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1 Introduccion

1.1 Equivalence principles, metric theories and universal cou-
pling

The Principle of Equivalence, from the beginning, has played an im-
portant role in the development of gravitational theories: Newton him-
self dedicated a detailed discussion of it in the opening paragraphs of his
“Philosophiae naturalis principia matematica”. To Newton, the Principle
of Equivalence demanded that the “mass” of any body, namely the property
of any body (inertia) that regulates its response to an applied force, be equal
to its “weight”, that property that regulates its response to gravitation.
Bondi in 1957 coined the terms “inertial mass” (m;) and “passive gravita-
tional mass” (m,) to refer to these quantities, so that Newton’s second law
and the law of gravitation take the form

F=m;a F =m,g.
The Principle of Equivalence can then be succinctly stated saying that
For any body m; = my,.
with a more precise statement it can be expressed by saying that

If an uncharged test body is placed at an initial event in spacetime and given
an initial velocity there, then its subsequent trajectory will be independent of
its internal structure and composition.

By “uncharged test body” we mean an electrically neutral body with negli-
gible self-gravitational energy.

Today Newton’s Equivalence Principle is generally referred to as the Weak
Equivalence Principle (WEP).

According to the WEP, if all bodies fall with the same acceleration in an
external gravitational field, then, to an observer in a freely falling elevator in
the same gravitational field, the bodies should be unaccelerated (assuming
that small effects due to inhomogeneities in the gravitational field can be
made as small as desired by working in a sufficiently small elevator). Thus,
insofar as their mechanical motion are concerned, the bodies will behave as
if gravity were absent.

It was Einstein who added the key element to the WEP that revealed the
path to General Relativity. Going one step further, he proposed that not
only should mechanical laws behave in such an elevator as if gravity were
absent, but so should all the laws of physics, including for example the



laws of electrodynamics: that is, “we [...] assume the complete physical
equivalence of a gravitational field and a corresponding acceleration of the
reference system” (Einstein 1907). Thus being at rest on the surface of the
Earth is equivalent to being inside a spaceship (far from any sources of grav-
ity) that is being accelerated by its engines. From this principle, Einstein
deduced that free-fall is actually inertial motion. By contrast, in Newtonian
mechanics, gravity is assumed to be a force, so that a person at rest on the
surface of a (non-rotating) massive object is in an inertial frame of reference.
Now this is called the Einstein Equivalence Principle (EEP), and can
be expressed with the statement that

The Weak Equivalence Principle is valid and the outcome of any local non-
gravitational experiment in a freely falling laboratory is independent of the
velocity of the laboratory and its location in spacetime.

By “local non-gravitational experiment” we mean any experiment performed
in a shielded freely falling laboratory with negligible self-gravitational effects.
The EEP is essentially composed by three different parts: WEP, Local Posi-
tion Invariance (LPI) i.e. invariance under location change of the laboratory,
and Local Lorentz Invariance (LLI) i.e. invariance under velocity change of
the laboratory.

Today a third Equivalence Principle exists, which is much more re-
strictive than Einstein’s formulation: the Strong Equivalence Principle
(SEP) states that

The gravitational motion of a small test body depends only on its initial
position in spacetime and velocity, and not on its constitution. The outcome
of any local experiment (gravitational or not) in a freely falling laboratory is
independent of the velocity of the laboratory and its location in spacetime.

The first part is a version of the WEP that applies to objects that exert
a gravitational force on themselves, while the second part is the EEP re-
stated to allow gravitational experiments and self-gravitating bodies.

Some powerful consequences [1] of the SEP are that the gravitational con-
stant G must be the same everywhere in the universe, and that a fifth force
beyond the known ones is not allowed. Anyway, some physicists have criti-
cized the differences made between the EEP and the SEP because there is no
universally accepted way to distinguish gravitational from non-gravitational
experiments.



Today, in most gravitational theories, gravitation is a curved-spacetime
phenomenon, i.e. must satisfy the postulates of “metric theories” which
state that

Spacetime is endowed with a metric g,,,. The world lines of test bodies are
geodesics of that metric. In local freely falling frames, called local Lorentz
frames, the non-gravitational laws of physics are those of special relativity.

It is possible to argue that if a theory satisfies the EEP, it is a metric
theory [1].

Metric theories are equivalent to those characterized by the so called uni-
versal coupling, that is the property that all non-gravitational field should
couple in the same manner to a single gravitational field. It’s only a matter
of choosing to consider the metric g,,, as a property of spacetime itself rather
than as a field over a flat spacetime. Thus metric theories can differ from
each other only in the number and type of additional gravitational fields
they introduce and in the field equations that determine their structure and
evolution. There may be other gravitational fields besides the metric which
contribute to the curvature of spacetime; nevertheless, once determined the
evolution of the metric, the only field that couples directly to matter is the
metric itself.

1.2 Schiff’s conjecture [1]

The three parts of EEP are so different in their empirical consequences

that it is tempting to regard them as independent theoretical principles.
Anyway, in 1960 Leonard Schiff conjectured that any complete, self-consistent
theory that embodies WEP necessarily embodies EEP. By a complete self-
consistent theory we mean a theory capable of predicting the results of any
experiment of interest, giving the same result through whichever method is
used.
A rigorous proof of the conjecture could give much stricter bounds to the
violation of EEP. Anyway, so far only “plausibility” arguments have been
found. One of the most elegant of these, for instance, assumes the conser-
vation of energy:

Let’s consider an idealized composite body made up of structureless test
particles bounded by some non-gravitational force, which moves sufficiently
slowly in a weak, static gravitational field to describe the motion in a quasi-
Newtonian form (so that second order terms ~ v*, U? can be neglected). If
U(x) is the gravitational potential and the composite body is small enough



to be regarded as point-like, we can assume that the conserved energy func-
tion has the general form

1
E = Mgc* — MrU(x) + 5MRU2 + o(v?, U).

If we assume EEP violations, the speed of light could depend on the
presence of gravity, so we don’t set ¢ = 1. The rest energy can be written as

Mpc? = Myc® — Ep(x,v)

where My is the sum of the rest masses and Ep is the binding energy
that, expanded in powers of U and v?, can be written as

. 1 - —a)i(x — '),
EB(X,V) = E%+5m;,]Uij(x)—§5mZI]vivj (Uij(x) = /d4xp(x x) (.75 v )J>

|x — x/|3

It can be shown that dmj and 5m§j (called anomalous passive and iner-
tial mass tensors, which depend upon the internal structure of the body) are
possible terms that give rise to EEP violation, since a freely falling observer,
detecting the binding energy of the system, could detect the effects of his
location and velocity. Let’s prove that they give rise also to WEP violation,
through a “gedanken experiment”:

We start from n free particles of mass mg at rest at x = h; their conserved
energy is
nmgo(c? — U(h)).

We form a bound state and keep the energy released Ep(h,0) in a reservoir
of free particles of mass mg. Now the conserved energies of the bound state
and the reservoir are respectively

[nmoc? — Ep(h,0)][1 — U(h)/c?] and Ep(h,0)[1 —U(h)/.

We let the stored particles and the bound system freely fall, with accel-
erations g = VU and a = g + da respectively, until x = 0. Here we bring
the systems at rest and put into the reservoir the kinetic energies collected

—[nmg — E(0,v)/c*la-h — 6mzjgihj and — Eg(h,0)g-h/c?

(some kinematic identities have been used to substitute v).
From the reservoir, that now has energy

Eg(h,0)[1 — U(0)/c*] — E%g-h/c? — (nmg — E%/c?)a-h — dmY gih;



we extract enough energy (Ep(0,0)[1 — U(0)/c?]) to deassemble the
bound system, and enough energy (—nmog - h) to carry the n particles back
at x = h. The cycle is closed, and if energy is conserved the reservoir should
be empty. This means that we must have

Ep(h,0) — Ep(0,0) — (nmg — E%/CQ)éa -h — 5m3jgihj = 0.

Since -
EB(h, 0) - EB(O, 0) = 5m;fVUU -h
we get " -
om, om’?
a; = gi + 7M; oUjk, — 7Mé 9gj-

So, since the WEP would give a; = g;, WEP is violated unless

dmy = émy = 0. Schiff’s conjecture, under the assumptions made, is
proved. Anyway, the whole argument is valid only in the non-relativistic
limit.



2 Transverse mass-less theories

2.1 What are Transverse Theories?

Einstein’s General Relativity has the property to be invariant under a
general diffeomorphism in the coordinates (Diff invariance). This property
is manifest if we get to Einstein’s equations starting from the variational
principle of the Hilbert action

1

opz et Lm (2.1.1)

S = / d4x\/—g[
since d*z\/—¢ is a scalar for generic diffeomorphic transformations.

Here we have defined
k? = Mp? = 87G. (2.1.2)

Anyway, it is maybe not well known that, four years after writing down
the equations of General Relativity, Einstein also proposed a different set
of equations, which are the traceless part of the ones of General Relativity.
This different set of equations comes out from those theories which are now
commonly called “unimodular theories” [3], in which the determinant of the
metric ¢ is fixed. Although Einstein never talks about an action principle
(since he was actually interested only in the equations of motion), if we
work in the variational formalism, unimodular theories constrain the allowed
unimodular variations 6“g®? to be such that

0Yg=0 (2.1.3)

or equivalently
G gh” = 0. (2.1.4)
This means that the unimodular variation can be expressed in terms of an

unconstrained variation as

1
0"g% = 89" = 29" g 09" (2.1.5)

so that any variation of an action can be expressed as

05 .5 88

1
(5“9‘”‘5 + 9% gW(SgW>. (2.1.6)
Eventually, the restricted variation is just the trace-free part of the uncon-
strained variation:

08 08 1 08

- = - _ = 1224
5uga,8 - 5ga,8 490‘69 59;1,1/ :

(2.1.7)



Hence, calculating the restricted variation of the Hilbert action we get the
equations

R — %gagR = 1?(Tap - igagT) (2.1.8)
which are exactly the second traceless set of equations proposed by Ein-
stein.
It seems that this alternative set of equations carry less information than
the well known Einstein equations, because the trace has been left out. But
FEinstein himself realized in 1919 that this unimodular theory is equivalent
to General Relativity, with the Cosmological Constant appearing as an in-
tegration constant:

If we assume the energy-momentum to be covariantly conserved and using
the contracted Bianchi identity VYR, = %VHR (where V¥ are covariant
derivatives), deriving by V7 the whole equation we get

1V R = kjv T (2.1.9)
Vel =—"7Va 1.
which integrated gives
R+ k?T = constant = —4A. (2.1.10)

Finally, if we substitute 7" in equation (2.1.8) we get exactly Einstein’s Gen-
eral Relativity equations:

1
Rop = 590pR = gaph = k*Top. (2.1.11)

Transverse Theories [2] are a bit different from unimodular theories:
in Transverse Theories the determinant of the metric ¢ is not fixed (it’s
dynamical), so that the variation 6g®? is not restricted by §g = 0. But the
action is invariant under transverse diffeomorphisms (TDiff) in the
sense that the gauge symmetry group of the Lagrangian is not the whole
group of diffeomorphisms, but only the TDiff group.

The TDiff group is the group of the diffeomorphisms that leave
the determinant of the metric ¢ unchanged. We have

09 = 99" 09w (2.1.12)
where, at the first order, for a linear transformation

at — -t (2.1.13)
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we have
5guu = gpapg,uu + gpuaugp + gpuaugp = vu‘gu + vuf,u (2-1~14)

with V, denoting covariant derivatives. Hence, since invariance under
TDiff means that §g = 0, we must have

69 = 99" (Vuéy + V&) =29V, =0 (2.1.15)

i.e.
V,.&t = 0. (2.1.16)

Vector fields inducing TDiff transformations can generically be repre-
sented as [4]
§ ="V, Qo (2.1.17)

where €#7P9 is the Levi-Civita controvariant tensor and 2,, is an anti-
symmetric tensor. Since e#*P? is completely antisymmetric, the contraction
with the symmetric term V,V,, implies that

V. = 7V, NV, 0,0 = 0. (2.1.18)

Given a metric g,,,, we can split it into
G = Mpw + khyw (2.1.19)

where 1),,,, is the flat Minkowski metric and k? = 87G so that the devia-
tion h,,, from the flat metric can be regarded as a tensor field of dimension
one.
The former is an exact definition of A, so that the inverse metric can only
be written as a formal power of series

g =" — kW + EPRERYP — KPP hpe "7 + O(KY). (2.1.20)

When using the field 5, the indexes are always raised and low-
ered by the flat Minkowski metric.

The variation of h,,,, at the lowest orders,is given by

Shy = k10,6 + Du€4) + hyupOuEP + hypdul? + EPO,h . (2.1.21)
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If we consider weak fields, we can consider only the term proportional to
k1. at the first order we can say that TDiff transformations are those gauge
transformations

kShy = (Ol + 0,8, (2.1.22)

which satisfy
0t = 0. (2.1.23)

2.2 Why Transverse Theories?

General Relativity is perfectly consistent as a classical theory, and in-

sofar almost every experiment surprisingly agrees with the theoretical pre-
dictions. Anyway, two are the main problems Einstein’s theory has to deal
with: (7) the difficulties to extend the classical theory to consistent renor-
malizable quantum field theories, which have been so successful in describ-
ing all the other interactions; (i7) the Cosmological Constant problem: if
the cosmological constant is the vacuum energy, why has it such a tiny
value A = M} ~ 107%8GeV* and isn’t it of the order of the cutoff scale
M} ~107GeV*?
Mainly for these reasons General Relativity is not considered the definitive
answer for Gravity, and many modifications have been considered (like for
instance String Theories). So, one of the possibilities is to modify General
Relativity postulating less spacetime symmetry, like in Transverse Theories,
which leaves us with more freedom in writing the possible actions. More
precisely, two are the main arguments that justify the interest in TDiff the-
ories:

e Consistent propagation of a massless spin-2 graviton requires only
TDiff invariance [3] [2] [5]:

In the standard “transverse-traceless gauge”, the five polarizations €,
of a spin-2 symmetric tensor field must satisfy

ouel, =0 (
ey =0 (2.2.2)

where €, = n*"¢,,. Thus, for a mass-less particle with four-momentum

k# = (k,0,0,k), in momentum space, the five polarizations can be written

12



as
€ =c1®erter®er

€uy = €10 €1 — €2 e

) =kak (2:2.3)
e/(fy):k®e1+e1®k
6,,(3,):k®62+62®k.

We notice that e,(},)2’3) are all of the form k,§, + k,§, with k,§* = 0.

First, in the mass-less case, we would like to be left with the only two
helicity-eigenstate polarizations (which are known to be e:[l, +€,,). Next,
we have to deal with the infinite degeneration arising from the “little group”
problem; the “little group”, which in this case is the group of the transfor-
mations that leave the four-momentum (%, 0,0, k) of a mass-less particle un-
changed, has three generators: I, (rotation around the z-axis) and Io, , loy
(boost along the x, y-axis plus a rotation around the y, z-axis to “neutralize
the aberration” coming from the boost).

I, unitarily acts in the right way on the standard helicity polarizations
e:[,/ + ezw giving only a phase e*?? under rotations of angle #. But the
infinite dimensional unitary representation of the non-compact transforma-
tions Io; , loy lead to the appearance of infinite polarizations for any given
momentum. We would like to solve the problem in a similar way as for the
abelian case of Electrodynamics, i.e. through a gauge-invariant principle.
The standard helicity polarizations transform under Io, , o, into the other
three q(},,’Z’?’). Moreover, Iog, Ioy leave the trace €}, unchanged, since the
trace is Lorentz-invariant. It is then straightforward to declare equivalent
those polarizations which are related to one another by a standard gauge
transformation

€uy — €py — (kugu + /{Vgu) (2'2'4)
which leaves the trace invariant, that is such that
k&t = 0.

This way Ip, and Iy, become only gauge-invariant transformations, and the
three polarizations 65}52’3) become “pure gauge”.

To solve the problem only TDiff invariance is needed.

e In Transverse Theories it is possible to make the coupling of the metric
g to the vacuum energy A as small as desired:

Since TDiff transformations leave the determinant of the metric g invariant,
it is possible to substitute the term /—g that appears in the Hilbert action

13



with an arbitrary function f(g). It means that we could write an action
with a term

S, = /d4a:f(g)A (2.2.5)

which allows us, playing with the function f(g), to make the coupling
between the metric and the vacuum energy arbitrarily small: A could even
be of the order of Mj‘;.

2.3 TDiff quadratic Lagrangian

We are going now to analyze the linearized theory.
The most general quadratic Lorentz-invariant local Lagrangian for a free
massless symmetric tensor field hy,, can be written as [2]

L=Ly+c1Ly+calo+c3L3 (2.3.1)
where
1

Lo = Zauh”Paﬂth (2.3.2&)
R Y

I = —iauh 8phl, (2.3.2b)
— 1 7%

L2 = 58#h3,,h (232C)
_ 1 o

Ly =~ 0,hd"h. (2.3.2d)

Lg is strictly needed for the propagation of a spin-2 particle.

The variation of h*¥, up to total derivatives, gives

14



1
6Lo = — 5Dy (2.3.3)

0Ly = (Du0,ht) + 8,0,hl)dhH" (2.3.3b)
1
0Ly = —5((9M8,,h“”5h + 0,0,hdhM") (2.3.3¢)
1
6Ly = 50hdh. (2.3.3d)

For TDiff gauge transformations, (2.1.22) with the constraint (2.1.23),
we notice that

SLy = 0,0, W™ 0,87 + D,(D,hd” ") — B,hd” Dt = 0 (2.3.4a)

0Lz = —0ho,&" = 0. (2.3.4b)
So, to have TDiff invariance it’s only necessary that ¢; = 1:
6Lo + 0Ly = —(9,0,h5 + 0,0y hf, — 0,0 hy ) (OHE” + 0VEH) =0 (2.3.5)

because

(0p0uhf) — 0,0 hyy, ) OHEY = 0, [(Ouhf) — 0Phyy )OHEY] — (Ouhf, — 0P hyu)0,0ME" =0
0pOyh,OME” = 0, (0,h,01EY) — 0,h0"0,8" = 0
The most general quadratic TDiff-invariant Lagrangian is then

1 1
L = 30070,y — S0, O,hE + %Qauhath - %gauhé?“h. (2.3.6)

15



2.4 Dynamical analysis

We will still work in the approximation of a linear theory.
As shown in section (2.2), the quantum theory of Gravitation is not unitary
unless the Lagrangian is invariant under TDiff. Actually, we will show that
the absence of TDiff symmetry leads to pathologies such as classical insta-
bilities or the appearance of ghosts.
Let’s use the “cosmological decomposition” for the field h,, in terms of
scalars, vectors and tensors under spatial rotations [6]:

hoo =A (2.4.1a)
hoi =0;B +V; (2.4.1b)
hij =6;; + 0;0; E + (0;Fj + 0;F;) + tij (2.4.1¢)
with A ‘ B A
O;F' =9;V' = 9;tY =t = 0. (2.4.2)

With this decomposition, in the generic quadratic Lagrangian (2.3.1),
scalars, vectors and tensors decouple from each other; working in momen-
tum space [2]:

e The tensor ¢;; only contributes to Ly:

L = %(autij)? (2.4.3)

e The vectors contribute only to Ly and Lj:

1 . Ny 1 i vri
L, — 5kz(vz _ Ry 5(01 —1)(K2F' 4+ V)2, (2.4.4)

The momenta conjugated to V' and F* are

L= (c1 — D(KEF 4+ V) (2.4.5a)
P =K(F - V) (2.4.5b)
so that (2.4.4), for ¢; # 1, can be rewritten as
L o 1 2

L, = =1} + —— 112, 2.4.6
T Vo Sy F (2.46)

16



The Hamiltonian is given by

1
2(1 — Cl)

1—61

1 . . , .
(T +12V*) [T + (1= k2P 4=

H,= ——
v ok2

k4F2—%k2V2.
(2.4.7)

Because of the alternating signs, the Hamiltonian is not bounded below,
which leads to classical instability: from Hamilton’s equations we have

1i, = K211, (2.4.8a)
1, = —II%, (2.4.8b)

which give the general oscillatory solution
[K|TTS, + il = Cexpli([k|t + é0)], (2.4.9)

while taking the derivative of (2.4.5) with respect to ¢ and using (2.4.8),
we have

C1

Vi KV = —

I8 2.4.10
q—1F ( a)

C1

Fip K2F = ITi, (2.4.10D)

61—1

which, for ¢; # 0 are the equations of forced oscillators with asymptotic
solution

CClt

Vigglk|lFt A —— e
K~ D

xpli(|kl[t + o)) (2.4.11)

The solution, which grows linearly with time, is the evidence of classical
instability.
Classical instability could be avoided setting ¢; = 0. But in this case the
vectors V¥ and F* would decouple from each other and V¥ would become a
ghost, since

Ly(c1 =0) = %kz(aupi)Q (0, V2. (2.4.12)

1
2

Hence, the only possibility to avoid classical instabilities and ghosts is to
set ¢; = 1, that is, to endow the Lagrangian with TDiff-invariance. In this

17



case 1
Ly(c1=1) = ikQ(Vi — F2, (2.4.13)

The variation with respect to V* gives the constraint
VieFi=0 (2.4.14)

which, substituted in (2.4.13), shows that there is no vector dynamics.

e The scalar Lagrangian, with ¢; = 1, is given by

1
L= [(@4)2 — 9k%(9,B)? + 3(9,))? — 2K20, 0" E + k4(a#E)2}
11 . ) )
= [(A FK2B)2 — K2B2 — K22 + 2k By — KOE? 4+ 2Kk2B (4 — kQE)]
+ %" [(A ~ 3+ K2E)(A+ K2B) — K2(A— 3¢ + K2E)(B — ¢ + kgE)}
2
- %3 [&L(A — 3y + K2E)
(2.4.15)
The variation of B gives the constraint
20 = (c2 — 1)(A — 3 + K*E) = (ca — 1)h (2.4.16)
that, substituted back in (2.4.15), gives the simple expression
Acs
L= —T(auh)2 (2.4.17)
where
2
- 1
Acs = c3 — % (2.4.18)

Hence, the scalar sector contains a single degree of freedom, proportional
to the trace.
Moreover, to avoid ghosts, we must have the condition

Acs < 0. (2.4.19)

In the special case where
Acs =0 (2.4.20)

the scalar sector disappears, and we are left only with the tensor sector.

Let’s see in the next chapter what does the condition Acs = 0 mean.

18



2.5 Non-linear generalizations

The simplest way to generalize TDiff theories is to mix the Hilbert action
with general functions of the determinant of the metric: since by definition
TDiff transformations leave the determinant unchanged, these functions are
also TDiff-invariant.

Hence, a general gravitational TDiff-invariant action could be of the form

s= [ -5z ) (AUsDR+ RlahsDua0ia).  @5)

To extend to non-linear theories the study of TDiff-invariance we could
even make some particular choices: as seen in the previous section, in general
TDiff quadratic theories there is a supplementary scalar degree of freedom,
proportional to the trace h. Thus, the idea [7] is to split the metric degrees
of freedom into the determinant g and a new metric

G =917 g (2.5.2)

with fixed determinant |§| = 1. Under arbitrary diffeomorphisms (2.1.13)
the new metric transforms as

. - . 1, -
00w = Vb + Vi€, — quvvpgf’ (2.5.3)

where V denotes covariant derivative with respect to g, and the indexes
are raised and lowered by the new metric. Transverse diffeomorphisms are
defined as those which satisfy

V.4 =0. (2.5.4)

But since |§| = 1, we have that I', = d,/[g] = 0 so that condition (2.5.4)
reduces to
Vgl = 9,88 + T8, = 9,68 = 0. (2.5.5)

Hence, under TDiff with the constraint (2.5.4) the metric g, transforms
as a tensor:

83w = Vb + Vil (2.5.6)

and also the determinant g, as expected, transforms as a scalar:

dg = £"0ug. (2.5.7)
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It can be shown [7] that the only terms which can be constructed from g,,,,
that behave as tensors are the geometric tensors }?ul,pg and its contractions,
so that the most general TDiff-invariant action which contains at most two
derivatives of the metric takes the form:

5= [do (-3¢0 DR+ Lo 0han) ) (259

where x? is a scalar made out of the matter fields {¢} and the determinant
g.

We thus notice that TDiff-invariant theories can be seen as “unimodular”
(i.e. with fixed determinant) scalar-tensor theories, where g plays the role
of an additional scalar.

The equations of motion must be calculated through a restricted variation of
the metric, since the action is composed of a metric with fixed determinant
g=1

If we define
Juw = XQQ,UJ/ (2.5.9)
so that

we can go to the “Einstein frame”: the new action reads

1 6 1-
S = /d‘*x\/?g [—2R(g,w) e GuOuxOux + FL(X, {8}, guu)]
(2.5.11)

Anyway, we have to implement the constraint (2.5.10), that can be done
through a Lagrange multiplier A(x). Hence we have

1

6 1 -
S - /d4$\/jg |:—2R(guy) + ? guua,uxal/x + ?L(Xa {(z)}a gMV):|

1
- /d4x\/—gX4A—|—/d4xA. (2.5.12)

We note that the invariance under full diffeomorphisms which treat g,
as a metric and x and A as scalars is only broken by the last term. We can
show that this term is actually an integration constant, and not a parameter
of the Lagrangian.
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If we define the matter Lagrangian as

_[ 6 _ 1 - _ 1
Lm =v—g ? guuauXaVX + ?Lbﬁ {Qs}ag;w) - ?A + A (2‘5'13)

the Bianchi identities applied to the pure gravitational part /— g%R(gW)
give, as in General Relativity, the conservation of the energy-momentum
tensor

VvV, " =0 (2.5.14)
where the energy-momentum tensor is defined as

2 bLy,
YT Vg ogn

T, (2.5.15)

On the other hand, since only the last term of (2.5.13) breaks Diff-
invariance, the variation of the matter part of the action under a general
coordinate transformation is given by

6Lm . 0Ly 6L
B SA

SA+Y 2_9 T,,6g" = 6A = €18, A. (2.5.16)

If the equations of motion for x, A and v are satisfied, i.e.

6Lm  6Lp 6L
== =0 (2.5.17)

since dgM” = VHEY + V¥ €, after partial integration we get

EM(OuA +V=gV"T1) =0 (2.5.18)

that is, using (2.5.14),
9,A =0. (2.5.19)
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2.6 Lorentz covariance and compensators

Usually, tensor densities of weight w are defined in such a way that
they get an extra factor of the Jacobian to the power w in the tensorial
transformation law. For instance a scalar of weight w transforms as

¢'(y) = D(y, z)" o(x) (2.6.1)
where b
D(y,z) = det (aiv) . (2.6.2)

A particular scalar density is the determinant of the metric g, which
behaves as a scalar density of weight w = —2, that is

1 2
o) = (i) ) (263)
D(y,x)

TDiff transformations are actually those transformations with unitary Ja-

cobian (D(y,z) = 1).
This means that as long as we assume that TDiff is the basic symmetry of
nature, we do not distinguish tensor densities from real tensors.

Now, going back to the study of transverse theories, we can for instance
take a general action of the form

s= [de(~gh@R+ fn@Lnloueh). (204

It should be remarked that this action is not fully covariant, unless
fi(g) = fm(g) = \/—g, i.e. the theory is Diff-invariant.
If the action is assumed to take the form (2.6.4) in a particular reference sys-
tem with some privileged coordinates denoted by z*, in general coordinates
the action reads [4]

1 1
5= [ drgs (~gh (0@CEP) R@)+hn (6000 L (g 2). {6(@))

(2.6.5)

where C(z) is a scalar density of weight w = 1. This scalar density is
sometimes [8] called a compensator field, and is introduced exactly to
make the action Diff-invariant. A notorious example is the Stueckelberg
field which renders gauge-invariant massive electrodynamics.
The original theory can always be recovered setting C(z) = 1, which looks
like a particular gauge choice.
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Let’s see now what implications follow from the equations of motion of the
compensator C'(x): the variation with respect to C'(z) gives

1 1 1 [0fm 1 afy
L — — L% my L ONhpl 2.6,
c? [f 2k2f1R] T [80 2%? 8OR} 0 (266

that can be rewritten as

|: fm afm:| 1 |: fl af1:|R

G | I 5m | E + 56

T ot aa| R=0. (2.6.7)

As we shall see also in section (6.2), some problems or strong constraints rise
when we want only one sector (i.e. the gravitational or the matter part) to
have the restricted TDiff symmetry. When one sector is Diff-invariant (i.e.
f(x) = \/|z]), its compensator equations of motion are identically satisfied:

Pf+8qL= 'wmﬂ+aggﬁ

c oC C

L=0. (2.6.8)

Hence, if we choose for instance only the gravitational sector to be Diff-
invariant, equation (2.6.7) becomes

[;@+%@Pm:a (2.6.9)
The solutions are given by
fn(gC?) < C (2.6.10)
which implies f,,(z) = /|z|, i.e. also the matter sector has to be Diff-
invariant. Or else
Ly, =0. (2.6.11)

As we shall see in section (6.4), L,, can be identified with the matter pres-
sure, so that only theories in which the matter is pressure-less would be
allowed.

In a similar way, if we choose only the matter sector to be Diff-invariant,

we would find that whether the gravitational part has to be Diff-invariant
as well, or the constraint R = 0.
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3 From TDiff to enhanced symmetries [2]

3.1 Diff and Weyl symmetry

We still work in the linear approximation of mass-less fields.
For particular values of the parameters co, cg the Lagrangian can acquire
enhanced symmetries: for instance, the case ¢ = ¢3 = 1 corresponds to the
Fierz-Pauli Lagrangian (Lzp), which is Diff-invariant.
Starting from the Fierz-Pauli Lagrangian, through a simple non-derivative
field redefinition

My — by + Ay (A # —1/4) (3.1.1)

where the condition A # —1/4 is necessary for the transformation to be
invertible, the parameters in the Lagrangian (2.3.6) change as

{ Co — Cy + 2)\(202 — 1) (3 1 2)

c3 —r c3 + 2)\(403 —Co — 1) + 2)\2(803 —4co — 1)

so that, starting from cs = c3 = 1, the new parameters are related by

3¢5 —2c0+1
=

This means that the condition (2.4.20) is satisfied, so that the scalar sector of
the Lagrangian is absent. Lagrangians of the form (2.3.6) with the relation
(3.1.3) between ¢z and c3 are equivalent to the Fierz-Pauli Lagrangian.

1
3 with ca # 7 (3.1.3)

Another possibility is to replace hy, in the Lagrangian (2.3.6) with the
traceless part:

. 1
Py — Py = by = (3.1.4)

which is formally analogous to (3.1.1) with A\ = —1/4, but can’t be inter-
preted as a field redefinition since the trace h can’t be recovered from the
new field (3.1.4).

The Lagrangian is still TDiff-invariant, since the replacement (3.1.4) doesn’t
change the coefficients in front of Lg, L. Anyway, it becomes invariant un-
der a new Weyl transformation (WTDiff symmetry):

1
Oh = S . (3.1.5)

The WTDiff symmety is manifest, since the new field (3.1.4) is invariant
under (3.1.5).
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Using (3.1.2) with A = —1/4 we immediately find that a WTDiff-invariant
Lagrangian must be of the form (2.3.6) with

1 3
— =_. 1.
=3, =g (3.1.6)
Also in this case the condition (2.4.20) is satisfied, and there are no scalar
dynamics.

3.2 Unicity of the enhancements

Let’s show that Diff and WTDiff exhaust all possible enhancements of
TDiff symmetry for a Lagrangian of the form (2.3.1):
Since the variation of Ly (2.3.3a) involves a term Oh,,, where h,, are arbi-
trary, this term can cancel with other ones only if the transformation is of
the form

ShH = (OM¢Y + 9V EM) + %qbn’“j (3.2.1)

for some vector £€* and some scalar ¢. The vector can generically be decom-

posed as
=+ 0" with 9,¢* = 0. (3.2.2)

Then, using (2.3.3), after some calculations, we eventually find that

0L = (y(er — 1H)O(0,h)

1
+ 51/15 [(c3 — c2)0h + (2¢1 — c2 — 1)0,0, A (3.2.3)
1

+¢4

[(4c3 — co — 1)Oh + 2(cy — 2¢2)0,0,hM] .

TDiff corresponds to taking ¢; = 1 and setting ¢ = ¢ = 0. To enhance
the symmetry, i.e. to have invariance under transformations involving non-
vanishing ¢ and v, we have to cancel the terms involving 9,,0,h*" and Oh:

%(1 %) — %(CQ 13y =0

3(463 — C2 — 1)¢+ %(03 — CQ)DQJJ =0
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that is

Dq/) _ 1— 262
Cy — 1
(3.2.4)
3c2 —2¢5+1
STy

The second equation in (3.2.4) is exactly the same as (3.1.3), so that
any Lagrangian with enhanced symmetry is equivalent to the Fierz-Pauli
Lagrangian, unless ¢y = %, c3 = %, which corresponds to a WTDiff-invariant
Lagrangian.

3.3 WTDiff versus Diff symmetry

We are now going to analyze whether, at the lowest order, a WTDiff-
invariant theory is classically equivalent to General Relativity (Fierz-Pauli
Lagrangian).

We have, from the definition (3.1.4), that

Lwrp(huw) = Lrp(huw)- (3.3.1)

Since the Fierz-Pauli Lagrangian is a particular TDiff-invariant Lagrangian,
we can write

3Swrp(hyw) _ 8Skp(hyw) b7 6Skp(hyw) <5p<sa 1

= = = ). (3.3.2
OhHv Shro Shiv Shpo nov 477 ym ) ( )

Both through a Weyl and a Diff transformation we can, in WTDiff or
Diff theories respectively, go to a gauge where h = 0, that is IN”LW = hu.
Thus the WTDiff equations of motion are simply the traceless part of the
Fierz-Pauli equations of motion.

This means that a WTDiff theory is classically equivalent to Einstein’s uni-

modular theory analyzed in section (2.1). Diff and WTDiff theories differ
classically only by an integration constant.
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Let us now consider the relation between the two symmetry groups: they
act infinitesimally on h,, giving

6Dh/,u/ = a,ugz/ + &/Ep = a,usz + auc,u + 28;1,81/11} (333)

> x 1
5WTDh;w = au(u + au(u + §¢nuu (334)

where the decomposition (3.2.2) has been used, and also 8“5“ =0.
The intersection of the two groups is given by

~ s 1
OuCy + 0uC, + 20,0,¢ = 0,C, + 0,y + iqﬁnm,. (3.3.5)

Taking the trace and the divergence of (3.3.5) we get
Oy = ¢ (3.3.6)
O(C, — () = 200,90 — 30,0 3.3.7

that yield

O~ ) = S00, (3.3.8)

Taking the derivative with respect to v, symmetrizing with respect to p and
using (3.3.5) and (3.3.6), we finally get

0,0y =0 = ¢ =auzt +c. (3.3.9)

This means that not ever Weyl transformation is a Diff transformation,
but only those which satisfy (3.3.9).
Conversely, the subset of the Diff transformation that can be expressed as
a Weyl transformation are those given by [9]:

1
au&u + 8V§u = iapgpnuu (3310)
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4 Massive fields

4.1 Dynamical analysis

The most general mass term that can be added to the quadratic La-
grangian (2.3.6) takes the form [2]:

Ly, = —%m%hwh’“’ + %m%h? (4.1.1)
If we set m; = 0, only the scalar degree of freedom h is given a mass;

if —m3 > 0 is larger than the energy scales we are interested in, the extra

scalar effectively decouples, and only the standard helicity polarizations of

the graviton are allowed to propagate.

The matter Lagrangian L., is still TDiff invariant, since under TDiff the

variation is

1
6Ly, = 5mghah = m3hd,E" = 0. (4.1.2)

If we allow m; # 0, in general the whole Lagrangian is not TDiff-
invariant anymore. Let’s make a dynamical analysis as in section (2.4).
Using the “cosmological decomposition” (2.4.1),

e the tensor sector becomes

1 ..
Ly=—t7 (B + m3)ti; (4.1.3)

with the constraint m? > 0 to avoid tachyonic instabilities.

e The vector Lagrangian is given by
1 L 1 L 1 ) )
L, = 5k2(v1—1ﬂ)2+§(cl—1)(k2F2+v1)2—§mf K2(FH2—(VH?|. (4.1.4)

The Hamiltonian, for ¢; # 1, is

1—01

1. . A 9
H, = — 7 k2 N2 - 7 1— kZFz 4F2
v 2k2( F+ V) 2(1_01)[ V+( Cl) ] + k

Liovo 1 ofoo 2
- 5KV +§m1[kF —V] (4.1.5)
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which gives, as in section (2.4), tachyonic instabilities or ghosts: this
can easily be seen noticing that the contribution proportional to (V)2 is
negative. Hence we must have ¢; = 1. The vector Lagrangian is thus given
by

1 L 1 . .
Ly = KAV = F7)? = o [k (F)? — (V’)Q] (4.1.6)
The variation of V* gives the constraint
(K% +m?) Vi = K2E! (4.1.7)
so that the vector sector can be rewritten as

1 k%m? , ,
L,=—= <1> FY(O+mi)F". (4.1.8)
Y 2 \ k2 +m?

e The scalar Lagrangian, with ¢; = 1, is given by

2
Ly=L% — "1(A2 — 2k2B? + 392 — 2k*¢E + k' E?) + %(A — 3¢ + K2E)?
(4.1.9)

where LY is the mass-less scalar Lagrangian (2.4.15).
The variation with respect to B leads to the constraint

miB = (1 —c2)(A+K*E) + (3¢ — 1)9). (4.1.10)

Further, substituting E through the trace h and defining two new variables
U and V:

K’ E=h+3y)—A (4.1.11a)
2A = (3cg — 1)h + (4k* — 3m3)U (4.1.11b)
2 = (cg — 1)h —m3(U — V) (4.1.11c)

we can rewrite the scalar Lagrangian as

s , (nd = 8)n]

(V2 -U?) + 1W(h, UvV) (41.12)

Ly =
8
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where Acs is defined by (2.4.18) and

W =2 |:k2A03 +m3 — (3¢3 — 3¢y + l)mﬂ h?
+ m‘ll(k2 — 3m})V?
— mi(8k* — 11mik? + 6m])U? (4.1.13)
+ 4mik3(3m? — 2k*)UV
+2mi(2¢; — 1) [(3m} — 2k*)U — 2k*V] h.

From (4.1.12) we see that either U or V, wheter 4k? < 3m? or
4k? > 3m%, are ghosts, unless

ACgZO

i.e. the only possibility to avoid ghosts in a theory with m; # 0 is
to enhance the symmetry of the kinetic term of the Lagrangian to
Diff or WTDiff: in this case h is non-dynamical and the variation of W
with respect to h gives the constraints

m3 = (3¢3 — 3co + 1)m?, (4.1.14)

2k?V = (3m? — 2k*)U. (4.1.15)

With these constraints the ghosts disappear and we’re left with only one
scalar degree of freedom.

Counting the degrees of freedom, we find, as expected, that they corre-
spond to the five polarizations of a spin-2 particle: 2 from the symmetric,
transverse and traceless tensor t;;, 2 from the transverse vector F* and one
from the scalar. Anyway, the tensor, vector and scalar Lagrangians we have
written are not in a manifestly Lorentz-invariant form.
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4.2 Diff-invariant kinetic term

As seen in the previous section, to have massive fields without ghosts
or classical instabilities, the kinetic term must be invariant under Diff or
WTDiff. Let’s analyze the Diff-invariant case.

Without loss of generality, as seen in section (3.1), we can take co = ¢3 = 1.
From (4.1.14) we have the usual Fierz-Pauli relation

m3 = m3 (4.2.1)
Using (4.1.15) together with the definition (4.1.11c) we get
2k = m2(3m? — 4k*)U (4.2.2)

Hence, writing the whole scalar Lagrangian as function of ¥, we find

Ly = —%w(ﬂ +m2)Y (4.2.3)

4.3 WTDifl-invariant kinetic term

In the special case where the kinetic term is WTDiff-invariant, we have,
from (3.1.6), that co = 1. Hence the last term in (4.1.13) cancels, so that
the trace of the metric doesn’t mix with U and V. The consequence is that
we the variation of h doesn’t give a constraint between U and V', and thus
the ghost in (4.1.12) is always present for m; # 0.

This means that the WTDiff theory cannot be deformed with the

addition of a mass term for the graviton without provoking the
appearance of a ghost.
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5 Coupling to the matter

5.1 Gauge fixing

In Diff theories one usually chooses the harmonic gauge:
— o,h — Lo =
WN: v u—§ I = 0. (511)

This gauge choice carries a free index p, which leads to four independent
conditions, and is possible thanks to the four degrees of freedom of a generic
Diff transformation (2.1.14).

Conversely, in Transverse Theories, the TDiff restriction (2.1.16) leaves us
with only three gauge degrees of freedom. Hence, the harmonic gauge can’t
be chosen, as well as any other gauge-fixing which is linear in the momentum
k* [2]: indeed, the most general linear gauge-fixing condition can be written
as

M hg, =0 (5.1.2)

with
MY = a1 (P87 + 0P + agn16°. (5.1.3)

In order to bring a generic metric h,, to the guage (5.1.2) through a
transformation (2.1.22) we must have the condition on £*
MV hg, = k=M (9p¢, + 0,&5). (5.1.4)

But if only TDiff transformations are allowed, deriving with respect to
a, the constraint 9,&" = 0 gives

Do M hg, = k712(2a; + a2)09,E" = 0. (5.1.5)
This means that in general the gauge (5.1.2) can’t be reached.

The simplest way to fix the gauge with only three independent conditions
is to impose the transversality

O™ =0 (5.1.6)
to the antisymmetric tensor

Wy = 0P (Ophup — Ouhyp). (5.1.7)
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This is actually equivalent to projecting the harmonic gauge (5.1.1) on
its transverse part, i.e. (in momentum space)

k200" = (K1 — kuky)w” = 0. (5.1.8)

The most general quadratic TDiff Lagrangian, with the gauge-fixing and
the ghost terms, can then be written as [10]:

L=Lo+ Ly +colo+c3Ly+ Ly + Ly + Lgp, (5.1.9)

where the gauge-fixing Lagrangian is
1
Lty = B,0,w” — 50433 (5.1.10)

and the ghost Lagrangian, which decouples from the other fields, is
Ly = —¢,0%c". (5.1.11)

We notice that the auxiliary field B, is dimensionless, so that the gauge-
fixing parameter a must be dimensionful: we thus redefine

a= M (5.1.12)

The variation of the auxiliary field B, allows us to rewrite the gauge-fixing
Lagrangian as
1

M4 (@tww)?

Lgp = 9u0y0ph"? — DO hl)?. (5.1.13)

1
= o

To conclude we just give the BRST transformations for the different
fields [10]:

(WLag = &Y@“cuﬁ + 656%“&

giu:—_oBM (5.1.14)
dcuy = 0.
The ghost and antighost are defined from the antisymmetric two-index ones:
=9, = 9,e (5.1.15)
so that
Ouct' = 0,8" = 0. (5.1.16)
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5.2 Propagators

We work now in momentum space.
Defining first the usual transverse and longitudinal projectors

Kk,
e;w = Nuw — 22 (5.2.1)
kK,
N = 22 , (5.2.2)

we define the following Barnes-Rivers projectors, symmetric in (uv) ,
(po) and in the exchange (uv <> po), [11]:

1 1
Py = 5(‘9/4791/0 + Opobup) — geuvepa (5.2.3a)
1
Py = S (Oupdvo + O dvp + Ouphuo + o Mup) (5.2.3b)
1
P; = gﬁwﬁpg (5.2.3¢)
Py = \NuwApo (5.2.3d)
w 1
P = 7 0,0\ por (5.2.3¢)
ws — ]'
Py® = % Moo (5.2.3f)
P =P + PP, (5.2.3g)
Any symmetric operator can be written as
K = asP> + a1 Py + a Py’ + asP§ + ax Py (5.2.4)

whose inverse operator is given by

1
————— (as P’ + awP§ — ax Fy) (5.2.5)

AsQy — G5

1 1
K 1= —P+ —P +
as ay

provided
g(k) = asay, — a’ #0. (5.2.6)

34



The Lagrangian (5.1.9), without the ghost piece, can be rewritten as [2]

1 vV
L= Sl K" hyo

where

(5.2.7)

1
KHpo — (k2 - m%)Pg + (71?6 _ m%)Pl + asPdg + awP(;” + axP(]X (528)

4MH
with
as = (1 — 3e3)k? — m? + 3m3
aw = (2¢ — c3 — Dk? —m3 +m3

ax = V3(cok? — c3k® 4+ m3).

Thus the propagator is given by

P, AMAP, 1

A=K 1=
k2 —m? + k6 — 4M*m? + g(k)

where

(asPy’ + awP§ —a

(5.2.9a)
(5.2.9b)
(5.2.9¢)

<P

(5.2.10)

g(k) = (2c3 — 3¢3 + 2co — 1)k* — 2m3E* + 2(2¢3 — co)m3k? + mi — 4m2m3.

5.3 Coupling to the matter

If we consider a generic coupling to the matter of the form

1 1.
5(/\1T’“’ + XTI Vhy = iTtlét Py

(5.2.11)

(5.3.1)

the interaction between different sources is completely characterized by [12]:

Sint = /d4th0t(k)ZVA”VpUﬂot(k)pa-
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If we consider conserved sources, i.e.
0T =k, T" =0 (5.3.3)
so that in the contractions of the projectors with 7}, we have

QMVTNP = nuvTup (534&)
AwTH =0 (5.3.4b)

and using the traces of the projectors

tro,, =3 (5.3.5a)

tra, =1 (5.3.5b)

tr Py = nMV(PQ),uz/pa =0 (5350)

tr P = U“V(Pl),uupa =0 (535d)

tr PS = nMV(P(f),uupo = Hpcr (5.3.56)

tr By’ = nHV(Péu);wpa = Ao (5.3.5f)

1
tr B = " (B ywpo = ﬁ(e,w + 3 0) (5.3.5g)
we find that
1
T PoTior = A (T;;VTW — 3yT\2) (5.3.6)
T PiTiot =0 (5.3.7)
AQ
Ty P Tit = <31 Foah + 3A§) T (5:38)
Tyt P Trot = N3|T? (5.3.9)
2
T} Py Trot = E(AMQ +3)\3)|T % (5.3.10)
Hence the interaction Lagrangian is
A Py Y

Lint = T} ATyt = ——1—T% TH — 1 T (5.3.11
ot = B Sior = g <g<k> 302~y ) 111 O30

where

A x

At M(3ay +as — 2V3ax).  (5.3.12)

~ 1
P() = g)\%aw + 2)\1)\2(aw —
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5.4 Massive Fierz-Pauli Lagrangian

In this case the parameters of the Lagrangian are given by

co=c3=1
and
m? = m.
Hence, from (5.2.11), we have that
g(k) = —3m] (5.4.1)

which does not depend on the momentum k. This means that the con-
tribution of Py to the interaction Lagrangian (5.3.11) corresponds only to
a contact term, which doesn’t contribute to interactions between different
sources.

We are thus only left with the term involving P», which is

)\2

1
_ 1 * 2
Lint - m <TMVT'UV - §|T| > . (542)

The factor % in front of |T'|?, different from the familiar § which is

encountered in linearized General Relativity, produces the well known vDVZ
discontinuity in the mass-less limit [13-15].

5.5 Full TDiff invariant Lagrangian

In this case we only set m; = 0. From (5.2.11) we have
g(k) = 2(Acsk? — m3)k? (5.5.1)
where Acs is given by (2.4.20). We notice that g(k) is quartic in the

momenta, while only the terms proportional to A A2 and A3 in (5.3.12) are
quadratic in the momenta; indeed, using (5.2.9):

A3 (3ay + as — 2V3ax) = —2\3k%,

a
2/\1)\2(aw — 7%) = 2)\1/\2(62 — 1)k2,

1 1
g/\%aw = 5/\% [(2c2 — 5 — 1)E* + m3] .
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Hence, decomposing g(k)~! as

= - 5.5.2)
k) 2ml m k2 (
g(k) my \ k2 — A—é
we find that
Py /\% 1—0c 2 )\%Ac;:, 1
—=——— | [ A A . 5.5.3
g(k) ~ 6k2 2T M) T | Ak — (5:53)

Substituting in (5.3.11) and adding the contribution given by P», which
is (5.4.2) with m; = 0, we find the interaction Lagrangian:

1—1c9 2 )\%AC;g
A A
< 2+ 5 1> + 5

)‘% * oy 1 2
Lint - ﬁ Ty,uT - §’T| -

T|?
Acsk? —m3 -
(5.5.4)

We can see that in this case the mass-less interaction between conserved
sources is the same as in standard linearized General Relativity, since we
find the familiar factor % in front of |T|%.

In addition there is a massive scalar interaction, with an effective squared
mass )
2 ma
mosp = —— >0 5.5.5
eff = Aes (5.5.5)
(since both m3 and Acs must be negative according to our previous analysis)
and an effective coupling

1
2
At = _A03

1— 2 XA
(A2+ 202)\1> + 1663 (5.5.6)

5.6 Mass-less Diff and WTDiff Lagrangian

We already now that the mass-less quadratic Diff-invariant Lagrangian
is the lowest order of the General Relativity Lagrangian. We thus expect to
have an interaction Lagrangian

2
A

* v 1
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From general arguments, also in mass-less WTDiff theories, we expect to
have the same interaction Lagrangian, since Diff and WTDiff theories differ
only by an integration constant (see section 3.3), but have the same degrees
of freedom (see section 2.4).

Indeed, setting Acg = 0, in both Diff and WTDiff theories, an additional
term m2h? in the Lagrangian could be thought of as the additional gauge
fixing which removes the redundancy under the supplementary Weyl or full
Diff symmetry.

With Acz =0 in (5.5.4), the second term becomes a contact term, and the
interaction, as expected, is given by (5.6.1).
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6 Matter Lagrangian and the “active”
energy-momentum tensor

6.1 Linear approximation

In the following, by (active) energy-momentum tensor (EMT) we mean
the source of gravity, i.e. the term in the equations of motion that determines
how the gravitational field is generated. To be more precise, given a generic
Lagrangian

L = Ly(g) + Lu({6}. 910 (6.1.1)

where L, is the pure gravitational Lagrangian while L, is the generic matter
Lagrangian ({¢} denotes the set of all non-gravitational fields), the EMT is
defined as

0Ly,

TMVEW.

(6.1.2)

At a linear level, using the perturbation h,, upon the flat metric
(g"" =~ M — kh*¥), the matter Lagrangian is Ly, ({¢}, hy,) and the EMT is

L
KT = 52 (6.1.3)

To make an example, let’s consider a scalar field ¢ which in a freely
falling locally inertial reference system has the Lagrangian

LS, = 200,006 — V (9). (6.1.4)

Assuming symmetry under
¢— -9

to avoid classical instabilities, the allowed matter Lagrangian, up to linear
terms in h, can generically be written as [16]

L = 57,606 ~ V (9)

b (<L 0,00,6 + iy 9,00,0 - 20V(9)) . (6.15)
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Since the variation of the scalar field ¢, by a linear transformation
(2.1.13), is given by

d0p = =£10,0 (6.1.6)
to have TDiff invariance it is necessary that p; = 1.
The variation with respect to ¢ gives the equations of motion for the matter
field:
/ 7] 7] H2 " H3 4 170 _
—0¢—=V'(¢)+k |0, 0 + h @L@gczﬁ?(@uh@ ¢+ hdg) — ?hV (¢)| =0
(6.1.7)

while the variation with respect to —h*¥ gives the EMT:

1
T = 500006 - %nﬂynaﬁaaww 4 %WV(@ (6.1.8)

We can show that in TDiff theories the active energy-momentum
tensor is generally not conserved:

p2 — 1
2

@WW:%W@M— 0" 9,006 + 20" 6V (6). (6.1.9)

Using equation (6.1.7) at the k°-th order to substitute V'(¢) we get

—1 1
9, TH = —“?’Taww _ “22 0" 9,60" (6.1.10)

which is in general different from 0 unless po = pg = 1. This actually corre-
sponds to a Diff-invariant matter Lagrangian.

Depending on which symmetry characterizes the gravitational Lagrangian
L, consistency imposes some restrictions to the matter Lagrangian.

For instance, a WTDiff-invariant gravitational Lagrangian, which leads to
trace-less equations of motion for the gravitational part, forces also the EMT
to be trace-less:

1
T = 5 2m - Vi 0,0056 + 2V (@) =0 (6.11)
i.e.
_1
H2 =3 (6.1.12)
3 =0



On the other hand, as we shall better see in the next section, a Diff-
invariant gravitational Lagrangian forces the matter Lagrangian to be Diff-
invariant as well.

We note that in any case the TDiff EMT does not reduce in flat
space to the canonical energy-momentum tensor (or equivalently
to the Belinfante one), which is well known to be conserved and has the
form

Tﬁ’cjm = 8M¢8V¢ - TluuLm- (6113)

This means that in TDiff theories the EMT tensor does not convey the
Noether current corresponding to translation invariance.
6.2 Non-linear theory

A general TDiff-invariant matter action can be written in the form (see
section 2.5):

Sy = /d4xfm(—g)Lm. (6.2.1)
The energy-momentum tensor is then given by
0L, ,
Ty = fm(=9) S 9 £ (=) Lingpu- (6.2.2)

Let’s study the conservation law of the EMT, knowing that the action is
invariant under TDiff.

Since a generic TDiff transformation of the metric is given by (2.1.14)
with &* given by (2.1.17), TDiff invariance requires that [4]

0= T’uV(Stg‘m, = Tlu/ [6p02a3a48a2 Qa3a48pguu

(6.2.3)
+gupay(epa2a3a48azﬂa3a4) + gypau(epa2a3a4aa2ﬁa3a4)] .
Defining the antisymmetric tensor
wh’ = 43N0 0, (6.2.4)
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up to total derivatives equation (6.2.3) can be rewritten as
(20,0,T] — 0pugpo 0 TP )" = 0 (6.2.5)
that is

2(0,0,T8 — 8,0,T8) = 04900 T — Dy Gpo 0, T . (6.2.6)

Equation (6.2.6) can be rewritten as
p_ Lo o p_ Lo oo
00,1} — §8Z,T IpuYpe = 0,0,TF — 58#T v Ypo (6.2.7)

which shows the p <+ v symmetry of each member. This implies that

1

0T} - 3

T 0u9p0 = 0, (6.2.8)

for some function .
Using the well known formula valid for any symmetric tensor Sy [17]:

1 1
V.S = =00 (VIOIS)) — 5000 5™ (6.2.9)

Vgl

equation (6.2.8) can be rewritten as

v, ( T ) _ Ll (62.10)
Vigl)  Vldl

On the other hand, equation (6.2.6) can be rewritten as
uD,TE + S0,T? 0,900 = 0,0,T0 + 20,770 2.11
Vpu+§u Vgpa—upu+§v w9po (6.2.11)
whose i <> v symmetry implies that

1
0T + 50T gpo = 0P, (6.2.12)
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Finally, from (6.2.12)—(6.2.8) we find that

T
¥ -d=7 (6.2.13)

which alone can’t ensure the conservation of the EMT.

On the other hand, if we take a Diff-invariant matter Lagrangian, the
EMT is conserved: the simple requirement of TDiff-invariance gives

0 = T%(,90p + GapOsE” + 9pp0at?) (6.2.14)

which, up to total derivatives, conveys the fact that

TO&
O:@@wTw—&ﬂf—&Jf:—%/gva<¢?O. (6.2.15)
g
For this reason the EMT is usually defined as
GR _ _2 ., Diff
= WTW . (6.2.16)

Also if we only take a Diff-invariant gravitational Lagrangian, that is the
Hilbert Lagrangian, the EMT must be conserved: the equations of motion

read 12
2
G = —F—=1, (6.2.17)

Vgl ™

where G, is the Einstein tensor. But Bianchi identities ensure that

V.Gl =0 (6.2.18)

VM<’UL>::0. (6.2.19)

which also implies that

Vgl

Since in TDiff theories the EMT is generally not conserved, the assump-
tions made in chapter (5) on the conservation of the matter sources are only
approximations.
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6.3 The weight of energy and the Cosmological Constant
problem

We are going now to show that in Transverse Theories it is possible to

build theoretically consistent models in which the potential energy can have
a tiny weight (that is, its coupling to the gravitational field), or even models
in which the potential energy does not weigh at all [4].
Since the potential energy contains the vacuum energy, such models could
solve the direct cosmological constant problem, as anticipated in section 2.2.
Anyway, the models we are going to present are not expected to be realis-
tic, but want only to be some examples that, theoretically, could solve the
problem.

One of the possibilities could be the action (6.2.1). If we set
ful—g) =1 (6.3.1)

the action reads

Sy = / d'e ngamam —v)l. (6.3.2)

We can see that only the kinetic energy is coupled to the gravitational
field, while the potential energy doesn’t weigh at all. The energy-momentum
tensor is

1
T,uu = §a,u¢au¢ (633)

Only the kinetic part enters in the equations of motion.

Even a more general action than (6.2.1) could be written, giving differ-
ent couplings to the determinant of the metric g for the different terms of
the matter Lagrangian. For instance we could write

L = i) 56" 0,60, — fu(~9)V (9) (63.4)
whose EMT is
Tuy = %fk(_g)auﬁﬁay(ﬁ - fk(2_g)’g’guugaﬂaa¢aﬁqs + fz/)(_g)‘g‘g;wv(gﬁ)'
(6.3.5)
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The linearized form of the Lagrangian (6.3.4) is

L = 2 0,60,6 - 1.0V (9)
k|2 Dp0,00,0 + B o, 00,0 - Vo). (630

If we require (6.1.4) we have the condition

fe(1) = fo(1) =1 (6.3.7)
and equation (6.3.6) becomes exactly the same as (6.1.5) with

{ p2 = 2f;(1)

ps = 2£,(1). (0:3:3

Also in this case, playing with the only function f,, we are able to give
the potential energy the desired weight.
6.4 Connections with p and p

If we assume the matter to be a perfect fluid, we can define the energy
density, the pressure and the velocity as [18]

1
p= 59“V3u¢3u¢ + V(o) (6.4.1a)
p= 59" 060,06 — V(0) (6.4.10)
_ g9
so that
0,00, ¢ = (p + p)uyu, (6.4.2)
9" 0,90, =p+p (6.4.3)
2V(¢) =p—p. (6.4.4)
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Thus, if we start from a general matter Lagrangian of the form (6.3.4),
the energy-momentum tensor (6.3.5) can be rewritten as

T =

[fe(=g)upun — (fi(—=9) = f1(=9)) |9lgu]

(6.4.5)
[fe(=g)upw, — (Fi(=9) + £1(=9)) 19yu] -

_l’_

NIDB oI

In the case of General Relativity, where fi(—g) = fu(—g) = v/—g, the
EMT (6.2.16) reduces to

GR 2
_ 7T/W

7GR
"Vl

which, in flat space and in the matter rest frame, gives the well known
expression

= (:0 —|—p)uuu,, — P9uv (6'4'6)

T[,LV = dla’g(papapvp) (647)

47



7 Particles and matter in Transverse Theories

7.1 Particle behavior

Let’s examine the consequences of the hypothesis that the matter action
is invariant only under TDiff.
Let’ start from a Lagrangian of the form (6.3.4) with

V(g) = —i’¢. (7.1.1)
The equations of motion are given by
0 (fr(—9)g" 0,9) + fo(—g)*¢ = 0. (7.1.2)

If we take a WKB expansion of the field in terms of the eikonal [19]

e
é = Re [el<h0+w1+"'>] (7.1.3)
and define
m? = h?m? (7.1.4)
k. = 0,40 (7.1.5)
Pu = Ot (7.1.6)

then the dominant order (i.e. the geometrical optics approximation) in
formal power of h is O(h™2) and reads

fu(=9)k* = fo(—g)m® (7.1.7)

while the second order approximation (physical optics), of order A1,
yields

k-p= Oulfik?) (7.1.8)

2fv

The trajectories of the particles are geodesics only if f, = f,: from equa-
tion (7.1.7) we get

k* =m? (7.1.9)
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and since m is a constant parameter, deriving the former equation we
have

ke = kOVok, = 0. (7.1.10)
Hence only if fy = f, we can say that the passive gravitational mass

is the same as the inertial mass, so that the Weak Equivalence Principle is
satisfied.

7.2 Perfect fluid

For a matter Lagrangian

L = f(=9) | 50" 040006 — V(&) (7121)

the equations of motion are
Ou(fin(=9)9"" 0u®) + frm(=9)V'(#) = 0. (7.2.2)

Since for a generic vector A" [17]

DA =V, AM — A“a’iﬁ V_;g (7.2.3)

identifying A* = f,,,(—g)g"" 0, ¢, we can rewrite (7.2.2) as

V. VFo+ V' (¢) + ¢" 0,90, x =0 (7.2.4)

where

(7.2.5)

Now, indicating through a dot over a quantity its derivative in the di-
rection of u#

f=u'V,f, (7.2.6)
defining the optical expansion of the timelike congruence [20]

0=V, u, (7.2.7)
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multiplying by 0,¢ equation (7.2.4), and using the definitions (6.4.1), we
find [19]

1 L 1 .
JUa(p+D) +uab(p +p) + 5Valp = p) +uax(p +p) = 0. (7.2.8)
Taking into account that

1 1
Vap = V6V, Va6 = V/(6)Vab = Sua(p+ ) + italp + ) = 5Valp ).
(7.2.9)

we arrive to

Ua(p+P) + uab(p +p) + talp+p) = Vap +uaX(p+p) =0.  (7.2.10)

Since u,u® = 0, projecting along u® equation (7.2.10), we get
p+(p+p)(0+x)=0 (7.2.11)

which, for a fluid verifying the equation of state p = wp can be rewritten
as

p+(L+w)p(+ %) = 0. (7.2.12)

We notice that this continuity equation differs by the last term from the
one we find in General Relativity:

p+ (1+w)pbd=0. (7.2.13)

Since [20] 0 = 3%, in General Relativity the continuity equation (7.2.13),
which we can rewrite as

F; a
-=-3(1 - .2.14
C =31+, (7.2.14)

gives the well known behavior of pressureless matter (w = 0) and radia-

tion (w = 1)

pm ~a”> (7.2.15)
pr~a . (7.2.16)
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Instead in transverse theories the corresponding relationship is

p= <a13 . fﬁ)>m (7.2.17)

so that the redefined quantity
o = pellT@x (7.2.18)

verifies the same continuity equation (7.2.13) as in General Relativity.

On the other hand, the transverse equation obtained by projecting through
the transverse projector h*? = g®# — u®uP equation (7.2.10) reads

WP (p+p) = hVap (7.2.19)

which is exactly the same equation we find in General Relativity.
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8 Transverse Theories and experiments

8.1 Matter-graviton coupling for massive TDiff Lagrangian

Let us examine the special case where the gravitational Lagrangian is
TDiff-invariant with a massive term. As seen in section (4.1), only a mass
term 1
Zm%hQ
is allowed, while it must be m; = 0.

For a conserved energy-momentum tensor coupled to gravity in the form

(5.3.1):

1
Li = 50T + Ty (8.1.1)

as seen in section (5.5), in momentum space the interaction between two
different sources is given by (5.5.4):

A2 1 T—co . \°  AAcs T2
Ling = 2 (T3, 7" — Z|T* ) = | { A A !
! k2<’“”’ 2’ |> <2+ 2 1> TG Acgk? — m2
(8.1.2)
Let’s take as an example the linear matter Lagrangian (6.1.5):
I
Ly, = 577 au¢au¢ - V(¢)
1
+k<—ywa@@¢+fmwa@@¢—ﬁmvwv
whose EMT is (6.1.8):
]' «
T;W = 58u¢8u¢ - %nuun Baa¢aﬁ¢ + %nuuv(qb)' (813)

The coupling would be of the form (8.1.1) with \y = —k A2 = 0.
Unfortunately, if we take a general TDiff-invariant matter Lagrangian, as

seen in sections (6.1, 6.2) the EMT is not conserved, so that the interaction
Lagrangian should not be of the form (8.1.2) anymore.
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Anyway, for the case we are analyzing, we notice that a conserved tensor
can be defined as [16]

1 1-—
@/W = le - 57711” < 2H2 npaap(bao(b + (NS - 1)V(¢)> =

1 1 1
- §8u¢8u¢ - 577/,1,1/ (277paap¢00¢ - V((b)) . (814)

In the particular case that pus = 2uo—1 (which includes the Diff-invariant
matter Lagrangian), the EMT (8.1.3) can be written in terms of the new
one (8.1.4) and its trace:

H2

~1
Tyw = O + —5—1w® (8.1.5)

Hence, in terms of the new EMT, the coupling to gravity is of the form
(8.1.1) with

k
)\1 = —k?, )\2 == —5(;@ - 1) (816)

Now, the exchange of additional massive scalar degrees of freedom pro-
duces a Yukawa-like potential which is usually parameterized as [21]:

V(r) ~ % (1 + oze_’"/)‘> (8.1.7)

where the parameter « is the ratio between the scalar and the spin 2
couplings, while A gives the range of the interaction, or equivalently the
mass of the scalar exchanged. In our particular case

(A2 +1520)% 1 (p2 —c2)? 1

vty Ay 2 We2me) 2 8.1.8

“ Acz\? 6 4DAc; 6 (518)
A

A2 — 7023 (8.1.9)
my

We remember that, in order to avoid ghosts, one has to impose Acs < 0,
so that also m3 < 0.
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According to [21], there are important constraints on the strength of
hypothetical Yukawa interactions for wide ranges of A\. Through (8.1.8)
and (8.1.9) it is then possible to constrain the space of parameters of the
linearized theory.

We will use figures 4, 5 and 9 of [21], which show allowed and excluded
regions for o corresponding to the ranges (1072 + 10)m, (1072 = 1075)m
and (1075 + 107)m respectively.
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Figure 1: 95%-confidence-level constraints on inverse square law violating
Yukawa interactions with A > lcm.

Since we are just interested in general behaviors and not in accurate
results we will approximate the experimental curves by straight lines, so we
have experimentally allowed regions of the form

] < kX (8.1.10)

where k and a are extrapolated from the plots in [21].

There are however four parameters to play with, i.e. p2, m3, co and cs.
First, it is interesting to see the order of magnitude for the mass once we fix
the values of ¢y and c3. The result is plotted in Fig.4 [16].
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Figure 4: The shadowed region shows experimentally allowed regions for
|m2| in m~2 and pg for given values of ¢y and c3 expressed in terms of Acs
and in the range Inm < A < 1pym. For the dashed lines the shadowed region
has to be considered extended until the dashed lines.

It can be seen that greater values for the mass are favored, being the
lower bound around

|m3| ~ 5101 m™2 ~ 0,02 eVZ. (8.1.11)

Another possibility is to fix m3 and po and see in the plane (cg,c3)

how far from Diff-invariance we can move away, remembering that we have
always to take into account the restriction Acs < 0.
In the range Inm< A < 1um there is no hope of seeing an experimental curve
that appreciably deviates from the parabola Acs = 0, because of (8.1.9) and
the tiny value of A. Let’s then consider ranges for greater values of A\. Some
examples of resulting plots are given in Figs 5,6 and 7, where has always been
set ps = 0 since other values of uo simply shift the experimental allowed
curves along the parabola; but the qualitative results remain unchanged.
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8.2 Masses in Transverse theories

In physics we can distinguish three different concepts for what is com-
monly called “mass”, with three deeply different meanings:

e The inertial mass m; is an intrinsic property of a particle, indepen-
dent of the environment, which enters in all its interactions, like other
parameters (as may be the charge, the passive gravitational mass,...).
Classically, the inertial mass is the property that regulates the re-
sponse of a body to any applied force, and it’s determined by applying
a force to an object and measuring the acceleration that results from
that force.

e The passive gravitational mass m, is a kind of “charge” of the
gravitational interaction, i.e. the property that regulates the response
of a particle to an externally given gravitational field. It is determined
by dividing an object’s weight by its free-fall acceleration.

e The active gravitational mass m, is the source of gravity, i.e. the
property of a particle that regulates the “amount” of gravitational field
generated by the particle. The gravitational field can be measured by
allowing a small test object to freely fall and measuring its free-fall
acceleration.

As already seen in section (1.1), the WEP postulates the equivalence be-
tween the inertial and the passive gravitational mass, implying universality
of the acceleration of free fall. This is one of the best established experi-
mental facts in physics, with a relative precision of at least 10712, as quoted
in [22]. As seen in section (7.1), transverse theories with fx(|g]) = fu(|g])
verify the Weak Equivalence Principle.

On the other hand, the equality of the active gravitational mass to the
other two lies essentially on the third of Newton’s laws, that is momentum
conservation; in this case the experimental precision seems even better. It
has indeed been recently claimed [23] that the bounds on relative violations
of Newton’s third law are ~ 10713,

To be specific, what is bound to be small is the difference of the quotient
of the active and passive gravitational masses for distinct bodies (dubbed 1
and 2 in the following), that is

0n=|(0), (),

Inequality between active and passive gravitational masses is traduced in an
unbalanced force that accelerates the center of mass of the interacting pair:

<1071, (8.2.1)
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Fip = S(1,2)Gm},m§%. (8.2.2)
12

Let’s consider now what may be the active gravitational mass in Trans-
verse Theories.
As seen in section (6.4), in Transverse theories the active EMT is given by
(6.4.5):

T = 5 [fellgDwpuw — (frla) — fo(1g])) 1919pw]

+ 5 [frllgDupus — (fillg) + £o(19D) 1919] -

NIDB oI

If we define, as in General Relativity,

. 2
Ty = ——=Tp (8.2.3)

Vldl

we find
= fi(lgl)
T, =
1% P[ \/@

fi(lg])
vl

way — (fr(lgl) = f3(191) \/mg;w]
(8.2.4)

+p

waw — (fi(lgl) + £i(lgl) \/@gw/] :

If we want to write a scalar source of gravitation, in order to identify it
with the active gravitational mass, we can define [19]:

mg = T)ulu” (8.2.5)
so that, in the case of General Relativity,

mGR —[(p + P)uptly — p guw] wu” = p. (8.2.6)
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In TDiff theories the EMT is given by (8.2.4), so that the active gravi-
tational mass is given by

m. — Ji(lgl) R Y
a p[ ol (gD = fi(lah) \/EI

N (fk(!9!)+fu(\9!))\/@].

We can measure the relative difference between general relativistic and
transverse active masses through the quantity [19]

(8.2.7)
+p

f=—2 @ (8.2.8)
From (8.2.7) we get

5= 20D =19l prion — 1g) vIg]

fﬂ (8.2.9)
p k|9 / /
+ = — + fo .
o | Vol (Fe(gh + £10gD) Vgl
‘We notice that even in the non-relativistic cold limit where
N 2.
p 0 (8.2.10)
we have
fe(lgh) = Vgl
f= """ = 0. 8.2.11
NI = (gl = £5(1gD) Vgl # (8.2.11)
In the special case that fir = f, = fin, we have
fm(l9]) fm(l9]) /
o= + —2f , 8.2.12
ma= e | T Fr(gDV/1gl| p (8.2.12)
FmllgD) = VIl p  fm(lgh) — 291/
§ = 8.2.13
Y I (5219
5= f’”(’g’)‘_‘ Vgl (% - 0). (8.2.14)
g
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We thus must conclude that in any case, if we admit that in General
Relativity all three masses are equal, in the transverse models we are con-
sidering the active gravitational mass differs from the other two. This will
eventually lead to a violation (represented by the quantity d) of Newton’s
third law, that must be carefully tuned up in order for it to be compatible
with experiments.

Anyway, the constraint (8.2.1) implies only

61 — 0y < 10713 (8.2.15)

which does not constrain the observable § itself.

It is nevertheless true that, because of the dependence of § on the deter-
minant of the metric g, the ratio between m, and m, will depend on the
particular point in the spacetime. Since [19] we can identify the ratio be-
tween the active and passive gravitational mass with Newton’s constant G,
this will lead to a violation of the “constancy of constants”: that is, a vio-
lation of the SEP (see section (1.1)).

63



9 Transverse Theories and experiments: the PPN
formalism

9.1 The Newtonian approximation

In the solar system gravitation is weak enough for Newton’s theory of
gravity to adequately explain all but the most minute effects: to an accuracy
of about one part in 10, light rays travel on straight lines at constant speed,
and test bodies move according to

a=VU (9.1.1)

where a is the body’s acceleration and U is the Newtonian gravitational
potential produced by the rest-mass density pg: in “geometrized” units, in
which the speed of light and the gravitational constant as measured far from
the solar system are unity, U is given by

po(x',t) 5,
= L A 1.2
U(x,t) |x—x’|d x (9.1.2)
so that
V2U = —4mpy. (9.1.3)

The definition of “rest-mass density” is actually a bit misleading, since by pg
we mean a measure of the number density of baryons n, and nothing more;
it is defined as the product of n with some standard figure for the mass per
baryon (p) in some well defined standard state:

Po = No- (9.1.4)

From the standpoint of a metric theory of gravity, where the metric and
the equations of motion become the primary theoretical entities, Newtonian
physics may be viewed as a first order approximation in the expansion of
the metric: if we consider a test body momentarily at rest (dz’/dt = 0) in
a static external gravitational field, from the geodesic equation

d?zt dx® dzP
dr? +Tas dr dr =0 (6.1.5)
we get
2 . 1,
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Far from the Newtonian system we know that, in an appropriately chosen
coordinate system, the metric must reduce to the Minkowski metric:

G — N = diag(l, =1, -1, -1). (9.1.7)

Hence, in the presence of a very weak gravitational field, equation (9.1.6)
can yield Newtonian gravitation (i.e. eq. 9.1.1) only if

goo ~ 1 —2U, (9.1.8a)

g* ~ 57", (9.1.8b)

Anyway, the Newtonian limit no longer suffices when we begin to demand

accuracies greater then a part in 10°. For example, it cannot account for

Mercury’s additional perihelion shift of ~ 5- 1077 radians per orbit. Thus

we need a more accurate approximation to the metric g,,, that goes beyond
Newtonian theory: that is, the “Post-Newtonian” limit.

9.2 The Post-Newtonian limit

In the solar system, in geometrized units (where U is dimensionless), the
Newtonian gravitational potential U is nowhere larger than 1075 [1]:

U <1072, (9.2.1)
Planetary velocities are related to U by virial relations which yield
v? <UL (9.2.2)

The matter making up the Sun and planets is under pressure p, but this
pressure is generally smaller than the matter’s gravitational energy density
pU (p/p is ~ 107 in the Sun and ~ 107'Y in the Earth):

L <y (9.2.3)
PO
Other forms of energy in the solar system (compressional energy, radiation,
thermal energy,...) are small. We can define the specific energy density II,
that is the ratio of other kinds of energy densities to rest-mass density:

m=2"70, (9.2.4)
Po

In the solar system, IT ~ 1075 in the Sun and IT ~ 10~ in the Earth. Hence
we can say that

< U. (9.2.5)
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We can thus assume that the quantities above are all of the same “order
of smallness”, denoted by €, so that

Unmt?~n L 1075 ~ 2. (9.2.6)
Po

Moreover, since the time evolution of the solar system is governed by the
motion of its constituents, we have

0
which implies that
|0/0|
9/02] O(e). (9.2.8)

The “Post-Newtonian limit” is an expansion of the metric in a formal
power of series in €, up to one order beyond the Newtonian expansion.
In this post-Newtonian expansion, terms odd in € (i.e. terms whose total
number of v’s and (9/0t)’s is odd) like for instance

/ pO(X/7t)Uj(X/7t) de/ ~ % 3
R

’x,_x’ vV ~E€

change sign under time reversal (2 — —z), whereas terms even in € do not.
Time reversal also changes the sign of gg;, but leaves ggg and g;; unchanged.
Therefore, gg; must contain only terms odd in €, whereas ggg and g;z must
contain only even terms. Actually, this ceases to be the case when radiation
damping enters the picture, since time reversal converts outgoing waves into
ingoing waves. However, radiation damping does not come into play until
order € beyond Newtonian limit [24].

The Newtonian expansion, as seen in (9.1.8), is given by

goo = 1-2U (9.2.9&)
90i =0 (9.2.9b)
gik = —Ojk (9.2.9¢)

Hence, the post-Newtonian expansion is given by

goo =1 —2U + O(e*) (9.2.10a)
g0i = O(€?) (9.2.10b)
gir = =0k + O(€) (9.2.10c)
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How accurately does the post-Newtonian approximation agree with the
metric theory it comes from? The fractional error will be < €? in quantities
of post-Newtonian order and < ¢* in quantities od Newtonian order. For
instance, since almost everywhere in the solar system U < 1079, it misrepre-
sents the deflection of light by ~ 1076 x (post-Newtonian deflection) ~ 1076
seconds of arc, and it ignores relativistic deformations of the Earth’s orbit
of magnitude ~ 1072 x (1 a.u.) ~ 10cm.

9.3 Gravitational potentials

Each metric theory has its own post-Newtonian expansion of the met-

ric. Despite the great differences between metric theories themselves, their
post-Newtonian approximations are very similar; actually, so similar that
one can construct a single post-Newtonian theory of gravity, that contains
the post-Newtonian approximation of every conceivable metric theory as
a special case: the most general post-Newtonian metric can be found by
simply writing down metric terms composed of all possible post-Newtonian
functionals of matter variables (Gravitational potentials), each multiplied
by an arbitrary coefficient that may depend on the cosmological matching
conditions and on other constants, and adding these terms to the Minkowski
metric to obtain the physical metric. This all-inclusive post-Newtonian the-
ory is called the Parameterized Post-Newtonian Formalism (PPN
formalism).
Unfortunately, there is an infinite number of such gravitational potentials,
so that in order to obtain a formalism that is both useful and manageable,
we must impose some restrictions to the possible terms to be considered,
guided in part by a subjective notion of “reasonableness” and in part by ev-
idence obtained from known gravitation theories. Some of these restrictions
are obvious [1]:

e Only Newtonian and post-Newtonian terms are considered, with no
higher terms.

e The potentials should tend to zero as the distance |x — x/| between
the field point x and a typical point x’ inside the matter becomes
large. This will guarantee that the metric becomes asymptotically
Minkowskian.

e The coordinates are chosen so that the metric is dimensionless.

e In our coordinate system the spatial origin and initial moment of time
are completely arbitrary, so the metric should contain no explicit refer-
ence to these quantities. This is guaranteed using functionals in which
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the field point x always occurs in the combination x — x’ where x’ is a
point associated with the matter distribution, and making all time de-
pendence in the metric terms implicit via the evolution of the matter
variables and the possible cosmological matching parameters.

e The metric functionals should be generated by the quantities defined
above

£0, H7 D, Vi

and not by their gradients. This restriction is purely subjective, but
no reason has yet arisen to remove it.

e A final, extremely subjective constraint is that the gravitational po-
tentials should be “simple”.

We have to consider that, writing the metric as g,,, = 7, +Fkhy,, the metric
corrections hgp, ho; and h;; should transform under spatial rotations as a
scalar, vector and tensor respectively.

With these restrictions in mind, we can now write down the possible terms
that may appear in the post-Newtonian metric:

e h;; to O(e?): it must behave as a three-dimensional tensor under
spatial rotations. Thus the only terms that can appear are:

Ud;j (9.3.1)

/ _ Y. YA
Uij:/’%(x P)ile =25 g (9.3.2)

|x —x/|3

e hg; to O(e3): it must behave as a three-vector under spatial rotations.
Thus it can contain only the terms:

/.
V= [ P0% g3y (9.3.3)
x — x|
w, = [ o=@ = 2 s (9.3.4)
=X
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e hgo to O(e?): it must behave as a scalar under spatial rotations. The
only terms we shall consider are:

U? (9.3.5)

Dy = / PoPo(x —X) (‘x/ —xT_ xox > B’ dP2’ (9.3.6)

‘X—X”?’ X—X”| - |X’—X”‘

_ PV s,
b, = d .3.
1 |X _ X/| X (9 3 7)
p6U 3./
Py = d .3.
e (9.3.8)
pE)H/ 3 7
P53 = d .3.
; Ela (9.3.9)
D, E/ LA (9.3.10)
|x —x/|
! (<. _ /12
A= [V X=X s (9.3.11)
|x —x'|3
_ Po N
B = — - —d’x. 9.3.12
|x — x/| (x —x) dt v ( )

Now, defining the superpotential x as

xX(x,t) = — /p{)x —x/|d32 (9.3.13)

we can write down the following useful relationships valid to the post-
Newtonian order:
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&-ajx = —U(Sl'j + Uij (9.3.14a)

d0ix =V, — W; (9.3.14b)
dx=A+B—d (9.3.14c)
Vi = —0oU (9.3.14d)
Vixy = —2U (9.3.14e)
V(D + 2U? — 385) = 2(9;0;x)(9;0,U) (9.3.14f)
V2V, = —4mpou; (9.3.14g)
V20, = —4mpyv? (9.3.14h)
Vg = —dmpoU (9.3.14i)
V203 = —4mpoll (9.3.14j)
V20, = —4mp (9.3.14k)

where also the conservation of baryon number has been used:

68[;0 + V- (pov) =0. (9.3.15)
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9.4 The standard Post-Newtonian gauge

The general PPN metric, expanded through the gravitational potentials
defined in the previous section, can be restricted by making use of the arbi-
trariness of the coordinates choice.

If we want to to retain the post-Newtonian character of the metric g, that
through an infinitesimal gauge transformation changes to

Guv — Guv — v,ugz/ - Vu&u (9'4'1)

the functions £, have to satisfy the conditions [1]

e V& +V, €, have to be post-Newtonian functions, as the ones defined
in the previous section.

o V& (x) + V,&u(r) — 0 as |r| — 400, so that the metric is still
asymptotically Minkowskian.

o |EH|/|xH| — 0 as |zH| — +o0.
The only “simple” function that has these properties is the gradient of
the superpotential d,x(x). Thus, we choose

§o = Mdox (9.4.2a)
& = AaOix (9.4.2b)

and obtain, to post-Newtonian order,

gij(x) — gij(z") — 222005 (9.4.3a)
g0i(x) — goi(2") — (M + A2)0odix (9.4.3b)
g()o(x) — goo(l'/) — 2/\18(2))( + QAQF%)OaiX- (9.4.3C)

After some calculations and using (9.3.14), equations (9.4.3) yield [1]

9ij — gij + 2X2U045 — 2X0U; (9.4.4a)
goi — goi — (A1 + A2) (Vi — W) (9.4.4Db)
900 — goo — 2A1(A+ B — ®1) — 2X0(U? + Oy — 0y). (9.4.4c)
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Hence, by an appropriate choice of A\; and A2, we can eliminate certain
terms from the post-Newtonian metric. The Standard post-Newtonian gauge
that we will adopt is the gauge in which the spatial part is diagonal and
isotropic (that is, g;; contains no term U;;) and in which goo contains no
term B. There is no physical significance in this gauge choice, but is only a
matter of convenience.

In this gauge we’re thus left with only 10 gravitational potentials in the
post-Newtonian expansion of the metric, with 10 associated parameters.

9.5 PPN metric

Henceforth, we shall adopt the Will-Nordtvedt version of the PPN for-

malism, in which the PPN metric, expanded in €” (k:hgf,)) terms as in

(9.2.10), reads

k) = —oU (9.5.1)

kRS = 28U% + €0y — (27 + 2+ ag + (1 — 20)®,
=237 =28+ 1+ G+ &P —2(1 + (3)P3

~2(3y + 304 — 26)@4 + (G - 26)A (9.5.2)
@3 _ 1
1
+5 (14 a2 =G +20)W; (9.5.3)
khD = 24U, (9.5.4)

In the Will-Nordtvedt version the parameters have been chosen in such
a way that the parameters have special physical significance [1]:

e ~ measures how much space-curvature is produced by a unitary rest
mass. In GR v = 1.

e (3 measures how much “non-linearity” there is in the superposition law
for gravity. In GR g = 1.

e ¢ £ 0 is consequence of LPI violations. In GR £ = 0.

e a1, ag, ag measure LLI, that is, if there are preferred-frame effects.
In GR a1 = ag = a3 = 0.

e a3, (1, (2, (3, (4 measure violations in the conservation of the four-
momentum. In GR (=G = = =0.
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9.6 PPN Energy-momentum tensor

We shall consider a model in which the matter action is given by (6.2.1),
with

1
Lin = 59"0,60,6 =V (9) (9:6.1)

so that the action is

S = [ datalla) | 300,006 - V(0)]. (9:6.2)

The variation with respect to g yields the EMT; in this case, with the
definitions (6.4.1), it is given by (6.4.5) with fx = f, = fm, that is

T, = fm(2|g|) (0 + p)ugte = |gl (19D gy (9.6.3)

where, from the definition (9.2.4),

p = po(l+1I). (9.6.4)

In the matter rest-frame, considering that h = O(e?), the components of
the EMT to the post-Newtonian order are given by

Tos" = %m(l +I)po + (‘%’” — f!)p+ O(eh) (9.6.52)
T3F = O(€) (9.6.5b)
THE = f1,p6i; + O(e*). (9.6.5¢)

Since we want to work in the standard post-Newtonian gauge, we have
to change reference system. The transformation rules from the matter rest-
frame (coordinates denoted by w”) to the PPN frame (coordinates denoted
by dz®) are given in [24]:

dz® = A%WP (9.6.6)

with
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0_ 2 4
Ag=1+v"/2+U+O(c") (9.6.7a)

1 1
Ag =v; [1+ 0"+ (2+9)U| - gAIVj - iAgwj +0(°)  (9.6.7b)

2

Al =v;(140%/2+U) + O(e) (9.6.7¢)
: 1

A% =(1—=~U)dj + Uik + O(eh) (9.6.7d)

where A7 and Ay denote some particular combinations of the PPN param-
eters.

Anyway, since we need the transformation rules for covariant components,
we calculate the inverse tensor from the equation A4 A% = 6}, finding

Al =1402/2-U+0(h) (9.6.8)
. 1 1

AV = oy 1 D2 4 (142U | 4 LA + 800+ O(E)  (96.8D)

Al = —v;(1402/2+4U) + O(°) (9.6.8¢)

; 1
A;‘-” = (14+~U)dj + Vi Vk + O(eh). (9.6.8d)

Hence, applying the transformation

TN = AR ARTIY (9.6.9)

we obtain the components of the PPN energy-momentum tensor:

Too = %ﬂpo(l + 11+ 0% —2U) + (%’” — fr)p+ O(e") (9.6.10a)
To; = —‘%’"povj + O(€) (9.6.10Db)
T, = %’”poviuj + flpdi; + O(eh). (9.6.10c)

Expanding f(|g|) as
fmn(lgl) = fn(1) + kfra ()R + O(K?) (9.6.11)
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we can rewrite the expressions (9.6.10) expanded in terms of order " (7, l(ﬁ)):

70 = fmz(l)po (9.6.12a)
72 = 17’"2(1) [po(TT + v — 2U) + p] + "%2(1) [kh(2>p0 - Qp] (9.6.12b)
Ty} = —]%Q(Dpovj (9.6.12¢)
1@ = W s, 1 £, (1) (9.6.124)

9.7 PPN formalism and TDiff theories: linear approximation

For the gravitational sector, let’s take the most general massless quadratic
Lagrangian %-(2.3.6). Then the total action of the model we are considering
reads

1 1
S = / d'o [88uh””6“hw, — 2O OhY + %auhath = %auhaﬂh

#hll) (59 0,00.0 - V(o)) (071

where hy,, is defined by (2.1.19):

h,uu = k_l(gul/ - nuu) (972)

and the indexes are always raised and lowered by the flat Minkowski metric.

Since from (2.1.20) the inverse metric g"” at the lowest order is
g =0 — kh™ + O(k?) (9.7.3)

for the gravitational part we have

5L, r»

598 Shof

(9.7.4)
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The variation with respect to g®? then gives the equations of motion:

1 1
— Ot (0,0 hl5+0,05hs) = (M0 dh" +0aDsh)+ L1050k = KTap.
(9.7.5)
It
1
5 (9.7.6)

using the trace of the equation, we can substitute the term 9,,0,h*" and
rewrite (9.7.5) as

1 1 Co 203 — 2 — ¢y
=k (Tap— — 2 nsT (9.7.7)
- af 2(202 _ 1)77045 . .
We can now go to solve the equation at the lowest order.
9.7.1 00-component at the ¢ order
Using also (9.2.8) the equation reads
1v2h(2) + MV%L(?) —p(7©® _ 2 0 (9.7.8)
47 700 T 8(1 - 2¢9) 0 2(2cy — 1) o

Substituting the general PPN expansion of kh,, given by (9.5.1) and the
expression for the EMT to the desired order, we get

2

c% + cg — 2c3
2(2¢9 — 1)

— 1=
2(2c5 — 1)

(1— 37)} VU = k2 £,,(1) [1 — ] 00 (9.7.9)

where
k* = 8r (9.7.10)
because we are using geometrized units in which G = 1.
In passing we notice that when the whole theory is Diff-invariant

76



(c2 = c3 = fim(1) = 1), equation (9.7.9) gives the identity (9.1.3).
In the general TDiff-invariant case the possible solutions are

02(3fm(1) — 2) - Qfm(l) +1
2+ co — 2c3

1 2
_1. 2 9.7.11
T=3+3 ( )

or else

c% +c9g—2c3=0
(9.7.12)

S (1= 5p2) =1/2 = ful1) = 3255

with co # % because otherwise the system (9.7.12) would have no solu-
tion.

9.7.2 ij-components at the €2 order

The equation reads

Too,@ Lo o i@ | 5010y Cga 0 GHe—20c Co@)
4V hij +4(818,hj + 0,0;h;") 4826]h, + S(2cy 1) 6;;V°h'?) =
c

that, using (9.5.1) and (9.6.12), can be rewritten as

3+ co — 2c3

1 9 ©
VU FAOUF S (=300 U = e, )

(1 — 3’7)51‘jv2U ==

2

= e = 1)

65 fm (1) 0. (9.7.14)
The equation is equivalent to

T+ 5(1—=37)=0
, (9.7.15)
c5+ca—2c¢ c

%'7 + m(l - 37) = 2(2022_1)fm(1)'
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If we choose ¢3 + co — 2c3 # 0, using also (9.7.11), we get the system

_ 1,2 c2Bfm(1)=2)=2fm(1)+1
T=3 + 3 c2+ca—2c3
Y= 525 (9.7.16)

(36% —cg—6e3 +2)y = cg —c2(2fm(1) = 1) — 2¢3

which has no possible solutions.
Hence, the only possible solution is to impose the constraint

24 cy—2c3=0. (9.7.17)

The system (9.7.15) thus becomes

T+ F(1—=37)=0

(9.7.18)
1 C
37 = 2(202271) fm(l)
which yields
&)
= 7.1
¥ 30y — 2 (9.7.19)
262 -1
(1) = 9.7.20
1) = 222 (9.7.20)

Equation (9.7.20), which is exactly the same expression given by the
second equation of (9.7.12), is not a constraint on the parameters of the
theory, but only a consequence of our choice to use the geometrized units in
which G =1 [1]. There is no physical constraint implied.

Equation (9.7.19) gives the value of the first PPN parameter.
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On the other hand, if we want to choose c; = % (which until now has

been excluded by (9.7.6)), from equation (9.7.5), we get
v2n® (0002 1 0,0,02) + Looan? — Lo:0,n®
1V hij —z(kiijr kjm)Jrgijklm—gij
3 0
+ 05 VR = kT, (9.7.21)

Substituting the PPN expressions for h;; and T;; we get

3 c 1
— <4’}/ + 53(1 — 3’7)) 5Z-jV2U + <’7 + 1(1 — 3’7)) 816JU =0 (9.7.22)

which is equivalent to

T+ $A=3y)=0

(9.7.23)
v+ 3i1-3y)=0.
The system yields
3
e =3 (9.7.24)
v=-—1. (9.7.25)

The constraint on c3 means that if we want to analyze the case ¢y = %,
we are considering a WTDiff-invariant gravitational Lagrangian. Anyway, as
seen in section 6.1, a WTDiff-invariant Lagrangian imposes the constraints
(6.1.12) on the matter Lagrangian, which thanks to (6.3.8) mean that in
the matter Lagrangian fi(|g|) # fu(|g|). But this is not the case we are
analyzing in our model.

Hence, hereafter we will consider only theories with

203 = Cg + co

627&%.
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9.7.3 Oi-components at the ¢ order

The equation, using (9.7.17), is

1 1
ZVQhé?JrZ(808khf(2)+806ih8(2)+6kaih§(3))—%2606¢h(2) = kT, (9.7.26)

Inserting the general PPN expansion of the metric, the 1.h.s. reads

1 1
EL -4y +3+ar —as+ ¢ — 20V, + g(l + g — (4 26 VW

8
¥ 1 1
+ 5808,’[] - iaoaiU — §(4’y +34+a; —as+ (G — 25)(%8%
1
- é(l + oo — (1 + 28) 00 Wy, + 652(1 —37)000;U | . (9.7.27)

Using (9.3.14b), (9.3.14d) and (9.3.14¢) so that

(3082'(] = —%VQBO&»X = %V2<WZ - VZ) (9.7.28)
1
iV = —0,0,U = ivﬂ(vi — W) (9.7.29)
1
;0 Wy, = 0;0k Vi, — 000,V x = 900, U = §V2(Wi -V (9.7.30)

and substituting the expression for Téil ), the whole equation (9.7.26) be-
comes

1 « 1 «
§(4 + 71 — 2¢ + 6coy) V2V + §(4~y + ?1 + 2¢9 — 6epy) VW, =

— _47Tfm<1)p07)i- (9731)

The solution is given by
4y 4 G+ 2c2 — by =0

(9.7.32)
(44 % =205 + 6c27) = fin(1).
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Inserting the value for + given by (9.7.19), the system (9.7.32) yields

262—1
(1) = 9.7.33
O (0.7.33)
a; = 0. (9.7.34)

The relation involving f,,,(1) is the same found in (9.7.20) and (9.7.12),
while (9.7.34) gives the value of the second PPN parameter. This value
of oy is the expected one, since a value of the PPN parameter a; # 0 is
consequence of theories with preferred frame-system.

Summarizing, in the linear approximation of the TDiff theory described
by the action (9.7.1), we have found that the parameters of the theory have
to obey the constraint

203 = 3 + ¢y (9.7.35)

and the two PPN parameters

N 362 -2

5 (9.7.36)

ar = 0. (9.7.37)

To find the other PPN parameters, we need to write a Lagrangian that
contains cubic terms in h,,. That’s what we are going to do in the next
section.

81



9.8 PPN formalism and TDiff theories: non-linear case

We shall now consider a model in which the gravitational action is given
by (2.5.1). Hence the total action is

5= [ate| (=5 ) (AlsbR-+ £lahg0,90.0)

“hlal) (500000 - V) ). (98.1)

In General Relativity we would have

£illgl) = fn(g) = Vgl (9.8.2)
fa(lg]) = 0. (9.8.3)

9.8.1 Cubic Lagrangian

We are going now to expand the Lagrangian in (9.8.1) up to cubic terms
in hy,, using expressions (2.1.19) and (2.1.20) to expand the metric, and
raising and lowering the indexes through the flat Minkowski metric.

We have also to expand the determinant of the metric as

g~ —1—kh+Eh (9.8.4)

where
h =n""hy, (9.8.5)

h =hiy + his + h3s — hi; — hiy — hs
+ hoo(h11 + hoo + hss) — hithaa — hi1hgs — hashss. (9.8.6)

Thus a generic function f(|g|) can be expanded as

Fgl) = F(~g) = F(1 -+ kh— K2R)
/ 2 1 /] 2 / T
= FO W (G0 - FWR). 8)
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Hence, the expansion of the gravitational Lagrangian

L= (572 ) (Ailab R + allalg0,00.0) (9.85)

to the deisred order and without total derivatives, is

Ly~ QM0 B — L Fr (DA + 3 F{ (D00,
1 1
-3 (411(1) +4f2(1) — f1(1)) Ouhd*h + k —Zfl(l)h“”aphgaphw

L 224 4 P 1 214 pPo 1 214 pPo
— Zfl(l)h Ophy, Oshly, — gfl(l)h Ouh’? 0y hpo + §f1(1)h Ouhup0sh

1 nv 1% [ea 1 / nv 14 1 / vp w
+ ifl(l)h Opht,0hy, — §f1(1)h Ouht0,h — Zfl(l)hﬁuh O,hl,

1 1
+ gf{(l)hauhaﬁa‘uhaﬂ + Z (2f{(1) - fl(l)) hlwaph,u,uaph

1 ) 1 ,
= AW O+ 2 (A7) +402(1) = F1(1) B 9uhd,h

ORI Bh — £ (A1) + 4F50) — (1) hohovn

— %f{(l)@uh“”&,ﬁ +% (f1(1) +2f2(1)) 0,ho"h| . (9.8.9)

Dividing by fi(1) in order to normalize the Lagrangian in such a way to
have correspondence with (2.3.6), we can redefine

Nlgl) =
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identify

o = 2f1(1) (9.8.11a)

c3 = 4f1(1) +4f2(1) — 1 (9.8.11Db)
and define

cy = —4f](1) (9.8.11c)

cs = 4f5(1) (9.8.11d)

so that (9.8.9) becomes

1 1
Ly %5 0uh" 9 has = 0,1 b + %aﬂhwayh = %(‘Lh@“h
1 1 1
k| = h O g — h OO, = S Ok D,y

1 1
1Dl Ogh + SO Deh — %h“”@uhﬁaph - %haﬂhwaﬁhﬁ;

C2

€2 « —1 v €2
+ 15 10uh Bt hap + W Ophyw @b — S Dokl 0, h

2eq — 2

+ B g o h — L hono,h + 2T 200 v

8 8 16
5 _ 1 5
20,000, + BT g horh| . (9.8.12)
In General Relativity

Cy = C3 = C4 = 1 (9.8.13&)
¢ = 0. (9.8.13b)

84



9.8.2 Equations of motion

The variation with respect to h®? of the whole gravitational Lagrangian
(9.8.12) yields

5Lg . 1 1 1 u (&) v C3
5h046 = — ZD}LQB + 1(6M8ahﬂ + 8u85ha) - Z(ﬁaﬁ@,ﬁyh + 8a85h) + Z?]aﬁljh

1 1 1
ok | 5 Opuhay @l = LOMEONG + 4 (Ouhuadph™ + Ohypdaht)

1 1 1
— 50al" Oghy + S0 Oyhag — § (BalupB " + Dhiuauh™)

1
— £ Dah Dby + sl Duha) + 2 (Oahlsduh + O5hhDh) — Z0,hasd

c3 + ¢y 3co — 4

+ Dohh + %naﬁauwayhg = s O
24 — 2
+ %naﬂauhwaphg - %nagaﬂh“”&,h - mf—é%ﬁaﬁ‘?ﬂhauh

1 1 1

5 (DR + TR + 7 (huaduOsh™ + by, 0ahi™) + 11,0, has
1 w v 13 v 1 y7% nv

— 7 (Wa0u0LbS + WEO.D,1, ) = 5 (W 0uBahus + W OuDshua)

1 v v C2 C2
— 5 (Hh0s0. b, + W50u0, b, ) + T (hhD,Dsh + W30, 0uh) — 2 hOhag

Cy —

1
+ %(hauaahg + hd,dpht) — hapOh + %haaaﬁh + %naah“”auf%hﬁ

62—1

2c4 — 2
- Negh!™ Ol — %nagh“”o“’u&,h + %naghauath - Wf‘*%aﬁhmh
C2 ~ c3—co+1 ~ C2 (ﬁl cg—co+1 5iL
4 _ - O - He O .
+ 20,05k~ B2 00+ 2 20,00 1
(9.8.14)
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On the other hand, the variation with respect to h®? of the matter
Lagrangian yields

OLm 0Ly 6"

ShaB — ogHv ShaB

T (-/«5555 + RS54 + 5gh;)) -

— —kTag + K (Tohlh + Tpuhls) (9.8.15)

Hence the equations of motion are:

- mhaﬂ +2 (a Dahty + 0,051L2) — (1000 h" + 0aDsh) + %naﬁmh

4
1 11V 1 v 2 1 v uv 1 v
k Zauhwa hj — Zauhaf)yhﬁ + 1(8uhyac‘)5h + 0phyg0a W) — gE)Oéh Oghuw

1 1 1
50" yhap = 7 Dalysd i + Oshyad W) = < (Bah™ by + D5l Ouhya)

03+C4

+ 2 (@uh50uh + Dshhiduh) — ZOuhasdh + 0uhsh + L1050, O,
3cg —4 v ap o

- 16 ﬂaﬁa hH" 0 huu + 7]&58 h* 8 h ﬂaga h* 8 h

_ et 20— 26

o Map0uhdh + (hWDh“ + g Rt + (hwa,,aﬁhﬂ” + P30, 00 h™)

1 1 1
+ L udohas — (nh0uONE + W50,0,1% ) — © (0 0,0ahus + HD,03hy0)

1 v v (&) C2
— 5 (Ra0s0, b}, + Wi0aDLN, ) + T (W0, 05h + W50, Dah) = S hOhas

-1
+ %(h@lﬁahg + hd,0htt) — 2 T hasOh + %haaaﬁh + %naﬁh"”ﬁu%hﬁ

co—1 c c co + 2¢4 — 2c;5

- Nagh!” Ohy,, — anaﬂhwauauh + gﬁaﬁhauauhw - 3 NaphCh
cQ+1 ¢y Oh cs—ca+1 6h
2 9aOgh — =— 21— s0h 0,0, hH — 0
+ 5 1 BNt ShoB 1 ghas R

— KT — K2 (Tauhly + Tpuhlh) - (9.8.16)



Using the trace of the equation and the constraint (9.7.17) to eliminate
the terms naga O, and n,g0h, we get the new equations of motion:

1 Cc2 1 v 1 v
70has + 5 (8 Oully + 0u05hts) — L0uDsh + b | Ophrar N5 — O NEDM

—_

1
+ ~(Ouhvadsh™ + Ouhys0ah™) — fa W Oshya = 7 Dals ™ + Dghyad, i)

,p

1 1
+ 30uh Quhas —

1 Qal? Ohys + D5 Ouh) + %(@ahgauh + Dghtd,h)

c% 4+ co + 2¢4

-
L0, hsh + N

&
— 29,hagd"h
ulapd i+ 8(2c; — 1)

8

—c3+c3+2c+2(2—co)eyg — 4
32(262 - 1)

O 3D hd"h + ~ (hmmhuh 50RM)
1 1% uv 1 uv 1 m v I v
£ (huaduO5h" + hyus0,0ah™) + W00, has = (nhouONE + 150,017

1 v v 1 14 v
— 5 (W 0 Dahys + W7 0, D5ha) = (nh0s0Lhs, + W00,

g —1

+ 2 (10 0sh + WiDuDah) = ShOhas + = (hD,Daly + hD,05h4) — sl

Cq4 (&)
0,05k + —— 2 g 0,0,k — ————naght Ohy,
g 10a0sh gy et Oulphy = iy s Bl

2

ch u c2+04

— 2 k0,0 h — —2
8(2c, — 1) 1A On 8(2¢5 — 1)

3¢2 + (4 — ca)ey — 4es
16(2¢; — 1)

Togh®udy W™ + HlaghOh

CQ (S}N‘L —CQ+2 (WNZ C9 ~ Cy —
HY O — —
T 508 Oudl” e 5pap Ot - Oadsh

_=2 i
8(202 — 1)7701,6’

2 7 2 7
G Sh a  c2(cg—c2+2) oh
82y — 1) ohwe 1 MesOnOT 4 e e Ty e

77’)0 TNap u h]

€2 2 12 €2 v
=k | Toup — =—NapT | — k* | Tophls + T,ht — ———napTwh” | .
(20 sy ) = (T o 2
(9.8.17)



9.8.3 00-component at the ¢* order

The 00-component of equation (9.8.17) at the desired order is

1—62
4

1 1
OBhia + 7V2hig — 3000t + Lo

(23

c% + Teg — 26¢9 + 2c9¢q4 — 4eq + 4es + 16 2)) 2
ij (8ih00 )

1o @4 ,0
+k [+482h 9;hys) + (20, 1)

cy— 2 <6lh§?)>2 n C% — C% — 209 — 4cy + 4es + 2c9c4 <8Zhl(j€)>2

8(2¢ — 1) 32(2c2 — 1)
3 2
G+ 33 —dea+ 204 —Aeg F4es o (2) 5 (2)
16(2co — 1) Oif; Do
9c2 — 30co — (4 — c2)eq + 4es + 16 (2) o2, (2) 3 —4cy + 2 (2) 2
h hyg — —————h,; 0;0;h
+ 16(2c5 — 1) 00 Y hgg 8(2co — 1) ¥ 9;0; 00
2
c5 —2cp — (4 —ca)es +4c5, (2) 00, (2) 2 (2) (2)
_ hi? hoy — —————h:" 0;0 b
16(202 — 1) i1 \Y 00 4(202 . 1) 1] aak ik
50% —12c5 — (4 —ca)ea +4es +4, (2) o9, (2) 1 (2) =27 (2)
_ h, s —h: he
16(262 — 1) 00 Vv i + 4(262 o 1) 1) v 1)
LB L @pap®  BFe o0 Gta @0,
8(2cy — 1) 4 THITRR - 8(2¢y — 1) 00 I T §(2¢y — 1) KR T

=\ (2)
33+ (4 —ca)eq —4es hgf)v%ﬁ) n 3¢5 — 5¢3 +8cy — 4 ( oh ) 2 (hé%) hz(?))

16(2co — 1) 16(2co — 1) Shoo a

~ N\ (2 =\ (2
c2 (362 — 2) 6h o 1(2) C% oh a2
T 820 = 1) (5h00 Q0+ Staey —1) \ohay | O 90135

=\ ()
ca(c3 —c2+2) [ Sh o2 (1@ @ 272 G| —
* 16(2c2 — 1)\ 0hy; % V (hOO hk’f) + 8(2¢y — 1)v =

. (2) C2 (2) o (32— 2.0), (2
= Ty — —=T — T . 8.1
k ( 00 2(262 . 1) ) k <2CQ 1 00 hU (9 8 8)



From (9.8.6) we have that

s\ @)
2
— pr— .. . -1
( 5h00> hi: (9.8.19a)
5\ @
) 6 =38 —2n{? (9.8.19b)
5}7@] K

VIRG = (WG + b V2R + 20;hadih(y))
— (92 + 1R + 20,0110,08))
— (hPV2E + AV + 20,1005 )

- (h%)VZh%) + h%)Vth%) + 28jh338jh;22)> . (9.8.19¢)
Moreover, from (9.3.14d), (9.3.14b) and (9.3.14e) we have that
D00, V; = —0RU (9.8.20a)

DoO;W; = 0003 Vi — 02V%x = 03U. (9.8.20b)

Hence, using (9.8.19), inserting the general PPN expansion for the met-
ric (9.5.1) and for the EMT (9.6.12), and using the relations (9.8.20), the
equations of motion (9.8.18) read
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C2

—1 1 1
5 ORU + iv%w — 127 F2+az+G - 26)V2P; — S+ (3) V2 Dy

—SBY =24 1 G VB — (358G — 26)V2Bs + (G~ 26)VA
1

1
+BUV2U+B(6iU)2+4(47+3+a1foz2+§1725)6§U71(1+a2*C1+2£)8§U

3co 6 + 3+ Tc3 — 26¢o + 2cacy — 4y + 4es + 16

- 0;U)?
2 8(2co — 1) (9:U)
3¢ +9¢2 — 32 6cacy — 12 12 28
9 96 ¢ + 6cacy ca+ 12¢5 + (O
4(2¢5 — 1)
9<C§ - C% — 6co —4cy + 4es + 2c9c4 + 8) 9 9
oU
" 8(2c; — 1) 7 (GU)
N 3¢5 + 63 — 24co — (4 — c2)eq + 4es + 16 S
4(262 — 1)
3¢5 + 8¢5 — 28¢y + 3epcy — 1ley + 12¢5 4 26 UV
2(2¢5 — 1)
~9¢3 — 18¢3 + 64cy — 9eaey + 30cy — 36c5 — 72 UV —

4(262 — 1)

=57 | o I+ g2 = (1) = (1= 39) 1) 0

+%fm(1)p002 + <4(326§2__21)fm(1) + 2021_1f7’n(1)> p] . (9.8.21)
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Inserting in the equation the values found for v (9.7.19), oy (9.7.34) and
fm (1) (9.7.20), the solution is given by

(V2P =0
(C1—25)V?A=0

(g — ¢ +26)RU =0

(43255 + as + G - 2¢) V20, = —167 2] po?

(1 + (3)V2<I>3 = —4mpoll

(st +36—26) Vs = 16w (3 + 545 p
[2(262 —1)(3c2 — 2)?8 — 35¢3 + 65¢3 — 46¢2 + 16 + 2c4(ca — 2) + 465} B:U)* =0
2 [35&2‘ 65 + 46cs — 16 — 2c4(ca — 2) — des — (22 — 1) (32 — 2)25} UvV2U

+(2c2 —1)(3ca —2)2(3y =28+ 1+ (G + 6 V2Dy =
— 87 (3cy — 2)2 (202 14 2f7’n(1)>p0U.

\

(9.8.22)

The system (9.8.22) yields

=3 =0=3=(=0
_ 2 fm(1) _ 2 Ly 1
©2=3.9 <2fm(1) _1) _2<2@1 m(1) 3cQ2>

G = 3(3c2~2— 2) (2}28 - 1) - ; <2022— /(- 3621‘ 2>

_35¢3 — 65¢3 + 46cp — 16 — 2¢4(co — 2) — 4cs
N 2(2c — 1)(3cy — 2)2 '

B
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9.9 Summary and comparison with experiments

Using together the results found in sections (9.7) and (9.8), with the
definitions (9.8.10) and (9.8.11), we can summarize the values of the PPN
parameters that have been found for the general TDiff action (9.8.1):

ar=a=a3=q=G=§= (9.9.1)
2, 1
(o =2 <262 — (1) - S0 2) (9.9.2)
2 2, 1
“=3 (2(;2 —/m(D) - 3¢y — 2) (9:93)
— €2
v = Cy— (9.9.4)

 35¢3 — 65¢3 + 46cy — 16 — 2c4(c2 — 2) — 4cs

B 2(262 - 1)(362 - 2)2

(9.9.5)

As expected, since TDiff theories do not predict preferred-location ef-

fects, we find £ = 0; and since also preferred-frame effects are not predicted,
we find a1 = ag = ag = 0.
On the other hand, the non-conservation of the EMT has already been stud-
ied in chapter (6), so that we expected to find values of the { parameters
different from zero, which characterize non-conservative theories (with vio-
lations of the conservation of the total momentum).

We notice that in the special Diff-invariant case (General Relativity), i.e.
when

C; — 0
LD =4,
the PPN parameters reduce to the expected values:
ap=am=a3=0=0=3=u=§{=0 (9.9.6a)
B=vy=1 (9.9.6b)



There are strong experimental bounds on the values of the PPN param-
eters. Today’s measured values of the PPN parameters are [25]:

ly—1]<2,3-107° (9.9.7a)
B—-1]<2,3-107* (9.9.7b)
€] < 1073 (9.9.7¢)
lag] <1074 (9.9.7d)
lag| < 4-1077 (9.9.7¢)
laz| < 4-107% (9.9.7f)
¢ <2-1072 (9.9.7g)
G| <4-107° (9.9.7h)
Gs] < 1077 (9.9.71)
Let’s first define the following quantities:
Ag=cy—1 (9.9.8a)
Ag=cy—1 (9.9.8D)
Ap=2f.(1)— 1. (9.9.8¢)

Since « is an injective function of ¢y (actually it is an hyperbole), the
experimental value of 4 does not leave much freedom to the parameter of
the theory co: we can expand the expression for v in terms of the small
quantity Ag as

vl — 20, (9.9.9)
so that (9.9.7a) gives the limit

|Ag| < 107°. (9.9.10)

Hence, we can set co = 1 in the other PPN parameters, so that

G ~2Af (9.9.11a)
2

G~ SAf (9.9.11b)

Bal+ Ay — 2. (9.9.11¢)
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Figure 8: Value of v in function of ¢z plotted with contiuous line.

The experimental values (9.9.7h) and (9.9.7b) give the bounds

|A,] <2-107° (9.9.12a)
|Ay — 2¢5] < 2,3-107%. (9.9.12b)

Using the definitions (9.8.11) for the ¢; parameters and (9.9.8) , the ex-
perimental bounds (9.9.10) and (9.9.12) can also be rewritten as

12f1(1) = 1| < 107° (9.9.13a)

127 (1) =1 <2-107° (9.9.13b)
1

T(1) +2£5(1) + 1| <58 1077, (9.9.13c)
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We have to impose the constraint (9.7.17):
203 = 3+ ¢ (9.9.14)

which looks like an integrability condition. This constraint, together with
(2.4.19), yields

or c>1. (9.9.15)

N |

This means that the observational bound (9.9.10) is actually

co—1<1075. (9.9.16)

The measures of the PPN parameters impose strict bounds on the pa-
rameters of the theory co and f/ (1), but not on the single parameters ¢y
and cs; only the combination ¢4 — 2¢5 is constrained by experiments.

95



10 Conclusions

In this work we have investigated a natural scenario to study deviations

from General Relativity, in order to give possible answers to the problems
arising from Einstein’s theory. Anyway, almost only classical effects have
been investigated, since these are the most easily verifiable ones; it has not
been verified if TDiff theories could be consistent renormalizable theories for
quantum gravity.
Since consistent propagation of a massless spin-2 graviton requires less sym-
metry than that imposed in General Relativity, the straightforward path
has been to consider a theory whose gauge-group is only TDiff, which leaves
us much more freedom to write the possible actions. This is the smallest
symmetry needed for the theory not to have classical instabilities, provided
that the parameters of the linearized theory satisfy the condition

2c3 < 3¢5 — 2¢o + 1.

Consistency requires that both the gravitational and the matter sectors have
to be whether Diff-invariant or TDiff-invariant, unless we impose the ex-
tremely strong integrability conditions L,, = 0 or R = 0. If we consider the
TDiff-invariant case, the freedom we have to play with in the matter sector
allows to give some theoretical solutions to direct Cosmological Constant
problem.

Probably one of the greatest differences from Diff-invariant theories is the
non-conservation of the source of gravity, that is, of the “active” energy-
momentum tensor. This will eventually lead to violations of the conservation
of the total momentum, of the equality between active and passive gravita-
tional masses, and of the Strong Equivalence Principle; hence, experiments
leave small room for deviations from General Relativity.

Other confrontations with experimental observations are given by the tests
on the violation of the inverse-square-law, since the coupling of TDiff-invariant
gravity to the matter predicts the propagation of an additional scalar degree
of freedom, which modifies the standard spin-2 graviton interaction.

Finally, we have calculated the PPN expansion of the metric for some
general TDiff theories (i.e. those which verify fi(|g|) = f»(]g]) in the matter
Lagrangian), since the PPN formalism is one of the most efficient tools to
compare gravitational theories with experiments. In this part we have found
an integrability condition on the parameters of the theory:

2c3 = 3 + ca.
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Moreover, the results and the confrontation with the measured PPN param-
eters pose some strict but not absolute bounds on the possible violations of
Diff-invariance.

Concluding, we can say that no strong theoretical arguments have risen
to exclude TDiff-invariance from being the fundamental symmetry of na-
ture, although experiments show that the violations of Diff-invariance have
to be small. Anyway, some freedom seems to be left, since for instance the
terms f1'(1) and f4(1) of the theory are not strictly bounded by observations
(only the combination f{(1) + 2f5(1) is bounded).

Moreover, not all possible TDiff-invariant Lagrangians have been taken into
account in calculating the PPN parameters: for example, the case with
fx(lg]) # fu(lg|) in the matter Lagrangian, which includes WTDiff-invariant
Lagrangians, have still to be considered. Such Lagrangians could better
solve the direct Cosmological Constant problem (since the kinetic energy
could have the same weight as in General Relativity) even if, in this case,
test bodies seem not to follow geodesic trajectories.

Besides, the quantum behavior of Transverse Gravity should be better in-
vestigated.
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