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Chapter 0O

Introduction

Motivation

The topic of this thesis is localization of characteristic classes. One of the first
examples of characteristic class is the Euler class of a rank [ orientable vector
bundle E on a smooth manifold M (we refer to [11] for the formal definition and
its properties); the Euler class e(E) is a cohomology class in H'(M,Z) which
measures the extent to which the vector bundle is “twisted”, i.e. measures
the deviation of the local product structure from a global product structure.
In particular, the Euler class vanishes when the vector bundle admits a global
non-zero section. Suppose now we have a section v of F on M; we say that a
point p in M is a singular point of v if v vanishes at p. We denote the set of
singular points of v by ¥. What happens now is that, if we restrict E to M \ X
we have that on this set F admits a non-zero section. Therefore the Euler class
of E restricted to M \ ¥ is 0. An important property of cohomology is that the
pair (M, M \ X) gives rise to a long exact sequence in cohomology

o —— H{(M,M\ %) — H (M) —>H M\ %) —---

where by ¢ we mean the extension by 0 and by r the restriction to a subset;
since this sequence is exact and r(e(FE)) = 0 we can lift the Euler class to a class
in H'(M, M \ ¥); this is called a localization of ¢(E) to ¥ and we denote it by
e(E,v).

In Section 1.2 we will present two important results, the Alexander and
the Poincaré dualities. Those results express an important relation between the
cohomology and the homology of a compact connected orientable manifold M of
dimension n; the Poincaré duality Pj; shows us how to associate isomorphically
to each class in H*(M;Z) a class in H,,_j(M;Z) while the Alexander duality Asx
shows us how to associate to each class in the relative cohomology H*(M, M \
3;Z) a class in the homology H,,_(3;Z). Moreover, if we take into account
the inclusion map ¢* induced in homology by i : ¥ < M we have that the two
operations commute; indeed, if w is a class in the relative cohomology of the
pair (M, M \ ) we have that Py o t(w) = i*Ax(w).

What happens now if we talk about the Euler class e(T'M) of the tangent
bundle of M, supposing there exists a smooth vector field v which vanishes
only at isolated points? We can lift e(T'M) to a class in H"(M, M \ ¥); then
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6 CHAPTER 0. INTRODUCTION

i*As(e(TM,v)) = Pp(e(T'M)). Since M is connected, compact and orientable
we have that Pys(e(T'M)) is an integer, an important topological invariant of the
manifold called the Euler characteristic x(M); but what if 3 is decomposed in
its connected components ¥,7 Then its homology can be seen as the direct sum
of the homology of its connected components; thanks to the excision principle
we have then that

X(M) = 1*(Ax, e(TM,v)).

[0

On each connected component the Alexander duality associates to e(T'M,v) an
element of Hy(X,;Z), since X, is connected this is an integer, called an index.

We refer to [31] for a formalization of this argument; anyway, this index
depends on the local behaviour of the vector field near the singular point and
is called the Poincaré-Hopf index of a vector field at the singularity. If M is
a compact orientable surface, the Euler characteristic is related to the genus g
of the surface by the equation (M) = 2 — 2g. Therefore we have a condition
that needs to be satisfied by a smooth vector field on a surface. As an example
suppose the genus of M is 0; then the sum of the Poincaré-Hopf indices of a
vector field must be 2; if v has no singularities on M, this condition can not
be satisfied by v. So, on a genus 0 surface, e.g., a sphere, every vector field
must have at least one singularity and we get important informations on the
possible dynamics on a sphere by purely topological constraints. It is clear
that the important and powerful tool that permitted us to prove this result was
nothing else that the localization of the Euler class. The Euler class is only one
of several characteristic classes that we can associate to a vector bundle ([27]);
in my thesis I will deal with the localization of Chern classes associated to some
particular coherent sheaf.

The Chern classes are cohomological invariants of a smooth complex vec-
tor bundle [11]; it is possible to give many different definitions of them, e.g.
using universal bundles [11] or obstruction theory [30]; we use the differential
geometric framework of Chern-Weil theory.

In this thesis I deal with localization of Chern classes arising from the exis-
tence of foliations; this topic stems from the foundational papers of Raoul Bott
[8] and [9], in which the Bott Vanishing Theorem was first established. This
theorem says that if there exists a “holomorphic action” of a vector field on a
holomorphic bundle F over a complex n-dimensional manifold M, given a sym-
metric polynomial ¢ of degree n, then the characteristic class ¢(FE), obtained
by evaluating ¢ on the Chern classes of F, vanishes. This vanishing theorem
gives rise to a localization process and to what are called Baum-Bott residues.

In Chapter 2 I give an account of the theory behind Baum-Bott residues
and explain how to compute the residue associated with the isolated singularity
of a holomorphic vector field, following [31]. An example of application is the
proof of the existence of topological obstructions to integrability; an example
of this phenomenon is the fact that TCP™ has a holomorphic subbundle of
codimension 1 but no integrable holomorphic subbundle of codimension 1. A
proof of this fact can be found, e.g., in [10]. So, everything seems to lead
to the fact that localization of characteristic classes is an important tool in
differential geometry, topology and dynamics. In particular, the existence of
the Bott Vanishing Theorem stresses the importance of localization of Chern
classes for complex dynamical systems.



Another example of the importance of residues in complex dynamical sys-
tems is paper [16] where Camacho and Sad used the computation of a residue
to build up a combinatorial argument proving the existence of a complex sep-
aratrix passing through a singularity of a complex vector field on a complex
surface.

Even if at a first sight this index theorem didn’t seem directly connected to
localization of characteristic classes a global framework for this theory was later
given by Lehmann and Suwa [31], including also this index in the theoretical
account of localization of characteristic classes. The fundamental principle ([4])
is that the existence of a flat partial holomorphic connection (analogous to the
holomorphic action of Bott) implies the vanishing of the Chern classes associated
to a vector bundle. The point is that the existence of a holomorphic foliation F
leaving a submanifold S invariant gives rise to partial holomorphic connections
on Nz, the normal bundle of the foliation seen as a quotient of the tangent
bundle of the submanifold (Baum-Bott index), Ng, the normal bundle to the
submanifold (Camacho-Sad index) and Nz|g the normal bundle of the foliation
seen as a quotient of the ambient tangent bundle restricted to S (Khanedani-
Lehmann-Suwa index). In particular this last type of theorems are of interest
for my thesis: the existence of such an index theorem was first established in
[22] and then developed in [26].

Now, at least two different research directions arise: to adapt such a theory
to singular manifolds and submanifolds [25], and to try to develop methods to
find new partial holomorphic connections and therefore new vanishing theorems.
Indeed, many new vanishing theorems have appeared in literature and the topic
of index theorems arising from foliations, which seemed reserved to the treat-
ment of continuous holomorphic dynamics, found an important application also
in the study of discrete holomorphic dynamics. In his paper [1] Abate finds an
index theorem for holomorphic self-maps and uses it to prove an analogous of
the Leau-Fatou flower theorem for holomorphic self-maps of C? tangent to the
identity. The results of this paper were later generalized in [3] and opened a
whole new field of research.

The research into the topic of index theorems has been flourishing during
the last years, with many works dealing with the case of foliation transverse to
a submanifold in the Camacho-Sad and Baum-Bott case [4], [13], [14], [15].

The key to the existence of partial holomorphic connections is the vanishing
of the Atiyah class, a cohomological obstruction to the splitting of a short exact
sequence of sheaves of @g-modules [6]. In my work I follow the line of paper [4],
where the Atiyah sheaf for the normal bundle of a submanifold was described in
a more concrete way, giving new insights to the problem. Further developments
as [5] showed the strong connection between the existence of partial holomorphic
connections for Ng and the “regularity” of the embedding of a subvariety.

Results

In this thesis I prove an extension of the vanishing theorem for the Khanedani-
Lehmann-Suwa action, definining and using what I call foliations of the in-
finitesimal neighborhoods of a submanifold S (Section 4.1); foliations of
infinitesimal neighborhoods are a natural generalization of foliations and in I
prove a Frobenius-type theorem.
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Theorem (Frobenius Theorem for k-th infinitesimal neighborhoods, Chapter
4 Theorem 4.1.4). Suppose S is a non singular complex submanifold of codi-
mension m in a complexr manifold M of dimension n and suppose we have a
foliation F of S(k) of rank I. Then there exists an atlas {U,, ¢ }adapted to S
such that if U, NUg N S # O then:

8t

5], -
5z/3 k1
fort=1,....mm+Il+1,....nandi=m+1,...,m+1 on U, NUsg.

Moreover I prove that their existence gives rise to the vanishing of the Atiyah
class, which in turn permits me to prove an extension of the variation action (I
state here the most general form and refer to Section 5.1 and Section 5.2).

Proposition (Chapter 5, Proposition 5.2.3). Suppose £ is a coherent subsheaf
of Tsq) that, restricted to S, is a subsheaf of F, S-faithful. Then there exists a
partial holomorphic connection (8,&) for Nz -

This permits me to prove a Lehmann-Suwa-Khanedani type index theorem.

Theorem (Chapter 5 Theorem 5.4.1). Let S be a codimension m compact sub-
manifold of a n dimensional complex manifold M. Let F be a rank | foliation
on S, such that it extends to the first infinitesimal neighborhood of S\ S(F), and
let S(F) = Uy X be the decomposition of S(F) in connected components. Then
for every symmetric homogeneous polynomial ¢ of degree k larger than n—m—1
we can define the residue Resy(F, Nz n;25) € Ha(—m—ri)(Xa) depending only
on the local behaviour of F and Ny pr near Xy such that:

ZRG%(]:,NJT,M%EA):/ﬁb(NF,M)’
N S

where ¢(Np,ar) is the evaluation of ¢ on the Chern classes of Nz ur-

I prove also a Kahnedani-Lehmann-Suwa-type vanishing theorem under weaker
conditions.

Theorem (Chapter 5 Theorem 5.4.2). Let S be a codimension m compact sub-
manifold of a n dimensional complex manifold M. Let F be a foliation on S
and let £ be a rank | subsheaf of Ts(1) that, restricted to S, is a subsheaf of F.
Suppose moreover that it is S-faithful. Let ¥ = S(F)US(E) and let ¥ = J, X
be the decomposition of ¥ in connected components. Then for every symmetric
homogeneous polynomial ¢ of degree k larger than n —m — 1 + |1/2] we can
define the residue Resys(E, NFn;28) € Hoytnm—r)(Xa) depending only on the
local behaviour of F and Nr,m near Xy such that:

ZRe‘g(b(EaN}',M;Z)\):/¢(NI,NI)a
A S

where ¢(Np,a) is the evaluation of ¢ on the Chern classes of N m -

The problem becomes then to study how to build foliations of the first in-
finitesimal neighborhood or to extend a foliation on S to the first infinitesimal
neighborhood. I study under which conditions I can project a transversal folia-
tion to a foliation of the first infinitesimal neighborhood.



Lemma (Chapter 4 Lemma 4.3.4). Let M be a n-dimensional complex mani-
fold, S a submanifold of codimension r. Sequence

0— Tsa) = Tusy) — Nsay = 0,

splits if S is 2-splitting, i.e., if there exists an atlas adapted to S such that:

0z
Bl = [0]2,
[82@] 2 ?

foro=m+1,....,nandr=1,...,m.

In case S is splitting, I found a cohomological obstruction to the extension
(which may not be involutive) of a foliation to the first infinitesimal neigh-
borhood of S. This is an interesting point since it identifies some of the co-
homological obstructions to the extension of foliations to a neighborhood of a
submanifold.

Proposition (Chapter 3 Proposition 4.4.3). Let M be a complex manifold of
dimension n, and S a splitting codimension m submanifold. Let F be a foliation
of S and 7 : Ns — M the normal bundle of S in M. Let F = 7n*(F) and V the
vertical foliation given by ker dmw. The sequence:

L ~ pr

0 v F F/V 0

splits if there exists an atlas adapted to F and S such that

827’

5o €T

“89%p
forallr,s=1,....mandi=m+1,..., m—+1.

This permits me to prove some index theorems for foliations and holomorphic
self-maps, also in the transversal case (these results are collected in Section 5.4,
Section 6.3). I state a couple of these theorems, to give an idea of the results
obtained.

Theorem. Let S be a codimension m 2-splitting compact submanifold of a n di-
mensional complex manifold M. Let F be a rank | holomorphic foliation defined
on a neighborhood of S. Suppose there is a 2-splitting first order F-faithful out-
side an analytic subset ¥ of U containing S(F)NS and that S is not contained
in X. Let ¥ = |J, X be the decomposition of ¥ in connected components. Then
for every symmetric homogeneous polynomial ¢ of degree k bigger than n—m—1
we can define the residue Resy(F, Nre a5 2x) € Ho(n—m—r)(Ea) depending only
on the local behaviour of F and Nro p near Xy such that:

S Resy(F N i 20) = [ 00 a).
A

where ¢(Nre nr) is the evaluation of ¢ on the Chern classes of Noxo -
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Theorem. Let S be a compact codimension m submanifold 2-splitting in M,
an n dimensional complex manifold. Let f € End(M,S), f # idu, vy > 1.
Suppose we have a splitting Fy-faithful outside an analytic subset of S containing
S(Fy). Let now G be the involutive closure of F§ and X = S(F7)U S(G); let
Y = U, X be its decomposition in connected components. Then for every
symmetric homogeneous polynomial ¢ of degree k larger than n —m — 1+ [1/2]
we can define the residue Resy(F§, Ng,m;2n) € Hatn—m—1)(Xa) depending only
on the local behaviour of ]-"]‘Z and Ng,m near Xy so that

ZResqb(,F}T,Ng,M;E,\) :/Séb(Ng,M),
)

where ¢(Ng,m) s the evaluation of ¢ on the Chern classes of Ng, -

I also compute the respective indices (the computations are in Section 5.5,
Section 5.6, Section 6.4).

Plan of the Thesis

In Chapter 1 I present the background material which is needed for the under-
standing of the methods involved in my results. It starts in Section 1.2 with the
proof of Poincaré and Alexander dualities. As shown in our discussion about
the Poincaré-Hopf index theorem these two main results permit us to define
residues and indices. Section 1.3 introduces the tool of Cech cohomology and
the concept of sheaf; this cohomology permits us to deal easily with the problem
of the existence of global sections of a sheaf and all the connected questions.
In Section 1.4 I define an important tool, Cech-de Rham cohomology; this co-
homology, isomorphic to the de Rham cohomology, is used since together with
its integration theory presented in Section 1.5 it seems to be the most useful
framework when dealing with the residue problem. In the following Section 1.6
the Chern-Weil theory of Chern classes is presented; I define moreover an im-
portant geometrical object, the Bott Difference Form which is used throughout
the paper and takes care of the ambiguities in the definition of the Chern classes
arising from the choice of different connections; after I have defined the Chern
classes I adapt the theory developed for them to Cech-de Rham cohomology in
Section 1.7. Section 1.8 is devoted to precise two main objects of our study, i.e.
foliations and coherent sheaves and some of their properties. In section 1.9 I
present a general principle that is used many times: a short exact sequence of
coherent sheaves splits if and only if an associated class in cohomology vanishes.
One of the first applications of this general principle is to study the regularity
of the embedding of a submanifold S in a complex manifold M. In Section 1.10
we define what a splitting manifold is and prove some results concerning it and
its generalizations.

Chapter 2 presents the Bott Vanishing Theorem and the Baum-Bott type
residues. In Section 2.1 a proof of Bott’s Theorem is given, in the form de-
veloped in [4], which applies also to non involutive subbundles. Section 2.2 is
devoted to explain the basis of the localization principle, using as an example the
Lehmann-Khanedani-Suwa index theorem. Then Sections 2.3 and 2.4 present
the Baum-Bott index theorems and the computation of the residue in the case
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of an isolated singularity of a holomorphic vector field. This complicated com-
putation is interesting for many reasons: first, it shows that a lot of work has to
be done to compute the residue even in the simplest cases and is an interesting
model for the computation of other residues.

Chapter 3 is devoted to Atiyah’s theory of holomorphic connections. In
Section 3.1 is given a proof of the fact that the splitting of the partial Atiyah
sequence for a bundle E gives rise to a partial holomorphic connection for E.
Given a foliation F of a submanifold S Section 3.2 is devoted to the computa-
tion of the Atiyah class for the quotient Nz a := Tar,s / F. In Section 3.3 I
define what I mean for tangential sheaf for the infinitesimal neighborhood of a
submanifold and prove that this sheaf admits a well defined bracket operation;
these concepts are then used in Section 3.4 to define a more concrete realization
for the Atiyah sheaf of Nz as.

Chapter 4 contains the core of the thesis. In Section 4.1 I define foliations of
infinitesimal neighborhoods and prove a Frobenius type result for such foliations:
the existence of an atlas for the ambient manifols where the transition functions
for the tangent bundle have a special form. Then, some work is done to precise
the objects we are working with: in Section 4.2 I define what we mean by
singular foliations of the infinitesimal neighborhoods and prove a result about
their singularity locus. Then, the chapter is devoted to understand how can we
build foliations of the first infinitesimal neighborhood: in Section 4.3 the main
idea is to use a 2-splitting to project a foliation of the ambient manifold to a
foliation of the first infinitesimal neighborhood of S, while in Section 4.4, under
the hypothesis that S is splitting, I give some results about the extendability of
a foliation to the first infinitesimal neighborhood.

It turns out that the properties of the atlas established in Section 4.1 give
rise to the vanishing of the Atiyah class for N ;. Chapter 5 is devoted to
study the partial holomorphic connections arising from splittings of the Atiyah
sequence. In Section 5.1 I study the partial holomorphic connection arising from
the existence of a foliation of the first infinitesimal neighborhood. In Section
5.2 I study how involutive and non involutive subsheaves of the tangent sheaf
to the first infinitesimal neighborhood that restricted to S are subsheaves of a
foliation F give rise to a partial holomorphic connection on Nz . Then, in
Section 5.3 I give a quick survey of the results of Abate, Bracci and Tovena
about the existence of partial holomorphic connections for the normal bundle
Ng of a submanifold. Section 5.4 summarizes the results obtained, writing down
explictly the residue theorems that stem from our treatment; then Section 5.5
is devoted to compute the variation index for our theorems for the simplest
case, a dimension 1 foliation on a complex surface leaving a submanifold S
invariant. Section 5.6 computes the index in the simplest transverse case. The
last section of the chapter, Section 5.7, establishes an index theorem for the
involutive closure of a coherent subsheaf £ of Tg, i.e., the smallest involutive
coherent subsheaf containing £.

Chapter 6 applies the theory to the case of holomorphic self maps; in Section
6.1 we define and prove some properties of the canonical distribution associated
to a holomorphic self-map tangent to the identity. The canonical distribution
is what permits us to use the results obtained for holomorphic foliations in the
case of discrete dynamics. Section 6.2 is a quick survey of the results by Abate,
Bracci and Tovena while Section 6.3 and 6.4 are devoted to write down explictly
the index theorems we obtain and to compute some indices.
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Chapter 1

Foundational material

No material in this chapter is original; we refero to [3, 4, 5, 18, 11, 31].

1.1 Notation and conventions

In some sections (and chapters) of this thesis we use the Einstein summation
convention. At the beginning of each section (or chapter) in which we use this
convention we shall put a remark as follows.

Remark 1.1.1. In this section (chapter) we follow the Einstein summation con-
vention; for an explanation of the different ranges of the indices, refer to Section
1.1.

To ease the understanding of the computations the indices are going to have a
fixed range. In this paper, M is a n-dimensional complex manifold, S a complex
subvariety of codimension m and F a dimension [ holomorphic foliation of either
M or S, with I < n—m. Then the indices are going to have the following range:

e h,k will range in 1,...,n; these are the indices relative to the coordinate
system of M;
e p,q will range in m 4+ 1,...,n; in an atlas adapted to S (see definition

1.1.2); these are the indices relative to the coordinates along S;

e 7 s will range in 1,...,m; in an atlas adapted to S; these are the indices
relative to the coordinates normal to S;

e i,j will tange in m+1,...,m+1; in an atlas adapted to F (see definition
1.8.16); these are the indices relative to the coordinates along F;

e y,vwillrtangein 1,...,m,m+I0+1,...,n; in an atlas adapted to F; these
are the the indices relative to the coordinates normal to F.

In case we shall need more indices of each type, we shall prime ’ them or put a
subscript, e.g., r1.

We shall denote by Oy the structure sheaf of holomorphic functions on M,
by Zg the ideal sheaf of a subvariety S and by Ig its k-th power as an ideal. If f

13



14 CHAPTER 1. FOUNDATIONAL MATERIAL

is an element of Oy we will denote by [f]x41 its image in Og) := Om /Ig“;
we shall denote by ¢, the canonical projections from Ogx) to Os

O : [fler1 = [f1h

and by 0 p, with k > h, the canonical projections from Ogx) to Osn)

Ok,n : [flks1 = [flns-

We denote by T3 and Tg the tangent sheaves to M and S respectively, where
defined. We will denote by 2, the sheaf of holomorphic one forms on M and
in general we write {2/ g(x) to denote the sheaf Qy ® Ogi)-

We denote by AP the sheaf of smooth p-forms on M and by AP'? we denote
the sheaf of smooth forms of type (p, q); we will use, without any further notice
the notation A for the sheaf of smooth functions. In general, we will also use
the notation AP(F) for the sheaf of p-forms with values in a vector bundle F.

The following is a definition we will use through the whole thesis.

Definition 1.1.2. Let U be an atlas for M. We say that U/ is adapted to S if
on each coordinate neighborhood (Uy, 2.,...,2") such that U NS is not empty,

tiade
we have that SN U, = {z} = ... = 2™ = 0}, where m is the codimension of S.

1.2 Poincaré and Alexander dualities

In this section we shall present Poincaré duality and Alexander duality using
the framework of simplicial homology (and cohomology); this choice was made
to ease the understanding of the strong connection between those dualities and
intersection theory. In the proof we assume some knowledge of simplicial homol-
ogy; the line we will mainly follow is the one of the exposition in [18, Chapter 0,
pag. 53]. We will use the following convention for the orientation of the bound-
ary of a manifold M: let p € OM, if vy, va,...,v, is a positively orientated
basis for T, M, we say v1,...,v,—1 is a positively oriented basis for dM if vy, is
pointing outward 9M (this is not coherent with the orientation convention we
use later on but makes the proofs of this section clearer). Suppose now M is a
manifold of dimension n and K = (0%,9),.x is a triangulation of M, where k
denotes the dimension of the simplex. First of all we take the first barycentric
subdivision of K, the simplicial complex K’ = (7¥,0), . Now, for each ver-
tex 0¥ we denote by x0¥ the union of the faces of K’ having 0 as a vertex;

«@
formally:

x00 = U T3
odery

Now, we define xc* for each simplex in the original subdivision:

n—k .__ k ._ 0
A =0, 1= ﬂ *0 5.

«
0 cok
aﬁéaa

Taking the cells {A”"*} we have a new decomposition of M, called the dual
cell decomposition with respect to K; we claim there exists a a coboundary
operator 0 for this decomposition with a good behaviour with respect to the



1.2. POINCARE AND ALEXANDER DUALITIES 15

intersection of cycles and which permits us to construct an isomorphism between
this “dual complex” and the cohomology of the complex.

We fix some notation: fixed a o we take all 75 such that okn 7 # 0; their
intersection coincides with the intersection *o* Mok and it is the barycenter of
o®, that, from now on, we will denote by p£. Moreover *o* is the only cell of
the dual cell decomposition meeting o¥, intersecting it transversely.

Definition 1.2.1. Let M be an oriented n-manifold, let A and B be two piece-
wise smooth cycles on M of dimension k and n — k respectively and suppose p is

a point of transverse intersection of A and B. Let vq,..., v, be an oriented basis
of T,A and wg41,...,w, an oriented basis for T, B; the intersection index
tp(A- B) of A with B at pis +1if vi,..., 0%, Wet1,...,w, is an oriented basis

basis for T, M, and —1 otherwise. If A and B intersect transversely everywhere,
we define the intersection number (A - B) to be

(A-B)= > 1,(A-B).

peEANB

We can put an orientation on {A”~*} such that, in p¥, the standard oriented
basis of the tangent space to 0% followed by such a basis on {A?~*} is positively
oriented (their intersection index ¢ (0%, A%™F) = +1). We denote now by o7,
one of the faces of the boundary of o* and let AJ, := x07, these two simplexes
meet in the barycenter that we will denote by pJ,. We want to compute the
index ¢, ; (o, A2).

The intersection o% N A7 is a path between p¥ and pl; we parametrize it
with a differentiable curve v : [0,1] — ¢% and we take vector fields

v1(t), .-y Vp—1(8), W1 (£), . . ., Wi (¥)

along ~ such that
vi(t), ..., ve—1(t)

are tangent to o and
Wi (t), -+ ., wn(?)

are tangent to A"~* and

v1(t), .1 (1), Y (), wra1 (1), ., wn(t)
is a frame for T’ M for every t € [0,1]. Moreover we require that

v1(0),...,v5-1(0),7(0)
is a positive basis of T,Y(O)UZ; and
wi+1(0), ..., wp(0)

is a basis of T, )A%™" such that

v1(0),. .., vk-1(0),7(0), wgs1(0), ..., w,(0)

is a positively oriented basis for T’y M.
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We follow the path from pf to pJ; in pl, the frame v1(1),...,v5_1(1) is
positively oriented for o7, since 4/(1) is pointing outward. The basis

Y (1), wrr1(1), ... wy (1)

has sign (—1)"~*~! with respect to the basis

warl(l)v s vwn(l)a’}/(l)

and this basis has negative sign with respect with the orientation of A”~* since
+'(1) is pointing inward. This implies that Lyt (0l,Al) = (=1)"F.
We define the coboundary operator § for the dual cell decomposition to be

0(ALTH) = (=1)"* % (903).

Using the dual simplicial complex K* = (A"~F §) we can prove now the duality
theorems.

Theorem 1.2.2 (Poincaré duality). Let M be a compact, oriented, manifold of
dimension n; then the intersection pairing

Hk(Ma Z) X Hn—k(Mv Z) —Z

is unimodular; i.e., any linear functional T : Hy,_(M,Z) — Z is expressible as
intersection with some class a« € Hy(M,Z), and any class o € Hy(M,Z) having
intersection number 0 with all classes in H,_(M,Z) is a torsion class.

Proof. First of all we remark that the map P which sends o in A?~% is an
isomorphism between the complex K of the original cell decomposition and the
complex K* of cochains in the dual cell decomposition. This map induces an
isomorphism

Py Hy(M,Z) — H" %(M; Z)

such that
(v-0) =P(")(0)
for v in Hx(M,Z) and o in H,,_(M,Z). O

The same way of reasoning we proves another important theorem, which
gives us a duality theorem for relative homology. Suppose now we have a sub-
manifold S in M and that we take the relative homology of the pair (M, M\ S);
now, this means that we are taking into account only the cycles in the homology
of M which are contained in the subcomplex of K defined by S. Please note
that a simplex o of K is contained in S if and only if its dual cell xo intersects
with S.

Theorem 1.2.3 (Alexander duality). Let S be a compact submanifold of M,
oriented manifold of dimension n; the intersection pairing

Ho(M, M\ S;Z) x H,_(S;Z) — Z,

is unimodular; i.e., any linear functional T : H"~*(S,7Z) — 7 is expressible as
intersection with some class o € Hp(M, M\S,Z), and any class o € H,,_x(S,Z)
having intersection number 0 with all classes in Hy(M,M \ S;Z) is a torsion
class.
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1.3 Cech Cohomology

Definition 1.3.1. Let X be a topological space. A presheaf G of groups
(abelian groups, rings, vector spaces) over X is a correspondance which asso-
ciates to every open set U of X a group (abelian group, ring, vector space) G(U)
and to each pair of nested subsets U C V' a homomorphism of groups (abelian
groups, rings, vector spaces) ry.y : G(V) — G(U) such that:

1. G(0) =0;
2. TU7U = ldg(U)7
3. for each triple U C V' C W we have that ry v orv,w = ru,w.

We say a presheaf G is a sheaf if for every U = [JU; union of open sets of X
the following additional conditions are satisfied:

1. if f,g € G(U) are such that ry, v (f) = ru, v(g) for every i, then f = g;

2. if f; are a collection of elements of G(U;) such that

TUmUj,Ui(fi) = Tu;nU;,U; (fj)7
then there exists an f € G(U) such that ry, v (f) = fi.

Definition 1.3.2. Let F and G be two sheaves on a topological space X. A
morphism of sheaves « is a collection of homomorphisms {ay : F(U) —
G(U)}ucx such that, if U C V C X the following diagram commutes:

ay

FV)——=6(V)

lrU,V lrU,V

ay

F(U) —=gG(U).
The kernel of « is the sheaf ker(a) given by
ker(a)(U) = ker(ay : F(U) — G(U)).

Remark 1.3.3. The definition of the cokernel of « is more difficult. We define
a section of coker(«) over an open set U to be a cover {U,} of U and sections
oo € G(Uy) such that, for every pair «, 3

Oalvanus — 0slu.nu, € a(F(Ua NUR));

we define an equivalence relation on these collections saying that {(Uy,04)}
is equivalent to {(U},0,)} if for every p € U, p € Uy N U there exists a

[e2ingNe?

neighborhood V' C U, NUj of p such that 04|y — oply € av (F(V)).
Definition 1.3.4. We say a sequence of sheaf maps

0 75 P.g 0

is exact if £ = ker(a) and G = coker(f).
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Definition 1.3.5. Let R be a sheaf of rings on a topological space X with
restriction maps ryy. Let M be a sheaf on X such that M(U) is a R(U)
module for each U, with restriction maps sy . We say that M is a sheaf of
R-modules if, for U C V, t € R(U), m € M(U) we have that

SU’V(t . m) = Tva(t) . sU,V(m).

Remark 1.3.6. In this thesis we use many different sheaves. In Section 1.1 we
already cited the sheaf of holomorphic functions on a complex manifold M,
denoted by Oys, which is a sheaf of rings and the sheaf of ideals of a subvariety
S, denoted by Zg.

Examples of sheaf of @j/-modules are the tangent sheaf of M, denoted by
Tar and the sheaf of holomorphic one forms on M, denoted by Q.

The sheaf of smooth functions on M, denoted by C* is also a sheaf of
ring, while the sheaf of smooth p-forms on M, denoted by AP is a sheaf of
C*°-modules.

Suppose now M is a smooth manifold of dimension m and let U = {U, }aer
be an open covering of M. For a (p + 1)-uple (ayp, ..., ) of elements of I, we
set Ung...ap, = ﬂﬁZOU%. We define the p-cochains of the Cech complex of the
sheaf G to be the elements of:

CP(Z/{,g) = H g(UOZoWOép)'

(eg...op)EIPTT
We define the coboundary operator § : C?(U,G) — CPL(U,G) by:

p+1

(50)a0.4.ap+1 = Z(_l)uaag...&u...,ap+17

v=0

where the hat means that the index is to be omitted. We will call a p-cochain «
a cocycle if its image d(«) is 0, and we will call a p-cochain o a coboundary
if « = §(B) for some (p — 1)-cochain S.

Lemma 1.3.7. Let § be the coboundary operator of Cech cohomology; then
dod=0

Proof. The proof is a computation:

p+2
2
(0°0)ag,.apsn = Z(*l)y‘saawﬁu---%n
v=0
p+2 p+1
= Z(_l)u Z(—1)“0%...@”...a“...aﬁl =0,

v=0 n=0

since every component appears twice in this sum, with opposite signs. O

Since § 0 § = 0 we have a complex:

0= COU;G) = C (Us G) = C*U: G) — CPU:G) — -
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which we denote by C*(U;G,d) or C*(U;G) and is called the Cech complex
for the sheaf G. We denote by HP (U, G) its p-th cohomology group

ker(67 : CP(U; G) — CPH(U; G))
im(oP—1: CP=1(U;G) = CP(U;G))

HP(U,G) =

Since ker6° = G(M) we have H°(U,G) = G(M), the global sections of G; we
shall also denote G(M) by T'(M, G). The Cech cohomology for the sheaf G
denoted by HP(M,G) is defined by taking the direct limit of HP(i,G) over the
open coverings U of M. In practice we are going to work with covers, thanks to
the Leray theorem, that we state here.

Theorem 1.3.8 (Leray theorem). If the covering U is acyclic for the sheaf G
in the sense that

HY(U; Nn---NU;,,G) =0, ¢q>0,anyiy,...,ip,
then H*(U,G) = H*(M,G).
Theorem 1.3.9 (Long exact sequence for Cech cohomology). Suppose that

0 c—arPog 0,

is a short exact sequence of sheaves. Then, there exists operators 6* : HP(M,G) —
HPYY(M, &) such that the following sequence is exact:

s HP(M,E) —% s HP(M, F) 2 HP(M,G) — = HP (M, E) — -

Proof. Let [o] be a class in H?(M,G) and let (U, o) be a Cech cocycle repre-
senting it. Passing to a refinement U’ of U we can find 7 € CP(U’, F) such that
B(1) = 0. We take 6(1) € CPTL (U, F). We have that 3(5(1)) = 6(8(1)) = do =
0. So, taking a refinement U of U’ we have that there exists u € CPT1(U", £)
such that a(u) = (7). Now

adp = dap = 621 = 0.

Since « is injective we have that du = 0 and therefore [u] is a well defined class
in HPT1(M,£). We define 6*([o]) = [u]. O

We will now prove an acyclicity result for the sheaf of smooth g-forms.

Lemma 1.3.10. Let M be a smooth manifold and let U be a cover of M, locally
finite. Then the Cech complex of q-forms on U is acyclic, i.e.

HP(U; AT) =0,
forp>0.

Proof. Since M is a manifold and U is locally finite there exists a partition of
unity subordinate to U = {U, }, which we will denote by p,. We construct now
an operator

K :CP(U,A?) — CP~H (U, A?)
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in the following way: if o is an element of CP(U, A?) then
(Kg)ao...ap_l = Z paaaag...ap_l .

Suppose now o is a cocycle. Then:

(50')04(10...041, = Oqg...ay + Z(fl)wrlaaao---din-@p =0;
7

and therefore

Oag...oep — (_1)i0'aa0...021;...a .
P P

B

If 7 = Ko then

(57-)a04..ap = Z(_l)iTaou.&i..up
i
= Z(_l)i Zpaoaao...di...ap = Z Z(_l)ipaaaao...o?i..,ap
% a «@ 7
= Zpao—ao...ap = Oqg...ap+
«a

This means that every cocycle is a coboundary. O

Remark 1.3.11. This result and Leray Theorem 1.3.8 imply that the Cech co-
homology groups HP(M, A?) = 0 for p > 0.
Remark 1.3.12. An important class of sheaves are the so called fine sheaves.
A fine sheaf F is a sheaf that for any open cover {U;} of a topological space
X admits a locally finite family of homomorphisms ag, : F — F such that for
every x in X we have that

Z ay, = id

zeU;

and oy, = 0 outside U;. For such sheaves the proof of Lemma 1.3.10 works
word by word. When dealing with holomorphic objects one of the big issues is
that sheaves as the sheaf of holomorphic functions and holomorphic forms do
not admit a partition of unity.

1.4 Cech-de Rham cohomology

We will now define a new chain complex, the Cech-de Rham complex, which is
going to be the main tool in our study of Chern classes. We refer to [31, 11] for
the material in this section. Let M be a m dimensional smooth manifold and
let U = {U,} be an open covering of M. We take the cochain groups

KP4 .= CP(U, A) = H AYUay...a)-

We have two coboundary operators:

. ) 1,
§: KP4 — KPha,
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the Cech coboundary defined in the previous section and
d: KP4 — KPatt

the exterior differential on each U,. We define now a new cochain complex,
denoted by A*(U); the cochain groups are given by A"(U) = P, ,—, K9 and
the differential D = D" : A"(U) — A" L(U) is given by

p
(Dg)ao...ap - Z(_l)ygao...dy...ap + (_1)pd0—ao,..ap'
v=0

We could write D in a compact form saying that D = § 4+ (—1)Pd. With this
form in mind it is simple to prove that D? = 0, since

D? = D(§ + (=1)Pd) = 6* + (=1)Pds + (=1)Péd + (—1)Pd* = 0,
because d and § commute.

Theorem 1.4.1. The restriction map r* : A"(M) — C°(U, A") induces an
isomorphism
Har(M;C) — H"(A*(U)).

Proof. First of all, we prove that each class [w] in H"(A®(U)) can be represented
by a cocycle with only the top component, i.e., the component in K%". We take
any cocycle representing [w], denoting it by w. Suppose its lowest nonzero com-
ponent, denoted by «, lies is in K*"7*  Since w is a cocycle, we have that
Dw = 0 and in particular oo = 0, since « is the lowest nonzero component.
Thanks to Remark 1.3.11 we know that there exists f € K*~17=% such that
B = da; let now w’ = w— DB. We have that [w'] = [w] but w’ has no component
in dimension lower than K*~1m=k+1. iterating this process we obtain a cocycle
which has only top component. Being a cocycle for an element o € K" means
that 0 = 0 and do = 0; this means that ¢ is a closed global r-form. There-
fore, the restriction map is surjective because each class of H"(A®(U)) can be
represented by a closed global form.

We prove now that it is injective. Suppose w is a class in Hjj,(M;C) such
that 7*(w) = D¢ for ¢ a cochain. As we proved above, we can find a cocycle n
homologous to D¢ that has only top component. Now, we can find a cochain 6
such that D@ = n; since n has only top component, if we denote by 3 the lowest
component of § we have that §8 = 0. Using the same procedure as before we
can find a new cochain 6’ such that the difference 6 — ¢’ is exact and which has
only top component. This implies Df’ = df’ = n and that §6’ = 0; therefore 6’
is a global form whose differential is w. O

To compute the cohomology of the costant sheaf C we use an important
result, called the Poincaré Lemma. We refer, for the proof to [11, pag. 33].

Lemma 1.4.2 (Poincaré Lemma). Let U be a simply connected open set. Then
H?(U,C) =0 forp> 0.

From the Poincaré Lemma follows directly the acyclicity of the constant
sheaf C, and the Leray theorem yields.
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Lemma 1.4.3. LetU be a good cover, i.e., every non-empty finite intersection
Uao_”ap s simply connected. Then

H"(A*(U)) =~ H'(M;C)
Corollary 1.4.4. Suppose M admits a locally finite good cover U. Then
H'p(M;C) ~ H"(M;C).

All the usual properties of de Rham cohomology pass, thanks to the iso-
morphism, to Cech-de Rham cohomology. The cup product in Cech-de Rham
cohomology is the analogous of the wedge product in de Rham cohomology (and
on forms):

AU X ASU) — AU,

The cup product between two classes o € A"(U) and 7 € A*(U) is given in
components by:

p
(0 = Tageay = 3 (=1 (1) 0ay..a, ATa, ..y

v=0

Let M be an oriented manifold of dimension n and let S be a closed set. We
define now the isomorphism between the relative cohomology H*(M, M \ S,C)
and a cohomology H*(A*(i,Uy)), that we will define now. Let Uy = M \ S,
Uy = M and let U = {Up,U;}. We denote by A" (Y, Up) the kernel of the
canonical projection A”(Yf) — A"(Up). We have the short exact sequence of
cochain groups:

0— A"(U,Uy) = A"(U) = A" (Uy) — 0
which gives rise to the long exact sequence:
= H"™H(AY(Uo)) — H"(A*(U, Up)) — H"(A*(WU)) — H"(A*(Up)) —
From the isomorphism between Cech-de Rham cohomology and de Rham coho-
mology we know that H*(A®*(Uy)) ~ H*(M\S,C) and H*(A*(i4)) ~ H*(M,C)
so, comparing with the long exact sequence in cohomology for the pair (M, M \
9),
— H Y M\ S;C) = H'(M,M\ S;C) = H" (M) — H"(M\ S;C) —

we have, by the five lemma that H"(A* (i, Uy)) ~ H" (M, M \ S;C). We study
now the behaviour of the cup product of A*(1f) x A () — Ak‘H( ) given by

(00,01,001) — (10,71, 701) = (00 A To, 01 A 71, (=1)*00 A o1 + 001 A T1).
If o is in A*(U,Up) then o9 = 0 and the cup product
(0,01,001) — (70,71,701) = (0,01 A T1,001 A T1) (1.1)
depends only on o1, 091, 71:

—: AR (U, Uy) x AL (UL — AM (y, Uy).
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For any open neighborhood U of S in M, thanks to the excision principle, the
inclusion of pairs (U,U \ S) < (M, M \ S) induces an isomorphism

H"(M,M\ S;C) —= H"(U,U\ S;C).

If U is a tubular neighborhood of S we can take now another cover of M, given
by Up = M \ S and U; = U; thanks to the excision principle we see that the
cup product above induces a cup product

H*(M, M\ S;C) x H'(S;C) - H**'(M, M\ S;C).

1.5 Integration in Cech-de Rham cohomology

In this section we will show how integration is defined in the Cech-de Rham
formalism (we refer to [31, 24]). Let M be a n dimensional smooth manifold
and let U be an open cover of M indexed as in Section 1.3 and 1.4. Given an open
subset V' of M, we denote by Int V' the interior of V. Given a p-uple of indices
{ao, ..., ap} we say it is maximal if Uyqy...a, 7 ) implies that o € {ag, ..., o}

Definition 1.5.1. A system of honeycomb cells adapted to U is a collection
of open subsets {R,} with piecewise smooth boundary in M satisfying the
following conditions:

1. R, C U,,
2. M =, Ra.
3. Int Ry NInt Rg =0 if o # 3,

4. if Uny..a, # 0, then Roy.a, = (No_gRa, is an (n — p)-manifold with
piecewise smooth boundary

5. if {a,...,@p} is maximal, Ray...a, has no boundary.
If M is oriented we orient Ry,...q, by the following convention:

1. each R, has the same orientation as M and the boundary has the bound-
ary orientation, i.e., if p is in OR,, and w is an outward pointing vector
in T,R, we say vi,...,Vn—1 is a positively oriented basis of T,0R, if
w,v1,...,Un—1 is a positively oriented basis of T, R,. In general, given a
Ry ..., 1ts boundary is oriented following the same convention;

2. if p is a permutation, the orientation of R%(O),__ﬂap(p) = signp - Ray..aps
3. 8Roz0...ap = Za Rao.“ozpow

A complete reference about the existence and the use of honeycomb systems
can be found in [24].

Let M be an oriented compact n dimensional manifold, if we have an open
covering U and a system of honeycomb cells we can now define the integration

/M L A™MU) — C
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If o is a Cech-de Rham n-cocycle, we can represent it as a cochain with
only top coeflicients which is the image of the restriction of a closed global n-
form. Therefore, using a partition of unity argument, it can be seen that this
integration coincides with the usual integration of a de Rham n-class [11]. So,
the integral of a n-cocycle does not depend on the honeycomb system we take
into account and, if a n-cochain is a coboundary, its integral is 0. So we have a
well defined integration on the cohomology H™(A®(U)). We can now translate
Poincaré duality in the language of Cech-de Rham cohomology: the bilinear
pairing

H*(A*(u)) x H**(A* W) » C

(U,T)H/MO‘VT

gives rise to an isomorphism that sends a class [o] in H¥(A®(l/)) to the class
[C] in H,—(M,C) such that:

/ O'VT:/T,
M c

for each 7 in H"*¥(A®(1/)) where we choose the cycle C in its homology class
so that it is transverse to each Rq,...q,, and the integral on the right hand side

is defined as B

p=0 ag...q ag...op

Suppose now we have an oriented manifold M of dimension n, and a compact
subset S (M does not need to be compact). We take the cover U = {Uy, U, },
where Uy = M \ S and U; is a tubular neighborhood of S. We can define the
integration

/ A", Uy) — C
M

/ U:/ O'1+/ J01, (12)
M Ry Ro1

which induces an integration on the cohomology

by setting

/ : H"(A*(U,Up)) — C.
M
Thanks to the cup product for the relative cohomology (1.1) we can define a

pairing
H*(A*(U, Up),C) x H" H(A*(Uh),C)

(O’,T)'—)/MO'VT.
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The class [o] in H*(A®*(i4,Up)) corresponds to the class [C] in H,,_;(S;C) such

that
/ 01/\7'1—1—/ 001/\7'1:/7'1.
Ry Ro1 C

Another interesting operation connected with integration of cochains in
Cech-de Rham cohomology is the analogous of integration along the fiber.
We recall now the definition of integration along a fiber for forms on a fiber
bundle. Let m: B — M be a fiber bundle with typical fiber F'; if M is a mani-
fold without boundary but the fiber F' has boundary 0F then the fiber bundle
B is a manifold with boundary 0B, a fiber bundle with typical fiber OF; if we
denote by Or = 7|gp then Or : 9B — M denotes the induced fiber bundle with
fiber OF.

Let M be a smooth manifold without boundary and F' is a compact oriented
manifold of dimension r with boundary OF. Suppose B is an oriented smooth
fiber bundle with fiber F. Let {U,} be a cover of M such that there exist
trivializations ¢q, : 71 (Uy) — U, x F oriented accordingly to the orientation
of B. By taking smaller U, we may assume that each U, is a coordinate
neighborhood with coordinates (x.,...,2%). If F has boundary, we think of F
as being inside an oriented manifold F’ of the same dimension without boundary;
we may think of B as being inside a fiber bundle n’ : B’ — M with fiber F’
and each ¢,, as being the restriction of a trivialization ¢/, : 7= (U,) — U, x F’
of B’. We cover F’ by coordinate neighborhoods Vj, such that (¢,...,¢%) is
a coordinate system oriented accordingly to the orientation of F’; moreover,
we suppose the coordinate system is such that if OF NV, # () we have that
FnVy={t§ > 0}; we give OF the boundary orientation, i.e. OF is oriented so
that the form (—1)"dt} A ... A dtgfl is positive. We take a covering of B given
by W = {W,}, where W, 5 = (¢,,) "} (Us x Vi). Take now a p-form w on a
neighborhood of B; the restriction morphisms to each W, give rise to a Cech
cocycle in C°(AP, W). On each Wy the form wq x := w|w, , can be written as

Wa, X = Z fa7/\,I,Jdt§ A dxi + Z focA,rJth A dﬂ?{w
#I+#J=p,#J#r #I=p—r

where I and J are #I-tuples and #.J-tuples respectively of indices and by dt*
we mean the r-form dt} A ... A dt. Since B is a fiber bundle we have that
(zg,ty) = (x8(2a), tu(Ta,tx)). This implies that under changes of coordinates,
we have that:

ot d
> fopeadttdal = > famzdet<at )th x“d (1.3)

#I=p—r #I=p—r

In particular, if we look at the coordinate changes between W, , and W, x we
see that the collection of forms

. o ,
DanT = farrrdth

give rise to a well defined r-form on the fiber, that we shall denote by @, ;. We

define now:
Fa’[ 2:/(:1&’].
F
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For each U, we define the integration along the fiber of w to be the form:

Again, thanks to equation (1.3) we have that the 7,’s glue together to a well
defined (p — r)-form on M, that we shall denote by 7, (w).

Proposition 1.5.2 (Projection formula). Let M be a smooth manifold of di-
mension n and let w: B — M be an oriented fiber bundle with fiber a compact
oriented manifold F of dimension r (possibly with boundary).

1. For w € AP(B) and 6 € AY(M),

(W AT 0) = mew A 6.

2. if M is compact and oriented, for w in AP(B) and 6 in A"*""P(M)

/w/\7r*9:/ Tew A G,
B M

Proof. First of all, given a form 6 in A?(M), we know that on each U, its pull-
back to B is a form constant along the fibers and having only dx, components.
On 7 'U, we see that 7*0|-1y,) = >, 9s(a)dx), where J is a g-uple of
integers. Therefore, if w is a form in AP(B), having as components involving
dt* on each Wax

3 fat(@ast)dt A da
I
and

wATOlw, , = Z for(Ta, ta)dt* Adal A g(ze)dz? + terms without dt.
1,7

Integrating fa.1(za,t))dt* we get the assertion. The second part of the propo-
sition is proved by direct computation; if we denote by {p.} a partition of unity
adapted to {U,} we have:

wAT0 = // T pa - W AT O] =101,
J, 2y )y, @)

Since 7*0 has no dt, components, we have that:

Z// T*paoW/\ﬂ*0|7r—1(Ua):Z/ poﬂr*w/\9|UQ:/ Tew A 6.
o JFrJu, o U, M

O
The second important proposition is the following.

Proposition 1.5.3. Let M be a smooth manifold of dimension n and let w :
B — M be an oriented fiber bundle with fiber a compact oriented manifold F of
dimension r (possibly with boundary). Then:

e od+ (1) dom, = (9n), 0¥,

where 1 1s the inclusion 0B — B.
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Proof. We take a partition of unity adapted to {W,, }. Since both d and =, are
linear we can use a partition of unity argument and prove the assertion for each
coordinate patch {W, »}. We first prove the assertion for a coordinate patch
W, such that W, N 9B = ). Then the assertion becomes:

meod=(—=1)"dom,.

We prove it first for forms which can be expressed as Y, fx rdt* A dzl. Please
note that i*dt* = 0, so, for such a form this relation would hold also if War N
OB # (). Now:

T od Zf,\jdt’\/\dx —7r*<zzaf’\ld Adtr A dal >

I =1
:ZZ(—WW*( 8f“dthx A da} )
I =1
_;Zl (% dt*)Adxg/\dxé

= dom(z ,\IthAdx>

I

Now, we prove it for forms of type

SUN T hadty AL Adt AL AdE A dal

I v=1

Please note that m, of such a form is 0. Suppose now that W, N 9B = 0,
then, for this type of form, we have that the left hand side is 0 because of
Stokes theorem and the right hand side is 0 since in this coordinate patch 7 is
the immersion of the empty set. Without loss of generality we can suppose that
Wax NOB = {t7, = 0}. We have that since we are integrating the differential of
this form along the fiber, on each fiber, by Stoke’s theorem this is equivalent to
integrate the form on the boundary W, » N 0B = {t}, = 0}. So, without loss of
generality, we can suppose the form is of type

> faadty AL AdET A dal
I

For forms of this type the relation is easily seen to be satisfied. O

Now, suppose we have an oriented real vector bundle 7 : E — M of rank r
over a smooth manifold M of dimension n. We identify M with the zero section
of E. We set Wy = E\ M and W; = F and we consider the Cech-de Rham
cohomology with respect to the covering W = {Wy, W;}. Let T7 be a closed
disc bundle in Wy and Tp = E\Int Ty. Then {Tp,T1} is a system of honeycomb
cells adapted to W. If we denote by 71 the restriction of 7 to 77 and by m; the
restriction to Tp; we define the “integration along the fiber”

Tt AP(W, W) — AP~ (M)

by:
(0,0170'01) — (7F1)*01 + (7701)*001.

From the propositions we proved above we have the following.
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Lemma 1.5.4. Let M be a smooth manifold of dimension n and letm: E — M
be a smooth, oriented, real vector bundle of rank r. Then:

1. for o in AP(W,Wy) and 6 in AT(M),
(0~ 70) =m0 A0,
where we consider 0 as an element in A4(Wh);

2. if M is compact and oriented, then for o in AP (W, Wy) and 0 in A"T"=P(M),
/ Uvﬂ*@z/ w0 N0
E M

moD+(=1)""dom, =0,
where by d o w, we mean do (w1 ). + d o (mo1)«.

Using this last proposition one can prove that the integration along the fiber
induces a homomorphism in cohomology.

Theorem 1.5.5 (Thom isomorphism). The homomorphism induced by integra-
tion along the fiber:

7 HP(E,E\ M;C) — H?""(M;C)
is an tsomorphism.

For a proof of this theorem we refer to [11] or [31]. The proof of this theorem
permits us to find an inverse Tk for m, and a class ¢r (depending on the
vector bundle E), called the Thom class, which corresponds to the class [1] in
H°(M;C). In general:

Tr(a) = ¢p — 7a.

Suppose now M is a smooth manifold of dimension n and S is a smooth sub-
manifold of dimension k. There exists an interesting relation between Poincaré
and Alexander duality and Thom isomorphism. Since S is a submanifold it
admits a tubular neighborhood T, which is diffeomorphic to the normal bun-
dle Ng/p;. We consider now the Thom isomorphism 7, : H?*" (T, T \ S;C) —
HP?(S;C). Thanks to the excision principle, this isomorphism induces an isomor-
phism 7, : HPY" (M, M \ S;C) — HP(S;C). Now, r is exactly the codimension
of §in M, ie., r = n — k. Thanks to Lemma 1.5.4 we have the following
commutative diagram:

HPHT (M, M \ S;C) —=— HP*"(T,,T. \ S) —— H?(S;C)

| |

Hy_p(S;C) Hy—,(5;C).

1

This diagram tells us that the Thom class corresponds to the Alexander dual
of the class [1] in Hy(S;C); moreover, thanks to the long exact sequence in
cohomology for the couple (M, M\ S) we can extend a class in H" (M, M\ S;C)
to a class of H"(M; C) with support in a tubular neighborhood of S; hence, the
Thom class is a good tool to compute the Poincaré dual of a submanifold.
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1.6 Chern classes in the Chern-Weil framework

Let E be a complex vector bundle on a differentiable manifold M, we denote by
AP(M, E) the set of p-forms with values in E and with AP?(M) the p-forms on M,
where A° is understood to be the sheaf of smooth functions A°(M) = C>(M).
We refer to [18] and [31] for a treatment of this topic.

Definition 1.6.1. Let w : E — M be a complex vector bundle over a differen-
tiable manifold M. A connection on F is a C-linear map

V:A"(M,E) — AY(M,E)
which satisfies the Leibniz rule, i.e.
V(f-5)=df ® s+ fV(s) for f e A" (M), s € A°(E).

Lemma 1.6.2. A connection V is a local operator: if a section s of E is
identically 0 on an open set U, so is V(s).

Proof. Let p be a point in U and ¢ a function which is 0 on a neighborhood V
of p contained in U and such that ¢ = 1 outside U. Then s = ¢ - s everywhere
on M. Now:

V(s)(p) = V(¢ -s)(p) = dp®s(p) + o(p) - V(s)(p)-

Since ¢ is constant on V then d¢(p) = 0 on V. So V(s)(p) = 0. Since this is
true for every point p in U we have that V(s) =0 on U. O

So we can restrict a connection to an open subset U of M. In particular, if
we have a trivializations {U; } of E on M it makes sense to look at the restriction
of the connection to U;.

Lemma 1.6.3. Let V1,...,V} connections for E and 11, ...,vy functions on
M with Zle P; = 1. Then Zle V;V; is a connection for E.

Proof. We have to check the definition. Zle 1;V; is clearly a linear map from
AY(E, M) to A*(E, M). Furthermore

k k k
STwiVifs) =D vi-df @s+f- > 1iVi(s)
i=1 i=1 i=1

)
=df @s+ [ Y %iVils).

i=1

O

Suppose now we have a vector bundle E of rank k with trivializations
{(U;,#:)}. Let s be a section of E; on U; we have that ¢;(s|y,) = (s',...,s*).
On U; we can define a connection V; by sending (s!,...,s%) in (ds',..., ds*)
(this is called the flat connection on U;). If {e;1,...,¢e;,} is the frame for
E|y, given by ¢; the action of V on this frame is nothing else but V;(e; ;) =0
for each j = 1,...,n. Let {¢,;} be a partition of unit subordinated to {U;}.
Since the sum is locally finite, by the lemma ), ¢;V; is a connection on E.
This construction shows that every vector bundle admits a connection.
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Remark 1.6.4. Please note that we did not define a global flat connection. In
fact, let U, and U be two sets of the trivialization with non empty inter-
section. Let {ea,1,...,€a,n} and {eg1,...,e52} be frames for E|y, and E|y,
respectively. Then eg; = (gga)f €q,j, where the g, are the transition functions
for the vector bundle. Let V be the flat connection on U, with respect to the
frame {eq,1,...,€an}t. On U, NUg we want to look at the behaviour of the
connection when we change frame:

Vegi =V ( Z(gﬁa)?eaya> = d(9sa)] ® ja + Y (980)IV(€)0)
j=1

Jj=1 Jj=1

> d(gsa)l(950); @ eir s (1.4)

Jyi'=1

While the connection was flat with respect to the frame of E|y_, it may not be
flat anymore on U, N Ug with respect to the frame of E|y,.

We are now interested in giving a local representation of a connection.

Lemma 1.6.5. IfV and V' are two connections on a vector bundle E then V —
V' is A°(M)-linear and thus it can be considered an element in A*(M, End(E)).
If V is a connection on E and A is an element in AL(M, End(E)), then ¥V + 0
s again a connection on E

Proof. By direct computation:
V(f-s)=V(fs)=df @s+ fV(s)—df ®s— fV'(s) = [ (V(s) = V'(s)).

Let now U; be a trivializing open subset of E. Then an element A in
A'(M,End(E)) can be represented in this trivialization as a matrix of 1-forms

(67). Let s be a section of E, in the trivialization we have that ¢; o s|y, =
(s!,...,s"). The action of A on s can be then described in the trivialization as:
k .
TR
i=1

which is clearly an element of A'(M, E). Let now A be in A'(M,End(E)); then
V(f-s)+A(f-s)=df s+ f-V(s)+ f-A(s) =df @ s+ f(V+ A)(s).
O

Remark 1.6.6. We have seen that on each set of a trivialization for E we can
define a flat connection. On each trivialization U; we can represent V in the
form d + 6 where 6 is in A*(M,End(E)|,).

Let now V be a connection for E, we define its extension V from AP(M, E)
to APTL(M,E). Let p be a p-form with values in E, In a trivialization for
AP(M, E) it can be written as sum of forms of the type w ® s where w is a
p-form on M and s is a section of F. We define then

V:AP(M,E) — APT (M, E)
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as
Viw®s) =dw®s+ (—1)Pw A V(s).

Moreover, a generalized Leibniz rule holds for this extension, i.e., for any section
a of AP(M, E) and for any k-form 8 one has:

V(BAa)=d(B) Ao+ (-1)*BAV(a),
since, if & = w ® s then

VBAa)=V((fAw)®s)=d(fANw)® s+ (—1)p+k(ﬁ Aw)® V(s)
=d(f) Aw®@s+ (—1)P((BAdW)) ®s+ (—1D)F(BAw) @ V(s))
B)Aa+ (—1)PBAV(a).

d
d

Definition 1.6.7. The composition 2 := VoV from A°(M, E) to A%(M, E) is
called the curvature of V.

Given a section s of E and a function f € A°(M):

V3(f-5)=V(df @ s+ f-V(s)) =
=d*(f)®@s—df ANV(s) +df AV (s)+ fV(s) = f-V?(s).

So the curvature is a A°(M) linear operator on E and we can consider it as
an element of A%(M,End(E)).

Since a connection on E can be represented as d + 6 with 6 in A*(M, E)
we would like to give a description of © in terms of §. We have then in a
trivialization, supposing E has rank r:

v? (e> =V ( i(og)ej>

j=1
T T ) T T )
SN A @ - 330 A0k @ e,
i=1 j=1 j=1k=1

50 © = df + 0 A, where by 6 A 6 we mean (9 A 0)) := S 7_, 61 A 6F.

Suppose now F; and Es are vector bundles with connections V; and V5. We
can define a connection on F1 ® E2 by V(s1 ® s2) 1= V1(51) ® s2 + 81 ® Va(s2).
On E; @ Es we can define a connection V by V(s @ s3) := V1(s1) ® Va(s2).
If F is a vector bundle with connection V we can define a connection V* on its
dual by

Vi(w)(s) = d(w(s)) — w(V(s)),

where by w(V(s)) we mean the extension by 1-form linearity of w, i.e.,
w(z Y ®e;) = Z’yiw(ei),

where for each i, the v%’s are 1-forms.
Suppose now we have a trivialization of E, let (eq,...,e,) be trivializing
sections. Then we can express the connection V on E as d + 6 where 0 is a
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matrix of one forms. Let (w!,...,w") be the dual frame for E*. We want to
find the connection matrix for V* given the connection matrix 6 of V:

V(@) (e) = d(wi(e))) — w'(V(ey)) = d(3h) - wi(ze; ) S
=1

Therefore
T
V*(w') = — Z Géwj.
j=1
So the connection matrix of V* is —0% and we can locally express V* as d — 6.

We can now express the connection on the endomorphism bundle End(E, FE) =
E* ® E; on a trivializing neighborhood

T T
V(' ®e) = V(W) @e+w @V(e) = Z —Hljwl ®e; + ij ® OFey.
=1 k=1
Therefore for an endomorphism (Bjw’ ® e;) we have
T T T ) T
V( Z Biw ®e;) = Z dB; ®w’ ®@e; — Z B;Giwk®ei+ Z B;ng] Re.
ij=1 ij=1 i4,k=1 i,4,1=1
We write this connection in the compact form d + [0, -].

Lemma 1.6.8. Let A be a section of the endomorphism bundle of E and s a
section of E. Then
V(A-s)=V(A)-s+ A-V(s).

Proof. We compute first

V(A-s) = V(Z sjAz-ei) = Z(dsjAé- + sjdA§ + Z sjAz-Qli) ® e;.
i.j 1

2%}
Now
A-V(s)=A- (stk ®er+ Zsjefek) = stjAé- ®e; + Zsjt?é | ® e,
k j.k i.j 44,0
while

V(A) s =Y s7(dAl + > (ALo] — 05 A)) @ e;.
ij l
Comparing the different expressions we get that:
V(A-s)=V(A) s+ A-V(s).
O

Remark 1.6.9. Using the extensions of the connection for forms and endomor-
phisms defined above, from last Lemma follows the expression
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Lemma 1.6.10. If © in A%2(M, End(E)) is the curvature of a connection ¥V on
a vector bundle E, then

v(©) = 0.
Proof. By direct computation, since V(0(s)) = V(0)(s) + O(V(s)):
V(©)(s) = V(O(s)) — O(V(s)) = V(V(s)) — VA(V(s)) = 0.
O

Let V be a complex space of dimension n. A k-multilinear symmetric map
¢ :V®...®V — Cis an element in the k-th symmetric tensor power of
V*. To each of these maps we can associate its polarized form ¢ : V. — C
defined by ¢(v) = é(v,...,v), for every v in V. Let now ¢ be an element
of Sym,(V*). We choose a basis ej,...,e, of V and a basis w!,...,w" of
V. Let ¢ =30, w @w and let v = (v1,...,v,) be a vector in V, then
o(v) = Z?j:l v;®@v; is a homogeneous polynomial of degree 2 in the coordinates
of v.

In general if we take ¢ in Sym(V*) and evaluate its polarized form on the
vector A - v:

dN-v) = (A v,..., A v) = MNo(v,...,v) = \(v).

Since a k-multilinear form is a polynomial in the coordinates of the vectors on
which it is evaluated we get that the polarized form of a ¢ multilinear symmet-
ric map is a homogeneous polynomial. There is a one to one correspondence
between multilinear symmetric maps and homogeneous polynomials; indeed we
can construct a symmetric k-multilinear map from a homogeneous polynomial
of degree k by means of the polarization formula.

We consider now the case of V' = gl(r, C) ~ Mat,.(C). Let ¢ be a k-multilinear
map on gl(r,C). Such a map is called invariant if for all G in GL(r,C) and all
Ay, ..., A in gl(r,C) one has:

HG-A -GG AL G = ¢(Ag, .., A). (1.5)
For every B in gl(r,C) and for every ¢ in R the exponential of B given by
etB:I+tB+%t2~B2+...

is a well defined matrix in GL(r,C). We want to differentiate e'® Ae~'P with
respect to ¢ in 0:

hB —hB _ 2 _ 2\ _
iy €5 Ae A _ (L4 BB+ (W) AU = hB +o(h?) — A _
h—0 h h—0 h
. —h- 2y _
oy At BA—h-AB+ o(1?) A:AB—BA:[A,B].

h—0 h
Since the exponential of matrices, for fixed ¢ different from 0, is surjective from
gl(r,C) to GL(r, C), differentiating both terms of (1.5), we get that the condition
for the invariance of ¢ can be rewritten as:

k
D (Ar,.. Aj 1, (A, Bl Ajpa, ., Ar)) =0,

for all B, Ay,..., Ay in gl(r,C).
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Lemma 1.6.11. Let ¢ be a symmetric invariant k-form on gl(r,C). Given a
vector bundle E of rank r on a manifold M and fized an integer m, for any
partition i1 + i3 + ... + 1 = m there exists a naturally induced k-linear map:

¢:<7\T*M®End(E)> (7\T*M®End > /\TM

defined by (o @ t1,...,0 @tg) = (aa A ... Aag)d(te, ..., tk).

Proof. Let U; be a trivialization for E. Then, on a trivializing neighborhood
U;, the definition of the map makes sense. Since ¢ is invariant, then the map
does not depend on the chosen trivialization. ]

Then the map induces a k-multilinear map on the level of global sections:
¢ A" (M,End(E)) x ... x A*(M,End(E)) — AZ(M).

If we restrict ¢ to A?(M,End(E)) x ... x A%2(M,End(FE)) this induced map is
symmetric. So we apply it to the curvature form © associated to a connection
V on a vector bundle E. We look now to the differential of ¢(©,...,0). By
how we extended ¢ to the level of global sections we get that:

d(b'}/h..-f}/k Zl1”¢"}’1,...,d")/j7...,’yk).

HM»

So if we evaluate it on © we get:

k
dp(®,...,0)=>_ ¢(O,...,do,...,0).

j=1

Since the connection induced on A?(M,End(E)) by V can be written as V =
d+ [0, -], it acts on the curvature as V(0) = dO + [¢, O] and we get that:

but V(©) =0 so

k
d$(®,...,0)=> ¢(O,...,[0,0],...,0);

=1

using the invariance of ¢ we have that dé(©) = 0. Therefore ¢(0) defines a class
in de Rham cohomology. The open question now is whether this class depends
on the chosen connection; this issue is solved by the existence of an important
object, the Bott difference form.

In the following, if ¢ is a symmetric polynomial of degree n and V is a
connection with curvature form © we denote by ¢(V) := ¢(0).
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Lemma 1.6.12 (Existence of Bott’s form). Given a symmetric polynomial ¢
of degree n and p+1 connections Vo, ..., V, there exists a form ¢(Vo,..., V)
of degree 2n — p, alternating in the p + 1 entries and satisfying

p

S (1)6(Vo,. .., Vi V) + (—1)Pdd(Vo,.... V) = 0. (L6)

i=0
Proof. Consider the vector bundle E x RPT! — M x RPT! and let

p p
V= <1 —Zti>vo+2tivi.
1

=1 1=

If we denote by AP the standard p-simplex in RP*!, ie.,

p
Ap:{(to,...,tp) ERP+1 | th = 1}
=0

and we denote by
m: M x AP — M
the projection, we can integrate along the fiber 7, : A*(M x AP) — A*"P(M).

We set ¢(Vo,...,Vp) = m(¢p(V)). Now, integration along the fiber has an
important property (proved above in 1.5.4); we have that for a form w in A™(B):

e 0 d(w) + (=1)PTd o 1, (w) = (7)., 0% (w),

where i is the inclusion 9B — B and (07), is the integration along the boundary
of the fiber. }
We know that ¢(V) is a closed form and therefore

T (do(V)) = 0;

as v varies in 0,...,p we denote by i, the inclusion of the face AL~1 = {p €
AP C R? | t, = 0} in AP; if we denote by
6» = @|t,,:0;

since on AP~ we have that 337, t; =1

@,,—(1 i ti>Vo+ i t; Vi,

i=1,iv i=1,i#v
then R 3
iy (V) = o(Vy) =0,
because of the naturality of the pull-back with respect to all the operations with
forms. If we denote by 07, . the integration along the face AL~! we have that

(Vo s Voo, V) = (0M)0n($(V,)).

Therefore:
(=P d o m(d(V)) = (07). 0 i*(6(V)) = (07). (O _(=1)"i3((V)))
v=0
= Z(_l)y¢(v05 aﬁ/v 7vp)
v=0
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Therefore, given two connections Vy and V; for a vector bundle E, the
difference ¢(Vo) — (V1) = d¢p(Vo, V1) is exact. Then the class [¢(V)] in de
Rham cohomology does not depend on the connection chosen and the following
definition makes sense.

Definition 1.6.13. Let E be a complex vector bundle on a complex manifold
M; let ¢ be a homogeneous polynomial of degree d. For any connection V on F
let [¢(V)] be the class in de Rham cohomology H??(M,R) of the closed 2d-form
#(V). We denote this class by ¢(E) and call it the characteristic class of F
for the polynomial ¢.

We have now a nice recipe to calculate some invariants of M. Clearly, some
homogenous polynomials will be more interesting than others. Indeed, let A
be a diagonalizable matrix in GL(r,C). We know that it is coniugated to a
diagonal matrix D, by an invertible matrix B. By Binet’s formula

det(A + 1) = det(B™") det(D + I) det(B) = det(D + I) = [J(1 + \i),
i=1
where \; are the eigenvalues of A. But

T

[Ia+X) =140, M) + .+ or (A, A, (1.7)
i=1
where ¢; are the elementary symmetric polynomials in A1, ..., A,. Since the ma-

trix is diagonalizable the eigenvalues can be expressed as polynomial functions of
the coefficients of the matrix and they are clearly invariant by coniugation. Now,
the diagonalizable matrices are dense GL(n,C), so by continuity the equality
(1.7) holds in general.

Definition 1.6.14. We call ¢(E) = det(I ++/—1/270) the total Chern class
and each of the ¢;(E) := 0;(E) is called the i-th Chern class of E.

The Chern classes are functorial [27], indeed, given two vector bundles E;
and Ey then ¢(Ey ® E2) = ¢(F1) — ¢(E2). Moreover, suppose we have a trivial
bundle E of rank r. If it is trivial we have a globally defined flat connection,
with © = 0. Since Chern classes do not depend on the connection we have that
¢(E) = 0. Suppose now that E = E’ & Ts, where Ty is a trivial bundle of rank
s. Then ¢;(E)=0forj=r—s+1,...,7.

1.7 Chern classes in Cech-de Rham cohomology

Recall we can define a connection for a vector bundle E on a manifold M
defining a connection for E on each trivializing neighborhood and gluing them
together to a global connection using a partition of unity. In section 1.4 we saw
that Cech-de Rham cohomology behaves naturally with respect to this gluing
operation and this makes us think that Cech-de Rham cohomology could be an
interesting framework for the theory of Chern classes (the main reference for
this section is [31]).

Suppose {U,} is an open cover of a manifold M and let 7 : E — M be
a complex vector bundle of rank r and let ¥ be a homogeneous symmetric
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polynomial of degree d. For each o we choose a connection V, for E' on U, and
we define an element 1)(V,) as a Cech cochain for the sheaf A2¢ by:

w(v*)ag...a,} = 7/)(va07 ey voép)'

Now, from property (1.6) we have that Dy (V.) = 0, so we have defined a cocycle
in Cech-de Rham cohomology. We check now this cocycle is well defined; if we
take another collection of connections V’, and define a new cochain ¢ by

p

¢0¢0A..O¢p = Z(_l)uw(va(w vy vay/’v:]y’ ey v;p)a

v=0

we have that
(V) = ¢(Vs) = Do.

Hence, [1/(V.)] is a well defined class in Cech-de Rham cohomology. Moreover,
if we take the image of this class through the isomorphism between Cech-de
Rham and de Rham cohomology we see that the class [¢)(V.)] corresponds to
the class ¢(F) [31].

1.8 Foliations and coherent sheaves: definitions
and basic notions

In this section we will define some of the basic objects of our treatment and define
the cathegory in which our objects naturally live, the cathegory of coherent
sheaves. We refer to [20] for a treatment of coherent sheaves. It is known that
there is a 1-1 relationship between locally free sheaves and vector bundles on
complex analytic manifolds, i.e., locally free sheaves are the sheaves of section
of vector bundles. Coherent sheaves are an object more general than locally
free sheaves while retaining most of their interesting properties; intuitively one
could think of the coherent sheaves on a complex manifold M as sheaves which
are locally free outside an analytic subset X in M.

Definition 1.8.1. Let M be a complex manifold and let £ be a sheaf of Q-
modules on M. We say £ is finitely generated if, for every point x in M,
there exist an open neighborhood Uy, a free module Of; of finite rank n and a
surjective mapping 7 : O} v — & |v. A finitely generated sheaf £ is coherent
if for any U open set in M and any morphism ¢ : O%, | — & |u of Op-modules
the kernel of ¢ is finitely generated. If £ is a coherent sheaf, we define the
support of £ as Supp(&) :={x € M | & # 0}.

On a general topological space, by a basic result of Serre, if two of the sheaves
of Opr-modules in a short exact sequence

0E—-E =& =0

are coherent then so is the third; moreover, given two coherent sheaves £ and
F we have that Hom(&, F) is coherent.

We make more precise the idea of a coherent sheaf as a locally free sheaf
outside an analytic subset. Indeed, the definition we gave of coherent sheaf is
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equivalent to the fact that, given a coherent sheaf £ for every z in M there
exists an open set U, and an exact sequence:

O[q] OU & |U Ov

with p and q positive integers.

We claim the support of £ is a holomorphic subvariety of M. Indeed the
homomorphism f is described by a ¢ x p matrix of holomorphic functions (f);;
on U,. If p > g then f (Oqay) is a proper submodule of Olpjw and therefore £ # 0
for every y in U,. Without loss of generality we can suppose that p < q. Now,
we have that &, = 0 if and only if f(Of;,) 2 Of;,- Now, with some work, it is
proved that this happens if and only if the matrix f;;(y) has rank p; therefore
the support of £ are the points y in U, where the rank of f;;(y) < p; this is
the zero set of the determinants of the p x p minors of f;;(y) and therefore an
analytic subset of U,.

Definition 1.8.2. For a coherent sheaf £ we define
Sing(§) ={r € M | & is not Ops 5 —free}
and call it the singular set of £.

Remark 1.8.3. By definition £ is locally free on M \ Sing(€). Its rank is called
the rank of £.

Now we can define precisely what a singular holomorphic foliation is.

Definition 1.8.4. (The tangent sheaf) of a (singular) holomorphic folia-
tion is a coherent subsheaf F of T/, closed with respect to the bracket of vector
fields, i.e., for every x in M we have [F, Fz] C Fa.

Definition 1.8.5. Let F be a (singular) holomorphic foliation. We set Nz =
Tar / F and we denote by S(F) := Sing(Nz) and call it the singular set of
the foliation.

Remark 1.8.6. From the discussion above it is easily seen that S(F) is an ana-
lytic variety containing Sing(F) as a subset, since F being non & M,z-free forces
NF to be non Oy ,-free, while, if A’z is free so is F. An example of the situa-
tion in which F is free while A/r is not free is when F is generated on M by a
single holomorphic vector field; then F is Op-free while A/ is not Ops-free on
the zero set of v.

Remark 1.8.7. We can describe S(F) more concretely thanks to a couple of
remarks; if F is a coherent subsheaf of T3, it is locally finitely generated, i.e., for
every point x in M there exists a neighborhood U, of z and sections vy, ..., v,
generating F over U, (since F is a subsheaf of 7y they are vector fields).
Without loss of generality we can suppose U is a coordinate neighborhood with
coordinates (21,...,2"); if we write each v; as v; = > [ij(2)0/0z; and since
T |lu =~ OF we have the following exact sequence:

Flv——Tu v )

3

OTU 08 Nf|U*>0
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where f is the homomorphism represented by the matrix of holomorphic func-
tions f;;; from the definition of Sing(A/%) follows that

S(F)NU = {z € U | rank(f;(2)) < p},
where p is the rank of F.
Definition 1.8.8. We call a foliation regular if S(F) = 0.

The existence of a regular holomorphic foliation permits us to choose a spe-
cial atlas for M; this is the statement of the Holomorphic Frobenius Theorem,
whose proof can be found e.g. in [31, pages 38-42]. Another good reference on
the (real) Frobenius Theorem is the book [23].

Theorem 1.8.9 (Frobenius Theorem). Let M be a complex manifold, and let
F be a dimension p reqular foliation on M. Then there exists an atlas for M,
denoted by {(Uy, 2%, ..., 22)}, such that on each U, the generators vi q, ..., Vpq
of F are expressed in coordinates as

0

Vi,oo = "y
0zt
fori=1,... p.

Definition 1.8.10. We say that a singular holomorphic foliation F is reduced
if for any open set U in M

LU, Tu) NT(U\ S(F), F) =T(U, F).

We give now an alternative definition of a singular holomorphic foliation
using 1-forms, in some sense dual to the one given above using vector fields.
The two definitions are equivalent when dealing when reduced foliations; if the
definition we are using is not clear from the context we will speak of folia-
tions of dimension p when thinking about definition 1.8.5 and foliations of
codimension n — p when we think about definition 1.8.11.

Definition 1.8.11. (The conormal sheaf of) a (singular) holomorphic fo-
liation on M is a coherent subsheaf G of 2); which satisfies the “integrability
condition”, i.e.,

for z in M \ S(G), where S(G) = Sing(2p/G). We say G is regular on M if
5(G) =0.

Remark 1.8.12. An alternative statement of the Frobenius Theorem is the fol-
lowing. Given a codimension d regular foliation G such that S(G) = (§ then there
exists germs f; and g¢;; in Oar, 4,5 = 1,...,n — d such that det(g,;)(0) # 0 and
that

n
w' = Z g;df’.
j=1

This means that locally, G is generated by df’, for j = 1,...,n—d. It is possible
to take locally a new chart, in which the last n — d coordinates are given by
Y ..., f" % in such a chart, we have that the v € Tas such that w(v) = 0 for
every w in G are generated by 0/0z',...,0/9z%.
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Remark 1.8.13. Definition 1.8.5 and Definition 1.8.11 are related as follows. Let
F be a dimension p foliation. We denote by F* the annihilator of F:

F={w € O |w(v) =0 for all v in F}.

It is a possible to check that this is a codimension n — p foliation, refer, e.g., to
the exercises of [23]. Given a codimension n — p foliation G if we denote by G*,
the annihilator of G:

G ={veTy|wh)=0forall win G},

this is a dimension p reduced foliation.

Remark 1.8.14. There is a canonical way to reduce a non-reduced foliation,
refer, e.g., to [7, 28, 31]. Indeed, if F is a dimension p-foliation, then G := F? is
a codimension n — p foliation and we have S(G) C S(F). Now, we take F = G%;
this is a reduced dimension p foliation and S(F) = S(G*) C S(G) C S(F).

In the book by Suwa is stated the following proposition, proved, e.g., in [28].

Proposition 1.8.15. If a foliation is reduced, then CodimS(F) > 2. If F is
locally free and if Codim S(F) > 2, then F is reduced.

In particular, when dealing with a regular foliation of a submanifold S the
following definition makes sense.

Definition 1.8.16. Let S be a codimension m complex submanifold of M, a
complex n-dimensional manifold. Let F be a rank [ regular foliation of S. We
say that an atlas {(U,, 2},...,27)} is adapted to S and F if

e U,NS={zl=...=2" =0},

o F|u.ns is generated by 9/0z7H|s,...,0/02mH .

1.9 Splitting of sequences

In this section we will explain a general principle that we are going to use
throughout our thesis; this principle was first presented in the paper by Gro-
thendieck [19].

Definition 1.9.1. Let £ and G be two sheaves of locally free modules over a
complex manifold M; an extension of G by £ is a short exact sequence

L pr

0 £ F G 0. (1.8)

Definition 1.9.2. Two extensions of G by £ are said to be equivalent if there
exists a morphism ¢ such that the following diagram commutes

0 c—>r-"sg 0
iidg lw lidg
0 f—tsp Tog 0.
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Definition 1.9.3. We say the sequence (1.8) splits if there exists a morphism
7 such that pror = idg. If the sequence splits we will also say that the extension
is trivial.

Remark 1.9.4. Please note that a morphism o splitting pr : F — G in (1.8)
gives rise to another morphism 7 : 7 — £ such that 7o. = id . This morphism
is defined as follows:

7(w) =t Hw — opr(w)),

for all w € F. Indeed w — o pr(w) is in the kernel of pr and therefore has a well
defined preimage in F.
If we have a map 7 splitting ¢ : £ — F this permits us to define a splitting
0 : G — F in the following way: if g is an element of G, since pr is surjective
we take any of the preimages of ¢ in F and we denote it by g. We define the
splitting o : G — F to be
o(g) =5 — 1o 7(7).

This splitting does not depend on the choice of §: if §; and g, are two different
choices of preimages of g then we have that go — §1 = ¢(e) for some e € £ and

Go—to7(g2) —g1+to7(g1) =G2— g1 —toT(ga —G1) =0,

g2 — g1 = ve) = 1(7(e(e)) = u(7(g2 — g1))-

Remark 1.9.5. The extension is called trivial because if the sequence splits we
can think of F as the direct sum of £ and G. Indeed, the direct sum decompo-
sition is given by F = (&) ® o(G).

Proposition 1.9.6. The equivalence classes of extensions of G by £ are in one
to one correspondence with the elements of H'(M, Hom(G, £)), with the trivial
extension corresponding to the zero element.

We will prove a simplified version of this proposition but first of all we give
a receipt to associate to every short exact sequence of locally free modules a
cohomology class in H!(M,Hom(G, £)).

Lemma 1.9.7. Let £ and G be two sheaves of locally free modules over a com-
plex manifold M ; to every extension of G by & we can associate a well defined
cohomology class in H'(M, Hom(G, £)).

Proof. Let idg be the identity homomorphism in H°(M,Hom(G,G)); we take
the image of this class in H'(M,Hom(G, £)) through the morphism §* defined
the Long Exact Sequence Theorem 1.3.9 for Cech cohomology. We compute w in
the following way: let {U,,idg} be the identity in H°(M,Hom(G,G)), we take a
lift (Us, 7o) in CO(U, Hom(G, F)) and take its Cech coboundary, {Ueg, 75 — Ta }-
Clearly, pr otg—pr o7, = 0, so this is a well defined element of C* (U, Hom(G, £)).
By diagram chasing, as in the proof of Theorem 1.3.9 it is shown this is a Cech
cocycle. O

Lemma 1.9.8. Let w in H*(M, Hom(G,&)) be the class associated to the se-
quence (1.8). If this class is 0 in cohomology then there exists a splitting of the
sequence.
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Proof. Suppose we are working with a good cover U of M so that the Cech
cohomology computed with respect to ¢ is isomorphic to the Cech cohomol-
ogy of the involved sheaves. Let {U,, 7} be local splittings and compute w.
Suppose w is 0 in cohomology: this means there exists a cochain {U,,0,} in
C°(U,Hom(G, &)) whose coboundary is w, i.e. 05 — 04 = 75 — To. We define
now a Cech cochain in CO(U, Hom(E & G, F)) as {Uq, 0, } where 0, is defined
on each U, as:
O : (v,w) = (L(v — 0n(w)) + To(w)).

We compute now §{Uy,0,} on each Uyp:

v = 05(w)) + 75(w) = 1(v — 00 (w)) + 7o w)
= U(0a(w) — o5(w)) + T (w) — 7o w) = 0.

Moreover prof, = idg for each a. So, we have a global isomorphism of sheaves
between £ &G and F satisfying our requests. O

1.10 Embedding of submanifolds

Remark 1.10.1. In this section we follow the Einstein summation convention;
for an explanation of the different ranges of the indices, refer to Section 1.1.

In this section we define the important concepts of splitting, k-splitting and
comfortable embedding; those notions, who were treated in deep in the series
of paper [3],[4],[5] are, on one side, really strong conditions on the embedding
while on the other side allow us to treat some really difficult problems; we refer
to the cited articles.

We remind some of the notation we are going to use: we shall denote by O
the structure sheaf of holomorphic functions on M, by Zg the ideal sheaf of a
subvariety S and by Ié? its k-th power as an ideal.

We denote by Tas and Tg the tangent sheaves to M and S respectively, where
defined. We will denote by 2, the sheaf of holomorphic one forms on M.

Let S be a submanifold; we define the conormal sequence of sheaves of
Os-modules associated to S as

Ts/T2 2> Qpr s —2> Qg 0, (1.9)

)

where ds : [f]e — df ® [1]; is a well defined map of @g-modules.

Definition 1.10.2. Let S be a reduced, globally irreducible subvariety of a
complex manifold M. We say S splits into M if there exists a morphism of
sheaves of @g-modules o : Qg — Qg splitting sequence (1.9), i.e., poo = idq,.

This is only a special case of the concept of splitting sequence from Section
1.9.

Definition 1.10.3. Let S be a reduced, globally irreducible subvariety of a com-
plex manifold M. We put Ogx) = Om /Ig“; if f is an element of Oy we de-
note its equivalence class in Og(x) by [f]x41 for any & > 1. Let 0x : O /I§Jrl —
Owm /Zs be the canonical projection given by 0, ([f]x+1) = [f]1. For k > h we de-
fine also canonical projections 6x 1, : Ogxy = Os(n) by Orn([fle+1) = [flns1. In



1.10. EMBEDDING OF SUBMANIFOLDS 43

general, we write Q7 g(x) to denote the sheaf Qp; ® Og(1). The k-th infinites-
imal neighborhood of S in M is the ringed space S(k) := (S, Onr /Z6™) to-
gether with the canonical inclusion of ringed spaces ¢x, : S = S(0) — S(k) given
by 1 = (ids, ). A k-th order lifting is a splitting morphism p : Os = Og)
for the exact sequence of rings

0 ——>Zs/It —— Osh) —= 05 — 0.

Definition 1.10.4. Let @, R be sheaves of rings, 6 : R — © a morphism of
sheaves of rings and M a sheaf of @-modules. A #-derivation of R in M is
a morphism of sheaves of abelian groups D : R — M such that

D(’I‘lrg) = 0(7’1) . D(TQ) + 0(7‘2) . D(’I’l)

for any 71,72 € R. In other words, D is a derivation with respect to the R-
module structure induced via restriction of scalars by 6.

The splitting condition has a lot of important consequences on the behavior
of many objects connected with the submanifold. We shall need the following
proposition which stems from a result of commutative algebra [17, Proposition
16.2].

Proposition 1.10.5 ([4] Prop. 2.7). Let S be a reduced, globally irreducible
subvariety of a complex manifold M. Then, there exists is a 1—1 correspondence
among the following classes of morphisms:

1. (a) morphisms o : Qg — Qg of sheaves of Os-modules such that poo =
idQS N
(b) morphisms T : Qs — Ls /T2 of sheaves of Os-modules such that
T O d2 = idl-s/lg 5

(¢) O1-derivations p : Ogny = Ls/I% such that poiy = idrg /72, where
11 18 the canonical inclusion;

(d) morphisms p: Os — Og(1) of sheaves of rings such that 010p = idey .

Moreover, if any of the former classes is not empty, then there is a 1 — 1
correspondence with the following classes of morphisms

2. (a) morphisms 7" : Ns — Tum,s of sheaves of Og-modules such that
P20 T* = tdpg;
(b) morphisms o* : Ta,s — Ts of sheaves of Os-modules such that v o
0" = idry, where v : Ts = Ta,s s the canonical inclusion.

Proof. We shall prove first that the existence of (1b) implies the existence of
(1c). The first thing we remark is that there exists a well defined map dy :
Os(1) = Qs defined as da([f]2) = df ® [1]1. If there exists a splitting 7 :
Qun ® Og such that 7ods = id we have that the map 7ods oy is a #;-derivation
between Og(1y and Z/T3.

Suppose now we have a 6;-derivation p of ®s(1) in Zg/Z%; this derivation
induces a 6;-derivation from O to Zs/Z2. If we denote by 7 : O — Os(1)
the canonical projection the #;-derivation is given by pow. So, by the universal
property of the module of differentials we have a map 7 : Qy — Zg/Z% such
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that 7o d = pom; if we define 7(w ® [f]1) = [f]1 - T(w) we get a morphism of
Os-modules such that 7 o dy = id.

We want to prove now that we have a 1-to-1 correspondance between the
th-derivations and the morphisms of rings between Os and Og(1). Given a 6;-
derivation p we define a morphism of rings as p([f]1) = [f]2 — t1 © p([f]2). We
want to prove that it is indeed a morphism of rings:

p([flilgh) = [fgl2 — tip([fgl2)
= [fl2lgl2 = e ([f11A([g]2) + [ghA([f]2))
([fl2 = t1p([f12))([gl2 — t1([g]2))
p(LT0)e((g]h);
since [¢1(p([f]2)t1([g]2))]2 = [0]2- Conversely, suppose we have a morphism of

rings p; we define a map p as p([f]2) = ¢7 " ([f]2 — p01([f]2)). We claim this is a
0:1-derivation. Indeed:

11p([fgl2) = [fgl2 — p01([fg]2)
= [fgl2 — pO1([fg]2) + ([f]2 — pb1([f]2))([g)2 — pb:([g]2))
= [fl2(lgl2 — p([g]1)) + [g]2([fl2 = p([f]1))
= [fl2e1p([g]2) + [g]2e15([f]2)
(

where [([f]l2 — p01([f]2))([g]2 — pf1([g]2))]2 = [0]2; the injectivity of ¢; proves
the assertion. We prove now the correspondence between (1b) and (2a). A
(nontrivial) consequence of (1b) is that S is non singular [5]; this implies there
exists a canonical isomorphism between (Ns)* and Zg/Z%; therefore, the dual of
the splitting 7 : Qa5 — Zg/Z% gives rise to a splitting of pr : Tar,s — Ns. The
last two correspondences, the one between (1b) and (1la) and the one between
(2a) and (2b) follow from what we proved above and Remark 1.9.4. O

So, S splits if and only if the sequence
0 —>Zg/T: — Osq) —= 0s —=0
splits; moreover if S splits, also the sequence

0 Ts Ta,s Ns 0

splits.

Definition 1.10.6. Let {(U,, 24)} be an atlas adapted to S, complex subman-
ifold of codimension m > 1 of a complex n-dimensional manifold M. We say
that U is a splitting atlas if, for each o and 8 such that U, NUg NS # 0 we

have that
ﬁzg
{ } o,
ozh |,

forallr=1,....m,p=m+1,...,n.

We shall show the connection between the existence of a splitting atlas and
the fact that S splits into M after we have given a natural generalization of
the concept of splitting, studied in [5] and [4], the notion of k-splitting. In this
thesis we will use extensively the notion of 2-splitting.
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Definition 1.10.7. Let S be a submanifold of a complex manifold M. We shall
say that S k-splits into M if and only if there is an infinitesimal retraction of
S (k) onto S, that is if there is a k—th order lifting, i.e., a morphism of sheaves
of rings p: Os — Oum /I§+1 such that 0y o p = id or in still other words, if the
exact sequence

0— Zs/IEM — On JIETY — On JZs — 0 (1.10)
splits as a sequence of sheaves of rings.

We cite now an important proposition; for our thesis only the case of splitting
and 2-splitting are necessary and we will give simplified proofs.

Proposition 1.10.8 ([5] Theorem 2.1). Let S be a codimension m submanifold
of a complex manifold M of dimension n. Then S k-splits into M if and only
if there exists an atlas U = {(Uy, 24)} adapted to S such that:

028
B k
el 1.11
822 S ( )
forallr=1,....m,p=m+1,...,n and for each couple of indices o, such

that Uo NUg NS # 0.

Remark 1.10.9. As a side note, we write down the k-order lifting that comes
from the proof in [5] explictly; we have that p, : Os|v, = Os) v, is

k alf
B 1 LE I
pa(lfl1) = Z(*l) [Mza Za]kﬂ.

=0

Definition 1.10.10. Let (U,, z,) be an atlas adapted to S, complex manifold
of codimension m > 1, of a complex n-dimensional manifold M and let S be
k-splitting in M. We say the atlas is adapted to the k-th order splitting if

k alf
_ I DY i . o R |
p([fl) = z;( 2 [8281 oo Za]k+1'

1=
for each [f]; in Os(U,) and all indices « such that U, NS # 0.

Lemma 1.10.11 ([5]). Let S be a codimension m submanifold of a complex
manifold M of dimension n. Then S splits into M if and only if there exists an
atlas U = {(Ua, 20)} adapted to S such that:

822 Z 1.12
ozl € Ls (1.12)
forallr =1,....m,p=m+1,...,n and for each couple of indices o, B such
that Uo NUg NS # 0.
Proof. On each U, we define
of .,
o) = e = | 525
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and we compute

ps(111) = pallfl) = —(.ffﬁﬁ]+ [gf}
[of 02", R of 028 of .,
= oz 0z ZﬂL ) [a oz ZﬁL " L?zg }
_ Jorom

This class is clearly 0 if the atlas is splitting.

Suppose now S is splitting in M, i.e., there exists a first order lifting p; for
each o we set 0, = p— p,. For each o we have that the image of o, is contained
in Zg / Zs* and is a derivation so we can find (s4)? such that

0

Oa = (Sa)g[*%bw'

We consider now the change of coordinates

zZ, =z,

P = 2P+ (5o)P(zmFL L 202"
From the computations above we have that

_[azg 0 } 9

9z} o1, , 028 — BT Pa=0p ™ Ca
(0%

’ aZT/ 8Zp 8
— p B o D r
|: SB)T/ 822 azgl (Sa)'r Z[Za] ® azg .

By direct computation, using this last equality, we can verify that the new atlas
is such that -

ozb

T

0z

€1ls

O

Remark 1.10.12. When we are dealing with S splitting in M, in a splitting atlas
all the objects of Proposition 1.10.5 have a nice form in coordinates. Indeed,
the following are equivalent

e { is adapted to p;

o for every (Uy, 2o) such that U, NS # () and every f in Og)|v, one has

. of .1 .
) = 522
e for every (U,, 24) such that U, NS # () and every r = 1,...,m one has
0

=
oz,

T (Ora) =
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e for every (U,,zq) such that U, NS # 0 and every fX0/0zF € T s|u.,
one has

o) = oy

07k

a"(f,

“Ozk

Lemma 1.10.13 ([5]). Let S be a codimension m submanifold of a complex
manifold M of dimension n. Then S 2-splits into M if and only if there exists
an atlas U = {(Uq, 24)} adapted to S such that:

p
825

ozl

€13 (1.13)
forallr=1,.... m,p=m+1,...,n and for each couple of indices o, 3 such
that Uy NUgN S # 0.

Proof. Suppose first we are in an atlas such that 922 /92", is in Z2. We define
the local 2-order lifting on each U, as

B of . 1 0% f 1 5o
p([f11) = [fls — [8z£za]3 + 3 {82531323}20‘ Zo ]3~

Since we have that

0z 1 0%z
S /B T 5 T T
[za]3 = |: ~ R0 T 5o T Zalza2:| ) (114)
ozl 2 0za' 024 3
for all s =1,...,m, it follows that

Pﬂ([f]l) = pa([f]1)

2
— af 82; ZT _ ZS _ 1 a Z% Z’l’l Z’l‘z
azg ozl B 2992 ) T 3

1[ 0% f (8z§1 8z;2 . . 52>]

T 20025027 \ 02l 0z 0T T

or o 1 [ o 0 0%
0z 025, |5 023025 028 0252 ™ |4
1 0% f 82’21 8222 o

2 [Bzgl 0z 0za! 02> ™ o L

because of the hypothesis and of equation (1.14).

We prove now the converse; the fact that S is 2-splitting implies that S is
splitting and therefore we can suppose that 0z2/ az}; is in Zg. We denote by
p the 2-nd order lifting and by p; := 6021 o p the induced first order lifting.
We define p, as above and we set 0, = p — po. For each o we have that the
image of o, is contained in Z2/Z% and it is a derivation, so we can find (sq)?,,.,
symmetric in the lower indices such that

T1 ,7T2 8

Oa = (Sa)glrz[za 2o }3 ® @
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We consider now the change of coordinates

T
{ 2o = 2o ) )
P — P L P m+ N\ ,T1 572
Za - Za + 2(Sa)r1r2 (Za 90y Za)za Za .

Since we are using a splitting atlas, the computations above tell us that

[322 T] )
2| ® 55 =08—0a=ps—Pa
3

0% 023 0232 o
_ B q . P B B _ri.re
[(azg (sa)rlrz (Sﬂ)slsg D201 D22 Za R )]3 ® azz

Moreover, since the atlas is splitting we have that zf; = ¢ga (zm+l 20 +

tade’
(hga)?, 26t 242 with (hga )P, ., a holomorphic function on U, NUg symmetric in

the lower indices. Therefore, from above, we get

[Q(h )7 782[1;( Sy T+ (88)8 by 8222] [0]
Ba)rirg — Sa)ryry S8)s1s2 Dor1 T2 = 15
azg 8204 82& 1

and hence

Thanks to this equality we can verify by direct computation that the new atlas
is such that

ozP
2 e T3
0z
O
Definition 1.10.14. An atlas (U,, 24) such that
025
B 2
el 1.15
az& S ( )
forall r =1,...,m,p=m+1,...,n and for each couple of indices «, 8 such

that U, NUz NS # 0 is called a 2-splitting atlas.

Lemma 1.10.15. Suppose S is a splitting submanifold of codimension m of a
complex n-dimensional manifold M : the sheafIS/Ig has a natural structure of
Os(1)-module.

Proof. Indeed, let fi and fo be two representatives of [f]o; then f; — fo belongs
to Z2; let now [g] be a class in Zg/Z3 and § one of its representatives. We define
[f]2 - l9]s = [f1g]s.- This class does not depend on the representative of [f]a
chosen; indeed:

[f1d]3 — [f20]3 = [(f1 — f2)3]3 = [0]5.

This product does not depend on the extension of g chosen, since, given two
extensions ¢; and go we have that go — g1 belongs to Ig. O
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Now, since S splits into M we have a well defined map p : Os — Og(1) which
induces a Dg-module structure on Zg /Ig With this structure the sequence

0 —=1%/1} — 15/} — I /T2 —0 (1.16)

is an exact sequence of locally free @g-modules.

Definition 1.10.16. Let S be an m-codimensional submanifold of a complex
manifold M of dimension n. Then S is comfortably embedded in M if there
exists a first order lifting p : Os — Og(1) such that sequence (1.16) splits as a
sequence of Dg-modules.

Lemma 1.10.17 ([5] Theorem 3.5). Let S be an m-codimensional submanifold
of a complex manifold M of dimension n. Then S is comfortably embedded into
M if and only if there exists an atlas U = {(Uy, 24)} adapted to S such that

0zP 922"
€Zs and ——— €Zg,
0z § Oz 0z} s
forall r,ry,ro=1,....m,p=m+1,...,n.

In [5] the more general notion of k-comfortable embedding is defined. Even
if it is not used in this thesis we define it.

Remark 1.10.18. In [5, Proposition 3.2] it is proved that if S is a complex
submanifold of codimension m of a complex manifold M and p : Os — Og(k) is
a k-th order lifting, with £ > 0 then for any 1 < h < k 4 1 the lifting p induces
a structure of locally @g-free module on Zg /Ig+1 so that the sequence

0 —>I4/I¢" —Is/I5" Ts/Th 0 (1.17)

becomes an exact sequence of locally (Dg-free modules.

Definition 1.10.19. Let S be a (not necessarily closed) submanifold of a com-
plex manifold M and let p : Os — Os) be a k-th order lifting with k& > 1.
A comfortable splitting sequence v associated to p is a (k + 1)-uple
v=1,...,Vkk+1) Where for 1 <h < k+1each vp_1p: Ig/Ig — IS/IQH
is a splitting @g-morphism of the sequence (1.17) with respect to the @g-module
structure induced by p. A pair (p,v), where p is a k-th order lifting and v is a
comfortable splitting sequence associated to p, is called a k-comfortable pair
for S in M. We say that S is k-comfortably embedded in M with respect
to p if it exists a k-comfortable pair (p,v) for S in M.

The definitions of k-splitting and k-comfortably embedded lead directly to
an important notion, the one of k-linearizable manifold.

Definition 1.10.20. Let S be a codimension m submanifold of a n-dimensional
complex manifold M. Let S(k) be its k-th infinitesimal neighborhood and Sy (k)
be the k-th infinitesimal neighborhood of its embedding as the zero section
of its normal bundle in M. We denote by Oy, the structure sheaf of the
normal bundle of S and by Zg ng the ideal sheaf of S in Ng. We say Sy(k) is
isomorphic to S(k) if there exists an isomorphism ¢ : Oy /Igjvls — Oy /T8
such that 6 o ¢ = 6f, where 0y : O /TG — Os and 6} : Ong /TSN — Os
are the canonical projections.
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Definition 1.10.21. Let S be a complex submanifold of a complex manifold
M. We shall say that S is k-linearizable if its k-th infinitesimal neighborhood
S(k) in M is isomorphic to its k-th infinitesimal neighborhood Sy (k) in Ng,
where we are identifying S with the zero section of Ng.

One of the reasons this notions are important is the next theorem; but first
we give a remark.

Remark 1.10.22. In general, given a vector bundle E over a submanifold S, we
have that T'F|s is canonically isomorphic to TS@® E. When E is Ng this implies
that the projection on the second summand of TNg|s = T'S @ Ng gives rise to
an isomorphism of Ng and Ny, i.e., the normal bundle of S as the zero section
of Ng. Therefore we have an isomorphism between Zg/Z2 and Zgs n /I% Ns-

Theorem 1.10.23 ([5], Theorem 4.1). Let S be a complex submanifold of a
complex manifold M, and k > 2. Then S is k-linearizable if and only if it is
k-split and (k — 1)-comfortably embedded with respect to the k-th order lifting
induced by the splitting.

We shall not use either this definitions or the theorem but they could be used
to further develop some of the theory in this thesis, i.e., the extension process
in Section 4.4. Indeed in Section 4.4 we use this simpler result.

Proposition 1.10.24 ([4] Prop. 1.3). Let S be a submanifold of a complex
manifold M. Then S splits into M if and only if its first infinitesimal neigh-
borhood S(1) in M is isomorphic to its first infinitesimal neighborhood Sy (1)
in Ng, where we are identifying S with the zero section of Ng.

Proof. If Sy (1) and S(1) are isomorphic there exists an isomorphism of sheaves
of rings ¢ : Oum /I?;’NS — Oum /Ig such that 61 0 ¢ = H{V and we can define a
morphism of rings p : Og — Os(1) by setting p = ¢ o pV, since S is splitting
in Ng. This morphism of rings satifies all the conditions for the splitting and is
therefore a splitting morphism.

Assume S splits in M and let p : Os — Og(1) be a first order lifting and
let 5V be associated 6;-derivation associated with the splitting of S in Ng. We
define a morphism ¢ : Oy, /IL%,NS — O /T% setting:

$=pob +irotop",

where ¢ is the isomorphism in Remark 1.10.22 and 4; : Zg/Z3 — Opr /Z% is the
canonical inclusion. This isomorphism satisfies all the conditions of the claim
and so in an isomorphism of sheaves. O



Chapter 2

Localization of Chern
classes

2.1 The Bott vanishing theorem

In this section we will prove Bott Vanishing Theorem, following the proof given
in [4]. Bott Vanishing Theorem explains the deep link between the existence of
a holomorphic connection on a vector bundle and the vanishing of some of its
Chern classes.

We recall some of the notation we are going to use; if F be a complex vector
bundle on a differentiable manifold M, we denote by AP(M, E) the set of smooth
p-forms with values in E and with AP(M) the smooth p-forms on M, where A°
is understood to be the sheaf of smooth functions A°(M) = C°°(M). In the
following, we are going to denote by T'M ® C the complexified tangent bundle of
M, by TM or T M its holomorphic part and by TM or equivalently 71 M
its antiholomorphic part.

Definition 2.1.1. Let M be a complex manifold, let £ be a complex vector
bundle on M and let F' be a subbundle of TcM. We denote by p : TcM* — F*
the canonical map, dual to the inclusion ¢ : F' — Tc M. A partial connection
for F along F, denoted by (F,0), is a C-linear application

§: A°%M,E) — A°(M,F* ® E),
which satisfies the “partial” Leibniz rule:
6(f - s) = pldf) @ s+ f-d(s),
for f € C°(M) and s € A°(M, E).
A partial holomorphic connection for E along F' is a partial connection
such that, if u € A°(M, F) and s € A°(M, E) are holomorphic then §(s)(u) is
holomorphic.vanishing theorem, following the proof given in [4]. The Bott Van-

ishing Theorem explains the deep link between the existence of a holomorphic
connection on a vector bundle and the vanishing of some of its Chern classes.

Definition 2.1.2. Let § be a partial connection for F along F. We say a

o1
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connection V for E extends ¢ if the following diagram commutes:

AO(M, E) — A°(M, TeM* ® E)

Idl p®1di

A(M, E) —° A%(M, F* ® E).

Lemma 2.1.3. For each partial connection (F,6) for E along F there exists a
connection V extending it. Moreover, if s is a nonvanishing section in A°(M, F)
such that §(s) = 0, there exists a connection V such that V(s) = 0.

Proof. Let U = {U,} be a covering of M by trivializing neighborhoods. On
each Uy, let eq 1,..., €4, be alocal frame for £ on U,. Then

_ E : J
5ea,i = Ya,i€a,js
J

with 'ygm- in A°(M, F*). On each U, we can find differential forms Hiﬂv such
that

P(%z) = ’Y(Ju

The connection V,, having as connection matrix 6, = (0(3”) is a connection on
U, extending 6. If we take a partition of unity {p,} subordinate to {U,}, the
connection V = 3" paV, is a connection for E extending (F,0).

We prove now the second part of the assertion. Let s be a nonvanishing
section in A°(M, F) such that §(s) = 0. We can choose e, = s|y,, and

accordingly ’yi)l = 0 and we can choose 9?;)1 =0foreach j=1,...,r. O

Definition 2.1.4. Let E be a holomorphic vector bundle. Then we have the
differential operator:

0: A" (M,E) — AY(M, T*M ® E).

Clearly (TM,0) is a partial connection for E. A connection V for E extending
it is said to be a connection of type (0,1).

Remark 2.1.5. If we follow the construction in Lemma 2.1.3, we see that on
each U,, if we take an holomorphic frame e, 1,...,€q,, we have that 'ygm- =0.
If the connection is of type (0,1) the map p is nothing else that the map which
projects a form on its (0,1) component; therefore, the connection matrix 6, is
a matrix of differential forms of type (1,0).

Definition 2.1.6. Let (F,d) be a partial holomorphic connection. If F is
involutive we will say that § is a flat partial connection for E along F

if
5(s)([u, v]) = 6(8(s)(v))(u) = 6(6(s)(w))(v),
where u,v € A°(M, F) and s € A°(M, E).

Theorem 2.1.7 (Bott Vanishing Theorem). Let S be a complex manifold, F
a sub-bundle of T'S of rankl and E a complex vector bundle on S. Assume we
have a partial holomorphic connection on E along F. Then:



2.1. THE BOTT VANISHING THEOREM 53

1. every symmetric polynomial in the Chern classes of E of degree larger
than dim S — [ + |1/2] vanishes.

2. Furthermore, if F is involutive and the partial holomorphic connection is
flat then every symmetric polynomial in the Chern classes of E of degree
larger than dim S — [ vanishes.

Proof. We can write
TS®C=Fe&F &T"Vs,

where F is a C*°—complement of F in T'S = TS, We define a connection
V on E as the direct sum of the given partial holomorphic connection on F,
any connection on F, and d on T(®1)S. We want to study the vanishing of the
coefficients of w, the curvature form of V. First of all we claim that for each v
in the base frame of F and for each @ in the base frame of 71 S

w(v,w) = 0.

It is enough to check that the curvature form vanishes when applied to a holo-
morphic section of E; the holomorphic sections generate A°(M,E) as a C°°-
module, and the curvature is a tensor (it is linear with respect to C*° functions).
If o is a holomorphic section of E we have that

w(v, w)o =V,(Vgo) = Vg(Vyo) = Vi, g0 = 0.

The last equality follows because the three summands are 0. Indeed Vg =
d(o)(w) = 0, since o is holomorphic. For the same reason the second summand
vanishes since Vo is holomorphic because the connection V is a partial holo-
morphic connection along F'; and the last summand is 0 since [v, @] = 0, due to
the integrability of the complex structure.

We claim now that w(v,w) = 0 if 9, w € T(>VS. Again:

(A]('D,'U_})U = V{)(V»LDO') - VQD(VEO') - V[@,u—}]a.

The last equality follows from the fact that o is holomorphic and thus all the
three summands are 0, since [0, w] is in T 0.1)S due to the integrability of the
complex structure.

Now, if n = dim S we can choose local coordinates and local forms n',...,n
such that

n

... " dzt, ... dz"}

is a local frame for the dual of T'S ® C respecting the decomposition T'S ® C =
F @ F, © TOVS; in particular {n'|p,...,n'|r} is a local frame for the dual of
F, while {n'*|p,,...,n"|r, } is a local frame for the dual of ;. Now, what we
proved implies that the entries of the curvature matrix in this local frame are
composed by forms which are linear combinations of:

nt A nt AnPonP An?, dzF Al

where i,5=1,...,I,p,q=1+1,...,nand k=1,...,n.

Furthermore, when F' is involutive and V is a flat partial holomorphic con-
nection along F we have that w(v,w) = 0 for each v,w € F. In this case we
have that the curvature matrix has coefficients which are linear combinations of

nt AP P A%, dzF Al
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the product of more of n—1 of these forms is 0, which gives us the second part of
the assertion. In the non involutive case, the fact that we can take also elements
of the type n° A7 implies that the product of n — [ + [I/2] of these forms is 0,
implying the first part of the assertion. O

Remark 2.1.8. Please note that the Bott Vanishing Theorem in this form not
only tells us that the de Rham cohomology class of a Chern class vanishes, but
also that the form representing it vanishes.

We refer to [31, pag. 71] for the theory regarding virtual bundles. Before
progressing we need a couple of definitions.

Definition 2.1.9. A virtual bundle is an element in the K-group K(M)
of M [27],[31]. In particular, if we have complex vector bundles E; with i =
0,...,q over a smooth manifold M we may consider the virtual bundle £ =
g:o(_l)iEi-

Remark 2.1.10. This definition, apparently obscure, is really useful when we
need to define the quotient of a vector bundle that is not defined everywhere.
For instance suppose we have two vector bundles F and F, and a map that
embeds F' as a subbundle of F outside an analytic subset ¥; the virtual bundle
[E — F] then coincides with the quotient bundle of E by F' outside X.

Definition 2.1.11. Let

0 B, B —L By >0, (2.1)

be a sequence of vector bundles on M, and for each i = 0,...,¢q, let V() be a
connection for F;. We say that the family V(@ ...,V is compatible with
the sequence if, for each i, the following diagram commutes:

)
AO(M, E;) ——— AY(M, E;)

wil il(@wi

(i—1)
140(]\47 Ei—l) L‘ Al(M, Ei—l)-

Remark 2.1.12. The following Proposition from the book of Suwa is really gen-
eral in scope, dealing with virtual bundles and Cech-de Rham cohomology. We
explain now the notation, referring to the Sections 1.6 and 1.7 for the back-
ground on Chern classes.

We refer to [27, p. 164] for the proof of the formulas which express the
Chern classes of F @ F as products and sums of the Chern classes of E and
F. In general for a direct sum of vector bundles E & F, the total Chern class
¢(E®F) = c¢(F) — c(F). This permits us to compute the Chern classes of E®F
as polynomials in the Chern classes of £ and F; the simplest example is the
first Chern class of the bundle E@® F': we have that ¢, (E® F) = ¢1(E) + 1 (F).

A really interesting fact about virtual bundles is that Chern classes behave
naturally with respect to them, generalizing the discussion about the Chern class

of a direct sum above. In general, if ¢ is a symmetric polynomial, £ := ;1:0 E;
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is a virtual bundle and V* denotes a family of connections V(@ ... V) for &
then we can express ¢(£) as a finite sum

3(&) =0\ (Bo) A ... NSV (E,),
l

where gi)l(i) (E;) are polynomials in the Chern classes of E; for each ¢ and [. Then

3(V*) = (VO AL AG? (V@)

l

represents the cohomology class of ¢(§).
From 1.6.12 we know there exists a form ¢(Vg,...,V?), called the Bott
difference form such that

p

S (VS Ve V) + (—1)PdG(VE, ... VD) =0,

v=0
where the hat means the hatted family is not taken into consideration.

Proposition 2.1.13 ([31], p. 73). Suppose sequence (2.1) is exact. Let ¢ be
a symmetric polynomial and V5 = {V,(cq), el V,(CO)} for k=0,...,p families of
connections compatible with (2.1) for the virtual bundle £ = (=) tE;.
Then:

OV, V) = (V... V)

Similarly for other “partitions” of the virtual bundle £. In particular

() = ¢(Eo),
We state now Bott vanishing theorem in the version for virtual bundles.

Theorem 2.1.14 (Bott Vanishing theorem, [31] pag. 76). Let M be a com-
plex manifold of dimension n and F an involutive subbundle of rank p of TM.
Also, for each i = 0,...,q let E; be a bundle and let Vgl), .. .,V,(j) be partial
holomorphic connections for E; along F, then, for any homogeneous symmetric
polynomial ¢ of degree d > n — p we have

¢(V1,..., Vi) =0,

where V§ = (V;q),...,vgo)), forj=1,... k.

2.2 Basic notions about residues

In this section we give a short account of the theory that permits us to compute
residues. Even if we postpone a deeper treatment of the Lehmann-Khanedani-
Suwa action to the later chapters we will use it in its original form. Thanks to
Theorem 2.1.7, an extended version of Bott’s vanishing theorem, we know that
the existence of a partial holomorphic connection along a subbundle gives rise
to the vanishing of some characteristic classes of the bundle endowed with the
connection.
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We give a sketch of the localization process we use, following [31, p. 194].
Let M be a complex manifold and let S be a compact complex submanifold of
dimension n. Suppose we have an involutive coherent subsheaf F of T, of rank
[, leaving S invariant, i.e., F|s C Ts. Define ¥ := SN .S(F). We denote by Sp
the set S\ 3; on Sy the following short exact sequence of locally free sheaves is
defined:

0 Fls s ——>= Nr|s —=0.

We have a flat partial holomorphic connection (6, F |s) on Nx |s along F|s (the
variation action) on S\ X, defined as follow:

d(s) = pr([v, 5][s),

where ¥ is an extension of v as a section of F and § is a section of Tjs such
that pr(§|s) = s. Then, Bott Vanishing Theorem implies that the characteristic
classes obtained evaluating a symmetric polynomial of degree n — k larger than
n — [ on the Chern classes of Nz ps vanish when restricted to S\ X. Let now n
be such a characteristic class, obtained from a symmetric polynomial of degree
n — k; if we inspect the long exact sequence for the cohomology of the pair

(5,5\ %)
s —— H2 R (S 8\ B) —— H2(R)(§) —— [H2(n=R)(§\ %) ...,

we can notice that, since n vanishes on S\ ¥ we can lift it to a class in
H?*("=k)(S S\ ¥); please remark this lift depends on F. Since S is compact
we now can apply Poincaré duality Pg and Alexander duality Ay, obtaining the
following commutative diagram:

H2(n—k)(s’ S \ E) - H2(n—k)(s)
iAz \LPS
Hop (%) ———— Hoi(S).

Since ¥ is the union of its connected components ¥, its homology is the direct
sum of the homologies of each connected component. Thanks to the excision
principle we have that, if we take V,, neighborhoods of ¥, in S such that V, N
Vg = 0 for a # 8, the following diagram is commutative:

H2(=k) (S S\ %) —= @, H>"F(V,, Vo \ Za) -

lAz im

Hgk(z) @a HZk(Eoz)

Therefore we obtain the following residue formula:

S ta(As, )(n) = Ps(n).

1R

In case k = 0 what we are doing is to associate to each connected component X,
a number and the sum of all these numbers is Ps(n). Much of the work in this
thesis is devoted to understand how we compute the residue of a characteristic
class arising from a polynomial of degree n. In general, the following general
principle holds.
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Lemma 2.2.1. Let M be a compact manifold, let E be a vector bundle on
M and suppose there exists a partial holomorphic connection V for E along a
subbundle F' outside 33, a closed subset. By Bott Vanishing Theorem some of the
characteristic classes of E vanish on M \ ¥. Let ¢(E) be such a characteristic
class. Then, for each connected component X, of ¥ we can define the residue
Res(V,¢(E); ) depending only on the local behaviour of (E) and V near X,.

2.3 Baum-Bott index theorems

The first theorems that we shall discuss are the Baum-Bott index theorems. The
Baum-Bott index theorems refer to localization of Chern classes of the normal
bundle to a foliation; we refer to [31]. We deal first with the case when we have
a global vector field.

Lemma 2.3.1. Let M be a complex manifold and suppose there exists a never
vanishing holomorphic vector field v. Then there exists a flat partial holomorphic
connection for TM along F where F is the subbundle generated by v.

Proof. We define the partial holomorphic connection in the following way; let
$1, 82 and s be sections of T'M. From the definition of bracket we get:

[v,s1+s2] = [v,s1] + [v,s2], [, f-s]=v(f)- s+ [ [v,s].
Therefore we can define a partial holomorphic connection for TM along F by:
4(s)(v) = [v, s].

Flatness is obvious, since

0= d(s)([v,v]) = 6(3(s)(v))(v) = 6(8(s)(v)) (v)- (2.2)
O

Definition 2.3.2. Let v be a holomorphic vector field on a complex manifold
M. We will denote by S(v) := {p € M | v(p) = 0}, the singularity set of v.
In general we will denote by {S\} the connected components of S(v), so that

S(’U) = U/\ S)\.

From this Lemma, Bott Vanishing Theorem and Lemma 2.2.1 we get the
following.

Theorem 2.3.3. Let M be a compact complex manifold, and let v be a holo-
morphic vector field with only isolated singularities. Let S =], px be the set of
such singularities. Let ¢ be a symmetric polynomial of degree n. Then, for each
px n S(v) we can define the residue Res(¢p,v;Sy) and the following equation
holds true:

z}\: Resy (v, TM;py) = /M o(TM).

However, on complex manifolds, the existence of global holomorphic vec-
tor fields is subject to strong topological conditions. The main object of our
discussion is a special case of Definition 1.8.4.
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Definition 2.3.4. A dimension one singular holomorphic foliation F on
M is determined by a system {Uq, Va, fap}, where {U,} is an open covering of
M, for each U, we have a vector field v, and, whenever U, NUg # ) there exists
a non vanishing holomorphic function f,g such that v, = fogvg on U, N Ug.
We will call the set S(F) := |, S(va) the singular set of the foliation. The
system {Uag, fap} determines a line bundle which we denote by F' and call the
tangent bundle of the foliation.

Remark 2.3.5. The set S(F) is an analytic set in M, since S(v,) = S(vg) on
Uoa NUg: vg = fapva and fg, is nonvanishing on U, N Ug.

Remark 2.3.6. There is a vector bundle homomorphism ¢ : F — TM which
sends a section (U,, fo) of F to the vector field v = fovs. This homomorphism
is not injective on S(F). So, on My = M \ S(F) the quotient bundle Np, =
TMy/Fo, where Fy = F|p, is well defined, and on My we have the following
exact sequence:

0 Fy —> TMy —— Np, 0. (2.3)

Definition 2.3.7. We set vy = [TM — FJ, the virtual normal bundle for
the foliation F.

Lemma 2.3.8. Let F be a dimension one singular holomorphic a foliation on
M and let S(F) be its singular set. On My := M \ S(F) there exists a flat
partial holomorphic connection for Ng, := TM|p,/F|m, along Fy := F|p,-

Proof. Let v be a section of Fy and pr(w) be a section of Ngr,. We define the
connection as:

d(pr(w))(v) = pr([w, v]).
Clearly:

o(f - pr(w))(v) = pr([f - w,v]) = v(f) pr(w) + f - pr([w, v]),
so the Leibniz rule is satisfied. The flatness follows as in (2.2). O

Remark 2.3.9. There exists a natural flat partial holomorphic connection on Fj
along Fy, defined as follows:

S(v)(w) = [v, w],

where v and w are sections of Fj.

Thanks to the Lemma above we see that if ¢ is a symmetric polynomial of
degree n we can localize the characteristic class ¢(vz) at S(F).

Indeed, let S be a compact connected component of S(F); let U be an open
neighborhood of S in M disjoint from the other conponents of S(F). We take
a cover U = {Uy, U1} of U, setting Uy = U \ S and Uy = U. We take families
of connections V§ = (V{,VIM) on Uy and V$ = (VI,VTM). Then ¢,, =
(P(V3), p(V}), p(V3,V1)). Let V be the flat partial holomorphic connection for
N, defined in Lemma 2.3.8; we take V{ as in Remark 2.3.9 and Vi™ = VgV
so that the triple of connections (V}', VOTM , V) is compatible with the sequence
(2.3) (Definition 2.1.11). Every element of this triple of connections is a partial
holomorphic connection along Fjy so, thanks to Theorem 2.1.14, we know that
#(V3) = 0 and therefore the cocycle ¢(V?) lies in A%2"(1, Up) and defines a class
in H>(U,U \ S;C).
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2.4 Computing the BB index for an isolated sin-
gularity

In this section we compute the Baum-Bott index for isolated singularities of a
1-dimensional foliation; we refer to [31].

Suppose we are in the following situation: let M be a complex manifold, let
¢ be a symmetric polynomial of degree n and let v be a vector field vanishing
only at isolated singular points {p,}, for each point p, we can define the residue
Resg (v, TM;py) depending only on the local behaviour of v near py. Since it
depends only on the local behaviour, we can work in a coordinate neighborhood
U of py so that T'M is trivial on U and pj is the only singular point in U. We
can moreover assume that the chart is centered in py, abusing notation, from
now on, we will denote p) by 0. We write the vector field in coordinates as:

v:Zv 92

i=1

Let F be the subbundle of TM generated by v outside py and let V be the cover
of U given by Vo = U \ {0} and V; = U. Then, given connections Vg on V;
and V; on V; the characteristic class we are going to compute is an element
of H?"(A*(V)) represented by (¢(Vo),#(V1),(Vo, V1)). On V, we choose as
Vo a connection extending the partial holomorphic connection along F' given by
Lemma 2.3.8, so, thanks to Bott Vanishing Theorem we have that ¢(Vo) = 0. It
follows that (¢(Vo), #(V1), ¢(Vo, V1)) = (0,$(V1), ¢(Vo, V1)) defines a class in
H2"(A*(V), Vo) = H?"(U,U \ {0};C). Moreover, we can choose the connection
V1 to be trivial with respect to 9/9z1,...,0/92"; then, also ¢(Vi) = 0. We
build a honeycomb cell system adapted to V. Let Ry be the set

Ri={z €U | ") ...+ ()] < né),

and Ry = Up \ (R1 NUy). Then, the residue we are going to compute is nothing
else but (using Alexander duality 1.2.3 and (1.2)):

R€S¢,(TM,’U;O) = ¢(VO7V1)-
Ro1

Therefore, the problem consists in computing the Bott difference form ¢(Vg, V7).
The main problem with this computation is that we have to express the con-
nection matrix of Vy in the frame 9/9z1,...,0/02", but it is difficult to build
a nice frame for TM on Uy: the natural choice would be to use the frame

0 0
'l) —_— e e e —_
10227 7 Ozn
but, when v! is equal to 0 this is not a frame any more. A similar problem
arises if we substitute any 0/0z" with v, there is a problem where v* vanishes.
So, we take the cover U of Vpy given by U; = {z € Vp | v*(2) # 0}; let o be the
cochain given by the restriction homomorphism:

g = (¢(V0,V1)|U1, . .,(ZS(Vo,vl)‘Un,O, e ,0)

On each U; we replace 5‘/8zi with v to obtain a frame for T'M. On each U; we
want to define an ausiliary connection V*, useful for our computations. We give
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now more and more stringent conditions on V? to ease our computations later.
We will compute the connection matrix V¢ with respect to the frame given by
the coordinate fields 9/0z!,...,0/0z". First of all let V¢ be a (1,0) connection;
the second condition is that

Vi(9/027)(8/92*) = 0

for j =1,...,n and k # i. This means that, if we denote by (6))" the (j, h)
component of the connection matrix, we have that (G(i))? = (a(i))?dzi. Now, we
ask that Vi w = [v, w], which implies that V* is a partial holomorphic connection
along v; therefore:

(0 " - 0 "ot 9
) = OV () — = — -
Vo <azj> 2(0 )i () 9z" 027 9z"
h=1 h=1
and \
i i i v
(9( ))?(U) = (a( ))?v T T o

This implies that
1 ov"
vt Ozd

(Q(i))? = — 2t

We define now the (#())" entry of the connection matrix to be:

1 ovh
vt Ozt

%

(o) = -

and check that it is a partial holomorphic connection along v:

0 N B Y 0 ot 9
(a) =2 g (Z” azk)azh—‘h:l R

k=1

Vi

v

as desired.

Now we shall find a cochain 6 such that ¢ —6 = D7, and which contains only
Chern classes involving in their computation V; and the V*’s, the holomorphic
partial connections along F' defined on each U;. We will proceed playing Tic-
Tac-Toe (for a reference about this term [11]). The idea is to find a cochain
wy in K%2"=2 such that dw; = o and then compute the cochain o — Dw.
This cochain, as opposite to the procedure we used in proving the isomorphism
between Cech-de Rham and de Rham cohomologies, has now no components in
K9%27=1 The idea is to iterate this process finding cochains w,...,w,_1 such
that @ = 0 — D(wy + ... + wy,_1) has only K"~ 1" components; then, clearly
N =w; + ...+ w, Asa matter of fact, the special structure of our covering
gives us a lot of help: indeed, for each i let ¢(V, V1, V) be the Bott difference
form for Vg, V1, V. By the very definition of the Bott difference form we have:

dp(Vo, V1, V") = —=¢(V1, V') + ¢(Vo, V') — ¢(Vo, V1).

Thanks to the Bott vanishing theorem we have that ¢(V, V¢) = 0 since both are
partial holomorphic connections along F'; moreover V1, V* are partial holomor-

phic connection along TM; := Span{9d/dz1, ... ,W, ...,0/02"}, where with
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the hat we mean we are not taking that coordinate field into consideration.

Then, by Bott Vanishing Theorem, we know that ¢(V1, V") = 0. Therefore:
dp(Vo, V1, V') = —¢(Vo, V1)
and we can take
w1 = (—¢(Vo, V1, V),...,—¢(Vo,V1,V"),0,...,0).
We have that (0 — Dw;); = 0 and
(0 — Dw1)ij = —¢(Vo, V1, V) + ¢(Vo, V1, V).
Again from the definition of Bott difference form we have:

d$(Vo, V1, V', V) = — ¢(V1, V', V) + ¢(Vo, Vi, V)
- ¢(V07 vl) vl) + ¢(v07 Vlv vj)

Again, since Vg, V?, VJ are partial holomorphic connections along F we have
#(Vo, Vi, V7) = 0 and since Vi, V% V7 are partial holomorphic connections
along T'M; N T'M; we have that ¢(Vq, V', V?) = 0. So:

(o — Dwn)ij = dp(Vo, Vi, V', V7).
In our situation we have that in general, for K =1,...,n — 1, we have:

(=) F3dp(Vo, V1, V..., Vi) =¢(V, Vi, ... Vi)
— p(Vo, V', ..., V)
k+2 ) o )
+3 6(Vo, Vi, V... Viv-z L Vi),

v=2

For k = 1,...,n we have that ¢(Vg, Vit ..., V) = 0 since the connections
are all partial holomorphic connections along F. For k = 1,...,n — 2 we have
that ¢(Vy, Vi, ..., Vi) = 0 since the connections are all partial holomorphic
connections along ﬂllf:l TM;,. We can iterate the process and we obtain finally

a cochain which has only the component in K™~ 1"; this cochain has components
0=(0,...,0,—¢(Vy, Vi ..., V")).

Remark 2.4.1. In the book by Suwa [31, p. 105], the cochain 7 such that
0 — 0 = Dn is built: in components the cochain is given as ()i, =
#(Vo, V1, Vit ... Vi), Following the same line of thoughts we followed above
it is possible to compute that:

(Dn)i = —¢(Vo, V1)
(Dn)ig...i), =0 for k=1,... n-2
(D)1= =6(V1, V', V7).

Let now ¢ be the inclusion map OR; < Up; we denote by +*U the covering
of OR; by the open sets OR; N U?. As a system of honeycomb cells adapted to
VU we take

Ri={z € 0R, | vi(2)] > v (2)| for j # i},
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and for (ig,...,i) with 1 <ig < ... < i < n we set R0 = ni:o R;,. We
can now consider the integration:

/ C AP y) — C.
OR1

Since o and € represent the same class in cohomology we have that

/ o= 0
8R1 8R1
n

6(V0. 7)== [ 60 V)

R, =1 /R

— [ v,
Rl...n

and then:

/R01 #(Vo, Vi) = —

We want now to compute #(V1,V1, ..., V") explictly. Hence, we take the
connection V = (1 =31 t;)V1+ > i, t;V'; its connection matrix is given by

0=(1- zn:ti)al + Xn:tiei.
=1 =1

We defined 6 to be trivial with respect to the frame of the coordinate fields;
then the curvature form @ of V is given by

n
C ds .
v=—-A® Z it n & + terms not containing dt*,
/Ul
i=1
where A is the matrix having as components (A); = Ov'/0z7. Using the fact
that fAn dtt A ... Adt"™ =1/n! we get, by the definition of Bott difference form

vl ..

H(V1, V..., V") = (-1) , (2.4)

Un
and taking into account the orientation of RY™ we get that

d(—A)dzt AL N d2

Resy(v,0) =

OR1 1}1 R L
Definition 2.4.2. Let Of denote the ring of germs of holomorphic functions
at the origin 0 in C" and v!,...,v™ germs in OF such that {z € C* | v!(2) =
...=v"(z) =0} = {0}. For a germ w at 0 of holomorphic n-form we choose a
neighborhood U of 0, where v!,...,v™ and w have representatives and we let T
be the n-cycle in U defined by
P={zeUl|l'(z)l=...= " (2)] = €},

where € > 0 is small. We orient I' so that the form df; A --- A df,, is positive,

0; = arg(v'). Then we set

Res W = L / @
0 vl,...,Un _(27%/—1)” Fvl...vn’

and call it the Grothendieck residue of w at 0 with respect to v',..., v".
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Let ¢ be a degree n symmetric polynomial, v be a holomorphic vector field
with an isolated singularity at 0 and A be the matrix (A)’ = 9v’/dz’. Then

n 1 N
Resg(v,0) = (\/211) Resg [ ¢(A)(ii; AL .l;n/\ dz } .

In the introduction of [7] Baum and Bott explain an algorithm developed by
Hartshorne to compute the residue

1 n
Reso [ czS(A)df A .n/\ dz ] .

V.,

Since the origin is an isolated 0 of the v'’s, then, by Hilbert Nullstellensatz,
there exists ki, ..., k, such that, for each i, we have that (2*)* belongs to the
ideal generated by v',...,v™. Hence there exist holomorphic functions b such

that .
(ki = Zb;-vj.
j=1
If we denote by B the matrix with components (B); = b;- then:

A)dzP AL N d2” A)det(B)dzr A ... Adz™
R | A ]:RQSOM e i

vt
By the Cauchy integral formula, the residue is the coefficient of
dz AL Nd2 (22

in the Laurent series for

d(A)det(B)dzt A ... A dz"
(Z1)F1 - (2m)kn :
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Chapter 3

Existence of partial
holomorphic connections

Remark 3.0.3. In this chapter we follow the Einstein summation convention; for
an explanation of the different ranges of the indices, refer to Section 1.1.

3.1 Splitting of the Atiyah sequence and exis-
tence of partial holomorphic connections

In this section we give a proof of a result similar to the one in [6] about the
existence of partial holomorphic connections. This result, about partial holo-
morphic connections, was first stated in [4]; we give a complete proof (whilst
almost obvious) for the sake of completeness.

The first thing we remind is the result of Grothendieck in [19] we cited in
Section 1.9 that tells us that there exists a bijective correspondence between
equivalence classes of extensions of a coherent sheaf £ by a coherent sheaf G,
i.e., the equivalence classes of short exact sequences

0—=E&—=F—=G—0,

and the elements of H'(M,Hom(G, &)) = Exty, (G,&). In particular, the se-
quence splits if and only if the associated cohomology class vanishes. The result
in the paper of Atiyah shows how the existence of a holomorphic connection on
a vector bundle F is equivalent to the splitting of the sequence

0 — Hom(E,E) - Ag — T — 0 (3.1)

where Ag is the Atiyah sheaf of F/, an important object that we will define in
this section.

Definition 3.1.1. The cohomological obstruction to the splitting of sequence
(3.1) is called the Atiyah class of E.

We want to prove a similar result for partial holomorphic connections: the
existence of a partial holomorphic connection (F d) is equivalent to the splitting
of the sequence:

0 — Hom(E,E) - Ag r = F — 0, (3.2)

65
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the restriction of sequence (3.1) to a subbundle of T'M.

Lemma 3.1.2. Let E be a vector bundle over M. Then there exists a canonical
short exact sequence of vector bundles:

pr

0—— Hom(E, E) Ag TM 0

where TM is the tangent bundle, Hom(E, E) is the endomorphism bundle of E
and Ag is defined in the proof. Moreover, if F is any subbundle of Tys, there
ezists a short exact sequence of vector bundles

0 — Hom(E,E) - Agp — F — 0,
where Ag g is pr—(F).

Proof. Let E be the vector bundle of rank r and let 7 : P — M be the associated
principal bundle (refer to [30] for a complete treatment), i.e., the bundle of r-
frames of E, with structure group G. We denote by TP the tangent bundle of
P; if G acts on P it operates also on TP. We define Ag := T P/G; every point
of Ag is a vector field tangent to P along one of its fibers, invariant under G.
Let ¢ be a point in Ag. If we choose U so small that it is a trivializing subset
for P we can denote ¢ by a triple [z, v, B]; this class represents all the points
in TP|;-1(4) of the form (z, A,v, A- B), where A is an element in G and B is
an element in the Lie algebra of the group G. Please note that these are the
equivalence classes fibrewise, i.e., for a fixed z; the quotient structure of TP/G
is more complicated. We make clear what does it mean to quotient T'P by the
action of G on U. Indeed, let v be curve in P, such that y(0) = (z, A) and
4 = (v,B). Let g be a holomorphic map U — G, where G is the structure
group of P. Then, differentiating, we see that

g-v=(®),9(v(t)A®))
and the action on TP, 4) is
(x,A,v,B) — (x,9(x)A,v,dg(z)(v) - A+ g(z) - B), (3.3)

where by dg we denote the matrix having as entries the differentials of the entries
of g and by dg(v) we denote the matrix having as entries the evaluation of those
differentials on v.

Since U is a trivializing subset there exists a section s of P on U; if we
restrict TP to s(U) we see there is a one to one correspondence between Ag|y
and T'P|yq), given by

q = [z,v,B] = (z,s(z),v,s(z) - B),

this permits us to define a vector bundle structure on Ag induced by the one
on TP|yy). We have to prove this vector bundle structure is well defined;
indeed if s’ is another cross-section there exists a holomorphic map g : U — G
such that s'(z) = g(x) - s(xz) and therefore an isomorphism of vector bundles
TP|yuy ~ TP|yw) and a commutative diagram:

Aply ——=TP|sw)

N

TP|ow),
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implying that the structure of vector bundle is well defined.

Since P is a principal bundle and on principal bundles the structure group
acts fiberwise we have now that dm : TP — TM factors through a map pr :
Ag — TM. We denote now by V the subbundle ker(dr) of T'P; we have that G
operates on V as well. Put R = V/G; reasoning as above we can prove that R is
a vector subbundle of Ag. A point in R is nothing else but an equivalence class
[x,0, B], representing all the points in TP of the form (x,A,0,A - B), those
are indeed the left invariant vector fields along the fibers of P and since the
space of left invariant vector fields on a Lie Group G is isomorphic to the Lie
Algebra of the group g we have an isomorphism V ~ P x g. Now, the action
of G on V corresponds in this isomorphism to the adjoint action. We consider
R ~ P xg L, where P X L is the quotient of P x L with respect to the adjoint
action; this is a bundle of Lie Algebras on M, with fibre isomorphic to g. In
general, given a vector space with automorphism group G, its endomorphism
group is isomorphic to g. Hence R = End(E) = Hom(E, E).

Now, we restrict sequence (3.1) to F; clearly, if we take Ag p = pr~!(F) we
have surjectivity in the second entry of sequence (3.2); now, the kernel of pr is
nothing else that Hom(E, F), as above, and this proves the second assertion. [J

Remark 3.1.3. Remark that a short exact sequence of vector bundles gives rise
to a short exact sequence for their sheaves of sections. Therefore the preceeding
proposition proves the existence of sequence (3.1) and (3.2).

We prove now the main result of this section.

Proposition 3.1.4. Let E be a holomorphic vector bundle on a complex man-
ifold M. Then E admits a partial holomorphic connection (F,0) if and only if
sequence

0— Hom(E,E) - Agr — F — 0,

splits, or equivalently if the cohomology class which representes the obstruction
to the splitting in H'(M, Hom(F, Hom(E, E))) vanishes.

Proof. The notation in this proof refers to the notation in Lemma 3.1.2. Since
m : P — M is a principal bundle there exists a cover of M by trivializing
neighborhoods; if U is any of this trivializing neighborhoods T'P|y can be seen
as the direct sum of V|y = ker(dr) and TM|y = Im(dr). This isomorphism
commutes with the action of G and gives rise to an isomorphism

TP/Gly = Aply 2 V/G|y & TM]|y.

If we are working with the vector bundle Ag r this gives rise to an isomorphism
Aprlv 2 V/Gly @ Fly = Hom(E, E)|y @ F|y. While this isomorphism is
defined for each U, in the cover {U,} of M there is an obstruction for the
local isomorphisms to glue together and give rise to a global isomorphism; this
obstruction is the cohomology class associated to the sequence. Indeed, if we
denote by 7, : V/G|y, & F|u, — Ag,r|u, the local isomorphisms, we can define
local lifts of the identity homomorphism on TM by 0,(t) = 7.(0 ® t). Now,
the difference between two such isomorphisms is exactly the obstruction we are
looking for; we will denote it by w and wag = 03 — 0. We compute Tgl(w)ag.
Indeed:
75 (wap) (00 1) = (0@ 1) — 75 ' Ta(0 © ).
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We want to understand now what is 75 174,(09t); to do that, we remind ourselves
that we defined 7, as the isomorphism induced on Ag|y, by the isomorphisms
of TP|y,. Now, the transition functions for TP|y, are given, if we let G act
on the left on P, we have that g.5(x), the transition maps for P, induce homo-
morphisms dgag(z) from TM (and therefore F) to Hom(E, E). Hence

75 (wap) 0@ 1) = (00 1) — (dgap(t) D),

and w is represented by wag = T8dgap. If w vanishes in cohomology then there
exists a cochain {Uy, s} in C°(Hom(F, Hom(E, E))) such that ng — 7, = was-
If now we define 6, = 7, ', then

aﬁ = dgaﬁ + gaﬁeag;é~

The matrices of 1-forms 6, are exactly the connection matrices for a partial
holomorphic connection.

We prove the converse, i.e., the existence of a partial holomorphic connec-
tion (F,0) implies the splitting of sequence (3.2). Let {U,} be a collection of
trivializing neighborhoods of E. If {e1 q,...,€n} is a frame for E on U, it
gives rise to a section A,(x) of P on U,. If v(z) is a section of F over U, we

have that .
0v€ja = Z bé,a(x)ei,a.

Let B, : Uy — g be the holomorphic map defined by (Ba)}(z) = b}, ;(z).
We define a local holomorphic map 7, which sends an holomorphlc section
of F over U, to a holomorphic section of T'P over U, by setting

7~—aAa (U) - (l‘, Aoz(x)a U7Ba(x))'

We claim this map induces a local splitting 7, : F(Uy) = Agp(U,), where by F
and Ag we denote the sheaf of holomorphic sections of F' and Ag respectively,
by taking equivalence classes

Ta(v) =[x, Ax(x), v, Ba(x)].

Indeed, if we choose another frame A/ (x) we have that there exists a holomor-
phic map ¢ : U, — G such that A, (z) = g(x) - Ax(x). We denote by B, (x) the
analogous of B, (x) for the frame A’ ! (z). Since (F,J) is a partial holomorphic
connection

1, oz = 6 Zgz 6] a = Z dgz e]a@ + (gﬁa)g(gv(eja@))
= j=1

it follows
B, = dg(z)(v)Aa(z) + g(z) Ba(),
which implies that

[z, Aq(2), 0, B, (2)] = [1, g(x) Aa(2), v(2), dg(2) (v(x)) Aa(z) + g(x) Ba(2)]

and, since we are quotienting by the action of G we have that

[z, 9(z)Aa(z), v(2), dg(2) (v(2)) Aa(z) + 9(2) Ba(2)] = [z, Aa(2), v(), Ba(x)]
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and the local splitting is well defined.

Let now Ug be another trivializing neighborhood for E, such that U, NUg #
(). We want to check that, if v is a holomorphic section of F' over U, NUp then
To(v) = 73(v); let A, be a frame for E on U, and Ag a frame for E on Up; we
have that

m8(v(2)) = [z, Ag(z),v(x), Bg(z)]
but, since (F,d) is a partial holomorphic connection

Bﬁ(x) = dg[j’oz(x)(v)Aa(m) + gﬁa(x)Ba(x)a

and so

[:L', Ag(l’), v(x), Bﬂ(x)]
[, gpa () Aa (), v(x), dgsa(z)(v(2)) Aa(Z) + gpa(2)Ba(z)]
[l‘, Aa(x)’ 1}(.13), Ba(x)] = Ta(U(.ﬁ)).

5(v(2))

So, the cochain {U,, 74} is a Cech cocycle and gives rise to a global splitting of
the sequence. O

3.2 The Atiyah class for the normal bundle of a
foliation in the ambient tangent bundle

In this section we shall compute the Atiyah class of Az p with respect to F.
This sheaf of sections is defined to be an analogous of the restriction of the
normal sheaf to the foliation in the ambient tanget bundle for foliations of S.

We recall some of the notation used; if M is a complex manifold and S a
complex (regular) submanifold, let T3; be the sheaf of sections of the holomor-
phic tangent bundle of M; if we denote by @Oj; the regular functions on M and
by Og the regular functions on S we define Ty s := Tar ®0,, Os-

Definition 3.2.1. Let S be a submanifold of a complex manifold M and let
F be a foliation of S. We think of F as a subsheaf of 737 5, and we define the
normal bundle to the foliation in the ambient tangent bundle as the
quotient of Tas s by F and we will denote it by N’z s, i.e., the quotient of Tas 5
by the image i := tg o ¢(F) in the following diagram

Ts (3.4)
0 F—tsTis —= Nrum 0.

As we proved in last section the Atiyah class of A’z s, is the cohomological
obstruction to the existence of a holomorphic connection on Nr s and is the
obstruction to the splitting of the sequence:

0 — Hom(Ngn, Near) = Any oy — TS — 0, (3.5)

where Ay, ,, is the Atiyah sheaf of Nz ;. To compute the Atiyah class we have
first to define the Atiyah sheaf for Nz p; and compute its transition functions.
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We first take the principal bundle P associated to Nz ps (the bundle of (n —1)-
frames of Nz ). Suppose we are working on an atlas adapted to S and F'
(Definition 1.8.16); if {U,} is a cover of S by coordinate neighborhoods in M
(which are trivializing neighborhoods of TM|g), these are going to be trivializing
neighborhoods for Nz /. Indeed, suppose

7] 0

71 7...77
02} | ¢ ozn

S

is a local frame for TM|g, then we will denote by {0} the frame of Nz ps
induced by
0 7] 0

|, —
2L |g Oz | g 9zttt

0

’-.-77
s Oz

S

and by {w!} its dual frame. The transition functions for Nz j; then have the
form:

0z

8t7a = 92t

Za

We compute now the transition functions of P with respect to the cover {U,}:

we have that a point (z, (A)%,) in U, x GL(n — 1) is mapped to the frame

w

Ow,a-
s

{ew = AL0ra}
of Nz rl,. Changing trivialization neighborhood we have

Cw — At 782'5“) 19) B
w — w,B
Yozt | g

so that the point in Ug x GL(n —1) is just

6 t !
()
0z¥" | 4

We have that GL(n — ) acts on the fibers of P preserving them by left action,
which means on a trivializing neighborhood that given an element B of GL(n—1)
and a point (z, A) in U, x GL(n —1)

Lg : (z,(A)L) = (x,(B- A),) = (z, Bl - AL).

w

The induced action of GL(n—1) on TP can be easily computed. On U, we have
a diffeomorphism

T(Uy x GL(n — 1)) = TU, & TG = TUs & GL(n — 1) x gl(n — 1) ~ TP|y..

The induced left action of GL(n —1) on T'P|y,, can be computed in coordinates.
Indeed, once we have chosen a trivialization of Nz ps, we can choose an atlas
for GL(n — ) made by a single chart, whose coordinate functions are nothing
else but:

Al c A (A

Let
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be the coordinate fields. Then, the left action of B on P induces:

0 0 r 0
t t' vt _ . t
( ) (Gw aAt ) B Gu) 8At/ - (B G)u) 8145}’

w

so the left action on T'P is left multiplication on elements of the Lie algebra.

We compute now the transition functions for TP. We let U, and Ug be
trivializing neighborhoods as usual. Suppose on U, we have a coordinate system
(20, Aq) of Ply, and on Ug we have a coordinate system (z, Ag). From the
computation of the transition functions of P we know that:

zg:zg( L e Z0),
at = | g (3.6)
w,B azw/ Zar s R s w,o” :

We compute now the transition matrix for TP. Because of the local triviality
condition for principal bundles, it is going to be a block matrix. Indeed, from
(3.6) we get:

o 0| 0

0AL,, 0zl |40AL
b az’g 9 6222 . o
D2k 02| g0z T 92002y | DAL,

And the transition matrix from TP|y, to TP|y, has the form:

Fd

2.t
825 o 0%z . G 825
zk|s)’ 0zhoz2" | )7 0zt o)
We can finally compute the transition matrices for the Atiyah sheaf of Nz ar,
defined as T P/G where the action we are referring to is the left action of GL(n—

) on P. Since we are quotienting by GL(n — ) we have that an equivalence
class ¢ can be represented in a trivialization by

where:

(z,¢',...,6", A, B)

as well as by
(z,&',...,€"id, A" B).

We have then that the transition matrix block F' becomes:

82zt
F= A .
<8z§8z}f s>

Calling C := A~!'B and changing trivialization:

azﬁ e 0z} ok 9?2
0zl |7 )\ 0z |g) \"*0zk0zY | 4

t
v 0z 5
w £

o0zt

J)



72 CHAPTER 3. EXISTENCE OF PARTIAL HOLOMORPHIC...

Again, passing to the quotient we can reduce the third entry to the identity:

ozk| t’ 0221 Lot | 02t
(7o | eooi0 (52| gmocg .+ oot ap ) @7
02!, | ¢ 0z |5 02502 | 5 0z5 | 5028 |5
dzk | a9zt 922t
B i k 9% B t
= : d — C 3.8
(x7 82& s oul k) (€a 822 Sazgazé‘u S) + ’u)) ( )

Finally, we can compute the Atiyah class: the Atiyah class is the obstruction to
find a splitting of the following short exact sequence:

0 4>H0m(N]~',M7N]~',1W) - AN]-',M S Ts——0,

where 7 is the map induced by the bundle projection 7 : P — S. This means
that we have to compute the image in

H'(U,Hom(T'S, Hom(Nz ar, N£ar)))

by the coboundary map 6* (Theorem 1.3.9) of the identity in H°(Hom(T'M|s,TM]|s)):

6*{Ua,dz§ ® a} = {Ua,&dz’g ®2 —dzF @ 8}

0zk Dz} 0zk
0% o
=L Upp, d2h @ — — d2d @ —0 —
{ 8, 4% ® 6z§ Zo & 023 azg
8zg 322;;

" B2l 00w Sd%@“gm“ﬁ}
@ @

_fy . 0 9%
IR 0zt 92602

dzb @ wg ® 8t175}. (3.9)
s

Following [4] and Section 3.1 we can define the partial Atiyah class. This class
is defined as the obstruction to the splitting of the short exact sequence

0 — Hom(Nz as, Npas) —> ANp yy.f —> F —>0 ,
where Ay, ,, r := 7 '(F). This cohomological class is the obstruction to the

existence of a partial holomorphic connection with respect to F', which is the
class:

6zt/ 8222 .
Uy, — 2o~ Azt @ w? @Oy 5 b, 3.10
{ 0k Dz | TS ”3} (310

where the only difference lies in the range of the indices, p = m+ 1,...,n in
(39)andi=m+1,...,m+1in (3.10).

3.3 Tangent sheaves of infinitesimal neighbor-
hoods

In this section we shall define what we mean by tangent sheaves of infinitesimal
neighborhoods and study some of their properties. We are going to use the
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notion of logarithmic vectors field, introduced in [29]. The sheaf of these vector
fields can behave badly if the subvariety S they leave invariant is non regular.
In the rest of the section S is assumed to be a submanifold. We refer to Section
1.10 for the definition of k-th infinitesimal neighborhood and the notation.

Definition 3.3.1. A section v of T, is called logarithmic if v(Zg) C Zg. The
sheaf Tps(log S) := {v € Tasr | v(Zs) C Zs} is called the sheaf of logarithmic
sections and is a subsheaf of 73;. The tangent sheaf of the k-th infinitesi-
mal neighborhood, denoted by Tg(), is the image of the sheaf homomorphism
Tu(log S) ®e,, Osk) = T Doy Os(ky and is a sheaf on S.

Remark 3.3.2. If a point & does not belong to S, the stalk 73s(log S), coincides
with Ta .. Suppose we have an atlas adapted to S; if z € S the stalk T3, (log S),
is generated by
, 0 0
© 925 9ap

Then a section v of Tg) is written locally as:

v=a" kg 0Pl g

where the a” belong to Zg.

Remark 3.3.3. In the following, given a section v of Tg(x) and an open set U,
of M intersecting .S, we shall denote by 0, a local extension of v to U, as a
section of Tas(U,); given an atlas adapted to S it is possible to build such an
extension on each coordinate chart. If the open set is clear from the discussion
we shall denote the extension simply by . Please note that such an extension
is not only a section of T3,(U,) but also a section of T3, (log S)(U,). Taken an
extension 0, denoted by [1]x11 the class of 1 in Og)(Us) we shall denote its
restriction to the k-th infinitesimal neighborhood by

V® [1]k+1~

We prove in Lemma 3.3.4 that this notation is consistent with the fact that the
sections of Tg(x) act as derivations of Og(x). Moreover given two open sets U,
and Ug such that U, NUg N S # ) and taken two extensions 0, and v of a
section v of Tg(x), respectively on U, and Ug, it follows from the definition that
on U, NUg we have the following equivalence:

V=TV ® [1]k+1 =08 Q [1]k+1~ (3.11)

Lemma 3.3.4. The sections of Ts(k) act as derivations of Og ). Furthermore,
given two sections v, w of Ty, their bracket, defined on each coordinate patch
Uy such that Uy NS # 0 as

[V, W] 1= [Ua, Wa] @ [1]k11
where the bracket on the right side is the usual bracket on Tyur, is a well defined
section of Ts(k)-

Proof. Let v be a section of Tg(x) and f a section of Og1). Let U, and Ug two
coordinate patches of an atlas adapted to S such that U, NUgNS # (). On U,

we take representatives f; and fo of f and an extension 9, of v. We define:

o(f) = Ba(f1) @ kst = [Ba(f1)]kr1-
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We check now that this does not depend on the extension chosen for f:

'Ea(fl) - '[}oz(fQ) = ﬁa(fl — f~2) = ﬁa(hT1,»...,rk+1ZT1 . ZT‘k+1).
Since 7, is logarithmic, then

Vo (Mry gy 270 2"61) € TgMTE

5Tk+1

and
(Ta(f1) = Ta(f2) ® [rs1 = [0]xt1-

Now, let 9, and o}, be two extensions of v. Suppose w1 q, - . . , Wy, are generators
for Tas(Uy). By definition:

~/ h
Vo — Ua = gawh,cw

with gh € Zs* 1 for each h. Then:

(o = 75)(f1) ® W41 = gowr.a(f1) @ [Urs1 = wra(f1) @ [g5]ks1 = [0]pt1.

This implies also that if we take extensions 9, and g and representatives fa
and f~5 for f on U, and Ug respectively we have that on U, NUg the derivation
is well defined.

We prove now the bracket is well defined; if u and v are sections of Tgx) the
bracket is:

[u,v] = [, 0] @ [1]j41.

If %y, 1 are two extensions of u and 71, v are two extension of v then
[t1, 1] — [t2, V2] = [t1, 1] — [, D2] + [tin, Do) — [tia, Vo]

= [t1, 01 — V2| + [U1 — Ug, V2]

As above, we have that
iy — iz = gl Wh.ay U1 — To = thwy q,
with gh t" € Zs" ! for every h. Then:
[y, D1 — Do) +[ty — T2, Do) = [y, thwp o] + [ghwh,a, D2
= Uy (t))Wh,o + th[01, wh o] — D290 Wh.a + gh[Wh o, Ta]. (3.12)

Since both v; and us are logarithmic, the restriction to the k-th infinitesimal
neighborhood of (3.12) is 0. O

3.4 The concrete Atiyah sheaf for the normal
bundle of a foliation in the ambient tangent
bundle

The Atiyah sheaf is an important geometrical object first defined in [6]; we
explicited the construction in Section 3.1. In Proposition 3.1.4 it is proved that
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the existence of a holomorphic connection for a vector bundle E is equivalent
to the splitting of the following sequence:

0 - Hom(E,E) —» Ag - TM — 0, (3.13)

where Ag is the Atiyah sheaf of F; moreover we proved that the obstruction to
the existence of partial holomorphic connections for a vector bundle F along a
subbundle F is equivalent to the splitting of the following sequence:

0 —— Hom(E, E) Ag F 0. (3.14)

s

Remark 3.4.1. In our case, we have to replace E with Ng as; in Section 3.2 we

computed this obstruction. In an atlas adapted to S and F, in Cech-de Rham
cohomology the class is represented by the cocycle

U azg 8222 d 7 ® w ® a
— - z w ’
aps 0z 025028 |4 A vB

where {0; o} is the quotient frame for Ng ps in U, and w, is the dual frame for
NF,M on Ua

In paper [4] a more concrete version of the Atiyah sheaf is built; we follow
their construction. We refer to Section 1.10 for the notation.

Definition 3.4.2. Let S be a not necessarily closed complex submanifold of M
and F a foliation of S. Let Tas s(1) := Tm @0, Osy and Tar,s = T @, Os;
if 61 : Os1) — Os is the canonical projection, we denote by ©; the map
id®601 : Tar,s(1) — Tu,s - Let ’7']\]4:75(1) := ker(pr 0O;) the formal extension of
the foliation, where pr is the quotient map in the short exact sequence:

Titsq) — Tars) (3.15)
(S
0 F L Ts — 2 Nopar —— 0.

As in [4], we define a more concrete realization of the Atiyah sheaf for the
sheaf Nz ar.
Remark 3.4.3. By definition @1(7‘]\53(1)) is contained in the kernel of pr, so,

by exactness of sequence (3.4), it is contained in the image of F. Moreover,
for each v € F, at least locally, the element ¥ ® [1]2 belongs to Tz\?su) and is

projected by ©; to i(v). So, @1(7’]\{;5(1)) =i(F).

Remark 3.4.4. Suppose we have a coordinate system adapted to S and F (Def-
inition 1.8.16). Then v belongs to 7']\];5(1) if and only if v = [a¥]20/02*, with
[a']y = 0, where t = 1,....,m,m + 1+ 1,...,n. Analogously v belongs to
Is TAJ/[TSO) if and only if v = [a%]20/02", where a} € Zg fori=m+1,...,m+1.

Lemma 3.4.5. Let S be a complex submanifold of a complex manifold M and
F a foliation of S. Then

1. every v in TJ\J}:S(l) induces a derivation g — v(g) of Os(1);
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2. there ezist a natural C-linear map { -, - } : Ty 51y ® Tir sy — Tarsq)
such that

(a) {u,v} = —{v,u},

(b) {u, {v,wi} + {v,{w,u}} +{w,{u,v}} =0,
(¢c) {gu,v} = g{u,v} —v(g)u,, for all g € Os()
(d) ©1({u,v}) = [O1(u), O1(v)].

Proof. 1. Let (U;2z',...,2") be a coordinate chart adapted to S and F. An
element v = [ak]Q% € Tu,s(1) belongs to TAJZS(U if and only if [a']; = 0.
Remembering Remark 3.3.2 we see that v belongs to 7Tg(;) and Lemma
3.3.4 gives the assertion.

2. We define { -, - } by setting

{u, v}(f) = w(v(f)) — v(u(f)),

for every f € Og(1)- Please note that, since u and v belong to Tgs(1)
this bracket coincides with the bracket defined on 7Tg(1); the first three
properties are proved exactly as for the usual bracket of vector fields, while
the fourth follows from a simple computation in coordinates. Suppose
(U; 2, ..., 2") is a coordinate chart adapted to S and F, u = [ak]2%7 v =
[b*]252F with [af]; = 0 and [b]; = 0. First of all we compute the Lie
brackets on TJ\]4:,S(1) in coordinates:

k k
{u,v}z[ahab —bhaa} 0

= W

ob” bt da™ da"] 0
|t i _ ot ot
_[a 0zt T 0z b 0zt b 821']28,2“

“ 0zt ozt

+[tabﬂ‘ 8aj] ) {Zﬁbj biaaﬂl )

- . bt e— P ..
“ ozt 0zt |, 029 5027

Please note that the coefficients in the first two summands of the last
expression all belong to Zg /Ig Therefore:

= [01(w), ©:1(v)]-

@1({u’v})_{i8bj biaaj} 0

“ 0z 9z 1@
O

Remark 3.4.6. In general, given two vector fields u, v in Tys (1), we can define
a bracket as [u, v](f) = u(v(f)) —v(u(f)), for f € Og(1). Please note that this
bracket is not a well defined section of Ty (1) but only of Ty 5. In other words
[u(v(f)) — v(u(f))]2 is not well defined, while [u(v(f)) — v(u(f))]: is.

Lemma 3.4.7. Let S be an m-codimensional complex submanifold of a complex
manifold M of complex dimension n and F a foliation of S. Then:

1. ue T]\;S(l) is such that pr([u,s]) = 0 for all s € Tass(1y if and only if
U GISTI\J/IT,SU);
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2. ifuels TJ\JZS(l) and v € T]&S(l) then {u,v} € Zg TA§,8(1)5
3. the quotient sheaf
A= TI\J/[T,S(l) /Zs TJ\J:I:,S(l)

admits a natural structure of Og-locally free sheaf such that the map in-
duced by ©1, whose image lies in F, is an Og-morphism.

Proof. 1. Writing u = [a*]s 2%
we have:

with [af]; = 0, and s = [bh]Q% € Tar,s(1)s

obt dat] O
_ S N, Tt
pr(fuss)) = |5 b asz 2

If u belongs to Zg TAJ;S(D clearly pr([u, s]) = 0.

Conversely, let u be such that pr([u,s]) = 0 for each s € Tasg(1). We
claim it belongs to Zg ’T]ﬁ’s(l). We know that u belongs to T]\;[:,S(l)’ SO
[a']; = 0. Taking s = 9/9z", we see that [Ja’/dz"]; = 0. Now, we take a
representative hsz® for the class [a!];. Computing:

da' Ohs s
0= {87;’“]1 - {8232 +h55r]1 = ol

So, for each s, we have that hs belongs to Zg, implying that [at]z = 0. Let
now s = [zj]ga%17 for j=m+1,...,n. Then

Oat] O ] 0 .0
0=—|z—| 55+ |d"0]| 5 =[d/hi =~
[Z 6‘21]182t * [a k} 021 [a ]18,21’
where the last equality follows from the preceeding step, where we proved

that [a']z = 0 and thus that {‘M] = 0. So, [a’]; = 0 and u belongs to

oz1
1
Is Tz\];,su)-

2. This follows by a direct computation in coordinates.

3. The sheaf T]v];)s(l) is an Og(1)-submodule of Ty (1) such that g-v belongs
to Zg TJ\J/IT,S(l) for every g € Zs/Z2 and v € TA§7S(1). Therefore the Og(1)
structure induces a natural (g-module structure on A.

Recall T; ]g; S(1) is generated locally, in an atlas adapted to S, by 9/927, with
j=m+1,...,m+1 and by [2"]20/0z°, with r and s varying in 1,...,m.
Then, the sheaf A is a locally free Og-module freely generated by 7(52;)
and ﬂ([zs]g%), where 7 : TI\J;Sm — A is the quotient map. Moreover,

Is TJ\“;' S(1) lies in the kernel of ©; so O factors through a map that we
will denote again by ©1 : A — F, which is clearly an (Og-morphism.
O

Definition 3.4.8. Let S be a complex submanifold of a complex manifold M
and let F be a foliation of S. The Atiyah sheaf of F is the locally free
Og-module

A= Tz\jxff,sa) /Ts T]\j/IT,S(l) :



78 CHAPTER 3. EXISTENCE OF PARTIAL HOLOMORPHIC...

Theorem 3.4.9. Let S be a codimension m submanifold of a complex manifold
M of dimension n and let F be a foliation of S. Then there exists a natural
exact sequence of locally free Og-modules

0 — Hom(Ns, Np.a1) A2 0.

whose splitting is equivalent to the splitting of the sequence (3.14) taking Nz m
as E.

Proof. We work in a chart adapted to S and F. The kernel of ©; is locally
freely generated by the images under 7 : 7T J\]; sy A of [23]5 8‘; . We would
like to understand how the generators behave under change of coaordinates, to
see if ker(©1) is isomorphic to any known sheaf of sections of a known vector
bundle. We compute the coordinate change maps:

2k z
B 028 sn [075] 0
=([az 5] o3)
s W
where the last equality in (3.16) comes from the quotient map and the one in
(3.17) comes from the newly acquired structure of @g-module. As a conse-

quence, the kernel of ©; is isomorphic to Hom(Ng, Nz ar).
Now, if we define local splittings of the sequence by setting

(52) ()
Oaq| —= =T\ —
023, 023,

and extending by O g-linearity, we can compute the obstruction to find a splitting
of the sequence:

wr=en(55) = (55) - ([53] 7%)
? “ (%é g Bzé “ 822 1028,
~o(55) - [52] = (5%)

p 822 8,2% 1 “\ 9z},

(52) - 1521 -(%)

82% 82’% AN

([52].5%) —~([5557.7%)

=7 |—%| — | =7 . —

82’% 5 02%, azgazg A 5 02%,

_ { 0zt 822L”<[23]2a(2t)' (3.18)

0z, 8,2;3 0z,

Please remark that, since Bz};/azg lies in the ideal Zg for t =1,...,m,m + 1+
1,...,nand j =1,...,n it follows that
a9zt

P9.J
8zﬁ82ﬁ
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fort=1,....mm+I1l+1,....,n,5=1,...,nand p=m+1,...,n. Therefore
we have that ot
ZO[
awaj] =
L Zﬂ Zﬁ 1

fort,w=1,....mym+1l+1,...,nand j=1,... nif and only if

A

9250 j] =0k

LOZ30Z511
fort,w=1,....mm+Il+1,....n,7=1,....,nand r =1,...,m. Hence, class
(3.18) vanishes if and only if (3.10) vanishes. O

It is easily noted that in the case F is the tangent bundle to S the Atiyah
sheaf of F is nothing else than the Atiyah sheaf of S, defined in [4].

Definition 3.4.10. Let F be a sheaf of Og-modules over a complex manifold S,
equipped with a Og-morphism X : F — Tg. We say that F is a Lie algebroid
of anchor X if there is a C-bilinear map { - , - } : F & F — F such that:

1. {v,u} = —{u,v};
2. {u, {v,w}} + {v, {w,u}} + {w, {u,v}} = 0;
3. {g-u,v} =g -{u,v} — X(v)(g) -ufor all g € Og and u,v € F.

Definition 3.4.11. Let £ and F be locally free sheaves of @g-modules over
a complex manifold S. Given a section X € H(S,7s® F*), a holomorphic
X-connection on £ is a C-linear map X : £ — F* ®& such that:

X(g-s)=X"(dg) @ s+ gX(s),

for each g € 05 and s € £, where X* is the dual map of X. The notation X,(s)
is equivalent to X (s)(v). .
If F is a Lie algebroid of anchor X we define the curvature of X to be:

R, u(s)=X,o0 XU(S) — X, 0 Xu(s) — X{W,}(s).

We say that X is flat if R = 0.

Proposition 3.4.12. Let S be a complex submanifold of a complex manifold
M and F a holomorphic foliation of S. Then:

1. the Atiyah sheaf of F has a natural structure of Lie algebroid of anchor
©; such that
01{q1,92} = [©1(q1),O1(q2)]

for all q1,q2 € A;
2. there is a natural holomorphic ©1-connection X : Ney — A* @ Nz m

on Nz m given by )
Xq(s) = pr([v,3])

for all g € A and s € Ng p, where v € 7;\];75(1) and 8 € Ty 51y are such
that w(v) = q and pro©1(3) = s;



80

CHAPTER 3. EXISTENCE OF PARTIAL HOLOMORPHIC...

3. this holomorphic ©1-connection is flat.

Proof. 1. We set

{qh CI2} = 71—({”17/02})7
where v; € T]é}:s(l) are such that ¢; = 7(v;), for ¢ = 1,2. This is well
defined: if ¢ = 0, then vy is in Zg TZ\JZS(l) and then, by 2 of Lemma

3.4.7 we have that {q1,¢2} = 0. The other properties follow directly from
Lemma 3.4.5.

. We check the connection is well defined. Suppose now ¢ = 0; this means

that v € Zg Tzvisu)? then, by Lemma 3.4.7.1, we have that pr([v, §]) = 0,
for every 5 € Tas,s(1). Now, if pro©;(8) = 0, we have that 5 € Tﬂis(l), SO
{v, 3} is in T]\]/[:,S(l)7 which implies that X, (s) = 0.

We check now it is a ©1-connection. It is Og-linear in the first entry since:

Xi1i(8) = pr(([fl20. 3]) = pr([f]1[v, 3] = 5([f12)01(v)) = [f11. X, (),

where the last equality comes from the fact that v belongs to T; 1\74: (1)
which is the kernel of pro©;. We check the ©1-Leibniz rule for the second
entry:

Xq([fls) = pr([vj [128]) = pr([f1[v, 8] + v([f]2) - ©1(5))

= [f11X4(s) + ©1(g)([f11) - s,

where the last equality comes from the equality:

[v([fl2)l = ©1(v)([f]1) = O (m(v))([f]1);

for every [f]2 € Og(1) and for every v € T]\j/ffsu)' Thus, X is a holomorphic
©;-connection.

. We compute the curvature:

anqz (S) = Xﬁ © qu (S) - qu © Xth (8) - X{qqu}(s)

= pr([u, pr([v, 3))]) — pr([v, pr([u, a))]) — pr([u, v], 3]).

As we proved before, the connection does not depend on the extension
chosen for the second entry, so we can rewrite the expression as:

pr([u, [0, 8]]) = pr([v, [u, 3]]) = pr([[u, v], 3]).

Computing in coordinates, it follows from the usual Jacobi identity for
vector fields that it is identically 0.
O

Definition 3.4.13. Let S be a complex submanifold of a complex manifold
M and F a foliation of S. The holomorphic ©- connection X N M
A* QN #,M just introduced is called the universal holomorphic connection
on Nz .

Remark 3.4.14. In the next chapter we find some conditions under which the uni-
versal holomorphic connection induces a partial holomorphic connection along
a subbundle on A/ as.



Chapter 4

Holomorphic foliations

Remark 4.0.15. In this chapter we follow the Einstein summation convention;
for an explanation of the different ranges of the indices, refer to Section 1.1.

4.1 Foliations of infinitesimal neighborhoods

We have seen in Section 3.3 how to define the tangential sheaf to an infinitesimal
neighborhood and how on this sheaf there exists a well defined bracket oper-
ation. We are going to use the notion of logarithmic vectors field, introduced
in [29]. The sheaf of these vector fields can behave badly if the subvariety S
they leave invariant is non regular. In the rest of the section .S is assumed to be
a submanifold. We refer to Section 1.10 for the definition of k-th infinitesimal
neighborhood and the notation.
Therefore, the following definition makes sense.

Definition 4.1.1. Let M be a complex manifold of dimension n and S be a
complex submanifold of codimension m. A regular foliation of S(k) is a rank
I (with I <n —m) coherent subsheaf F of Tg ), such that:

o for every x € S the stalk Tgu) / Fr is Og(k),o-free;

e for every x € S we have that [F,, F.| C F. (where the bracket is the one
defined in Lemma 3.3.4);

e the restriction of F to S, denoted by F|g, is a rank [ foliation of S.

Remark 4.1.2. Please note that the third condition is a simplifying condition:
in the paper [12] a lot of work is devoted to clarify and explain the concept
of extension of a foliation and our definition is a particular case. We want to
avoid the following situation: let U be an open neighborhood of the origin in
C?, with coordinate system (21,22) and let S = z; = 0. We take a subbundle
of Ts(1) generated by [21]20/021,0/02;. Clearly, it is involutive with respect to
the bracket defined above, but its restriction to S gives rise to a rank 1 foliation.

The main tool of this section is the Holomorphic Frobenius Theorem 1.8.9.
Lemma 4.1.3 is a tool we use in proving the Frobenius Theorem for foliations
of the k-th infinitesimal neighborhood.

81
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Lemma 4.1.3. Every reqular foliation F of S(k) admits a local frame which can
be extended locally by commuting vector fields, i.e., for every point x € S there
exists a neighborhood U, of x in M and commuting sections W41, - - -y Winti Of
Tar on Uy such that w; := w; ® [1]k+1 are generators of F(U, N S).

Proof. Let x be a point of S; we take a coordinate patch (U, ¢) centered in z,
adapted to S and F|gs (Definition 1.8.16). Let {v;} be a system of generators
of Fin U, and {9;} be vector fields extending them. Call D the distribution
spanned by the v;’s. We complete the frame {9;} to a frame {04} of TM, taking
as 7, the coordinate fields 9/9z¢. Now, we choose holomorphic functions fF such

that:
0

azh"
Please remark that the matrix A := (f}) is a matrix of holomorphic functions
acting on the right:

B = fo

0 0
ot 0 = |y, = -
0z1 oz"

By hypothesis we know that A is non singular in x, so there exists a neigh-
borhood U of x such that this matrix is invertible with inverse a matrix of
holomorphic functions. Let (gﬁ) be its inverse matrix. We define w; = ¢} 9; and
we denote by w; := W; ® [1]x+1. Each one of the w;’s belongs to the module
generated by Upa1,--..,0m+ti, S0 leaves the ideal of S invariant. This implies,
thanks to Lemma 3.3.4, that

[wi, w;] = @3, ;] ® i1 = [g} 00, 7 55:] @ [Ups1 € F -
We claim now that the w; generate D and therefore, when restricted to S(k)

generate F. Let 7 be the projection (z!,...,2") + (2™ ... 2m*!) and 1T =
m o ¢. We have:

9 0 0
= — ~ t | = k& = ~— | =
I, (w;) = IL.(w;) + g1, <5Zt> 1L, (g; 0x) = 1L, <azi> 02

so the w; generate D. Moreover, by naturality of Lie brackets, we have that
IL. ([w;, w;]) = [ILc(@;), I (25)]
The mapping IL. induces a map IL x : Tar @ Osx) — Og(k), given by:

I (0 ® [1s1) = IL(3) @ (s

This map is injective when restricted to F; since [w;, w;] € F and IL, i ([w;, w;]) =
0 we have that |[w;,w;] = 0. We want now to modify the w;’s to obtain
l independent commuting sections of F, without changing their equivalence
class. Therefore, we look for extensions of the w;’s which satisfy the thesis of
the theorem, proceeding by induction on the number of sections. If I’ = 1,
we can take any extension of w,,11 (every vector field commutes with itself).
Suppose now the claim is true for I’ — 1 sections. Then, by the Holomor-
phic Frobenius theorem, there exists a coordinate chart adapted to .S in which
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Wiy = 0/02™ L Wy 1 = 8/82’”“/*1. Now, since the w; are commut-
ing when restricted to S(k), if

) 0
Wint1r = [9”]k+1@ + [f’]k+1@7

we have that:

g’ lkrr 0 OfNerr 0 {agv} 0 [afj] 9
k1 k1

0zv

[Ol+1 = Ozt Ozv 0zt 92 |9 9zt 029’

where 4 ranges in m + 1,...,m + 1’ — 1. The last equality tells us that:

v J )
89 = ™ L gTRHL Y . 3f = " gtk .
Ozt 1,0 3 Th41,0 7 Ozt Tl Th41,0"

We have to find g¥, f7 representatives for the classes [g%]x41,[f7]x+1 such that

95" 0 N of7 o
T 021 9z 9z 927

We do that for one of the g"’s, the method applies to all the other coefficients.

Now, g¥ = g* + 2" -+ 2"+ hy)  ryiqy SO
~v v B
%9 = % 42T TR ah”"'””“
0zt 0zt 0zt
hv
— STl TRV ) TU, L Tkt T ThAL
=z z hr1 _____ _—— +z z B .
Therefore, the problem reduces to finding a primitive by, . . for the 1-form
— v %
w = —hr1 ”__’Tkﬂ,idz ,

where the other coordinates are considered as parameters. If we denote by 9
the holomorphic differential and supposing, without loss of generality, that U
is simply connected and centered at © € S (i.e. ¢(x) = 0) we have, by the
Holomorphic Poincaré Lemma, that this primitive exists if and only if w is
closed. Therefore we need to check that the mixed partial derivatives coincide:

v . 2 v 2 v v .
”---zrk“ah”’“'“*”— 09" _ 09" _ Tl...zrmm

0zJ T 021028 T 921020 0zt

z

Then, the primitive exists and is defined in U by:

v 1 ny __ B 7
hrl,...,rkJrl (Z yeea R ) - / h’rl,...,rkJrl,idZ )
Y

where 7 is a curve such that v(1) = (21,...,2") and v(0) = 0. O

As a simple consequence of the Lemma, we have the Frobenius Theorem for
k-th infinitesimal neighborhoods.
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Theorem 4.1.4 (Frobenius Theorem for k-th infinitesimal neighborhoods).

Suppose S is a non singular complex submanifold of codimension m in a complex
manifold M of dimension n and suppose we have a reqular foliation F of S(k) of
rankl. Then there exists an atlas {Uq, ¢o }adapted to S such that if UoNUgNS #

0 then:
{823

825} k1

fort=1,....mm+1+1,....nandi=m+1,...,m+1 on U, NUsg.

Proof. We take an atlas adapted to S and extensions ¥; o as given by Lemma
4.1.3. By the usual Holomorphic Frobenius theorem, there exist a coordinate
system (modulo shrinking) on U, such that

0 0

Wm+1,a0 = Wa'
@

<y Wmtl,a = W
«

We take such coordinate systems. Since we are dealing with a foliation of S(k)
we have that w; o = [¢]],41w; 3. Hence:

oat )
{a; } =15 ® [e1(2h) = wip(2) = [clles1w)a(2h)
B k41
J ~ t j azzty j ot
=[clk+1Wj,0 ® [Ur1(ze) = [Gle+r | 5| =6 55]r+1 = [0 41
Ozal k41

Remark 4.1.5. Tt is easily seen that the existence of an atlas satisfying (4.1) im-
plies the existence of a foliation of Tg 1), generated on each chart U, intersecting
S by {[k1 ®0/02mFL . [1ks1 ® 0/0zm T}

Definition 4.1.6. We say that a foliation F of S extends to the k-th in-
finitesimal neighborhood, if there exists an atlas adapted to S and F such

that: .

r’ﬁ} _0

0z, ka1
fort=1,....mm+I+1,...,nandi=m+1,...,m+1lon U, NUg.

In the special case F = Tg we say that S has k-th order extendable tangent
bundle.

Remark 4.1.7. Let M be a complex manifold, F a regular foliation of M. Every
leaf of F has k-th order extendable tangent bundle for every k.

Remark 4.1.8. For a submanifold S having first order extendable tangent bundle
is a strong topological condition. As a matter of fact, as we will see in section
5.4, this implies the vanishing of many of the characteristic classes of the normal
bundle of S.

Remark 4.1.9. As you can imagine, if a submanifold S has first order extendable
tangent bundle, it is likely that every foliation on S extends to a foliation of
the first infinitesimal neighborhood. A result in this direction can be found in
Corollary 4.4.5.
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4.2 Singular foliations of infinitesimal neighbor-
hoods

This section is devoted to adapt a couple of definitions given in Section 1.8 to
the case of foliations of infinitesimal neighborhoods.

Definition 4.2.1. Let M be a complex manifold of dimension n and S be a
complex submanifold of codimension m. A singular foliation of S(k) is a rank
I (with I <n —m) coherent subsheaf F of Tg ), such that:

e for every x € S we have that [F,, F,] C F, (where the bracket is the one
defined in Lemma 3.3.4);

e the restriction of F to S, denoted by F|s, is a rank [ singular foliation of
S.

Definition 4.2.2. Let F be a singular holomorphic foliation of S(k). We set
Nz = Ts) / F and we denote by S(F) := Sing(Nz) the singular set of the
foliation.

Definition 4.2.3. Let F be a singular foliation of S(k). We say F is reduced
if it is full in T3, i-e., for any open set U in S we have that

(U, Tsy) ND(U\ S(F), F) =T(U, F).

Lemma 4.2.4. Let S be a submanifold of M and let F be a singular foliation

of S(k); then there exists a canonical way to associate to it a reduced singular
foliation of S(k).

Proof. We cover now a neighborhood of S by open sets {U, } such that Fy_ns is
generated by v1 4, ...,V and on each U, we can extend the v; , to logarithmic
vector fields 9; o on Uy. On U, the 9;, define a distribution with sheaf of
sections D,; please remark that this is a sheaf on U,, not on the whole M.
We define Np, = Tum v,/ Da and denote by S(D,) the set of singularity of
Np, . In general, this distribution may not be reduced, i.e. IT'(Uy, Tar) NT'(Uy \
S(Da);Da) # T'(Us, Da). We take now the annihilator (Dy)® = {w € Qs |
w(v) = 0 for every v € Do }. If we take its annihilator D, := ((Da)*)* = {w €
T | w(w) = 0 for every w € (Dy)*} we get now a reduced sheaf of sections of
the distribution, generated by sections i q,..., W ; We can take the same [
because, since we are dealing with coherent sheaves, the rank is constant outside
the singularity set.

Since I'(Us, Do) C I'(Ua, Do) we have that, 0; 4 = (ha)gu?jﬂ, where (ha)f
is a matrix of holomorphic functions that may be singular on a subset of U,
of codimension smaller than 2, contained in S(D,). Remark also that S(F) C
S(D.) and that the @, o are logarithmic vector fields.

We want to check now that D, ® Osk) l(w.ns)\s(F) generates F and is invo-
lutive. We will denote the restriction of w; , to the k-th infinitesimal neighbor-

hood by w; 4. Indeed, outside the singularity set, the matrix (hy)] is invertible

as a matrix of holomorphic functions, with inverse (ga)é which implies that the
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w;.’s generate F. We check the involutivity:

[wi,av wi’,a] Y [ ]k+1 —[(ga) j,as (ga) UJ a] & [1]k+1

=[(g0)r41Vj,0 ([(9)3 k1) 057
[(ga) ]kJrlUj a([(9a )j]k+1)vj0t
+ [(90)2 V41 1(90) V11 (07,0 V1,0

Remark that (ga)g is a matrix of meromorphic functions on U, (this follows
from the Cramer rule for the inverse of a matrix), and its inverse is a matrix of
holomorphic functions. Now, for each v;, we have that

v 11 -1/ 5!

V5,0([(9a)i k1) = =1(9a)ir Jk+15,0 ([(Ra)jr k1) [(9a) ikt 1,

and therefore:

[(ga) ]k‘HUL ([(ga)g//)]kﬂ)v»/
(e Dhr {002 Tetr2 0 ([ (re )i ) (90 105

= — [(9a)? Ik+1wia([(ha) s ]kr1)wir o
A similar reasoning holds for the second summand in the involutivity check. If
we denote by [ ]k+1 the elements of Og(j) such that
[V, V0] = @] 100
we have that:

~/

[(90)2 k1 [(90) k41 (V)05 vi7 0]
= — [(90)2 Jes1[(90) N1 [0 Jis 10
— [(g0)d Ik 1[(90) k110 3 ke [(ha) i k1 win o

The point these computations prove is that [W; o, Wir o] @ [1]k4+1 belongs to the
module generated by the w; ’s over the meromorphic functions. But, a priori,
we know that this bracket is a holomorphic section of 7g(;) and therefore it
belongs to the Og(1)-module generated by the w; o’s. O

Remark 4.2.5. By the proof of the Lemma above and by 1.8.15 we have an
important consequence: each one of the extensions w; o, has a singularity set of
codimension at least 2.

4.3 2-splittings submanifolds

In this section we will give some new insight on the notion of 2-splitting (Def-
inition 1.10); many of the results in this section are strictly connected with
those in [4, 5]. The main idea is that, given a 2-splitting of a submanifold,
there exist maps which permit us to project vector fields transversal to the first
infinitesimal neighborhood into vector fields which are tangential to the first
infinitesimal neighborhood. Recall that when we have a splitting submanifold,
we have a lot of really interesting properties; recalling Proposition 1.10.5, the
following definition makes sense.
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Definition 4.3.1. Let S be a submanifold splitting into M if F is foliation of
M of rank [ strictly smaller than the dimension of S, if we denote by ¢* the
map from Tas s to Ts given in Proposition 1.10.5, we shall denote by F7 the
coherent sheaf of Og-modules given by

F7=0"(Fls).

We shall say that o* is F-faithful outside an analytic subset ¥ C S if F°
is a regular foliation of S of rank [ on S\ 3. If ¥ = () we shall simply say that
o* is F-faithful.

We refer to [4] for a treatment of F-faithfulness in the case of splittings.
Assume that o* is F-faithful: an interesting question is whether there exists a
sufficient condition for F? to extend to the first infinitesimal neighborhood. A
simple way to obtain such an extension would be to find an analogue of ¢* from
Ta,s(1) to Ts(), which restricted to Tas s coincides with o*. First of all, we
can suppose we are working on a splitting submanifold .S. Then, we look for a
splitting of the following sequence:

0= Tsa) = Tm,s) — Nsay — 0, (4.2)

where Ns(1) is the quotient of the two modules.

Remark 4.3.2. Let (Uq, 2L, ..., 2") be a coordinate system adapted to S. Please
remember Remark 3.3.2; since S is a submanifold the ideal of S is generated by

2L, ...,z and we have that Ts(1) is generated in U, by:
SRR
2025 9am L n

while Tz 5(1) is generated on U, by

9 .9

9z oz
Let 0y« be the image of 9/0z], in Ng(1) and w}, its dual element. Now let
0

29 %
k
ozk

v =[fa]

be a section of Ty s(1); we can see that the image of v in Ag(1) is nothing else
than [f7]10, . We denote by [v] the equivalence class of v in Ng(1); please note
that, given a function [g]s in Og(1) the Og(1)-module structure is given by

[9]2 - [v] = [01([g]2) - v].

We compute now the transition functions of Ng(1); if we are in an atlas adapted
to S we have that z5, = hj 5 ,.25. We have that:

b= [ 9 ] B {82’5 a} B [azg ) ] _ {8(h35,r,zg,) 5

' oz, ozl 82’5 0z;, 0z oz, 0z
8(h3¢ﬂ T') ! 8 ’ 8
— ) r Y s or | = [n® . 5, 4.
[ ozn, P azfj - { as.rOr 322] ag.rlades (43)

where last equality comes from the equivalence relations that define Ng(1).
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Remark 4.3.3. Please note that the transition functions for (As(1))*, as an
Os(1)-module are given by:

w[Sﬁ = [hZﬂ,r]Qw

Please note also that (Ng(1))* is isomorphic to Zg / Is® with the structure of
Os(1) module given by the projection 61 : Og(1) — Os.

Lemma 4.3.4. Let M be a n-dimensional complex manifold, S a submanifold
of codimension r. Sequence (4.2) splits if S is 2-splitting, i.e., if there exists an
atlas adapted to S such that:

{aza =D (4.4)

forp=m+1,....,nandr=1,...,m.

Proof. We have to compute the image in H' (S, Hom(Nsg(1), Ts(1)) through the
coboundary operator of the class {Uy N S,w], ® 0,4} (i-e., the identity) in
H°(U,Hom(Ng(1),Ns@1))). We compute then:

T T a S a
5(Ua,wa ® 67«70,) =wg ® ng — W, & Bzs

=wp ® = 0 Oz [“)zﬂ wpj
A 82@ 8zﬁ 0z,
L ® 0 0z 325 " 8
s 0z}, 9z 0z |, ﬂ 0z)
9z} 923 d
B OZq :| r’
— - w ® _
[823 0z |4 s 0z}
0z} 923 d
B OZq r’
=— — —. 4.5
[&zg 87:2]2 g ®3zg (45)
This class is clearly zero if we are using a 2-splitting atlas. O

Remark 4.3.5. In the last equality of the computation above there is marginal
subtle point. We are using the fact that S is splitting. We saw in Section 1.10
that this implies that in an atlas adapted to S and to the splitting

0% 0z},
€ Ts,
oz % 02b

€ls.

We know also that:
0zk 023

Oz} 0z

=4;.
Restricting ourselves to the 1-st infinitesimal neighborhood we have that:

555 = 82@% B dzr 0z azgaig - dzr 0z
r2 e Oz 02k |, | 025 021 |, 025020 ], |0z 021 |,

using the splitting hypothesis.
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Remark 4.3.6. Looking at how we have constructed the splitting in the former
Lemma, if p is the #;-derivation associated to the splitting of S, we have that
the splitting morphism o* : Tas,5(1) — Ts(1) is given in an atlas adapted to the
2-splitting by: 5 5 5

fk@ = P(fr)azr + fp@-

Now the question is under which conditions the splitting of sequence (4.2) is
equivalent to the existence of a 2-splitting atlas. It seems like the splitting of this
sequence is not enough. Indeed, if we try to follow the usual approach in proving
the argument, as in Proposition 1.10.8, we have some problems. The first thing
we can remark is that the dual of T3/ g(1) is nothing else than Qs ® Og(1). Now,
a splitting of (4.2) implies there exists a map v from Qy ® Og(1) to (Ms(1))* and
since we remarked that (Ng(1))* is isomorphic to Zg /Zs* as an Os(1)-module,
through a map

T (NS(l))* —)Is/Isz.

this gives rise to a splitting of the map
dy: Is /| Is* = Qum © Osq)

which sends an element [f]o of Zg/Zs® into df ® [1]o. Now, there exists a
well defined map ds from On; /s> to Qpr ® Os(1), which sends a class [f]3 to
df ® [1]2. The big problem is that, even if we suppose S comfortably embedded,
the splitting of (4.2) only gives us a map between Og(;) and the image through
the splitting v : Zg /153 — Tg /152 of g /Zs* in T / Ts® and this map is not
surjective. Therefore it is not a 6 ;-derivation splitting the short exact sequence
of morphisms of rings

0——=1ZIs/Is®> — Osa) —= 0s —0.

Remark 4.3.7. To solve this problem we could find under which conditions there
exists a splitting of the map ds : Zg* / Zs® — Q,5(1)- Using such a splitting
and the comfortable embedding we could find a 65 ;-derivation splitting ¢ :
Is /| Is® = Osq).-

Definition 4.3.8. If F is foliation of M of rank [ strictly smaller than dimension
S, if we denote by o3 the map from Tas 5(1) to Ts1) splitting sequence (4.2), we
shall denote by F72 the coherent sheaf of @g(1)-modules given by

F2 = 05(F |sq))-

We shall say that o3 is first order F-faithful outside an analytic subset
¥ C S if Fo2 is a regular foliation of S(1) of rank [ on S\ . If ¥ = () we shall
simply say that o5 is first order F-faithful.

We state some results coming from [4], in particular Lemma 7.5 and Lemma
7.6 about F-faithfulness.

Lemma 4.3.9 ([4], Lemma 7.5). Let S be a splitting submanifold of a complex
manifold M , and let F be a holomorphic foliation on M of dimension equal to
1 or to the dimension of S. If there exists xg € S\ S(F) such that F is tangent
to S at xg , i.e., (Fls)xo C Ts.u, then any splitting morphism is F-faithful
outside a suitable analytic subset of S.
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Lemma 4.3.10 ([4], Lemma 7.6). Let S be a non-singular hypersurface splitting
in a complex manifold M , and let F be a one dimensional holomorphic foliation
on M. Assume that S is not contained in S(F). Then there is at most one
splitting morphism o* which is not F-faithful outside a suitable analytic subset

of S.

Indeed, speaking of first order F-faithfulness we have a simple results which
gives us some insight.

Lemma 4.3.11. Let S be a submanifold 2-splitting in a complex manifold M |
and let F be a one dimensional holomorphic foliation on M. Let o3 : Tar,s(1) —
Ts(1) be the splitting morphism. If 05|s is F-faithful outside an analytic subset
3, then o} is first order F-faithful outside X.

Proof. We check that F72 satisfies the requests of Definition 4.1.1. By hypoth-
esis F72 |g is a foliation of S. Since the rank of F°2 is 1 it is an involutive
subbundle of 7g(1y; moreover, for each point # € S\ ¥ we can find a generator
v of F7? such that v|s is non zero. Therefore, Tg(1),. / Fo? is Og(1)-free. O

Directly from this last Lemma and Lemma 4.3.9 we have that.

Corollary 4.3.12. Let S be a splitting submanifold of a complex manifold M,
and let F be a holomorphic foliation on M of dimension equal to 1 or to the
dimension of S. If there exists xg € S\ Sing(F') such that F is tangent to S at
x0, i.e., (F|s)xo C Ts,zy, then any 2-splitting morphism is first order F-faithful
outside a suitable analytic subset of S.

4.4 Extension of foliations

Let S be a codimension m submanifold of an n-dimensional complex manifold
M and let F be a foliation of S. Thanks to the Holomorphic Frobenius the-
orem, we know that there exists an atlas {(U,; 2z}, ...,2")} adapted to S and
F. In such an atlas we know that F = ker(dz"+*1|s,...,dz"|s). An equiva-
lent formulation of the Frobenius theorem states that a submodule of Q!(9) is
integrable if and only if each stalk is generated by exact forms.

We denote by 7w : Ng — S the normal bundle of S; the map 7 is holomorphic
and therefore 7*(dz¥|5) is a well defined local holomorphic 1-form on 7~ (U,,) C
Ng. Moreover, since {dzm*!*1|g,... dz"|s} is an integrable system of 1-forms,
sois {m*(dzm ), ..., 7 (d2"|s)}. Then {7*(dzm T HYg), ..., 7% (d2"|s)} de-
fines a foliation F of Ng, whose leaves are the preimages of the leaves of F
through .

Since S is regular T'M is trivialized on each coordinate neighborhoods and

so is Ng. In what follows we use the atlas {(7=(U,), v} o,z zl

sUqs e+ Uq s 2 set e Ry

of Ng given by the trivializations of the normal bundle, where v}, are the coor-
dinates in the fiber; then F is generated on 7=1(U,) by
8 8 _0 _0
L L P A
The fibers of m are the leaves of a holomorphic foliation of Ng, called the
vertical foliation, which we denote by V. On 7~ 1(U,) it is generated by
0 0

717 ey TN .
ov} ovm

P
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We study now the splitting of the following sequence, when restricted to the
first infinitesimal neighborhood of the embedding of S as the zero section of Ng:

L ~ pr

0 % F F/V 0. (4.6)

The result of Section 1.9 tells us that the splitting of the sequence is equivalent
to the vanishing of a cohomology class in H!(M,Hom(F/V,V)) and that the
splitting of this sequence is equivalent to the fact that there exist an isomorphism
F ~V® F/V compatible with the projection pr and the map .

Remark 4.4.1. Please note that F/V, when restricted to S is nothing else but
the foliation F. This follows directly from our construction of F as the pull-back
foliation defined by the integrable system {m*(dzm+*1|g), ..., 7*(d2"|s)}.

Lemma 4.4.2. Let S be a splitting submanifold in M. If there exists a foli-
ation of the first infinitesimal neighborhood of the embedding of S as the zero
section of its normal bundle, then there exists a foliation of the first infinitesimal

neighborhood of S embedded in M.

Proof. If there exists a foliation of the first infinitesimal neighborhood of the
embedding of S as the zero section of its normal bundle we can find an atlas

m

{Va, vk, oo jom zm o0 2n) of Ng such that, if V,, N V3N S # () we have that

o, 02,
IR
Zﬁ 2 Zﬁ

where r = 1,...,mand ' = m+1+1,...,n (we are not following our usual
convention).
We use the isomorphism ¢ : Oy /IéNS — On/Z%, taking the images

[2h)2 = ([vh)2), - . [Zh]2 = o([up)2), Z0 2 = o([20H 2), - . (2] = (20);

there exists U, D 7(V,) (modulo shrinking) where we can choose representatives
of these classes such that (U,, zL,...,2"), is a coordinate system adapted to S
and Fls. If U, NUg NS # () we can check that, since 8/82;”“, o, 0/0zmH
are logarithmic

9[z5]2 [0z [Ouj ]
— = || = — | =[0]a,
0z, 102, |, 1024 ],
forr=1,...,mandi=m+41,...,m+ [. Following the same line of thought
8[25]2 '82%' '8zg'
- = — == - == [0]27
0z, 1028 |, 1024 ],
fort=m+I+1,....nandi=m+1,...,m+1. O

So, the problem of extending a foliation boils down, in the splitting case,
to understand when (4.6) splits and the image through the splitting of F /V
is involutive. We start by finding a sufficient condition for the splitting of the
sequence.
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Proposition 4.4.3. Let M be a complex manifold of dimension n, and S a
splitting codimension m submanifold. Let F be a foliation of S and 7 : Ng — M
the normal bundle of S in M. Let F = 7*(F) and V the vertical foliation given
by kerdm. The sequence:

0 V=5 "> F)V 0
splits if there exists an atlas adapted to F and S such that
2.7
aai 5 € Ts
“p9%p

forallr,s=1,.... mandi=m+1,... m—+1.

Proof. We compute the obstruction to the splitting of the sequence, following
Section 1.9: we apply the functor Hom(F/ V), -) to sequence (4.6) and compute
the image of the identity through the coboundary map

§* : H°(S,Hom(F/ v, F/V)) — H*(S,Hom(F/V,V)).

We fix an atlas {U,, 2.} adapted to S and F and we denote the quotient
frame for 7/ V by {Om+1.0- - -  Om+i,a} (1€, Omy1,q is the equivalence class of
0/02mF1g) and by {wm*! ... w1} its dual frame. The cocycle representing
the identity in H°(S, Hom(F/V, F/V)) is then represented as {U,,w?’, ® ;4 };
the obstruction to the splitting of the sequence is then

. .0 .
H{wl ®0ja} =W ® — —w) ® —
e e

o 0 [azg;azg] i 0 {62&3%}] i 0

O L0z 0, T 02 L0zhoxly T oug
023 8%} - 0

= — E——| wp® -. 4.7

{8223 82015 A v (47)

The vanishing of (4.7) is a sufficient condition for the splitting of the sequence;
this class vanishes if 811/’; /022 belong to IJQVS. Moreover, the coordinate changes
map of Ng have a peculiar structure:

s 9%

Y028

420, 40
- = — |V — —
0z 024 |5 O‘azé 0z, \ 025 ) |5

= —|:’US 82& 82% } : (4.8)
Oz@ZZa 82&82; 2’

vg:v

Therefore:

using the isomorphism between Zg /T3 and Zs ns/Z% y, We see that the last
expression vanishes if
02z

82;382/53

6157

forallr,s=1,...,mandi=m+1,...,m+1. O
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Remark 4.4.4. Since we are working in an atlas of Ng adapted to S and F we
have that
0z8 02!,

dup T 9z 0,

forp=m+1,....n, r=1,....m,t=m-+Il+1,....n, i =m+1,...,n
(please remark that we are not following our usual convention). Looking at the
transition functions of the tangent bundle of Ng, in an atlas adapted to S and
F, on the first infinitesimal neighborhood of the embedding of S as the zero
section of Ng, the following equality holds:

(61l = [‘9“3 0 52532?3}
a2 822 ovr, 82’% 9281,

now, since 025, /0vj; = 0 we have that

92P 5'215}

[6]2 = [

and since 9z/,/0z =0 for t =m +1+1,...,n,i=m+1,...,n we have that

. 92 0z
o= |25 5]
8ZB Zalo

where i, =m+1,...,m+ 1 and we sum over i’ =m+1,...,m+ 1.

Corollary 4.4.5. Let M be a n-dimensional complex manifold, S a codimension
m splitting submanifold, F a regular foliation of S. Suppose S admits first order
extendable tangent bundle, then F extends to a subbundle of Ts(1).

Proof. We work in an atlas adapted to S and F; by Corollary 4.1.4 first order
extendable tangent bundle implies

Oz, |
{822}2 -0

which in turn implies

0%zr
— < IS
s p
0230z
and therefore that
82 s
5oz € 15
“89%3
forr,s=1,....m,i=m+1,...,m+ [, which in turn implies the vanishing of
(4.7) and the splitting of sequence (4.6); the extension of F is then given by the
image of 7/V in F. O

Remark 4.4.6. Please remark that the extension of F as a subsheaf of 75 (1) may
not be involutive.
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Lemma 4.4.7. Let S be a splitting submanifold of M, let F be foliation of S;
if the sequence
pr

0 V——F F/V 0.

splits on the first infinitesimal neighborhood of S embedded as the zero section
of its normal bundle in M, then F extends as a subsheaf of Ts(1)-

Proof. On S we have the following isomorphism:
Fls=V|s® F. (4.9)

Indeed if we are working in an atlas adapted to S and F; this follows directly
from our construction of F as the pull-back foliation defined by the integrable
system {7*(dz+H|g), ..., 7" (dz"|s)}. Therefore we have that F/V|s ~ F
and this implies that the cochain representing (4.7) vanishes identically when
restricted to S. Let {U,, 7o} be local splittings and let v be a section of F/V;
if the sequence splits there exists a cochain in C%(S, Hom(F/V,V)) denoted by
{Uq, 04} such that

08— 0aq =T8 — Ta-

Since the cochain representing (4.7) vanishes identically when restricted to S
the components of the cochain {U,,o0,} are identically 0 when restricted to
S. The image 7, — 0,(v) is a section of F. From the discussion above we
can remark that o,(v)|s = 0; moreover, since on S (4.9) holds we have that
Ta(V)|s € F C Ts and this proves that v is a logarithmic section of Tar,s(1) and
therefore belongs to 7g(1)-

Corollary 4.4.8. Let S be a splitting submanifold of M, let F be a rank 1
foliation of S; if the sequence

0 y—=r5-"5Fp 0

splits on the first infinitesimal neighborhood of S embedded as the zero section of
its normal bundle in M, then F extends as a foliation of the first infinitesimal
neighborhood of S in M. Moreover, we can find an atlas adapted to S and
F given by a collection of charts {Ua, (vh, ..., o0, 20 ..., 20)} such that the

class (4.7) can be represented by the 0 cochain.

Proof. If F/V has rank 1 we have that its image through the splitting morphism
of (4.6) is a rank 1 (therefore involutive) subbundle of the tangent sheaf to the
first infinitesimal neighborhood of S in its normal bundle. Thanks to Lemma
4.4.2 we have the first part of the assertion. Corollary 4.1.4 gives us the second
part of the assertion. O

Remark 4.4.9. The reason why the splitting of (4.6) is not a sufficient condition
for the foliation to extend to the first infinitesimal neighborhood lies in the fact
that the image of F/V may not be involutive. If this image is involutive we have
a statement similar to the one in the last Corollary; anyway even if it is not
involutive, thanks to the results in section 5.2, the splitting of (4.6) is enough
to get some important insights on the Khanedani-Lehmann-Suwa action.
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Remark 4.4.10. We want to see what happens in coordinates when we can
extend the foliation. First of all, the vanishing of the class (4.7) in cohomology
means there exists a cochain {U,, 0.} € C°(Sn(1), (F/V))* ® V) such that:

i 0
CL)[:)) ® avg.

E 80};}
2

g — O = — - -
g e [3223 0z,

In a coordinate system adapted to .S and F on each U, we can write the elements
of the cochain as

o = [c‘;’a]g(,uzy ® R
«

Since the sequence splits when it is restricted to S we can assume that the
coefficients ¢j , of each o, belong to Zg /Igv Without loss of generality we can
suppose the local lifts 7, send the generators of F/V, that we denote by O,
in the coordinate fields 9/9z% (the difference about two different choices of lifts
is absorbed by the cochain). Then a generator 9/9z! |s of F on U, extends to
the section v of Tg(1) given by:

0 0

—[Cj,a]Q% + @
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Chapter 5

Partial holomorphic
connections on Nr js

Remark 5.0.11. In this chapter we follow the Einstein summation convention;
for an explanation of the different ranges of the indices, refer to Section 1.1.

5.1 The action arising from a foliation of the
first infinitesimal neighborhood

This is a short section showing in an explicit way how the existence of a foliation
of the first infinitesimal neighborhood F gives rise to a partial holomorphic con-
nection for Nz pr along F|g. The existence of a partial holomorphic connection
gives rise to a splitting of the partial Atiyah sequence; the cocycle represent-
ing the cohomology class we calculated in Section 3.2 vanishes identically if we
can find an atlas in the form given by Corollary 4.1.4 when we have a foliation
of the first infinitesimal neighborhood. We want now to express this partial
holomorphic connection explictly.

Theorem 5.1.1. Let S be a submanifold of a complex manifold M and suppose
there exists a foliation F of the first infinitesimal neighborhood of S. Then,
there exists a flat partial holomorphic connection (8, F) on Nz m along F.

Proof. We want to define now the splitting map between F|s and Ay, . 7;
this is really simple since each of [1]; ® 9/92%, belongs to Tz\j/frsu) (Definition
3.4.2). Therefore we define ¢ : F|s — Apr, 7 a8

0 0
P By P—)ﬂ'([l}g@azé>,

?
o

for each i =m +1,...,m + [, where 7 is the map from 7}5"3(1) to A, . We
compute now the explicit form of the partial holomorphic connection induced by
the universal connection. Indeed, let v belong to F and s belong to A/= ar; since
1(v) belongs to TAJ;I:,S(U, if we take a lift 5 of s to TAJ;I:,S(U, ie. pro©;(3) = s,
we have that the partial holomorphic connection (d, F) along F induced by the

97
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universal holomorphic connection for Az ps is given by:

8u(s) = Xy () = pr([¥(v), 3]).
We prove now this partial holomorphic connection is flat; indeed
0u(0u(8)) — 0u(0u(8)) — Opu,v)((s)) = pr([@, (8, 3]] — [0, [a, 3]] — [[@, 7], 3]) =0,
by the Jacobi identity. O

Remark 5.1.2. If F is a rank [ foliation of the first infinitesimal neighborhood
Corollary 4.1.4 tells us that there exists an atlas adapted to S and F|s such
that on each coordinate neighborhood such that U, NS # () we have that F is

generated by
0 0

W,,[l]Q@W

In each coordinate patch, given a section s = g“0qa,» of N7, ;s we have that

1]z ®

99"
22

53/82'& (guaa»u) = aa,u~

5.2 Action of subsheaves of F on Nr

As usual let F be a foliation of S: in this section we shall discuss how the
existence of coherent subsheaves of Tg(;) that restricted to S are subsheaves of
F gives rise to variation actions on N, .

Lemma 5.2.1. Let £ be a coherent subsheaf of Ts(1) that, restricted to S, is a
subsheaf of F. Then & is a subsheaf of T]\?S(l).

Proof. Let {U,, zo} be an atlas adapted to S and F. On each coordinate chart,
a section v of £ can be written as:

[a*] 9 + [a'] 9
2z 29z
with a" € Zg. Therefore, thanks to Remark 3.4.4, we know that v belongs to
TI\J;I:,S(l)' O

Definition 5.2.2. Let £ be a coherent subsheaf of Tg(1); we say it is S-faithful
if the restriction map |g : &€ — £|s is injective.

Proposition 5.2.3. Suppose £ is a coherent subsheaf of Ts(1) that, restricted
to S, is a subsheaf of F, S-faithful. Then there exists a partial holomorphic
connection (9,&) for N m-

Proof. Since there are no generators sent to 0 by the restriction to .S, then
& |snu, is generated by vk o := Uk a|s. Please keep in mind that the generators
of £|s are always the restriction of the generators of £, so, chosen the local
generators of £ we have a canonical way to extend the local generators of £ |s.

Let m be the projection from TJ\]4:7S(1) to A and w a section of £ |g; we define
amap 7 : & |s — A by m(w) := w(0), where @ is an extension of w as a section
of £. On a trivializing neighborhood for £ |s a section has the following form:
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w = [fk]lvk,a € & |snu, - The difference between two representatives w; and wsy
of win £ on U, can be written in the following form:

[9%)20k.0

where the ¢* belong to Ts/T% and therefore this section belongs to Zg T]ﬁ,su)'
Therefore the map 7 does not depend on the extension chosen.

Suppose now we have a section w of £|s and two coordinate charts U, and
Ug on which the section is represented as wo = [f]1vk,o and wg = [f5]1vk,p.
Now, we have that, since £ is a subbundle of Tg(1)

Ug,a = [(haﬁ)mzﬁh,ﬁ,

which implies also that:
[f5(hap)ih = (5]
We take two extensions w, and wg on U, and Ug respectively: we claim their
difference lies in Zg T]\];’S(l) . We compute:
(Wp — Wa)|s = ([fE]20k,a — [fh120n,6)]s
([fal21hp kloths — [f512Bn,p)ls
[[75 (hap)Rl2 = [f512] yon,6 = [O)1-

As stated, the difference between the two extensions lies in Zg 7T AJ; S(1)" So, the

map 7 : E|s — A is an Og-morphism between £ |s and 4 giving a splitting of
the following sequence:

O,
0—>H0m(/\/‘s,/\/}-,M) ——Argls —=Els —=0.

where Ar | is the preimage of £ [s in A through ©;. O

Therefore, recalling Section 3.1 and Section 3.4 we have that there is a partial
holomorphic connection on Np s along £ |s, given as follows:

3u(s) = Xn(a) (3),

where X is the universal connection on Ay, ,,-

Remark 5.2.4. This connection may not be flat. Therefore we can use the Bott
Vanishing theorem only in its weak form. But, in case £ is involutive a stronger
result holds.

Corollary 5.2.5. Suppose £ is an involutive coherent subsheaf of Ts(1) that,
restricted to S, is a subsheaf of F and S-faithful. Then there exists a flat partial
holomorphic connection (6,&) for Nz .

Proof. From Proposition 5.2.3 we already know there exists a partial holomor-
phic connection along &; since £ is involutive we can check if it is flat:

5u(5v(s)) - 5v(5u(s)) - 5[u,v]((s)) = pr([ﬂa [67 §]] - [T)v [ﬁ, §H - Hﬂvm’ §]) =0,

by the Jacobi identity. O
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Remark 5.2.6. In the paper [4] is defined the notion of Lie Algebroid morphism;
given an involutive coherent subsheaf of 7g(1) the splitting that gives rise to
the partial holomorphic connection is a Lie algebroid morphism and last Corol-
lary mirrors the fact that the universal partial holomorphic connection is flat
(Proposition 3.4.12).

Corollary 5.2.7. Suppose £ is an involutive coherent subsheaf of Ts(1), whose
restriction to S is a foliation of S and is S-faithful. Then there exists a flat
partial holomorphic connection (8, &) for Ns.

Proof. If we take F = Tg in Corollary 5.2.5 the assertion follows. O

5.3 The results of ABT for the normal bundle
to a subvariety

In this section we give a survey of the results obtained by Abate, Bracci and
Tovena in the series of paper [3], [4], [5] for the characteristic classes of the
normal bundle to a submanifold S. The methods we have been using in this
thesis are particularly connected to those in [4]; indeed, in that paper a more
concrete version of the Atiyah sheaf for the normal bundle to a submanifold was
constructed and many index theorems were deduced. This section is essentially
an overview of the results in [4] with a couple of minor remarks.

Definition 5.3.1. Let M be a complex manidolf and let S be a complex sub-
manifold. The Atiyah sheaf of S in M is the Atiyah sheaf for the foliation
Ts of S (Definition 3.4.8).

We want now to understand what happens when the ambient manifold M
admits a foliation F. The main situations in which we can find us are mainly
two: when the foliation leaves the submanifold S invariant, i.e., F|s C Tg and
when F is transversal to S. When F leaves S invariant we are exactly in the
case treated in section 5.2 Corollary 5.2.7 and therefore there exists a partial
holomorphic connection for As along F. The cases that interest us the most
are the transversal cases; suppose S is splitting in M and we have a F-faithful
splitting morphism ¢*, then we can project the foliation Fl|s C Tars to a
foliation F7 := ¢*(F) of S, thanks to the splitting morphism o* : Ty s — 7s.
We want to understand under which conditions this projection gives rise to a
partial holomorphic connection on A/g along F. Indeed, let T' the morphism
arising from the following composition:

(U*‘}'s)71 L pr
Fo——= Fs ——Tmu,s —= Ns,

where pr is the canonical projection from 7as s to Ns and with Fg we denote
Fls. In the points x in S where F, C Ts, we have that T, = 0 and this
morphism is non zero if and only if the foliation F is transversal to S.

Remark 5.3.2. Please note that a great deal of work on the morphism 7" seen
as a section of the bundle Hom(F, Ng) and on index theorems arising from its
existence (the Tangential index) was done in [21].
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Now, under the hypothesis that S is split and comfortably embedded, in [4,
Proposition 7.13] Abate, Bracci and Tovena investigate the existence and the
properties of a class f in H(S, Ns ® F° @(F°)*) defined in the following way.
Given an atlas adapted to F° and S they find a special frame for F on each U,
given by {va 1,...,0a,} such that 0*(vs,; ® [1]1) = /92" in the form:

0 . 0

Va,i = az(ll + (aa)i@.

A generator 7, of F is written in such an atlas as

0D

I J .
Va,i = (ba)i@ ( a)i 82£’

the condition that o*(9,,; @ [1]1) = 9/9z% forces (ba)f/ to belong to Zg, for
p=m+Il+1,...,n,i=m+1,...,m+ 1. Moreover, we have that [(by)!]; is
the identity matrix; hence (ba){ is an invertible matrix of germs. If we multiply
the l-uple {Va,m+1,---;Va,m+i} by its inverse we obtain a {-uple of elements of
F of the desired form. Now, if we denote by (cg) the cocycle defining the

foliation F, i.e. vg; = (cga)lvsj we have that

. Ozt Ozt
(CBG);' = azz + (aﬁ)ﬁaig’ (5 1)
X 920 Oz :
(ca)j(aa)it = 55 + (ap)i gzt

An important remark that follows from these equalities is that the vector bundles
associated to F® Og and F? are represented by the same cocycle

(cpa)ils = [6]

J
826

in the frames {Va.m+1;---sVamsr} and {9/0zm+L ... 0/02m 1} respectively.
The class f is represented by the cocycle:

o fen] ] ) o

Remark 5.3.3. This class seems to be the obstruction to the splitting of the
sequence:

01Q0™
0 —Ts [ Is* @ F —= Os(1) ®0s F 2> 05 ®p s F7 — 0,

where F7 =2 0g®pq F°. In some way, this could be an obstruction to the
extendability of F7 to the first infinitesimal neighborhood. This remark only
occured to our attention during the writing of this thesis and is worth further
investigation.

If T* is the morphism induced in cohomology by id ®T ® id and S is com-
fortably embedded this class has image T*(f) exactly the Atiyah class of the
sequence:

0 — Hom(Ns, Ns) = Ans — F° — 0.

This gives rise to different ways to approach the problem; indeed, the vanishing
of the class f implies the existence of a partial holomorphic connection.



102 CHAPTER 5. PARTIAL HOLOMORPHIC CONNECTIONS ON Nz

Definition 5.3.4. Let S be a complex m-codimensional submanifold of an n-
dimensional complex manifold M and let F be a holomorphic foliation F on
M, of dimension d < dim .S. Assume that S splits into M with first order lifting
p: Os — Os(1) and associated projection o* : Tas,s — Ts. We shall say that F
splits along p if f = 0 in H'(S,Hom(F7, N5 ® F)).

Now, since we are using an atlas adapted to p the first line of (5.1) yields:

Altens) 1) = os)th 522 -+ [55] el

where, exceptionally, f = m+1+1,...,n. This permits to find a list of sufficient
conditions under which the foliation F splits along p, allowing to prove the
following.

Theorem 5.3.5 ([4] Theorem 7.21). Let S be a compact, complez, reduced,
irreducible, possibly singular, subvariety of dimension d of an n-dimensional
complex manifold M, and assume that S has extendable normal bundle. Let
F be a (possibly singular) holomorphic foliation F on M, of dimension | < d.
Assume there exists an analytic subset X of S containing (S(F) N S) U S9
such that, setting S° = S\ 3, we have either

1. F is tangent to S° and F|go is a mon singular holomorphic foliation of
SO: or

2. SO is comfortably embedded in M with respect to a first order lifting p
which is F-faithful outside of X, and

(a) S° is 2-linearizable and | = dim S, or

(b) S° is 2-linearizable and there erists a nonsingular holomorphic foli-
ation of S° transversal to F°, or

(¢) Flsoq) is isomorphic to the trivial sheaf 0150(1) of dimension | or,
more generally,

(d) T*(f) = 0 in H'(S° N ® Nso @(F°)*).

Then, there exists a flat partial holomorphic connection for N'g along F on S°
in case (1) or simply a partial holomorphic connection for Ns along F on S°
in case (2).

5.4 Index theorems for foliations

Following the work [31] and the articles [3], [4], we know that the existence of
a partial holomorphic connection, thanks to Bott’s Vanishing Theorem 2.1.7,
gives rise to the vanishing of some of the Chern classes of a vector bundle and
therefore to an index theorem. In Section 3.4 we found a concrete realization of
the Atiyah sheaf for the normal bundle of a foliation as a quotient of the ambient
tangent bundle while in Section 5.1 we proved that the Atiyah sequence splits
if there exists a foliation of the first infinitesimal neighborhood. In this section
we state the index theorems that follow directly from our treatment.

The simpler case is when we have a foliation of the first infinitesimal neigh-
borhood; then we have a partial holomorphic connection on A (Theorem
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5.1.1) and so, Bott’s Vanishing Theorem (Theorem 2.1.7) and Cech-de Rham
theory permit us to prove the following.

Theorem 5.4.1. Let S be a codimension m compact submanifold of a n di-
mensional complexr manifold M. Let F be a rank [ foliation on S, such that it
extends to the first infinitesimal neighborhood of S\ S(F), and let S(F) = J, X
be the decomposition of S(F) in connected components. Then for every symmet-
ric homogeneous polynomial ¢ of degree k larger than n —m — | we can define
the residue Resy(F, NFa;Ex) € Han—m—1)(Xa) depending only on the local
behaviour of F and Nz a near Xy such that:

ZR€S¢(]:»N]-‘,M§E)\>:/¢(N]-',M)>
3 S

where ¢(NFar) is the evaluation of ¢ on the Chern classes of Nx -

Proof. If we denote by F' the vector bundle associated to F we have that the
virtual bundle associated with the sheaf A/ as is nothing else but [T'M|g— F|g].
Now, outside the singularity set of F, this virtual bundle is a vector bundle on
S and by Theorem 5.1.1 it admits a partial holomorphic connection along F |s;
Bott Vanishing Theorem tells us that for each ¢ of degree k larger than n—m—1
we have that the restriction of ¢(Nrz ar) to S\S(F) is represented by the 0 form.
Applying the localization process as in Section 2.2 the result follows. O

Using now the results of Section 5.2 we can prove a stronger result.

Theorem 5.4.2. Let S be a codimension m compact submanifold of a n di-
mensional complexr manifold M. Let F be a foliation on S and let £ be a rank
I subsheaf of Ts() that, restricted to S, is a subsheaf of F. Suppose moreover
that it is S-faithful. Let ¥ = S(F) U S(E) and let ¥ = |J, X be the decompo-
sition of ¥ in connected components. Then for every symmetric homogeneous
polynomial ¢ of degree k larger than n —m —1+ |1/2]| we can define the residue
Resy (€, Nr,ar; Xx) € Hynem—1)(Ea) depending only on the local behaviour of
F and Nr nm near £y such that:

ZR65¢(5’N}'7M;Z)\):/¢(NJ~‘,M)7
A S

where ¢(NFar) is the evaluation of ¢ on the Chern classes of Nx -

Remark 5.4.3. Please note that by Corollary 5.2.5 if £ is involutive the above
holds with n — m — [ instead of n — m — 1 4 |1/2].

Suppose now we have a foliation of M, transversal to S, 2-splitting subman-
ifold of M, and suppose we have a first order F-faithful splitting oo outside an
algebraic subset. Now, the foliation F72 is a foliation of the first infinitesimal
neighborhood of S and by Theorem 5.4.1 we have the following.

Theorem 5.4.4. Let S be a codimension m 2-splitting compact submanifold of
a n dimensional complex manifold M. Let F be a rank [ holomorphic foliation
defined on a neighborhood of S. Suppose there is a 2-splitting first order F-
faithful outside an analytic subset X2 of U containing S(F)NS and that S is not
contained in ¥. Let ¥ = |J, X be the decomposition of ¥ in connected compo-
nents. Then for every symmetric homogeneous polynomial ¢ of degree k bigger



104 CHAPTER 5. PARTIAL HOLOMORPHIC CONNECTIONS ON Nz

than n—m—1 we can define the residue Resy(F, Nro a3 X0) € Hotn—m—1)(Ea)
depending only on the local behaviour of F and Nro ar near Xy such that:

ZR€S¢(]:7N}"”,JV[§E>\):/¢(N-FU’M)’
/\ s

where ¢(N'r- ar) is the evaluation of ¢ on the Chern classes of Nre p -

Remark 5.4.5. An interesting research path is to investigate the relation between
Nzo m and ANx|s. The motivation behind this question is easily seen: suppose
M is a complex surface and F is a dimension 1 singular foliation transversal to
S, a 2-splitting 1 dimensional submanifold. Suppose moreover that the sequence

0 F T Nz 0

splits when restricted to S. Suppose we have a first order F-faithful splitting o*
outside Y; thanks to the splitting of S and the splitting of the sequence above o*
induces an isomorphism between Nr|s and AN z- ps outside the singular points
of F. Suppose F admits an algebraic compact leaf L. If we denote by A, the
normal sheaf to this leaf we have that N7, = Nr |z and we have that

[aru) = [a@izls) = [ @i =(@-s)

is the intersection number between L and S. Therefore we could apply this
test to foliations, getting informations on the intersection numbers of possible
analytic leaves.

The other results follow from the splitting of the sequence (4.6) studied in
Section 4.4. In case F has rank 1 and we do not need to take care of involutivity
we have the following consequence of 5.4.1.

Theorem 5.4.6. Let S be a codimension m compact submanifold splitting in
an n dimensional complex manifold M, and suppose F is a rank 1 holomorphic
foliation defined on S. Suppose sequence (4.6) splits and let ¥ = S(F) and let
Y =, X\ be the decomposition of ¥ in connected components. Then for every
symmetric homogeneous polynomial ¢ of degree n —m we can define the residue
Resy(F,Nr.m;Xx) € Ho(Xo) depending only on the local behaviour of F and
Nz v near ¥y such that:

ZRG%(}_,N}',M;EA):/Sﬁb(/\/}‘,M)’

A
where ¢(NF,ar) is the evaluation of ¢ on the Chern classes of Nx -

Now, if F has rank [ and we suppose its extension arising from the splitting
of (4.6) is involutive we have the following.

Theorem 5.4.7. Let S be a codimension m compact submanifold splitting in
M, n dimensional complex manifold, and suppose F is a rank | holomorphic
foliation defined on S. Suppose sequence (4.6) splits and that the image of F/V
in F is involutive. Let ¥ = S(F) and let ¥ = J, T be the decomposition of &
in connected components. Then for every symmetric homogeneous polynomial ¢
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of degree k larger than n —m—1 we can define the residue Ress(F, Nra; 22) €
H2(n_m_k)(2a) depending only on the local behaviour of F and Np a near Xy
such that:

ZRE%(]‘-:NI,M;E/\):/¢(Nf,M),
>\ s

where ¢(NF ) is the evaluation of ¢ on the Chern classes of Nz -

In case we drop the involutivity assumption we have a weaker form thanks
to Theorem 5.2.3.

Theorem 5.4.8. Let S be a codimension m compact submanifold splitting in
M complex manifold of dimension n. Suppose F is a foliation of S of rank
I and suppose sequence (4.6) splits. Let ¥ = S(F) and let ¥ = [J, X be
the decomposition of its singular set in connected components. Then, for every
symmetric homogeneous polynomial ¢ of degree k larger than n —m — 1+ [1/2]
we can define the residue Resy(F, Nrar;Xa) € Hapn—m—r)(Xa) depending only
on the local behaviour of F and Nz ar near ¥, such that:

ZR&%(.F,N]—‘,M;E(E):/¢(N]-',M)’
3 S

where ¢(N;7M) is the evaluation of ¢ on the Chern classes of Nz -

In the case S has first order extendable tangent bundle the vanishing of the
cohomology class associated to (4.6) follows directly from Corollary 4.4.5, but
we cannot say anything about the involutivity of this extension.

Theorem 5.4.9. Let S be a codimension m compact submanifold splitting in
an n dimensional complex manifold M, and with first order extendable tangent
bundle. Let F be a rank ! holomorphic foliation defined on S. Let ¥ = S(F) and
let ¥ = (J, Xx be the decomposition of ¥ in connected components. Then for
every symmetric homogeneous polynomial ¢ of degree k larger than n —m — 1 +
|1/2] we can define the residue Resg(F, Nr,ar;2x) € Hatn—m—r)(Xa) depending
only on the local behaviour of F and N a near ¥y such that:

ZR€5¢(]:7NF,M§Z>\):/¢(NF,M)7
A S

where ¢(NF ) is the evaluation of ¢ on the Chern classes of Np,n.

Remark 5.4.10. From the theory developed in Section 4.4 it seems likely that,
given a foliation F of the first infinitesimal neighborhood and an involutive
subsheaf G of rank [ of F|g this subsheaf extends to a subsheaf of F, possibly
non involutive. This does not give rise to new index theorems, but is indeed
worth noting and investigating.

5.5 Computing the variation index: the tangen-
tial case

In this section we will compute the residue for a codimension 1 foliation of the
first infinitesimal neighborhood of a codimension 1 submanifold in a surface.
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Let (Uy,z,y) be a neighborhood of 0 in C2, let S = {x = 0}; let F be a
foliation of S(1) such that Sing(F) = {0} and let v be a generator of F; that is
a holomorphic section of Tg(;) with an isolated singularity in 0. Supposing F
reduced, from Section 4.2 and Remark 4.2.5 we see that this is assumption does
not give rise to a loss of generality for our computation.

Remark 5.5.1. Please note also that, if we denote by v an extension of v to U
and by F the foliation generated by it, thanks to how we defined the holomor-
phic action and the theory developed for local extensions, the computation of
this residue could be reduced to the computation of the residue given by the
Lehmann-Khanedani-Suwa action of  on N |g, which can be found e.g. in [31,
Ch. IV, Theorem 5.3].

We will, anyway, compute the index explictly in the framework we developed.
Call Uy := Uy \ {0}; with an abuse of notation we will also say M := U;. Let G
be the trivial line bundle on S; we can see v|g as a holomorphic homomorphism
between G and T'S. On Uy we can see G as a subbundle of TM|g, moreover
G embedded through v|g is nothing else that the bundle associated to F|s.
Therefore, we can speak of the virtual bundle [TM|s — G], which coincides,
on Uy, with the normal bundle to the foliation F |y,ns in the ambient tangent
bundle TM |y,ns, denoted by Nz ar. Since the only homogeneous symmetric
polynomial in dimension 1 is the trace we would like to compute the residue for
the first Chern class of [T'M|s — G|, whose sheaf of sections is A’z as. Being the
first Chern class additive, we are going to compute ¢ (T M|s) — ¢1(G). If Uy is
small enough, thanks to the embedding of G into TM|g we have that on Uy we
can see TM|g as the direct sum G @ Nz jr. We are going to apply Proposition
2.1.13 to the following sequence:

0 —— Flyyns —=TM|uy,ns Nz m 0.

We want to build on Uy a family of connections compatible with the sequence,
so that Theorem 2.1.14 implies that ¢ (Nz ) on Uy is 0. We proved that the
existence of a foliation of the first infinitesimal neighborhood gives rise to a
partial connection on Nz pr along F. Now, thanks to Theorem 5.1.1 we can
compute the actual connection matrix of this partial holomorphic connection on
Nz, m and extend it to a connection on Nz 57, denoted by V. To build a family
of connections simplifying our computations we take on Uy N S the connection
Vg; which is trivial with respect with the generator 14 of the trivial line bundle
G. Since TM|g on UpN S is the direct sum of G and Nz s we let the connection
for TM|s be the direct sum connection VI'M := V @ V§. Both VI™ and V§
are holomorphic connections along F', therefore we can apply Bott’s Vanishing
in the version for virtual bundles and obtain that ¢ (Nz a) =0 on Up.

In Cech-de Rham cohomology relative to the cover {Uy, U1} the first Chern
class of Az as is represented as a triple (wo, w1, 001), where wy is the first Chern
class of Nz on Uy, wy is the first Chern class of Nz p on U while ¢ is
a 1-form, the Bott difference form, i.e., a 1-form such that w; — wg = dog; on
Uy NU; (for a complete treatment, refer to Lemma 1.6.12). Due to the additivity
of the first Chern class, to compute the first Chern class of Ny we need to
compute the first Chern classes of G and TM|g on U; (we already know the first
Chern class of N on Uy is 0) and the Bott difference forms ¢ (VM VM)
and ¢ (V§, V§). On U; we can take, again, as a connection for G’ the connection
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which is trivial with respect to the generator 15 of G: therefore ¢y (Vg;, V§) =0,
since the connections for G on Uy and U are the same. On U; we take as Vi
the 0/0x, 0/0y trivial connection; then ¢; (V™) = 0 and the problem reduces
to compute the Bott difference form ¢; (VI VM), To compute it we need
the connection matrix for VI with respect to the frame 9/0z, 9/9dy. First of
all we compute the action of V on the equivalence class v = [0/0z] in Nz a.
The generator v of F is written in coordinates as

0 0
[Ab% + [3]2%’

where [A], belongs to Zg/ZZ. In the following, we shall denote by vg the re-
striction of ¥ to S; in coordinates we have that vg = [B];0/0y. We compute
now the action of F' on Ar s, recalling Theorem 5.1.1

V) = ([ + g 2] ) ==[50]

We compute now the connection matrix for V. Since

- [%ﬂ ) = ([C1 - dz + [D]y ~dy)([B]1(%) = [D- B,

it follows that the connection matrix is nothing else but:

__|oA1]
w= axBly'

We have now all the tools needed to compute the connection matrix for VE™M:

0 0A 1 0
v O\ _ _ |4 L 9
Vo <8x) Vi) L‘)x B]ldy® oz’

0 1 dB dB 0
™9\ _gof L. _ |5 |eb
(%) =% (5 ) ==, 7] o %

Thus the connection matrix has the following form:
9A 1

1
dB
—
1
We can compute now the Bott difference form. We consider the bundle T'M x

[0,1] — M x [0,1] and the connection V given by Vi=(1—t)VEM 4 tvT™M,
The connection matrix for V is given by:

- {%“‘}3] dy 0
(1 t) . 1
o %
1
The curvature matrix for V is:
dt A [f’;}}g} dy 0
1
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The Bott difference form is given by m.(c1(V)) where 7, is integration along the
fibre of the projection 7 : M x [0,1] — M. The Bott difference form is then:

B@xly B,/

So, the residue for ¢; (NF, ) in 0 is

o [H )
2my/—1 {z=0,|y|=¢} B\ 0z 6:[/ 1 Y-

Remark 5.5.2. Already with slightly harder examples the computations of in-
dices turn out to be really complicated; please note that while Remark 5.5.1
tells us that in higher dimension the computation follows almost directly from
known results it would be interesting to compute the indices when dealing with
singularities that are not isolated.

5.6 Computing the variation index: the trans-
verse case

Let (U, ,y) be a neighborhood of 0 in C2, let S = {z = 0}. Let now v be a
holomorphic section of Ty (1) with an isolated singularity in 0. As before, we
call Uy := Uy \ {0} and M = U;. Please remark that we drop the hypothesis
about v belonging to 7g(1). We want to compute the variation index for such a
foliation. Since the situation is local we can assume we have a local 2 splitting,
first order F-faithful outside 0 and that we are in a chart adapted to it and
therefore we have a map Tas,5(1) to Tg(1). Write © in coordinates as:

0
— +|B —.
25, T (x,y)bay
Now we can write [A(z,y)]2 = [p([A(z,y)]2) + R(x,y)]2, where g is the 6;
derivation associated to the 1-splitting induced by the 2-splitting; then,

o (v) = (p([A(z,y)]2)0/0x + B(x,y)9/dy.

Moreover, we have a splitting ¢* : Tar,s — 7Ts, givings rise on Uy NS to an
isomorphism between Fg, the sheaf of germs of sections of the foliation generated
by vs := v|s and the sheaf of germs of sections of F? . Now, the vector field

w = [p([A(z,y)]2)]20/0x + [B(x, y)]20/dy

is a section of Tg(1), giving rise to a foliation of the first infinitesimal neighbor-
hood. We can now compute the index as in the former section: the residue for
¢1(Nxo ar) is therefore:

P [ )

e [A(A() Y]
_27'('\/—1 {|y‘:€} B 8.13 833 8y 1 y

_ 1 [L(24428Y]
27‘(’\/71 {|y\:£} B 633 8y 1 ’

v = [A(z,y)]
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Remark 5.6.1. The term
0%A
—_— x
Ox?
in the last computation disappears since it belongs to Zg.

5.7 Action of a subsheaf on the normal bundle
on its involutive closure

In this section, given a coherent subsheaf & of 7g(;) we shall define a natu-
ral object, its involutive closure, the smallest involutive subsheaf containing £.
Thanks to the machinery developed in the former sections, in particular in Sec-
tion 5.2, it is proved that the existence of £ gives rise to vanishing theorems for
its involutive closure.

Definition 5.7.1. Let £ be a coherent subsheaf of Tg(;) such that & [s is non
empty. We denote by Sing(€) the set {z € S| Tg(1) /£ is not Og(1),, —free}. On
S\ Sing(&) we define the involutive closure G of £ in S to be the intersection
of all the coherent involutive subsheaves of Tg containing £ |s.

Recall that the intersection of coherent subsheaves of Tg is again a coherent
subsheaf of Tg; now, G is involutive by definition and therefore gives rise to a
foliation of S. Clearly, £|s is a subsheaf of G and we can apply Proposition
5.2.3 getting the following result.

Theorem 5.7.2. Let S be a codimension m compact submanifold of M complex
manifold of dimension n. Suppose £ is a coherent subsheaf of Ts(1) of rank
I, whose restriction £|s has rank l. Let G be the involutive closure of £ in
S. Let ¥ = S(&)USG) = U, Za be the decomposition of ¥ in connected
components. Then, for every symmetric homogeneous polynomial ¢ of degree k
larger than n —m — L+ |1/2] we can define the residue Resy(E |s, Ng,m;Xa) €
Hy(n—m—1)(Ea) depending only on the local behaviour of £ |s and Ngn near
Yo such that:

ZR65¢(5\S7NQ,M;20¢) = L¢(NQ,M)7
)

where ¢(Ng. ) is the evaluation of ¢ on the Chern classes of Ng -
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Chapter 6

Holomorphic self-maps

Remark 6.0.3. In this chapter we follow the Einstein summation convention; for
an explanation of the different ranges of the indices, refer to Section 1.1.

6.1 The canonical section

We recall in this section some of the results of [3]. Suppose we have a complex
manifold M of complex dimension n and a holomorphic mapping f fixing point-
wise a complex submanifold S. In this section we denote by Symk (Ns) = N S®k
the k-th tensor power of Ns.

Definition 6.1.1. Let f € End(M,S), f # ida. The order of contact vy of
f with S is defined by

vi= min max{u €N|hof—-heZIy } €N

h€Om,p
where p is any point of S.

In [3], it is proved that this number is well defined and that it can be com-
puted using the fact that

v = rilin max{p € N| f —zk € Zspts

Jj=k,...,n

where (Uy, 2,) is a local chart in p and f¥ = 2z o f.

Remark 6.1.2. A straightforward computation tells us that
ozk 02k
k k . [0 h h (3 hl h] h2 h2 .
Rk = Zaph by Ca_(fh_ — 2y
f 8ZZ (fﬁ B) azglazgz (fﬂ B8 )(fﬂ B )

SO
. 825; 2v
1=z = @(fg —24) + I
B

In every local chart we can define a local section of Igf /Igf 1 ® Tar,s by:

— )
Xf,a - [fa zé]Vf+1 & 62’& .

We shall prove below that this section is well defined globally on S.

111
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Definition 6.1.3. Let f € End(M,S), f # ida. The section of Ty /T4’ ' @
Tar,s given in local coordinates as

0
Xfa= [fcib —zg],, +1® =,
/ ! ozh

for any local chart (U,, z,) at a point p € S is called the canonical section
associated to f.

Definition 6.1.4. Let f € End(M, S), f # idp;. The canonical distribution
Fr associated to f is the subsheaf of Ty ¢ defined by

Fr = X (Sym™ (Ns)).
We shall say that f is tangential if 7y C 7.

Remark 6.1.5. Since f¥—2* is in T4’ we can find holomorphic functions gZ,Tl _____ r,

symmetric in the lower indices such that

These elements are not uniquely defined as elements of Oy, since, if we find

. T
s o) S k LSNPS
elements S such that (ea)n,“.,mf ZI - zq T =0, then
k k T Tvy k 1 Tvy
((ga)rl..‘r,, + (ea)rl...ru )Zal T Ral = (ga)rl...r,, B~ Ra
5 5 5
k Ty il k
Now, (ea)rl,m,nf 23t Zo? = 0 implies that (ea)n,...,ruf belongs to Zg and

therefore the (g4 ) are uniquely defined in Og.

k
’l“l...’l"yf

Since S is a submanifold, for each pair of coordinate charts U, and Ug such
that U, N Uz NS # () there exists (hap)’ such that

2o = (hap)s25-

Now, thanks to Remark 6.1.2 we have the following:

h 1 Tvi _ h 1 Tvy _s1 Svy
9a,re,..., Tug Zo "t Ra’ = Gary,.., Tug (hllﬁ)sl "'(h‘aﬁ)sufz[i Zﬁ
h
8Za k 2Vf

_ s Svy
_321596781,.“75”'251'”26 +Is

Remark 6.1.6. If S'is a codimension m submanifold we have that F is tangential

if and only if in each coordinate patch g’c;n)_“wf € Is for each r,ry,... .71, =
1,...,m.
Remark 6.1.7. From now on we assume that
-1
I := ko, Sym”’ (Ng) = (m tvs ) < dim S,
Vf

where m is the codimension of S.

Lemma 6.1.8. Let f € End(M,S), [ # idy. The canonical distribution
Fr C Tu,s is well defined.
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Proof. The sheaf Fy is generated locally by the elements
& 0

Url...mf a = [(ga)rl...r,,f]lﬁ'
«

We prove that the canonical section is well defined; we want to prove that
Xf,a = Xf’g. Indeed:

ry 0
Xfa = [(ga)ts ., 1020 @ @ dza’ ® 2o
vt 0zk
920 9z 02 \ P
k o o B ;.8 vy
= L2 TP e ®d .
[(ga)’r‘l...ruf}lazgl azsyf azg ZB ® ® Z,B ® 821[—3"
B
Now, we have that z§ = (hap)izl; this implies that:
Sv Ty Ty
(hap)rt -~ (hap)r.] (gﬁ)fl...sz 2zt = (96)151...er 2gt-ozg !
, 02k
=zhof—zf=(fh - 2b) 50 + Ra,
0zh

o0k
_ B h r Tvy
= 9zh (ga)rl...ryf Zoh ttZa R2uf7
«

where Ry, are elements of I;”f . Now, we have that

ozn
(o)l = |52
Oz |4
This proves the assertion. O

Definition 6.1.9. Let S be a splitting submanifold of a complex manifold M.
Given a first order lifting p : Os — Og(1), let o* be the left splitting morphism
associated to p. If f € End(M,S), f # idy has order of contact vy and [ is
such as in Remark 6.1.7 we shall denote by f]‘{ the coherent sheaf of @g-modules
given by

FF = 0" o Xg o (df)®" (Sym(Ns)) C s,

where (df)®¥s is the endomorphism of Sym(N7) induced by the action of df on
Ng. Notice that if vy > 1 (or vy =1 and f tangential) we have that df|n, = id
and hence the presence of df is meaningful only for vy = 1 and f not tangential.
We shall say that p is f-faithful outside an analytic subset ¥ C Sif 77 is
the sheaf of germs of holomorphic sections of a sub-bundle of rank { of T'S on
S\ X. If 3 = () we shall simply say that p is f-faithful.

One of the reasons we can apply our theory to the case of self maps is the
following extension of a Lemma proved in [4], which is possible under some
assumptions on the regularity of S.

Lemma 6.1.10. Let f € End(M,S), f # idy. Suppose S is a codimension m
submanifold of M and the order of contact vy is larger than 1. Then Fr is a
subbundle of Tar,s(1)- Moreover, if f is tangential, Fy is a subbundle of Ts()-
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Proof. We know from the proof of Lemma 6.1.8 that the coefficients of the
canonical section are such that

k 0z 51 Sug k
(ga)rl...r,,f @ = (hoéﬁ)m e (h(%ﬂ)”‘uf (gﬁ)sl.“s,,f + RVf' (61)

We define now 5

Uryry o0 = [(ga)]fl...ryf ]2@-
@

We want to show that there exists a cocycle [c4s]2 such that

S1...8p

Ury.ryp,0 = ([CaB]Q)h--.Tuf Usi...s0;,8"

From equation (6.1) we see that indeed:

ozl
k B Sy k
002 2[5 | = [z ) f )
: al2 2
and that
Sv
e [ R O] R
2
If f is tangential, moreover, for each r = 1,...,m and each « we have that
(ga);l,...,ruf belongs to Zg; therefore, from Remark 3.3.2 we get that each of the
Uryry is in Ts1) and this proves the assertion. O

Remark 6.1.11. Please note that the canonical distribution is not, in general,
involutive.

6.2 The results of ABT about holomorphic self
maps

In paper [1] it was first proved a Camacho-Sad type residue theorem for holo-
morphic self maps tangent to the identity. The methods developed there were
extended in the papers [3], [4]. In this section we will give a quick survey of the
results in section 8 of [4], regarding the partial holomorphic connection on the
normal bundle Ng arising from holomorphic self-maps. In Section 6.1 we gave
the definition of canonical section and in Section 5.3 we showed how it is possi-
ble to get partial holomorphic connections for Ng looking for lifts of foliations
into the Atiyah sheaf of S (Definition 5.3.1).

Remark 6.2.1. In the non tangential case, if there exists a f-faithful splitting,
we shall put vf,l___ryf@ = 0*(1)””_”]”0[) when vy > 1 and v], = 0" 0o X o
df (Or,o) when vy = 1. To be consistent with the non-tangential case, even in

the tangential case we shall put vy = Uryry, a0 set o* = id and set
}—? = Fr.

Tup,

Proposition 6.2.2 ([4] Proposition 8.8 (first part)). Let S be a codimension
m submanifold of an n-dimensional complex manifold M. Let f € End(M,S),
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f #idy. If [ is tangential, or vy > 1 and there exists an f-faithful left splitting
morphism, let {mgq} be the cocycle defined by

0z 92,51 02
B 2 B CE 3T Tog,y
= azg azgazgg aza’g (ga)zr)l...n,f Sw;3 ® 881;0{ ® UU e f a'

mpga
We denote by m € HI(S,/\@ ®N5®]—'J‘{) the corresponding cohomology class.
Then there exists a morphism ¢ : F§ — A such that ©1 o ¢ = id if and only if
m=0.

Proposition 6.2.3 ([4] Proposition 8.8 (second part)). Let S be a codimension
m submanifold of an n-dimensional complex manifold M. Let f € End(M,S),
f#idy. If fis not tangential and vy = 1, let {mpa} be the cocycle defined by

B azg 822’31 82;32 52 r » 5599 0,71,
= @W&?( LT (ga)rl)(g@)rz Swa @ Osy,a @V :

mpaa
We denote by m € H' (S, N§ ®Ns® Ff) the corresponding cohomology class.
Then there exists a morphism ¢ : F§ — A such that ©1 0 ¢ = id if and only if
m=0.

Now, the striking fact of paper [3] is if codimension S is 1, the vanishing of
these cohomological classes is understood.

Proposition 6.2.4 ([4] Proposition 8.9 (tangential case)). Let S be a codi-
mension 1 submanifold of an n-dimensional complex manifold M. Let f €
End(M,S), f # idy. If [ is tangential then the cohomology class m = 0.

Proposition 6.2.5 ([4] Proposition 8.9 (transverse case)). Let S be a codimen-
sion 1 comfortably embedded submanifold of an n-dimensional complex manifold
M. Let f € End(M,S), f # idy. Then the cohomology class m = 0.

6.3 The variation action for holomorphic self maps

Thanks to Lemma 6.1.10 we know that in the tangential case, when the order
of contact is higher than one, we can apply directly the theory we developed for
foliations of the first infinitesimal neighborhood. The following theorem follows
directly from Theorem 5.7.2.

Theorem 6.3.1. Let S be a compact codimension m submanifold of M an n
dimensional complex manifold. Let f € End(M,S), f # idy. Suppose vy > 1
and Fy is tangential to S. Let now G be the involutive closure of Fr on S and
= S5(FpUS(G); let ¥ =, X be its decomposition in connected components.
Then for every symmetric homogeneous polynomial ¢ of degree k larger than
n—m—I+4|1/2]| we can define the residue Ress(Fr, Ng,m;22) € Hatn—m—i)(Za)
depending only on the local behaviour of F¢ and Ng v near Xy so that

ZRG%(}"f,Ng,M;Z/\)Z/Cﬁ(/\fg,M),
S s

where ¢(Ng,m) is the evaluation of ¢ on the Chern classes of Ng,u -
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In the transverse case, when the order of contact is larger than one we can
use the methods developed for 2-splitting submanifolds.

Theorem 6.3.2. Let S be a compact codimension m submanifold 2-splitting in
M, an n dimensional complex manifold. Let f € End(M,S), f # idn, vy > 1.
Suppose we have a splitting F¢-faithful outside an analytic subset of S containing
S(Fy). Let now G be the involutive closure of F§ and X = S(F7)U S(G); let
Y = U, X be its decomposition in connected components. Then for every
symmetric homogeneous polynomial ¢ of degree k larger than n —m — 1+ [1/2]
we can define the residue R€S¢(]:?,Ng’M; Y)) € Hay(—m—k)(Xa) depending only
on the local behaviour of ]—"]‘Z and Ng, v near Xy so that

ZResd)(}'}’,Ng,M;E/\):/S‘ZS(NQM)’
)

where ¢(Ng,ar) 1s the evaluation of ¢ on the Chern classes of Ng .

These two theorems, even if their statement is really general, become much
more interesting if the rank of Fy is 1, i.e., if S is a (smooth) hypersurface of
M. In this case we have that Fy is a rank 1 foliation of S and our theory allows
us to prove stronger results.

Theorem 6.3.3. Let S be a (smooth) compact hypersurface of M an n dimen-
sional complex manifold. Let f € End(M,S), f # idy. Suppose vy > 1 and Fy
is tangential to S. Let ¥ = S(Fy) and let ¥ = |J, X be its decomposition in
connected components. Then for every symmetric homogeneous polynomial ¢ of
degree n—1 we can define the residue Ress(Fr, Ng; 013 Xn) € Ho(Ea) depending
only on the local behaviour of Fy and fo,M near X so that

ZResqb(]:fafo,M;Z,\):/S¢(fo,M),
B

where gb(/\/'}-f,M) is the evaluation of ¢ on the Chern classes of Nr, m-

Theorem 6.3.4. Let S be a (smooth) compact hypersurface of M an n dimen-
sional complex manifold. Let f € End(M,S), f # idy. Suppose vy > 1 and
suppose we have a splitting Fy-faithful outside an analytic subset ¥ of S con-
taining S(Fyf). Let ¥ = |J, X\ be its decomposition in connected components.
Then for every symmetric homogeneous polynomial ¢ of degree n — 1 we can
define the residue Resy(Fr, Ng; a3 5x) € Ho(Ea) depending only on the local
behaviour of Fy and ./\/']:f’M near X so that

ZR65¢(ff,N]:f,M;Z)\):L¢(fo,M)7
A

where ¢(Nz; ar) is the evaluation of ¢ on the Chern classes of Nz, ar-

In case S is a splitting (smooth) hypersurface we can apply the results in
Section 4.4, regardless of the order of contact, obtaining the following.

Theorem 6.3.5. Let S be compact regular hypersurface splitting in M, an n
dimensional complex manifold, and let f € End(M,S), f # idy and suppose
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there exists an Fy-faithful splitting outside an analytic subset containing S(Fy).
Then F{ is a rank 1 holomorphic foliation defined on S. Suppose sequence (4.6)
splits and let ¥ = |J, X be the decomposition of ¥ in connected components.
Then for every symmetric homogeneous polynomial ¢ of degree n — 1 we can
define the residue Resy(Ff, Nr,m;25) € Ho(Xa) depending only on the local
behaviour of }"}’ and NFfJVI near X so that

ZRe%(]-'J‘cT,./\/'}-;,M;E/\) =/S¢<NF;’,M)7
A

where ¢(,/\/']:}77M) 1s the evaluation of ¢ on the Chern classes 0fN].‘?7M.

6.4 Computing the variation index

Let S be a codimension 1 submanifold of a complex surface M and suppose
there exists an f tangential, such that vy > 2 and the associated canonical
distribution has an isolated singularity in 0. The computation of the index
follows almost directly from the one in section 5.5. First of all we remark that
= (1+§—1) = 1, so the canonical distribution if a rank 1 subbundle of Tg () with
an isolated singularity in 0, i.e., a foliation of the first infinitesimal neighborhood
outside 0, whose generator is given by
0 0
v = [91]2@ + [92]2@-

Now, applying the formula developed for foliations of the first infinitesimal
neighborhood we get that the residue for ¢ (Ng,; ar) in 0 is

1 1 (9gt 9g¢?
S|\==+—= )| dv-
2my/—1 {yl=<} Lg%\ Oz 9y )14

Suppose now we drop the tangentiality assumption and assume S is 2-
splitting in M and we are working in an atlas adapted to the 2-splitting; the
computation of the index follows directly from the one in Section 5.6. Again,
I =1and Fy C Tas,s(1); if the generator of Fy is given by

0 0
v = [91]25 + [92]2ﬁ»

we know from our treatment that its projection is nothing else than

, 9g* 9 0
0= 5 #] o+ g

Now, the formula for the variation residue tells us that the residue for ¢1 (Nz, ar)

in 0 is 90l B0
1 1
o1 [2 (9 n 9)] dy.
2rV =1 Jqpy=ey Lo*\ 02 0y /|
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Chapter 7

Final Remarks

In this short section we would like to to pose some questions and to list what
are in our opinion some interesting research paths.

The first thing we remark is that all the results of this thesis work only with
regular submanifolds of a complex manifold M. It would be really interesting
to generalize those results to the case first of local complete intersections and
then to the case of general singular varieties.

We would like to stress that many of the results of this thesis are a starting
point in a program towards the understanding of the following problem: when is
it possible to extend a holomorphic foliation on a submanifold S of codimension
m in a complex manifold M to a neighborhood of S7 Thanks to Theorem
5.4.1 we know that, if there exists a rank [ foliation of the first infinitesimal
neighborhood, if we take any symmetric polynomial ¢ of degree larger than
n —m — | then ¢(Nrz ar) vanishes. Therefore, given a foliation F on S, the
classes ¢(Nz,a) are obstructions to find an extension to the first infinitesimal
neighborhood, where ¢ is a symmetric polynomial of degree larger than n—m—1.
In the splitting case we have much more information. As a matter of fact, if the
sequence

0V —>F—=>F/V-=0

splits on the first infinitesimal neighborhood of the zero section of Ns we know
that F can be extended in a non involutive way. Therefore, if S splits, the char-
acteristic classes ¢(Nr ar) with ¢ is a symmetric polynomial of degree larger
than n —m — [ 4 [I/2] are obstructions to find an extension of F as a not
necessarily involutive subbundle of 7g(1). Known this, if the extension is invo-
lutive, also the characteristic classes ¢(Nx ar) with ¢ a symmetric polynomial
of degree larger n —m — [ and smaller than n —m — [+ |1/2] vanish. Therefore,
in the splitting case, known that there is a non-involutive extension, the classes
&(NF,m) where ¢ is a symmetric polynomial of degree larger n — m — [ and
smaller than n —m — [ + [1/2] are obstructions to find an involutive extension.
Now, it would be really interesting to see whether stronger conditions on the
embedding, like k-linearizability, permit us to extend foliations, thanks to the
vanishing of (4.6) to the k-th infinitesimal neighborhood of a submanifold and
whether, thanks to some Grauert type results, it is possible to find an extension
of the foliation to the whole ambient manifold.

Another important problem is to understand the dynamical meaning of the
Khanedani-Lehmann-Suwa index, specially in the transversal case; as we said in
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Remark 5.4.5 it could be connected with the intersection number of an algebraic
leaf of the foliation and therefore it could be used in proving the non existence of
algebraic leaves for a given foliation studying intersection numbers of algebraic
leaves with target submanifolds.

Even if we have computed some of the residues associated to our index
theorems there are still many computations to do. In particular case, it seems
particularly interesting to compute the residues in the non involutive case and for
involutive closures. As seen in Section 2.4 computing a residue is not elementary;
this problem is strictly connected to that of finding examples of foliations and
subsheaves of the infinitesimal tangent sheaf of S not arising from restriction of
foliations and subsheaves of the ambient tangent manifold leaving S invariant.

In the preprint [2] Abate, Bracci, Tovena and Suwa have developed a theory
for the localization of Atiyah classes; maybe some results of this thesis could be
used in that framework.

I hope this thesis helped you understand the interest of the theory of indices
and residues of singular holomorphic foliations and holomorphic self-maps. Still
many things have to be done and understood but the beauty of the topic and
its theoretical clarity made working on it a real pleasure.
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Thanks

Now, this chapter is going to be really long. I have a complicated and intense
life and so there are many people I want to thank and remember.
First of all, I would like to thank my families, in order of appearance:

e the Nisoli-Corna family:

my father Maurizio and my mother Nicoletta; I would like to thank
them since I wouldn’t be here without them (also on a strictly bio-
logical term), for taking care of me, for giving me an education, for
keeping an eye on me during my emotional up and downs and dealing
with me and all my strange ideas and adventures. I'm not a simple
person and I would like to thank you for giving me the luxury of
freedom;

my sister Giulia; she had to share the room with a complicated
brother with strange musical tastes and a passion for loud music,
with a complicated love life and complicated interests. I would like
to thank her for her patience and for being there when I need her;

my brother Giuseppe; he has already to deal with two fathers and
when I get into the picture everything becomes even funnier (not for
him), I would like to thank him also for his patience and for reminding
me how was being a teenager, my dreams and my hopes;

my sister Bruna; even if you don’t speak so much, sometimes I miss
you and wonder if everything is fine with you and your life;

my aunts, uncles and cousins at Villaggio Corna; because I always
have a place where my roots belong, to rest and fortify, to laugh and
to cry as a community and a family;

my aunts, uncles and cousins on the Nisoli side; they taught me
many things since I was a child and my broad interest range is a
family “defect”, I was always welcome into their home to play and
experiment with them, drawing, taking photos, playing music;

my grandmother Rina; for her family stories and her generosity, for
her presence, for her help and for teaching me how, even if you fall in
the darkness, you can come out, bruised, but alive and build things
for yourself and the others;

my grandmother Maria; for remembering me, with her simplicity, of
the beauty of the blue sky, for being there, welcoming everyone in
her house, helping everyone, I miss you;
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— my uncle Tobia; he taught me what it means to live for the others
and he supported me in the hard moments of my life, I miss you;

— my aunt Monica; even if you are far away, you are near in my
thoughts, with your chaos and generosity;

o the Gezelius-Naessén family:

— my swedish father Géran and my swedish mother Vannie; you wel-
comed me as your own son, without you and your teaching I would
be a really different person, I think it is impossible to thank you
enough for everything you did for me and your patience. Thank you
for making me feel as your son every time we meet, for teaching me
that a family is not made only of your blood relationship;

— my swedish brother Karl; for having taught me how to play chess,
having introduced me to his friends and for being always so witty,
smart and playful;

— my swedish brother Lars; he taught me the good manners (even if
with not so much success), made me know the wonderful world of
swedish teenage life and introduced me to the world of piano, jazz
music and improvisation;

— my swedish brother Bjorn; he taught me the way of the swedish
viking, ice skating, sports and “Piroger”;

— my swedish brother Knut; I learnt through him what it means hard
working and ambition... even if it is still a lesson I have to learn in
detail;

— my swedish-argentinian brother Fausto; his enthusiastic approach to
study and life makes me think every time about my own limits and
try to push them further;

— my swedish farfordldrar and morforéldrar; those who are still with
us and those who are not, for sharing with me their experiences and
their histories, Rolf with the skate histories, Anna Greta and her
fine connaissance of wine and literature, Roland and his love for the
forest and Anna for many incredibly good cakes, and for everything
else they taught me;

— my swedish dog Stina; thanks for teaching me how proud and stub-
born a dog can be and for being my first real experience with man’s
best friend;

e the Casaloca family:

— my “big brother” Luca, his wife Chukki and my “nephew” Tené ;
brotherhood is a strong feeling and I live it every time we met, we
have lived many adventures, shared many experience and I hope our
life brings us to share even more;

— Silvia; you have taught me a lot of things but the most important
one is that a lot of strength can be found in your hearth if you really
believe in your ideas;



Riccardino; you taught me my first lesson of “street wisdom”, even
if I do not always agree with your methods and ideas, you taught me
many important things;

Daniele and Silvia; we shared so many things since we’re almost the
same age, you taught me how someone can find a beautiful own
dimension in every context, you're one of the most beautiful couples
I know and it’s always a pleasure to share time with you;

Paola; your generosity matches only your wisdom, thank you;

Chiara; we got friends and lost friends together, we worked, cleaned
and built things together, made choices together, if you need any-
thing, just tell me;

Fabrizio, Francesco, Franco, Graziano, Silvia, Teo, Valeria and all
the others; we shared life, time and thoughts, I grew up thanks to
you;

Valentina and all who left or had to leave, thank you for teaching me
what a friend should and shouldn’t be, thank you for teaching me to
forgive or to be hard with those who deserve it, may you find what
you are looking for;

e the via Che Guevara 96/C family:

Stefano and Siri; thank you for leaving me passing in front of you in
that queue at Skavsta, introducing me to the Oasi of Massaciuccoli,
for being a beautiful couple, for your sensitivity and tenderness, my
sister and brother;

Erica; thank you for your being so wild, you taught with me how to
run with wolves and the quality of silence;

Vanessa; thank you for the sun in your smile, for letting me know
two wonderful beings, Ombra e Luna and for taking my beer (If I
drank all that beer I would have been much more fatter);

Hassan; thank you for teaching me the lesson that respecting a person
does not mean that this person respects you and thank you for taking
away a bit of my innocence and trust in other people;

Patrizia and Flaviano; thank you Patrizia for your sweetness and
kindness, and to you Flaviano for being so strict and respectful, both
of you gave a big impulse to my growing up, in ideas and thoughts...

e the Ph.D. family:

Marco and Ana; thank you, without you my Ph. D. would not have
been the same, you taught me so much on study, relationship and
life and everything that I can only hope to meet you again soon;

Jasmin; for teaching me how to behave and for being so present in
helping me with all the bureaucratic things;

Demdah; we shared the same room and many beautiful things, my
african brother, I hope to see you soon;

Sara; for being Sara and teaching me what “ragi alla napoletana”
means, for the “cappelletti” and everything we shared;



— John; for being as crazy as a logician can be and for the bruises he
makes me when we fight;

— Fiontann; for the endless discussions about mathematics, the many
lunches we share and teaching me Go;

— Tiziano; for his kindness, for his politeness and reliability and because
I highly trust him and because I always have access to his wonderful
library;

e the Palmares family:

— Galo Preto; for teaching me how to be more “malandro” and of all
the passion you are putting in teaching us the wonderful culture of
Capoeira, and letting me rediscover myself through this wonderful
discipline;

— Emilia, “a Agua de Marco”; for bringing in yourself a true passion
for life, for your silence and your thoughts, your playfulness and
your never trivial gaze upon life, every time I speak with you I learn
something new;

— Giorgio, “my little walrus”; thank you for your friendship Giorgio,
for your being so “improponibile” for the late night chats, for your
snoring when we share the same room and for the nickname “Is-
abeautiful” (I'm kind of starting to accept it);

— Michela “Esquilo”; thank you for being always there where I can find
you, at the coffee machine at the math department :-) and for being
almost as crazy as me;

— Nicco; thank you for beating me always in the roda, for your cloudy
expressions that can become a sunny day when you smile and for
beeing more nerd than me, I still have many things to learn;

— Pierluigi; thank you for being so kind and playful, and for teaching
me that playing “slow and low” is beautiful and a beautiful dialogue,
you taught me a lot;

— Corinna, Nino, Mimmo, Enrico, Pino and all the other people in
the Capoeira group; thank you for “dancefighting” with me without
leaving me too many bruises, for the time spent together and for the
energy of the roda;

e the Sancasciani 13 family:

— Lia; thank you for introducing me to the beautiful house of via San-
casciani, because you always have a witty answer to my remarks, for
keeping a good eye to the entropy of the house and for teaching me
many beautiful things about a life full of colour;

— Luca; for teaching me the value of silence and how to cope with my
anxiety and the rush I have towards information, thank you for your
meditation lessons and the fights over the food;

— Viola; because you are always there when I need a hug, for the music,
for being there when I feel alone, for a chat, to eat something together,
because you care for me;



— Sara; for the cookies and all the sweet things, because you are teach-
ing me how to say no and to find my own spaces, it is something I
really need;

— Alvise; thank you because you are too cool, we share good food and
music, because you're so strong and honest and fun;

— Silvia; thank you for the long chats, your breakfast cakes, your run-
ning through the house screaming and your taste for good things,
e.g., Maccagno;

— Davide, Kli“p”zia, Vale, Ciccio, Alessia, Fausto, Fionntan, Sole and
all the other people from the “clean” flat; because you're there and
I like staying with you, eating with you, sharing with you, our com-
munity is one of the best thing that could happen to me in Pisa.

And now, all the people and organization which didn’t fit in one of the cathe-
gories above:

Stefano Galatolo; we're working together, but he deserves to be considered
one of my friends, thank you Stefano for what you are teaching me and
what we are doing together;

Prof. Vieri Benci; I've been a teaching assistant under his direction and
it has been an important part of my mathematical education, I would like
to thank him also for many interesting mathematical conversations;

the PRIN project ” Metodi variazionali e topologici nello studio di fenomeni
non lineari” for funding is research about logarithm laws for geodesic flows
on compact manifolds with negative scalar curvature through a contract
of research with the University of Bari;

Dario Salgarella; thank you for teaching me how to play the clarinet, I
must have been of the most difficult students you've ever had, but you
took care of me and taught me many things, in life and music, thank you
again;

la Banda Santa Cecilia di Brignano Gera d’Adda; I’ve spent with you a
lot of time of your life, and you’ve taught me music and, citing Mario
“Preost” that “I fete de salam i ga de es compai di rode di carech, i ga de
sta in pe di per lure”;

Laura, Daniel and Francesco; thank you for being so nice friends, I know
I can always count of you, thank you for forgiving me when I disappear
and for always being there when I need someone to listen to me;

Guido Ludovico Radogna, Conte delle Grazie (Portovenere); thank you
for teaching me how to play “swing”, for the song Controvento and for
your poethical approach to life;

Roberto “Cabui”; because, when I need some chaos in my life, I know
always where to look, thank you for teaching (?) me total improvisation
and for sharing me the musical project “Cabui meets Orkolorko”;



e the Couchsurfing project, who made me know an incredible amount of
people from all over the world: Maia, my “schlamasl”, Ana and her dog
Tilk, who hosted me in Barcelona during the conference at the UAB in
2010, Filipe and Lia from Portugal, TaeGoung Kim who I adopted in a
parking lot in November 2009 and many others;

e Marco and the people at IPMU; because it was really nice to discover
Japan with you, so, let’s meet at Tsukiji a 7AM in the morning in a
couple of years;

e QOasi Lipu Massaciuccoli; thank you because it is an oasis in the broader
sense, a place where you can rest and work and see beautiful things, thank
you Nicola, Andrea, Lucia, Marcello and thank you, all beautiful small
birds that live there;

e Antonio and Paola; thank you for being my friends, for being here, for
being different from me and because I can always count on you;

e Elidebe; thank you because you taught me many bad and good things,
you’ve been an important part of my emotional education and I would be
a totally different person if I never met you.

Last but not least, I would like to thank Erica. I want to thank you for
the emotions you made me feel, for what we have been and what we share: the
wires that connect us, the hamsters, Corsica, the books, the long walks, the hail
storm near “Lago dell’Accesa”’, because you decided it was worth knowing me
even if I'm a peculiar person, for what you are and because you care for me.

At last, a big thank you to everybody that has been important in my life
and for some reason didn’t end up in this long list...



La luna nel cielo,
nelle mie suole il vento,
parole abusate

ho dato alla gioia,
parole abusate

ho dato al dolore,
parole abusate;
ho dato al sole

un nome segreto
che regalo solo

a chi voglio io.
Isaia



