gn)llv € [0, 00].
(go:--~7gn)€G"+1

The continuous bounded cochains are the elements of the subspace of C7'(G, V)
(G V) ={d € CHG, V) |[|$]loo < +o0}.

The || - [|oo norm makes C7; (G, V) a Banach space.

Since G acts on V' via isometries, the regular left (resp. right) repre-
sentations of G on C?(G;V) restrict to well defined isometric actions on
Cy(G; V).

Remark 2.1.2. Unfortunately this action is, in general, not continuous:
indeed let us fix ¢ in CJ}(G; V), the map g — g¢ is continuous with respect
to the [* topology if the map ¢ is uniformly continuous with respect to
diagonal left translations:

lgg = Gllse = sUpegnir 9697 2) = S(@)llv
< sup,eanit [lgo(g~ ') — go(@)llv + llgo(z) — o(2)|lv

where the first term is small, provided ¢ is close to e if ¢ is uniformly contin-
uous, the second is small since the module V' is continuous and ¢ is bounded.

In particular, when n = 0, if the map g + g¢ is continuous then ¢ is
uniformly continuous:

sup,eq 697 2) — ¢(@)|lv = sup,eq lgd(g'z) — g
< sup,eq lgp(g~'z) — ¢

< [lgd = ¢l + lo(2) — go(2)lv,

¢(@)[lv
()
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the first term tends to zero (when ¢ is small) since the representation is
continuous, the second since the module V' is continuous and ¢ is bounded

(and hence [|¢(z)[lv < [[¢]]oo-

This problem will make the functorial approach described in the next
section far more complicated than the one described in Chapter 1.
The coboundary operator 6 : C(G, V) — C?1(G, V) defined in Section
1.1 restricts to a bounded operator ¢ : C% (G, V) — C»(G, V) that is G-
invariant. This implies that it restricts to the subcomplex of the G-invariants
(G, V)C.

Definition 2.1.3. The continuous bounded cohomology of G with coefficients
in V is the cohomology of this complex:

(G, V) = Hi(CH(G,V)%).

The continuous G-invariant bounded cochains form a normed chain com-
plex.

Definition 2.1.4. A normed chain complex is a complex (C*,| - ||c+,d")
where (C*, || - |[¢+) is a Banach G-module, and d’ : C* — C**! is a bounded
linear operator.

If (C*,] - |lc*,d*) is a normed chain complex, its homology is naturally
endowed with a seminorm: if a € H;(C*) is a class, we can define its norm
as

lall = inf flacs
[a]=a

It is easy to see that the seminorm is subadditive (i.e. ||a +b|| < ||a|| + ||b]])
and homogeneous (i.e. |Aa|]| = A||a||) while, in general, it is not a norm:
even if the spaces C* are Banach spaces and the maps d* are bounded, there
is no reason for the image dC* to be closed in C**1,

If we consider the normed complex (C% (G, V)%, || - ||, d), the seminorm
induced in cohomology is called the canonical seminorm on H}% (G, V). We
will see in Section 3.2 that this seminorm has interesting geometric meanings.

In the next section we will adapt the relative homological algebra to the
context of continuous bounded cohomology in order to find other complexes
whose homology is isomorphic to H} (G; V). Since the seminorm has a deep
importance in geometric applications we will always need to show that the
induced isomorphisms are isometric.

The inclusion i : C%(G; V) — Ci(G; V) induces a map in cohomology

c: Hy(Gy V) — HI(G; V)
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that is known as the comparison map. This map is, in general, not injective
nor surjective, however we will show in Section 4.5 that, if G = Isom(H? x
H?), the comparison map

c: HY(G;V) — HYG; V)

is an isomorphism (this result is due to Bucher-Karlsson [Buc08B|).

2.2 Some homological algebra

We have pointed out in Remark 2.1.2 that the Banach G-modules C7% (G; V)
are, in general, not continuous. However the algebraic machinery works
only in the category of continuous G-modules: we will need to prove that
Cwp(G; V) is relatively injective, but if the Banach G-modules on the first
row of the diagram below are not continuous, there is no hope that 8(b) is
continuous, when b belongs to B.

AET——"=p

e B

Cop(G,V)

However it is worth remarking that the action of G on Cy(G; V)¢ is continu-
ous (being trivial). We can hence consider, instead of Co,(G; V), its maximal
continuous submodule:

Definition 2.2.1. Let V be a Banach G-module, the mazimal continuous
submodule of V is

CV={veV|G—YV, g~ gvis continuous}.

As a consequence of Lemma 2.1.1, the maximal continuous submodule of
a Banach G-module is a continuous Banach G-module.

Since we are working in the category of Banach G-modules, all the maps
will be linear and bounded, unless otherwise stated. Moreover, if V and W
are Banach G-modules, we will call a linear bounded morphism

¢o:V->W

a G-morphism if it commutes with the representations, i.e. if ¢(gv) = go(v),
for every v € V. A useful lemma is the following

Lemma 2.2.2. Let A be a continuous Banach G-module, let B be a Banach
G-module, and ¢ : A — B be a G-morphism. Then im(¢) C CB.

Proof. Let b = ¢(a), the map g — gb is continuous since gb = go(a) = ¢(ga)
and hence it is a composition of continuous functions. O
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Since we will need to control the seminorms, the appropriate notion of
strongly injective morphism in this context is slightly different from the one
we gave in Chapter 1 (moreover we call it admissible injective following the
notation of [Mon01| and thus reserving the adjective strong for the continu-
ous submodules).

Definition 2.2.3. A G-morphism between two Banach G-modules ¢ : V —
W is admissible injective if it has a linear left inverse ¢ : W — V with
ol < 1.

g

VT)W-

As in Chapter 1 we do not require o to be a G-morphism. This definition
is more restrictive than the one we gave in Chapter 1. An admissible injec-
tive G-morphism is a continuously strongly injective G-morphism, but the
converse is not true: the requirement that the image of V' is complemented
in W is necessary but not anymore sufficient to guarantee that the inclusion
V — W is admissible injective.

Definition 2.2.4. A Banach G-module Z is relatively injective if, for every
pair of continuous Banach G-modules V' and W, for every admissible injective
G-morphism ¢ : V. — W, for every G-morphism « : V — Z, there exists a
G-morphism §: W — Z with ||8]| < ||a||, making the diagram commutative.

g
VS

¢ -
;" 6

VA

This definition shades light on the reason why we have required that the
norm of the inverse of a strongly injective G-morphism is smaller than one:
without that assumption, we wouldn’t have been able to control the norm

of 5.
Lemma 2.2.5. If Z is relatively injective, also CZ is.

Proof. Lemma 2.1.1 implies that, since V and W are continuous Banach
G-modules, and « and  are G-morphisms, the image of o and [ is indeed
contained in CZ. O

The analogue of Lemma 1.2.4 holds with these definitions:

Lemma 2.2.6. Let W be a relatively injective Banach G-module. Assume
that o, B are G-morphisms such that oo = idy, ||f|| < 1. Then V is
relatively injective.
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Let us now fix a continuous Banach G-module V. A Banach resolution
(F',d") of the Banach G-module V is a resolution (i.e. an exact complex
null in negative dimension different from -1 and with F~! = V) made by
Banach G-modules and G-morphisms. As a consequence of Lemma 2.2.2,
the differentials restrict to the maximal continuous subresolution (CF?,d").

The Banach resolution (F*,d') is strong if its maximal continuous sub-
resolution (CF*, d*) admits a contracting homotopy, i.e. a collection of linear
maps k' : F' — F~! such that ||k?|| < 1 and k' T'd? + d" 1k = id .

K0 k! k2 K3
0 e e T
d° d! d?

This definition has two important differences from the definition of strong
resolution of a continuous G-module: the first is that we require the con-
tracting homotopy to have norm bounded by one, the second is that whether
a resolution is strong depends on the representation: the continuous sub-
module of a Banach G-module depends on the representation. Indeed, in
general, a contracting homotopy of the Banach resolution (F™*,d) doesn’t
induce a contracting homotopy of the continuous subresolution (since k is
not G-invariant).

We are now ready to restate the fundamental theorem of homological
algebra in the context of continuous bounded cohomology. We will omit
its proof that is analogue to that of Theorem 1.2.6, even though extra care
should be taken in passing from the Banach resolutions to the continuous
subresolutions. It can be found in [Mon01, Theorem 7.2.1(ii)].

Theorem 2.2.7. Let (F},d1) and (F5,dz) be two strong Banach G-resolutions
of the Banach G-module V. If F} and Fi are relatively injective Banach G-
modules for every i, there exist G-morphisms h; : CF{ — CFi making the
diagram commutative. The h; are unique up to G-chain homotopy.

d d d

0 cv CFY Cr}! CF?

b b

0 cv CFY —%>cFl —%>CF2

d
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A consequence of Theorem 2.2.7 is that the homology of the invariants of
two strong relatively injective Banach resolutions of a Banach G-module are
isomorphic:

Corollary 2.2.8. Let (Fy,d1), (F5,d2) two strong relatively injective Ba-
nach resolutions of the Banach G-module V. The homology group of the
subcomplezes ((F;)9, dy), (F5)%,dg) are isomorphic:

H,((F)%, d1) = Hi((F3)“, d>)

Proof. Tt is sufficient to remark that the G-invariants (F}) provide a G-
submodule of the continuous subresolutions and then apply the same argu-
ments of Corollary 1.2.7 O

The homological methods just introduced are powerful tools to show the
isomorphism of the homologies but cannot ensure that this isomorphism is
isometric. The following example shows that in general we cannot assume
that it is:

Example 2.2.9. Let us consider any strong, relatively injective Banach
resolution (£, d) of a Banach G-module V. We denote by ||- [/ the norm on
F. Let us now consider the resolution (F*,d) where F¥ is the vector space
F* endowed with the norm k| - |- Since we have rescaled the norm with
increasing factors also the resolution F™* is strong (the maximal continuous
submodules coincide and the contracting homotopy has norm bounded by
1). The identity is an isomorphism between the two resolutions but its
operatorial norm in degree k is k and hence the isomorphism it induces in
homology isn’t isometric.

Since we will be interested in the seminorms, we will need extra efforts
to show that, in each relevant case, the isomorphisms we will be considering
are isometric.

2.3 The standard resolution

One big difference with respect to the unbounded case is that, in the context
of continuous bounded cohomology, the restriction of the map

U:CMG, V) — C(G,C1HG, V)
U()(90)(g15---+9n) = &(90, 91, - - -+ Gn)
to bounded cochain is not well defined since the map ¥(¢) isn’t, in general,
continuous with respect to the norm of uniform convergence: the continuity

of ¥(¢) corresponds to a uniform continuity of ¢ with respect to translations
in the first coordinate:

W (9)(9) —W(P)(e)loo = sup  [[(g,91,---,9n) = Ple; 915+, gn)llv-

(91,--,gn)EGPHL
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In this section we will show that the modules C7(G; V) defined induc-
tively by
Ciy (G, V) = Ca(G, CH(G, V)

provide a strong relatively injective resolution of the Banach G-module V:
in the unbounded case we used this result to get that the same result is true
for C*(G,V) (since C*(G; V) = C™(G;V)).

In the bounded context the fact that C7(G,V) is relatively injective
is not anymore a straightforward consequence of the relative injectivity of
Cw(G, V) but is still true provided G is locally compact. We will show how
it is possible to get this result in Section 2.5 using a generalized Bruhat
function.

Let us consider the Banach space Cy,(G; V') with respect to the sup norm
as defined in Section 2.1. Both the regular left representation and the regular
right representation are isometric and hence make Cy(G; V) a Banach G-
module.

The operator T' we have defined in Section 1.3 requiring that

(T¢)(x) = xp(a™)

is isometric (since G acts on V' via isometries) and intertwins the two repre-
sentations. It is hence sufficient to show that the regular right representation
is relatively injective.

Proposition 2.3.1. C,(G,V) endowed with the reqular right representation
1s relatively injective.

Proof.

A=——=B

G, 1)

|

cb
Co(G; V)

Let us fix an admissible injective morphism of continuous Banach G-modules
¢ : A — B. We have already pointed out that an admissible injective
morphism of Banach G-modules is in particular a strongly injective mor-
phism of topological G-modules and hence we can consider the extension
d: B — C.(G;V) of i o constructed in the proof of Proposition 1.3.2.

We recall that db(g) = v(o(gb))(e) for every b € B, g in G. We have
already proved that J is continuous and G-invariant, it only remains to prove
that its image lies in Cyp(G; V):

160]] = sup [|v(a(gb)llv = [Ivllllellllel < Iv1b]-
g9
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This concludes the proof since ||0|| < ||v|| and hence ¢ satisfies the required
properties. O

Let us now consider the coboundary operator inductively defined by

d:Cn(G,V)— CLHH (G, V)
(de)(g) = ¢ — d(é(g))-

In the unbounded setting it holds J\If = Wd with d the natural coboundary
operator. It is easy to verify that d is a G-morphism. We will denote by
H* (G, V) the homology of the complex

0 Ogb(Gv V) C_’clb(G’ V) C_1c2b(Gv V) >

In Section 2.5 we will get the isometric isomorphism H} (G; V) = HY (G; V).

Theorem 2.3.2. Let (F*,d) be any strong relatively injective Banach reso-
lution of the Banach G-module V. Then

*\G ~ IT*
H.((F")™,d) = Hy(G, V).
Moreover the isomorphism doesn’t increase the norm.

Proof. The Banach resolution (C"(G;V),d") is strong because the opera-
tors k, : C7 (G, V) — CY(G,V), ¢ — ¢(e) have norm bounded by one
and satisfy kd + dk = id. Moreover the image of the restriction of k to the
continuous submodule CC% (G, V) is contained in CC% ' (G, V') (this is ana-
logue to Lemma 2.1.2). Hence the first part of the theorem descends from
Theorem 2.2.7.

In order to prove the second statement it is sufficient to exhibit a chain
G-morphism « : F* — C7 (G, V) that extends the identity on V' and has
norm, in each dimension, bounded by one.

do dq d2

1% FY F! F?

S ——eT S ——
h h
id [eTy} (o3} (o3}

V—C0(Gi V)~ CL (G V) —2- C2 (G V) 2 -

Let us define inductively the map «; by the formula

a;(f)(9) = aic1gh(g™" f)

Since G acts on F™* via isometries and ||h|| < 1, it is obvious that the
norm of a; is not greater than the norm of «;_; and hence is not greater
than one (since a—; = id). Since we have already justified the continuity
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and the G invariance of « (for example in Proposition 2.3.1), it only remains
to prove that a, commute with the differentials:

di(ai(f))(9) = ai(f) +di—1(ai(f)(9)) =
= ai(f) + dim1(ci1gh(g™' f)) =
= oi(f) + asgdi_1h(g7 ' f) =
= ai(f) — ai(f) + cughd(g™' f) =
= aighg™ldf =
= a;11df(g)

where we used the definition, the inductive hypothesis, the fact that both «
and d are G-morphisms and the fact that hd — dh = id.
O

Remark 2.3.3. Theorem 2.3.2 explains the terminology we have used in
Section 2.1: the seminorm on H} (G, V') defined in Section 2.1 (that coincides
with the seminorm just defined on H%(G,V), as we will prove in the next
section) is canonical as much as it can be described as the infimum of all the
seminorms induced by any Banach strong relatively injective resolution of V.
The requirement that ||o|| < 1 for any contracting homotopy is important
at this point: if we drop that requirement, we would only get, with the
notations of Proposition 2.3.1 that ||0|| < ||v]|/le|l. This wouldn’t guarantee
that the canonical seminorm is indeed the infimum.

2.4 Resolution via measurable bounded functions

The purpose of this section is the study of an analogue, in the bounded
context, of the locally integrable functions we have studied in Section 1.4. If
we restrict to the coefficient module R, every bounded measurable function is
locally integrable with respect to the Haar measure (that is finite on compact
subset): this because we are restricting to locally compact groups. This
implies that, for trivial coefficients, the measurable functions are the bounded
version of locally integrable functions. In the more general context of Banach
G-module coefficients, we need to find a suitable version of measurability (it
will be weak*-measurability), that has good properties. In order to properly
defining the concept of weak*-measurability we need to restrict ourselves to
a (broad) class of coefficient, the coefficient G-modules, that are, roughly
speaking, G-modules for wich a preferred predual that has good properties
is fixed:

Definition 2.4.1. A coefficient G-module is a Banach G-module (7, E') con-
tragradient to some separable continuous Banach G-module (7°, E?).

The contragradient of a Banach G-module V is its topological dual en-
dowed with the G-action defined by g-¢ = ¢og~'. This corresponds to the
G-module Hom(V,R) if R is endowed with the trivial G-structure.
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A first, elementary example of coefficient G-modules are the finite di-
mensional G-modules (that are, indeed, the only coefficients in which we
will be interested for geometric applications). Another example are separa-
ble Hilbert spaces with any continuous G-action.

Let now (S,u) be a measured space (for example the group G itself
with the Haar measure) endowed with a measure preserving G-action. Let,
moreover, V be a coefficient G-module. We will denote by L*(S,V) the
G-module

L°(S;V)={f:S — V| f is bounded, weak*-measurable}.

Here, by the weak*-measurability condition, we mean that, for every v € V?,
the function s — f(s)(v) is a measurable function from S to R. As usual we
endow L*°(S; V) with the regular left representation: (gf)(s) = g(f(g7's)).
An important feature of the theory of bounded weak*-measurable function
is that, if V' is a coefficient G-module, also L>(S; V) is:

Proposition 2.4.2. The module L>(S;V) is a coefficient G-module in a
canonical way.

Proof. 1t can be proved that it is contragradient to L'(S, V). See [Mon01,
Corollary 2.3.2]. O

One of the main advantages of weak*-measurability is that it can be
proved that, for weak*-measurabile functions, holds the exponential law:

Proposition 2.4.3. Let (S1, 1) and (S2, o) be two measured G-spaces, and
let V' be a coefficient G-module, then

Loo(Sl X Sa; V) = LOO(S1, LOO(SQ; V))
Proof. See [Mon01, Corollary 2.3.3] O

The thesis of Proposition 2.4.3 is the analogue of a statement that we
have widely used in Chapter 1 (and doesn’t hold for continuous bounded
functions).

In the rest of the section we will study the Banach modules L*(G™; V'), with
the sup norm, and endowed with the regular left representation. As already
happened for the continuous bounded functions, the action on the bounded
measurable functions is clearly isometric, but it isn’t continuous. As one
can easily guess, we want to show that the complex (L*°(G*, V), d) with the
usual coboundary operator provides a strong relatively injective resolution
of the Banach G-module V.

Proposition 2.4.4. The module L>®°(G™""1; V) is a relatively injective Ba-
nach G-module.
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Proof.

LG, V)

We have already pointed out in Proposition 2.4.3 that, for bounded weak*-
measurable functions, we can rely on the isomorphism

L¥(G" V) = L(G, L®(G™ V).

and hence, we can reduce to prove that L>(G; V) is relatively injective.
Moreover we rely on the fact that

CL®(G;V) =CCu(G; V)

(also this result comes from hard functional analysis and we refer to [Mon01,
Lemma 4.4.3] for a proof). Since we have already pointed out that a module
is relatively injective if and only if its maximal continuous submodule is, we
get the thesis of the proposition from Proposition 2.3.1.

O

Proposition 2.4.5. The Banach resolution of the continuous Banach G-
module V

00—V —=L®G;V) —= L®(G* V) — -
18 strong.

Proof. The result is proved in [Mon01, Lemma 7.5.5]. The contracting ho-

motopy
ki : CL*°(G; L*°(G™; V) — CL™(G™; V)

can be constructed averaging with respect to any probability measure on G.
Explicit formulas for k; and the proof that im(k;) lies in CL>*(G™; V) are
given in [Mon01, Proposition 5.5.1]. O

Theorem 2.4.6. The cohomology of the complex

00— L®(G; V)¢ —= L>®(G% V)¢ —— L®°(G3V)F —— -+
(2.1)
is isometrically isomorphic to H} (G; V).

Proof. We have already proved that (L*°(G%V),d) is a strong relatively
injective Banach resolution of V' and hence the homology of the complex
(2.1) is isomorphic to HY(G; V).

To prove that the isomorphism is isometric it is sufficient to exhibit a
chain G-morphism CC?% (G, V) — CL>®(G"™; V) with norm bounded by one
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in each dimension: this would imply that the norm induced on H.,(G; V') by
the resolution (CL*(G% V), d) is not greater than the canonical seminorm
and hence is equal to it (as a consequence of Remark 2.3.3).

To obtain such a chain G-morphism, we consider the composition

2 (G V) = CL(G; V) — LG, V)

that is obviously G-invariant and isometric. O

2.5 Other useful resolutions

One of the main problems in generalizing the results we have obtained in
Section 1.5 to the bounded context is that we cannot anymore rely on a
statement of the form

ch(Sz, V) = ch(S7 ch(S7 V))v

and hence the proof of the relative injectivity of the various modules is far
more complicated. One of the easiest way to overcome this difficulty is to
use a generalized Bruhat function. We have already defined (in Chapter 1)
a Bruhat function for the action of a closed subgroup on a locally compact
topological group via left multiplication (see Definition 1.6.2). We now need a
slightly more general definition that comprehends the one we gave in Section
1.5:

Definition 2.5.1. Let G be a group acting on a topological space X. A
generalized Bruhat function for the action of G on X is a continuous function
h: X — RT such that

o for every x in X, then [, k(g 'z)dg = 1;
e for every compact subset K of X, the set supp(h) N GK is compact.

We recall that a Hausdorff topological space is said paracompact if any
open cover admits a locally finite open refinement; it is a mild assumption
since, for example, every metrizable space is paracompact (see [Mon01, Re-
mark 4.5.3], and any locally compact, o-finite topological space is paracom-
pact. The following proposition assures that generalized Bruhat functions
exist if the action of G is proper.

Proposition 2.5.2. Let X be a locally compact topological space such that
G acts continuously and properly on X and such that the quotient is para-
compact. Then there exists a generalized Bruhat function for the G-action
on X.

Proof. See [Mon01, Lemma 4.5.4] O
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Proposition 2.5.2 is useful to show that many modules are relatively
injective:

Theorem 2.5.3. Let G be a locally compact group that acts continuously
and properly on a locally compact space such that the quotient G\X is para-
compact. Then Cyp(X, V) is a relatively injective Banach G-module.

Proof. The proof is analogue to the proof of Proposition 1.6.5: the general-
ized Bruhat function allows to average on the G-orbits the value of ao and
hence to define the extension S by the formula

B(b)(x) = /G h(g™'z)a(go (g~ b))(x).

The properties of the Bruhat function imply all the required properties (i.e.
that 3 is well defined, continuous, invariant, extends « and has norm smaller
then |la|). See [Mon01, Theorem 4.5.2] for more details. O

Theorem 2.5.4. Let G be a locally compact group, let X be a locally compact
topological space with a continuous proper G-action such that the quotient
G\ X" is paracompact for every n. Then the cohomology of the complex

0—=V —= Cup(X; V)G — Cp (X% V)F —— -

is isometrically isomorphic to Hy(G, V).

Proof. We have already proved that, under these hypoteses, the modules
Cwp(X™; V) are relatively injective (using a Bruhat function for the action of
G on X™).

It is not obvious that the complex is strong: the cone operator doesn’t
induce a map between the maximal continuous submodules since the cone
of a function that is uniformly continuous with respect to the diagonal left
multiplication needs not to be uniformly continuous with respect to the left
multiplication. However the existence of a Bruhat function for the action
of G on the first factor X allows to construct a contracting homotopy that
restricts to the maximal continuous submodules. Let us define the map o:

0: Cp(X"L V) = Oy (X V)
od(x1,... xn) = [gh(g  e)p(ge, x1, ..., xn)da.

It is easy to verify (see [Mon01, Theorem 7.4.5]) that o is continuous
(since h is continuous) and that o restricts to the maximal continuous sub-
modules. Moreover the first property of a Bruhat function implies that o
has norm at most one and hence the complex is indeed strong.

It only remains to prove that the isomorphism is isometric. As a conse-
quence of the minimality property of the canonical seminorm, it is sufficient
to exhibit a norm decreasing chain map
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V—— CC’gb(G; V)—— Céclb(G; V)—— CC’CQb(G; V)——s---

e

V ——CCOp(X; V) —= COp(X2, V) —= COp(X3; V) — - -

Again this can be defined using a Bruhat function for the action of G on X: if
we identify the functions in C" (G, R) with bounded functions ¢ : G"*1 — R,
we can define

ad(zg, ..., xy) = /n h(galxo) . h(g,:lxn)gb(go, ey Gn)dgo - . . dgp.

Since, under the identification of C" (G, R) with a subspace of C% (G, R), the
inhomogeneous differential d is precisely the restriction of the homogeneous
differential d, the maps a* commute with the differential. It is also easy
to verify that they are continuous and G-invariant and hence provide the
required chain G-morphism. 0

Remark 2.5.5. Let us denote by Cu(X™,V)a: the subcomplex of the al-
ternating functions. The alternating operator

Alt: Cop(X™ V) = Cop(X™, V)i

Alt(¢)($0, s 7x7’b) = ﬁ ZU€S7L+1 (b(xa(O)a R 7330(71))
is a chain G-morphism that extends the identity and has norm, in every
dimension, not greater than one. Since the canonical seminorm is the small-
est norm on HY%(G,V) (cfr. Remark 2.3.3), and since we have proved in
Theorem 2.5.4 that the canonical seminorm is induced by the sup norm on
Cop(X™, V)€, the homology of Cup(X™, V)&, is isometrically isomorphic to
H% (G, V).

Theorem 2.5.4 has many applications and will allow us to find analogues,
in the bounded context, of the results of Section 1.3, Section 1.5 and Section
1.6.

A first important application is to show that the continuous bounded
cohomology of a locally compact topological group can be computed from
the homogeneous resolution:

Theorem 2.5.6. If G is a locally compact group, there exist an isometric
isomorphism
(G, V) = HG (G, V).

Proof. The topological space G™ satisfies the hypotesis of Theorem 2.5.4
since the action of G on G™*! via diagonal left multiplication is obviously
continuous and proper (since the diagonal is closed). Moreover the quotient
is paracompact by Proposition 13 in [Bou52, Chapter 4, Paragraph 6|. [
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Another important application of Theorem 2.5.4 is the bounded version of
Theorem 1.5.2 i.e. that we can factor a compact subgroup without changing
the continuous bounded cohomology. As we have already set in Section 1.5,
G will denote a locally compact group, K is a compact subgroup, G/K the
topological space of left cosets as a quotient of G with respect to the right
K action. We consider on G/K (and also on (G/K)?) the action of G via
left multiplication.

Theorem 2.5.7. For every Banach G-module V', the cohomology of
0 ——= Ce(G/K: V) — Cop((G/K)% V) —
is isometrically isomorphic to H} (G; V).

Proof. We have only to prove that (G/K)™ satisfies the hypotesis of Theorem
2.5.4. Clearly G/K is localy compact and the action of G on it is continuous
and proper. It remains to prove that G\(G/K)" is paracompact. Since left
and right actions commute, we can first factor the diagonal action A(G)\G"
and then consider the quotient with respect to the action of the compact
group K™: if X is paracompact and X — X/R is proper, also X/R is
paracompact (see [Mon01, Lemma 4.5.9]). O

As a consequence of Theorem 2.5.4, we also get that the seminorm in-
duced in cohomology from the resolution Cy((G/K)™; V) is the canonical
seminorm. Since the morphisms

7 Cap((G/K)" V) = Cap(G™ V)

form a chain G-morphism that extend the identity and have norm smaller
than one, we get that they induce isometric isomorphisms in cohomology.

Corollary 2.5.8. Let G = Isom™ (H"), let K be a mazimal compact sub-
group (corresponding to the stabilizer of a point © € H"). The cohomology
H*(G;R) can be computed from the complez Cy ((H™)*,R)S,. Moreover the
sup norm on this complex induces the canonical seminorm.

Proof. 1t is joint corollary of Theorem 2.5.7 and Remark 2.5.5. O

A last important application of Theorem 2.5.4 is the generalization of
Theorem 1.6.1 to the bounded context. Namely if H is a closed subgroup
of G we can compute the continuous bounded cohomolgy of H from the
subcomplex of the H invariants of the resolution (C7(G,V),d).

Theorem 2.5.9. Let H be a closed subgroup of the locally compact group G.
The homology of

OHCCb(GgV)HH cb(G2§V)H4> cb(Gg;V)H

is isometrically isomorphic to H} (H, V).
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Proof. We have to prove that, for every n, the quotient A(H)\G" is para-
compact and this fact follows from the fact that, since H is closed in H, also
A(H) is closed in G". O

The thesis of Theorem 2.5.9 is that the homology of Cu(G*; V) is iso-
metric to H}(H;V) we will need an explicit description of a map at the
level of cochains that induces the isometry in cohomology. Let us consider
the restriction map

(G, V) = Cly(H, V)

induced by the inclusion of H in G. It is obviously norm non-increasing and
we have constructed, in the proof of Theorem 2.5.4, a homotopical inverse
that is norm not increasing; this implies that the restriction map induces an
isometry between the homologies of the subcomplexes of the H-invariants
of the two complexes. We will use this result in Theorem 3.3.10 and in
Proposition 4.1.1.

2.6 Amenable groups and amenable actions

A corollary of Theorem 1.5.2 is that the continuous cohomology of a compact
group is trivial. An interesting feature of continuous bounded cohomology is
that this fact can be generalized to a larger class, the amenable groups, that
will be the subject of this section. The definition and the first properties of
amenable topological groups can be found in [Gre69|.

Definition 2.6.1. A topological group G is amenable if there exist a G-
invariant mean on L (G, R) i.e. alinear, norm one function m : L*°(G,R) —
R such that

e m(l)=1,m(f) >0if f>0
e (Ig)sm =m.
An useful tool in the study of amenable groups is the following theorem:
Theorem 2.6.2. The following statements are equivalent:
1. there exists a left invariant mean on L*>°(G;R);
2. there exists a left invariant mean on Cg(G;R).

Proof. Since C(G;R) is a closed subspace of L (G;R), the invariant mean
on L*®(G;R) restricts to an invariant mean on Ce(G; R), hence the proof of
the implication 1 = 2 is trivial.

In order to prove the converse implication, let us recall that the (right)
convolution of the functions ¢ € L*(G;R) and f € L>(G;R) is defined by
the formula

£ d(s) = / ot s)dt
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where dt denotes the left invariant Haar measure on G. The convolution has
the property that, if ¢ has compact support, then, for every f € L*(G;R),
the function f * ¢ belongs to C(G;R); this follows from the continuity of
the action (via left multiplication) of G on L(G):

[xo(s) = Fxo(sz) = [ FO)p(t s) — f(H)p(t sw)dt
< fllso f¢(t_18) — ¢(ttsz)dt.

Moreover, another useful property of the (right) convolution is that (I, f) *
¢ =1g(f x9):

flgt)o(t™ s)dt

flgt)o(t™ g~ gs)dt

F()o(t gs)dt

Let us now fix a left invariant mean m on C.(G;R), we want to construct
a mean on L*°(G;R). Let us choose a compact neighborhood K of e and
consider ¢ the characteristic function of K normalized so that [¢ = 1.
The first property of convolution assures that, for every f € L*(G;R), the
function fx¢ belongs to C.(G;R). We can thus define a mean m on L*(G; R)
by requiring that m(f) = m(f+*¢). The left invariance of m implies that also

m is invariant: m(lyf) = m((lgf)* @) = m(ly(fx@)) = m(f*¢) =m(f). O

A first application of Theorem 2.6.2 is that it enables to deduce result
on the amenablity of topological groups from the amenability of discrete
groups. Here by a discrete amenable group G we mean a group that admits
a G-invariant mean on the bounded functions from G to R; the theory of
amenability for discrete groups is somehow easier than that for topological
groups. When we deal with topological group G, we can consider G as a
discrete group (forgetting its topology). Theorem 2.6.2 implies that if G is
amenable as a discrete group, it is also amenable as a topological group (since
the continuous bounded functions are a subspace of the bounded functions).
The converse implication is false, we will now prove that compact groups are
amenable as topological groups, but some ortogonal groups are not amenable
as discrete groups (see |Gre69, p.26).

Proposition 2.6.3. Any compact group K is amenable.

Proof. The map
L*(K,V) =V
f = ey i Far

is a desired mean (since the Haar measure is left invariant). O

Another class of groups that are amenable are the abelian groups:

Theorem 2.6.4. Let A be abelian, then A is amenable.
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Proof. Any discrete group that is abelian is amenable (see [Gre69, Theorem
1.2.1]). In particular this implies that a topological abelian group is amenable
since the continuous bounded functions are a subspace of the bounded ones
(see [Gre69, Theorem 2.2.1]). O

The class of amenable groups is closed with respect to quotients, closed
subgroups and extensions:

Theorem 2.6.5. Homomorphic images of amenable groups are amenable,
closed subgroups of amenable groups are amenable, extensions of amenable
groups via amenable groups are amenable.

Proof. The assertions are [Gre69, Theorem 2.3.1|, [Gre69, Theorem 2.3.2]
and |Gre69, Theorem 2.3.3| respectively. O

The importance of amenable groups in the theory of continuous bounded
cohomology is due to the fact that their cohomology is zero.

Proposition 2.6.6. If G' is amenable, then H}(G;R) = 0.

Proof. 1t is sufficient to show that R is relatively injective as G-module.
However, since there exists a G-invariant mean

m: L™(G,R) > R

that is left inverse to the inclusion of R as coefficients, we get that R is
relatively injective (since L>®(G,R) is). O

Proposition 2.6.6 is far more general: it can be proved that, for every
coefficient G-module V', the mean m : L*°(G,R) — R allows to construct a
mean on L*°(G,V) and thus that V is relatively injective; this implies that
HY(G,V) = 0. Since we will need that means on L*°(G,V) exist we state
this result for further reference.

Proposition 2.6.7. Let G be an amenable group an V a separable reflezive
Banach G-module. Then there exists a G-invariant mean L>(G,V) — V.

Proof. The result follows from [Mon01, Example 5.7.3] and [Mon01, Theorem
5.6.1]. 0

One of the most interesting features of amenable groups is that we can
use the invariant mean as an analogue of Haar measure in oreder to average
measurable cochains:

Proposition 2.6.8. Let P be an amenable group, then there exists o G-
invariant linear map

L®(G, V) —2 L=(G/P,V)

such that ||a|| < 1 and such that « is left inverse to the inclusion i :
L>*(G/P,V) = L*(G,V).
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Proof. We identify L>°(G/P, V') with the submodule of L*>°(G, V') invariant
with respect to right translations of elements in P. The invariant mean on
L>(P,L>*(G,V)) allows to generalize the proof of Proposition 1.5.1 in this
context interchanging the role of the integral with that of the mean.

Let us fix f € L>®(G, V), we define the function

Q. P — L>®(G,V)
p —=1rpf

and we put of) = m(®s). The map « is obviously linear (since m is)
and has norm one. Moreover it is a G-morphism since left and right actions
commute. It only remains to prove that its image is contained in the space
of (right) P-invariant functions.

rpa(f)(g) = a(f)(gp)
= m(®y)(gp)
= m(l,19y)(9)
= a(f)(9)-
Here above we used the fact that ®¢(z)(gp) = r.f(9p) = f(9px) = 1 f(9) =
(lp-1®@5(2))(9)- O

The theory of amenable groups has been widely developed by Zimmer
(see [Zim84]), who constructed the theory of amenable actions (of groups
on topological spaces). This theory has deep implications on continuous
bounded cohomology but relies on non-elementary results of ergodic theory
and goes behind the purposes of this thesis. We will only give a definition of
an amenable action (different from Zimmer’s original but equivalent to that)
and draw an elementary consequence.

Definition 2.6.9. Let (S, ) be a G-space with a quasiinvariant measure.
The action of G on (S, p) is amenable if there exists a projection m : L (G x
S:R) — L®(S;R) that is

e (G-equivariant;
e L*>®(S;R) linear,
e m(lgxs) = 1lg, and m(f) > 0 for every f > 0.

Proposition 2.6.10. If the action of G on S is amenable, then L*°(S;R)
1s relatively injective

Proof. We have seen in Proposition 2.4.3 that L>*(Gx S;R) = L*>(G; L*(S;R)).
Under this identification, the mean is the norm one G-invariant left inverse
to the coefficient inclusion

L°(S;R) — L>™(G; L*=(S;R)).
By Lemma 1.2.4 this implies that L>°(S;R) is relatively injective (since
L>*(G; L*>®(S;R)) is. O
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The following fundamental Theorem relates the amenability of a closed
subgroup P of G and that of the action of G on the coset space:

Theorem 2.6.11. Let G be a locally compact group and H a closed subgroup.
The action of G on G/H 1is amenable if and only if H is an amenable group.

Proof. We refer to |Zim84, Proposition 4.3.2]. O

We can now come back to the continuous bounded cohomology and use
the properties of amenable subgroups to find another useful resolution (that
will be fundamental in Chapter 4).

Proposition 2.6.12. The module L*°(G/P,V) is relatively injective as Ba-
nach G module if P is amenable.

Proof. 1t is a consequence of Proposition 2.6.8. O

Theorem 2.6.13. Let G be a locally compact second countable group. Let
P be an amenable subgroup, V' a continuous Banach G-module. The coho-
mology of the complex

0 ——=L®(G/P; V)Y ——= L®((G/P)* V)¢ —= L>((G/P)*; V)¢

is isometrically isomorphic to Hy(G, V).

Proof. Since L>®((G/P)"*1, V) = L>(G/P, L>((G/P)",V)), every module
in the associated resolution is relatively injective. We need to prove that
the resolution is strong, but, by the same arguments of Proposition 2.4.5, a
contracting homotopy corresponds to an inverse of the coefficient inclusion
L*(G/P)",V) — L>*(G/p,L>*((G/P)",V)) and can be constructed by
averaging with respect to a probability measure on G/P (we do not require
any type of invariance on the contracting homotopy).

With the aid of the usual homological algebra this implies that the coho-
mology of the complex is isomorphic to the continuous bounded cohomology
of G.

It remains to show that this complex induces the canonical seminorm.
We have already pointed out that there exists a norm one G-morphism
L*(G,V) — L*°(G/P,V) (in Proposition 2.6.8). This allows to construct
inductively a G-morphism « : L*(G",V) — L*((G/P)",V) using twice
the isomorphism L®(X,V) = L>®(X, L>®(X""1,V)), where X is any topo-
logical space. The proof that the constructed morphism has the required
properties is rather complicated and we refer to [Mon01, Lemma 7.5.6] for
the details. O
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2.7 Bounded cohomology of topological spaces

The aim of this section is to define another cohomological theory that is closer
to the geometric applications and that will allow us, in the next chapters, to
interpret geometric problems using the group cohomology theories we have
just defined. Let us consider a topological space X. We will denote by

Si(X) ={o: A" = X |0 is continuous}
the set of singular simplices of X. Moreover we will denote by
CHX,R) = {f : 5(X) = R}

the singular cochains with real coefficent. We consider on these vector spaces
the [°° norm with respect to the basis provided by the simplices and we
are interested in the subcomplex of the bounded functions. Obviously the
coboundary operator restricts to the submodules of the bounded cochains:

Ch(X,R) = {f € C"(X,R)] sup [f(@)] = [ flloo < 00}

Definition 2.7.1. The bounded cohomology of X is the cohomology of the
complex of the bounded cochains.

We will denote by H;(X,R) the ith group of bounded cohomology of the
topological space X.

As one can easily guess, since we are talking about a normed chain com-
plex, the bounded cohomology is endowed with a seminorm (induced by the
[°° norm on cochains) and we will be particularly interested in its properties.

It is rather easy to prove the fact that the bounded cohomology of a
topological space is a homotopy invariant, however it doesn’t satisfy any
analogue of Mayer-Vietoris sequence and hence it is very difficult to compute
and has some strange behaviours: for example, even when we restrict to a
manifold M, the bounded cohomology of M can be an infinite dimensional
vector space even in dimension higher than the dimension of the manifold.

The inclusion of the bounded cochains in the singular cochains induces,
in cohomology, the comparison map that is, in general, not injective nor
surjective but, as we will see, has very interesting geometric applications.
We will always denote the comparison map by

c: Hy(X;R) - H*(X;R).

A deep result by Gromov (see [Gro82, Section 3.3|), proved in detail by
Ivanov in [Iva87, Theorem 4.3] relates the bounded cohomology of a space
with that of its fundamental group:
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Theorem 2.7.2 (Gromov’s mapping Theorem). Let X be a connected count-
able CW-complex. There exists an isomorphism

Hj(X;R) = Hy(mi (X, 2); R)
that is isometric.

Let us consider )Z'Nthe universal covering of the topological space X. The
action of 71(X) on X via deck transformation induces an action of m1(X)
on CZ(X,R). A crucial step in the proof of Gromov’s mapping Theorem is

the observation that the projection p : X — X induces an isomorphism
p*: Ci(X,R) — Ci(X,R)™ ).

This implies that the bounded cohomology of X with real coefficients is the
homology of the complex

0— (X, R)"(X) — 0} (X, R)"(X) — 02(X, )" (X) — -

The latter is the complex of the 71 (X) invariants of the resolution of R
provided by the modules Cé(f( ,R). So, in order to prove Gromov’s mapping
Theorem, it is sufficient to show that that resolution is strong and relatively
injective. It is not difficult to prove directly that the modules are relatively
injective:

Proposition 2.7.3. The modules C}(X,R) are relatively injective as m1(X)-
modules.

Proof. The proof of the relative injectivity of C’g(f( ,R) is very easy. This is
because 1 (X) is a discrete group and hence we do not have to deal with any
continuity problem. Let us consider a fundamental region F' for the action of
71(X) on X and consider the subset S;(X) of S;(X) made of the simplexes
with first vertex belonging to F. The set S;(X) meets any 7 (X )-orbit of
S;(X) in exactly one point. Moreover the action of 71 (X) on S;(X) is free.
This means that, for every o € S;(X), there exist a unique & € S;(X), and
a unique g € m(X) such that o = ga.
Let us consider, as usual, an extension problem

Cy(X.R)
Let us define the function §(o) by requiring

3(b)(0) = Brg~ ' (b)(9).

It is easy to verify that the map ¢§ is well defined and G-invariant and that
makes the diagram commutative. O
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Unfortunately the proof that the resolution is strong is, in general, very
difficult and based on results on the amenability of abelian groups (an ana-
logue statement is false in the unbounded setting whenever the universal
covering of X is not contractible). Since we will not need this statement in
the general case, we omit the proof of the theorem in full generality.

Anyway, if the universal covering of X is contractible, the proof of the
fact that the resolution is strong is simple: let us consider the standard
proof of the fact that the singular cohomology of a contractible space is
trivial (see e.g. [Hat02, page 201]). The cone operator defined in that proof
restricts to the bounded cochains providing a contracting homotopy. This
result is sufficient for our applications since we will deal only with spaces
whose universal covering is diffeomorphic to R™ and hence, in particular,
contractible.

We will need (in the proof of Theorem 3.3.11) that the homology of
the complex (Cg(X;R)’”(X), d) is isometrically isomorphic to the bounded
cohomology of 71 (X).

Proposition 2.7.4. Let X be a topological space whose universal covering is
contractible, then H (m1(X),R) and H} (X,R) are isometrically isomorphic.

Proof. We have already justified that the two groups are isomorphic. Let
us prove that the isomorphism is isometric. For an argument that we have
widely used in the chapter, it is sufficient to exhibit a chain 71 (X )-morphism
a: Cim(X);R) — Cé()?;R) that extends the identity on R and has norm
not greater than one.

Let us fix again a fundamental region F' for the action of 71 (X) on the
universal covering X. For every vertex x; of a simplex o, there exists a
unique g; € m(X) such that z; € g;F. We define the morphism « by the
formula:

a(¢)(o) = ¢(go, - 9i)-

Obviously « is a chain morphism that extends the identity and has norm not
greater than one. Moreover it is easy to verify that « is 71 (X)-invariant. [

More details of the proofs of Proposition 2.7.3 and Proposition 2.7.4,
toghether with the complete proof of Gromov’s mapping Theorem can be
found in Ivanov’s paper [Iva87].
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Chapter 3

Simplicial volume

In this chapter we will introduce the central object in the thesis: the sim-
plicial volume. This invariant of closed connected oriented manifolds first
appeared in Gromov’s seminal article “Volume and Bouded Cohomology”
[Gro82] and in Thurston’s lecture notes [Thu79].

The simplicial volume, even if being a homotopical invariant, is deeply
related to metric properties. An example of these relations is given by Gro-
mov’s Proportionality Principle: let us fix on M a Riemannian structure
(and hence a metric universal covering M), the rate ||M||/vol(M) depends
only on the isometry type of the Riemannian covering M. This fandamental
Theorem has many applications in different areas: for example, in case of
hyperbolic manifolds it is a fundamental tool in Gromov’s simple proof of
Mostow rigidity Theorem [BePe92, Section C.5] and it is, in general, useful
in proving degree theorems [LoSa09].

In the next chapters we will study properties of the simplicial volume
with particular care towards the proportionality principle and, more pre-
cisely, to the explicit computation of the proportionality constant involved
in that theorem. In this chapter, in addition to the definition and the first
properties of simplicial volume, we will recall Bucher-Karlsson’s proof of pro-
portionality principle for locally symmetric spaces that relies on the theory
of continuous and continuous and bounded cohomolgy introduced in the first
two chapters. In the last section we will study in detail the case of hyper-
bolic manifolds comparing the cohomological approach of Bucher-Karlsson
to Gromov’s original approach.

Chapter 4 will be devoted to the case of manifolds covered by H? x H?
where the introduced cohomological machinery can be used to give the exact
computation of the proportionality constant (note, however, that in this case
no homological version of the proof is known).
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3.1 Simplicial volume

In order to define simplicial volume we will put a seminorm on singular
homology. Let M be a m-dimensional manifold. The singular homology of
M with real coefficients is the homology of the complex

RJC()(M;R)&Cl(M;R)&CZ(M;R)%...

where the i-singular chains are the free R-module over i-singular simplices:
if we denote by A* the standard i-simplex, we call

S;(M) = {o; : A" — M]||o is continuous}.

With this convention, C;(M;R) is the free R-module on S;(M):

Ci(M;R): ZCLjO‘j‘(IjER, O'jESi(M)
j=1

If we denote by fl-k : A" — A1 the linear parametrization of the k-th face
of A" the boundary operator is defined by linearly extending the operator

A '
0j11(0) = (D)oo fi.

=0

We can endow every vector space C;(M;R) with the [;-norm with respect
to the basis formed by the simplices:

n n
H Z%‘Uj“l => lajl.
=1 j=1

It is easy to prove that this is actually a norm and that the boundary operator
is continuous with respect to this norm. This means that the /;-norm makes
(C«(M;R),0) a normed chain complex.

As usual when dealing with a normed chain complex (see Section 1.1),
the norm we have just described at the cochain level induces a seminorm
in homology taking the infimum over the norms of the representatives of a
homology class:

= inf ally.
181 = ,_inf, _ llal
[a]=58
Note that, since the image of § oughts not to be closed, there is no reason,
in general, for || - || to be a norm, as we will see in the next example:
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Example 3.1.1. Let us consider M = S' = {z € C||z| =1} and let [3] =
[S1] the class in H;(S';R) of the simplex parametrized by ¢ — €2™ (i.e. the
fundamental class of S1). If we denote by 3, the simplex

Bn: I — St
t — e?ﬁint
an easy application of Hurewicz Theorem shows that [8,] = n[8]. Since,

obviously, [|[8,]]| < 1, we get that [|[S!]|| < inf £ = 0.

The simplicial volume of a manifold M is the [1-seminorm of its funda-
mental class with real coefficients. To make this statement more precise we
need to recall some other definitions from algebraic topology. The following
fact is well known [Hat02, Theorem 3.26]:

Theorem 3.1.2. Let M be a closed connected orientable manifold, with
m = dim(M). Let T be an arbitrary triangulation of M. If we consider the
singular homology with integral coefficients, the following facts hold:

o Hy(M;Z) = Z;

e for an appropriate choice of signs k;, the class of ZaieT kio; is a gen-
erator of Hy,(M;7Z) that we will call [M];

e for every x € M, we have Hp, (M, M\{z};Z) = 7Z and the projection
Hp(M;7) — Hp, (M, M\{z};Z)
maps [M] to a generator of H,,(M, M\{x};Z).

Note that the choice of an orientation for M corresponds to the choice
of one of the two possible fundamental classes [M] of the manifold.

An easy formulation of the Theorem of universal coefficients for homology
implies that H,(M;R) = H,(M;Z)®R and, moreover, that the isomorphism
is induced by the inclusion

i C(M,Z) = Cy(M;R).

The real fundamental class of M (that we will denote by [M]g or also, when
this will not cause confusion, by [M]) is the generator of H.(M;R) =2 R
defined by:

[M]g = i.[M].

Definition 3.1.3. Let M be a closed, connected, orientable manifold of
dimension m, the simplicial volume of M is

M| = ||IMr|l = inf .
2] = Mgl = _ jnt il
[a]=[M]r
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We have defined the simplicial volume only for closed connected ori-
entable manifolds, and, moreover, it is easier to deal with a fundamental
class when a manifold is triangulable. Since we are interested in the study
of this invariant for symmetric spaces that are smooth manifolds (hence, in
particular, triangulable), from now on all manifolds will be understood to be
smooth, closed, connected and orientable, unless otherwise stated. Moreover
we will often denote the dimension of a manifold with an apex: with M™
we mean that dim(M) = m.

Since in the definition of the simplicial volume only the singular homology
of a manifold is involved, the object we have just defined is a homotopy
invariant of closed manifolds:

Proposition 3.1.4. Let M and N be two manifolds of dimension n, let
moreover f : M — N be a homotopy equivalence, then |[M| = || N||.

Proof. The homotopy invariance of singular homology [Hat02, Corollary
2.11], implies that f, : H,(M;Z) — H,(N;Z) is an isomorphism, in partic-
ular f,,([M]) = £[N]. Now the definition of simplicial volume as infimum of
the [1-norm of the representatives of the real fundamental class implies that
IN|| < ||M]: if the chain a = ) a;0; represents [M], its image via f, the
chain ) a;f oo;, represents +[N| and has norm equal to ||a|;. Applying the
same argument to the homotopical inverse of f we get the desired equality.

O

Recall that the degree of a map between two manifolds of the same di-
mension n can be defined as the integer d such that f,([M]) = d[N]. The
ideas at the base of the proof of Proposition 3.1.4 lead to vanishing results
for the simplicial volume:

Proposition 3.1.5. If a manifold M™ admits a self map of degree greater
than 1, then its simplicial volume vanishes:

[M]| = 0.

Proof. We have already pointed out that, for every selfmap f : M — M
and for every class a in H,(M;R), we have ||f.(a)|| < |la|]]. Moreover the
seminorm induced in homology obviously satisfies ||da| = d||«|| for d in Z,
and « in H;(M;R). This implies that, if the map f : M — M has degree d,

[ M| = |[d[M]|| = |[fa(IMDI < [[M]],
that forces ||M]| to be zero. O

In the next proposition we will examine another consequence of the def-
inition of simplicial volume, namely its behaviour under finite coverings:
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Proposition 3.1.6. Let 7 : M — M be a d-sheeted covering of a manifold
M. Then | M| = d||M]|.

Proof. Since 7 has degree d, we have already shown that ||M]| > d||M]|. To
prove the equality, we construct a representative for the fundamental class
of M starting from one of M.

Since 7 is a d-sheeted covering, every simplex o in S,, (M) has d different
lifts {o?}¢_, in Sm(M) Moreover, given a representative a = ) ajo; of the

fundamental class [M], the chain @ = ) aj(zle U;-) is closed and represents

the fundamental class [M]. This implies our conclusion since
lally = dlje]s
O

_Note that also the volume has the same behaviour under finite coverings:
if M is a d-sheeted metric covering of the Riemannian manifold M, it is easy
to verify that vol M = d vol M. This implies that

vol M vol M

M| M

This fact is far more general: Gromov’s Proportionality Principle (Theo-
rem 3.3.14) states that the hypotesis that the covering is finite sheeted is
unnecessary.

A joint Corollary of Proposition 3.1.5 and Proposition 3.1.6 is that the
simplicial volume of flat and elliptic manifolds vanishes:

Proposition 3.1.7. Let M™ be a closed, connected oriented manifold that
admits a metric with constant sectional curvature equal to 0 or 1. Then

[M]| = 0.

Proof. The simplicial volume of the sphere S™ vanishes since this manifold
admits a selfmap of degree 2. To give an example of such a map we can view
the m-sphere as a subset of the product C x R™~!

S™ = {(z,y) € Cx R™ | [z + |ly|* = 1}
and consider the map
¢: 8™ — 5™
(pe,y) = (pe*,y)

that has degree 2. This implies that ||S™| = 0 for every m.
Let us now consider M™ a Riemannian closed manifold with sectional
curvature constant and equal to 1. Its universal metric covering is isomorphic
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to the sphere S™ (since the manifold M is complete). Thus M is the quotient
of ™ with respect to a group of isomorphisms of S™ whose action is free
and properly discontinuous. Since S™ is compact, this group must be finite
and hence 7 : S™ — M is a finite covering. We have shown that ||S™| = 0,
this implies that also || M| = 0.

A similar argument applies for flat manifolds: a corollary of Bieberbach
Theorem [Rat06, Theorem 8.2.5] is that every compact n-dimensional Eu-
clidean manifold (whose universal metric covering is, hence, R™) is finitely
covered by an n-torus. Since, again, every torus admits self-maps of degree
strictly greater than 1, we get as a result that the simplicial volume of flat
manifolds is null.

O]

The behaviour of hyperbolic manifolds is far different: we will show in
Theorem 3.4.1 that if the manifold M™ admits a Riemannian structure with
constant sectional curvature equal to —1, its simplicial volume satisfies

1
|M|| = —vol(M),
Um

where v, denotes the volume of the ideal regular simplex in H™. In partic-
ular the simplicial volume of M is different from zero.

3.2 Relations with bounded cohomology

We have defined in Section 2.7 the bounded cohomology of a topological
space as the cohomology of the normed chain complex (Cj(M;R),d) of
bounded cochains from S,(X) to R. Indeed the bounded cochains (C}(M;R), ||-
|loo) form the topological dual of the normed vector space (C;(M;R), || - ||1):
from the definition of [°°-norm on bounded cochains it follows that, for every
cochain 3 € C}(M;R),

1Blloc = sup{B(a)|a € Gi(M;R), [lafly = 1}.

A standard consequence of Hahn-Banach Theorem is that also the con-
verse 18 true:

Proposition 3.2.1. For every chain o € C;(M;R),
lalls = sup {B(a)| B € CL(M;R), [|B]le0 = 13-

We now aim to a result first pointed out by Gromov in [Gro82]: an
analogue of Proposition 3.2.1 holds also in cohomology. Since the cobound-
ary operator on bounded cochains is the dual to the boundary operator on
singular homology, it is easy to verify that the Kronecker product:

H.(M;R)® Hf (M;R) = R
([od, [8]) = Blev).
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is well defined.

The Kronecker product allows to generalize the duality between the [!-
norm on chains and the [*°-norm on cochains highlighted in Proposition
3.2.1 to a duality between the ['-seminorm induced in homology and the [>°-
seminorm on bounded cohomology we studied in Section 2.7. The following
theorem makes this statement more precise and will be crucial since it relates
the simplicial volume and the bounded cohomolgy:

Theorem 3.2.2. Let us fir a € H;(M;R) . If ||al|1 # 0,
lallyt = inf{[[bllo | b € Hy(M;R), (a,b) = 1},
moreover ||all1 = 0 if and only if the set on the right-hand side is empty.

Proof. The inequality < descends from the definition of Kronecker product:
let us fix an element b in H;(M;R) such that (a,b) = 1. If a € C;(M;R)
represents a and 3 € Cj(M;R) represents b, then

1= {a,b) = B(a) < [[Bllollll1-

If we take the infimum over the representatives at the right-hand side, we
get that
1 < [|bllsalls-

This means that, if ||al; = 0, then the set on the right-hand side in the
statement is empty, and, otherwise, that

lall" < inf{||b]los |b € H(M;R), (a,b) = 1}.

The opposite inequality is more subtle and descends from Hahn-Banach The-
orem: let, again, a € C;(M;R) be a representative for a and let V' be the
subspace of C;(M;R) generated by a and the i-boundaries, i.e.

V ={(a) ® 9Ci4+1(M;R).

Since we can assume ||a|1 > 0, the cycle a doesn’t belong to 0C;11(M;R).
Let us consider the element 5 € V* defined by

B(0Ci+1(M;R)) =0,
Bla) = 1. (3.1)
Hahn-Banach Theorem states that there exists an element Be Ci(M;R)* =
C{(M;R) that extends 8 and such that ||8]lcc = ||8llec. Clearly 3 is a

Coboundary:~d5 = 0 since B(9Ci+1(M;R)) = 0. Moreover the class [f]
satisfies (a,[5]) = 1. Let us compute its norm:
B(a+ Oc) 1 1

= = Su = s = .
1Blloc =118l = sUP 13 e, = bt el — Tlalhn
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If a is the fundamental class of a manifold M, Theorem 3.2.2 can be
restated as follows:

Corollary 3.2.3. Let M™ be a closed connected oriented manifold. Then
IM[|7" = inf{[|bllo | b € HJ"(M;R), ([M],b) =1},

where we consider ||M|| = 0 if and only if the infimum is taken over the
empty set.

We can restate Corollary 3.2.3 in term of a fundamental coclass of M, i.e.
the generator [M]® of H"(M;R) = R such that ([M]g,[M]®) = 1, where
we denoted by ( , ) the Kronecker product on singular cohomology that
induces (as a consequence of Universal Coefficient Theorem for cohomolgy)
an isomorphism between the dual of H,(M;R) and H"(M;R).

The sup norm on singular cochains induces a seminorm also on singular
cohomology (if we let || - ||oo assume also the value oo). Namely, if 5 belongs
to C*(M;R), we put

1Blls = sup{|B(a)| | o € Si(M)} € [0,00].

The seminorm induced in cohomology is, as usual, the infimum of the norms
of the representatives, that is, if b belongs to H'(M;R),

Iblloc = inf{]|Blloc | [8] = b}

It is worth remarking that the just defined seminorm on singular coho-
mology can also be expressed by

6]l = inf {[[blloc | b € Hi(M;R), c(b) = b}

where ¢ denotes the comparison map defined in Section 2.7, and, as usual,
we consider co the value of the infimum over an empty set. Corollary 3.2.3
states that || M| = ||[M]®||z where we put ||M| = 0 if ||[[M]®| s = oco.

A first application of the duality between simplicial volume and bounded
cohomology proved in Theorem 3.2.2 is the estimate of the simplicial volume
of a product of two manifolds.

Proposition 3.2.4. Let M™ and N be two manifolds. Then
n+m
IMIINT < M < N < {0 JIMIN-

Proof. We will prove the two inequalities separately.

eThe fact that |[M x N| < ("*™)|[M||||N|| is an application of the ho-
mological cross product: recall that the product of two standard simplices
A™ x A™ can be triangulated by ("+m) simplices [EiSt52, page 68|, we call

n
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o; : A™T — A™ x A" the simplices in this triangulation. This allows to
define a cross product on chains extending by linearity the map:

X :Sk(M)(XJSj(N) — Ck+j(M X N)
(f,9) = 2 f x glo.-

It is well known that this product induces a well defined cross product in
homology, i.e. a bilinear map

Hy(M;R) ® Hj(N;R) — Hyy;(M x N;R).

Moreover, the product of a triangulation of M and a triangulation of N, if
considered as a sum of simplices (after subdividing in the way we have just
shown) is a triangulation of the product manifold. This implies, because of
the characterization of fundamental classes in terms of triangulations, that

[M] x [N] = [M x NJ.

It follows from the definition of cross product that, if a € C,,(M;R) is
a cycle representing the class [M] € Hp,(M;R) of norm |[lal|; and b €
Cn(M;R) is a representative of the class [N] € H,(N;R) of norm o],
axbée€ Cpin(M x N;R) is a representative of the fundamental class of
M x N of norm (") |lal[1][]|1. This implies the inequality we were looking
for.

eThe first inequality, on the contrary, descends from the cohomological
cup product: it is a consequence of the fact that the fundamental coclass
[M x N]® is the cup product of the fundamental classes of the two factors,
more precisely

[M x NJ* = pi[M]* u p3[N]*

where p1 : M X N — M and py : M x N — N are the projections.
To see that this is true, let us call a simplex belongin to S;(X) degenerate
if it can be obtained as the composition

p

A AT X

where the first map pj : A? — A"l corresponds to the map linearly col-
lapsing A? onto one of its faces and 7 is a simplex in S;_1(X). We can
reduce without loss of generality to the representatives o of [M]® and 3 of
[N]® vanishing on degenerate simplices (for example by restricting to the
subcomplex of alternating cochains), in this case, if we consider the trian-
gulation of A™ x A™ given in [EiSt52, page 68|, only in the first simplex
the projection on M of the first m-face is a nondegenerate m-simplex and
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the projection on N of the last n-face is a nondegenerate n simplex. This
implies that
(P UpsB)(f x g) =
= 2 PiaUpsB(f X g)lo; =
=Pl UpsB(f x g)loy = a(f)B(g)-

This means, applying this formula to a representative of the fundamental
class constructed as the cross product of fundamental classes, that

praUpyS([M x NJ) = o([M])B([N]) = 1,

i.e. that pja Upif is a fundamental coclass. Moreover ||pja U pifllec <
IpTalloollP3Blloc = llefloc||Blloc and then

M % NT¥ oo < 1 [MTFloo | [VT¥|oo-

Since we have proved that ||M|| = ||[[M]®||<} (Corollary 3.2.3), we can con-
clude that ||M||||N]|| < ||M x N||.
0

We have just seen one of the advantages of the use of bounded cohomology
in the treatment of simplicial volume: the presence of cup product allowed
us to deduce a lower estimate for the simplicial volume of a product of two
manifolds. One another powerful cohomological tool is Gromov’s mapping
Theorem (Theorem 2.7.2) that allows to reformulate the problem of the
computation of simplicial volume in terms of group cohomology and then to
take advantage of the machinery we have developed in the first two chapters
of the thesis.

Let us fix a manifold M and let 7 = 71(M) its fundamental group. If
we consider K = K(m,1) a CW-complex with 71(K) = m, m;(K) = 0 for
every ¢ different from 1 (such a space exists and is unique up to homotopy
equivalence), a classifying map for the manifold M is a continuous map
f:+ M — K with the property that 71 (f) is an isomorphism. The classifying
map exists and is well defined up to homotopy as a consequence of cellular
approximation Theorems and of the fact that, since M is a manifold, it is
also a cellular space. Since the universal covering of K is contractible, the
group (bounded) cohomology of 7 is isomorphic to the singular (bounded)
cohomology of K, moreover the isomorphism is isometric. If we consider the
commutative diagram

H*(m1 (M); R) L= H*(M;R)

R

Hy(m(M);R) —— H; (M;R)
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Gromov’s mapping Theorem (Theorem 2.7.2) states that f; is an isometric
isomorphism. This implies that the simplicial volume of a manifold M de-
pends only on the classifying map of the manifold. This approach provides
many vanishing results, for example when the cohomology of the fundamen-
tal group of M is null in dimension m:

Proposition 3.2.5. Let M™ be a manifold. Suppose that H™(m1(M);R) =
0, then |[M] = 0.

This applies, for example, when the manifold is simply connected:

Corollary 3.2.6. Let M be a manifold, if m1(M) = 0 or, more generally, if
w1 (M), then ||M]|| = 0.

We have proved the vanishing of simplicial volume for simply connected
manifolds translating the problem of its study to a group cohomology prob-
lem via the classifying map. A class of manifolds for which this approach is
particularly effective is the class of locally symmetric spaces of noncompact
type: on one way, since the universal covering of these manifolds is diffeo-
morphic to R™ and hence contractible, the classifyng map is an isomorphism,
on the other, for these spaces, we can rely on Van Est’s Theorem (and sim-
ilar statements for m (M) < Isom(ﬁ)). This theorems are very useful in
the study of the (continuous) cohomology of the relevant groups. In the
next section we will see how this idea can be used to give a simple proof of
Gromov’s proportionality principle for locally symmetric spaces. In Chapter
4 we will use it to give the explicit computation of the simplicial volume of
manifolds covered by H? x H?.

3.3 Proportionality principle for locally symmetric
spaces

The aim of this section is to state and prove Gromov’s Proportionality Prin-
ciple for locally symmetric spaces following the proof of Bucher-Karlsson
appeared in [Buc08C|. We begin recalling definitions, caracterizations and
properties of locally symmetric spaces. We refer to [Hel62| for proofs and
details.

To define symmetric spaces we will need the concept of a geodesic sym-
metry with respect to a fixed point p € M. Let us choose a normal neigh-
borhood of p, i.e. a an open neighborhood of p in M diffeomorphic, via the
exponential map, to a star-shaped neighborhood U of 0 in T, M. We more-
over require that U is symmetric with respect to the origin. The geodesic
symmetry s, : V — V is the diffeomorphism of V' conjugated, by the expo-
nential map, to the involutive diffeomorphism of R™ given by x +— —z. This
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means that, in normal cohordinates (z1,...,zy,), the diffecomorphism s, has
the expression

(1, yxp) = (=21, .oy —Ty).

Note that, as a consequence of the definition of the exponential map, the
diffeomorphism we have just defined is a geodesic symmetry in the sense
that, if v is a geodesic with the property that v(0) = p and (1) = ¢, we
have sp(q) = v(—1).

Definition 3.3.1. A (Riemannian) locally symmetric space is a Riemannian
manifold such that every point p has a normal neighborhood V such that
the geodesic symmetry with respect to p restricts to an isometry of V.

Indeed any involutive isometry ¢ that has an isolated fixed point p is
a geodesic symmetry. Infact its differential in p equals to d¢, = —Id: the
minimal polynomial of d¢, divides #2 — 1 and hence d¢, is diagonalizable,
moreover a geodesic tangent to an eigenvector of 4+1 eigenvalue would be left
fixed by ¢ but p is an isolated fixed point of ¢. This implies that ¢ maps
the geodesic with tangent vector v in p isometrically in the geodesic with
tangent vector in p equal to —v and hence it is a geodesic symmetry. From
now on we will talk about involutive isometries with an isolated fixed point
instead of geodesic symmetries.

Definition 3.3.2. A globally symmetric space (that we will also call just
symmetric space) is a Riemannian manifold M such that, for every point
p € M, there exists an involutive isometry s, of M that has p as an isolated
fixed point.

We have already pointed out out that a globally symmetric space is a
locally symmetric space. Moreover, if a locally symmetric space is complete
and simply connected, the local involutive isometry given by the geodesic
symmetry extends to an involutive isometry of the whole manifold that has
p as an isolated fixed point:

Theorem 3.3.3. Let M be a complete, simply connected, locally symmetric
space. Then M 1is a globally symmetric space.

Proof. See [Hel62, Theorem 5.6, page 187]. O

From this result it immediately follows that the universal covering of a
complete locally symmetric space is a symmetric space.

Some examples of symmetric spaces are the spaces of constant curvature
H™, R™ and S™: since the isometries of these spaces act transitively on them
it suffices to exhibit an involutive isometry that has a specific isolated fixed
point: the inversion (z1,...,z,) — (—1,..., —x,) provides such a map for
the point 0 in the Fuclidean space R"; if we consider the hyperboloid model
of H", i.e.

H" = {(20,...,2,) € R™V|(2,2)(,1) = —1},
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the isometry of R given by (zo,...,Tn_1,%n) — (—T1,..., —Tp_1,Zn)
restricts to an isometry of H" having (0,...,0, 1) as unique fixed point. The
same example can be given for the sphere S™: we consider its model given
by

§" = {z e R"!||lz| = 1}

and restrict to S™ the ambient isometry given by

(Toy v oy Tpe1,Zn) = (=1, oy —Tp—1, Tp)

to get an isometry of S™ that has the north pole (0,...,0,1) as isolated fixed
point.

It is also clear that the product of two symmetric spaces is a symmetric
space: if vy : M — M and o : N — N are two involutive isometries
having 1 and x4 respectively as isolated fixed points, the product (y1,72) :
M x N — M x N is an involutive isometry of M x N that has (x1,x2) as
an isolated fixed point. We will consider in the next chapter the symmetric
space H? x H2.

Symmetric spaces are, in particular, homogeneous spaces: if we denote
by G = Isomg(M) the connected component of the identity in the group of
the isometries of M, we get

Theorem 3.3.4. If M is a symmetric space, then G is a locally compact
Lie group that acts transitively on M, and, for every x in M, the subgroup
K = stab(x) composed by the isometries that fiz x is compact. Moreover M
is diffeomorphic to the quotient G/ K.

Proof. 1t is proved in [Hel62]|: the first assertion is Lemma 3.2 on page 170;
the second is Theorem 3.3 on page 173. O

Let us fix a point z in M, where M is a globally symmetric space, and set

K = stab(z) C G = Isomg(M). Since M is a symmetric space, there exists
an involutive isometry s, with x as an isolated fixed point. This property of
the space reflects into an analogous property of the group G: the group of
isometries of M admits an involutive automorphism o that leaves K fixed,
defined by the formula

c:G—G

v SpYSg-
It is not difficult to show that, if we denote by K, the subgroup of G of
the elements fixed by o and by (K)o the component of the identity in this
group, (K)o < K < K, (obviously K is contained in K, and the two groups
have the same lie algebra: the eigenspace of the eigenvector +1 of dog). The
pairs with this properties are called symmetric pairs:
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Definition 3.3.5. Let G be a connected Lie group and let K be a compact
subgroup of G. If there exists an involutive isomorphism of G such that
(Ks)o < K < K, the pair (G, K) is said a (Riemannian) symmetric pair.

It is equivalent to study symmetric spaces or Riemannian symmetric
pairs: Theorem 3.3.4 assigns to every symmetric space a Riemannian sym-
metric pair; viceversa, given a Riemannian symmetric pair (G, K), any G-
invariant Riemannian metric on the quotient G/K (such a metric exists)
makes G/K a symmetric space. Moreover, the Riemannian connection on
G/K is independent from the choice of the metric [Hel62, Proposition 3.4,
Chapter IV; Corollary 4.3, Chapter IV].

Another step is necessary towards the classification of symmetric spaces:
we need to study the Lie algebra of the group G of the symmetric pair
associated to a symmetric space M. We will denote by g the Lie algebra
of G, and by k the Lie algebra of K. The Lie algebra g is endowed with
an involutive automorphism (s = do) with good properties that we will
enumerate in the next definition:

Definition 3.3.6. A pair (g,s) is an effective orthogonal symmetric Lie
algebra if the following properties hold:

1. gis a real Lie algebra
2. s is an involutive automorphism of g

3. the set of fixed point of s, k, is a subalgebra of g such that Adg(k) is a
compact subgroup of Int(g)

4. k doesn’t intersect the center of g.

Theorem 3.3.7. There is a corrispoondence between simply connected sym-
melric spaces and effective orthogonal symmetric Lie algebras.

Proof. We refer to |[Hel62, Proposition 3.6, Chapter IV], see also [Loo69,
Theorem 4.12, page 116] O

A fundamental result in the theory of symmetric spaces is the classifi-
cation of effective orthogonal symmetric Lie algebra [Hel62, Theorem 1.1,
Chapter V] that leads to the classification of symmetric spaces:

Theorem 3.3.8 (Classification of symmetric spaces). Let M be a simply
connected symmetric space, then M splits as a product K x E x N where

e K has sectional curvature everywhere greater than 0 (and is compact)

e F has sectional curvature everywhere equal to 0 (and hence is isometric
to R¥)
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o N has sectional curvature everywhere < 0. Moreover the Lie algebra
of the isometry group of N is semisimple of noncompact type.

Proof. This follows from Theorem 3.1 of Chapter V and Theorem 1.1 of
Chapter V in [Hel62]. See also [Loo69, Corollary 1, page 147| O

We can now turn back to the study of the simplicial volume for locally
symmetric spaces. We begin with another vanishing result:

Proposition 3.3.9. Let M™ be a locally symmetric space whose universal
covering has a nontrivial compact factor, then | M| =0

Proof. The result will follow from Proposition 3.2.5 once we have shown that
H™(m(M);R) = 0. Indeed, we will prove that, if M = K x H where K
is the compact factor in the decomposition of Theorem 3.3.8, it is easy to
show that (Q¢(H;R), d) is a strong relatively injective resolution of the trivial
m1(M )-module R.

The fact that the resolution is strong is a consequence of Poincaré Lemma;:
since H is a locally simmetric space with no non-trivial compact factor, it is
diffeomorphic to R™.

To prove that Q(H,R) is relatively injective as a (M )-module, let us
recall that, in the proof of van Est’s Theorem (Theorem 1.7.5), we have
seen that QY(H;R) is relatively injective as G-module where G' denotes the
identity component of the isometry group of M: this is a consequence of
the fact that H is the quotient of G with respect to a compact subgroup
(the preimage of the compact factor K). Since 71 (M) is a closed subgroup
of G, the differential forms on H are relatively injective as 71 (M )-module
as a consequence of Theorem 1.6.6. This implies that the cohomology of
71 (M) can be computed from the complex (QF(H;R)™ M) d). Since M has
a nontrivial compact factor, the dimension of H is strictly lower than m and
hence H™(m(M);R) = 0.

O

A consequence of Proposition 3.3.9 is that, when we study the simplicial
volume of a locally symmetric space, we can assume that M hasn’t any
nontrivial compact factor, so it is diffeomorphic to R™. Moreover Theorem
3.3.4 ensures that the universal covering of M is isometric to the quotient
M = G/K where G denotes the connected component of the identity in
Isom (M), and hence it is a connected Lie group; furthermore K = stab(z)
is a maximal compact subgroup (the maximality follows from the fact that
M has no nontrivial compact factor).

Moreover, since M is compact, its fundamental group, I' = m (M), sits
in G as a cocompact latex. A key step in the proof of Gromov’s Proportion-
ality Principle (and hence in the study of the simplicial volume of locally
symmetric spaces) is the following:
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Theorem 3.3.10. [t is naturally defined an embedding
H}(G;R) - H*(I';R)

isometric with respect to the seminorms induced via the comparison map from
the canonical seminorms on HY%(G;R) and Hi(I';R) respectively.

Proof. We consider H(G;R) as the cohomology of the complex (C*(G;R)%, d).
By definition of canonical seminorm, we are interested precisely in the semi-
norm induced in cohomology by the [*°-norm on this complex.

We have seen in Theorem 1.6.6 that the restriction isomorphism
p: CHG;R)Y — ¢ (I R)F

induces an isomorphism in cohomology since I' is closed in G. Moreover the
restriction of p to the bounded cochains is isometric (Theorem 2.5.9). This
implies that the canonical seminorm on H*(T'; R) is induced by the sup norm
on the complex (C*(G)', d).

We now want to define a left inverse, trans, to the map res
CH(GiR)® === C3 (G5 R)T 2225 (G R)E

where the map res denotes the inclusion of the G-invariant cochains in the
' invariant (the action of the subgroup I' < G on C¥(G;R) is the restriction
of the diagonal left action of ). The idea is to average on a fundamental
domain F for the action of I on G.

We choose a domain F' C G with the properties that

e [ is an open connected set, F N~ F = () for all v; € T
e F is compact, and pu(F\F) = 0;
o LIyvF =G.

Let us denote by p the biinvariant Haar measure on the group G (since G
is the group of the isometries of a Riemannian manifold, G is unimodular).
We define the map trans by requiring that

trans ¢(go, - . -, gi) = L )/FC(fQOw.-,fgn)du(f)

W(F)

We will now prove that the chain trans(c) is G-invariant whenever we start
with a I'-invariant chain c.

Let us fix g in G and let us consider the family {F; = v;Fg~'NF}. Since
F is a fundamental domain for F, we have F; N F; = {:

ENF; CyFg ' nyFgt = (wFnyF)g ' =0.
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The family is also finite: let us consider the projection 7 : G — M, since the
action of I' = (M) on M is proper, also the action of I" on G is proper and
hence the set {; |7 F N Fg} is finite since Fyg is compact. To prove that the
family {F;} gives a finite partition of the fundamental domain F' (negletting
a null-measure subset) it remains to prove that LUF; = F and this follows
from the fact that the left-hand member is obviously contained in F' and

u viFg™t = ( |_| vEF)g =Gy =aG.

v: €l v €l

Note that, for the same reason, also the set {'Y@ Fig = FN~;Fg} gives a
partition of F'. We than have

‘H

lg_ltrans c(go, . ,gi) F) ffc(fgg()a ce 7f99n)dﬂ(f) =

iS5 c(fa90,- -, fagn)du(f) =

=
Y

X
"3

= W) szy 15,4 € c(yifgo,- - vifgn)du(f) =
ZHlF)Z f 5, (F 90, -, Fgn)du(f) =

where we have used the fact that p is biinvariant, the I'-invariance of ¢ and
the observation that both {F;} and {7; ' Fig} are partitions of F.

Moreover trans c is continuous since we are averaging on a compact set.
From the very definition of the map trans follows that it is a chain map (i.e.
commutes with the differential) and hence induces a map in cohomology.
Clearly the composition transores is the identity and both trans and res are
norm non-increasing at the cochain level. This implies that res induces the
required isometric embedding.

O]

In the proof of this theorem we have never used the fact that M is a
locally symmetric space. However, in general, the continuous cohomology
of G can be null in top dimension and hence, in the general case, a result
analoguous to this theorem is not useful towards the study of simplicial
volume.

We have already pointed out that, if M is a locally symmetric space whose
universal covering has no noncompact factor, the cohomology of M and of
m1(M) are isometrically isomorphic (this is because the universal covering
M of M is contractible) and hence the top dimensional cohomology group
of I' = m (M) is one dimensional and generated by the preimage (via the
classifying map) of the fundamental coclass. We are now going to exhibit an
element in H}(G;R) whose restriction is the fundamental coclass.

Theorem 3.3.11. Let M™ be a locally simmetric space, let G be the con-
nected component of the identity in the group of the isometries of its universal
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covering M, and let w € H"(G;R) be the image under van Est’s isomor-

phism of the volume form wy; on M. Then

res(w) = vol(M) - [M]®.

Proof. We have seen in Van Est Theorem (Theorem 1.7.5) that H"(G;R)
is isomorphic to Q™(M;R)C (since M = G/K where G is a connected Lie
group and K is the maximal compact subgroup of G corresponding to the
stabilizer of a once and for all fixed point p). Moreover Qm(]\Aj ;R)Y is one
dimensional: since G acts transitively on M , the vector space Qm(ﬂ :R)E
can be viewed as a subspace of /\mTpM = R, furthermore Qm(ﬂ, R)Y is

not empty because the volume form w47 is obviously G-invariant (because

the group G acts on M via isometries). This shows that H"(G;R) is one
dimenisonal and generated by w. s

We will now track down the isomorphisms Q™(M;R)¢ = H™(M;R)
in order to understand in which multiple of the fundamental coclass w is
mapped. .

In Proposition 1.8.1 we have seen that, once a a point p € M is fixed, a
representative for w in C7(G; R) is given by the cocycle I"™(w~) € CT(G;R)“
defined by

“ar

I (w)(90s -+, gm) = / W~
M A(go,--,gn) M

where A(go, - .., gn) is the geodesic simplex with vertices (gop, - .., gnp) (We
defined the meaning of geodesic simplex in Section 1.8). Moreover the im-
age of I™wy; in the complex C* (F;R)F has the same expression (where we
assume that the elements g; belong to I' instead of G): we have seen in
the proof of Theorem 3.3.10 that the embedding H}(G;R) — H*(I';R) is
induced by the restriction C*(G;R)¢ — C*(T; R)'.

It remains only to make explicit (at the cochain level) the isomorphism
between the singular cohomology H™(M;R) and the group cohomology
H™(T;R). The covering map p : M — M induces an isomorphism of
cochains -

p*: C*(M;R) — C*(M;R)".
Since M is contractible, the latter is the subcomplex of the I'-invariants of the
strong relatively injective I'-resolution of R given by (C*(M;R),d). We need
to give an explicit description of the chain morphism C’i(]\Aj; R) — CY(T;R)
that induces the isometry in cohomology. We have proved in proposition
2.7.4 that the map

8:C{M;R) — CT;R)
B(c)(go,---,9i) = C(A(gopv---vgip))‘

is a norm decreasing chain map that extends the identity in dimension 0,
and hence induces an isomorphism in cohomology that is moreover isometric.
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Clearly res I (wq7) is the image, under 3, of the cocycle 7 that assigns to

a given simplex o € S,,,(M) the integral of wy; over the simplex o (that we
can assume, up to homotopy, smooth or even straight). Moreover, if we call

wyps the volume form on M, wyp = p*wps and hence, in the identification

p*: C*(M;R) — C’*(M; R)', ¥ corresponds to the cochain v € C*(M;R)
that assumes on a simplex o € S,,,(M) the value of the integral of wy; over
the simplex. We can now compute what multiple of the fundamental coclass
7 is. If we choose a representative a =), 0; for the fundamental class [M]
that comes from a smooth triangulation, we get:

((M],7) = () :Z/AWM:/MWM:VOI(M).

This implies our thesis: v, the image of w under res, is vol(M) - [M|®. O
An immediate consequence of Theorem 3.3.11 is the following result:

Corollary 3.3.12 (Proportionality constant for locally symmetric spaces).
Let w be the class in H(Isomo(M);R) of the volume form on M, then

M| = vol(M)‘
[llloo
where we understand || M| = 0 if and only if |w||cc = 00 as an element of

H!(G;R).

Proof. We have proved (see Corollary 3.2.3) that the simplicial volume of the
manifold M is the inverse of the seminorm of the fundamental coclass. Since
the restriction map res : H*(G,R) — H™(M,R) is isometric (as proved in
Theorem 3.3.10) and res(w) = vol(M) - [M]®, we get that
1 vol(M)
M| = =

1Ml Mwgzlloo”

O]

Since the group G depends only on the universal covering of the manifold
M, another important consequence of Theorem 3.3.11 is the Proportionality
Principle for locally symmetric spaces:

Corollary 3.3.13 (Gromov Proportionality Principle for Locally Symmetric
Spaces). Let M be a closed connected orientable Riemannian manifold that
s a locally symmetric space, the rate

M
vol(M)

depends only on the universal cover of M.

72



In the next section we will show that the proportionality constant for
hyperbolic manifolds equals v,, the volume of the ideal regular simplex in
H™. Purpose of the next chapter is to study the case of manifolds covered by
H? x H?, we will see that in that case the constant is 2/372. In general these
are the only cases in which the proportionality constant is known explicitily.
It is worth remarking that Lafont and Schmidt proved in [LaSch06] that the
norm of the volume form is finite (and hence the proportionality constant
is nonzero) for every locally symmetric space whose covering is a symmetric
space of noncompact type. Instead it is easy to prove that the simplicial vol-
ume of a symmetric space whose universal covering has a nontrivial Euclidean
factor vanishes: Eberlein proved that, in this case, M admits a finite cover-
ing M that is a product of a torus with some closed manifold [Ebe83]. Since
we have proved that the simplicial volume of a torus vanishes (Proposition
3.1.7) and that the simplicial volume of a product vanishes if the simplicial
volume of one of its factors is null (Proposition 3.2.4), the simplicial volume
of M vanishes as a consequence Proposition 3.1.6.

Corollary 3.3.13 is far more general: it is valid for every closed compact
oriented manifold (and also for finite volume manifold provided an appro-
priate definition of simplicial volume is given in that case):

Theorem 3.3.14 (Gromov Proportionality Principle). Let M be a closed

connected oriented manifold. Then the rate C(M) = U!%\UI) depends only on

the universal covering of M.

In this case ¢(M) can be computed as the norm of the volume form seen
in a suitable cohomology group. Despite this result is far more general and
hence very interesting, it is less suited for explicit computations since, in
that case, one cannot rely on the fully developed tool of group (continuous,
bounded) cohomology. For this reason we will not prove it in full generality
and refer to [Gro82, Section 0.4], that first gave a sketch of the proof of
this theorem, [L6h06, Theorem 6.3] for a full proof relying on the theory
of measure homology introduced by Thurston, |Buc08A, Section 6| for a
detailed yet partially uncorret version of Gromov’s arguments and [Frill,
Section 9] where the remaining gap is filled in.

3.4 Hyperbolic manifolds

As a first application of the techniques introduced in the previous section, we
compute the simplicial volume of hyperbolic manifolds via a cohomological
argument: we will compute the norm of the class in H?(G;R) that is the
image, under Van Est’s isomorphism, of the hyperbolic volume form. Let us
fix once and for all the dimension n of H". Moreover G will always denote
the connected component of the identity of the group of the isometries of
H", that is the subgroup of the isometries of H" that preserve orientation.
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Theorem 3.4.1. Let v, be the volume of an ideal reqular simplex in H"™, if
w s the class of the volume form of H", then

|wlloo = vn.

Proof. We have proved in Corollary 1.5.3 and in Theorem 1.5.2 that the
continuous cohomology of G can be computed as the cohomology of the
complex of

CEH™MSG, = {f : (H")**! - R| f is continuous, alternating, G-invariant}

and that the sup norm on this complex induces the canonical seminorm on
H}(G;R). We recall that, if we fix a point z in H" and hence a projection
m: G — G/K = H", the isometric isomorphism between the cohomology of
the complexes (C¥(H").y; d) and (C¥(G;R);d) is induced by the chain map

7 CEH)a — CH(G)
7T*¢(g(), <o 7gk‘) = ¢(90$7 s 79[{1')

Let us consider the cocycle v € C7(H™)Y, that assignes to an (n + 1)-uple
(zo,...,oy) in H" the signed volume of the straight simplex with vertices

(.’L'(), ceey xn).
TY(g0, - - -y gn) = Y(g0x, ..., gnx) = / w=1"w,
A(Go,...,gnT)

where I™w is the representative of the image under Van Est isomorphism of
the volume form we constructed in Section 1.8. It follows from the definition
of v that its norm, as an element of the normed vector space Cf(H”)gt, is
Up, the sup of the volumes of the geodesic simplices in H".

It remains only to show that v has minimal norm among the represen-
tatives of [v], in other words we shall compute the norm of v + §5 with
B e Cg*l(IHI")gt and show that it is at least v,,. Let us consider the vertices
(zff,..., ) of a regular simplex o in H" of radius R. For every face Uf
of of*, any permutation of its vertices can be realized by an orientation pre-
serving isometry of H": infact, since o is regular, there exists an isometry of
H" fixing the vertex opposite to J]R and realizing the prescribed permutation
of the remaining vertices. Whenever the permutation is odd, this isometry
is orientation reversing and hence doesn’t belong to GG, but in this case it is
enough to compose this isometry with the reflexion with respect to the hy-
perplane through the face: the obtained element of G restricts to an isomety
of O'JR that realizes the fixed permutation.

Since the cochain 3 is alternating and G-invariant, 8 (O'JR) = 0 for every
face af of of: let g be the orientation-preserving isometry that realizes the
permutation of the first two vertices of the j-th face UJR and fixing all the

other vertices,
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B(xo,x1,...,ZTj,...,xn) = B(9x0,9%1,...,&j,...,9Tp))
:B(ml,wo,...,ij,...,wn)
= —ﬁ(:vg,:cl,...,ﬁ:j,...,xn)

where in the first equality we have used the G-invariance of 3, in the last
one the fact that 3 is alternating. This allows us to conclude the proof: the
volume of o tends to v, and §3(cf) = 0, hence

|7+ 6Blls > supg (v + 68)(c )]
= supg [v(cf)| = vn.

O]

To conclude the Chapter we will see how the proportionality principle for
hyperbolic spaces can be proved in a purely homological way (i.e. without
recourse to bounded cohomology). Gromov, in [Gro82|, attributed the idea
of this proof to N. H. Kupier, we will follow the approach of [BePe92, Chapter
CJ.

Proposition 3.4.2. Let M™ be a hyperbolic closed connected oriented many-
fold. If v, is the volume of the reqular ideal simplices in H",

vol(M)

n

Proof. We will consider the straightening operator str : C*(M,R) — C*(M,R)
i.e. the operator that assigns to a simplex o the projection of the straight
simplex of H" with the same vertices of an arbitrary lifting ¢ of o. It is
well known that the straightening is well defined and chain homotopic to the
identity.

Let us choose a representative v = ) . a;0; of the fundamental class [M];
since the straightening operator has norm one and is chain homotopic to the
identity, we can assume (without changing the class of « nor its norm) that
every simplex o; in the sum is the projection of a straight simplex o; of H".

Let us now consider the cocycle w € C™(M;R) that assigns to every
simplex o the integral over o of the volume form wy;. We have already
pointed out that w([M]) = vol(M) (this fact can be easily verified choosing
a representative of the fundamental class coming from a triangulation). So
we get (recalling that H" is the metric covering of M) that

Zai/ )% SZ!az‘\ /~an S%Z\az‘\-
i Ti i 9i i

This formula gives the desired inequality. O

M| >

vol(M) = w([M]) =

i)



The other inequality is more difficult, but it is very interesting since
it involves the explicit exhibition of a sequence of minimizing cycles, i.e.
cycles representing the fundamental class [M] whose [1-norm is arbitrarily
colose to |[M]||. To gain this result we fix € and look for a representative
> ;aio; of [M] such that |vol(o;)| > v, — € and that sgn(a;) is positive if
o is orientation preserving, negative otherwise: this will be necessary since
fai wgr = —vol(o;) if and only if o; is orientation reversing.

In the proof of this theorem also orientation reversing isometries will
be important and will also be crucial the distinction between orientation
preserving and orientation reversing isometries. For this reason we slightly
modify our notation and we denote by G* (resp. G~) the group of orien-
tation preserving (resp. reversing) isometries of H™. As usual I will be the
fundamental group of M that we regard as a subgroup of GT, and pu the
biinvariant Haar measure on G = Isom(H") = Gt UG™.

Theorem 3.4.3. Under the same hypothesis of Proposition 8.4.2 it holds
vol(M)

Un

M| <

Proof. If we could consider an uniformly distributed chain with support on
the projections of all the regular simplices of radius R (with a sign reflecting
the orientation of the simplex), we would have a chain made of simplices of
almost maximal volume (when R goes to infinity). Such a chain would be
closed since, once a face f; of a simplex ¢ is fixed, if v is the reflection with
respect to the hyperplane through f;, vo is a regular simplex that has f; as
ith face and opposite orientation (and hence would be counted with opposite
sign).

However this chain would not be a finite combination of simplices and
hence wouldn’t be a singular chain (a precise definition of a chain that is
uniformly distributed can be given within the theory of measure homology,
see [Thu79, Chapter 6] and [L6h04, Chapter 5| for more details). We will
give a discrete version of this chain splitting the set of straight simplices in
some suitable classes and taking a representative for each (with the right
weight).

Let us fix a convex fundamental domain F' for the action of I' on H"
and a point x in F, and let d be the diameter of F'. Let us moreover fix a
regular simplex ot of radius R in H”. The vertices of o will be the points
(zff, ..., x8). Since G acts transitively and faithfully on the set S# of regular
simplices of radius R, the choice of o corresponds to an identification of G
with ST where we associate to the element g in G the simplex go’®.

The function ag = aE — ap we will now define measures the amount of
regular simplices whose vertices (gzf, ..., gzE) lie in the region F x 1 F x
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oo X Y F C(HM) L

aﬁ I =R
af (7, m) = pig € GTlg(al) € F, g(zF) € v F},
an(1,-- ) = pig € Glg(al) € F, g(zft) € v F}.

Note that we are considering only the simplices whose first vertex belongs to
F, this is because we are implicitly identifying the straight simplices of M
with their unique lift with first vertex in the region F.

The function ag is almost everywhere zero: since op is a regular simplex
of radius R, we have d(z¢,z;) = R. This means that ag(y1,...,7) # 0 only
if v, FNB(x, R+ d) # 0 for every i between 1 and n (both gz and x¢ belong
to the region F' whose diameter is d and hence d(g(x;),x) < d(g(x;), g(zo))+
d(g(x0),z) < R+ d). Since the ball B(z, R+ d) C H" is compact and the
action of I' on H" is proper, the set {j|y;F N B(x, R+ d) # 0} is finite.

Let us now consider, for every n-uple (v1,...,7,) € I'", the straight
simplex o € S, (H") that has vertices in the points (x,y12, ..., ).
Let us moreover denote by o(,, . ,,) the projection m.o(,, . ..) € Sn(M).
The simplex o(,, . ,,) is our representative for the straight simplices that
admit a lift with vertices in the region F' X v F' X ... X 7, F. Despite o is
not regular, we will see that, provided the class it represents is not empty, it
is close to a regular simplex and then its volume is close to v, whenever we
make this construction with a sufficiently big R. We choose, as a coefficient
for o the mass of the simplices it represents in order to obtain the
class

’ylv"v’Y’rL)

717"'7771)’

aff = Z ar(y1,- - 77n)0('yl,...,fyn) € Cn(M;R).

We have to show that it is a cycle and that its class is a nonzero multiple of
the fundamental class [M].

We have already pointed out that ar(y1,...,7vn) is almost always null
and hence o is well defined (it is a finite combination of singular simplices
of M).

et is closed

It is easy to see that, denoting by o(,, . ., ,) the projection of the straight
simplex with vertices in (z, 112, ...,Ym—12), we have

dalt = > aR('Yl, . »’Vn)(Z?:l(_1)%0(717---7%---7%) + W*’ylg(vflvg,..wflwﬂ))
== Z aR('Yh e 7’YTL)(Z?Zl(_1)20-('}/17-"7’3’2‘7”'7771) + U(’yflvz,..-,’yfl')'n—ﬂ)'

Let us choose a simplex o(
sum is zero. We have

ryn_1) @and show that its coefficient ¢ in this

n
c=Y > (=1'ar(y1,- % Yir 1) + Y AR(V AV - VYn1)-

~erl i=1 yer
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Let us show that for every i, the sum Zv Ar(Y1s- -y YsYis- -y Yn—1) = 0.

Z'yel“ aR(’Yb BN (TR0 I 7’7n—1) =
=2 cr g € Glgao € F, guj € v;F, grit1 € vF}
—p{g € G |gxo € F, gxj € v;F, griy1 € vF} =
= cr g € GTlgzo € F, gvj € v;F} — plg € G™|gao € F, gaj € v, F} =
=0

where in the first equality we used the fact that the measure is o-additive,
and U, er vF = H", in the second the fact that the two sets have equal
measure since they correspond via the right multiplication of the reflection
with respect to the iperplane through (zg,...,2,...,zy,) and the measure
w4 is right invariant.

In a similar way we have > cpar(y,771,--.,7n-1) = 0:

> er AR(V YY1 -+ Y1) =
=2 cr g € Gtlgao € F, gr1 € vF, gx; € yyiF}
—p{g € G |gxo € F, gr1 € VF, gr; € v F} =
=Y eri{g € Gty gzo € v F, v gmy € F, v gy € wiF}
—u{g € G Iy tgro e v IF, v lgry € F, vy lgr; € viF} =
=Y er i(v{g € GTlgzo € y7'F, gz1 € F, ga; € viF})
—u(¥{g € G~ |gro € v 'F, gx1 € F, gw; € 1 F}) = 0.

R

This means that ¢ = 0 and hence o' is closed.

o [af!] is different from 0 in H"(M;R)
If R is big enough (namely R > 2d), then agr(yi,...,7n) is greater than
0 (resp. < 0) only if the simplex with vertices (z,v1x,...,y,2) is posi-
tively oriented (resp. negatively oriented). Indeed, if ar(v1,...,7) > 0,
there exists a positively oriented regular simplex go® with the property that
d(gzi,viz) < d for every i; this means that the (n+1)-uple (z,M1z,..., V)
is positively oriented (since d(z;,7;) = R). This implies that &y, ., is
positively oriented and hence also o( i
This means that

vol(M)[M]R[a®] = ZaR(fyl, . ,fyn)/ w=

= Z lar(Y15 -+, ) [vOl(0(q,.... y,)) = @ F# 0.

This allows us to conclude that vol(M)[a®] = a[M]i.e. that vol(M)[ag/a] =
[M], moreover

"/1»“'7’777,) 18.

1
- > min vol(o = CR.
0 fally = antott o " Oneean)) = €
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Since, if ar(y1,.--,9n) # 0, G(y,,...,y,) I8 @ straight simplex whose vertices
have distance at most d from a regular simplex of radius R and vol(c?) tends
to v, when R — oo, also cg tends to v,: this implies that we can choose R
such that cg > v,, — €. This means that

vol(M)

y, —

IM]| < vol(M) a/ally <

That leads to the desired inequality letting € go to zero.
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Chapter 4

Manifolds covered by H? x H?

The aim of this chapter is to describe the method introduced by Bucher-
Karlsson in [Buc08B] in order to compute the proportionality constant be-
tween the Riemannian volume and the simplicial volume for manifolds cov-
ered by H? x H?. As we have already pointed out this is the only case, apart
from hyperbolic manifolds, in which a nonzero proportionality constant is
known.

The proof will follow the line of the proof of Theorem 3.4.1. In particular,
in Section 4.2 we give an explicit description of an expecially simple repre-
sentative of the volume form (this is someway a more sophisticated analogue
of Dupont’s description of the cocycle I,w we studied in Section 1.8).

In Section 4.3 we will reduce to a suitable complex in which the compu-
tation can be made with the aid of some combinatorics. Also in the proof
of Theorem 3.4.1 we have made something similar when we took advantage
of the homological algebra developed in the first two chapters in order to
reduce to the complex (C¥(H").;d): it is not enough to find a good repre-
sentative for the volume form whose norm can be combinatorially computed
(as a cocycle), it is also necesary to show that the chosen representative is
indeed minimal and for this purpose is useful to find a small and tractable
complex to which our cocycle (or, more precisely, a slight modification of our
cocycle) belongs.

There are two basic differences in the present approach with respect to
what we have already done: the first (and less important) is that we will need
the full group of isometries of H? x H? instead of its identity component. In
order to show that our representative of the fundamental coclass has minimal
norm, we will have to prove that the coboundaries vanish on objects that
are the equivalent (in this new context) of the ideal regular simplices. In the
proof of this fact we will need extra symmetries that are isometries of H? x H?
but do not belong to PSLa(R) x PSLy(R), the component of the identity of
Isom(H? xH?). We will trace back to the full group of isometries of H? x H? in
Section 4.1. In particular we will show in Proposition 4.1.1 that there exists
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an isometric inclusion Hﬁ‘(H,f&) — H%(G;R) where H = Isom(H? x H?),
and G is its identity component. Proposition 4.1.1 is analogue to Theorem
3.3.10 and in its proof we will use similar techniques.

The main difference respect to the hyperbolic case is, however, the fact
that in H? x H? we cannot rely on the theory of regular simplices. The clever
idea of Bucher-Karlsson in order to avoid this difficulty is to work with the
topological space S x S! that is the quotient of Isom(H? x H?) with respect
to an (amenable) minimal parabolic subgroup and that should be regarded,
geometrically, as the product of the boundaries OH? x 0H?. However, in
order to reduce to such an easier context (in which combinatorics is much
more simple and, as we will see, we can rely on useful extra isometries), it is
necessary to use bounded cohomology. We will see how this can be done in
Section 4.3.

In particular we will be able only to compute the norm of the volume
form as an element of HY(H;R) and we will actually do the computations
in Section 4.4. To complete the proof we will then need to show that the
comparison map ¢ : H4 (H;R) — H2(H;R) is indeed an isomorphism: this
will be the topic of Section 4.5.

4.1 The group of isometries of H? x H?

We want to study the group of isometries of H? x H? that we will denote, in
the whole chapter, with the letter H.

Clearly G = PSLy(R) x PSLa(R) is a subgroup of H: since the metric
on H? x H? is the product metric, the product of two isometries acting
separately on the two factors is an isometry of the product. Moreover the
identity belongs to G and, since PSLy(R) is connected, also G is.

We claim that G has index 8 in H and is the component of the identity of
H. Indeed we already know that PSLs(R) is a closed subgroup of Isom(H?)
of index 2. From this follows that G < Isom(H?) x Isom(H?) is a closed
subgroup of index 4. Tt only remains to show that Isom(H?) x Isom(H?) is
a closed subgroup of H of index 2.

Indeed let us consider the isometry (of order 2) switching the two factors:

o:H? x HZ2 — H? x H?
(z,y)  — (y,2).

Let us denote by H the group generated by Isom(H?) x Isom(H?) and
o. It is easy to verify that H = H. Indeed the group H acts transitively
on H? x H? (since it contains G that acts transitively itself), moreover it
contains the stabilizer of a generic point x: the tangent T, (H? x H?) splits
as a direct sum (where each factor corresponds to the image of the tangent
of one factor H?) and any isometry ¢ of H? x H? fixing 2 must preserve this
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splitting. Up to precomposing with ¢ we can assume that d¢, maps each
factor in itself and hence ¢ has the form (¢1, o) with ¢; € Isom(H?).

Since G is closed and has finite index in H, it is also open. Hence the
fact that G is the connected component of the identity follows from the fact
that G itself is connected (since PSLy(R) is).

In what follows, it will be useful to find explicit representatives for the
lateral classes of G in H. In particular, if we chose a reflection 7 with respect
to any geodesic of H? (i.e. an orientation reversing isometry of H? that has
order 2), we can consider the isometries of H? x H? defined by

m: H2xH?2 — H?x H? T HZ2xH?2 — H2x H?
(z,y) = (7(2),y) (v,y) — (z,7(y)).

clearly oy = m0. And, moreover, H = (G,0, 7). Since F' = (o,71) is a
discrete subgroup of order 8, H is the semidirect product H = G x F.

We are now ready to relate the cohomology of G with that of H. As
we have already done in the proof of Theorem 3.4.1 the idea is to construct
an inverse to the restriction C*(H;R)? — C*(G;R)% by averaging on the
lateral classes (indeed in this case the space of cosets is finite and hence we
will substitute the integral with a finite mean). This will allow us to deduce
that H}(H;R) injects in H}(G;R) and that the injection is isometric.

As we have done for the isometry group of a symmetric space, we will
then need to show that the cocycle we are interested in lies in the image of
the map res. Unfortunately, even though the representative of the volume
form (as a function in C#(G;R)%) has a natural extension in C4(H;R), such
an extension is not H-invariant: the function

¢ H - R
(90,---,94) — fA(gox,.,,7g4x) WH2 x H2
satisfies g - ¢ = —¢ if ¢ is any orientation reversing isometry of H? x H?Z.

For this reason we need to work with the cohomology of H with twisted
coefficients. N
Let us denote by R the H-module (R, 7) where

m: H — Aut(R)
g~ sgn(g),

and sgn(g) denotes the multiplication by +1 if g is orientation preserving,
by —1 otherwise. Since G consists only of orientation preserving isometries
of H? x H?, the restriction of 7 to G is trivial.

Proposition 4.1.1. There exists an isometric inclusion

H!(H;R) — H*(G;R).
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Proof. We have shown in Theorem 1.6.6 that the continuous cohomology
of G can be computed from the complex (C*(H;R)%,d). Moreover we have
proved in Theorem 2.5.9 that the sup norm on C*(H;R)% induces the canon-
ical seminorm. We first describe some maps at the cochain level that induce
the isometric isomorphism in cohomology.

The group H can be written as the union of right lateral classes of G:
we have already chosen preferred representatives

F= {1d7 T1, T2, T1T2, 0, T10, T20, 7—17—20},

and H = {Jycr Gf. This allows us to define a chain map a : C*(G;R) —
C*(H;R) obtained gluing copies of a cochain ¢ on the various lateral classes.
The map a preserves the submodules of continuous functions since G is closed
in H.

It is moreover obvious that, if we denote by b the map induced by the
inclusion G < H, the composition

C#(G;R) —> C7(H;R) —> C2(G;R)

is the identity (and both maps are norm decreasing). Moreover, by con-
struction, the maps a and b are chain G-morphisms (if we consider on H the
diagonal left action of G) that extend the identity on R and hence induce an
isometric isomorphism in cohomology.

We have already observed that the restriction to G of the twisted repre-
sentation of H on R is the trivial one, this means that C*(H;R) is naturally
a subcomplex of C*(H;R)%.

We will now define the left inverse to the map (that we will denote by
res) corresponding to the inclusion

res : C*(H;R)! — CF(H;R).

The required inverse is provided by the map

trans(4)(go, - - -, gn) = é Z f-#(g0,---,9n)

fer

= é S sgn(f) - S gos- s S gn)-

The proof that the map trans is well defined is anologous to that of The-
orem 3.4.1 (even if in this case one must take extra care since the coefficients
are twisted). We will do it again for completeness. Since in this particu-
lar case we have an explicit description of H as an extension of GG, we can
show the invariance explicitely. Indeed in order to prove that trans(¢) is
H-invariant it is sufficient to show that it is G-invariant, o-invariant and
T1-invariant.
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The G-invariance of trans(¢) follows, almost immediately, from the G-
invariance of ¢: since GG is normal in H, for every g € G, f € F there exists
an element gy € G such that fg = g f, hence

g~" - trans(9)(go, -+ gn) = § 2 pepsen () o(fgg0,- -, f9gn) =
= § 2 rersgn(f) ¢(gffgo, 97 fgn) =
=13 jersen(f) (g7 0)(fg0. -, fan) =
= % ZfeFSgn(f) ¢(f907 s fon) =

= trans(¢)(go, - - -+ gn)-

We will prove the o and 71 invariance together. Let p be any element of
the set {0, 71 }. The right multiplication by p induces a permutation of the
set F'. Furthermore sgn(fp) = sgn(f)sgn(p). This implies that:

(p~" - trans(4))(go, - - - gn) :Sgn(p’ ) trans(¢)(pgo, - - - Pgn) =
= Sgn( ) X rersen(f) o(fogos- -, frgn) =
- 8 ZfEF Sgn(f) Sgn( ) ¢(fp907 RN fpgn> -
= 52 rerseu(fp) o(fpgo, - -, frgn) =
= trans(®)(go, - - -, gn)

(the sign of a permutation is the same of its inverse).

Furthermore it is obvious that the obtained function is continuous (being
a finite sum of continuous functions), that trans is a chain map and that it
provides a left inverse to res. Summarizing we have the commutative diagram

G _trans trans

Co(H: Ry 2 Cy (R 2
id

Cx(H;R)H

that, since both res and trans are norm decreasing and their composition is
the identity at chain level, gives the isometric injection we were looking for.
O]

4.2 A representative for the volume form

The purpose of this section is to find a suitable representative for the volume
form whose norm can be computed with the aid of some combinatorics. At
the beginning of the section we will consider a representative in the complex
C%*(G;R). Then we will extend our cocycle in C¥(H;R).

Our first goal is to express the volume form as the cup product of 2-
cocycles (that are evidently easier to deal with combinatorically). In order
to do this, we first note that an analogue of the cup product can be defined
also in the context of continuous (bounded) cohomology of groups. Namely
whenever we fix a group G, the continuous bounded cohomology H} (G;R)
is the cohomology of the complex C% (G;R)“
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The bilinear pairing (at the cochain level) given by

CH{G;R) ® CL(G;R) — CEH(G;R)
dUYP(go, -, Givs) = ¢(g0s- - i)V (Gis - - - Gits)

is well defined since the projections G**7 — G' are continuous, this implies
that the cup ¢ U ¢ is a product of continuous functions, in particular is
continuous. Moreover, since ||¢ U ¥|oo < ||@]lool|?]|co, the cup product of
bounded cochains is a bounded cochain and hence the cup product restricts
to a product of the bounded subcomplex. The verifications that d(¢ U1) =
dp U+ (—1)'¢ U drp are formally the same of the corresponding in singular
cohomology and lead to the conclusion that the just defined pairing induces

a well defined map
U: H'(G;R) ® H!(G;R) — H'""(G;R).

Let us now came back to the isometries of H? x H2. We fix notations
for the projections, in particular we will denote by m; : H? x H? — H? the
projection on the i-th factor, and similarly by p; : PSLy(R) x PSLa(R) —
PSLy(R) the i-th projection. Let now M be a symmetric space (that can be
either H? or H? x H?) and Io(M) the connected component of the identity in
the isometry group of M (respectively PSLa(R) or PSLy(R) x PSLa(R)).
If o € QY(M;R)0(M) is an invariant form, we denote by [a] the image of a
in H'(Io(M);R) under van Est isomorphism. The following lemma follows
from the functoriality of van Est isomorphism:

Lemma 4.2.1. For every o € Q' (H%; R),
[mja] = pjla]
as classes in H.(G;R).

Proof. The statement is true even at cocycle level, provided we choose suit-
able representatives: let us fix a point (x,y) in H? x H? and consider the
Dupont representative of a described in Section 1.8. According to the nota-
tion of Section 1.8, we denote by I(, )3 the representative of 3 with respect
to the point (z,y). We are going to show that [(, ,y7ja = piL,a (the proof
for 75 and pj being similar). Note that an element g of G is a product of
two isometries acting separately on the two factors, g = (g', g?).

12 1,2
I yymia((90:90)s-- -5 (9i,9) = fA((géx,ggy),.‘.,(g%x,gfy)) o=

Alghe,gle) ¢ T
= Lia(g,...,g9}) =

=piLa((g8. g3),- -, (g}, g%))
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Another important property of van Est isomorphism is that it is multi-
plicative with respect to wedge product:

Proposition 4.2.2.

[whz wm2] = Pl lwm2] U p3[wiz].

Proof. Obviously [wyz 2] = [rfwpe A mhwyez] hence it remains to prove that
van Est isomorphism is multiplicative. We will get this result as a conse-
quence of the multiplicativity of de Rham isomorphism between de Rham
cohomology and singular cohomology. Indeed let us consider the product
Yo X X9 of two surfaces of genus 2. We have seen in Theorem 3.3.10 that
there exists an isometric inclusion:

H:(G;R) — H*(m1(22 x X2);R) = H* (X9 x Xg;R).

Moreover, as a consequence of the explicit description at the cochain level
of Van Est isomorphism and de Rham isomorphism, the following diagram
is commutative

Q4(H2 x H2)¢L > 042, x %)

] .

HY(G;R) == HA(y x ).

The arrow p corresponds to the pushforward of a m(Xy x ¥g)-invariant
form and hence is injective and preserves the wedge product. We have proved
in Proposition 4.1.1 that the arrow res is injective, moreover it preserves the
cup product (since the definition at the cochain level of the cup product we
have given in group cohomology is formally the same to that on singular
cohomology). The second vertical arrow A corresponds to de Rham isomor-
phism that is multiplicative [War83, Theorem 5.45], this implies that also
van Est isomorphism [ is multiplicative. O

Our next step is to find a more suitable representative for the class [wyz2] €
H2(PSLy(R)). The idea is to look for a cocycle that takes into account only
the action of PSLy(R) on the boundary of H2.

Let us consider the cocycle or : (S1)3 — {—7,0, 7} defined by

+1 if (zg,z1,22) are distinct and positively oriented
or(xo,x1,me) =& —1 if (xg,x1,22) are distinct and negatively oriented
0 if #{xg,xl,xg} SQ

Since or takes values in a discrete set, it is not a continuous function from
(S1)3 in R and hence it is not useful to define a continuous cocycle from
PSLy(R)? in R. Anyway we have proved in Section 1.4 that the continuous
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cohomology of G (for every Lie group G) can be computed as the cohomology
of the complex

L}, (G%R) = {f : G' = R| f is locally integrable}.

And, since or is a measurable bounded function on (S')3, it induces a mea-
surable bounded (and hence locally integrable) function on PSLa(R)3. In-
deed let us fix any point & € S' = 9H?, since PSLo(R) = Isom™H? acts
on S' = OH?, we can assign to every triple (go, g1, g2) in PSL2(R) a triple
(g0&, 1€, g2€) € (S1)3. Precomposing with this action we can define a cocy-
cle org € Li, .(G% R) defined by

ore (90, 91, 92) = or(go&, 91§, g2£).

The volume of any ideal triangle in the hyperbolic plane is equal to ,
moreover the ideal simplex with vertices (go&, 1€, g2&) is degenerate (and
hence has volume 0) if there exists ¢ # j such that ¢;§ = g;€, otherwise is
positively (resp. negatively) oriented if and only if the triple of its endpoints
is. This means that, once we have multiplied it by =, the cocycle org is
somehow the analogous of the Dupont representative of the class of the
volume form, provided we allow the point = be in the boundary OH? instead
of in H2.

The fact that dore = 0 descends from the definition (and the characteri-
zation in term of volume of convex hulls of ideal points). We will show that

[Tore] = [wpe].

Proposition 4.2.3. We can choose a point & in S* = OH? for which the
cocycle wore € L}, .(PSLa(R)3;R) belongs to the class of the volume form in

H2(PSLy(R); R):
[rore] = [wpe]-

Proof. Let us fix a hyperbolic surface ¥y and a metric covering 7 : H? — 3
(and hence an embedding of T' = 71 (X2) as a discrete subgroup of PSLy(R)).
We have proved in Theorem 3.3.10 that the group H}(PSL2(R);R) in-
jects isometrically in H*(I'; R) and that the injection can be realized, at
the cochain level, b the restriction

res: C7(PSLa(R);R) — C*(I'; R).

Indeed the map res extends to a well defined map from L}, (PSL2(R)?;R):
the fundamental group I' is discrete, and hence any continuity condition is
empty. Since the map induced in cohomology by res is injective, in order to
verify that [ror¢] = [wppe], it is sufficient to show that the two classes have
the same image in the cohomology of I'. Moreover H*(T'; R) is isomorphic to
H*(22,R) because H? is contractible, and, in dimension two, these groups
are one dimensional. This implies that a cohomology class is identified by

its value on the fundamental class of >s.
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We can choose a representative of the fundamental class [£2] made of
six straight simplices that have in 39 only one vertex (the cycle corresponds
to an appropriate triangulation of a straight convex fundamental domain of
Y9). If we choose a lifting 2 of the common vertex, every simplex o; of this
triangulation can be identified with a triple (1, g%, g4) in PSLo(R)3 such that
(x,gix, gbx) are the vertices of the lifting of o;.

94937 g5 ' g1g3T

93 y L L gegiw

x 9, 'gaqw

axr  g2g1

As a consequence of the explicit description (at the cochain level) of the
isomorphisms between H2(PSL2(R),R) and H?(X2,R), we can represent
the fundamental class [Zp] with the sum v = Y20 (1, 4%, g4) and compute
the values of the cocycles on this sum.

We have only to show that, once any representative « of the volume form
[wiz] is fixed,

rore(7) = a ().

We will get this conclusion via a limiting process. Let us consider a pont
€ € OH? that doesn’t belong to the set of the fixed points of {gé, gi(gh)~1}):

¢ ¢ | J(fixgl U fixgh Ufixgi (g5) ).

1

Since the set on the right hand side is finite this assumption is harmless but
will be useful in the limiting process (we are asking that, for every i, the
ideal simplex (£, gi&, gb¢) is nondegenerate).

Let us now consider a sequence of points y; € H? that tends to &, and
fix the following Dupont representatives oy, of the volume form:

04%-(90791792) —/ W2 -
A(goy;,91Y5,92Y5)

For every i the value more(1, gb, g3) is the limit of ay, (1, g7, g4): the sequence
{giy;} tends to the point gi¢ in the boundary of H?. Hence they definitely
belong to sufficiently small neighborhoods of the (distinct) points g,ig . This
means that the angles of the triangles with vertices (y;, ¢iy;, g5y;) have limit
0 when j goes to infinity.

It is now sufficient to remark that we already know that, for every j, the
cocycle ay; represents the volume form and hence ay, (v) = vol(X2) = 47 for
every j: summarizing we have
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more(y) = > wor(€, 1€, 62€) = lim D ay, (1,g1,95) = vol ().
[

This means that [ror¢] = [wyz]| and hence concludes the proof. O

We need one more step in order to get the desired cocycle. As we have
already pointed out we want to extend the cocycle m?pjore U phore to an
clement that defines a class in H*(H;R) and hence we want to sce m2piore U
piore as the restriction of an element of L}, (H5; R).

Indeed the original Dupont representative had a natural extension to
CHH ;I@): the volume form is invariant with respect to the action of the
whole isometry group of H? x H? hence, if R is considered as a twisted coef-
ficient module, the same formula of [ w2y g2 would provide an H-invariant
cocycle in C4(H;R):

IJEWH2><H2 : H5 —R
(90,---,94) fA(gox,..-,gw) WH?2 xH?:

However, when we reduced to the cup product of more elementary co-
cycles, we lost the H-invariance: for example even if we consider a Dupont
representative o = Iywy2 of [wyz], the cocycle pja U piar is not o-invariant
(where o is the isometry of H? x H? switching the factors). This is a con-
sequence of the fact that the formula we gave for the cup product is highly
asymmetric.

For this reason we will now alternate the cocycle. We already used in
Remark 2.5.5 that the alternating operator:

Alt : C*(G;R) — C*(G; R)
A1t¢(gg, ce 7971) = ﬁ ZpeSnJrl Sgn(p) ¢(gp(0)7 s 7gp(n))

is chain homotopic to the identity. We can define with the same formula a
G-morphism of the complexes of locally integrable functions (LZIOC(HS;]E)),
that induces the identity in cohomology also in this context.
Since Alt is chain homotopic to the identity, if we define the cocycle ©¢
by requiring
©¢ = Alt(pjore U pyore),

720 represents the class of the volume form in H2(G;R).

The last step of the section is to show how ©¢ can be naturally extended
to a class in H*(H;R). To prove this result we first notice that there is a
well defined action of H on S' x S' = OH? x OH?. We have already seen that
Isom(H?) x Isom(H?) is a subgroup of H of index 2 and obviously acts on
S x St = OH? x OH? separately on the two factors. Moreover we can define
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the action of o on OH? x OH? analogously to its action on H? x H?, namely
with the homeomorphism of OH? x 0H? that exchanges the two factors

o: Stx 8l - stxst
(z,y) = (y, 7).

It descends from the structure of H as an extension of G that the action is
well defined.

Let us now extend the cocycle O¢: if we call m; : St x St — S the ith
projection, we define the function

mrorUmsor: (ST x 15 - R
(W{OI‘ U 77;01”)((300, yO)a s ($4, y4)) = Or(:l:Ua €1, xZ)Or(yQa Ys, y4)

Clearly ©¢ satisfies

65(907 <o 794) = Alt(?TikOI' U F;OF)(QO(é.v 5)7 s ,94(67 5))

This formula extends to a cocycle ¢ in Lj, (H°;R) (since we have defined
the action of H on S' x S!) and the following proposition holds:

Proposition 4.2.4. The extension ©¢ in L}, (H*R) is H-invariant and
hence lies in the image of the map res defined in Proposition 4.1.1.

Proof. We first remark that, provided R is endowed with the twisted H-
module structure, the cocycle org is Isom(H?)-invariant. From this fact it
follows that the function O is (Isom(H?) x Isom(H?))-invariant.

It only remains to prove that the cocycle ©¢ is o-invariant. This de-
scends from the fact that we alternated the cocycle and the observation that
o - mior = mior. If we denote by £ the point (£, &) in S x S', we get

0 - O¢(ho, ..., ha) = O¢(cho,...,chs) =

= Alt(nmfor U 7720r)(0h (&),...,0h4(§)) =

= >_,580(p) mior(ohy0) (§), ohy) (§), ohp(2)(§))m50r(0hy(2) (), Thy) (€), ohy
= Z sgn(p) m30r(hy(0) (§), hp1)(§), hip(2) (§)) 10T (hp(2) (§)s Prp(3) (€) p(a) (€)) =
= Zp sgn(p) w301 (Ry(2) (€), Pp(0) (€), hp(r) (E)) 0T (hp(3) (§)s Prp(ay (§) hp(2) (€)) =
= >_,880(p) m50r(hy(2)(§)s hp(3) (§)s Pp(ay (€))mT0r (hy(0) (§)s hp(1) (§): B2y (§)) =
= O¢(ho, - - -, ha)

where in the fourth equality we used that or is cyclic, in the fifth that the
precomposition with the (even) permutation (03)(14) is a bijection of the set
Ss. O
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4.3 A suitable complex

In the previous section we found a suitable representative for the volume
form belonging to the complex L} (H5;R). The norm of the cocycle O is
indeed computable (and we will compute it in Section 4.4). However the
complex L} (H5;R) is far too big and we wouldn’t be able to prove the
minimality of the norm of ©¢ in its class. The aim of this section is to
show that the cocycle ©¢ belongs to a smaller complex that has the same
(bounded) cohomology of Li .(H?; R).

Indeed, since the cocycle ©¢ takes into account only the action of H on
the product S' x S' of the boundaries of the two factors of H? x ]IiIQ, we
would like to reduce ourselves to a complex of the form C*(S* x S1;R) (we
have done something similar considering the complex C¥(H"; R) to compute
the norm of the volume form on hyperbolic spaces). However this is not
possible in the context of continuous cohomology since S' x S! is not the
quotient of H with respect to a compact subgroup.

However, the group H acts transitively on S' x S as a group of homeo-
morphisms, this implies that S* x S! is the quotient of H with respect to the
stabilizer P of a point (for example the point (£,&)). We will now describe
this stabilizer.

The stabilizer in PSLy(R) of a point ¢ € OH? is the group R x Rt =
Afft(R): we identify the orientation preserving isometries of the upper half
space model of H? that fix the point co with their trace on the boundary.
The normal subgroup of the parabolic isometries correspond to translations
of the real line, whereas the hyperbolic isometries fixing oo and 0 correspond
to dilations of R. Together they generate the stabilizer of co that hence
corresponds to the group of homeomorphisms of R generated by translation
and dilations, i.e. the positively-oriented affinities of the real line. This
implies that AffT(R) x AffT(R) C PSLy(R) x PSLy(R) is contained in the
stabilizer of (£, ) and is the intersection stab(£, £) NG. Moreover Aff™(R) x
AffT(R) is a normal subgroup of index 8 of stab(¢,€) (if we choose 7 the
reflection with respect to a geodesic having ¢ as endpoint, both (7,id) and
o belongs to stab(, €) and they generate a group of order 8).

The groups R and R* are abelian and hence amenable. This implies that
also AffT(R) is amenable since it is an extension of an amenable group by
another amenable group (see Theorem 2.6.5). The same argument implies
that also Afft(R) x Aff*(R) is amenable. The latter group is normal and
has finite index in stab(¢, ). We get that stab(&, £) is an amenable subgroup
of H. Hence S' x S' can be seen as the quotient of H with respect to an
amenable subgroup.

A consequence of Theorem 2.6.13 is that the continuous bounded co-
homolgy of H can be computed from the complex of bounded measurable
functions on S! x S with values in R. In the whole Chapter we will change
the notation of Chapter 2 and denote by M (S! x S%;R) the modules of
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that complex. This is useful in order to shorten the notation and make the
dimension more visible.

M™(S* x SYR) = {f: (S' x $1)"*! = R| f is bounded, measurable}.

We have already pointed out in Remark 2.5.5 that the continuous bounded
cohomology of H can be computed also from the complex

Mgfalt(Slel; R) = {f : (§'xS")""! = R| f is bounded, measurable, alternating}

and the [*°-norm on this complex induces the canonical seminorm in coho-
mology; this is a consequence of the fact that the alternating operator is
chain homotopic to the identity, it is norm decreasing and has image in the
alternating functions.
We will consider the cocycle belonging to Mg{alt(S1 x S1:R) given by the
formula
©p = Alt(mjor U mor).

The function Oy, indeed belongs to M . (S x S1; R) since it is always smaller
than 1 and hence bounded. B N
If we denote by ¢ the comparison map ¢ : Hy(H;R) — H.(H;R) we get

Theorem 4.3.1.
c[Op] = [O]

Proof. We recall that a map

My (8" x 8% R) —*> L%(H"L;R)
that induces an isomorphism in cohomology can be described, at the cochain
level, by choosing a point (£,€&) € S x S and requiring that

a(¢)(h07 ey hn) = ¢(h0(€7 6)7 vy h4(§7 6)) :

Since the cocycle O¢ is clearly bounded (||O¢|lo < 1), we can consider it
as an element of L% (H%;R). Tt is now an obvious consequence of the explicit
description of the map a that a(©p) = O¢ and this concludes the proof. [

In Section 4.4 we will compute the seminorm of [0p] in H} (H; R). Since
the seminorm of a class [¢] in continuous cohomology is the infimum of the
seminorms of the classes [¢] in continuous bounded cohomology that satisfy
c([¢]) = [¥], a consequence of Theorem 4.3.1 is that ||O¢|lec < [|Op]|o- To
get the opposite inequality we will show, in Section 4.4, that the comparison
map is indeed an isomorphism and hence ||O¢|loo = ||Op||oo-
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4.4 Computation of the norm

The aim of this Section is the computation of the norm of ©; as a cocycle
in M}, (S' x SL;R)H (Proposition 4.4.1) and as a cohomology class in

H*(H;R) (Theorem 4.4.2).
Proposition 4.4.1. The norm of the cocycle ©y € M} . (S' x Sl;]@)H

2

1©slloe = 5.

Proof. The proof that ||©/|o < 2 is a combinatorial computation: we will
explicitly write down the formulas for ©, (indeed, studying the permutation
group and grouping some different summands, we will write only six terms
instead of 120), and then we will use the cocycle relation (4.2) to reduce the

number of the summands and get the desired inequality.

Let us fix a 5-uple a = ((zo,90), (21, 41), (x2,2), (23, 43), (T4, 94)) De-
longing to (S x S§1)5, it follows from the definitions that

1
Op(a) = 155 > 580(0)0r (e (0), Ta(1)s To(2)) O (Yo (2)s Yo(3)» Yo(4))-

We want to reduce the number of the factors in this sum. First of all note
that every permutation can be written uniquely as a product 7Fa where
7 = (01234) is the 5-cycle, k € {0,1,2,3,4}, an « is a permutation such that
a(2) = 0. Moreover, since or is alternating, given two permutations such
that p(1) = 0(2), p(2) = o(1) and p(i) = o(i) for every other index (i.e.
p=0(12)), we get that

sgn(0)or(Z4(0), To(1)s To(2)) = 580(L)OT(Zp(0)s Tp(1)s Tp(2))-

This is a consequence of the fact that the sign of a permutation is multiplica-
tive (and hence sgn(o) = —sgn(p)) and that the cocycle or is alternating (this
fact implies that or(z4, xp, z.) = —or(z4, ., 2p)). These considerations allow
us to group the possible permutations in six classes of four elements that give
the same value and get

4
Op(a) = % D dor(@ k(1) Tk (2)s Tk (0))OF (Urk (0 Yrk () Yrk (1)) +
k=0
+ Aor(or(3), ok (4)s Trr(0)) O (Yrk (0) Yrk(1)s Yrk(2)) +
= dor(zr (1), ok (3)s Tk (0)) O (Yrk (0) Yrk(2)5 Yrk(ay) + (4.1)
+ Aor( ok (1), ok (4)s Trr(0))OT (Yrk (0): Yrk(2)5 Yrk(3)) +
+ 4or(@ 1k (9), Tk (3) Tk (0))OT(Yrk (0) Yk (1) Yk (4)) +
—  40r(T 1k (9), Ty (a), ok (0))OT(Yrk (0)s Yrk(1) Yk (3))-
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In order to show that
Op(a) <

[GVIN )

we have to consider two different cases depending on whether the x; are all
distinct or #{xo,...,z4} < 4.

ox; distinct
Let us assume that the x; are all distinct, we can suppose that they are
cyclically ordered according to their numbering: the cocycle Oy is alternating
and we can change the indices precomposing with the proper permutation.
This can only change the sign of ©;, but we are only interested in the absolute
value.

This means that or(x;, zj, x;) = 1 for all the summands in the expression
4.1: we have chosen representatives such that, before applying 7, the values
were positive and, since 7 is a 5-cycle, it doesn’t change the orientation.

Thus we have to compute the value of

30 D or(Yrk (o) Yrk 3y Yrka) + O (Yrk (o), Yrk (1), Urk(2)) +

k=0

i 4
= 0r(Yrk(0), Yrk(2), Yrk(a)) + OT(Yrk(0): Yrk(2) Yrk(3)) +

+ 0T (Yrk(0)s Yrk(1)> Yrk(4)) — OL(Yrk (0 Yrk (1) Yrk(3))-

We can now apply the cocycle relation

0 = 00T (Yrk (0)s Yrk (2)s Yrk(3)s Yrk (1)) = (4.2)
= OT(Yrk(2)s Yrk(3) Yrk(4)) — OT(Yrk(0): Yrk(3)> Yrh(a))
FOr(Yrk (0) Yrk(2)5 Yrk(a)) — OT(Urk(0)> Yrk(2)> Yk (3))-

This implies that we can rewrite the expression (4.2) as

1 4

30 2 OF(Urk (@) Yrk(3), Yrh() + O (Yrh(0), Yrk (1), Urk(2)) (4.3)
k=0

FOr(Yk (0) Yrk(1)> Yrk(a)) — OT(Urk(0)> Yrk (1) Yk (3))-
Since 20 summands appear in this sum and each of them is bounded by one,
we get
Ou(a)] < 22 = 3

o#{xg,...,x4} <4
If the x; are not all distinct we can assume that neither the y; are: otherwise
we can exchange the role of z; and y; taking advantage of the invariance of
Oy with respect to the isometry o.
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We assume, up to precomposing with a permutation (Op is alternating),
that xo = x1. If yo = y1, then Oy(a) = 0:to prove this fact we recall that ©
is alternating, hence, if we call p the permutation (01), we get

Op(a) = Op((z1,91), (0, Y0), (72, Y2), (£3,Y3), (T4,y4)) =
= Ou((%(0): Yp(0)): (T p(1)s Yp(1))s (T p(2)s Yp(2))s (T p(3)s Yp(3))s (T p(a)s Yp(a))) =
= sgn(p) Op((z0, Yo), (z1,91), (T2, y2), (23, Y3), (T4, Y1) =
= —0u((w0,%0), (w1,y1), (22, 42), (£3,¥3), (z4,4)) = —Op(a).

In the whole paragraph, as we have already done previously, we denoted by

a the generic 5-uple (20, o), (z1, 1), (¥2, y2), (3,9), (1, y1)). Tn order to
conclude the proof of the fact that

2

3’

we need ounly to deal with the case ¢ = x1, and yo = yi for some k €
{0,3,4}. Let us consider the expression (4.3). We will find 10 different
summands that vanish in that expression. Among the 30 summands there
are exactly 9 that have the factor or(xg, 1, ;) and hence vanish: if k =
0 there are three of them, if £ = 1, then 7(0) = 1 and 7(4) = 0 hence
or(xo,z1,x;) appears in three summands. In the other cases k = 2,3, 4 there
is only one summand with the factor or(zo,z1, ;). Moreover the summand
or(xg, 3, x4)or(y1,y2, yx) that occurs (up to a permutation of the entries)
in the sum (4.3) vanishes (since y2 = yx) and we haven’t counted it among
the 9 vanishing summands (since it doesn’t have a factor or(zg, 1, x;)).

1680 <

It remains only to show that the value 2/3 is achieved. We choose a 5-uple

((z0,%0), (z1,91), (T2, y2), (23,93), (T4, 4))

where the z; and the y; are all distinct and ordered as in the drawing, i.e. in
a way such that the x; are cyclically ordered according to their numbering
and the y; are ordered so that (yo,ys,y1,v4,y2) are cyclically ordered. The
5-uples of this form plays (here and in the proof of the next theorem) the
role of a simplex of maximal volume.

Yo
o

Iy

Y4
3 T2 Y1
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If we compute Oy on this 5-uple using the formula (4.3), we get

(H)b((an yO)v (xla y1)> (an y2)7 ($3> y3)> (1‘4, y4)) (44)
= o S k0 OT (U (2): Uk (3) Uk () T OT(Yrk (0 Uk (1) Uk (2)
+0T(y7k(0)7ka(1),ka(4)) - or(ka(O), Yrk(1)s ka(3)) = %

O]

The last step of the section is to show that 2/3 is actually the norm of [O]

in H% (H;R), more precisely we will show that, for every 8 in M3 (S x S1;R),

6B((z0,yo), (x1,91), (T2, 92), (73, Y3), (v4,y4)) = 0

whenever the points respect the condition given at the end of the proof
of Proposition 4.4.1, that is the x; are cyclically ordered and the y; are
ordered so that (yo,ys,y1,v4,y2) are cyclically ordered. Since in the proof of
Proposition 4.4.1 we have shown that, on this specific 5-uple a, ©, has the
value 2/3, we will get that

€6+ 381 > |(©s +5)(0)] = 5.

Theorem 4.4.2. The seminorm of the class [Op] in Hfb(H;]li) satisfies
I[Os]ll = 2/3.

Proof. As we have already pointed out, we want to show that 68(a) = 0.
We first show that

B((x1,y1), (v2,2), (£3,93), (T4,y1)) = 0.

Let us consider the geodesic o in H? having as endpoints the points z; and
xo belonging to JH? and the geodesic ao having as endpoints z3 and 4.
Let a3 be the common orthogonal geodesic. Let us consider the orientation
reversing isometry 7; of H? corresponding to the reflection with respect to
ag. Clearly this isometry leaves the points {x;}?_, invariant and acts on this
set as the even permutation (12)(34) = o.

Let us now construct an orientation preserving isometry of H? that re-
alizes the same (even) permutation of the points {y;}?_,. We consider the
geodesic ay in H? having as endpoints the points 3; and ys and the geodesic
as having as endpoints y3 and y4. The points y; are oriented in such a way
that the two geodesics meet in a unique point that we call . Let us consider
the orientation preserving isometry o of H? corresponding to the geodesic
symmetry in §. Also 7o leaves the points y; invariant and acts as the per-
mutation (12)(34).
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Yo

B(z1,y1),
sgn(a) B(((

follows from the H-invariance of 5. This implies that § vanishes on the first
“face” of the 5-uple a.

With similar arguments, we can prove that S vanishes on every “face”,
namely, as we have done in this case, we can construct an orientation revers-
ing isometry that realizes the permutation (04)(23) for the second “face”,
(01)(34) for the third, (04)(12) for the fourth and (01)(23) for the fifth. This
concludes the proof of Theorem 4.4.2 O

4.5 The comparison map is an isomorphism

We are now ready to finish the proof of the central theorem of the chapter:

Theorem 4.5.1. The proportionality constant for the simplicial volume of
manifolds covered by H? x H? is %71'2,

We have already pointed out in Theorem 3.3.11 that the proportionality
constant for the simplicial volume of manifolds covered by H? x H? is one
over the norm ||wp2 w2 ||oo as a class in H2(Isomg(H? x H?),R) and we have
shown in Proposition 4.1.1 that we could compute its norm as an element

of H}(Isom(H? x H?),R). Moreover we have described, in Theorem 4.3.1,

a class [120p] in H2 (Isom(H? x H?),R) whose image, via the comparison
map, is [wg2m2] and we have proved, in Theorem 4.4.2; that the norm of
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704 is 27, In order to finis e proof, it is now sufficient to show tha
2] is 272, In order to finish the proof, it i fficient to show that
the comparison map

¢ HY (Isom(H? x H?),R) — H*(Isom(H? x H?),R)

is an isomorphism. We split the proof of the theorem in two parts. We will
start by showing an analogous result in the case of H? instead of H? x H?
and then deduce the thesis from this fact.

Proposition 4.5.2. The comparison map
¢ H2 (Isom(H?),R) — H?(Isom(H?),R)
1§ an isomorphism.

Proof. We already know that the group H2(Isom(H?), ]li) is one dimensional
and generated by the class of the volume form (this is a consequence of van
Est’s Theorem 1.7.5). Moreover, we have already pointed out that Dupont’s
representative of the volume form is bounded. This implies that the com-
parison map is surjective. In order to prove the proposition, we need only
to show that c is injective.

Theorem 2.6.13 ensures that the continuous bounded cohomology of
L = Isom(H?) can be computed from the complex of measurable, bounded,
alternating, L-invariant functions on Sl = QH2. Let us choose a cocycle
f belonging to MZ ,(S1;R)Y and let us assume that c([f]) = 0. We want
to show that [f] = 0. Since f is, by assumption, alternating, we get that
f(x,z,y) = 0 for every z, y in OH2. Moreover L acts transitively on the pos-
itively oriented triples of elements of OH? and hence, since f is L invariant,
the value of f on a triple (x,y, z) depends only on the orientation or(x,y, 2)
and hence f = Aor. Since the image of or via the comparison map is a
nonnull multiple of the class of the volume form, and since we assumed that
c([f]) =0, we get that A = 0 and hence f = 0. O

Let us now consider the commutative diagram

H2(Isom(H?): R) ® H2(Isom(H2); R) —— H*(Isom(H? x H2),R)

H2 (Isom(H?); R) © HZ (Isom(H2); R) —— H4 (Isom(H2 x H2),R).

Proposition 4.5.2 ensures that the first vertical arrow is an isomorphism
(because it is an isomorphism on each factor of the tensor product). Moreover
the description of the continuous cohomology of Isom(H?) via Isom(H?)-
invariant differential forms on H? together with the multiplicativity of van
Est’s Theorem (see Proposition 4.2.2) implies that the above arrow is an
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isomorphism: the group H2(H, R) = H4(Q'(H2xH?2,R)) is one dimensional
and generated by w2, g2 = pjwyz A piwy2.

In order to finish the proof of Theorem 4.5.1 by showing that the com-
parison map (in dimension four) is an isomorphism, it is sufficient to show
that the cup product on continuous bounded cohomology is surjective:

Proposition 4.5.3. Every class ¢ in HY (Isom(H? x H?);R) can be written

as a product pia U p3B where a and B belong to H2 (Isom(H?); R).

Proof. Keeping the notation from the preceding section we will denote by H
the group Isom(H? x H?). We compute the continuous bounded cohomol-
ogy of H (resp. of Isom(H?)) from the complex of the H-invariant (resp.
Isom (H?)-invariant), alternating, bounded, measurable functions defined on
St % S (resp. S') with values in R. Let us fix f € M (ST x SLR)H
representing the class 1. 7

Let us fix three points z, y, z in S! that are cyclically ordered and consider
the value f((x, ), (x,y), (z, 2), (y,x), (z,y)) = b. It is worth remarking that,
since Isom(H?) acts transitively on the 3-uples of S! and since f is, by
assumption, H-invariant, b doesn’t depend on the choice of the three points,
provided they are distinct and cyclically ordered.

Let us consider a 5-uple a = ((z0,%0),- -, (z4,94)) in (S' x S1)> and
define ni(a) = #{xo,...,z4} (resp. nao(a) = #{yo,...,ya}). We want to
show that the cocycle fo = f — 6bAlt(pi[or] U p5[or]) is cohomologous to 0
as an element of M, . (S* x S1; R)H . In order to get this result, we will use
an induction on the couple (ni,n2) (with respect to an adequate ordering
that we will introduce in the proof) as follows: once we have constructed
a cochain f;_; cohomologous to fy and vanishing on the uples smaller than
(n1,n2), we will add a coboundary h; that is, too, null on the uples smaller
than (ni1,n2) but has also the property that f;_1 —h; = f; is null also on the
uples that have (n1,ng) distinct elements.

| n; < 2
In this case f vanishes because it is H-invariant: let us assume, without loss
of generality, that n; = 2. If we consider the geodesic with endpoints x; and
xj, the reflection with respect to that geodesic is an orientation reversing
isometry that leaves the 5-uple a fixed.

. (n17n2) = (37 3)
From now on we will denote by ¢ a 3-uple of the form ((wo, o), - - -, (73,¥3))
Let us consider the element A in ]\Ilf’valt(S1 x S1;R) that has the value

! 0 otherwise.

The cochain hq is well defined since, if there exist x; = z; # 21, = 2, we get
n1((xi,ys),c¢) < 2 and hence hi(c) = 0 for both choices (similarly for ).
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Moreover, since fp is H-invariant, alternating, bounded, measurable, h; has
the same properties. Since we have proved that fy vanishes on every 5-uple
with n;(a) < 2 and hy is defined from fy, the same result holds for h;.

Let us now consider the representative f; = fo — dhy (that is obviously
cohomologous to fy). We want to prove that f; vanishes on every 5-uple a
with n;(a) = 3. Since f1 is H-invariant and alternating, we need only to
show that fi(a) = 0 when a ranges among representatives of the 5-uples in
St x St with n;(a) < 3 up to permutations and isometries. We have that, if
two elements of the 5-uple a coincide, then fi(a) = 0 since f; is alternating.
Therefore it is easy to verify that only three possible choice for the 5-uple a
have to be considered (once three cyclically ordered points z, y, z in S! are

fixed):
a1 = ((z,7)(z,y) (2, 2)(y, ¥) (2, 7))
az = ((a:,x)(:c,y)(a:,z)(y,x)(z,y))
az = ((z,z)(z,y)(y, 2)(y, 2)(2,9))
(

using the expresswn (4 1) for g = Alt(pi[or] Upsor]) it is easy to verify that
gla1) = 6, g(az) = 6, glas) = —%. Let us denote by A\; = fo(a;), since
fo = f — 6bg we get A1 = 0 as a consequence of the choice of b. Moreover,
applying the cocycle relation we get:

0 =dfo(ai, (¥,9)) = 2A1 + A2 — Ao = A2 — Ao.
Moreover it is easy to verify that

dhl(ao) = fU((xa x)(aj,y)(l‘, Z)(yvx)(z’ =
dhi(az) = fo((y,y)(@,y)(y, 2)(y, 2)(2,y)) =
= fg((x,x)(ij)(x,y)(azjz)(z,az)) = Ao-

where the first equality follows from the definition of A\g, the second from the
fact that fy is invariant with respect to the orientation preserving isometry
that realizes the permutation (xy) on each factor, i.e. the isometry of H? x H?
that, on each factor, is the reflection with respect to the geodesic v with
endpoint z orthogonal to the geodesic with endpoints z, y.

8
S~—
S~—

|
>
o

This proves that” fi = fo — dh; vanishes on every 5-uple with n;(a) < 3.



Bn +ny <7 B
Let us consider the element hy in 1\45’@“(5'1 x S1;R) that has the value

(fl((x%yk)?C) + fl(($i7yl)7c) if Tq = Ty, #{Zvjka} =4
(fl((xlﬁyi)vc) + fl((xlayi)’c) if Yi = Yj, #{Zv‘%kal} =4

otherwise.

h2 (C) =

O o) =

The function hg is well defined (since, if ¢ satisfies both conditions, then
n1(c) +na(c) < 6 and hence fi1((zm,yn),c) = 0 for every m, n, and if there
are more than two entries that are equal on one factor, then n;(c) < 2 and
hence f1((m,yn),c) = 0). Moreover hs is bounded, measurable, alternating
and H-invariant since fi is.

We will show that fo = fi — ha(a) = 0 provided (n1(a),n2(a)) = (3,4);
the case (n1,ng2) = (4,3) follows by symmetry. Let us call {zg, 21,22} the

0y3)(y1y2) can be realized by
ign with respect to the geodesic
ition (x122) can be realized by



where the last equality is obtained using the invariance with respect to the
orientation preserving isometry corresponding to the geodesic symmetry in

y.

get
fa(az) = fo((z1,90)(xo, y1) (w1, y2) (21, y3) (22, ¥0))

and the second 5-uple has the form a; and hence, as desired, fa(as) = 0.

¢ as = (w0, y0) (w0, y1) (@1, y0) (21, y2) (22, y3))
In this case we compute the cocycle relation 0 = dfs on the 6-uple ((z1,y3), a4).
It implies

falas) = fol(@1,y3) (0, y1) (1, 90) (21, y2) (22, Y3))
and the second 5-uple has the form a; and hence, as desired, fa(a4) = 0.
| (nl,ng) - (3, 5)
In this case we do not even need to sum another coboundary. If the 5-uple
has three equal entries in the first factor (say x) it is sufficient to compute

the cocycle relation on the 6-uple (a, (z,yo)) obtaining dfa(a, (xz,yo)) = f2(a),
otherwise

a= ((5607 yO)('r(b yl)(xlv y2)<x1a y3)($27 y4))7
and, in this case, dfa(a, (xo,y4)) = f2(a) and hence fy(a) vanishes.

B (ny,n92) = (4,4)
Let us define the function

hs((wo, yo)(z1, Y1) (w2, y2) (23, y3)) = f2((@i, x5) (@0, yo)(z1, y1) (22, y2) (73, y3))
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for any ¢ # j. By computing the value of 0 = dfs on the 6-uple

(2, Z/j’)(ﬂ% l‘j)(l‘oa o) (w1, y1)(x2, y2)(23,93)),

it is indeed easy to verify that hs doesn’t depend on the choice of i, j As
usual hs is well defined, bounded, measurable, alternating and H-invariant.
In order to show that f3 = fo — dhs vanishes on the 5-uples with n;(a) < 4,
we need to consider two subcases:

¢ a1 = ((wo, yo) (w0, y1)(z1, Y1) (2, y2) (23, Y3))
In this case we have dhg(a1) = f2(a1). This implies that f3(a;) = fa(a1) —
hg(al) = 0

¢ a2 = ((wo, yo) (w0, Y1) (21, y2) (T2, y3) (23, Y3))
In this case it is sufficient to compute the value of dfs on the uple (az, (xg,y3))
and show that every term, except from f3(a2), vanishes.

W (n1,n2) = (4,5), a = (w0, yo) (w0, y1) (x1, y2) (x2, y3) (23, Y4))
It is sufficient to compute the value of dfs on the 6-uple (a, (zg,y2)).

B (n1,n2) = (5,5)
If one computes the value of dfs on the 6-uple (a, (xg,y1)), the only a pri-
ori non vanishing term is f3(a) and hence also f3(a) vanishes since f3 is a
coboundary.

We have thus proved that the cocycle f3 belonging to M, (S x S*; ]@)H
is null and cobordant to f — 6bAlt(pijor] Upsor]). In particular we get that
[f] = 6bpijor] U pslor] and hence the cup product is surjective on the 4th
continuous bounded cohomology group of H.

O

In order to conclude the chapter we give the computation of the simplicial
volume of the product of two surfaces.

Corollary 4.5.4. Let X4 x ), be the product of two surfaces of genus g > 1
and h > 1 respectively, then

X9 % Tl = 24(g = 1)(h = 1)

Proof. If g or h is equal to 1 the simplicial volume of ¥, (resp. ) is equal
to zero and hence the thesis follows from Proposition 3.2.4. Otherwise let us
fix a hyperbolic structure on each factor. The metric universal covering of
Yy X X is H? x H?. Moreover, Gauss Bonnet formula implies that vol(Xy) =
2x(Xy) = 4m(g—1). Hence we get, as a consequence of the multiplicativity
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of Riemannian volume, that:

vol(X, x X
ISy X S|l = vol(3y x 3n)
w2 2o

3
= ﬁvol(zg)vol(zh)

3
= ﬁllﬂ'(g — Ddnr(h—1)
= 24(g—1)(h—1).
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