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Chapter 1

Introduction

The theory of Hyperplane Arrangements (more generally, Subspace Arrangements) is de-
veloping in the last (at least) three decades as an interesting part of Mathematics, which
derives from and at the same time connects different classical branches. Among them we
have: the theory of root systems (so, indirectly, Lie theory); Singularity theory, by the classi-
cal connection with simple singularities and braid groups and related groups (Artin groups);
Combinatorics, through for example Matroid and Oriented Matroid theory; Algebraic Ge-
ometry, in connection with certain moduli spaces of genus zero curves and also through
the classical study of the topology of Hypersurface complements; the theory of General-
ized Hypergeometric Functions, and the connected development of the study of local system
cohomologies; recently, the theory of box splines, partition functions, index theory.

Most of the theory is spread into a big number of papers, but there exists also (few)
dedicated books, or parts of books, as [GMP88], [0T92], and the recent book [DCP09].

The subject of this thesis concerns some topological aspects of the theory which we are
going to outline here.

So, consider an hyperplane arrangement A in R™. We assume here that A is finite, but
most of the results hold with few modifications for any affine (locally finite) arrangement. It
was known by general theories that the complement to the complexified arrangement M (.A)
has the homotopy type of an n—dimensional complex, and in [S87] an explicit construction
of a combinatorial complex (denoted since then as the Salvetti complex, here denoted by S)
was made. In general, such complex has more k—cells than the k-th Betti number of M(A).
It has been known for a long time that the cohomology of the latter space is free, and a
combinatorial description of such cohomology was found (see [OT92] for references). The
topological type of the complement is not combinatorial for general arrangements, but it is
still unclear if this is the case for special classes of arrangements. Nevertheless, suspecting
special properties for the topology of the complement, it was proven that the latter enjoys
a strong minimality condition. In fact, in [DiP03],[R02] it was shown that M(A) has the
homotopy type of a C'W-complex having exactly (5 k-cells, where 3y is the k-th Betti
number.

This was an existence-type result, with no explicit description of the minimal complex.

A more precise description of the minimal complex, in the case of real defined arrange-



ments, was found in [Y05], using classical Morse theory. A better explicit description was
found in [SS07], where the authors used Discrete Morse theory over S (as introduced in
[F98, F02]). There they introduce a total ordering (denoted polar ordering) for the set of
facets of the induced stratification of R”, and define an explicit discrete vector field over the
face-poset of S. There are as many k-critical cells for this vector field as the k—th Betti
number (k > 0). It follows from discrete Morse theory that such a discrete vector field
produces:

i) a homotopy equivalence of S with a minimal complex;

ii) an explicit description (up to homotopy) of the boundary maps of the minimal complex,
in terms of alternating paths, which can be computed explicitly from the field.

A different construction (which has more combinatorial flavor) was given in [De08] (see
also [DeS10]).

In this thesis we consider this kind of topological problems around minimality. First,
even if the above construction allows in theory to produce the minimal complex explicitly,
the boundary maps that one obtains by using the alternating paths are not themselves
minimal, in the sense that several pairs of the same critical cell can delete each other inside
the attaching maps of the bigger dimensional critical cells. So, a problem is to produce a
minimal complex with minimal attaching maps.

We are able to do that in the two-dimensional affine case (see chapter 5, [GMS09]).

Next, we generalize the construction of the vector field to the case of so called d-
complexified arrangements.

First, consider classical Configuration Spaces in R? (sometimes written as F(n, R?)) :
they are defined as the set of ordered n—tuples of pairwise different points in R?. Taking
coordinates in (R%)" = R

Tij, 2:1,...,n, jzl,...,d,

one has
F(n,RY) = R™\ U, HY,

)

where H l-(;l) is the codimension d-subspace

Ni=1,..d {Tik = Tji}-

So, the latter subspace is the intersection of d hyperplanes in R", each obtained by the
hyperplane H;; = {x € R" : x; = ;}, considered on the k—th component in (R")? = R,
kE=1,...,d.

By a Generalized Configuration Space (for brevity, simply a Configuration Space) we
mean an analog construction, which starts from any Hyperplane Arrangement A in R"™. For
each d > 0, one has a d—complezification AY C M? of A, which is given by the collection
{HD H e A} of the d-complexified subspaces. The configuration space associated to A is
the complement to the subspace arrangement

MD = MAD = R\ | J H?D .

HeA



For d = 2 one has the standard complexification of a real hyperplane arrangement. There
is a natural inclusion M@ < MY and the limit space is contractible (in case of an
arrangement associated to a reflection group W, the limit of the orbit space with respect to
the action of W gives the classifying space of W; see [DCS00]) .

In this thesis we give an explicit construction of a minimal CW-complex for the config-
uration space M(A)@, for all d > 1. That is, we explicitly produce a CW-complex having
as many i-cells as the i-th Betti number 3; of M(A)¥, i > 0.

For d = 1 the result is trivial, since M® is a disjoint union of convex sets (the chambers).
Case d = 2 was discussed above. For d > 2 the configuration spaces are simply-connected,
so by general results they have the homotopy type of a minimal CW-complex. Nevertheless,
having explicit ”combinatorial” complexes is useful in order to produce geometric bases for
the cohomology. In fact, we give explicit bases for the homology (and cohomology) of M(@+1)
which we call (d)-polar bases. As far as we know, there is no other precise description of
a geometric Z-basis in the literature, except for some particular arrangements, in spite of
the fact that the Z-module structure of the homology is well known: it derives from a well
known formula in [GMPS88] that such homology depends only on the intersection lattice of
the d-complexification A@, and such lattice is the same for all d > 1. The tool we use here
is still discrete Morse theory. Starting from the previous explicit construction in [DCS00] of
a non-minimal CW-complex (see also [BZ92]) which we denote here by S@, which has the
homotopy type of M@+D) | we construct an explicit combinatorial gradient vector field on
S@ and we give a precise description of the critical cells. One finds that critical cells live in
dimension id, for ¢ = 1,...,n’, where n’ is the rank of the arrangement A (n’ < n).

Notice that the proof of minimality, in case d > 2, is straightforward from our construction
because of the gap between the dimensions of the critical cells.

One can conjecture that torsion-free subspace arrangements are minimal: that is, when
the complement of the arrangement has torsion-free cohomology, then it is a minimal space.

We pass now to a more precise description of the contents of the several parts of the
thesis.

Chapters 2, 3 and 4 are introductive, the original part can be found at most in chapters
5 and 6.

Chapter 2 is an introductory collection of the main tools needed in the following parts.
It includes: Orlik-Solomon algebra and related topics, as the so called broken circuit bases;
the definition of Salvetti complex; the main definitions and results of the Discrete Morse
Theory, following the original work by Forman ([F98, F02]).

In chapter 3 we deal with general subspace arrangements. In section 3.1 we recall
Goresky-MacPherson formula. We consider here the explicit example given in [J94] of a
subspace arrangement such that its complement is not torsion-free. This arrangement is
composed with six codimensional-5 coordinate subspaces in R (we make complete compu-
tation of the cohomology of the complement by using Goresky-MacPherson formula).

In section 3.2 we define generalized d—configuration spaces M (A)@, and the generalized
Salvetti complex S(@, whose cells correspond to all chains (C < Fy < ... < Fy), where C
is a chamber and the F;’s are facets of the induced stratification @(.A) of R (and < is the
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standard face-ordering in @(A)).

In chapter 4 we present the reduction of the complex S = S() using discrete Morse
theory, following [SS07]. We define a system of polar coordinates in R", and the induced
polar ordering on the stratification @(.A). Next, we define a gradient vector field I" on the
set of cells of S; the critical cells of I' are in one-to-one correspondence with the cells of a
new C'W-complex, which has the same homotopy type as S. One can verify that the number
of critical cells of dimension k equals the k—th Betti number, so the latter C'W-complex is
minimal.

The main original part of our thesis is contained in the last two chapters.

In chapter 5 we consider the two-dimensional case. For any affine line arrangement A,
we give explicit minimal attaching maps for the minimal two-complex corresponding to the
polar gradient vector field. After considering the central case, the proof is by induction on
the number of 0-dimensional facets of A.

Of course, presentations of the fundamental group of the complement follow straightfor-
ward from these explicit boundary formulas.

In chapter 6 we apply discrete Morse theory to the complex S(¥. Even if the philosophy
here is similar to that used for d = 1, the extension to the case d > 1 is not trivial. To
construct a gradient field on S(¥, we have to consider on the ith-component of the chains
(C < Fy < ... < Fy) € S ecither the polar ordering which is induced on the arrangement
”centered” in the (i+1)th-component of the chain, or the opposite of such ordering, according
to the parity of d —i. Then we use a double induction over d and the dimension of a sub-
arrangement of A.

Several examples are considered in order to better illustrate our results.



Chapter 2

Definitions and prerequisites

2.1 Hyperplane arrangements and Orlik-Solomon al-
gebra

In this chapter we recall some basic definitions about hyperplane arrangements. A complete
tractment may be founded in [OT92].

Definition 2.1.1 Let K be a field, that we always suppose to be C or R, and let V' be a
vector space of dimension | on K. An hyperplane H in V is an affine subspace of dimension
[ — 1. An hyperplane arrangement A = {H, }ics is a finite set of hyperplanes of V.

When A is an hyperplane arrangement in V. = RZ%, the arrangement is called a line
arrangement.

More generally, a subspace arrangement is a finite set of affine subspaces of V' with no
dimension restriction. Without any further specifications, by “arrangements” we just mean
hyperplane arrangements.

Definition 2.1.2 For all subspace arrangements A define the complement M(A) as the
topological space:

MA)=V\ | JH

HeA

An important class of arrangements is the following:
Definition 2.1.3 If T = NgcaH # 0 then A is called central.

Definition 2.1.4 Chose for each hyperplane H € A a polynomial ay of degree 1 (defined
up to a constant) such that H = keroy.
The product
QA) = H 897,
HeA
is called the defining polynomial of A.



We put here two examples of arrangement:

Example 1 Let K = R and V = R" = (z1,...,2,). The Boolean arrangement in V is
defined by:

Q(A) = r122 - Ty

Example 2 Let K=R and V =R". For1<i< j <[ let H;; = ker(z; — z;). The braid
arrangement s defined by:

1<i<j<l

Now we introduce a combinatorial poset associated to an arrangement, which is a lattice
in the central case. For a background about lattices and posets see for example [K07].

Let us recall here the definition of order complex of a poset.

For a poset P, the set S C P is called a chain, if S is totally ordered with respect to the
partial order of P.

Definition 2.1.1 Let P be a poset. Define K(P) as the abstract simplicial complex, whose
vertices are all elements of P, and whose simplices are all finite chains of P, including the
empty chain. The complex K(P) is called the order complex of P.

Remark 2.1.5 Observe that the order complex K(P) of a poset P having a mazimal (min-
imal) element is contractible, because it is a cone over the point in K(P) corresponding to
the mazimal (minimal) element of P.

We define £ := L(.A) as a poset whose elements are all the subspaces of V' of the form:
L=H,n---NnH;, H;ecA
The partial ordering in £ is given by
L<Liff ' CL,

so there is a minimum element, corresponding to the empty intersection, which is the whole
space V. Moreover, when A is a central arrangement, we have a maximum Lo := (o, H.
The rank rk(L) of a subspace L € L is its codimension; the rank of £ is the rank of Ly, and
we also set rk(A) == rk(L(A)).

In the central case £ has the properties of a geometric lattice, that we call the intersection
lattice. For X,Y in L, the meet is given by X A\Y =N{Z € L|XUY C Z}, while the join is
defined by X VY = X NY. The atoms of this lattice are the hyperplanes H € L, for which
we have rk(H) = 1.

The arrangement is called essential when rk(A) =n = dim(V'), i.e. when Ly reduces to
a single point.
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Example 3 The lattice L(.A) of the Boolean arrangement in R™ can be described as follows:
let H; = ker(x;) and let I = {iy,... iy} wherel <1y < --- <14, <. Let Hy = H; N---NH,;,.
The lattice L(A) consists of the 2! subspaces Hy for all subsets I.

Example 4 The lattice L(A) of the braid arrangement in R™ is the partition lattice I1,,, i.e.
the set whose elements are all set partitions of the set [n] = {1,...,n}. This can be partially

ordered by refinement. This poset has a minimal element {1}{2}---{n} and a mazimal
element [n]. See [OT92] for the proof.

We can also define a finer poset @ := @(A) := ({F}, <) whose elements are the strata
(also called facets) of the stratification induced on V' by A, where, as before:

F < F'iff F' C c(F).

The atoms (chambers) of ®(A) are the connected components of M (A).

We have a map ¢ — L which associates to a facet F'its support |F'|, which is by definition
the subspace generated by F' (in a different language, this is the standard map between an
oriented matroid and its underlying matroid, see [0T92]). We define the rank function on
@ via this map:

rk(F) = rk(|F|) = codim(F).

Definition 2.1.6 Let (A, V) be an arrangement. If B C A is a subset, then (B,V) is called
a subarrangement. For L € L(A) define a subarrangement Ay, of A by:

A, ={H € AL C H}.
Define an arrangement (A, L) in L by:

A ={LNHIH € A\ Ay and LN H # 0}.

Remark 2.1.7 Ay is an arrangement in 'V of rank equal to rk(L). A* is an arrangement
inside L itself (of rank rk(A) — rk(L)). Let &1 = ®(AL), ¢ := D(AL) be the induced
stratifications of V', L respectively. There is a map pry, : ® — ®p, taking F' into the unique
stratum containing it, and a map j* : DL — P just given by the inclusion.

Fizing a facet F, set also @p ={ F' € & : F' < F}. It is easy to see that the restriction
op = prip|Pr : Pr — Pp is a dimension-preserving bijection of posets.

2.1.1 Coxeter arrangements

We shall now recall some basic facts about Coxeter groups and reflection groups following
[B81] (see also [HI0]).

We shall denote by W a multiplicative group and by ¥ a subset of generators of W such
that U =Y"tand 1 ¢ X.
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Definition 2.1.8 The pair (W, X) is said to be a Coxeter system if it satisfies the following
condition: let m(s,s’) be the order of ss', with s,s' € X; let I be the set of the couples (s,s’)
such that m(s,s') is finite. The set of generators ¥ and the relations (ss')™**) = 1 for
(s,s") € I give a presentation of W.

When (W, ) is a Coxeter system, we shall also say that W is a Cozeter group.

Example 5 Let S,, be the symmetric group with n > 2, let s; be the transposition of © and
i+ 1 withl <i<nandlet¥ ={s1,...,5,-1}. Then (S,,%) is a Cozeter system.

Definition 2.1.9 Let J be a set. A Coxeter graph of type J is a graph having J as set of
vertices and whose edges are labelled by integers > 3 or by the symbol co.

To every Coxeter system (W, X)) we can associate a Coxeter graph of type ¥ by joining s
and s’ with an edge whenever m(s, s’) > 3 or m(s, s') = co. The number m(s, s’) will be the
label of the edge. It follows that two vertices s # s are not connected by an edge if and only
if s and s’ commute. Since the label 3 occurs frequently, it is usually omitted when drawing
pictures.

Example 6 The Coxeter graph associated with the Cozeter group (S,,%) of example 5 is
given by:

—O—0 -+ O—O—0 (n — 1 vertices)

It can be shown that any Coxeter graph is the graph associated with a Coxeter system.

A Coxeter system (W,X) is called irreducible if the graph underlying the associated
Coxeter graph is connected and non-empty. That is to say that X in non-empty and there
do not exist two different subsets ¥’ and ¥” in ¥ such that each element of ¥’ commutes
with each element of ¥".

Definition 2.1.10 Let w € W. The smallest integer ¢ > 0 such that w is the product of a
sequence of q elements of X is called the length of w with respect to X2, and it s denoted by

fz(’w)

For any part ' of X, Wr will denote the subgroup of W generated by I'. All groups
obtainable in this way are called parabolic subgroups. The same name will be given also to
all the subgroups conjugate under W with a parabolic subgroup.

Proposition 2.1.11 Let (W, %) be a Coxeter system. Let I' C ¥. The following statements
hold.

(i) (Wr,T') is a Cozeter system.

(i1) Viewing Wr as a Coxeter group with length function lr, ls, = lr on Wr.

(iii) Define Wrdéf{w e Wl(ws) > l(w) for all s € T'}. Given w € W, there is a unique
u € WY and a unique v € Wr such that w = uv. Their lengths satisfy ((w) = €(u) + £(v).
Moreover, u is the unique element of smallest length in the coset wWr.
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JFrom now on we consider only finite Coxeter groups.

Definition 2.1.12 The Poincaré polynomial of W is the polynomial in the indeterminate q

given by
W(g) =Y ¢"™.
weW

More generally, for an arbitrary subset X of W we define X(q) = > ¢ ¢"™ . For
' € ¥, Wr(q) coincides with the Poincaré polynomial of the group Wr. It is an immediate
consequence of part (i) of Proposition 2.1.11 that

W(q) = W (q)Wr(q).

Let us now see how Coxeter groups are related to reflection groups. We begin with
recalling what is meant by a reflection in a real vector space V.

Definition 2.1.13 A reflection s is an endomorphism of V' such that 1 — s has rank equal
to1 and s*> = 1.

By definition, the kernel of 1—s, i.e. the set of points x with s(z) = z, is a hyperplane Hj
so that V' is the direct sum of H, and of a line L which is in the (—1)-eigenspace. Conversely,
it is easy to see that if V' is the direct sum of a hyperplane H and a line L = Ra, with a € V,
and s, is an endomorphism of V' such that = = s,(z) for every x € H and s,(y) = —y for
every y € L, then s, is a reflection. It is sufficient to observe that if v = x + y, then it must
be s4(v) = x —y. The line L is the kernel of 1 + s.

Let B be a positive definite symmetric bilinear form on V. B is invariant under a
reflection s if and only if Ker(1—s) and Ker(1+s) are orthogonal with respect to B.In this
case Ker(1 — s) and Ker(1l + s) are non-degenerate. Conversely, if H is a hyperplane in V
then there exists one and only one reflection sy preserving B and inducing the identity on
H. Tt is called the orthogonal reflection associated with H. If a # 0 is a vector orthogonal
to H then B(a,a) # 0 and sy is given by the formula

sp(r) =a — QMCL

for every x € V.
A finite group generated by reflections is usually called a finite reflection group.

Example 7 S, can be thought of as a finite reflection group acting on R™ (endowed with
the standard scalar product) in the following way. Let {e;}1<i<n denote the standard basis of
R™. The transposition of i and j acts as a reflection sending e; — e; to its negative and fixing
point-wise the orthogonal complement.
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We say that a finite reflection group W is essential relative to V' if W acts on V' with no
nonzero fixed points.

For example §,, is not essential on R™ for it fixes the line generated by e; + --- + e,.
However S, is essential relative to {(z1,...,x,) € R*|x; + -+ + x, = 0}.

If W is a finite reflection group acting on a Euclidean space V', as we have seen, each
reflection s, in W determines a reflecting hyperplane H, and a line L, = Ra orthogonal to
it. It turns out that W permutes the collection of all such lines. Indeed it is a result that if
w € W then s,, = wsew ™! belongs to W whenever s, does. It must be observed that only
the lines L, are determined by W, not the vectors .

Definition 2.1.14 A root system ® is a finite set of nonzero vectors in V', called roots
satisfying the conditions:

(R1) ® generates the space V'

(R2) ® NRa = {a, —a} for all a € O;

(R3) 54 = for all o € P.

Given a root system ® we can consider the group W generated by all reflections s,,
a € . Then W is finite, because it is contained in the permutation group of ®. Conversely,
any finite reflection group can be realized in this way, possibly for many different choices of
®. Finally, every reflection in W is of the form s, for some « in ®.

Since a root system ® may be extremely large compared with the dimension of V', we
are lead to look for a linearly independent subset of ®.

Definition 2.1.15 A subset A of a root system ® is said to be a simple system if A is
a vector space basis for the R-span of ® in V and if moreover each o € ® is a linear
combination of elements of A with coefficients all of the same sign.

It is a theorem that simple systems exist. Moreover, if A is a simple system in a root
system ® with associated reflection group W, then W is generated by those s, for which
a € A.

So far we have described the way in which a finite reflection group W acts on V. Let us
now describe the structure of W as an abstract group.

Theorem 1 Let A be a simple system of ®. Let W be the associated finite reflection group.
Then W is generated by the set X = {s,|ac € A}, subject only to the relations

(sa85)m(a”6) =1 (a,f€A),
where m(a, B)denotes the order of s,sz in W.

In other words any finite reflection group is a finite Coxeter group.

Conversely, if we consider a finite Coxeter system (W, X)), we can give W a geometrical
representation as a group generated by reflections in a Euclidean space. The idea is to begin
with a real vector space V having a basis {a;|s € X} in one-to-one correspondence with X

14



and then to impose a geometry on V' in such a way that the “angle” between o, and ay will
be compatible with the given m(s,s’). To this aim we define a symmetric bilinear form B
on V by setting

B(as, ag) = { —cos ey mis,s) €2,

-1 if m(s,s’) = oo.

For each s € S we can now define a reflection o, : V' — V by the rule
os(x) = — 2B(ay, ).

Theorem 2 Let W be a Coxeter group. The following conditions are equivalent:
(a) W is finite.
(b) The bilinear form B is positive definite.
(c) W is a finite reflection group.

It follows that the classification of finite Coxeter groups coincides with that of all finite
groups generated by reflections in a finite dimensional real vector space. This classification
is completely known.

Theorem 3 If (W, X) is a finite irreducible Coxeter system, its graph is one of the following

ones:
A,(n>1): o—6-06...0—-0—0 (n vertices)
B, (n>3): o0 06...0-0%0c (n vertices)
D,(n>4): o0—0—06... Q_C< (n vertices)

F, o—o—+o0—0
H; o—~o0—0
H . 5
4 0—0—0—0
I(m) : =5

We recall that A, is isomorphic to S,+1 and Iy(m) is isomorphic to the dihedral group
D,,.

Definition 2.1.16 Given V =R" and W a Cozeter group, the set H of its reflecting hyper-
planes in V' 1is an hyperplane arrangement. An hyperplane arrangement whose hyperplanes
are given by the elements of a Coxeter group is called a Coxeter arrangement or a reflection
arrangement.
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Let us conclude this section by emphasizing the role of the reflecting hyperplanes.
In the rest of this section W will denote a finite reflection group and H will be the set of
its reflecting hyperplanes.

Definition 2.1.17 Let R denote the equivalence relation defined by setting, for any two
points x and y in V, xRy if for every H € H either x € H andy € H or x and y belong to
the same open half-space determined by H. The equivalence classes of R are called facets of
V' with respect to 'H.

Definition 2.1.18 Fwvery facet C' of V' with respect to 'H that is not contained in any hyper-
plane of H is called a chamber of V. The facets contained in the adherence of C' are called
faces of C'. The hyperplanes supporting a face of C' are said to be the walls of C'.

Remark 2.1.19 Observe that the previous definition coincides with the definition of facets
of stratification ®(A) (see section 2.1).

Proposition 2.1.20 Let C' be a chamber. The following statements hold.

i) For every x € V, there exists an element w € W such that w(z) € C.

ii) For every chamber C', there exists a unique element w € W such that w(C) = C".

iii) A simple system of roots for W is given by those roots orthogonal to some wall of C
and lying on the same side of the wall as C.

iv) Let w € W and let H be a wall of C. If {(sgw) > €(w) then the chambers C and
w(C) are on the same side of H.

2.1.2 Orlik-Solomon Algebra

In this section we assume that A is an arrangement of hyperplanes in a vector space V of
dimension n over a field K and that A is central.

We associated to A a graded anticommutative algebra A(A) over a commutative ring iC,
the so called Orlik-Solomon algebra. The algebra A(A) was first defined in [S87] (see also
[0T92]).

Definition 2.1.21 Let A be an arrangement over K. We can associate to any hyperplane
H an element ey. Let IC be a commutative ring. Let

E1 == @’C@H

HeA

and let

E=E(A) = A(Ey)

be the exterior algebra of .
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Write uv = u A v and note that €% = 0, egex = —egey for H, K € A. The algebra E is
graded. If |A| = n, then
r-@s,
p=0

where Ey = K, E; agrees with its earlier definition and E), is spanned over K by all ey, - - - ey,
with H;, € A.

Definition 2.1.22 Define a K-linear map 0 = 0 : E — E by 0(1) = 0, d(egy) = 1 and

forp>2
p

Oew, -~ em,) = Z(_l)k—leHl e e,
k=1

for all Hy,--- ,H, € A.
(E,0g) is a chain complex (see [OT92]).
Definition 2.1.23 Given a p-tuple of hyperplanes, S = (Hy,--- , H,), write |S| =p,
es =em ---eq, € B, NS =H,N---NH,.
Since A is central, NS € L(A) for all S.

If p =0, we agree that S = () is the empty tuple, es = 1, and NS = V.
Since the rank function on £ is codimension, it is clear that rk(NS) < |S|.

Definition 2.1.24 Call S independent if rk(NS) = |S| and dependent if rk(NS) < |S|.

Geometrically the tuple S is independent if the hyperplanes of S are in general position.
Let S, denote the set of all p-tuples (Hy,---,H,) and S = U,>¢S,. Then we define
I = I(A) the ideal of E generated by d(eg) for all dependent S € S.

Definition 2.1.25 Set A = A(A) = E/I, let us define 04 : A — A by da(p(u)) =
©(0p(u)) where ¢ : E — A is the natural homomorphism.

Since Ol C I then 04 is well defined and (A, d,4) is a chain complex, in particular it’s
acyclic (see [0T92]).

The construction of A(A) in the affine case is quite similar (see [0T92]).

In [S87] Orlik and Solomon prove a very interesting result:
Theorem 4 If A is a complex arrangement then

A(A) ~ H* (M(A),Z)

as a graded algebra.
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2.1.3 The Broken Circuit Basis

Next we show that the K-algebra A(A) is a free K-module by constructing a standard -
basis.

We introduce an arbitrary linear order 4 in A. Call a p-tuple S = (Hy,--- , H,) standard
if H; 4--- - H,. Notice that E = E(A) has a K-basis consisting of all eg with standard S.

Definition 2.1.26 A p-tuple S = (Hy,--- , Hp) is a circuit if it is minimally dependent.

Thus (Hy,--- , H,) is dependent, but for 1 < k < p the (p-1)-tuple (Hy,--- CHy, - JH,) is
independent.
Given S = (Hy,--- , Hp), let max(S) be the maximal element of S in the linear order

in A.

Definition 2.1.27 A standard p-tuple S € S is a broken circuit if there exists H € A such
that max(S) - H and (S, H) is a circuit.

Definition 2.1.28 A standard p-tuple S is called x-independent if it does not contain any
broken circuit. Define

C, ={S €8S, :8 is standard and x — independent}.

Let C = Upzon.

Definition 2.1.29 The broken circuit module C' = C(A) is defined as follows. Let Cy = K,
and for p > 1 let C,, be the free K-module with basis
{es€ E:5€C,}. Let C = C(A) = &,>0C,. Then C(A) is a free K-module.

It is clear that every broken circuit is obtained by deleting the maximal element in a
standard circuit. By definition C'(A) is a submodule of E(A). If we define ¢ : C(A) —
A(A) the restriction of ¢ : E(A) — A(A) we have (see [S87])

Theorem 5 The map ¢ : C(A) — A(A) is an isomorphism of graded K-module. The set
{es+1 € A(A)|S is standard and x — independent}
is a basis for A(A) as a graded K-module.

In the affine case we can define analogously the Orlik-Solomon algebra and the broken
circuit basis. See [0T92] for details.
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2.2 Salvetti’s complex

Now we present a cell complex that has the same homotopy type of the complement M (.A)
of the complexification of a real arrangement Ag.

The construction we are going to present can be found in [S87], where we refer for all
proofs.

Let Ag be a finite real arrangement in R”. The arrangement induces a stratification ¢(.A)
of the space R™ in facets, as we have seen in section 2.1. Let Q be the dual cell complex of @.
We can realize Q inside R™ associating to each facet F7 of codimension j a point v(F7) € FJ
and considering the simplexes:

g(F .. F7) =) Mo(F") | > =1, € [0,1]}

where [ < Fiv+1 for k = 0,...,7—1. We define the j-cell ej(ﬁ’j), dual to fj, as the union
Uo(F°,..., Fi=' FJ), over all the chains F® < --- < FJ. Hence we have Q = | e (FY),
where the union is taken over all facets in @.

We can think of the 1-skeleton Q; as a graph and we define the combinatorial distance

between two vertexes v, v’ of Q as the minimum number of edges in an edge-path connecting
v to v'. For each cell e/ we indicate by V(e’) = Qg N e’ the 0-skeleton of e/. We have:

Lemma 2.2.1 For every vertex v € Qg and for every cell ¢¢ € Q, there exists a unique
verter w(v, e') € V(e') of minimal distance from v, that is:

d(v,w(v,e")) < d(v,v) Vo' € V(e \ {w(v,e)}
If &/ C €' then w(v,e’) = w(w(v,e'), e’). O

Take a cell ¢/ = e/(F7) = |Jo(F°,...,Fi71 FJ) of Q and let v € V(e/). We can map
the simplex o(F°, ..., F7) in C" by the application

Guer (D A0(FF)) =Y No(FF) +i ) Ni(w(v, ) —o(F")).

One can prove that ¢, .; gives an embedding of ¢/ in M(A). We call E’(e’,v) the image of
the map ¢, i, and we define the Salvetti complex for the arrangement A as the union

S = UEj(ej,v),
where the union is taken over all ¢/ and v.

Theorem 6 ([S87]) The CW-complex S is homotopy equivalent to the complement M(A).
0

We remark that the fact that the maps ¢, .; glue together in the proper way is a consequence
of Lemma 2.2.1.
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2.2.1 Examples

In this section we present some examples that we will use for all this tractation:

Example 8 In figure 2.1 is represented a central arrangement in V. = R? with siz lines.
Here is drawed also a polar system given by (0,V) (see section 4.1). Plane hyperplane

arrangement are also called line-arrangements.

V1,
Cs Lt
C11 ,: C5 es
Cio Fi2 6 |
F : c
Co F1o Fs ;' *
P ! la
F. |
Fo ! c
Cs Fs i ’
Fs £ '
7 Fi |
C- ° ' C: b
CO ':' C1 ez
L
o

Figure 2.1: The central case with six line.

The complex SW is composed by the following cells:

1. 12 cells of dimension 0: e(Cy, Cy), e(Cy,Cy), e(Cy, Cy), e(Cs,Cs), e(Cy, Cy), e(Cs, Cs),
6(067 Cﬁ>7 6(077 C7>7 6(087 08>7 6(097 C9>7 6(0107 CIO>7 6(61117 Cll);
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2. 2/ cells of dimension 1: e(Cy, F1), e(Cy, F7), e(Cy, F1), e(C1, Fy), e(Cy, F3), e(Cy, F),
G(Cg,Fg), 6(03,F4), 6(04,F4), 6(04,F5), 6(05,F5), 6(C5,F6), E(OG,FG), 6(06,F12),
e(Cq, Fr), e(Cr, Fy), e(Cs, Fy), e(Cs, Fy), e(Cy, Fy), e(Cy, Fip), €(Cho, Fi0), e(Cro, F11),
6(0117}711), 6(011,F12);

3. 12 cells of dimension 2: e(Cy, P), e(Cy, P), e(Cs, P), e(Cs, P), e(Cy, P), e(Cs, P),
6(06,P), 6(07,]3), 6(08,P), 6(09,P), e(C’lO,P), G(Cll,P).

Example 9 In Figure 2.2 is represented the arrangement obtained from the reflection ar-
rangement of type As (see section 2.1.1) by the standard deconing construction (see for

instance [OT92]).
The complex S is composed by the following cells:

1. 12 cells of dimension 0: e(Cy, Cy), e(Cy, Ch), e(Cy, Cy), e(Cs3,C3), e(Cy, Cy), e(Cs, Cs),
6(067 CG); 6(077 07); 6(087 CS); 6(097 09); 6(0107 010)7 e(clla Cll);

2. 30 cells of dimension 1: e(Co, F1), e(Co, F11), e(C1, F1), e(C1, F3), e(Ch, Fg), e(Cy, F3),
€(OQ,F3), 6(03,F3), 6(03,F4), 6(04,F4), 6(04,F5), 6(04,F8), 6(05,F5), 6(05,F10),
G(Cﬁ,FG), 6(067F7), G(CG,Flg), 6(07,F7), 6(07,F8), 6(07,F9), G(CS,FQ), G(Cg,Flo),
e(Cs, F15), €(Cy, F11), €(Co, F12), e(Cy, F13), €(Cho, F13), €(Cho, F1a), €(Ch1, F1a),
e(Ch, Fis);

3. 20 cells of dimension 2: e(Cy, P3), e(Cy, Py), e(Cy, Ps), e(Cq, Py), e(Cs, Py), e(Cy, Py),
6(047 PQ); 6(057 PQ); 6(067 Pl); 6(06, P3); 6(06, P4)) 6(077 P1>7 6(C(77 P2)7 6(077 P4)7
6(087 P2)7 6(087 P4)? 6(097 p3)7 6<097 P4)7 6(0107 P4)7 6(0117 P4)

Example 10 [In section 2.1.1 we have defined the reflection arrangements of type A,. The
reflection arrangement of type As is an arrangement A € R® = (x1, z9, 23) given by the sec-
tion of the arrangement B = {{z1 = z2}, {1 = x3},{z2 = x3}, {1 = 24}, {22 = w4}, {23 =
x4t} € R* with the 3—plane {(x1, xa, T3, 24)|x1 + T2 + 23 + x4 = 1} orthogonal to the line
l:x =29 =13 = x4. Figure 2.3 represents the section of A with the 2—plane z = 100,
while figure 2.4 represents the section with the 2—plane z = —100. In figure 2.4 we indicate
with F the opposite of a bounded facet F of figure 2.3. The center of this arrangement is a
facet of dimension 0, not indicated in our figures and corresponding to the origin of R*, that
we call P.
The complex SW is composed by the following cells:

1. 24 cells Of dimension 0: 6(00,00), 6(01, Cl), G(CQ,CQ), 6(03, Cg), 6(04,04), 6(05, 05),
6(06706); 6(07,07), 6(08708); 6(09,09), 6(010,010), 6(011,011_), 6_(012,@2),_
€(g137_013); €LC14,_C14), 6(_015£15), 6@167§16); e(Ch7,Ci7), e(C7,C7), e(Cy, Cs),
e(Cy, Cy), e(Cho,Cho), €(Ci2,Cia), e(Ci3,C13);

2. 72 cells of dimension 1.’6(00;171), e(Co, F), e(Cy, Fa), e(Ch, F1), e(Cy, Fy), e(Cy, F13),
6(02>EQ); €<C27F3); 6(027F18)7 6(037F3)7 6(037F4)7 €<C37F9>; 6(04754); 6(04,F5),
6(04,F22), 6(057F5)7 €<C57F6)7 6(057F12)7 e<067F6>; 6(067F14>; 6(067F7)7 6(077F7)7
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C11

C10

o

Figure 2.2: Deconing As
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Fs
Fa

Ca

Fia

C11

™
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T EANtE
@)

F2o

Co

Figure 2.3: An upper section of the reflection arrangement A
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F1a

Fio

Cs

24

F2

Fos
Faq

Cq

Fi

Co

F20

Figure 2.4: A lower section of the reflection arrangement Aj
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e 077F8)
e(Cho, F1n s

(C7a F15)7 6(087 F9)7

e(Cho, F12), e(Cho, Fi3),

Cia, Fig), 6(012,171 ); 6(013,F17);
)

( e(Cs, Fy),
( )

( ) 7
(0147F24), 6(015,F20 ; 6(015,F21);
( )

(

(e

6(08,F10)

6(011,F13), 6(011,F14)
€<0137518); e(Cis, ), e
6_(0121712) <016;F21)
e(Cr, Fi5), e(Cr, Fr), e(Ch,
,F16), e(Co, Fro), e(Co, F11), e(Cho,
6(012,F15) (012,F16) (013,F18)

QO O D

Cir, Fa3), (017,F24) 3(01_7,?9)
OSa@) (CSaF8) (097F16)
(012aF17);

e

D

0, F12),

3. 72 cells of dimension 2: e(Cy, G1),
(Cg,Gl) (CQ,G5), 6(02,G7),
6(04,G6) (Cg,,Gg), 6(05,G3),
6(07, G4) (07, G6) (Cg, Gl),
<0107 G2>
(0127 G5)
( ),
(Ci7,Gr),
(Cs
(Cy

6(00,G6)
6(03,G1)
6(05,66)
e(CS,GQ)
e(Cho, G3), e(Cro,G5), e(C, Gs),
(012,G6), 6(0137(;5), € 013,G6)
(0157G6)7 6(0157G2); ( 6

1), € ), € e(Cq,Gh), e(Cr,Gl),

e(Cir, Gh), e(Ci7, Gy _(
G5); 6(0_ ), (09,G2) (CIO>G5)

7). e(Co, G o(C
0,G3), €(Cr2,Gs), e(Cra,G5), e(Cra, Ga), e(Crs,Gr),
P),

e(Cy
P), e(Chy.
e(Cr, P), e

e(Co, Gs),
e(Cs, Ga),

(087G4) e(Cy, Ga),
(Cn, 5); 6(011,G1)
(013,07); 6(014,G5)

G3), e(Cie, G), (0167G7)

a ®

.
g

i 0 Cir c
1 Cy e(Cy

™

47G
77G a)
G 1)

)
QI QI

s

(0137 G6)7

4. 24 cells of dimension 3:¢(Cy, P),
e(Cs, P), e(Cq, P), e(Cs,
P), 6@15,P>,
P), 6(0137P).

e(Cy, P),
P), e(Cy, P), e(Cho,
6(016,P), 6(017, ),

(0127

e(Cs
P), e
Cs, P), e(Co,

2.3 Discrete Morse theory on CW-complexes

(6137 F22

6(01, Gl), 6(01, Gg), 6(01, G5

(03,G7), 6(04,§2) 6’(04,G7
(Oﬁ,Gg) 6(06,G6), 6(06,G1) (07,

( ), e(Co,Gy),

) (047

(09>F10> 6(097F11) 6(09,F16 ’
e

(613, Fw) ;

)

)

)
),
1)
)

(097 G5

)

(0127 G4)
(0147 G7)7
(0167 G2)7

@4)7

<010)§2)7_
6(0137 G5);

P), e(Cs, P),
)7 (Cl37p>7

)7 6<6107 P),

We recall here some of the main definitions and results from [F98], [F02], where Morse theory

from a combinatorial viewpoint was first developed.

Let C be a finite reqular CW —complex. Let K be the collection of cells of C, partially

ordered by

o < T = o CT.

As usual, denote by K, the p—skeleton of K.

Definition 2.3.1 A discrete Morse function on C is a function
f:K—R

satisfying for all o'P) € K, the following two conditions

{7t > o) | f(T<p+1
ﬁ{v(p_l) < J(p) | f(o'( )

)< [ (0(”)}
< fP )}

VARVAN
—

(i)
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Actually, one shows that, if f satisfies (i) and (ii) above, then for any given cell of K at least
one between (i), (ii) is a strict inequality.
The analog of a critical point of index p in standard Morse theory is here a critical cell of
dimension p: a p-cell o) is critical iff both the cardinalities in i), ii) are zero.

Let m,(f) denote the number of critical p—cells of f. Then one has

Proposition 2.3.2 C is homotopy equivalent to a CW -complex which has exactly m,(f)
cells of dimension p.

The discrete gradient vector field I'y of a Morse function f over K is the set of all pairs
of cells for which the exception in definition 2.3.1 happens:

Ty = {(¢@, 70)) @ < 7GFD ¢ (z0FDy < (5],

Since, for any given cell, at most one between (i), (ii) in 2.3.1 is an equality, it follows that
each cell belongs to at most one pair of I';.
A general definition of discrete vector field is the following.

Definition 2.3.3 A discrete vector fieldT' on C is a collection of pairs of cells (c® 7P+ ¢
C x C such that c® < 7PV and such that each cell of C belongs to at most one pair of T'.

Remark 2.3.4 A discrete vector field is sometimes calle also a matching (see for example
[K07]).

For I as above, define a I'-path as a sequence of cells

Uép)’ Tép+1)’ OéP)’ T1(p+1)? Oép)J T Tr(p+1)7 0-1(”;1)1 (21)
such that for each ¢ = 0,--- ,r one has (U,E ),7-,(’”1)) c T and a ) £ Uz—i—l < (p+1)

The I"'—path is closed (and non-trivial) iff 00 = affr)l, r > 0. One has:

Theorem 7 A discrete vector field I is the gradient vector field of a discrete Morse function
on C iff there are no non-trivial closed I'—paths.

We find convenient to generalize the definition of critical cell, in the case of a general
discrete field.

Definition 2.3.5 Given a discrete field I' on C, define a critical cell in C as a cell o & T'.
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Chapter 3

Subspace arrangements

Now we want to present a result about general subspace arrangements.

3.1 Goresky-McPherson’s formula

Let A be a subspace arrangement in a real vectorial space V' of dimension n, and let M(.A)
be the complement. Let (L£(.A), <) be the intersection poset.

Notation 3.1.1 We denote as < the stricted inequality = on the poset L(A).

Goresky-McPherson’s formula (see [GMP88], pag.238) allows us to compute the homology
with integer coefficients of the complement. In formulas:

H(M(A);Z) = @ H" """ NK(L), K(Lwy)), ). (3.1)
veEL(A)

Here d(v) denotes the dimension of an element v € L(A), K(P) is the order complex of
the poset P (see section 2.1), L. denotes the set L. = {w € Llw < v}, and L,y is the set
»C(v,V) = {w € ,C|V <w < U}.

Now we need some general remarks for the calculation that we are going to do in section
3.1.1:

Remark 3.1.2 The complex K(L.) is contractible, because it is the order complex of a poset
with a minimum element (see remark 2.1.5)

By the exact sequence of the pair (K(L<), K(Lw,v))) we have that the sequence:
= HTYK (L) Z) — HTHE (L) )i Z) —
e (K (L), K (Lq)i Z) — HI(K(L2,)i2) — -+ (3.2
is exact.
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Remark 3.1.3 When i > 1 we have H™Y(L_,;Z) = 0, so the exact sequence (3.2) becomes:

0— H" Y (K(Lwy)):Z) = H(K(L<), K(Lw,v)); Z) — 0.
It follows that H' (K (Lv)); Z) = H(K (L), K(Lv)); Z) fori > 1.

Remark 3.1.4 We have H*(K(L<,);Z) = Z and H*(K(Lwyv));Z) = ZF, where k is the
number of component of K (L))
If i =1 then (3.2) gives:

— HNK(Lo):Z) — HY(K(Low):Z) — H'(K(LoiZ),K(Luw):Z) — 0.
1 - (1,1,...1)

It follows HY(K(L<y), K(L(wv)); Z) = ZF".
Let us note that the maps f and g are injective, the first one because the sequence is
exact, and the second one because of its form.

It follows that ker(g) = Im(f) =0 and so H*(K(L<,), K(L@wy)); Z) = 0.

Notation 3.1.5 We define H*(0,0;Z) = 0.

3.1.1 An example

We have seen in section 2.1.3 that, given an hyperplane arrangement A, its homology is
a free Z—module. This is not true for general subspace arrangements. In this section we
use Goresky-McPherson’s formula for the calculation of homology of a particular subspace
arrangement.

In [J94] we found an example of an hyperplane arrangement with torsion homology: there
the example is calculated using some spectral sequence. Here we want to write explicitly the
calculation of the homology groups using Goresky-McPherson’s formula.

In our example V' = R'°. Let’s consider the coordinates (x1, ..., T19) in V. Our arrange-
ment is given by A = {A;};=1..6, where Ay, ..., Ag are the subspaces:

A1:{$1:$2:$3:$4:$5:O}

Ay ={x; =29 =26 = 7 = 25 = 0}

As ={x) =23 = 16 = v9g = 119 = 0}

A4:{ZE2:JI4:1’7:$9:$10:0}

As = {x3 =5 = 17 = 13 = 19 = 0}

A6:{$4:$5:$6:$8:I10:0}.

We have the following intersection poset L:
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0 dim=0

Cias Cizs Ciza Cize Cias Coza Cozs Cose Czse Cuse dim=1

B2 Biz Bia Bis Big Baz Bay By Bas Baa By Bsg Bas Big By dim=2
Ay Ay As Ay Ag Ag dim=5

\% dim=10

where B;; = A, N Aj and Cjp, = A; N A; N Ai. Observe that the 6 elements A; have
dimension 5, the fifteen elements B;; have dimension 2 and the ten elements Cj;.’s have
dimension 1.

So let us consider all elements v € L. By G1(Bi;), G2(Cijr), G3(0) we denote the
contractible simplicial complexes of dimension respectively 1, 2 and 3 which are the order
complexes respectively of the posets L. p,;, L<¢,;, and Lo. By G} (Cjjx) and G5(0) we denote
the simplicial complexes of dimension respectively 1 and 2 which are the order complexes
respectively of the poset Lc,, vy and of the poset Ly). Denote by S* the sphere of
dimension ¢ and by G the topological space coresponding to a point. We need the following
lemma:

Lemma 3.1.6 The simplicial complex G'(Cyji) is an 1—sphere S*.
The simplicial complex G5(0) is a projective plane.

Proof. The first part of the lemma follows from the fact that G (C;;x) is the order complex
of the subposet {A4;, A;, Ax, Bij, Bi,, Bji,} C L with the induced order. So the order complex
G1(Cyjk) is given by the six 0—simplexes corresponding to these six elements, with the six
1—Simp1exes given by the pairs {(AI, Bij)7 (Aj, Bij>7 (A“ sz), (Ak, sz), (Aj, Bjk), (Ak, B]k)}
Since each 0—simplex belongs to the boundary of exactly two 1—simplexes, then G (Cj;x) is
homotopical equivalent to S*.

For the second part of the lemma, note before that the subposet Lo, equals £\ {0,V}
with the induced order.

In the order complex we have a point for any element of L yy. Let us consider before
the 0—simplex corresponding to Cjjx. This point of G4(0) is in the boundary of exactly six
2—simplexes, i.e. the simplexes given by the triples:

We can easily see that we can glue together these 2—simplexes along the edges containing
the 0—simplex Cjj;, obtaining an exagon with vertices {A;, B;;, A;, Bjk, Ak, Bik, Ax}. The
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edges of this exagon are {(B;;, A4i), (Bij, 4;), (Bik, Ai), (Bir, Ax), (Bjk, A;), (Bjk, Ax) }. So we
have 10 exagons, one for each Cj;j, moreover any edge in the order complex is in the boundary
of exactly two of these exagons. We must glue them together according to the identification
prescribed by the common edges. We obtain a simplicial complex homeomorphic to the
projective plane. This can be viewed comparing figure 3.1.

6

6

Figure 3.1: The projective plane RP?

Now we define as usual M(A) =V \ UA and, by formula (3.1) with ¢ = 0 we have:

Ho(M(A). Z) = @) H (K (L) K (Lo): ).

vel
For any v € £(A) we compute the corresponding H*~)(K (L.,), K (L v)), Z):
1. V: HY0,0,Z2) = Z;
2. A HY Gy, 0;Z) = HY (Go; Z) = 0;
3. By: H(Gy, 8% Z) = H(S°, Z) = 0;
4. Cyjr: H¥(Gq, G Z) = H'(GY;Z) = 0 for dimensional reasons;
5. 0: H%(Gs,GY;Z) = H8(GY; Z) = 0 as before.
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In cases 3. 4. 5. we used remark 3.1.3. So we obtained H°(M;Z) = Z, as we could

immaginate.
Now let us consider higher homology spaces.
Observe that for v = V we have H"~4")=i=1(
= H K (L), K(Lewy)i Z

K(‘C<v)a

K(‘C(v,v))§ Z) =
) and for ¢ > 1 we have —i — 1 < —2. It follows that for i > 1

the element V' € £ doesn’t give contribute in the direct sum of the formula (3.1).

For i = 1 we have:

‘C<v)

@HS dv)

vEL

K(Lwyy);Z).

With the same notations as before, and using remark 3.1.3 we have:

2. Biji H6(G1,SO;Z) = H5(SO,Z) = 0,
3. Cir: H'(Ga,G;Z) = HS(GY; Z) = 0;
4. 0: H3(G3,GY;Z) = H'(GY; Z) = 0.

It follows that H;(M;Z) = 0.
Let’s continue by calculating:

£<v)

@H7d

veL

2. BZ] H5<G1, SO,Z) = H4(SO,Z) = 0,
4. 0: H'(G3,GY; Z) = HS(GY; Z) = 0.

It follows that Hy(M;Z) = 0.

:@Hﬁd ( <£<v)

veL

H3(M,Z)

2. BZ] H4(G1,SO;Z) = H?)(SO’Z) = O,

4. 0: H9(G5,GY;7) = H>(GY;Z) =0
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It follows that Hy(M;Z) = 0.

@H5 MK (Loy), K(Lwr); Z).

veL
1. Ay H(Go,0;7) = H(Go, Z) = Z:
2. By H3(Gy,S%Z) = HY(S°,Z) = 0;
3. Cyp: HNGo, G, Z) = H3(G}; Z) = 0;
4. 0: H5(Gs, Gl Z) = HYGY Z) = 0.

It follows that Hy(M;Z) = Z°.

With an argument similar to the one that we gave for the element V' it’s possible to see
that for ¢ > 5 any element of the form A; € £ doesn’t give contributes in the direct sum of
the formula (3.1). So we arrived to:

=P E K (L), K(Lwy); Z).

veL
1. By: HXGh,5%Z) = H\(S,Z) = 0;
2. Cyr: H*(Ga, G Z) = H*(GY; Z) = 0;
3. 0: HYG5,GY7Z) = H3(GY;Z) =0
It follows that H5(M;Z) = 0.

Hy(M;Z) = @ H' (K (L), K(Low) )i Z)-

veL
L By HY(G1,5%Z) = Z;
2. Ciji: H*(Go, Gy, Z) = HY(SY,Z) = Z;
3. 0: H*(G3, Gy Z) = H*(Gh; Z) = 0.

2. and 3. follow from lemma 3.1.6, while 1. follows from remark 3.1.4.

It follows that Hg(M;Z) = Z*.

Now we can delete also B;;’s from our calculation, because they doesn’t give contribute
to the direct sum for ¢ > 7.

=P E K (L), K(Lwy);i Z).

veLl
1. Cijk: HI(G2,G/1,Z> = O,
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2. 0: H*(G3,GY:;Z) = H' (GY; Z) = Zs.

2. follows from lemma 3.1.6, while 1. follows from remark 3.1.4 and lemma 3.1.6.

It follows that H7(M;Z) = Zs.

All others H;’s are equal to 0 by remark and 3.1.4.

So we have seen that H;(M;Z) = Zy and M is a topological space with torsion homology.

3.2 (eneralized configuration spaces

Definition 3.2.1 Let Agx = {H,}icr a real arrangement in V= R™ with defining polynomial
Q(Ag). The complezified arrangement is in Vo = Vg ®c C and consist of the hyperplanes
{H @5 C|H € Ag}, and s0 Q(As) = Q(Ac).

More generally, we can define the d-complexified of an arrangement A.

Let A = {H,;},cs be a finite arrangement of linear hyperplanes in V' := R™. We introduce
a coordinate x € V and coordinates (z1,...,74), x; € V, in V¢, d > 0. Each hyperplane is
given by a linear equation H; = {x € V] a;-x = 0}, a; € V' \ {0}. For each d > 0, one
has the d— complexification A C V¢ of A, given by the collection of linear codimension-d
subspaces

(HJ)(d) = {(wl,-~«,xd)|aj'l’k:0, k:].,,d}

(when d = 2 one has the standard complexification A¢ C C").
The d—generalized configuration space associated to A is the complement to the subspace
arrangement
MD = MA)D = v\ | ] HD .

HeA

Remark 3.2.2 This construction can be generalized to an arrangement of affine real hyper-
planes. If H; ={x €V | ajx =b;}, a; € V\ 0, b; € R then define:

(H])(d) = {(ajla' o axd) | ;T = bj, ;T = 07 k= 2, e ,d}

All the constructions which follow hold in this more general case, with few modifications.

In the present case we can also define the poset £(A@) exactly in the same way that
for arrangements in section 2.1, where the codimensional minimal elements are the elements
of set {(H;)@};c;. One can easily see that £(A@Y) and L(A) are composed by the same
elements, and they are different only for the ranks of the elements.

Generalized configuration spaces are particular types of subspace arrangements. Their
homology is torsion-free, because of Goresky-McPherson’s formula and by remark 3.2.2.
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3.3 Cell decomposition of configuration spaces

In this part we recall some of the main constructions in [DCS00], without further citations.
In this paper the authors generalize the construction of section 2.2.

Let A= {H,;},c; be a finite arrangement of linear hyperplanes in V := R™. Let ¢(A) be
the stratification induced by the arrangement and £(.A) the intersection poset (see section
2.1). Let M@ = M@ (A) be the d—generalized configuration space associated to A (see
section 3.2).

Let & be the product of d copies of @, d > 0, and let
D = ((F,...,F)ed?: F,<...<F;}

be the set of d—chains in @ (repetitions in the chain are allowed). Then @ corresponds to
a stratification of the space V? as follows: to each F = (F, ..., Fy) in &@ it corresponds
the stratum F in V¢ given by:

ﬁ = {(ml,...,xd) Evdi 1 EFd, mkESDFd_kH(Fd—kz—i—l), ]C:Q,...,d}.

Where the map ¢| is defined in section 2.1.
One has:

Proposition 3.3.1 (i) Fach F is homeomorphic to an open cell
(”) Ufeqxii) F = 1%

(i) FNG = 0 if F#G )

() d(FYNG # 0 iff cl(F)>DG. A

(v) M@ = U{feqw) . Fy is a chamber of &} F

<

For F = (Fy, ..., Fy), one has
d
codim(F) = codim(F) = Z codim(F;).
i=1
The partial ordering on @@ is given similarly to the one on @), i.e. by:
F=<G iff GcdF).
This has the following characterization:
Lemma 3.3.2 For F = (F,...,Fy), G=(Gy,...,Gq) € &9 one has
F <G iff F4<Gq and prip,.,(F) < prig,, (G))

in the stratification @p,, ), i=d—1,...,1.
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Remark 3.3.3 In the case d =1 with the boundary condition given in lemma 3.3.2 special-
izes to: e(D, Q) is in the boundary of e(C, F) iff

i)G<F
it) the chambers C and D are contained in the same chamber of Ag, that is D =

wa-1(prig)(0)).

Part (v) of proposition 3.3.1 gives us the poset corresponding to the induced stratification
of the generalized configuration space M@ which is

O\ = (F=(F,...,F)edD: rk(F) =0}
while the union (J, ., H (@) of the d—complexified subspaces correspond to the poset
oW = (F=(F,...,F)ed?P: rk(F)>0}.
Taking one point v(F) inside each stratum F, one obtains

Proposition 3.3.4 For each chain C = (Fy 3 --- 3 Fi) of &9, the join in V?

C<F

where the union is over all chains C of YD which have F as an upper bound, is a triangu-
lated cell in V? of dimension equal to codim(F). The cell e(F) is dual to the stratum F,
intersecting it in exactly one point. Its boundary is given by

The set

Fedp(d)

is a cellular n'd-ball in V¢ (a regular cell complex) dual to the stratification, where n' =
Tk'(Lo)

Remark 3.3.5 [t follows from lemma 3.3.2 that if the first element Fy of F is a chamber,
then also the first element of any G < F is a chamber.
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Definition 3.3.6 We denote by S the subcomplex of QY whose cells correspond to

gp(()d—i-l) :

S@W = U e(F)

Fea(tY

(Observe that in case d = 1 we have S®) = S, the complex of section 2.2; see also [BZ92],
[0T92]).

Set &y C P as the set of chambers of ¢. There is an inclusion @édﬂ) C @y x Pld+L):
indeed

P = (F=(C,F) €byxdD: F = (F,...,F),C < F}.

The map (C,F) — (¢x (prim(C)),F') gives a “projection” Py x oY — @édﬂ). The
image of (C, F’) through such projection will be denoted also by [C, F']. In general, given a
chamber C and a facet F in (%1 we will use the notation by:

C.F = pp(prp(C))

which is a uniquely defined chamber containing F' in its boundary. So, one has also [C, F'| =
(C.Fy, F).

By using the previous projection, we can write a cell e(F) of S, F = [C, F'], as e|C, F'].
The “real projection”:

pry - Vd+1 - Vd : (xlu s 7xd+1) - (xh ce 7xd)
induces a map
pr: QY oD F— (B F)— F

and a map
pre: QUFY — Q@ e(F) — e(F).

which restricts to a surjective map (which we continue to call prg)
pr: SW = QW e[C, F] — e(F) .
One has:

Theorem 8 (i) S is a deformation retract of M@+,
(i) The map pry|ecr) is a homeomorphism between e[C,F'] C S and e(F') c Q.
There are as many cells of S'Y over e(F') as the chambers C < Fy (here F' = (Fy, ..., Fy)).
(iii)

d(elC, F) = U elC, F".

F'" < F', codim(F") = codim(F')—1
(iv) Fizing C € ®y the map Yo : QW — S defined by:

Volery = (relecr) ™

is a cellular embedding of QY inside S,
(v) dim e[C, F'] = dim e(F') = codimy(F'). In particular dim(S'V) = dim(QY) = n'd.
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Remark 3.3.7 All results here generalize (with easy modifications) to the case where A is
a locally finite arrangement of affine hyperplanes in R™.

We consider now the natural inclusion j; : V4! — V92 which induces an injection of
posets jg : D — ld+2) .

F=(F,....,Fp1) = F = (F,F,...,Fi1)

so F!is the unique stratum of ¢(*+2) which contains F. This map preserves the codimension

iff Fi € &g, ie. iff F € @édﬂ). The induced map on the dual (call it again jg)
jd : Q(d+1) — Q(d+2) : G(Fl, ce Fd—H) — B(Fl, Fl, ce ,Fd+1)

is a dimension preserving cellular map when restricted to S(¥, so it identifies S¥ to a

subcomplex of S(@+1),

Theorem 9 StV is obtained from S by attaching cells of dimension grater or equal than
d+1.

Notice that there are cells of dimension d + 1 in S@+Y \ 8@ precisely those of the form
e(C,F,...,F), codim(F)=1, C € &y.
Since M@+ is obtained from V! by removing subspaces of codimension d 4+ 1 one gets

Corollary 3.3.8 i) The space S is d — 1 connected.
it) The limit space
S() .= lim S@

d—oo

18 contractible.

3.3.1 Examples

In section 2.2.1 we have presented the Salvetti’s complex SV in the case of the complexifi-
cation of three particular real hyperplane arrangements. Here we consider again such real
arrangements and write explicitly the complexes S and S®).

Example 11 Consider the arrangement A € R? of example 8 (see figure 2.1). The complex
S® s composed by the following cells:

o 12 cells of dimension 0: The cells of form e(C;, C;, C;) where C; € ®(A) is a chamber,

i.e. a facet of codimension 0;

o 2/ cells of dimension 1: The cells of form e(C;,C;, F;) where C; is a chamber, and
F; € ®(A) is a facet of codimension 1 in the boundary of C;, i.e. C; < Fj;
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o 2/+12 cells of dimension 2: 12 cells of form e(C;, C;, P) where C; is a chamber, and
P € &(A) is the center of A, i.e. the only facet of codimension 2 in ®(A); 24 cells
of form e(C;, F;, F;) where C; is a chamber, and F; is a facet of codimension 1 in the
boundary of C;;

o 24 cells of dimension 3: The cells of form e(C;, F;, P) where C; is a chamber, and F;
is a facet of codimension 1 in the boundary of C; and P is the center of A.

o 12 cells of dimension 4: The cells of form e(C;, P, P) where C; is a chamber, and P is
the center of A;

The complex S®) is composed by the following cells:

e 12 cells of dimension 0: The cells of form e(C;, C;, Cy, C;) where C; is a chamber;

o 24 cells of dimension 1: The cells of form e(C;, C;, C;, F;) where C; is a chamber, and
F; is a facet of codimension 1 in the boundary of C;;

o 2/+12 cells of dimension 2: 12 cells of form e(C;, C;, C;, P) where C; is a chamber,
and P is the center of A; 24 cells of form e(C;, Cy, Fj, F;) where C; is a chamber, and
F}; is a facet of codimension 1 in the boundary of C;;

o 2/+24 cells of dimension 3: 24 cells of form e(C;, Fy, F;, F;) where C; is a chamber,
and F; is a facet of codimension 1 in the boundary of C;; 24 cells of form e(C;, C;, F;, P)
where C; is a chamber, and F; is a facet of codimension 1 in the boundary of C; and
P is the center of A;

o 2/+12 cells of dimension 4: 24 cells of form e(C;, F;, F;, P) where C; is a chamber,
and F} is a facet of codimension 1 in the boundary of C; and P is the center of A; 12
cells of form e(C;, C;, P, P) where C; is a chamber, and P is the center of A;

o 24 cells of dimension 5: The cells of form e(C;, F;, P, P) where C; is a chamber, and
F; is a facet of codimension 1 in the boundary of C; and P is the center of A;

e 12 cells of dimension 6: 12 cells of form e(C;, P, P, P) where C; is a chamber, and P
is the center of A.

Example 12 Consider the arrangement A € R? of example 9 and the induced stratification
D(A) of R? (see figure 2.2). The complex S is composed by the following cells:

o 12 cells of dimension 0: The cells of form e(C;, C;, C;) where C; € ®(A) is a chamber,

i.e. a facet of codimension 0;

e 30 cells of dimension 1: The cells of form e(C;,C;, F;) where C; is a chamber, and
F; € ®(A) is a facet of codimension 1 in the boundary of C;, i.e. C; < Fj;
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o 30+20 cells of dimension 2: 20 cells of form e(C;, C;, Pr) where C; is a chamber, and
P € ®(A) is a facet of codimension 2 (a point) in the boundary of C;, i.e. C; < Py;
30 cells of form e(C;, F;, F;) where C; is a chamber, and F; is a facet of codimension
1 in the boundary of C;;

o 40 cells of dimension 3: The cells of form e(C;, Fj, Py), where C; is a chamber, F; is
a facet of codimension 1 in the boundary of C;, and Py is a facet of codimension 2 in
the boundary of Fj, i.e. F; < Py;

e 20 cells of dimension 4: The cells of form e(C;, Py, Py), where C; is a chamber and P
1s a facet of codimension 2 in the boundary of C;;

The complex S®) is composed by the following cells:

o 12 cells of dimension 0: The cells of form e(C;, C;, C;, C;) where C; is a chamber;

o 30 cells of dimension 1: The cells of form e(C;, C;, C;, F;) where C; is a chamber, and
F; is a facet of codimension 1 in the boundary of C;;

o 30+20 cells of dimension 2: 20 cells of form e(C;, C;, Cy, Py.) where C; is a chamber, and
Py is a facet of codimension 2 in the boundary of C;; 30 cells of form e(C;, C;, F}, Fj)
where C; is a chamber, and F} is a facet of codimension 1 in the boundary of C;;

o 30+40 cells of dimension 3: 30 cells of form e(C;, Fj, F;, F;) where C; is a chamber, and
F; is a facet of codimension 1 in the boundary of C;; 40 cells of form e(C;, Cy, F;, Py)],
where C; is a chamber, F; is a facet of codimension 1 in the boundary of C;, and P, s
a facet of codimension 2 in the boundary of Fj;

o 40+20 cells of dimension 4: 40 cells of form e(C;, F;, F;, Py,), where C; is a chamber,
F}; is a facet of codimension 1 in the boundary of C;, and Py is a facet of codimension
2 in the boundary of Fj; 20 cells of form e(C;, C;, Py, Py,) where C; is a chamber, and
Py is a facet of codimension 2 in the boundary of C;;

o 40 cells of dimension 5: The cells of form e(Cy, F;, Py, Py), where C; is a chamber, Fj;
1s a facet of codimension 1 in the boundary of C;, and Py is a facet of codimension 2
in the boundary of Fj;

e 20 cells of dimension 6: The cells of form e(C;, Py, Py, Pi) where C; is a chamber, and
Py is a facet of codimension 2 in the boundary of C;;

Example 13 Take the arrangement A € R3 of example 10 and the induced stratification
D(A) of R? (see figures 2.3 and 2.4). The complexr S is composed by the following cells:

e 2/ cells of dimension 0: The cells of form e(C;, C;, C;) where C; € ®(A) is a chamber,
i.e. a facet of codimension 0.
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72 cells of dimension 1: The cells of form e(C;, C;, Fj) where C; is a chamber, and
F; € (A) is a facet of codimension 1 in the boundary of C;, i.e. C; < F.

72472 cells of dimension 2: 72 cells of form e(C;, C;, Gy) where C; is a chamber, and
Gy € D(A) is a facet of codimension 2 in the boundary of C;, i.e. C; < Gy; 72 cells
of form e(C;, F;, F;) where C; is a chamber, and F} is a facet of codimension 1 in the
boundary of C;.

24+144 cells of dimension 3: 24 cells of form e(C;,C;, P) where C; is a chamber,
and P € ®(A) is the center of A, i.e. the only facet of codimension 3 in ®(A); 144
cells of form e(C;, Fj, Gy,), where C; is a chamber, F}; is a facet of codimension 1 in the
boundary of C;, and Gy, is a facet of codimension 2 in the boundary of Iy, i.e. F; < Gj.

72+72 cells of dimension 4: 72 cells of form e(C;, F}, P), where C; is a chamber, Fj;
is a facet of codimension 1 in the boundary of C; and P is the center of A; 72 cells of
form e(C;, Gi, G), where C; is a chamber and Gy, is a facet of codimension 2 in the
boundary of C;.

72 cells of dimension 5: The cells of form e(C;, Gy, P), where C; is a chamber, Gy, is
a facet of codimension 2 in the boundary of C; and P is the center of A.

24 cells of dimension 6: The cells of the form e(C;, P, P) where C; is a chamber, and
P is the center of A.

The complex S is composed by the following cells:

24 cells of dimension 0: The cells of form e(C;, C;, C;, C;) where C; is a chamber.

72 cells of dimension 1: The cells of form e(C;, C;, C;, F;) where C; is a chamber, and
F; is a facet of codimension 1 in the boundary of C;.

72+72 cells of dimension 2: 72 cells of form e(C;, C;, C;, Gy) where C; is a chamber, and
Gy, is a facet of codimension 2 in the boundary of C;; 72 cells of form e(C;, C;, F}, Fj)
where C; is a chamber, and F}; is a facet of codimension 1 in the boundary of C;.

24+144+72 cells of dimension 3: 24 cells of form e(C;, C;, C;, P) where C; is a chamber
and P is the center of A; 144 cells of form e(C;, C;i, F;, Gy), where C; is a chamber,
F; is a facet of codimension 1 in the boundary of C;, and Gy, is a facet of codimension
2 in the boundary of F;; 72 cells of form e(C;, F;, F;, Fj) where C; is a chamber, and
F; is a facet of codimension 1 in the boundary of C;.

T2+ 72+144 cells of dimension 4: 72 cells of form e(C;, C;, F;, P), where C; is a cham-
ber, F; is a facet of codimension 1 in the boundary of C; and P 1is the center of A; 72
cells of form e(C;, C;, Gk, G), where C; is a chamber and Gy, is a facet of codimension
2 in the boundary of C;; 144 cells of form e(C;, Fj, F}, Gy,), where C; is a chamber, F
1s a facet of codimension 1 in the boundary of C;, and Gy is a facet of codimension 2
in the boundary of Fj.
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72472+ 144 cells of dimension 5: 72 cells of form e(C;, Cy, Gy, P), where C; is a cham-
ber, Gy, is a facet of codimension 2 in the boundary of C; and P is the center of A;
72 cells of form e(C, Fj, Fj, P), where C; is a chamber, F; is a facet of codimension
1 in the boundary of C; and P is the center of A; 144 cells of form e(C;, Fj, Gi, Gy),
where C; is a chamber, F; is a facet of codimension 1 in the boundary of C;, and Gy,
is a facet of codimension 2 in the boundary of F;.

24+144+72 cells of dimension 6: 24 cells of form e(C;, C;, P, P) where C; is a chamber,
and P is the center of A; 144 cells of form e(C;, Fj, Gi, P), where C; is a chamber,
F}; is a facet of codimension 1 in the boundary of C;, and Gy, is a facet of codimension
2 in the boundary of F; and P is the center of A; 72 cells of form e(C;, Gy, Gi, Gy),
where C; is a chamber, F; is a facet of codimension 1 in the boundary of C;.

72472 cells of dimension 7: 72 cells of form e(Cy, Gy, Gk, P), where C; is a chamber,
Gy, is a facet of codimension 2 in the boundary of C; and P is the center of A; 72 cells
of form e(C;, Fj, P, P), where C; is a chamber, F; is a facet of codimension 1 in the
boundary of C; and P is the center of A.

72 cells of dimension 8: The cells of form e(C;, Gy, P, P), where C; is a chamber, Gy
is a facet of codimension 2 in the boundary of C; and P is the center of A.

24 cells of dimension 9: The cells of form e(C;, P, P, P) where C; is a chamber, and P
is the center of A.
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Chapter 4

Discrete Morse theory on hyperplane
arrangements

We now apply the theory of section 2.3 to Hyperplane Arrangements (all results in this
chapter come from [SS07], which we recall without further citations). We set in this chapter
S := SM . the case of standard complexification presented in section 2.2.

4.1 Polar coordinates

Start with an orthonormal frame
O,eq,...,e,, OV
of the Euclidean n—dimensional space V' and consider the two flags of subspaces
Vi =<eq,.,e> i=0,...n (Vy=0)

and
W; = <e,.,e,> 1=1,...n

Let P;,, i = 1,...,n, be the orthogonal projection of the point P € V into W;. Define the
"polar coordinates” (g, 61, ...,60,_1) of P in the following way. Let

Qn—l € (_7.‘-777-]
be the angle that OF,_; forms with e,_; (in the 2-plane W,,_;). Let then
0,€(0,7], i=1...n—2

be the angle that OP; makes with e;. Let also 6y be the modulus ||OP]|| (notice: the coordi-
nates are defined only for i < maz{j: P; # 0}).
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Let B(®) be the union of bounded facets in @. The coordinate subspace V; , i =1,....,n
is divided by V;_; into two components:

Vi\Vier = Vi(0) U Vi(w)

where
Vi(0) = {P: 6;(P) =0}
and
Vilm) = {P: 0i(P) =7}
(this makes sense for i = n too, setting 6,, as the angle between P, and e,). More generally,
we indicate by (1 <n —1)

%(6@...,97171) = {P : Hl(P) = éia ---79n71<P) = énfl} (41)
where by convention §; = 0 or 7 = ), = 0 for all k > j; so in particular, V;(0) = V;(0, ..., 0)

and Vj(r) = Vi(r,0,...,0) (n — i components). The space V;(), 0 := (Q_i,...,ﬁ_n_l)Lis an
i—dimensional open half-subspace in the euclidean space V, and we denote by |V;(#)| the
subspace which is spanned by it.

For all § € (0,7/2) the space
B:= B(0):= {P: 6;(P)€(0,0),i=1,...,n—1, 6(P) >0}
is an open cone contained in R’ .

Definition 4.1.1 We say that a system of polar coordinates in V. = R" defined by an
origin O and a base ey, ..., e,, is generic with respect to the arrangement A if it satisfies the
following conditions:

i) the origin O is contained in a chamber Cy of A, where Cy is relatively open at infinity
(i.e. its intersection with the hyperplane at infinity is a chamber);
ii) there exist § € (0,7/2) such that

B(®) C B = B(5);
(therefore, for each facet F' € & one has F D_B 7&_@);

iii) (transversality) subspaces Vi(0) = Vi(6;, ..., 0, _1) which intersect clos(B) (so 0, € [0, ]
forj =1i,...,n—1) are generic with respect to A, in the sense that, for each codim—k subspace

LeL(A),
i>k = Vi(@)NLNclos(B) #0 and dim(|Vy(0)|NL) = i—k.

One has:

Theorem 10 For each unbounded chamber C' which is relatively open at infinity, the set of
points O € C such that there exists a polar coordinate system centered in O and generic with
respect to A forms a non-empty open subset of C.
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4.2 Polar orderings

Fix a system of generic polar coordinates, associated to a center O and frame e, ..., e,. Let
d > 0 be the number coming from definition 4.2.1. We denote for brevity B := clos(B(0)).
Each point P has polar coordinates P = (6,01, ...,0,_1), where we use the convention

0y == p.
Notice that (4.1) makes sense also for i = 0, being

Vo(0o, 01, ..., 00_1)
given by a single point P with
0o(P) = 0y, 01(P) =01, ..., 0, 1(P)=10,_,.
Given a codimension—k facet F' € @, let us denote by
F(0):=F(6;,....0,1) = FNVi(0;,....0,_1), 0;€[0,0], j=14,..,n—1

(notice: F = F(0) = FNV, with § =0.)

By genericity conditions, if i > k then F(0) is either empty or it is a codimension
k + n — i facet contained in V;(6;,...,0,_1).

Let us set, for every facet F'(6),

ire) = min{j >0: V;Nclos(F(0)) # 0}.
Still by genericity, setting L := |F(6)|, one has
LNV, # 0 & j> codim(F(0))
so also
ir@g) > codim(F(0)). (4.2)

When the facet F(0) := F(0;,...,0,—1), © > 0, is not empty and ip@g) >4 (i.e., clos(F(0)) N
Vi_1 = (), then among its vertices (0—dimensional facets in its boundary) there exists, still
by genericity, a unique one
P := Pp) € clos(F(0)) (4.3)
such that
0;_1(P) = min{0;,_1(Q) : Q € clos(F(0))} (4.4)
(of course, Ppg) = F(0) if dim(F(0)) =0, ie. i = k).
When ip@g) < i then the point P of (4.3) is either the origin 0 ( & ip@) =0 < F is the
base chamber Cy) or it is the unique one such that

9iF(9>—1(P) = min{eiF(e)—l(Q) Q€ CZOS(F<9)) N ViF(@)} (4'5)
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Definition 4.2.1 Given any facet F(0) = F(6;,...,0,-1) let us denote by
Prg) € clos(F(0))
the minimum vertez of clos(F(0)) N Vi, (asin (4.3))
(for F € @ we briefly write Pg).
We associate to the facet F(0) the n—vector of polar coordinates of Pp(p

O(F(0)) = (6o(F(0)),...,0 (F(0)),0,...,0)

ip(g)—l

(n — ipgg) zeroes) where we set
0;(F(0)) :== 0;(Pr@)), J=0,.. i@ — 1.

We want to define another ordering over the poset (@, <). We give a recursive definition,
actually ordering all facets in V;(0) for any given 6 = (6, ...,0,,_1).

Definition 4.2.2 We define the polar ordering as follows: given F, G € @, and given
0= (0;...,0,1), 0 <i<mn, 0 €[0,6] forj€i,.,n—1, @ =0 fori=n) such that
F(0),G(0) # 0, we set

F0) < G(O)

iff one of the following cases occurs:

i) Prigy # Po@- Then ©(F(0)) < O(G(0)), where we are considering the anti-
lezicographic ordering of the coordinates (i.e., the lexicographic ordering starting from the
last coordinate).

i) Pp@) = Peg)- Then either
iia) dim(F(0)) =0 (so P = F(0)) and F(0) # G(0) (so dim(G(6)) > 0)

or

iib) dim(F(0)) > 0, dim(G()) > 0. In this case let i = ip@g) = ic@s)-
When ig > i one can write
O(F(0)) =O(G#)) = (b, ..., 01,04, ..., 05,10, ..., 0).
Then Ve, 0 < e << 6, it must happen
F(i_y+€0;,...,0,,1,0,....,0) < G(bi_y +¢€,0;,...,0,,_1,0,...,0).
If ig < i then one can write
O(F(0)) = 0(G(®)) = (fy, ..., 0;,-1,0, ..., 0).
Then Ve, 0 < e << 4, it must happen

F(9i0*1+€707"'70) < G(eiofl—FE,O,...,O).

(n —ig zeroes) O
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Condition (iib) says that one has to move a little bit the suitable V;(6’) which intersects
clos(F(0)) and clos(G(0)) in the point P(F'(0)) = P(G(0)) (according to (4.4) or (4.5)), and
consider the facets which are obtained by intersection with this moved subspace.

It is quite clear from the definition that irreflexivity and transitivity hold for <1 so we
have

Theorem 11 Polar ordering < is a total ordering on the facets of Vi(0), for any given
0= (0;,...,0,_1). In particular (taking 0 = 0) it gives a total ordering on &. O

One has

Theorem 12 FEach codimension-k facet F* € & (k < n) such that F* NV}, = 0 has the
following property: among all codimension-(k + 1) facets G*™! with F* < G**L| there exists
a unique one F*T' such that

FHY g F*,
IfF*NV, #0 (so FENVy = P(F*)) then

FF q GH o YGH with F* < G

4.2.1 Polar orderings for plane arrangements

For a line arrangement, the polar ordering assume a very simpler form, that we report here
for the convenience of the reader.

A system of polar coordinates in R? is defined by an origin O and a line V; containing O;
we call by V;(6;) the line which is obtained by a rotation (say counterclockwise) of V; with
rotation angle 6, (therefore V1(0) = V;). Then a point P in R? has polar coordinates (6, 6;)
(0 < 6y, 0 <6 < 2m) if it lies on V4(6;) and its distance from O is 6.

Definition 4.2.1 We say that a system of polar coordinates in R?, defined by an origin O
and a line Vi containing O, is generic with respect to the arrangement A if:

i) the origin O is contained in a chamber Cy of A;

ii) there exists § € (0,7/2) such that the union of the bounded facets of P(A) lies in the
open positive cone C(0,0) delimited by the lines V1(0) and V1(0);

iii) the lines V1(0) with 6 € [0,0] are generic with respect to A; this means that, for each
linel € A, Vi(0) Nl is a point which belongs to C(0,9);

iv) the line V1(0) (with 6 € [0,0]) contains at most one 0-dimensional facet of P(A).
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As before, the origin O of coordinates must belong to an unbounded chamber.
Definition 4.2.2 Given a facet T € ®(A), let 0,(T) € [0,27) be defined by
0.(T) = inf{0: | Vi(6r) N'T # 0}.

Definition 4.2.3 Given two facets F,G € ®(A), we say that F' < G if one of the following
conditions holds:

i) 01(F) < 01(G);
i) 0,(F) = 0,(G) and F is a point while G is not a point;
iii) 01(F) = 0,(G) and for all sufficiently small ¢ > 0 one has that V1(0,(F) +¢€) N F,
Vi(0,(G) + €) NG are not empty and the first set contains a point which is closer to

the origin O than any one of the points of the latter set.

In figures 2.1 and 2.2 we indicated the base point O and the line V. The lines {l;};=1.»
are ordered according to polar ordering, i.e., 7 < j if and only if [; N V] is closer to the origin
than [; N'Vi. We have @(A) = {C;, Fj, Py}, where C; are the O-codimensional facets, F; are
the 1-codimensional facets and P, are the 2-codimensional facets. Among the facets of the
same codimension, the indexes are induced by polar ordering, i.e. i < ¢’ if and only if C; <Cy
and so for the others facets.

4.3 A minimal CW-complex

We consider here the regular CW-complex S = S and we define a combinatorial gradient
vector field T' over S. One can describe I' as a collection of pairs of cells

I' € {(e,f) €S xS |dim(f)=dim(e)+1, e € d(f)}

so that I" decomposes into its dimension-p components
P =[] TI7CcS,1xS,

S, being the p—skeleton of S).
P
We give the following recursive definition:

Definition 4.3.1 (Polar Gradient) We define a combinatorial gradient field T over S in
the following way:

the (j + 1)—th component Tt of T', j =0,...,n — 1, is given by all pairs
(e(C, F7),e(C, FI*Y),  FI < I
(same chamber C') such that
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1. Fitt q FJ

2. VFI=1 < FJ such that C < F'=! the pair

(e(C < Fi™Y),e(C < F)) ¢ TV

Condition 2 of 4.3.1 is empty for the 1-dimensional part I' of T, so

' ={(e(C=<0)e(C=<FY) : F'aC}.

According to the definition of generic polar coordinates, only the base-chamber Cj intersects
the origin O = V;, so by Theorem 12 all 0—cells e(C' < C'), C # Cj, belong to exactly one
pair of T'!.

Theorem 13 One has:

1. T is a combinatorial vector field on S which is the gradient of a discrete Morse function.

2.

The pair
(e(C = F7),e(C < F'TY)),  F7 < FIT1

belongs to I" iff the following conditions hold:

(a) F7*1 < F7

(b) ¥V Fi=' such that C < F7=' < FJ_ one has FV~' < FJ,

Given FV € @, there exists a chamber C such that the cell [C' < F’] is the second factor
of a pair in (T) iff there exists F7=1 < FJ with F7 < FI='. More precisely, for each
chamber C such that there exists F7=1 with

C<F1'<Fi FlqFitt (%)

the pair (e(C < Fi71),e(C < F7)) € T, where FV=! is the mazimum (j — 1)—facet
(with respect to polar ordering) satisfying conditions (*).

The set of k—dimensional critical cells is given by

Singy(S) = ' ' (4.6)
= {e(C<F* : FFNV, #£0, FI 9 FF ¥V C < FI 3 F*}. '

Equivalently, F* NV} is the mazimum (in polar ordering) among all facets of C N V.

We can check that:
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Remark 4.3.2 We can immediately check that there is only one singular 0-dimensional cell,
namely e(Cy, Cy), since all the other 2-cells C have in their boundary a 1-codimensional facet
F such that FF < C.

In the case of a line arrangement (see section 2.1), we have two component of I T' =
I'y UT5. The next remark will be useful in chapter 5.

Remark 4.3.3 The component I'y C I' is a mazimal oriented tree, with root e(Cy, Cy), in
the 1-skeleton of S and we can associate to each 0-cell e(C,C) of S an unique path v of T'y
which connects e(C,C) to e(Cy, Cy) and is oriented from e(C,C') to e(Cy, Cy).

For later use in chapter 6, we state here two results directly following from the proof of
part 1. of Theorem 13.
Take a I'—path in S :

e(Cy, FY),e(Cr, FI), o e(Cry FE), e(Cry EEYY) e(Crngr, FE L) (4.7)

Here the pair (e(C;, FF), e(Cy, FF™)) is an element of T', and e(C;, FF) is in the boundary of
e(Cim1, FIY).

According to Theorem 7 we have to show that, if the path (4.7) is closed, (i.e. if
e(Crny1, FE ) equals to e(Cy, FF)), then it is trivial, ie. FF = FE,, FF' = FF! and
Ci=Ci (i=1,....m—1).

The proof directly follows from the following two claims.

Claim 1 Given a triple of consecutive cells in (4.7) of the form:

€(Cz‘, ﬂk+1)7 e(Ci-Ha Fiﬁﬁ; G(Ci—&-l» Fllj:rll) (4-8)

we have that FfH < FFHL
Claim 2 Given a quadruple of consecutive cells in (4.7) of the form:

6(07;, .F,Lk), 6(01', Fk+1), €<CZ'+17 F‘lil)ﬂ 6<CZ'+17 Fk+1>. (49)

)

k k
we have F* 1 Ff .

Corollary 4.3.4 Once a polar ordering is assigned, the set of singular cells is described only
in terms of it by

Singr(S) = {e(C < F¥*) :

a) Ftaq PRy pL g3 R < R
by F' aFF ¥V F st C<F <FF}
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Remark 4.3.5 The construction of Theorem 13 gives an explicit additive basis for the ho-
mology and for the cohomology in terms of the singular cells in'S. We can call it a polar basis
(relative to a given system of generic polar coordinates).

Remark 4.3.6 The minimality of the associated Morse complex is obtained by the one-
to-one correspondence between singular cells and the set of all the chambers of @, and the

well-known formula > b; = |{chambers}| (see [Z75]).

4.4 Examples

Here we will present some examples illustrating the previous tractation.

Example 14 We consider the line arrangement of figure 2.1. Here we want to write explic-
itly the polar ordering on the stratification ®(A) and the reduction of the compler SU) (see
example 8).

The system of polar coordinates here is given by O and ey, where Vi = < e; > .
The total ordering in ®(A) is:

Co<Fi<CI <P <0y <303 Fy<Cy < Fs < Cs < Fg < Cg < P
LFr < Cr < Fy <0y < Fy < Cy < Frg < Cg < Fip < Chp < Fha.

Recall that the complex S has 48 cells. The polar gradient has two components: T' =
Iy UTy. Following definition 4.3.1 we can see that:

o I'y is composed by 11 pairs of type (e(C;, C;), e(Cy, Fy)), with F; QCy, i.e. by the pairs:

{(6(017 Cl)v 6(01, Fl)); (6(027 CQ)? 6(02, FQ))? (6(037 03)’ 6(03, Fg)),
(e(Cy, Cy),e(Cy, Fy)), (e(Cs, Cs),e(Cs, Fy)), (e(Cs, Cs), e(Cs, F)),
(€<C77 07)7 6(077 F7))7 (e(087 08)7 e<087 FB))} (6(09, 09)7 6(09, F9>>7
(6(0107010)76(010,F10)), (6(0117011)76(0117Fn))};

o I'y is composed by 7 pairs of type (e(C;, F),e(Cy, P)), with P < F; and e(C;, F;) does
not belong to any pair of I'v, i.e. by the pairs:

{(6(007 F7)7 6(007 P))v (6(067 Fl?)? 6(067 P))v (6(077 F8)7 6(077 P))7 (6(087 F9)7 6(087 P))v
(e(Cy, Fig),e(Cy, P)), (e(Cho, F11),e(Cho, P)), (e(Ch1, F12),e(Ch1, P)) }.

So the set of critical cells Sing(S) is composed by the cells which do not appear in any
pair of I, i.e. by the following cells:

e 1 critical 0-cell e(Cy, Cy);

o 6 critical 1-cells e(Cy, F), e(Ch, Fy),e(Cy, F3),e(Cs, Fy), e(Cy, F5), e(Cs, Fg), which cor-
respond to those 1-cells e(Cy, F;) with F; N'Vy # 0 and C; < Fj;
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o 5 critical 2-cells e(Cy, P),e(Cy, P),e(Cs, P),e(Cy, P),e(Cs, P), , which correspond to
those 2-cells e(Cy, P) with P is the mazimum (in polar ordering) among all facets of

C.

Remark 4.4.1 Observe that the number of all cells of S is equal to the number of critical
cells plus twice the number of the pairs of T', indeed 1+ 6+ 5+ 2% (11 4+ 7) = 48.

Remark 4.4.2 The previous example can be easily generalized to the case of a central line
arrangement of n lines. In this case the critical cells are given by:

o 1 critical 0-cell e(Cy, Cp);
e n critical 1-cells e(Cy, F1),e(Cy, Fy) ...e(Ch_1, F,);
o n— 1 critical 2-cells e(Cy, P),e(Cy, P) ...e(Cp_1, P).

Example 15 We take here the line arrangement of figure 2.2. The polar ordering on the
stratification ®(A) and the reduction of the complex S (see example 9) are as follows.
The system of polar coordinates here is given by O and V; .
Here the total ordering in ®(A) is

Co<d I <Ci < <0< B33 Fy<C < Fs <0< PL<Fg <Oy < Fr < Cr < Fy<

<P2<F9<108<1F10<]P3<]F11<]Cg<]F12<]P4<]F13<1010<]F14<1011<]F15.

Recall that the complex SO has 62 cells. The polar gradient has two components: T' =
'y UTy. Following definition 4.3.1 we can see that:

o I'y is composed by 11 pairs of type (e(C;, C;), e(Cy, Fy)), with F; QCy, i.e. by the pairs:

{(6(01, CI)J 6(017 F1>>, (6(02, 02)7 6(027 F2))7 (6(037 03)7 6(03, F3))7
(6(047 04)7 6(047 F4))7 (6(057 05)7 6(057 F5>>7 (6(067 06)7 6<067 FG)):

(e(Cr,C7), e(Cr, F7)), (e(Cs, Cs), e(Cs, Fy)), (e(Co, o), e(Co, Fi)),
(e(Cho, Cho), e(Cho, F13)), (e(Ch1,Ci1),e(Ch1, Fla))}:

o I'y is composed by 14 pairs of type (e(C;, F;),e(Cy, Pr)), with P, < F; and e(C;, Fj) does
not belong to any pair of 'y, i.e. by the pairs:

{(e(Co, F11),e(Co, P3)), (e(Ch, Fs),e(C1, 1)), (e(Cy, Fy), e(Cy, P1)),
(e(Cs, Fro), e(Cs, %)), (e(Cs, F7),e(Ce, 1)), (e(Cs, Fia), e(Cs, Ps)),
(e(Cr, Fy), e(Cr, P1)), (e(Cr, Fy), e(Cr, ), (e(Cs, Fio), e(Cs, P2)),
(e(Cs, F15),e(Cs, Pu)), (e(Cy, Fiz),e(Co, P3)), (e(Co, F13),e(Co, Fs)),
(6(010, F14), 6(010,P4)), (6(011,F15) (Cn, P4))}

So the set of critical cells Sing(S) is given by the cells not appearing in any pair of T,
i.e. by the following cells:
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e 1 critical 0-cell e(Cy, Cy);

e 5 critical 1-cells e(Cy, F1),e(Ch, Fy), e(Cy, F3), e(Cs, Fy), e(Cy, F5), which correspond to
those 1-cells e(Cy, Fy) with F; N'Vy # 0 and C; < Fj;

o 6 critical 2-cells e(Ch, P3),e(Cy, Pr),e(Cs, Py),e(Cy, Ps), e(Cq, Py), e(Cr, Py), which cor-
respond to those 2-cells e(C;, Py) with Py is the maximum (in polar ordering) among
all facets of C.

Remark 4.4.3 As in previous example we have that the number of all cells of SU) is equal
to the number of critical cells plus twice the number of the pairs of ', indeed 1 + 5+ 6 + 2
(11 + 14) = 62.

Example 16 Consider the arrangement A € R of ezample 10 (see figures 2.8 and 2.4).
The system of polar coordinates here is given by O, Vi and V,. Here Vy is the 2—plane in
R3 which corresponds to the plane z = 100, i.e. the plane of figure 2.3, while V; is the line
indicated in figure 2.35.

To give the total ordering in ®(A) we proceed as follows: the cells intersecting the plane
Vy comes before al the others cells, and they are ordered as in the case of a line arrangement
with O, Vi as polar coordinates system. The center P comes after these cells and before of
the other ones. For ordering the other ones we have to move the plane Vo fixing the line
Vi, until meeting the center P, and then we have to pass to the other side and ordering all
the cells comparing in figure 2.4 as in the case of a line arrangement with O, Vi as polar
coordinates system. So the polar ordering in As is given by:

Co<F1<C < Fy <0y A F3 <105 <1 Fy <Cy < F5 Q0 < F <1 Cs <G < Fr <O < Fg 0 <L Fy <G
<]F10<]Cg<]F11<]C10<]F12<]G3<]F13<1011 <]F14<]G4<]F15<1012<]F16<]G5<]F17<1013<]F18<]Cl4<]
<]F19<]G6<]F20<1015<]F21 <16’16<1F22<1G7<1F23<1017<1F24<1P<@7<1F18<1613<1722<@6<1F17<1
<]612 4?15 <]€7 <]F7 <]§5 <]F13 <]€10 <]FH <]§4 <]F10 <]68 <]F8 <]§3 <]F12 4@2 <]Fg <]§1

Recall that the compler S has 192 cells. The polar gradient has components: T' =
[ uTyu . Following definition 4.53.1 we can see that:

o I'y is composed by 23 pairs of type (e(C;, C;), e(Cy, Fy)), with F; < C;;

o I'y is composed by 43 pairs of type (e(C;, F;),e(Ci, Gy)), with Gy, < F; and e(C;, F;)
does not belong to any pair of I'y.

o I's is composed by 18 pairs of type (e(C;, Gi), e(C;, P)), with P <Gy, and e(C;, G) does
not belong to any pair of I's.

So the set of critical cells Sing(S) is composed by the cells not appearing in any pair of
[, i.e. by the following cells:

93



1 critical 0-cell e(Cy, Cy);

o 0 critical 1-cells e(Cy, Fy), e(Cy, Fy), e(Cy, Fs), e(Cs, Fy), e(Cy, F5), e(Cs, Fg), which cor-
respond to those 1-cells e(C;, F;) with F; N'Vy # 0 and F; N'V4 is the mazimum (in
polar ordering) among all facets of C N'Vy;

o 11 critical 2-cells 6(01, Gl), €(CQ,G1), 6(03, Gg), 6(04, GQ), 6(05,G3), 6(07, Gﬁ),
e(Cs, Gy), e(Co, Gs), e(Cho,Gs), e(Cha, Gg), e(Ciz, G7), which correspond to those 2-
cells e(C;, Gy) with GpyNVy #£ 0 and G NVy is the mazimum (in polar ordering) among
all facets of C NV5.

e 6 critical 3-cells e(C7, P),e(Cs, P),e(Cy, P),e(Cho, P),e(Cia, P),e(Cis, P), which cor-
respond to those 2-cells e(C;, P) with P is the maximum (in polar ordering) among all
facets of C.

Remark 4.4.4 Asin previous examples we can calculate the number of cells as 1+6+ 11+
6+ 2% (23443 + 18) = 192.

o4



Chapter 5

Explicit description of the attaching
maps for plane arrangements

This chapter presents the results of [GMS09].

Given an affine line arrangement (see chapter 2.1) A = {l;};=1. ., in R? let M(A) be its
complement. In the previous chapter we described the cells of the minimal complex. In this
chapter we want to present the explicit description of the attaching maps of the cells of this
complex.

5.1 Notations

Notation 5.1.1 An I-cell e(C, F) of S is called 7, ; if the following conditions are both
satisfied :

e [ Cl; and l; does not separate C' from Cy;

e there are exacly j 2-codimensional facets on l; which are lower than F in the polar
ordering.

To each 7, ; = e(C, F) we associate a loop 7; ; in the 1-skeleton of S:

Yij =T ;Lo
where C" is the other chamber having F in its boundary and I'c, T'cr are as in remark

4.3.3.

The critical 1-cells (see section 4.3) correspond to 7, . ..7, . For simplicity we denote
Y0 by 7. We also use the same symbols «; ; and «; for the induced homotopy classes in
m1(M(A)), when the meaning is clear from the context.

So the 1-skeleton of the minimal complex is a bouquet of n loops represented by 7y ...,
(a true bouquet is obtained collapsing the maximal tree I';, see remark 4.3.3).

Our goal is to explicitly describe the attaching maps of the 2-cells in the minimal complex,
as they derive from the discrete vector field T'.
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Definition 5.1.1 Let P be a 2-codimensional facet of P(A).
Define I(P)={ke€1,...,n|P €ly, or P &l and l, does not separate O from P}.
We associate to P the sequence of words in the ~y;’s:

7—1
A;(P) = H Vi
k=1

keI(P)
forj=1...n.
We define also Aj(co) =1 for all j > 0.

Definition 5.1.2 Given any words o ... oy, in the v;’s, we define for eachi=1,...,p—1:

WZ'_H(OQ, e ,Oép) = Oq1 - OpQy ... Oéi(Oél B 'Oép)_l.

5.2 Central case

First, we consider a central line arrangement with lines {l;};—1. , ordered according to the
polar ordering. So we have @(A) = {C;, F;, P}o<i<an—11<j<2n (see example 8 and remark
4.4.2).

Notation 5.2.1 We put 6; = e(C1, F1),...00n-1 = e(Con_1, Fon_1). We put also do, =
e(Cn, Fyy,) (see figure 5.1).

As before, we associate to each 0; the loop 6; defined by FE}&-FCFI if1<i1<2n—1 and
by Ul oanlcy,_, if i = 2n.

Remark 5.2.2 We observe that the 6;’s, for 1 <1i < 2n — 1, are associated to elements of
Iy, so they induce trivial loops 9; in the fundamental group.

As a preliminary result we have:

Lemma 5.2.3 Let A be a central arrangement.
In the fundamental group m (M(A)) we have vi1 = (y1...Yic1)vi(y -+ 7ie1) ™ for 1 <
1 < n; furthermore 0, = 1.

Proof. The 1-cell 7, € S belongs to the boundary of the 2-cell e(Cy, 4, P) for 1 <i < n,
while %, ; belongs to d(e(Cp, P)). The boundary of e(Cy,_;, P) can be written as:

_ _ - ] —1__ 1
d2n—i02m—i—1 - - Opnt1Y1 V2 - - ~%5z‘+1 0y 71& .. -%'_11,1%,11-

By remark 5.2.2 the above expression induces the following equality in the fundamental
group:
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Figure 5.1: A figure illustrating notation 5.1.1 in central case.
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Vi1l = MYz - - .%'yill .. .fy{_lm. (5.1)

In the case n =1 the formula 5.1 gives 7,1 = 71 which is our thesis.
The thesis follows by induction. The cases of d3,, and 7,1 are analogous.
qed

The above lemma can be immediately generalized to the affine case. First we introduce
the following notation:

Notation 5.2.4 Let A be any line arrangement. Let 5, ; = e(C, F) with j > 0 a I-cell of
S as in notation 5.1.1. We call P,, ; the 2-codimensional facet which follows F in the polar
ordering restricted to l; (if it exists, and in this case we will call it “the farthest end” of F).

Moreover, given a 2-codimensional facet P, and given a line l; passing through P we
denote by j(i, P) the index such that P, ., = P. We also put P,,, = oo if k <0.

Lemma 5.2.5 Consider?;, ; with J >0 and its “nearest end” Py, , , = P. Letl; ...1;, be
the lines passing through P ordered according to the polar ordering. Then in the fundamental

group m (M(A)) we have
_ —1
Yir,J = <7i1,j(i1,P) .- '7i171,j(i171,P))%1,J—1(%‘hj(ilf) .- '71171,1(i171,P)) .
Proof. The proof is totally analogous to the one of lemma 5.2.3. OJ

Now we can state the formula of attaching maps in central case:

Theorem 14 Given a critical 2-cell e(C;, P), its attaching map in the minimal complex is
gen by:

Wit (Y1, ooy n) = Yigr YY1 il - '%)_1-

Proof. The boundary of e(C;, P) in S is written as:

~ ~ % 3 < —1 ——15-1 51
Fisr  Tnd2mOon—1*** Oopit1Tit1a Ty - 0;

By remark 5.2.2 and second part of lemma 5.2.3, the above expression induces in the
fundamental group:

1 1
Yit1 Vi1 Ve

Then one can substitute the 7, ;’s using the formulas of lemma 5.2.3 and the thesis follows.

O
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5.3 Affine case

Now we consider the affine case. The following lemma is a direct generalization of theorem
5.2

Lemma 5.3.1 Consider a 2-codimensional facet P in ®(A) and let us denote by l;, ...1;,
the lines passing through P ordered according to the polar ordering. Given a critical 2-cell
e(C, P), delimited by l;, , its attaching map in S is homotopic to:

ik+1 )

Wk+1<7i1,j(i1,P) ce fyipvj(ipzp)) =
= Vikg1:3(ikg1,P) - - - Vip,jlip,P) Vir,j(in,P) = - - Vig,j(ig,P) (7i17j(i17P) e '%pvj(ipyp))il'

Proof. The attaching map of e(C, P) in S is homotopic to:

—1
(%k+17j(ik+17P)%k+2,j(ik+27p) o '%pJ(ipvP)) (%k-»-l,j(ik+17P)+1%k+27j(ik+27p)+1 o '%mj(ipvp)-*'l) :

The remaining part of the proof is completely analogous to the one of theorem 5.2, using
lemma 5.2.5.

O

Let us consider a critical 2-cell e(C, P). We want to know the attaching map of the

corresponding 2-cell of the minimal complex.
Define vp; = A;(P)y;4;(P)~".

Lemma 5.3.2 Let %, ; = e(C, F') be a 1-cell as in notation 5.1.1. We have:
Yig = Ai<P'Yi,j71)fyiAi(P’Yi,jfl)il = f)/}k,mil,i'

Proof. By induction on (4,7), where the couples are considered with the lexicographic or-
dering: (h,k) < (s,t) if and only if h < s, or h = s and k < t.

For all ¢, we have v; o = 7; and the thesis is proved when j = 0.

Let’s consider now the case i = 1. We proceed by induction on j. As we know the thesis
is true for j = 0. Suppose the theorem true for j—1,1i.e. 71 ;-1 = 7. Let [;, .. .[;, be the lines
passing through P, ;| (by construction we have 4; = 1). By lemma 5.2.5 71 ; = 71,;-1 =™
and we have done.

We can now study the general case: consider 7;, ; and assume our claim true for v; ;
with all j and @' < iz, or for v;, j» for j* < J. Let us call by [;, ...l;, the lines passing through
P;=P, , , ordered according to the polar ordering. By lemma 5.2.5, we obtain:

Yir,J = (Pyilaj(ilap) - '%phj(iuhp))%I,J—l(%hj(il,P) - 'Py’il—lyj(ilfl’P))_l' (5'2)

In this formula all pairs of indexes of the 4’s are lower than (i;, /) in the lexicographic
ordering, so we can use the inductive hypothesis in formula (5.2) to obtain:

Vir, g = Agy (P’Yil,J(il,P)—l)’Y’il (Ai1 (P'Ytl,j(il,P)—l))_l T
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e Ai[—l (P'Yilfl,j('ilfl,P)—l)Pyil—l (Ail—l (P“/rilil,j(ilfl,P)—l))il ’ Ail (PWiI,J—2>7iIAiI (P"/iI‘J—z)il'

1
. (Azl (P’Yil,j(ilyP)—l )71'1 (Azl (P'yi”(ilyp),l))il T Ail—l (P’Y'ilfl.j(ilfl,l—")—l )71'1—1 (Ail—l (P'Yilil,(ilfl,P)—] )71)) .

Now let us denote for simplicity P, = P'Yikvj (tP)—1 and take a piece of the expression above
of the type:

Ai (Pe)i (Aiy (P) ™ Ay (Pesa )Yy (A (Prsn)) ™

We observe that A;, +1(Plc+1) is a product that includes all the factors of A; (FPx). To
prove this, suppose ¢ < i, and ¢ € I(P), i.e. Py € l;, or Py & l; and [; does not separate O
from Py. If i € I(Pyy1) then Py.y & l; and [; separates Py from O. But in this case, being
i < (and 01(; N ;) < 601(FPy)), [; meets [;,,, in a point belonging to the segment [P, Py ]
and this is a contradiction because P, and P are ends of a same codimensional-1 facet. So
it must be i € I(Pt1).

Then Bik+1 (Pk—H) = (Alk (Pk+1))_1(Aik+1 (Pk+1)) is a pI‘OdU.CtZ

ipi1—1
Bik+1 (Pk+1) = H Ya-

a=1+1
a€l(Ppy1)

This gives:

Yir.s = Aiy (P)Yiy Biy (P2) i -« - Biy_y, (Pr—1)7i,_, Bi, (Pr) iy
-1
’ (An (Pl)fyllBlz(PQ)’yu s Bil—l(PI—1)7i1—1Bi1 (PI)) :

To complete our proof we need to show that
A (P) = Ay (P1)vi, Biy(P2) i - - - Biy_ (Pr—1)vi; ., Bi, (Pr).

First of all observe that v;, appears in the two members of the equality for all 1 < k < I.
Now let us consider v; with ¢ # i for all 1 < k < [ and prove that if a +; appears in the left
member of the equality, then it appears also in the right one and viceversa.

Consider the left part of the above equality, and take ; with i € I(P) and iy < i < ij41.
It means P ¢ [; and [; does not separate O from P. Then v; is a factor of By, (Pry1).
Indeed suppose there is a line [; verifying i, < i < i1, i € I(P) but ~; is not a factor of
BikH(PkH)- So Pyy1 ¢ 1; and [; separates P,y from 0. Then, as before, I; must meet [,
in a point belonging to the segment [P, Py1], but it is impossible because P and Py, are
ends of the same codimensional-1 facet of @(A).

Conversely, consider the right member of the above equality. Take a factor ~; of
Bi, ., (Prt1), with 4, < @ <'igyy. If we have Piyy € [;, then i € I(P); else we have Ppyy € I
and [; does not separate Py, from 0. Also in this case we can conclude that ¢ € I(P).

This completes the proof.

O

60



Theorem 15 Let us consider a critical cell e(C, P). Let l;, ...l;, be the lines through P
ordered according to the polar ordering, and let l;, l;, ., be the lines delimiting the chamber
C'. The attaching map of the 2-cell e(C, P) in the minimal complex is given by:

4% ’ Y .
k+1(/yp'yi1,j(il,P)—l FERRE WPWP,],(WP)_IJP)

Proof. By lemma 5.3.1 we obtain that the attaching map is represented by:

W1 (Yir (i1, P)s -+ -+ Vipoi(in,P))-

Then the thesis follows immediately using lemma 5.3.2.

5.4 Example: deconing Aj;

Let us consider the arrangement A as in Figure 2.2. The line I3 has two triple points and
there are two pairs of parallel lines [y, and Iy, [5. Recall the polar ordering on @(.A), and
the critical cells as presented in example 9.

With our notations, we have 7171 = €<CQ,F12), 7172 = 6(011,F15), 7271 = 6(07,F8),
Va2 = €(Cs, Fro), 731 = €(Cs, F7), 735 = €(Cro, F1a), V41 = €(Ch, Fp), Yo = €(Co, F11),
V51 = €(C7, Fy), 752 = €(Co, Fi3). (see figure 5.2)

First we want to give an example of application of lemma 5.3.2. Consider the 1-cell 75 9.
It appairs in the boundary of the 2-cell e(Cy, P;). Let’s write this boundary:

0(e(Co, P1)) = T1,1 731 751712732752
This gives the equality in 7y:

_ 1 -1
V5,2 = V1,173,175,171,273,2-

In the same way, computing the boundary of the 2-cell e(C4y, Py) we have:

T2 = M1
and computing the boundary of the 2-cell e(C4g, Py) we have:

-1
V3,2 = V1,173,171,1-

Substituting we obtain:

V5.2 = 71,173,175,173_,1171_,11 = y1.1731Y51 (Y1.173.1)

Now we can continue similarly substituting the v; ; with j = 1: v11 =71, y31 = o35 L
V5,1 = ’yg’yg,’yg_l. We obtain:

Y52 = MY 3Ys veYsYe L (e s Ye ) T = Yy vs s (nyeys)
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Figure 5.2: A figure illustrating notation 5.1.1 in our example.
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as wanted.
Let us write now an example of application of theorem 15.
The attaching map of the critical cell e(Ch, Ps) is:

d(e(Ch, Ps3)) = 74,16(067 F12)7472_16(017 Fl)_l-

This induces in m; an attaching map homotopic to:

-1
Y4,174,2 -

But 41 = 72%%(72%)_1 and vy = 7174,1%_1 = (717273)74(717273)‘1 by lemma 5.3.2.
Substituting we obtain:

A(e(C1, Ps)) = y2y374(7273) " (117273)75  (17273) Tt = Ve ani (e a) T = Wa(Vaens Voua)-

Another example is given by:

9(e(Cs, Pa)) = 73175.1€(Cs, Fis) V30 Fs2 'e(Co, Fra)

that induces in m; an attaching map homotopic to:

—-1_-1
V31751732752

But v3, = 72737517 V5,1 = 72757517 V5,2 = ’71’72’73’75(’71’72’73)_1 and 39 = ’7172’73(71’72)_1
by lemma 5.3.2. Substituting we obtain:

(e(Co, 1)) = 12y373 1120572 117205 92 9205 e 2 e =
= (7;31,37}’2,5,)/;33,1)</YIP3,1,YIP1,3/Y/P2,5)_1 = W2(7/P371’ 7}’1,37 7;32,5)'
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Chapter 6

Discrete Morse theory of
configuration spaces

Consider the d—generalized configuration space (see 3.2) associated to an hyperplane ar-
rangement A = {H;};c; in R™. In this chapter we reduce the complex S@ to a minimal
complex, using Morse theory, as we have seen in chapter 4, where it is presented the case
d = 1. In particular, we obtain an explicit basis, called “polar basis”, for the homology of
the complement.

We refer to section 2.1 for the main definitions and notations and to section 3.3 for the
definition of the CW-complex S(¥. The results of this chapter appear in [MS09]. At the end
of the chapter we present some explicit examples.

6.1 A minimal CW-complex

Lemma 6.1.1 Let L € L(A) be a codimension k subspace. Then the system Vy, ..., Vi gives
a generic system of polar coordinates for the arrangement ANV := {HNV}| H € A} in'Vj,
so it induces a polar ordering <y, on @r. The system ViyNL, ..., V,NL gives a generic system
of polar coordinates for the arrangement A" on L, inducing a polar ordering <* on ®F.
One has that <* coincides with the restriction <jgr of the polar ordering < to ol C .

Proof. In the case of @, there are no bounded facets, except for the point L NV}, and
the genericity condition of definition 4.2.1 reduces to transversality, i.e. point iii) of such
definition; which is included in the genericity condition for the given system Vj, ..., V,,
taking into account that £(Ar) C L(A).

For &L, just remark that by the genericity of the given system, V; N L # () only for
1 > k, so by the genericity of the original system one gets the genericity of the restricted one
Vi N L,...,V, N L. Now notice that if (6(,...,0,_,) are the polar coordinates of a point P
in L with respect to the system V,NL,...,V,NL and (0y,...,0,) are the polar coordinates
of P with respect to Vj,...,V,, then there exist smooth functions:

a;  ([0,e)" 7T S Rog: (6,...,0,) — 9;-, j=k, ...,n,
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with € > § (0 as in 4.2.1) such that:

0; = aigk(Oish,,0n), i=0,....,n—k

and the function:

0 — (0, 0iip41,...,00)
is strictly increasing in [0,€) (¢ = 0,...,n — k). This shows the last assertion of the lemma,
by definition of polar ordering (see section 4.2). O
Definition 6.1.2 Given G € ®, we set also <g:= g -

Definition 6.1.3 Given G € @, and being P as defined in section 2.1, we define an invo-
lution:

0pgi@G — @G
F o opo(F)

where opg(F') is the unique facet which is symmetric to F with respect to supp(G). In other
terms (using the maps pq, pric| defined in section 2.1):

opa(F) = o (—(pric(F))).

Here we notice that, for a central arrangement, every facet F' has a unique opposite —F with
respect to the center.

Definition 6.1.4 Define the opposite polar ordering <gx in $¢ as:

F < F' < ope(F) <¢ opa(F')
F F' € &g.
Definition 6.1.5 For all arrangements A, all polar orderings < on A, and all d > 1, we

define the degree-d discrete field
L@ =T (A, <)

on the compler S\D(A). Assume by recurrence that T'yy(AL) has been defined for d' < d,
for any A¥ C A, L € L(A), for the induced polar ordering <* (see lemma 6.1.1). Then the
k—dimensional part Fl(“d) (A) is given by the set of pairs of cells in S{(A)

(e(F), e(F))
where dim(e(F)) =k —1, dim(e(F')) =k, F' < F (so e(F) C d(e(F'))), and the two flags
differ only in a single position:

F=(CF,...,F_ 1, F F,... Fy),
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F,:(Can'"7E—17Ej+lvﬂ+l7"'aFd)

with Fl-j < Fin (7, 7+ 1 denote codimensions). Moreover, such pairs satisfy the following
conditions (6.1),(6.2):

fori<d, e(F/ Fiy1,...,Fy) s a critical cell in the complex S (AF),
endowed with the discrete (d — i)— vector field T'4_y(A"),

; : 1
with L := |F!| (i.e., e(F},Fiy1,...,Fg) & Ta—iy(A"), see (6.1)
def. (2.3.5))
Set | = d — i; then:
Jor even ' . ‘
' g, F/ and F! = mazq, {F | Fioi < F <}
(6.2)
for odd 1

(2

Fij-f—l q%ﬂ;l F] and sz :maxquz;_‘_l{F | F, 1 < F< Ej}

For i = d there is no Fi. in the first condition of (6.2), which is to be considered in this
case as defined by using the given polar ordering < .

We have I'(q) = @Z/:dll“’(“d), n' =rk(A).

Definition 6.1.6 Let L € L(A) be a codimension k subspace.
Set F(Ld) as the degree-d discrete field of the arrangement AL with respect to the polar

ordering <t=<, .

Set T'pa) as the degree-d discrete field of the arrangement Ay, N V¥ with respect to the
polar ordering <y, (see lemma (6.1.1)).
Theorem 16 One has:

1. T'(g) is a discrete vector field;

2. Ty 1s a gradient field of a discrete Morse function,

3. the critical cells of "4 are the following ones, depending on the parity of d:
e(C,F* ... FF) (6.3)
with e(C, F*) € SW critical cell for (T, <), if d is odd;
e(oppe(C), F*, ... F") (6.4)

with e(C, F*) € SW critical cell for (T, <), if d is even.
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The following theorem is an immediate consequence of theorem 16:

Theorem 17 1. The configuration space MD(A) is a minimal space (d > 1).

2. The cohomology of SV (or of MW+Y)) d > 1, is concentrated in dimension
id, i=0...n.
The Betti numbers are given by
Bia(S9) = B;(SW).

Proof of theorem 17. Case d = 1 is considered in section 4.3. For d > 1 minimality

follows immediately from the gap between the dimensions of the critical cells.
O

Notation 6.1.7 Given L € L(A), with codim(L) = k, notice that the cells of S~V (AL)
have the form e(F), where F is a flag whose first element is some facet F* with |F*| = L
(in fact, F* is a chamber in the arrangement A*).
Let
A SUTD(AL) ——s SW(A)

be the correspondence defined by
ANe(F* Fy, ..., Fy ) = {e(C,F* Fy,...,F; )| C < F*} c SY9(A).

When T" is a discrete field over SV (AF), we have an induced field \.(I") over S (A) :
for each pair
(e(F*,Fy, ..., Fy1),e(F*Fy,... ) F; ) e I,

take all pairs of the shape
(e(C,F* Fy, ..., Fy_1),e(C,F* Fy ..., F) ), for all chambers C < F*.

In particular, when L is the whole space V, X\ gives a map which to a discrete field on
S (A) associates a discrete field on S\ (A) (in this case k = 0 so one can add just one
chamber C = F°). Here A = jy_1 : S Y — S defined at the end of section 3.3.

Proof of theorem 16. We proceed by double induction on the degree d and the rank of
the arrangement A.

The case d = 1, any rank, is exactly given by theorem 13, section 4.3.

The case of rank 0, any d, is trivial since here A = () and @ has only one facet C = V;
s0, S is given by the unique point e(C, ..., C), and I'¥ = () verifies the thesis.
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We assume the theorem holds when the arrangement has rank lower than rk(A) and
arbitrary degree, or when the arrangement has the same rank as A but the degree d’ is lower
than d.

To prove 1), we partition I'(g) into subsets, each of these being a discrete field; this will
suffice to prove that I'(g) is a field.

Consider first all cells in S with codim(F;) = 0, that is of the kind

e(C,C, Fy, ... Fy). (6.5)
This set bijectively corresponds to S=1 by j,_;.

By induction, I'4_1) is a discrete field, so A.(I'a—1)) C I'(g) is also a discrete field (see
6.1.7). The cells of jg_1(S@ V) c S@ (of the shape (6.5)) which are not contained in
A (I'(g-1)) are exactly given by

Ga-1(Sing(SY D)) = {js_1(e(F)) :  e(F) critical cell of S}, (6.6)
By induction, the cells (6.6) will be of the following form:

e(C,C,F" ..., F")

with e(C, F) critical for (I'(1), <) if d is even;

€<Oth(C)7 Oth<C>a Fha cee Fh)
with e(C, F") critical for (I'(1), <) if d is odd
(of course, d even implies d — 1 odd and conversely).
Notice that the unique 0-cell in (6.6) is e(Cy,...,Cy), where Cy is the unique chamber
containing the origin V; of the polar system. All the other 0 — cells in S(¥) (all having analog
shape e(C, ..., (), C # Cpy) belong to the image of j; ;.

It will be useful to give an equivalent condition for a cell e(C, F") € S to be critical,
which come easily from point 4) of theorem 13:

F'"n V" # 0 and prye+ (C) N V"1 2§ and bounded. (6.9)
Now let L € L(A) be a codim-k subspace. Consider all cells in S of the form
{e(C,F¥ Fy,...,Fy)) | F* c L}. (6.10)

By induction F(Ld_l) (6.1.6) is a discrete vector field. By the definition of I'4), one has that
)\*(F(Ld_l)) is contained into I'y and by 6.1.7 it is a discrete field.
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The remaining cells of S of shape (6.10) which are not in )\*(F(Ld_l)) (i.e. the cells in
A(Sing(S4=1(AL)))) have the form

e(C, F* Fh .. Fh)
(6.11)
with e(F*, F) critical cell for (F(Ll), <%) for even d;

e(C,oppn(F*), F" ... Fh)
(6.12)
with e(F*, F") critical cell for (F(Ll), <t) for odd d.

In particular for & = k they remain all cells e(C, F¥, ..., F}) for all C' < Fy, where F} is
the unique facet in L such that Fy N V¥ #£ 0.
When k < h condition (6.9) for critical cells translate as:

VEALNFr=VhaFh £
and (6.13)
pripn (FF) O VYA L = pripn (FF) N V1 £ (0 and bounded.

Let L', L" € L(A). Remark that F(chq) and T (LC;LU have no common cell if L' # L”
(by definition, the first facet defining a cell has support respectively L', L”). When L
is the whole space V, clearly I'y_1) = F(Ldfl). If L = Lo = N{H,;} is the center of the
arrangement, I’(Ldfl) = () and the unique critical cell is ¢y := e(L,...,L). In this case
Aeg) ={e(C,L,...,L)| C any chamber}.

Summarizing the previous discussion, we have by induction that

F/(d) = U O‘*(F(qu)) C '
LeL(A)

is a discrete field; the set £ of cells of S(¥ which do not belong to F’( 1) are given by

e(C, F* Fh ... Fh)

(6.14)

with Fh NV £ (), pr|Fh|(Fk) N V"1 £ () and bounded, even d,

e(Coppn (F*), F, ... Fh)

(6.15)

with F" N V" £ 0, pripn (F¥) N V=1 % 0 and bounded, odd d,

when k < h; by
e(C,F", ... FM)

(6.16)

with Fh A Vh £ )
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when h = k.
The proof of parts 1) and 3) of theorem 16 will follow from the following lemma.

Lemma 6.1.8 Let k < h. For each cell e(C, F* F" ... F") € &, there exists either
F* such that F* < F*+Y < Fh (if k 4+ 1 = h then F*1' = Fh) (6.17)

or
F*' such that C < F*=' < F* (if k =1 then F*' = C) (6.18)

such that e(C, FKHL Fh . F") € & (resp. e(C,FF1 Fh .. Fh) € &) and the pair
(e(C, F*),e(C, F*™)) (resp. (e(C,F*1),e(C, F*))) belongs to the field Ty, 1y which is de-
fined by using the ordering

<P, for even d;

or
g, for odd d.

(L= |F")

Case k = h. For each cell e(C,F* ... F*) € &, there exists F*~1 verifying (6.18) and
such that e(C, F*=1 Fk .. F*) belongs to € and the pair (e(C, F*1),e(C, F¥)) belongs to
the field (T'r, 1y, <7°) for d even, respectively to (U 1y, <1p) for d odd, (L = |F*¥|) iff e(C, F*)
is non critical for (I'p 1y, <T) for d even, respectively for (' 1y, 1) for d odd.

Proof of lemma 6.1.8. We show first that e(C, F¥) is not critical for T'y, ;) (with the
suitable ordering defined above).
Assume d even. Condition (6.14), giving prjps (F¥)NV"~! 2 () and bounded, is equivalent

to
prign (open (FF)) N VA1 = 0. (6.19)

If (C, F*) were critical for (T'y, 1), 97) then pripn (oppn (F*)) NV # 0. Since VF C V=1
this is impossible.

If d is odd, condition (6.15), giving prpr((oppn (F*))NV "~ # () and bounded, is equivalent
to pripa(FF) NVt = 0. If e(C, F*) were critical for (I'z 1y, <p) then pripn (F*) N VF £ 0,
and this also is impossible.

Assume that there exists F**! as in (6.17) such that the pair

(G(C, Fk), 6(0, Fk+1)) S FL,(I)-

We have to show that e(C, F**1 Fh . Fh) e €.
In case k + 1 < h, if condition (6.14) holds for F* (d even) then it clearly holds for all
facets F*™ in the boundary of F* and such that F**' < F* and analog for condition (6.15).
When k + 1 = h, then by (6.16) all cells e(C, F", ..., F") with F"NV" # () belong to &.
Now let us suppose there exists F*~! as in (6.18) such that

(e(C, F*1),e(C, F*)) e T
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and we have to show that e(C, F¥=1 Fh . F') e £,

Let d be even. By the definition of (T'f, (1), <7) (section 4.3) one must have F* <% F*~1,
that is oppn(F*1) < oppn(F*). Since for F* condition (6.19) holds, we must have (by
definition of polar ordering) also

pr|Fh‘(0th(Fk_1)) NVi-t=4¢

which is equivalent (as said above) to (6.14), so it gives the thesis in this case.

The case d odd is proved in the same way, so as the last assertion of the theorem for case
k= h. O

By lemma 6.1.8 it follows both parts 1) and 3) of theorem 16. Indeed, the pairs of cells
of I'(g) coming from lemma 6.1.8 clearly do not have common cells and, together with the
previous field F’( ) exhaust all I'(g). This proves part 1). Part 3) follows from the last part
of lemma 6.1.8.

We now come to part 2) of the theorem. We use the characterizing property for gradient
fields stated in theorem 7 of section 2.3.
Take a I'(q—path in S :

e(Cr, Fr), e(Cr, Fith), o e(Coy FE), e(Cony FEFY), e(Crngr, Fy) (6.20)

where by FF we indicate the flag (thll, . ,E{ﬁl’d), whose codimension is k = S>°, jis,

and by FF*! we indicate the flag (Fﬁ’l, e Fiéd), whose codimension is k +1 = ¢, Jii
(i =1,...,m). Here the pair (e(C;, FF), e(C;, FF™)) is an element of I'g), and e(C;, FF) is
in the boundary of e(C;_y, FF1).

We have to prove that if the path (6.20) is closed (ie. if e(Cipi1, FF.;) equals to
e(Cy, FF)), then such path is trivial, i.e. FFf = Fr,, F*' = Ff' and G = Ciq
(i=1,...,m—1).

Given a polar ordering <« over an arrangement A’, introduce the ordering <., among
the cells of S (A) :

e(Fo, Fi, ..., Fy) Qe e(Fy, FY, ..., F))

(codim(Fy) = codim(F}) = 0) iff, being k the last position where F) # F}, one has
Fk < Flga

where < equals either <, ,,| or 4z | according to the parity of d — k.
We will prove the following claim:

Claim 3 Given a triple of consecutive cells in (6.20) of the form:

e(Cy, FIY), e(Crpr, Fin)s e(Cipr, FELY). (6.21)

1
we have that ffjll Qe FFHL.
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We prove this claim inductively on d. The base of the induction is the case d = 1, i.e.
claim 1 of section 4.3.

We now suppose the statement true for d — 1 and prove it for d.

By splitting a flag F = (G, Fy) into a (d — 1)—flag G and the last facet Fj, the triple
(6.21) will become:

Y- h; ! h;
G(Ci’ gz ) Fi,d)v G(Ci-i-l’ ng{l ) Fzr_11d> (Oi-f'l’ gzi-{l’ Fzrlld)

Now we have to distinguish several cases.

L Ifl] =l = ljy, = [, then F}; < F},, , and so F}, = F/_, , for an argument of

dimension. We have also that h; — 1 = h;yy = hj,, — 1 = h, so we can rewrite the
triple as:

G(Ciagzh—'—laFl)aB(C’i-‘rl)gih—i-lﬂFl)7€<ci+17g1h++117Fl)

By inductive hypothesis we have that G} (< )zexglhﬂ, and so also Fih' <o, FIHL

)

2.l —1=1ln=10,,—1=1s0h;=h;1=hi, =hand we can write the triple as:

6(0i7 glh’ }71‘131)7 e(CiJrla g1+17 F+1 d) (Ci+17 i+1 le—tlld)
This case follows from claim 1 applied to

e(Fra, Fi i), e(Frva, Fioya)s e(Frnao, FiL)-

3. Wl —1=1liy =1, =180 hj=hi1 =hi,; —1=h and we can write the triple as:

G(Cia gzhv F;l,—il—l)a G(Ci-i-l’ gH—lv F+1 d) ( i+1 gzh+117 F—H d)

Here (e(Ciy1, Gl 1, Fliya), el Cit1, G, F/,4) € I, so, by condition (6.1), there
exists an index j > 1 so that e(Fit1,4—j, Fit1,d—j+1, - - - ,ﬂlJrLd) is critical for F{“j), where

L =| Fi41,4—; |; we have in particular Fl 4NV # 0. The definition of polar ordering

gives Fl |, <1 F{i', so FI' <iep FfT as required.

4. Il =l =1, —1=1,s0 Fly = F,, 4 as above, and hj — 1 = hiyy = hi, = h, so
we can write the triple as:
e(Civ gz‘thla Fl)? €<Ci+1a gz+17 Fl) (CiJrla ngrlv FlJrl)

Since (e ( 141, G, FY), e(Cign, Gy FITY) € Tyy) then condition (6.2) gives FIT < F!

and FiH! <ep FFT as required.
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This proves the claim. If the path (6.20) is closed, it follows that all the flags of codimension
k + 1 equal a fixed flag F*+1,
We can rewrite (6.20) as follows:

e(C, FF),e(Cr, F*Y), oL e(Cr, FE), e(Cry FHTY) e(Cr, FP). (6.22)
So FF < FF1l i=1,....m

We will now prove another claim:

Claim 4 Given a quadruple of consecutive cells in (6.22) of the form:
6(01" "Tzk)v 6(0“ F]H_l) (Cl+17 f‘ilj—l)> 6(Ci+17 Fk+1)' (623)

we have .7: e .7:1+1

We prove this claim inductively on d. The base of the induction is the case d = 1, i.e.
claim 2 of section 4.3.

We now suppose the statement true for d — 1 and prove it for d.

As before, we can rewrite the quadruple as:

G(Civ gzhzv El,icl> (Cu gh+1 Fl+1) (CH-I, gzh-il-slhlv Fzrlld) e(Ci—Ha gh+la Fl+1)'

Let us distinguish several cases:

1. if [; = l;y1 = [ + 1 then, by definition of I'g), it follows FZJrl = Fi+l = le:lld and
h; = h;y1 = h, so the quadruple becomes:

e(Ci, G P e(C 6P F), e(Cin, Gy FITY) e(Cr, G FIFY),
By inductive hypothesis we have G'(<%.1)ie2Gl 1, and consequently also FF <ep FF ;.

2. Ifl; =1;41 =1 then h; = h;11 = h + 1 and the quadruple become:

e(ciagh+l7ﬂl,d)7 ( “gh-l-l FH_I) ( l+17gh+1 El+1,d>7
3 e(O’H-h gh+17 FH—I)

(the fact that all the G’s coincide here follows directly from the definition of I' 4y applied
to both pairs of the field in (6.23)).

By claim 2, applied to the quadruple
€(G, F;‘l,d)v 6<G7 Fl+1)7 6<G7 Fil+1,d)7 €(G, FlJrl)a
where (G is the last facet of G, it follows F,L{d A F] ' 1,4> Which concludes this case.
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3.1t l; =1l;;1+1 =141 then Fil’;l = ! moreover h; +1 = hjy; = h + 1. So the
quadruple become:

e(Ci, G 1), e(Cr G 1Y), e(Ciin, G ), e(Cig, G FI).
By condition (6.2) we have F'*' < Fl. |, so FF <, FF,, as required.

4. ifl; +1 =1;;1 = [+ 1 then lejflld = F™ moreover h; = hjy1 +1 = h+ 1. So the
quadruple become:

G(Cz'a gh—l—l’ -Fi{d)v ( iy gh—l—l FZ_H) ( i+1 gz+1’ FH_I)» G(Ci—l—la gh—l—l, FH_l)-

It follows from condition (6.1) that there exists an index j such that

P — Fi I+1 L
e(Ffy g js Firra—jn = P F7) s aritical for I'y, with L = [Ff, ;|- So
I+1 _ 141
F* = max o{F| Fip1a-j < F < FJr 1
We have
P
gl+1 = (Fig11, - Fivng1, Fi g Figas - Figraoa),
h+1 _ p+1
g = (E—i—l 1y-0 E-‘rl,j—l) F’iJrl NE E+17j+17 ) E—i—l,d—l)'

Then we have also FF,, ; < FFA' < Fl, < F*' and it must be F!, < F'*.

This is not possible since condition (6.2) gives F'*' <1 F} .

Then all FF coincide.

It remains to see that all the chambers C;’s coincide. We will show that C; = C;y; for
1=1...m—1.

In (6.22) we can take a triple of consecutive cells of the form:

e(Ci, F*), e(Ci, FFY, e(Cipr, FF)
where the pair (e(Cj, F¥),e(C;, F*t1)) is in Ty and e(Ciy1, F¥) is in the boundary of
e(Ci, FHL). If we write F* = (Fy, F') then this triple become:
€<Ci7F17JT/) (Cl7fk+l) (ClJrlaFlaF)

By condition of boundary we have prip(Cit1) < prigm((C;) that, by an argument of
dimension, become prp|(Cit1) = prip((C;). Moreover C; < Fy and Cij1q < Fy. So they
must be equals.

This completes the proof.
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Remark 6.1.9 The d—polar basis which we find here is new, being different from Z-bases
which are known for example in the case of braid arrangement. As far as we know, a precise
description of a Z-basis is not written anywhere for other arrangements.

Remark 6.1.10 Regarding the case of Coxeter arrangements, related to a Coxeter group
W, (see section 2.1.1)a knowledge of a minimal basis for the cohomology of MD should also
be useful in the study of the cohomology of the orbit space M@ /W

6.2 Examples

Here we will present some examples illustrating the previous theory.

In section 4.4 we described, for some particular examples, the reduction of the complex
SM into a minimal complex by using the gradient vector field I' = I'(1y. Here we consider
again these examples and show how one can reduce the complex S@. for d = 2,3 (see
example 11), into a minimal complex, by using the gradient vector field I'4).

Example 17 Consider the arrangement A of example 14 (see figure 6.1).
Case d = 2.
Recall that the complex S@ has 108 cells. The polar gradient I'(2) has components: I'(3) =

LUT2, urs, u F‘(lz). Following definition 6.1.5 we can see that:

1
I Diailt)

(2)
. I‘%Q) is composed by 11 pairs of type (e(Ci, Cy, C),e(Cy, Ci, Fy)), with F; < Cy, i.e.
(6(0i7 Ci)ye(oia FJ)) € F%l)"

. F%Q) is composed by two types of pairs: 7 pairs of type (e(Cy, C;i, F}), e(Cy, C;, P)), with
P < Fj and e(C;, Cy, Fy) does not belong to any pair of Ty, i.e. (e(Cy, Fy),e(Ci, P)) €
F?n" 6 pairs of type (e(Cy, Cy, F;), e(Cy, F;, F;)) with e(C;, Fj) critical for T'(yy;

. F?Q) is composed by two types of pairs: 12 pairs of type (e(C;, Fj, F;), e(C;, Fj, P)), with
P A Fy; 5 pairs of type (e(Cy, Cy, P),e(C, F;, P)) with F; <@ C;, i.e. C; < Fj;, and
e(C;, P) is critical for Ty, i.e. C;NV4 # 0 and bounded;

. I”(lz) is composed by 7 pairs of type (e(C;, F;, P),e(C;, P, P)) with P <% F;, and
e(C;, Fj, P) is not in a pair of F?Q).

It follows that the set of critical cells Sing(S®)) is composed by the cells not appearing in
any pair of I'«g), 1.e. by the following cells:

e 1 critical 0-cell e(Cy, Cy, Cy);

e O critical 2-cells e(C’l,Fl,Fl), 6(02,F2,F2)7 G(Cg,Fg,Fg), 6(04,F4,F4), 6(05,F5,F5),
6(06,F6,F6);

e 5 critical 4-cells e(Cy, P, P), e(Cs, P, P), e(Cy, P, P), e(Cig, P, P), e(C11, P, P).
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Remark 6.2.1 Here d = 2 is even, so the set of critical cell is composed by:

{e(opp:(C), F*, F7)}

with e(C, F*) € SW critical cell for (T, <), according to theorem 16.

Remark 6.2.2 Observe that the number of all cells of S@) is equal to the number of critical
cells plus twice the number of the pairs of T', indeed 146+5+2%(114+7+6+12+5+7) = 108.

Remark 6.2.3 The previous example can be easily generalized to the case of a central line
arrangement of n lines. In this case the critical cells are given by:

Fl

®3)

e [ critical 0-cell e(Cy, Cy, Cy);
e n critical 1-cells e(Cy, Fy, F1),e(Cy, Fo, F3) ... e(Cy, Fy, Fy);
e n— 1 critical 2-cells e(Cy11, P, P),e(Crya2, P, P)...e(Con_1, P, P).

Case d = 3.
Recall that the complez S® has 192 cells. The polar gradient I'(3) has components: I'(3) =
L Fé) L F?3) U F‘(l3) U F‘E’3) U F?s)' Following definition 6.1.5 we can see that:

F%s) is composed by 11 pairs of type (e(Cy, Ci, Cy, C;), e(Cy, Ci, Cy, Fy)), with F; < Cj,
1.€. (G(O“CZ,CJ,G(C“CZ,P})) € F%Q),'

F%g) is composed by two types of pairs: 7 pairs of type (e(C;, Cy, Cy, Fy), e(C;, Cy, Cy, P)),
with P < F; and e(C;, C;, Fj) does not belong to any pair of Iy, i.e.

(e(Cy, Ci, Fy), e(Cy, Gy, P)) € F%g); 6 pairs of type (e(Cj, Cy, Gy, Fy), e(Cy, Cy, Fy, Fy))
with e(C;, Fy) critical for (D)), i.e. (e(Ci, Cy, F;),e(Cy, Fy, F})) € Fé);

F‘é) 1s composed by three types of pairs: 6 pairs of type

(e(Cy, Cy, F5, F), e(Cy, Fy, Fy F)), with e(Cy, Fy, Fy) critical for I'gy; 12 pairs of type
(6(01', Ci, F}', P}), G(OZ‘, Ci7 P}, P)) with P < F}, 1.€. (G(Ci, Fj, P}), 6(0,‘, P}, P)) € F?2),' 5
pairs of type (e(C;, C;, Cy, P),e(Cy, Ci, F;, P)) with F; <P C;, i.e. C;<QF;, and e(C;, P)
is critical for (T'(y)), i-e.(e(C;, Gy, P), e(Ci, Fy, P)) € Ty

F?:,)) is composed by two types of pairs: 7 pairs of type (e(C;, Cy, F, P),e(C;, Cy, P, P)),
with (e(C;, Fj, P),e(C;, P, P)) € F‘é); 12 pairs of type (e(C;, F}, Fy, F;), e(Cy, Fy, F;, P))

with P < F. Notice that in I3y there are no pair of type
(e(Ci, Cy, Fy, P),e(Cy, F;, Fy, P)) because no cell of the form e(Cy, F;, P) is critical for
L)

F‘E’S) is composed by two types of pairs: 5 pairs of type (e(C;, Ci, P, P),e(C;, F, P, P))
with e(C;, P, P) critical for T'g), i.e. C;NVy = 0, and F; < C;; 12 pairs of type
(e(Cy, Fy, Fy, P), e(C, Fy, P, P)) with P <% F}, i.e. F; < P;
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. F?3) is composed by 7 pairs of type (e(C;, F;, P, P),e(C;, P, P, P)) with P < F}, and
e(C;, Fj, P, P) is not in a pair of F‘E’?)).

So the set of critical cells Sing(S®)) is composed by the cells not compairing in any pair
of '3y, 4.e. by the following cells:

e 1 critical 0-cell e(Cy, Cy, Cy, Cyp);

e ( critical 3-cells G(CO,Fl,Fl,Fl),e(Cl,Fg,FQ,FQ),B(CQ,Fg,Fg,F3)76(037F4,F4,F4>,
e(Cy, Fy, Fs, Fs), e(Cs, Fg, Fg, Fp);

e 5 critical O-cells e(Cy, P, P, P),e(Cs, P, P, P),e(Cs, P, P, P),e(Cy, P, P, P),
e(Cs, P, P, P).

Remark 6.2.4 Observe that the number of all cells of S© is equal to the number of critical
cells plus twice the number of the pairs of I', indeed 1 +6+5+2+ (11+7+6+6+12+5+
T+1245412+7)=192.

Remark 6.2.5 Here d = 3 is odd, and so the set of critical cell is composed by:

{e(C, F*, F" F¥)}
with e(C, F*) € SW critical cell for (T, <), according to theorem 16.

Remark 6.2.6 The previous example can be easily generalized to the case of a central line
arrangement of n lines.

Example 18 Here we consider the arrangement A of example 15 (see figure 6.2).

Case d = 2.

Recall that the complex S® has 152 cells.

The polar gradient T3y has components: T'g) = Fé)I_IFé)I_IF?Z)I_IF‘(*Q). Following definition
6.1.5 we can see that:

. F%z) is composed by 11 pairs of type (e(C;, Cy, Cy),e(Ci, Ci, Fy)), with F; < C;, i.e.
(e(Cy,Cy),e(Ci, Fy)) € F%l)’.

. Fé) is composed by two types of pairs: 14 pairs of type (e(C;, C;, F}), e(C;, Ci, Py)), with
P, < F; and e(C;, Gy, F;) does not belong to any pair of Iy, i.e. (e(Cs, Fy),e(Cs, Pr)) €

F%l); b pairs of type (e(Cy, Cy, F), e(Cy, F, Fy)) with e(Cy, F;) critical for T'1y;

. F?Q) is composed by two types of pairs: 20 pairs of type (e(Ci, F;, Fy),e(Cy, F;, Py)),
with Py < Fy; 6 pairs of type (e(Ci, Ci, Py), e(Cy, Fy, Pr)) with Fy <B C;, i.e. C; < Fy,
and e(C;, Py) s critical for F%l);

. F‘(lz) is composed by 14 pairs of type (e(Cy, Fj, Py),e(Ci, Py, Py)) with F; < Py, and

e(C;, F;, Py) is not in a pair of F?2).
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So the set of critical cells Sing(S) is given by all cells which do not appear in any pair
of ', i.e. by the following cells:

e [ critical 0-cell e(Cy, Cy, Cy);
o 5 critical ]-C@”S 6(01, Fl, Fl), G(Cg, FQ, Fg), 6(03, F3, Fg), 6(04, F4, F4), 6(05, F5, F5),

e O critical 2-cells 6(06, Pl, Pl), 6(07, Pl, Pl), 6(08, PQ, Pg), 6(09, Pg, Pg), 6(010, P4, .LD4)7
e(Cu, Py, Py).

Remark 6.2.7 As in previous example we have that the number of all cells of S® is equal
to the number of critical cells plus twice the number of the pairs of ', indeed 1 + 5+ 6 + 2
(11 4+ 1445420 + 6 + 14) = 152.

Case d = 3.
Recall that the complex S®) has 282 cells.
The polar gradient T'3)y has components: T'3) = P%g) L F%g) U

) L re
Following definition 6.1.5 we can see that:

5

4
Ur (3)

®3)

o Iy is composed by 11 pairs of type (e(Ci, Ci, Ci, Ci), e(Cy, Cy, Ci, Fy)), with Fy < Ci,
i.e. (e(Cy, Gy, Cy),e(C;, Gy, Fy)) € P%Q);

° F%g) 18 composed by two types of pairs: 14 pairs of type
(e(Cy, Ci, Ci, Fy), e(Cy, C, Ciy Py)), with Py <F; and e(Cy, C;, F;) does not belong to any
pair of Iy, i.e. (e(Cy,Cy, Fj),e(Cy, Gy, Py)) € F%Q); 5 pairs of type
(e(Ci, Cy, Cy, F;), e(Cy, Cy, F;, Fy)) with e(C;, Fy) critical for Iy i.e.
(e(Ci, Gy, Fy), e(Cy, F, Fy)) € F%Q);

) F?:,)) 18 composed by three types of pairs: 5 pairs of type
(e(C;, Cy, Fy, F), e(Cy, Fy, Fy, Fy)), with e(Cy, F, F;) critical for Tgy; 20 pairs of type
(e(Ci, Cy, Fy, Fy), e(Cy, Cy, F, Pr)) with P, < Fj, i.e. (e(Cy, F;, Fy),e(Cy, F;, Py)) € I’?Q);
6 pairs of type (e(C;, Ci, Ci, Pr), e(Cy, Cy, Fy, Py)) with C; < F, and e(C;, Py) is critical
for Ty, i.e.(e(Cy, Ci, Py),e(Ci, Fj, Py)) € F?Q),'

) F?g) 18 composed by two types of pairs: 14 pairs of type
(e(Cy, Ci, Fy, Py), e(Cy, Cy, Py, Pr)), with (e(Cy, Fy, Py), e(Ci, Py, Py)) € F‘(lz); 20 pairs of
type (e(C;, F, Fy, F;),e(Cy, Fy, Fj, Py)) with Py < Fj;

° I‘?g) is composed by two types of pairs: 6 pairs of type (e(C;, Cy, Py, Py), e(Cy, Fy, Py, Py))
with e(C;, Py, Py) critical for Ty, i.e. C; NV = 0 and unbounded, and F; < C;; 20
pairs of type (e(Cy, F;, Fj, Py),e(Cy, F;, Py, Py)) with F; < Py;

. F?3) is composed by 14 pairs of type (e(Ci, F;, Py, Py), e(C;, Py, Py, Py)) with Py < Fj,
and e(Cy, F}, Py, Py) is not in a pair of F?3).
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So the set of critical cells Sing(S) is composed by the cells not appearing in any pair of
['(3), i.e. by the following cells:

o [ critical 0-cell e(Cy, Cy, Cy, Co);

L ) C’I"itlt(ll 3—66”8 6(00,Fl,Fl,F1)7€(Ol7FQ7FQ,FQ),6(02,Fg,Fg,Fg),G(Cg,F4,F4,F4),
6(047F57F5,F5);

L] 6 CT’L'tZ'CG/l 6—06”5 6(01, Pg, Pg, Pg), 6(02, Pl, Pl, Pl), 6(03, Pl, Pl, Pl), 6(04,P2,P27P2),
6(C’(“nP47P47P4)76(C{77 P47P47P4)'

Remark 6.2.8 As in previous example we have that the number of all cells of S©® is equal
to the number of critical cells plus twice the number of the pairs of ', indeed 1 + 5+ 6 + 2
(11+14+54+5+20+6+ 14+ 20 + 6 + 20 + 14) = 282.

Example 19 We take now the arrangement A € R? of example 10 (see figures 6.3 and 6.4).
Case d = 2.
Recall that the complex S® has 648 cells.
The polar gradient I'(3) has components: Iy = U?:1 I”('Q). By definition 6.1.5 we have:

° F%Q) is composed by 23 pairs of type (e(C;, C;, Cy),e(Cy, Cy, F})), with F; < C;, i.e.
(e(Cy, Cy), e(C, Fy)) € F%l);

. F%Q) is composed by two types of pairs: 43 pairs of type (e(C;, Ci, F;),e(Cy, Ci, Gi)),
with G, < Fj and e(C;, Cy, F;) does not belong to any pair of F%Q), i.e.
(e(Ci, F)),e(C;,Gy)) € F%l); 6 pairs of type (e(Cy, Ci, F), e(Cy, Fy, F})) with e(C;, F})
critical for I'();

. F:()’Q) is composed by three types of pairs: 60 pairs of type (e(Ci, F;, Fy), e(Ci, F;, Gy)),
with G, < F;; 11 pairs of type (e(C;, Ci, Gy), e(C;, Fj, Gy)) with F; <12§k Cy, and e(C;, Gy,)
is critical for T'qy; 18 pairs of type (e(C;, Cs, Gy),e(Cs, Cy, P)), with P < Gy, and

e(C;, Cy, Gy) does not belong to any pair of Fé), i.e. (e(Ci,Gg),e(Ci, P)) € F?l);

. F‘é) is composed by three types of pairs: 48 pairs of type (e(Ci, F;, Gy),e(C;, Fj, P))
with P < Gy, and Gy, = max o{F|C; < F < Gy}; 25 pairs of type
(e(Ci, Fy, Gi), e(Cy, Gy, Gi)) with Gy, < Fj and e(Fj, Gy) critical for F'g;‘, i.e. Gy<P;
6 pairs of type (e(C;, C;, P),e(Cy, Fj, P)) with F; <P C; and e(C;, P) critical for Ty,
i.e. C;N Vo #£ 0 and bounded;

. F‘E’Q) is composed by two types of pairs: 18 pairs of type (e(C;, F;, P),e(C;, Gg, P)) with
e(Fy, P) critical for Ty (AFl), i.e. F;NVy # 0 and bounded, and Gy, <% Fj; 36 pairs
of type (e(C;, Gi, G), e(Ci, Gg, P)) with P < Gy;

. F?Q) is composed by 18 pairs of type (e(Cy, Gk, P),e(Cy, P, P)), with P <P Gy, such that
e(Cy, Gy, P) is not in a pair of F‘?Q);
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So the set of critical cells Sing(S) is given by the cells not appearing in any pair of I3,
i.e. by the following cells:

1 critical 0-cell e(Cy, Co, Cp);

6 critical 2-cells 6(01, Fl,Fl),G(CQ,FQ,FQ),e(Cg,F;g, Fg), 6(04, F4, F4>,€<C5,F5,F5),
6(067F67F6);

11 Critical 4—06”5 6(077 G17 Gl)i 6(087 G17 Gl); €<CQ7 G27 GQ); 6(0107 G27 G2)7
6(0117G3,G3), 6(012,G47G4), 6(013,G5;G5); 6(014,G57G5); 6(015,G6,G6);
e(Cie, Go, Gs), e(Cr7,Gr,Gr);

6 critical 6-cells e(Cy, P, P),e(Cs, P, P),e(Cy, P, P),e(Cyg, P, P),e(C1, P, P),
6(613, P, P)

Remark 6.2.9 As in previous examples we can calculate the number of cells as 1+6+11+
64+2%(234+43+6+60+11+18+48+25+ 6+ 18+ 36 + 18) = 648.

Case d = 3.

Recall that the complex S® has 1536 cells.

The polar gradient I'(3y has components: I'(3) = |_|?:1 FZ@' Following definition 6.1.5 we
can see that:

. F%s) is composed by 23 pairs of type (e(Cy, Cy, Cy, Cy), e(Ci, Ci, Ci, Fy)), with Fy < Cy,
i.e. (e(Cy,Ci,Cy),e(Cy, Gy, Fy)) € F%z)f

) F%g) is composed by two types of pairs: 43 pairs of type
(e(Ci, Cy, Ci, Fy), e(Ci, Cy, Ci, Gy)), with Gy, < F; and e(C;, Cy, C;, F;) does not belong
to any pair of F%3), i.e. (e(Cy,Cy, Fy),e(Ci,Cy,Gy)) € F%Q); 6 pairs of type
(e(Cy, Gy, Gy, F;), e(Cy, G, Fy, F;)) with e(Cy, Fy) critical for Iy, i.e.
(6(01" Civ FJ)> e(Civ Fj? F])) S F%2);

° F:()’s) is composed by four types of pairs: 60 pairs of type
(e(Ci, Cy, Fy, Fy),e(Cy, Cy, Fy, Gy)), with G < Fj, i.e. (e(Ci, Fj, Fj),e(Ci, Fj,Gy)) €
[y 11 pairs of type (e(Ci, Ci, Ci, Gy), e(Cy, Gy, Fy, Gy)) with Fj <t C;, and e(Cy, Gy,)
is critical for F%l), i.e. (e(Cy,Ci,G),e(Cy, F;,Gy)) € F?Q); 18 pairs of type
(e(C;, Ci, Cy, G, e(Cy, Cy, Ci, P)), with P <Gy and e(C;, C;, Cy, Gy.) does not belong to
any pair of F%:s): i.e. (e(Cy,Cy,Gy),e(Cy,Cy, P)) € F:()’Q); 6 pairs of type
(e(Cy, Gy, F5, F;), e(Cy, F, F;, F)) with e(Cy, Fj, F;) critical for T'(9);

° F?g) is composed by four types of pairs: 48 pairs of type
(e(Ci, Cy, Fy,Gy), e(Cy, Cy, F;, P)) with P < Gy, and G, = maro{ F|C; < F < Gy}, i.e.
(e(cia Fjj) Gk)7 e<Ci> F1j7 P)) € F?Q); 25 pCLZ.T'S Of type (6(Ci7 Ci> F1j7 Gk)a 6(0i7 Ci7 Gka Gk))

with Gy <G, Fy and e(Fy, Gy.) critical for Fl(g", i.e. (e(Cy, Fy,Gy),e(Ci, Gy, Gy)) € Ty
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6 pairs of type (e(C;, Ci, Ci, P), e(C;, Cy, Fy, P)) with F; < C; and e(Cy, P) critical for
Ly, i.e. (e(Cy, Cy, P),e(Cy, Fy, P)) € F‘é); 60 pairs of type

(e(Ci, Fy, Fy, F), e(Cy, Fy, Fj, Gy)), with Gy, < Fj. Notice that in I'3) there are no pair
of type (e(C, Cy, F;, Gy),e(Cy, F;, Fj, Gy)) because no cell of the form e(C;, Fj, Gy) is
critical for Iy,

° I‘“E’S) is composed by five types of pairs: 18 pairs of type (e ( (C;,Cy, Fy, P),e(Cy, Cy, Gy, P))
with e(Fy, P) critical for Ty (AF), and Gy <¥ Fj, i.e. (e(Ci, Fj, P),e(C;, Gi, P)) €
F?Q); 36 pairs of type (e(Cy, Cy, G, Gy), (C’z,C’Z, Gk, )) with P < Gy, i.e.
(e(Ci, Gk, Gi),e(C;, Gi, P)) € F?)' 11 pairs of type (e(C;, Ci, Gy, Gi), e(Ci, Fj, Gy, Gi,))
with F; < CZ, and e(C;, G, Gy,) is critical for I'y; 48 pairs of type
(e(Cy, Fy, F;, Gy), (C’ F  F;, P)) with P < Gy, cmd Gr =mar{F|F; < F < Gi}; 36
pairs Of type (e(Cy, Fj Gk) e(Ci, Fy, Gy, Gy)) with e(Fy,Gy,) critical for T'y)(AlFil),
G<g, Fj. Notice that in F ) there are no pair of type (e(C;, Cy, F;, P), e(C;, Fj, F;, P))
because no cell of the form e(Cl, F;, P) is critical for I'(g);

) is composed by four types of pairs: 18 pairs of type

C; Cl,Gk, P),e(C;,Cy, P, P)), with P <P Gy, such that e(C;, C;, Gy, P) is not in
) e. (e(C;, Gy, P),e(Cy, P,P)) € F?Q); 72 pairs of type

( C’z, 5, G, Gi), e(Cy, Fj, Gi, P)) with P < Gy; 25 pairs of type

(e(Cs, j,Gk,Gk),e(C'i,Gk,Gk,Gk)) with G, < F; and e(F;, Gy, Gy,) critical for F‘(g',
i.e. Gy <AP; 24 pairs of type (e(C, Fj, F}, P),e(Cy, Fj, Gy, P)) with e(F};, P) critical for
Loy (AF), e, F;NVy # 0 and bounded, and Gy <% F Notice that in T3y there are no
pair of type (e(C;, C;, Gy, P),e(C;, Fj, Gy, P)) because no cell of the form e(C;, Gy, P)

is critical for T'(g);

° F?S

(e(
I, i
(
(

(
e

. Fzg) is composed by three types of pairs: 6 pairs of type (e(C;, Cy, P, P),e(C;, F;, P, P))
with F; < C;, and e(Cy, P, P) is critical for I'5); 86 pairs of type
(e(Cy, G, Gg, G), e(Cy, Gi, Gk, P)) with P < Gy; 48 pairs of type
( (CZ, i G, ) (Cl,FWP P)), with P <1?£) G, and Gy, = maa:q;p{F]Fj < F < Gk}
Notice that in I3y there are no pair of type (e(C;, Fj, G, P), e(C;, Gi, G, P)) because
no cell of the form e(F;, Gy, P) is critical for F‘(gl;

° Fé) is composed by two types of pairs: 18 pairs of type (e(C;, Fy, P, P),e(C;, G, P, P))
with e(F;, P, P) critical for F(g)(A‘Fﬂ), i.e. F;NVa =10, and Gy, < Fj; 36 pairs of type
(6(01'7 Glﬁ GkH P)? 6<Oi7 Gk7 P’ P)) with P <](])3p Gk;‘

o Ty is composed by 18 pairs of type (e(Cy, Gi, P, P),e(C;, P, P, P)), with P <t Gy, such
that e(C;, Gy, P, P) iis not in a pair of F?:s)f'

So the set of critical cells Sing(S) is composed by the cells not appearing in any pair of
[, i.e. by the following cells:
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1 critical 0-cell e(Cy, Cy, Co, Cyp);

6 critical 3-cells 6(00,Fl,Fl,Fl),e(Cl,FQ,FQ,FQ),6(02,Fg,Fg,Fg),G(Cg,F4,F4,F4),
6(6147 F57 F57 F5)7 6(057 Fﬁa F67 Fﬁ))

11 critical 6-cells 6(01, Gl, Gl, Gl), 6(02, Gl, Gl, Gl), G(Cg, GQ, GQ, GQ),
6(6'47 G27 G27 G2)7 €<C57 G37 G37 G3>7 6(087 G47 G47 G4); 6(097 G57 G57 G5)7
e(Cho, Gs, G5, Gs), e(Cr, G, G, Ge), €(Ch2, G, G, Ge), €(Ch3, G7, G7, G7);

6 critical 9-cells e(Cy, P, P, P),e(Cs, P, P, P),e(Cy, P, P, P),e(Cho, P, P, P),
6(012,P,P7P), 6(013,P,P,P).

Remark 6.2.10 As in previous examples we can calculate the number of cells as 1+ 6 +

11+6+2%(234+43+6+60+11+18+6+48+254+6+60+ 18+ 36+ 11 + 48+ 36 +
18472425424+ 6+ 36 + 48 + 18 4+ 36 + 18) = 1536.
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