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Abstract

In order to detect gravitational waves (GW), the displacement of the test masses
has to be reduced to the challenging level of 107'® m/v/Hz. For second genera-
tion detectors like Advanced LIGO the requirements are even more compelling.
Since the seismic noise is the dominant low frequency noise source for terrestrial
GW detectors, the performance and reliability of seismic attenuation systems
play a critical role.

This thesis analyzes the mechanical modeling and simulation of seismic at-
tenuators for GW interferometers. The first part of our study concentrated on
HAM-SAS, a single-stage passive mechanical isolator, proposed by the California
Institute of Technology SAS group, that is designed to support the Advanced
LIGO HAM vacuum chambers. Several analytical and numerical simulation
techniques have been used in order to determine the performance, reliability
and controllability of the system and to obtain a set of linear models that can
be used for the active control of the attenuator. The second part of this work is
dedicated to the pre-isolator stage of Virgo suspensions. We obtained a set of
state-space representations of Virgo inverted pendulum using system identifica-
tion techniques and we developed a Kalman filter, based on the linear models,
that is able to estimate independently every resonance mode of the pre-isolator
from open loop data.

Here we summarize the contents of each chapter. In chapter 1 we give an
overview of gravitational wave sources. In chapter 2 we discuss the noise sources
affecting GW interferometers. Chapter 3 describes LIGO and Virgo detectors,
giving special attentions to the different strategies used for seismic attenuation.
In chapter 4 we provide a description of HAM-SAS and we discuss the test
and measurements results of its prototype. In chapter 5 we developed a series
of analytical models in order to evaluate HAM-SAS performance and compare
it to the AdLIGO seismic noise requirements. In chapter 6 we study a set of
non-linear numerical models of HAM-SAS developed with MBDyn simulation
software. In chapter 7 we apply a recently developed linearization technique in
order to extract state-space representations from the numerical models. Finally
in chapter 8 we describe the linear models and the Kalman filter developed for
Virgo inverted pendulum.
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Introduction



Chapter 1

Gravitational Waves

1.1 Gravitational Waves

1.1.1 Theoretical origin

In special relativity, the space-time interval between two events [1] is:
ds® = 2dt* — da? — dy® — d2? (1.1)

This expression can also be written using tensorial notation as

ds® =y, drtdz” (1.2)
1 0 0 0
0 -1 0 0

where 7, = is the Minkowski metric. In general rela-

0 0 -1 0
0 o 0 -1
tivity space is not necessarily flat, so the definition of interval becomes:

ds® = g, datdz” (1.3)

where g, is no longer a constant tensor. If the curvature is small, we can write
a linear approximation of the metric as:

Juv = Ny + h;ux (14)

where all h,, tensor elements are much smaller than 1.
The quantity that describes the space-time curvature in every reference
frame is a 4" order tensor, called Riemann tensor, given by
Ry, = 0,0, — 0,1, + 1, T, —Th, T (1.5)

ap— Vvo xocT vp
where I') | are the Christoffel symbols, functions of the metric tensor:

1
Fﬁp = §gua (apgau + augap - aagup) (16)

The Riemann tensor contraction is a 2" order tensor, called Ricci tensor, given
by
Ry = 6" Rppov = 0,1, — 0,10, + 17,17, —17,,I'D (1.7)

pvs po prvo

7
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The equation that describes the gravitational field in general relativity, called
Einstein field equation, is

G 1
Ry = CT(T/W - §9uuT,\A) (1.8)

where T}, is the stress-energy tensor, the quantity that describes the density
and flux of energy and momentum in spacetime. Using (1.4), we can expand at
first order both the Ricci tensor and the Christoffel symbols obtaining

Ry ~ 0,13, — O\, + o(h?) (1.9)
and

1
I, ~ in*p(auhpu + Oyhpp — Ophyw) + o(h?) (1.10)

In order to simplify the calculations even further, we have to introduce a par-
ticular condition on the coordinate system, called harmonic gauge, given by

g"'Iry, =0 (1.11)
Using (1.10), this expression can be approximated at the first order as
1
ouhl, = §8uh‘,j (1.12)

Therefore, using (1.9) and (1.12), the Einstein equation, linearized in h, be-
comes:

167G 1
Uh = T(TMV - ig;wT)f\) (1'13)
. 190, .
where we have introduced the O = 292 V< operator. The solution set

is given by the sum of a particular solution of (1.13) and the solutions of the
associated homogeneous equation. These last solutions are just a superposition
of plane waves propagating with speed ¢, given by

Ry () = e, exp(ikaz™) + € exp(—ikyz™) (1.14)

where k) is the 4-wave vector and e, is a symmetric matrix, called polarization
tensor. Using (1.12) condition, it’s possible to eliminate 4 of 10 independent
components of e,,,. Introducing another condition on the coordinate system,
called transverse-traceless gauge (TT-gauge), the polarization tensor becomes

0 0 0 O

0 a b O
ew=| 0 b a0 (1.15)

00 0 O

Therefore e, can be written as a sum of two tensors

ey = ale4)uw + b(ex) (1.16)
00 0 O 0 0 00
01 0 O 0 010
where (e4), = 00 -1 0 and (ex ) = 010 0
00 0 O 00 00
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Figure 1.1: Effects of the two different polarization directions of a gravitational
wave on a set of freely falling masses arranged on a circumference.

The matrices (e )., and (ex ), are the only physical degrees of freedom of
gravitational waves and represents the two orthogonal polarization directions
of a gravitational wave propagating along the 2z axis. In fig. 1.1 is shown the
interaction of the components with a set of freely falling masses arranged on
a circumference. The (ey),, component lengthens the distances along & and
simultaneously shrinks them along §. The effect of (ex),, is the same but the
principal axes are rotated by 45 degrees.

1.1.2 Quadrupole radiation

The formal analogy between Newton’s law of gravitation and Coulomb’s law
suggests the possibility to expand gravitational radiation, as we do in electro-
dynamics, using multipole moments. We can, for example, define a gravitational
dipole moment as [2]:

dg :/de (r)r (1.17)

where p (r) is the mass density of the source and r is the distance from the origin.
However the equivalence between inertial mass and gravitational mass requires
the respect of classical mechanics conservation laws. Since dg represents the
momentum, quantity that remains constant in a isolated system, no radiation
can be associated to this distribution moment.

The first term able to generate gravitational waves is the quadrupole mo-
ment. In the typical case, where motions within the source can be considered
slow compared with the speed of light, it can be written as:

I, = /dV (xux,, - ;(5,“,7“2) p(r) (1.18)

The field associated to this component results

2G -

h/Ly = @I/w (]-].9)



CHAPTER 1. GRAVITATIONAL WAVES 10

In order to have a preliminary estimate of h, we are going to use these
relations in the case of a binary star, one of the most common gravitational
wave sources. We consider the motion circular with radius 7o and frequency
forb- We also assume the same mass M for both objects. Applying (1.18) e
(1.19) we get

32m2@
hyy = —hyy = WMTS 1208 [2 (27 forp) 1] (1.20)
—3272@ .
Py = hyw = WMrg 2 L sin [2 (27 fors) t] (1.21)

Since the amplitude of a gravitational wave is an adimensional quantity and
2 = —
orb T 16m2rg’

mate expression:

it’s possible to reorder (1.20) and (1.21), obtaining an approxi-

Ts1Tso

hr\/
|‘ ’I“QR

(1.22)

where 7y, =15, = are the Schwarzschild radii of the two stars. Using

2

c
typical experimental values for a binary system constituted by neutron stars
(M ~ 1.4Mg, forp ~ 400 Hz, r0—20 Km), located in the galaxy cluster closest

to the Earth (Virgo, R ~ 15 Mpc), we obtain
|h| ~1-1072 (1.23)

The lost energy due to gravitational wave emission has been measured for
the first time in the case of the binary pulsar PSR1913+16. The orbital pe-
riod of this system (fig. 1.2), discovered in 1974 by R.Hulse and J.Taylor [3],
have been constantly decreasing over the years, falling by almost 40 seconds
between 1974 and 2003. This effect, measured also in other systems [4, 5], can
be explained only with gravitational radiation emission and represents the only
indirect evidence of its existence. The general relativity predictions of the or-
bital decay are very accurate and have been recently estimated to be consistent
at (0.13 £ 0.21)% level [6].

1.2 Astrophysical Sources

Depending on their emitted wave forms, the sources of gravitational waves can
be classified in three categories:

e Periodic sources: coalescing binaries, spinning neutron stars (pulsars)
e Impulsive sources: supernovae, gamma ray bursts

e Stochastic sources: cosmological background, white dwarf binaries

1.2.1 Coalescing binaries

Coalescing binaries are binary systems constituted by very compact objects, as
neutron stars or black holes, that lose energy emitting gravitational radiation.
Their orbital period constantly decreases and, after a time 7., called coalescing
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Figure 1.2: Orbital decay of PSR B1913+16 [6]. The data points indicate the
observed change in the epoch of periastron with date while the curve shows
the theoretically expected change in epoch for a system emitting gravitational
radiation, according to general relativity.
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NS/NS, r=10 Mpc BH/NS, r=10 Mpc
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Figure 1.3: Theoretical waveforms of i gravitational radiation component emit-
ted by the two main types of coalescing binaries (NS/NS and BH/NS), located
at r = 10 Mpc distance, in the final phase of their evolution.

time, they eventually merge. Among all gravitational wave sources, the coalesc-
ing binaries are the ones the scientific community looks at with more confidence.
The known systems of this type, like the above mentioned PSR1913+16 or the
PSR1534+12 [4], seem to confirm theoretical predictions very well, and the in-
tensity of their gravitational radiation is expected to be within the sensitivity
of terrestrial interferometers.

A first order calculation of the characteristic parameters of these systems can
be done using the newtonian/quadrupolar approximation. In this regime, the
stars are considered as pointlike masses, the tidal deformations are neglected,
and the gravitational radiation is generated only by the quadrupole moment.
In this way, we can write the law that describes the variations of the orbital
frequency fo,, with time:

—3/8

- 256 G°/3
forb — <f(0) 8/3 8/3 5 C M5/3 > (124)

(m1m2)3/5

(my + ma)'/5
write the coalescing time 7. as

where M = with my and mq are the star masses. It’s possible to

(1.25)

o Jorn(0) ( M\
7e =30 J00m, \ arg

where M is the mass of the Sun. We eventually obtain the amplitude of the
two polarization components of h:

5/3 2/3
hy(r,0,t) = 6.0-10~%! (1+cos? 0) (M@> (ﬁ"{;é;) (11\ng> cos(27 forpt)

5/3 2/3
1Mpc
+12-1 —20 fO'f () p G (2
hy(r,0,t) = 0~*" cos b (M®> ( T R sSin(27 forpt)

where R is the distance of the system. Figure 1.3 shows the theoretical wave-
forms of the h component for coalescing binaries, constituted by two neutron
stars (NS/NS) with m; = mg = 1.4 My, and by a black hole and a neutron
star (BH/NS) with m; = 1.4 Mg and my = 10 Mg, in the final phase of their
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evolution. As shown in the two plots, during the merging, the last phase of
the coalescence, the wave has a typical form, called chirp, characterized by an
oscillation of increasing amplitude and frequency.

Even though the physics of coalescing binaries is well understood, there are
many uncertainties on the rate of observable events. The estimates are in a
range between 1/10° and 1/10° years for every galaxy. In order to obtain a rate
of a few events per year, we have to monitor a distance of about 400 Mpc.

1.2.2 Spinning neutron stars

Spinning neutron stars, or pulsars, are expected to be the main sources of contin-
uous gravitational radiation, which are long-lasting, quasi-monochromatic GWs
with slowly varying frequency. Although current models of stellar evolution pre-
dict the presence of approximately 10° neutron stars in our galaxy, of which 10°
are expected to be spinning and actively emitting radiation, only about 1700
pulsars have been observed so far. This is due to the high variability in the
intensity of the generated radiation. An upper limit of the amplitude of the
emitted GWs can be given using statistical arguments [7]. If we assume that
the neutron stars are uniformly distributed in the galaxy and have a constant
birthrate, the strongest signals will have an amplitude h ~ 4 - 10724,

There are three types of mechanisms usually considered for the emission of
continuous GWs from pulsars in the frequency band of current ground-based
detectors (20 Hz—2 kHz) [8]:

e Non-axisymmetric distortions of the neutron star: magnetic fields or elas-
tic tension of the pulsar’s crust can generate deformations on its surface,
called mountains, that are asymmetric respect to the rotation axis. Con-
sidering a star with inertia tensor I;;, spinning at frequency v, the pulsar
will generate monochromatic GWs with frequency 2v and amplitude

1672G 1,12
h= :4 %e (1.26)
I«'Cm

where d is the distance and € = flw is a parameter, called equatorial
ellipticity, that express the star deformation. The range of possible values
of € is highly uncertain. Only an upper limit has been estimated: e <
5-10~%c where o is the breaking strain of the crust.

e Unstable oscillation modes in the fluid part of the star: spinning neutron
stars can be subject to non-axisymmetric instabilities, during their birth
and accretion phase, a period in which the star is growing gravitationally
attracting matter from an other body. These instabilities can be divided in
two broad categories depending on their timescales: dynamic and secular.
In the first case the unstable modes grows in a time comparable with
the oscillation period, while in the second the growth is much longer. A
typical example of a dynamic instability is the so called bar-mode (see
fig. 1.4), a process that is expected to affect highly rotating newborn
neutron stars. If the ratio between the rotational kinetic energy T and the
gravitational binding energy W exceeds a critical value (T'/|W| 2 0.24),
the star becomes unstable and its geometry is deformed in a bar shape,
emitting a burst of GWs. Secular modes are instead thought to be caused
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Figure 1.4: Simulation of the bar-mode instability of a spinning neutron star
[9]. The three snapshots are taken - from left to right - before the onset of
the instability (¢ = 0), during the bar-mode emission (¢ ~13 ms), after the
formation of spiral arms (¢ ~25 ms). The colors give an indication of the star
relative local density.

by the Chandrasekhar-Friedman-Schutz instability [10]. In this process,
the unstable mode counter-rotate respect to the pulsar in the star frame
but co-rotate in an inertial frame. An estimate of the emitted gravitational
radiation for a generic unstable neutron star is given by

E V2 0 NTY2 f15pe
~5.1072(— - 1.2
s (s ) () (BF) 0

where the two parameters, F, the radiated energy and f, the frequency of
the emitted GW, depends on the process that causes the instability.

e Free precession: in this case the neutron star rotation axis is misaligned
respect to its symmetry axis forming an angle 6,,. For a star at a distance
d and rotating at frequency v we can write

_ 0, 1kpc v
=107 < 1.2
h 0 (0.1rad> < d ) (500 Hz) (1.28)

The gravitational radiation is emitted at the three frequencies f; = v +
Vpree, f2 = 2V, f3 = 2V + 2Uppec, Where vy, is the precession rate, with
decreasing amplitude. While the first and third frequencies emissions are
caused by the precession, the second oscillation is caused by the star de-
viation from axisymmetry in an analogous way as we have seen before.

1.2.3 Supernovae

The explosion of a supernova happens when a massive star, used all their nuclear
fuel, cannot sustain its own gravity. Consequently the star central core begin
to collapse generating an enormous shockwave that causes the expulsion of the
supernova most external layer. While the origin of the electromagnetic emis-
sion, generated in these events, is the external shell expulsion, the gravitational
radiation is emitted due to the core collapse.

Even though, several years ago, the supernovae were considered as the most
easily detectable gravitational wave sources, today we know that the intensity of
the radiation emitted during the core collapse could vary considerably depending
on the stellar mass percentage that is converted in radiation and by the type
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Figure 1.5: Examples of theoretical waveforms emitted by the three main types
of supernovae, located at 10 Mpc distance, during their core collapse.

of symmetry of the collapse itself. For example, in case of a perfect spherical
collapse, no gravitational radiation is emitted. An estimate of h amplitude is

given by the expression:

10M
hy ~ by ~c 2OMpC

(1.29)

where C is a constant with a value between 1072! and 1072* depending on
the physical processes involved in the gravitational wave emission during the
collapse. The expected frequency is about some kHz.

The fig. 1.5 shows some theoretical waveforms extracted by a catalog, ob-
tained with a numerical simulation performed in 1997 by T. Zwerger and E.
Muller [11], constituted by 78 signals, corresponding to different initial values
of the rotation and of the angular moment distribution of the star.

The expected rate for these events is between 1/30 years and 1/40 years per
galaxy. The Virgo cluster, that is 20 Mpc distant and constituted by about
2500 galaxies, could therefore generate a rate of several events per year.

1.2.4 Gamma Ray Burst

Gamma-ray bursts (GRBs) are intense flashes of y-rays which occur approxi-
mately once per day and are isotropically distributed over the sky. The vari-
ability of the bursts time scales, from a millisecond to several seconds, indicates
that the sources are very compact and their measured red shifts have shown
that they are generated outside our galaxy. GRBs can be divided in two broad
classes depending on their duration: short burst (< 2 s), that are thought to
be caused by mergers of NS/NS or BH/NS binaries, and long events (2 2 s),
probably associated with the core collapse of supernovae. As we have seen, the
emission of gravitational radiation is expected in both scenarios. Although, no
experimental evidence of gravitational wave emission associated with GRBs has
been found yet, upper limits have been recently given for several events [12].

1.2.5 Stochastic background

A stochastic signal is characterized by a continuous spectrum and an approxi-
mately constant amplitude. A possible origin of a gravitational stochastic back-
ground is the superposition, in the time or frequency domain, of signals coming
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from many sources. We expect for example that the collapse of vast popula-
tion of black holes could generate, depending on their mass distribution and
formation time, signals with intensity and frequency that can be detected by
the present experiments.

A particularly interesting stochastic source is constituted by the gravita-
tional equivalent of the well known 3 K cosmic background radiation. It has
been hypothesized that some fluctuations of the graviton field - the field associ-
ated to the particle that mediates the gravitational interaction in many quantum
field theories - present in the primordial universe, have been amplified during
the inflation, a phase of very rapid expansion of the universe, included in many
cosmological models. Depending on the parameters that characterize the in-
flation process, the intensity of gravitational background radiation could reach
detectable levels [13].



Chapter 2

Interferometric GW detection

As R. Dicke wrote in one of the first work on experimental relativity [14]: « In
other fields of physics the experimentalist is faced with the problem of choos-
ing the most important out of a large number of possible experiments. With
gravitation the problem is different. There are so few possible experiments, and
their importance is such, that any and all significant experiments should be
performed ”.

Historically the first experiments for gravitational wave detection are those
performed in the 1960’s by J.Weber using two resonant bars [15]. Even though
Weber’s claims of detection have never been confirmed, various international
efforts have contributed over the years to improve the sensitivity of these detec-
tors. In today’s resonant bars (the Italian experiments AURIGA, NAUTILUS,
EXPLORER, ALTAIR, the experiments ALLEGRO and Niobe in Louisiana,
USA and Australia respectively), we measure the normal modes of oscillation of
a cylindrical metal mass, cooled at cryogenic temperatures, using extremely sen-
sitive magnetic sensors, called Superconducting Quantum Interference Devices
(SQUIDs).

Today, however, the highest expectations of the scientific community are for
another kind of instrument: the Michelson interferometer, the same device that
has proved the absence of ether, one of the fundamental principles of special
relativity.

2.1 Michelson Interferometer

The Michelson interferometer is the core of every GW interferometer. Its optical
configuration is shown in fig. 2.1. It consists of a light source e.g. a laser illumi-
nating a 50/50 beam splitter (BS) mirror. Half of the light is transmitted along
the laser propagation direction, the other half is reflected into the perpendicular
axis. Both beams are reflected by the two mirrors with reflectivities r1, ro ~ 1
and then recombined at the beamsplitter.

Let’s now consider the effects of a gravitational wave on a Michelson inter-
ferometer with its arms aligned along & and § axes. Let’s examine the & axis.
We know that light connects only events in the space-time that are separated

17
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BS

e
PASY

Figure 2.1: Sketch of a Michelson interferometer. The gold semicircle represents
the output photodiode.

by a null interval. This means ds? = 0. Setting (1.2) equal to zero, we obtain
ds? = —2dt? + (1 + hay (27rft e f)) dz® = 0 (2.1)

We can evaluate the time the light takes to travel from the beam splitter to the
end of the £ arm, integrating the square root of the previous expression:

1 [F 1 [t hi1 >
T;DZE/ de%f/ <1+2(27rft—k~5:')>dx (2.2)
0 0

C

where we expanded the square root at first order, since h < 1. In the same way,
we can write the time needed for the return trip:

1 /O h -
(2 — _= 11 _ k.7
Ty C/L (1 + 5 (27rft k x)) dx (2.3)
The total time 7, = 7’;1) + T:EZ) is therefore
oL, 1 [ . 1 /0 -
= — 4+ — 2 — k-7 - — 2 — k-7 2.4
r C+260h11(7rft kx)dm 2C/Lh11<7rft kx)dx (2.4)

Let’s consider the simplest case of a sinusoidal wave propagating along the 2
axis, with frequency fy.,, polarization + and amplitude h1; = —hg2 = ho. The
two integrals of (2.4) can be easily calculated, posing h (t) = hg exp(i27 fguwt).
The total time will be

h .
Ty = To + —o Rele??™fawTo _ 1] (2.5)
47 fouw
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where 79 = % is the classic time. For a photon that travels along the y arm,

the expressions are the same but they depend on hos instead of hy1. Therefore

h .
Ty =T0- ; Rele?™foumo 1] (2.6)
gw

In the laboratory reference frame this difference in the travel time respect to
the classical case can be interpreted as a variation of the interferometer arm
lengths, L, and L,:

L, = %crw =L (1 + hg”) (2.7)
b (1) s

For an interferometer 1 Km long, assuming h ~ 10721, this variation is L, — L ~
10~'® m. The two photons arrive at the output of the interferometer with a
phase difference equal to

0dguw(t) AmL .
OB —sine (7 fgwTo) (2.9)

5¢gu(t)
h(t)

of the frequency, for different kinds and lengths of interferometers. In the low

frequency flat region, where fq.,70 < 1, (2.9) can be approximated as

where sinc(z) = MY fig. 2.2 we can see the plots of
x

’ as a function

Sdgu(t) _ AnL

) \ (2.10)

expression that clearly shows the importance of arm length for increasing the
sensitivity of an interferometer.

The power induced by the the passage of gravitational wave on the resulting
interference fringe, measured at the antisymmetric port (ASY) by a photode-
tector, can be written as

P,
Pasy = %(1 + Ccos(® + 6 gu)) (2.11)

where Pry is the beam power impinging on the beam splitter, ® is phase dif-
ference between the two arms, C' = f{jr;% is the contrast. Since d¢g,, can be
1 2
considered very small, we can rewrite 2.11, keeping only the first order terms,
as

P
Pasy = %o [cos ® — sin(®)6¢gu) (2.12)

Thus the power variation 6 P4gy induced by a gravitational wave is

P
§Pasy = %C’sin(@)éd)gw (2.13)
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Figure 2.2: Plots of the phase difference Tt) as a function of the grav-

itational waves frequency fg., for different arm lengths and types of interfer-
ometers. We considered h(t) ~ 1072!. As we can see, the performance of a
Fabry-Perot interferometer is roughly equivalent to that of a 100 km Michelson.
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2.2 Fabry-Perot Cavities

As we can see from fig. 2.2, without the use of Fabry-Perot cavities no gravi-
tational wave interferometer would be practically feasible. Constituted by two
plane mirrors, called the input and end mirrors, separated by a distance L,
Fabry-Perot cavities are essentially displacement to phase transducers: the light
entering the cavity is reflected with a phase shift that depends by the cavity
length. The mirror reflectivities rand ro are chosen to have 1/ (1 —rirg) > 1.
The resonance condition which maximizes the stored energy is 2kL = 2nm where
n is an integer and k is the wavenumber. If the length changes by an amount
0L, the phase shift can be written as
4F . 6L
0p=—(2n— 2.14
6="2 (%) (2.14)
The finesse § is defined as the ratio between two consecutive resonances of the
cavity and the full width at half maximum of a resonance (FWHM) and is given
by
m\/T1T
F=-Y 12 (2.15)
1-— r17Tro
At the resonance, the light is kept inside the cavity for a time 7, called storage

time, defined as
2L
T = L3 (2.16)
c T

. Under the assumption of very high reflectivities and very low loss of the mir-
rors, in the condition fg,,2L/c < 1, the response of a Fabry-Perot interferometer
to gravitational waves can be written, in the frequency domain, as

o¢p 8mc 1
ot

h A\ (447 fguTs)? (2.17)

So it behaves essentially as a low-pass filter with cutoff frequency 1/4m7;.

2.3 Noise Sources

Fig. 2.3 gives a detailed overview of the noise sources affecting a GW interfer-
ometer. The noises can be essentially divided in two categories

¢ Displacement noises: the processes that directly move the suspended mir-
rors. This class of noise sources plays a very important role in interferom-
eter design, since it limits how much we can fold the optical path in order
to make the instrument compact. Seismic noise, thermal noise, radiation
pressure noise are included in this category.

e Sensing noises: the disturbances that appear in the photodetector signal
but they are not caused by a gravitational wave. Examples are the shot
noise, the laser instabilities, the readout electronics noise.

Due to the contribution of all noise sources, the output photodiode will measure
a phase shift indistinguishable from that generated by an equivalent GW signal
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Figure 2.3: LIGO noise budget during one of the last days of S5 science run.
Some curves are directly measured (for example the Seismic noise), others are
entirely based on the theoretical models (for example the thermal noises Sus-
Therm, Int Therm). The bold dashed purple curve (SRD) represents the required
sensitivity.

hyn(t). The two-sided power spectral density S,, is defined as

T/2 }
/ o (t)e?2™tdt
—T/2

(2.18)

Since it’s easier to think in terms of positive frequencies, in the gravitational
wave community it is customary to define the amplitude linear spectral density
as

n(f) = \/25.(f) (2.19)
that is expressed in units of [h,(t)]/vHz.

2.3.1 Seismic Noise

Seismic noise is the main limitation to the low frequency sensitivity of ground
based interferometers. It propagates to the test masses through the suspension
system causing perturbations in mirror displacement. The minimum coupling
between the horizontal and vertical directions is due to the Earth curvature. As
we can see in fig. 2.4, the input and output mirrors of the Fabry-Perot cavities
form an angle agrqy = L/rg ~ 6-107% rad (where L = 4 km is the cavity
length and rq is the Earth radius) with the global vertical direction. Therefore
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a vertical displacement d§z has effect along the beam direction, producing a
variation ag.qv02 of the optical path. The suspension system causes even larger
mechanical couplings (1%), due to structural reasons.

Seismic noise has both natural and human origins and can vary by few orders
of magnitude from site to site. However all ground motion displacement spectra
observed worldwide share some common characteristics: they have essentially
the same amplitude in all three orthogonal space directions and they exhibit a
low pass behavior that follows the empirical law |2]

Tseism(f) = A(1 HZ/f)2 m/\/E7 if f>0.1Hz (2-20)

with 1072 m/vHz < A < 1077 m/vHz . If we compare Z,eism(f) with the
10~'® m/+/Hz displacement induced by a GW on a 1 km Michelson interferom-
eter, we see that we need an isolation system capable to attenuate the seismic
noise by 11 orders of magnitude at 1 Hz.

In 1993 J. Peterson [16] collected and analyzed the data from 75 seismic
stations around the world and developed two seismic noise models, the New
Low Noise Model (NLNM) and the New High Noise Model (NHNM) that are
now commonly used as a reference. The models are hypothetical background
spectra obtained from a composite of the lowest spectra (NLNM) and from the
average of the noisiest sites (NHNM) in the seismometer network. Fig. 2.5 shows
a comparison between two polynomial fits of LIGO sites seismic noise spectra
(see subsection 5.4) and Peterson’s models. There are two main peaks present
in Peterson’s NLNM and NHNM models. The broad resonance in the 0.1-0.5
Hz range, called microseismic peak, is generated by the interactions of ocean
waves at sea and is prominent in all seismic noise spectra measured all over the
world. The peak is caused by a non linear process [17] through which ocean
waves couple energy into elastic waves, called microseisms. The interaction of
water waves with similar frequencies but opposing directions generates a second-
order pressure wave with half the period and an amplitude proportional to the
product of the wave heights. Unlike the pressure field generated by traveling
waves, this pressure wave does not wane with depth and efficiently couples
with the Earth’s crust to generate seismic surface oscillations that propagates
primarily as Rayleigh waves. The resonance between 0.05 Hz and 0.1 Hz is
called single-frequency microseismic peak because it’s generated by the same
process but it doesn’t show the frequency doubling of the microseismic peak.

2.3.2 Gravity Gradient Noise

The gravity gradient noise, sometimes called Newtonian noise, poses a funda-
mental limitation to all seismic attenuation systems. This disturbance is caused
by the unavoidable coupling between the test masses and the gravitational field
around them. There are two sources of local gravitational fluctuations: the
motion of macroscopic objects around the test masses and the seismic motion
of ground. While the first cause can be eliminated with careful instrument de-
sign, the second is impossible to suppress. Consequently, even using a seismic
attenuator with an infinite number of stages, a fraction of the seismic noise will
always be transmitted to the mirrors.

An estimate of the transfer function between the gravity gradient noise and
the seismic noise power spectra has been obtained by P. Saulson in [18] and can
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Figure 2.5: Peterson’s new low noise (bold yellow) and high noise models (bold
red). The spectra are compared with two polynomial fits of the displacement
spectral densities of LIGO sites seismic noise. Magenta and blue curves are the
noise spectra of Hanford, WA (LHO) and Livingston, LA (LLO) respectively.
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be written as -,
hy, 167 Gp? 591
72 3 L2uw4 (2.21)

seism

where G is the gravitational constant, L is the interferometer arm length and
p is the average soil density. Substituting the appropriate values for LIGO and
Virgo interferometers we obtain

. 1-1071
hgg = o Tseism (2.22)

Using the rough seismic noise estimate 2.20, we obtain ing ~ 11071 A/ fAif f >
0.1 Hz . The Saulson’s model assumes that the density mass fluctuations of the
ground are completely coherent over a characteristic scale A/2, and completely
uncorrelated for larger separations. Later more refined estimates [19] of the
transfer function give results that agree with the order of magnitude of 2.22 but
correct its behavior at low frequencies:

_ 2
8 1072 (m) if 3Hz < f < 10Hz

;o )o6 v \7
hyg =7 I AL (2.23)
&l (7) if 10Hz < f < 30 Hz,

with 0.15 < 3 < 1.4 depending on the site seismic activity.

As we will see in the next chapter, the values of ng are lower than the
sensitivity of present interferometers and their upgraded versions. However
future GW detectors, the so-called 3rd generation interferometers, are expected
to extend their detection band to lower frequencies (f < 10 Hz). Since this range
is dominated by seismic motion, the gravity gradient noise will represent one of
their main limitations. For this reason several solutions to reduce the newtonian
noise, like the possibility to build future interferometers in deep underground
sites [20] and the development of active noise subtraction techniques [21], are
being studied.

2.3.3 Thermal Noise

Thermal noise is another disturbance particularly important for interferometric
GW detection in the low frequency range. Unlike seismic noise that could be
theoretically completely eliminated, thermal noise can only be reduced, since it
has a fundamental nature. The interferometer mirrors are in radiative thermal
equilibrium with the vacuum chambers that are at room temperature. The
energy exchange generates the Brownian motion of the particles of mirror glass,
coating and suspension system and consequently induces a fluctuation in the
measured cavity length.

Thanks to the fluctuation-dissipation theorem [22], we don’t need to develop
a detailed microscopic model of the dissipation phenomena. If a mechanical
system can be considered linear and in thermal equilibrium, we can write the
power spectrum of the fluctuating force Fiperpm induced by the dissipation simply
as

Ft2herm = 4]'{:BT’§R (Z(f)) (224)
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where kp is the Boltzmann’s constant, T is the temperature and R (Z(f)) is the
real part of the mechanical impedance Z(f) defined as the ratio

_ Fext(f)
o(f)
between the Fourier transforms of the amplitude of an external force F.;(t)

and the velocity v(t) induced on the system. Relation 2.24 can also be written
in the equivalent form

Z(f) (2.25)

_ k
x?herm = 7_(2';;;% (Y(f)) (226)

where Tiperm 18 the power spectrum of the system fluctuating displacement and
Y(f) =1/Z(f) is the mechanical admittance.

Thermal noise affecting GW interferometers can be divided into three main
contributions: suspension pendulum mode, suspension violin mode and test
mass modes.

2.3.3.1 Suspension pendulum mode

As we will see in section 3.3.1, harmonic oscillators are widely used for seismic
attenuation thanks to their frequency domain properties. Using relation 2.26 for
a low loss oscillator with resonance frequency wy, elastic constant k£ and mass

m, we obtain
4k‘BTUJ8Q

mw |Q? (Wi — w2)2 + wfﬂ

fA29PM = (2.27)

The parameter @ is the quality factor of the oscillator defined as the ratio
@ = wo/Aw between the resonance frequency and the full width at half maxi-
mum. Since, in the low and high frequency ranges (w < wo, w > Wo), T2,0rmm
is inversely proportional to the quality factor, the use of high @ suspensions
reduces thermal noise.

We can now understand why a pendulum is a better choice for a suspension
than an helicoidal spring. In facts there are two forms of dissipation in a pen-
dulum, one due to viscous friction with gas, the other caused by the elasticity
of the wire. While the first contribution can be eliminated using vacuum, the
second can only be reduced and depends by the geometry and the material of
the wire. The dilution factor, given by the ratio between the pendulum effec-
tive spring constant mg/l due to gravity and the elastic constant of the wire, is
a relative measure of the elastic contribution to the energy dissipation. For a
metallic wire, Q ~ 10% and dilution factors of 102 are typical. This means that
the quality factor of a metallic pendulum is 100 times higher than an helicoidal
spring made of the same metal. Using fused silica, the same materials in which
the interferometer mirrors are made, @ ~ 107 and dilution factors of 10 have
been reported [23].

2.3.3.2 Suspension violin modes

In a real suspension the resonances of the wire itself, called violin modes, appear
in the system frequency response. The k-th harmonic of these modes resonance
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Figure 2.6: Violin modes of LIGO Hanford 4 km interferometer triple pendulum
suspensions. In the plots are shown the first four harmonics measured during
S5 run (red spectra) and compared with the reference (blue spectra).

frequency can be written as

wp =7k (2.28)

o
where m is the mass of the mirror, n is the number of wires connecting the mirror
to the suspension point, m,, is the mass of wire and [ is the pendulum length.
Since the @ of the violin modes are approximately equal to the pendulum mode
quality factor, the thermal noise can be obtained simply substituting wy with
wg in 2.27 and summing over the harmonics

2
Tovar = ol Z il 2 (2.29)
me S [ o ]

Fig. 2.6 shows the first 4 harmonics of triple pendulum suspension (see 3.3.1.2)
violin modes measured during S5 LIGO science run.

2.3.3.3 Test mass modes

There are three different dissipation processes involved in the thermal noise of
GW interferometer test masses: the bulk Brownian noise, the thermoelastic
noise and the mirror coating noise. The first contribution is caused by bistable
states distributed homogeneously in the substrate that convert the oscillating
energy of the beam into heat, perturbing the mirror’s surface position. The ther-
moelastic noise is produced instead by the oscillating temperature distribution
generated by the squeeze and stretch of the mirror substrate. Finally the last
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dissipation process is caused by imperfections in the mirror coating material.
In facts, in order to reach the high reflectivity required for GW interferometer
mirrors, several layers of dielectric materials are deposited on the substrate. Al-
though the amount of material used for coating is small compared to the total
mass of the mirror, its mechanical losses can constitute a large contribution to
the thermal noise.

Calculating directly the admittance Y (f) to determine the test masses ther-
mal noise would require the highly complex task of measuring the resonance
frequency wj,: and relative Q;,; of each internal mode of the optics up to 100
kHz. Thanks to the approach described in [24], the noise spectrum can instead
be calculated in terms of the time-averaged dissipated energy Wy;ss when an
oscillating force with amplitude Fy is applied to the mirror surface:

o 8kpT Wi
Liherm = w2 FO2

(2.30)

2.3.4 Shot Noise

The shot noise is a fundamental disturbance associated to the quantum nature
of light that poses a limitation on power measurements. This process is caused
by the Poissonian distributed counting of the photons hitting the interferometer
photodetector. The average number of photons N of frequency v, impinging on
a photodiode of quantum efficiency 7, in a time interval At can be written as

_ nPasy At

N = (2.31)

Since for a Poisson distribution the standard deviation ¢ = /NN, the corre-
sponding variation in power is

PAsyﬁ27TV
0Pspor = | ——— 2.32
hot A (2:32)

Therefore the signal to noise ratio can be written as

|0 Pyu|

N =
SNE (SPshot

(2.33)

Going back back to 2.13, in the naive assumption of absence of any noise

sources, the best choice for the static phase would be Pygy = PIQN, since it’s

the one that maximize the sensitivity ‘Spé‘% . This is called the gray fringe
condition while the tunings that gives maximum and minimum output power
are respectively called bright and dark conditions. In reality, in order to find
the best operating point, we have to maximize expression 2.33 respect to the
static phase ®. If we consider the contrast C' ~ 1, we get

(I’Op = +tkmw (234)

This is the dark fringe condition and it corresponds to P4sy = 0. All modern
GW interferometers operate in this condition.
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The minimum detectable signal expressed in terms of GW amplitude linear
spectral density is found imposing SNR =1

1 he
shot — I

>

2mn PN

If we consider an interferometer with its arms constituted by two Fabry-Perot
cavities, using the same assumptions and conditions of 2.17, we can write

- 1| nhe?
hiior (f) =~ 851 :PICN \/m (2.35)

This means that the interferometer sensitivity is now frequency dependent and
hohi(f) o< f for f > 1/4mr,.

2.3.5 Radiation Pressure

The photons of the beam impinging on the interferometer mirrors transfer twice
their momentum. Since, as we have seen, the photons are Poissonian distributed,
we expect a displacement fluctuation of the mirrors h,, o< v/ Prn . The radiation
pressure noise spectrum is indeed

1 hP
rp(f) = mLf? \/ 727T3ICA; (2.36)

2.3.6 Optical Readout Noise

>

The radiation pressure and the shot noises can be considered as two aspects of
a single disturbance called optical readout noise

hro = \/ 120 + 12, (2.37)

While the shot noise is white, the radiation pressure dominates at low frequen-
cies since in this range we have iLrp o 1/f2. This is related to the quantum
nature of the phase measurement process. Even though an interferometer is
clearly a macroscopic system, the measurement precision required to detect
gravitational waves is so high that it can be considered as an Heisenberg mi-
croscope. The shot noise and the radiation pressure are conjugate phenomena:
if we increase the laser power in order to lower the shot noise, we increase also
the low frequency radiation pressure noise. However for any given frequency fo
there is an optimal power value P,,; that minimize the readout noise spectral
density fzm

Py = meAmfy (2.38)

Substituting P,y in 2.37, we get the quantum limitation to any interferometer

sensitivity:
1 |h
= ——1/— 2.
har nfLV m (2.39)

For a Fabry-Perot interferometer, the equations 2.37 and 2.38 depends by the
finesse §, since the folding decrease the phase noises but increases displacement
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fluctuations:

2 2
WEP \/ <27;> th0t+(2§) h2, (2.40)

2
Y
Py = (23) Pyt (2.41)

As expected, the quantum limit 2.39 is instead independent by the interferom-
eter configuration.

2.3.7 Laser Instabilities

Frequency and amplitude instabilities of the laser can couple in many ways with
the interferometer differential arm signal. The amplitude fluctuation frequency
components, corresponding to the interferometer detection band, can propagate
to the antisymmetric port causing a strain noise

ALyms AP
L Py

hafn = (2.42)
where AL,,,s is the root mean squared of the arm length difference respect to
the dark fringe condition and P,,, is the average power. Since ALy, ~ 10712
m, the requirement is AP/P < 4-1075. As we will see in the next chapter,
power fluctuations are stabilized with a feedback loop in both LIGO and Virgo.

The frequency noise is transmitted to the antisymmetric port due to un-
avoidable asymmetries between the arm lengths AL, the cavity finesses AF and
the cavity losses APjysses- The induced strain spectral noise can be written as

T Av <AL AS AP[OSS@S)
hifn=—|—7+—+—"—

2.4
L 7% T P (2.43)

Assuming a global asymmetry of a few percent, in order to reach the sensitivity
goal of modern interferometers (see next chapter), we need to have Av < 1-1076
Hz/ vHz at 100 Hz. Since the typical frequency noise of a laser is about 8 orders
of magnitude greater than this value, multiple stages of active stabilization are
required.

2.4 Power and Signal recycling

The next generation of detectors, like Advanced LIGO (AdLIGO) and Advanced
Virgo, will use both signal and recycling cavities. Looking back at the equation
2.11, we note that, operating in dark fringe condition and in case of perfect
contrast, C' = 1, all the beam power is reflected towards the laser. The idea
behind power recycling is to put a mirror between the light source and the
beam splitter (see both LIGO and AdLIGO optical schemes of fig. 3.1 and fig.
3.2). This is equivalent to consider the rest of the interferometer as a single
mirror coupled with the recycling mirror in order to create a single Fabry-Perot
cavity with variable finesse. In this way we increase the field stored in the
interferometer. The maximum recycling gain G,.. is defined as the inverse of
how much light is lost per cycle in the interferometer. In present detectors
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Figure 2.7: Effects of signal recycling on the sensitivity curve of a recycled
Fabry-Perot Michelson interferometer [25].

Gree ~60 (see table 3.1 in the next chapter). This ultimately reduces the shot
noise by a factor /G ec.

The signal recycling scheme uses a party reflecting mirror at the antisym-
metric port (fig. 3.2). This allows to tune the sensitivity of the interferometer
in a specific gravitational wave bandwidth. As in the case of the power recycling
scheme, the signal recycling mirror and the rest of the interferometer constitute
a single Fabry-Perot cavity. But the cavity, instead of being resonant at the
laser frequency fj, it resonates at f; + fgw. So the sensitivity in this interval
is increased by the resonance quality factor. The price to pay is a degraded
sensitivity outside this range, which can be tuned by changing the signal recy-
cling mirror reflectivity. An example of such effects on the sensitivity curve of
a recycled Fabry-Perot Michelson interferometer is shown in fig. 2.7.



Chapter 3

LIGO and Virgo
Interferometers

The Laser Interferometer Gravitational-Wave Observatory (LIGO) is an ex-
periment, coordinated by the California Institute of Technology (Caltech) and
the Massachusetts Institute of Technology (MIT), dedicated to the detection
and study of gravitational waves. The experiment consists of three in-vacuum
Michelson interferometers with 4 km Fabry-Perot resonant optical cavities. Two
interferometers, one with 4 km and one with 2 km arm length (called H1 and
H2), share the same vacuum envelope in Hanford, Washington. The third one,
with 4 km arms, is located in Livingston, Louisiana (labeled L1). Technical and
scientific research in LIGO is organized through the LIGO Scientific Collabora-
tion (LSC), constituted by 55 (as 2008) international colleges, universities and
research institutions.

Virgo, located in Cascina, Pisa, Italy, is a Michelson gravitational wave inter-
ferometer with 3 km Fabry-Perot cavities. The experiment has been developed
and built by a French-Italian collaboration (VSC) founded in 1989. Currently
the VSC counts about 250 members from several French, Italian, Dutch, Polish
and Hungarian institutions.

3.1 Optical Schemes

3.1.1 LIGO Optical Design
3.1.1.1 Initial LIGO

The initial LIGO detectors [26] have been designed to be sensitive to GWs with
strain amplitude as small as 10~2! and frequency in the band 40-7000 Hz . The
three interferometers (H1, H2, L1) adopt the power-recycled Michelson optical
scheme with Fabry-Perot arm cavities (fig. 3.1).

The test masses are 11 kg cylinders of 25 cm diameter and 10 cm depth made
with fused silica substrates. The mirror surface consists of multilayer dielectric
coatings manufactured to have an absorption loss of a few parts-per-million
(ppm) and scattering loss of 60-70 ppm.

The light source is a 10 W Nd:YAG laser, operating at 1064 nm, that is both

32
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Figure 3.1: Initial LIGO optical scheme. The Input Optics (I0) block contains
the laser stabilization and the phase modulators.

intensity and frequency stabilized. The power stabilization is implemented by
directing a sample of the beam to a photodetector, filtering its signal and feeding
it back to the power amplifier. Using this servo the laser power fluctuations are
reduced to ~ 10’7/@ at 100 Hz. In order to keep the frequency noise below
to ~ 1072 Hz/VHz, a two-stage high bandwidth (500 kHz) feedback loop is
adopted. After the stabilization the laser beam is phase-modulated with two
RF sine waves producing two pairs of sidebands at 24.48 MHz and 61.2 MHz
called resonant and non-resonant sidebands. The beam then reaches the mode-
cleaner, a 12 m cavity transmissive triangular cavity that is designed to transmit
the carrier and both the sidebands and additionally filters the laser noise above
1 MHz. After the mode-cleaner, the beam hits the power recycling mirror
that reflects the non-resonant sidebands and increases the carrier and sideband
powers by a factor 50 and 26.5 respectively. Finally the beam reaches the 50/50
beamsplitter and then the two input mirrors. Inside the Fabry-Perot cavities of
finesse § = 220, the circulating power of the carrier, the only mode resonant, is
about 15 kW.

3.1.1.2 Advanced LIGO

Advanced LIGO is the first major upgrade to the LIGO gravitational wave
interferometers [27]. The sensitivity goals of the detectors are chosen to enable
the advance from plausible gravitational wave detection to likely detection and
rich observational studies of sources. Advanced LIGO promises an improvement
over initial LIGO in the limiting sensitivity by more than a factor of 10 over
the entire initial LIGO frequency band. It also increases the bandwidth of the
instrument to lower frequencies (from 40 Hz down to 10 Hz) in order to allow the
detection of black holes inspirals and unmodeled transient sources. Table 3.1
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Figure 3.2: AdLIGO optical scheme

summarizes the differences between initial LIGO implementation and AdLIGO
reference design parameters.

The AdLIGO optical configuration is a Fabry-Perot Michelson interferometer
with dual recycling. The optical components that are introduced in AdLIGO,
as shown in fig. 3.2, are the signal recycling mirror, the output mode cleaner
cavity. The output mode cleaner is a triangular cavity used to filter out non-
TEMgo mode carrier power. This greatly decrease the power that reached the
antisymmetric photodiode, lowering the shot noise with only a small reduction
in signal.

The finesse of the Fabry-Perot cavities is increased to 450. The laser is
prestabilized and its power is increased to 180 W with more than 90% of the
beam at the fundamental mode TEMgg. The resulting circulating power in the
arms is roughly 800 kW. The Nd:YAG pre-stabilized laser design resembles that
of initial LIGO, but with the addition of a more powerful output stage.

Respect to initial LIGO, the fused-silica mirrors for Advanced LIGO are
larger in diameter (732 cm) to reduce thermal noise contributions and more
massive (740 kg) to keep the radiation pressure noise to a level comparable to
the suspension thermal noise. The test masses are suspended by fused silica
tapered fibers, in contrast to the steel wire suspensions used in initial LIGO.
Fused silica has much lower mechanical loss (higher Q) than steel, and the fiber
geometry allows more of the energy of the pendulum to be stored in the earth’s
gravitational field while maintaining the required strength, thereby reducing
suspension thermal noise.
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Parameters

Initial LIGO
implementation

AdLIGO reference
design

Observatory arm lengths
(H1, H2, L1)

4 km, 2 km, 4 km

4 km, 4 km, 4 km

Minimum strain noise
(rms on 100 Hz band)

4x10~22

<4x10 23

Displacement sensitivity
at 150 Hz

~1x 107" m/vHz

~1x1072 m/vHz

Laser wavelength 1064 nm 1064 nm
Arm cavity finesse 220 450
Storage time 0.84 ms 1.7 ms
Optical power at laser 10 W 180 W
output
Optical power on test 15 kW 800 kW
masses
Power recycling gain 60 45
(Grec)
Input mirror 3% 1.4%
transmissivity

Test masses

Fused silica, 11 kg

Fused silica, 40 kg

Mirror diameter 25 cm 34 cm
Suspension configuration 4 passive stages 4 passive stages
(BSC chambers) (Stacks) (QUAD) + 3 active

stages (HEPT +
BSC-ISI)

Suspension wire fibers

Steel wires

Fused silica

Table 3.1: Comparison between initial LIGO implementation and AdLIGO ref-

erence design parameters
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Figure 3.3: Virgo Optical Design.

3.1.2 Virgo Optical Design
Virgo optical scheme is shown in fig. 3.3. The principal components are
e The laser: it’s a Nd:Yag with A =1064 nm.

e The injection bench: it’s constituted by the prestabilization cavity, used
to stabilize the laser frequency, by the mode cleaner input and output
mirrors and by the optics needed for alignment.

e The Fabry-Perot cavities: they are 3 Km long with a finesse § = 50.

e The mode cleaner: it’s a triangular cavity about 150 m long with § = 1000.
Two mirrors (the input and output mirrors) are mounted on the injection
bench, the third one is separated and connected to the injection through
a dedicated tube.

e The power recycling cavity: it’s constituted by the recycling mirror and
by the interferometer itself. It’s able to amplify the laser power by a factor
50 (1000 W at the beam splitter).

e The detection bench: it supports the output mode cleaner (a small tri-
angular cavity designed to increase the contrast) and the optics needed
to collimate the beam on the photodiodes. Outside there is an optical
bench where are located the photodiodes (InGaAs with quantum efficiency
7 = 0.85) used for the locking and the signal detection.

3.2 Vacuum systems

In order to isolate the test masses from acoustic noise and reduce the phase
noise, all the main VIRGO and LIGO optical components and beam paths are
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Hanford Observatory

Figure 3.4: Vacuum system of the Hanford interferometer.

enclosed in ultrahigh vacuum systems.

3.2.1 LIGO Vacuum system

The LIGO vacuum system (fig. 3.4) was designed and constructed to ensure
that phase noise associated with scatter from residual gas species would allow
strain sensitivities of order 1072° 1/y/Hz. To achieve this level of vacuum
quality (10~7-10~% mbar), great care in the control of air leaks and residual
hydrocarbon contamination was required.

Two kinds of vacuum chambers are used in LIGO: Beam Splitter Cham-
bers (BSC) and Horizontal Access Module chambers (HAM). BSCs are approx-
imately 5.5 m high and hold the beam splitter and the main interferometer
mirrors. Each of the two interferometers at Hanford uses five BSC chambers for
a total of ten chambers. HAMs are smaller chambers used for the Mode Cleaner
and the Recycling cavity mirrors. The 4 km beam tubes have been built with
stainless steel processed to remove hydrogen and all their welded parts have
been baked out for many days. In this way it’s possible to reach the required
level of vacuum only pumping from the ends of the tubes.

3.2.2 Virgo Vacuum system

Virgo vacuum system can guarantee a partial pressure of 10~ mbar for hydro-
gen. An even stronger limit, 10~ mbar, is reached for gaseous hydrocarbons,
since these compounds can stick on the mirrors surface, degrading their re-
flectivity. Even though the towers containing the superattenuators (see next
section) are under vacuum, the presence of cables and electronics components
of the control system does not allow to reach the ultra-high vacuum levels of the
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tubes. To solve this problem, every tower is divided in two sections that com-
municates only through a narrow conductance hole necessary for the passage
of the metallic wire that sustains the last stage of the superattenuator. The
electronics is located in the upper section and is maintained at 10~% mbar of
pressure. Fig. 3.5 shows the complete system: the tubes have a diameter of 1.2
m and are divided in 15 m sections. The overall volume, about 7000 m3, makes
Virgo the greatest vacuum system in Europe.

3.3 Seismic attenuation

As we have previously mentioned, the ground motion is the main low frequency
noise source for all terrestrial gravitation wave detectors.

Even though theoretically only the seismic noise components directed along
the beam should effect a GW interferometer, the earth curvature and the me-
chanics of the suspensions introduce unavoidable couplings between all the de-
grees of freedom. Since the seismic noise have to be reduced by over 11 orders
of magnitude, a seismic attenuation system must therefore be able to attenuate
along all the 6 degrees of freedom.

Two approaches are possible in the design of seismic attenuation systems:

e passive seismic attenuation
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e active seismic attenuation

3.3.1 Passive seismic attenuation

The idea behind passive attenuation is to use the fundamental property that the
response of a harmonic oscillator to seismic excitation is equivalent to a second-
order low pass filter. The main advantage of this approach is that, since the
use of controls is kept to a minimum, the attenuation performance depends only
by the mechanical parts and is not limited by the actuators and sensors. This
makes the system extremely reliable over time. LIGO seismic isolation stacks,
LIGO/GEO600 triple and quadruple pendulums, Virgo superattenuator, HAM-
SAS, that will be described in the next subsections and in the next chapter, are
all examples of passive attenuation systems.

The simplest passive isolator we can consider is an unidimensional spring
with elastic constant k connected to a pointlike mass M. The equation of
motion is

Mi = —k(z — ) (3.1)

Defining the transfer function of a linear system as the ratio between the Fourier
transform of the output and the Fourier transform of the input, we can write
X wd

szizi
Xo wi—w?

(3.2)
where wy = /k/M. If instead we apply to the mass an external force f,
calculating the ratio between the Fourier transforms F' and Fp, we get the force
transfer function P )
Hp= — = ——— 3.3
F Fy wi-w? (3.3)
As shown by the cyan and yellow curves of fig. 3.6, for frequencies w > wy,
H,,Hp o< 1/w? . Therefore in the frequency domain a simple spring is equiva-
lent to a low pass filter with two conjugate poles at w?.
Now, we are going to consider the spring massive and introduce viscous
damping. Exciting the mass M with an external force f, assuming again unidi-
mensional motion along the Z axis, we can write:

Mz +may+ k(1 +id)(x —x0) +y& = f (3.4)

where m is the mass of the spring, v is the damping coefficient, ¢ is the so
called loss angle, a measure of the spring anelasticity. For an undamped low
loss spring (¢ < 1), ¢ is approximately equal to the inverse of the oscillator
quality factor, ¢ ~ 1/Q. Fourier transforming expression 3.4, we obtain:

— Mw?X —mw?Xo = —k(1+i¢)(X — Xo) —iywX + F (3.5)

We can now write the displacement and force transfer functions:

He — wg(lJring)Jr%wz 16
T R0 +id) - +igw (36)
0 M
1

wi(l+ip) —w? +ifw
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Figure 3.6: Position and Force transfer function magnitudes of a simple massless
spring (cyan and yellow curves) and a massive viscously damped spring (blue
and green curves) with fo = 300 mHz, M = 1 kg, m = 0.001 kg, v = 0.05,
¢ = 0.001. The label shows the cutoff frequency (w./27) above which the
position transfer function of the massive spring saturates.

As shown in the plots of last expressions magnitudes (blue and green curves
of fig. 3.6), we can define a cutoff frequency w. = /M /mwy above which the
transfer function Hy saturates at the level m/M. This means that, for a real
massive spring, the region of 1/w? attenuation is limited to the interval between
wo and w.

3.3.1.1 LIGO Seismic isolation stacks

The Seismic isolation stack (fig. 3.7) is a traditional mass-spring passive damp-
ening system, used in initial LIGO, that is able to provide 120 dB of horizontal
and vertical attenuation at 50 Hz [28]. It consists of several layers (four or three
depending on the isolation requirements) of massive elements separated by sets
of coil springs stuffed with constrained layers of damping material. The system
is designed to have all its resonance frequencies in the 1.5-15 Hz range. The
damping material is sandwiched between aluminum slugs and phosphor bronze
walls, prior to coiling the springs. End caps are then e-beam welded onto the
open ends of each coil to prevent contamination of the vacuum by the lossy
damping material inside the spring. This results in a soft spring with mechan-
ical @ ~ 30. In order to compensate the interferometer alignment for earth
tides, the stacks installed on the end mirrors are equipped with fine actuators
that are able to translate the system together with the optic suspension by 90
pm along the beam axis in a DC-10 Hz frequency range.

3.3.1.2 LIGO Triple and Quadruple Suspensions

The Triple Suspension passive seismic attenuation device, based on the Triple
Pendulum design developed for GEO600 [29] - the German-British gravitational
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Figure 3.7: Seismic isolation stacks used in initial LIGO BSC (left) and HAM
(right) vacuum chambers. A three layer version is used for the input optics.

wave detector -, is made of a chain of three pendulums and is capable of provid-
ing 90 dB of horizontal attenuation and 50 dB of vertical attenuation at 10 Hz.
It’s installed in every HAM vacuum chamber. The system (left photo of fig. 3.8)
is composed by three bodies, called top, intermediate, and test mass that weight
approximately 3 kg each and provide three stages of passive horizontal attenu-
ation. The T-shaped top mass is suspended from the top of an external cage
through two wires connected to two maraging steel blades. The blades are used
in order to provide vertical attenuation. The intermediate mass is connected to
the top mass through four wires and four maraging blades while the test mass is
connected to the intermediate with four silica fibers. Both intermediate and test
masses are made of fused silica. The triple pendulum has also 14 sensors and
actuators, 6 on the top mass and 4 on both the intermediate and test masses,
called OSEMs (Optical Sensor and ElectroMagnetic actuator). The top mass
sensors and actuators are used for 6-degrees of freedom active damping of the
structure resonances.

The input and end mirrors of AALIGO will be suspended via a Quadruple
pendulum system (Quad) [30]. The Quad is designed to attenuate seismic noise
by about 120 dB and 70 dB at 10 Hz in the horizontal and vertical direction
respectively. As shown in fig. 3.8, the Quad mechanical design is essentially
the same of the Triple except for the number and weight of the masses. The
suspension is composed by two steel T-shaped bodies of 22 kg each, called top
and upper intermediate masses and two cylinders made of fused silica, called
penultimate and test masses, that weight 40 kg each. In order to decrease
the thermal noise, these last two stages are designed to be monolithic in the
sense that the masses are connected through four tapered silica fibers that are
pulled and welded with a CO laser based machine developed specifically for this
task [27]. Each of the four masses are suspended from two cantilever-mounted,
approximately trapezoidal, pre-curved, blade springs, and four steel wires, of
which two are attached to each blade. The blade springs are stressed to about
half of the elastic limit. The upper suspension wires are not vertical and their
lengths and angles gives some control over the mode frequencies and coupling
factors. The Quad solid-body modes are damped using OSEMs capable of
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Figure 3.8: A photo of the triple suspension (left), CAD 3D drawings of the
Quad (right)

0.1 nm sensitivity at 1 Hz on the upper stages and electrostatic actuators on
the mirror itself with switchable high- and low-force modes for acquisition and
operation respectively.

3.3.1.3 Virgo superattenuator

In order to get an uniform and gradual attenuation in all the degrees of freedom,
the superattenuator (SA) has been designed as a chain of mechanical filters in
cascade [31].

The SA, shown in fig. 3.9, can be essentially divided in three sections:

e the standard filters chain
e the pre-isolation stage
e the mirror control system

The entire chain, constituted by 6 filters, is about 10 m long and therefore has a
main resonance frequency of % 2 =0.16 Hz. The first and last stages, called
filter 0 and filter 7, host the active controls of the suspension. Some of the
interferometer optical components require a lower level of seismic attenuation:
the injection bench, the detection bench and the mode-cleaner terminal mirror
are suspended from smaller SAs, about 2 m long, called short towers.

The standard filters Each of the 4 standard filters is designed to reduce the
propagation of mechanical vibrations by 2 orders of magnitude for frequencies
greater than 10 Hz. The central body of the filter (see fig. 3.10) is constituted
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Figure 3.9: View from below of the VIRGO long superattenuator. We can
distinguish two of the three legs of the inverted pendulum and, from the top
to the bottom, the filter 0, the standard filters 1 to 4, the steering filter, the

marionetta and the mirror-reference mass system.
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Figure 3.10: Section of a standard filter. The part in red can move with respect
to the body of the filter.

by a rigid steel cylinder of 70 cm of diameter, 18.6 cm of height and 100 Kg
of weight. The choice of these parameters is motivated by the need of an high
moment of inertia in order to have the lowest rotational modes frequencies. The
load of the lower stages is sustained through a series of elastic triangular blades
that, working as springs, are responsible for the vertical attenuation. Thanks
to their shape, the stress distribution, that is maintained at 2/3 of the material
elastic limit, is uniform along the blade. Every blade is bent before mounting,
so it can assume an horizontal configuration after being loaded. After several
studies on the subject, the best material treatment to reduce the creeping of
the metal has been identified [32].

The Pre-isolator The passive filters chain is suspended from a stage dedi-
cated to low frequencies attenuation called pre-isolation stage [33]. This stage
is a mechanical oscillator along , ¥, 2, 0, with very low resonance frequencies
(fo ~ 30 mHz) compared to the standard filters. The system, shown in fig. 3.9,
is constituted by three hollow rigid legs, connected to ground through Maraging
steel flexible joints, that support a plate called top stage on which the filter 0
is located. The three legs can be physically described by an inverted pendu-
lum (IP) and they are responsible for the horizontal attenuation. A detailed
description of IP mechanical properties will be given in next chapters.

Mirror control system The mirror control system is constituted by the mar-
ionetta and the steering filter. The latter, also called filter 7, is a standard filter
equipped with devices used to control the marionetta. Four columns about 1 m
long extend from the bottom of the filter, each supporting a driving coil facing
a corresponding magnet fixed to each arm of the marionetta. By driving the
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Figure 3.11: Left: sketch of a typical LVDT. Right: Diagram of the electronics
used for read-out.

coils with proper currents, forces and torques can be applied to the marionetta
in order to control the position of the mirror in the 0.1-1 Hz band.

The marionetta, hanging from the steering filter, is the last stage of the SA.
It is essentially a cross shaped structure supporting the mirror and the reference
mass, through four looping steel wires.

Final adjustment of the position of the mirror, along the beam direction,
above 1 Hz, are applied directly to reference mass that surrounds mirror.

Sensors and actuators As we can see in fig. 3.12, the sensors and actuators,
needed to control the IP, are mounted on the SA top stage and disposed in a
equilateral triangle configuration. There are two kinds of sensors:

e Linear Variable Differential Transformers (LVDTs): LVDTs are displace-
ment sensors constituted by a primary and secondary windings (fig. 3.11).
The primary winding is fed with an audio frequency (usually in the range
10-20 kHz) sinusoidal signal. The secondary winding is composed by two
coils wound in opposite directions. When the primary winding is displaced
of an amount Az, a current with the same frequency of the primary signal
and modulated in amplitude proportionally to Az is induced in the sec-
ondary winding. A mixer is then required to demodulate the secondary
signal and produce a DC output proportional to Az. Virgo LVDTs are
linear within 1 % over a range of 1 cm.

e Accelerometers: they have been designed specifically for Virgo suspen-
sions. The accelerometer mechanical structure is constituted by a brass
rod loaded with two disks made of the same metal sustained by two plates
of CuBe, in order to form an inverted pendulum [34]. The disks mass is
chosen in order to obtain a resonance frequency of around 5 Hz, increasing
in this way the device sensitivity to the SA normal modes frequency range.
An LVDT of the same type of the one previously described is used to mea-
sure the masses positions respect to the suspension point. The device use
a feedback control system. The LVDT signal, after being filtered by a
proportional-integral-derivative (PID) controller, is sent to a coil located
at one end of the rod. The coil is sensible to the field generated by a
permanent magnet fixed on the external structure and is able to maintain
the system in its equilibrium position working as an electronic spring. The
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system can be described by an harmonic oscillator with mass m, resonance
frequency wp and quality factor @. In the frequency domain, the restoring
force is proportional to the mass displacement:

frB
125 — —Pw)faw) - zofw)] (38)
where F(w) is the transfer function of the control network. Combining
(3.8) with the equation of motion, we get
IFB _ H(w)F(w)
m 1+ H(w)F(w)

[—w?zo(w)] (3.9)
where

1
—w? + iwwy /Q + wi

In the frequency range where the open-loop gain |H(w)F(w)| is much
greater than 1, we have

H(w)=

fre = w?z (3.10)
m

and the restoring force is therefore proportional to the acceleration. The
sensitivity of the device is limited essentially by two types of noise: the
Johnson noise of the LVDT secondary coil (1 nV/v/Hz at room tempera-
ture) and the noise of the amplifier (0.8 nV/v/Hz). The spectral sensitivity
function, defined as the minimum acceleration that induces the spectral
noise measured at the output of the demodulator, is flat for frequencies
lower than the resonance and can be written as

2
7.10-10"/5 3.11
i (3.11)

This means that the sensitivity of the device to displacement is

m
8-1071" — 3.12
o (3.12)
value that is more than 3 orders of magnitude lower than the seismic noise
(see the empirical law 2.20). The amplitude of the output signal can be
written as:
Vout = o(gsinf + &) (3.13)

where ¢ is a calibration parameter and 6 is the angle between the ac-
celerometer, located on the top table, and the horizontal direction, called
tilt angle.

Two types of actuators, electromagnetic and mechanical, are installed on the
SA top table:

e coil-magnet: they are constituted by a couple of coils and by a central
magnet of cubic shape (4 cm side) connected through a thin metallic
beam.

e motor-spring: they are made by two horizontal springs connected to the
inverted pendulum legs through a support moved using an endless screw
controlled by an electric motor.
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Figure 3.12: The sensors and actuators located on the VIRGO SA top table.

3.3.2 Active seismic attenuation

While the use of active controls in passive seismic attenuation systems is limited
only to the damping of the mechanical structure normal modes, active attenu-
ators heavily rely on control systems to reduce the ground motion.

3.3.2.1 HEPI

HEPI is an acronym for Hydraulic External Pre-Isolator [35], which in essence
explains its functionality. The vacuum chambers installed at LIGO Livingston
Observatory were initially isolated from ground noise by the seismic isolation
stacks. This turned out to be inadequate since ground noise caused by passing
trains, heavy lumber transportation, etc were amplified by the stack resonance
frequencies. Every BSC vacuum chamber of AdLIGO will be equipped with
HEPI.

HEPI is an active seismic attenuation system (fig. 3.13), capable of detecting
real time ground noise and immediately compensating by displacing the piers
of each optics vacuum chamber in a direction opposite of the motion caused by
the ground noise, thus maintaining equilibrium for the chamber and its installed
optics.

HEPI consists of five equally important mechanical entities:

o Rigid frame capable of supporting the weight of each vacuum chamber
corner,

e Offload springs supporting the payload of each corner pier
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Figure 3.13: Left picture: drawing of a BSC chamber equipped with HEPI (red
parts) and with isolation stacks (the crossed structure on top of the chamber).
Right picture: diagram of the feedback loop used in HEPI.

e Vertical hydraulic actuator with flexible bellows, driven by a hydraulic
servo valve, capable of causing payload offset in the vertical direction

e Horizontal hydraulic actuator with flexible bellows, driven by a hydraulic
servo valve, capable of causing payload offset in the horizontal direction.

Geophones and position sensors are used to measure displacement caused by
ground noise, giving feedback to the HEPI control system. In right side of
figure 3.13 is shown the feedback loop from the seismometer (STS-2) placed
on the ground and the geophone (Geo) placed on each corner of the vacuum
chamber crossbeam. The feedback signals are passed through a blended and
corrected high-pass filter before giving input back to the hydraulic actuation
system, taking compensating action.

3.3.2.2 BSC-ISI and HAM-ISI

The BSC and HAM Internal Seismic Isolation systems (BSC-ISI and HAM-
ISI) are respectively double- and single-stage active attenuators designed by J.
Giaime, B. Lantz and their collaborators at LSU and Stanford University. Their
designs are both derived from a prototype built and tested between 1990 and
2000 at JILA laboratory [36]. BSC-ISI and HAM-ISI are capable of providing
40 dB and 70 dB respectively of horizontal and vertical attenuation at 1 Hz.
The BSC-ISI, shown in the top picture of fig. 3.14, will be installed in every
AdLIGO BSC chamber and is constituted by three sections:

e Stage 0: an external frame designed to be interfaced with the HEPI pre-
isolator that holds three pre-bent maraging blade springs connected to
Stage 1 with stiffness chosen to obtain resonance frequencies in 2-6 Hz
range.

e Stage 1: is the main isolation filter. The structure is designed to have res-
onance frequencies well above 50 Hz (the unity gain frequency of the servo
system) and is connected to the other stages through stiff maraging blade
springs. The signals used for control are obtained blending three sen-
sors for each degree of freedom: two inertial sensors, a Streckeisen STS-2
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broadband seismometer and a Geotech Instruments GS-13 geophone, that
measure the platform motion respect to their suspended test masses and
a position sensor that measures the displacement respect to the adjacent
stage. The actuators consist of permanent magnets and non-contacting
voice coils.

e Stage 2: supports the QUAD suspension. The stage is controlled using a
position sensor and a geophone for each degree of freedom and the Stage
1 seismometer signals.

HAM-ISI is designed to respect the less stringent AAdLIGO requirements (see
next chapter) for the HAM chambers. It is constituted by

e Stage 0: a 190x150x10 c¢cm aluminum plate supporting three posts that
pass through next stage and hold three blade springs, with the same char-
acteristics of those used in BSC-ISI, connected to Stage 1 through 4 mm
thick maraging steel rods.

e Stage 1: the stage mechanics has been designed in order to be very stiff
to bending and have high resonance frequencies. The structure, shown
in bottom picture of fig. 3.14, is a thin walled hexagonal aggregate of
closed cells separated by vertical plates. Stage 1 hosts all the sensors and
actuators used for control: 6 GS-13s (the gray cylinders) that provide
high frequency information (between 500 Hz and 0.5 Hz), 6 displacement
sensors that provide alignment and low frequency information (between
10 Hz and DC), 3 horizontal actuators that are adjacent to the horizontal
GS-13s and 3 vertical actuators located below the vertical GS-13s.

e Optical Table: an hexagonal platform circumscribed around a 193 cm
circle that support the payload.
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(supports suspension)

Stage 0-1 Blade Spring
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(supported by HEPI) [5+ 88

Figure 3.14: CAD rendering of the BSC-ISI (top) installed in its vacuum cham-
ber. Top view of the HAM-ISI isolation stage (bottom) with the table top
removed to show the placement of major components .
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Chapter 4

HAM Seismic Attenuation
System

4.1 HAM-SAS Mechanical Design

The HAM-SAS (fig. 4.1) [37, 38, 39] is a passive Seismic Attenuation System
which is designed to provide 70-80 dB of horizontal and vertical attenuation
above 10 Hz. Originally conceived for the isolation of the Output Mode Cleaner
optics, it represents a low cost and less complex alternative to the HAM-ISI ac-
tive system (see subsection 3.3.2.2) for the support of the HAM optical benches
of the future Advanced LIGO interferometers. Without introducing any addi-
tional stage the mechanical structure could be scaled up and adapted to the
requirement of BSC chambers.

The mechanical design is based on several years of R&D by the Caltech SAS
group. The system is composed of

e A four leg Inverted Pendulum (IP) table for horizontal attenuation

e 4 Monolithic Geometric Anti-Spring (MGAS) filters dedicated to vertical
attenuation held together by a rigid rectangular cage called Spring Box
(called MGASF Box in figure 4.1).

e A set of 8 nm resolution LVDT position sensors and 8 voice-coil actuators
to be used for active attenuation

In HAM-SAS the horizontal and vertical degrees of freedom are mechanically
separated and orthogonal. A rectangular symmetry instead of the commonly
used (Virgo, TAMA experiments) triangular symmetry is used in order to adapt
the system to the HAM vacuum chamber geometry and to match the optical
table symmetry and dimension.

4.1.1 Horizontal Stage
4.1.1.1 Basic Theory of Inverted Pendulum

The Inverted Pendulum (IP) is a tunable mechanical oscillator widely used for its
good horizontal seismic attenuation performance. It is typically implemented
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Figure 4.1: Sketch of HAM-SAS mechanical system, and the improved pitch /roll
stabilizing device of the optical table. Black bold lines indicate elastic structures,
same color filled parts indicate rigid structures.

using aluminum legs and maraging steel flexible joints. Resonant frequencies
of tens of mHz have been routinely reached in many systems (Virgo, TAMA)
simply increasing the payload. One of the main advantages of the IP is its
very easy controllability. The force needed to statically move the load M of
an amount x, at frequencies f < fo is simply F' ~ Mw2x. This means we
can move the IP of a considerable amount introducing only limited noise in the
interferometer detection band.

A simple unidimensional model is shown in fig. 4.2. It is constituted by a
load of mass M supported by a rigid rod of length L, mass m and moment of
inertia I connected to ground through a flexible joint with angular stiffness .
Neglecting the viscous damping, the Lagrangian of the system can be written
as

£ =Troad + TLeg —Uroad — ULeg —Urs (41)
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with
1,
TLoad = §M:c (42)
1o, 1 .
TLeg = §mzc + 5[0 (43)
ULoad = Mgz (4.4)
ULeg = mgze (4.5)
1
UFJ = 5%92 (46)

Considering the system in the small oscillations condition and assuming the leg
uniform we can rewrite the Lagrangian as

1. 5 1 11, | 1 m 1
L= §Mx2+§m(x+xo)2+§ﬁ(xfx )2+§% (M + 5) (xx0)22k(x(a;0;j

where k = x/L% Calculating the Euler-Lagrange equation and making the
Fourier transform, we obtain the IP transfer function

X(w) _ Wi + fw?

4.8
Xo(w) wi — w? (48)
where the resonance frequency wy is
k—(M+m/2)g/L
CU(] — ( / )9/2 (4‘9)
M+m/A+1/L
and 4 1r
m/4 —

= 4.10
p M+ m/4+1/L2 ( )

Comparing the expression 4.9 with the resonance frequency of a simple
spring, we see that gravity acts as an antispring with an approximate stiff-
ness M ¥. Even if theoretically we could obtain an arbitrary low wq by changing
the load and the joint stiffness, in order to avoid instabilities in the system, we
have to choose a conservative value of the resonance frequency (fo > 10 mHz).

Plotting the transfer function, see fig. 4.2, we notice the critical effect of
the factor 0 on the attenuation. For § # 0 the curve saturates as in the case
of a massive spring. This is caused by the center of percussion effect (COP):
at high frequencies the IP leg actually rotates around a point, called center of
percussion, that does not coincide with the hinge point of the flex joint. The
solution to this problem is to place a counterweight on the bottom of leg to
change its moment of inertia, trying to obtain the smallest possible value of 3.

4.1.1.2 HAM-SAS IP

As shown in the left picture of fig. 4.3, the IP leg used in HAM-SAS (A) is a
5 cm diameter, 50 cm length, tube made of aluminum. It connects to ground
through a stiff cylindrical flex joint (B) made of maraging steel. Rigidly con-
nected to the bottom end of the leg is a light aluminum bell, which carries a
circular counterweight mass (C) at its bottom rim. As we have seen in previous
paragraph, the counterweight is essential in obtaining the desired level of hori-
zontal attenuation. The top of the leg is sliced on a diameter for a width of 2
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Figure 4.2: A simple model of an IP: sketch (top), transfer function for fo = 30
mHz and several values of § (bottom).

cm to allow the passage of the bridge (D) bolted to the spring box top plate. A
2.5 cm length thin wire flexture (F), called Little Pendulum, extends from the
cap (E) to the bridge providing a flexible connection to the spring box plate.
As we will see in the next chapter it essentially behaves as a spherical joint.

4.1.1.3 Tilt stabilizing device

In order to increase the angular stiffness of the optical table, a temporary
pitch/roll stabilizing device (see fig. 4.1) has been introduced. Such a device
comprises a vertical shaft, four helicoidal springs, and four wires. The shaft is
connected to one end to the plate supporting the optical table. The other end
holds the helicoidal springs each one attached to the spring box corners through
a wire. Four screws, each one placed between a wire and a corner, allow the fine
tuning of pitch and roll DOFs.

The tilt stabilizing device can be improved implementing two alternative so-
lutions. One simple solution is to damp the modes introduced by the stabilizing
device using dissipative mechanical dampers. Measurements have shown that,
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using a simple elastic-polymer damper, the resonances quality factor are reduced
by a factor 100. An alternative solution is the redesign of the device as shown
in the right side of figure 4.1 where the resonances are eliminated by replacing
springs and wires with flex joints and rigid hollow structures analogous to those
used in the IP legs.

4.1.2 Vertical Stage

It is more difficult to generate clean, low noise and compact mechanical oscilla-
tors with low resonant frequency in the vertical direction [40]. Helical springs
tend to rotate while extending or contracting and are excessively long if low-
frequency isolation is required. To avoid this problem almost every GW exper-
iment uses cantilever blade springs of some kind and, when helical springs are
used, counter-wound springs cancel the extensional-torsional coupling.

Compact springs even cantilever blades tend to be stiff and oscillate at too
high frequencies. Several techniques have been developed to soften them up and
suitably reduce their resonant frequency. The precursors of this technique were
the magnetic anti-springs in the Virgo super attenuator chains. The use of anti-
springs in parallel to the cantilever blades to reduce the spring’s vertical resonant
frequency around their working point, naturally introduced nonlinearity in the
spring’s behavior. While anti-spring equipped springs behave like normal lower
frequency harmonic springs for small oscillations, their oscillations progressively
deviate from purely sinusoidal for larger excursions and their resonant frequency
changes if significant changes of load or temperature shift the spring equilibrium
point.

4.1.2.1 Monolithic Geometric Anti-Spring

The MGAS (fig. 4.3) is a vertical oscillator which uses a crown of radially
compressed curved blades to provide the mechanical compliance [41]. The blades
are clamped on one end to a plate, and connected on the other end to a small
disk. The load connected to the disk compresses and bends the blades. Each
MGAS filter houses 8 blades, and depending on their thickness, each blade they
can carry up to 38 kg. The blades stress is kept down to 40% - 60% of the
yield point. Acting on the position of the clamps one can change the blades’
compression, and tune the MGAS resonant frequency down to 100 mHz.

At frequencies lower than a critical value the GAS filter’s vertical transmissi-
bility from ground to the payload has the typical shape of a simple second order
filter (fig. 4.4) transfer function. Due to the distributed mass of the blades, the
transfer function saturates at high frequency, limiting the attenuation at -60dB.

4.1.2.2 MGAS Magic Wands

As we have seen in paragraph 3.3.1, a real massive spring can provide 1/w?
attenuation only in a frequency range wg < w < w.. Above that cutoff, the
transfer function saturates at a level 5 = m/M. Rewriting eq. 3.6 for an
undamped massive spring, we have

H - Wi (1 + i) + Bw?
Wi+ ig) + w?

(4.11)
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Figure 4.3: HAM-SAS IP (left) and MGAS (right) 3D CAD renderings

Since [ is related to the mass distribution of the blades, we can use the center
of percussion effect, in analogy of what what is done (see paragraph 4.1.1.1) for
the inverted pendulum, to extend the attenuation range.

For this reason, a device equivalent to the IP counterweight (fig. 4.5), called
“magic wand” has been developed [42]. It can be used to tune the effective
MGAS COP, further improving the vertical filter attenuation for frequencies
above a few Hz. The magic wand goes in parallel to the MGAS. It is constituted
by a thin-wall carbon fiber tube hinged to the filter frame ring and the central
keystone. A counterweight is attached to one in end in order to move the wand’s
COP out of the pivot.

A rigid body model of the system is shown in fig. 4.5. We will use this
model in the next chapter. The MGAS is represented by a vertical undamped
spring with linear stiffness k. The wand’s tip and of the counterweight distances
from the pivot point are the two arms lever L and [ respectively. The wand is
modeled as a massless hollow cylinder of length L + [, while the counterweight
is considered a pointlike mass p. We can now write the Lagrangian £y of the
system:

LCvw =Troad + Tnicas + Tew — Ucw — Unmgas (4.12)
with
1,
Troad = §MZ (413)
1 leff 2.2 Ieff . N2
Tyvgas = imeff< 7 z +_2L2 (2 —2%0) (4.14)
1 /1\?
T = —ul—) 2 4.15
ew = (1) (1.19
and
1 Z\2
Uow = - z(—) 4.16
cwW 29M I ( )
1
Umcas = =k(z—20)°
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Figure 4.4: MGAS experimental transfer function magnitude (top) and phase
(bottom). The high frequency plateau make the attenuation saturate at -60dB.
It is more likely that the acoustic noise is dominant above 50 Hz where the

accelerometers work as microphones.
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Figure 4.5: Top: Photo of one of the four magic wands that can be installed on
each MGAS filter to improve its attenuation performance. Bottom: sketch of a
simple rigid body mechanical model used in the text.

Obtaining the resulting equations of motion and calculating their Fourier trans-
form, we can write the position transfer function in the form:

2
oo Z(w) _ W — Aw (4.17)
Zp(w) wi— Bw

where w? = k/(M + pl?/L?) and A and B are two constants. Theoretically
choosing an appropriate value for the wand moment of inertia pl?, in order to
have A = 0, we could restore the infinite 1/w? unlimited attenuation of a simple
spring. In practice it’s impossible to obtain the ideal value of 12 and a complex
conjugate zero appears in the transfer function, in a similar way to what we
have seen for the IP when 3 # 0.

4.1.3 Sensors and Actuators
4.1.3.1 LVDTs

HAM-SAS contains two sets of four LVDTs [43] for the controls and an addi-
tional set for monitoring. Each of the control LVDTs is co-located with a coaxial
voice-coil actuator (fig. 4.6). Four vertical LVDTs, coaxially located inside the
GAS filters, measure the vertical positions of four points of the optics table
with respect to the spring box. Four horizontal LVDTs, located in correspon-
dence of the inverted pendulum leg, measure the horizontal displacement of the
spring box. The last four are witness LVDTs mounted underneath the top plate
supporting the optics table and measure directly the displacement of the table
respect to the base, three horizontal and one vertical.

A VME LVDT driver board have been used in HAM-SAS control. The
LVDT board specifications are:
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Figure 4.6: Photo of an horizontal LVDT and its associated electromagnetic
actuator used in HAM-SAS

8 independent channels, first channel set as master in master-slave trigger
configurations.

One single-ended output per channel for signal monitoring

One single-ended input, for external oscillator operation

One single-ended output, for board synchronization

Master-slave /asynchronous operation selectable through onboard jumpers.
External /internal oscillator operation selectable through onboard jumpers.
4 22 Vpp primary output voltage

+15 V - £18 V Supply operating voltage.

3 24-pin connectors for LVDT primary winding excitations, LVDT sec-
ondary winding readbacks, ADC

The circuit, shown in figure 4.7, is based on the Analog Devices Universal LVDT
Signal Conditioner AD698 chip [44]. The component feature are

Tunable Internal oscillator from 20 Hz to 20 kHz

Double channel demodulator: two synchronous demodulator channels are
used to detect primary and secondary amplitude. The component divides
the output of the secondary by the amplitude of the primary and multi-
plies by a scale factor in order to improve temperature performance and
stability. In this way a typical offset drift of 5 ppm/°C and a typical gain
drift of 20 ppm/°C are reached.

Tunable low pass filter for each demodulator

Amplifying stage at the output
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A phase compensation network is used to add a phase lead or lag to one of the
modulator channels in order to compensate for the LVDT primary to secondary
phase shift. A low noise instrumentation amplifier, INA217, is used for LVDT
secondary readbacks differential input. Specifically designed for audio signal
amplification, this component has a voltage noise of 1.4 nV/ VHz at 1 kHz and
a THD of 0.004% at 1kHz for a 100 gain factor. The gain can be adjusted
through an external potentiometer. A wide-band fully differential amplifier,
THS4131, is used for primary winding excitation output.

Several measurements have been done in order characterize the performance
of the three versions of the board [45]. An experimental setup, composed by
a 50 pm resolution Line Tool micropositioner fixed on an optical table and
rigidly connected to the LVDT primary winding, has been used. Several cus-
tom made Horizontal LVDT prototypes have been realized in order to determine
the optimal ratio between the radii of primary and secondary windings. LVDT
spectral density noise measurements (figure 4.8) have been done after centering
the LVDT primary coil to get zero signal output. Several independent mea-
surements have been performed to cover different frequency ranges. Calibration
measurements have shown a low level of nonlinearity (less than 1% of the range).
Residual displacement noise of 2 nm/v/Hz @ 10 Hz has been measured for both
LVDTs. Crosstalks of 1% between the horizontal and longitudinal and between
horizontal and vertical degrees of freedom have been obtained. The results
obtained in an optimized configuration are summarized in the following table:

y | Horizontal LVDT |  Vertical LVDT |

Nonlinearity 0.88% 0.26%
Sensitivity 6.49 V/mm 7.85 V/mm
Range 20 mm 20 mm
Displacement Noise || 2 nm/vHz @ 10 Hz | 2 nm/vHz @ 10 Hz

4.1.3.2 Electromagnetic Actuators

In the Virgo seismic isolation system, a contact-free actuator was achieved using
two large coils in a Helmholtz pair configuration, and a small permanent dipole
magnet in the central volume of constant field gradient. In the Helmholtz pair,
the two coils are positioned so that the increasing field gradient of one coil is
canceled by a corresponding decrease in the other coil. Sufficient gradient uni-
formity is obtained in a volume typically 5% of the coil dimension. The main
disadvantage of this configuration is that, in order to obtain a reasonable move-
ment range, large coils are required along with a corresponding large dissipation
of power in vacuum. To alleviate this problem a relatively large permanent mag-
net dipole is used. However a disadvantage of this scheme is that the absence of
a magnetic field returns yoke allows formation of large dimension open magnetic
fields, which can either perturb or be perturbed by external fields. Additionally,
relatively large currents (and power dissipation) are necessary to produce the
required forces.

For this reason, the SAS group designed and implemented a contact-free
actuator [46] made of a racetrack coil mounted on the IP table, floating in the
confined magnetic field of a twin-gap magnetic yoke. The yoke is attached to
the external reference structure and energized by two permanent magnets. A
current passing through the coil will generate a force proportional to the integral
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of the yoke’s magnetic field combined with the distributed current in the coil.
This arrangement does not generally produce a force that is independent of the
relative position of the coil and the yoke. A careful design of both the coil and
yoke solved this problem.

4.2 HAM-SAS Prototype testing

The installation and commissioning of HAM-SAS was done at the LASTT (LIGO
Advanced System Test Interferometer) facility during a short period of less than
four months. The LASTI is made up of standard full-scale LIGO vacuum cham-
bers, arrayed in an 'L’ configuration with arms lengths of 15 m. Measurements
to characterize the performance of HAM-SAS mechanical system were done un-
der vacuum to eliminate acoustic noise, air flow perturbations, and to reduce
thermal drifts.

4.2.1 Experimental Setup

The tests performed at LASTTI tried to simulate the AALIGO conditions. As
shown in fig. 4.9, the triple pendulum suspension was installed on the optical
table and several weights were arranged to simulate the same mass distribution
and height of the optics that will be installed.

4.2.1.1 Geophones

Six unidirectional Mark L-4C geophones were placed on the optical table and
suitably oriented to detect the residual excitation of all the six DOFs. As shown
in fig. 4.9, three of them are aligned with the optical table plane in a pinwheel
configuration while the remaining three are orthogonal, disposed in a triangular
configuration.

Geophone are simple passive electro-mechanical sensors. Mark L4C model
contains a permanent magnet and a moving coil attached to a 1 kg proof mass
suspended on soft, springs with resonant frequency around 1 Hz. For frequencies
greater than the mechanical resonance, the geophone produces an output voltage
proportional to the relative velocity of the mass, £ —,, measured with respect to
the permanent magnet which is fixed in the housing of the transducer. For lower
frequencies, voltage falls as proof mass motion starts to follow ground motion.
In a more subtle way, because of the Principle of Equivalence, at low frequency,
geophones are affected by tilt- to-horizontal coupling, which prevents them from
distinguishing the accelerations along = and y from the angular ones along 6,
and 60,. For this reasons an high pass filter that removes the components below
100 mHz from the output signal has been used. Moreover, in order to pass from
velocity to position, a simple calibration filter constituted by a single pole at
low frequency, has to be applied to the signal.

4.2.1.2 Seismometers

Three tri-axial force-feedback Guralp CMG-40T seismometers, placed around
the HAM chamber in an L configuration, measured the six-DOF excitation of
the ground. As in the case of geophones, Guralp CMG-40T generates an output
signal proportional to the ground velocity in a frequency band that is declared
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by the manufacturer to be between 0.033 Hz and 50 Hz. The seismometer uses
two independent sensors for horizontal and vertical DOFs that can be considered
orthogonal with an accuracy of 0.2 degrees. The horizontal sensor is constituted
by an inverted pendulum supported by two parallel leaf springs while the vertical
one consists in a mass, connected to an horizontal blade spring. The total weight
of each sensor is approximately 35 g.

4.2.1.3 Optical Lever

The optical lever monitors the triple pendulum providing an auxiliary measure-
ment of the optical table motion along 6, and 6,. A diode laser, positioned
on top of a pier just outside the HAM chamber, emits a beam that enters the
chamber through a glass porthole and hits the mirror in the middle of the bot-
tom mass of the triple pendulum. The reflected beam reaches the center of a
QPD (Quadruple Photo-Detector) sensor placed right next of the laser source.
A QPD is made of a four quadrant photodiode in which each quadrant gives a
voltage proportional to the impinging power. The signal share between the four
channels depends on the position hit by the beam spot. The linearity range and
sensitivity of this detector depend on the laser spot size.

4.2.2 Measurements

Figure 4.10 shows the measured transmissibility along the Cartesian coordinates
x, y, z from ground to the optical table. The plot is obtained calculating the
transfer function between the signals of the geophones placed on the optical
table and the ambient anthropogenic noise measured by the Guralps. The first
resonance at approximately 65 mHz, present in x and y plots, corresponds to the
IP flexible joints resonant frequency. The resonance at approximately 100 mHz
in z plot is due to the MGAS resonance frequency. The second peak in z and y
at 125 mHz indicates a crosscoupling between the horizontal and vertical DOFs
that is due to the fact that the Spring Box platform is probably tilted respect
to ground. The third resonance in x and y at 265 mHz is caused by a horizontal
resonant frequency of the MGAS springs. This resonance is due to the fact that
the optical bench is connected to the MGAS filters by four vertical small piers.
Those piers couple to the angular compliance of the MGAS filters, allowing
horizontal motion. Below about 50 mHz the measurement showed almost zero
coherence due to the poor sensitivity of the seismometers. Peaks between 15
Hz and 30 Hz are due to internal resonances attributed to the tilt stabilizing
device.

The seismic attenuation performance measured with all the active controls
on is shown in fig. 4.11 for z and z DOFs. The red curves shows the seismic
noise measured by the Guralps, while the blue ones are the optical table motion
obtained from the geophone signals. We see that the measurements meets the
AdLIGO HAM requirements in most of the frequency range with the exception
of a few regions. Along z for f ~ 200 mHz and along x for f < 100 mHz,
the noise introduced by the suspension exceeds the seismic motion. This is
caused in the first case by the MGAS filters resonance frequency while in the
second one is probably due to imperfect controls designed over a not fine enough
diagonalization of the physical plant matrix. The marked peak at around 20
Hz is a spurious resonance and appeared after the installation of the tilt sta-
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bilizing springs. Two possible solutions to this problem have been described in
subsection 4.1.1.3.
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Horizontal LVDT Prototype HO1: Residual displ. Noise
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Figure 4.9: Optics table installed on HAM-SAS for measurements and testing
inside the LASTTI HAM vacuum chamber.
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Figure 4.10: Experimental transmissibilities along = (blue), y (red) and z (green)
obtained calculating for each DOFs the transfer function between the Geophones
signals and the ground motion measured by the Guralps.
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Figure 4.11: HAM-SAS prototype measured performance along x and z DOFs.
All controls are active. Red curves are the power spectra of ground motion
measured by the Guralps, Blue curves represent the displacement spectra of the
Optical Table obtained from the Geophone signals. Gray and Magenta curves
are the HAM AdLIGO requirements.
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Chapter 5

HAM-SAS Analytical
Multibody Modeling

During HAM-SAS designing phase, in order to evaluate its performance and
allow the design of the control system, we developed two sets of multibody,
three-dimensional, multiple-degrees of freedom models. The set described in
this chapter is constituted by linear analytical models written in Maple symbolic
language, while the one detailed in chapters 6 and 7, consists of non-linear
numerical models developed with MultiBody Dynamics (MBDyn) simulation
software. In both model sets the angular wires’ stiffness is neglected and the
dissipation mechanisms are accounted using viscous damping to approximate
structural /hysteretic damping.

5.1 Modeling of mechanical systems

Models of vibrating systems can essentially divided in two broad classes [47],
lumped or continuous, depending on the nature of their parameters. In the
case of lumped-parameter systems, the components are discrete with the mass
assumed to be rigid and concentrated at individual points and with the stiffness
in the form of massless springs. This approach is commonly called multibody
dynamics modeling. The motion of this systems is described by ordinary dif-
ferential equations, one for each mass, and the number of masses defines the
number of degrees of freedom of the system. Since for each independent vari-
able we have an initial condition, this kind of problems are known as Initial
Value Problems.

When the elastic components cannot be regarded as equivalent springs, be-
cause their mass is no longer negligible, the system has to be described with a
continuous-parameter model. In this case the mass and stiffness parameters are
in general function of the spatial variable x, and referred to as distributions,
with the mass being given in the form of mass linear density. The displace-
ments are now dependent by x and by the time ¢. As a result the motion of
distributed-parameter systems is governed by partial differential equations to
be satisfied over the domain of the system. This means that the equations are
subject to boundary conditions at the end points of the domain, and we have
to solve a Boundary Value Problem.

69
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Since, for the most part, this kind of problems doesn’t admit exact solution,
several approximate methods have been developed. The Finite-Element Method
(FEM) is the most common technique used to simulate complex continuous-
parameter systems. This method tries to find an approximate solution of the
equation of motion in the form of linear combinations of known trial functions
multiplied by undetermined coefficients. The trial functions extend over small
subdomains of the system, called finite elements, and are usually constituted by
low degree polynomials.

Although the most common way to simulate a complex mechanical system
is by means of FEM techniques, this approach for HAM-SAS was not entirely
successful. Even though FEM simulations have been useful to study the internal
modes of the rigid structure [48, 49], they were unable to accurately reproduce
its dynamic behavior, especially at low frequency. For this reason, a multibody
approach was preferred.

5.2 Model description

Let’s list first the most important approximations used in the model:
e Lumped-parameter system,

e clastic elements approximated using quadratic potentials, i.e. small oscil-
lation regime,

e dissipation mechanisms accounted using viscous damping to approximate
structural /hysteretic damping,

e system assumed to be symmetric enough to separate horizontal displace-
ments z,y, and yaw 6, from pitch 6, roll §, and vertical displacement
Z’

e internal modes of the mechanical structures not accounted,
e angular wires’ stiffness neglected,

Using lumped elements limits the accuracy of the simulation to frequency lower
than the lowest internal frequency. HAM-SAS is expected to have internal
modes frequencies starting at around 100 Hz.

The reason of using viscous instead of hysteretic damping is because of the
need of having a straightforward state-space representation for time domain
simulations studies. In the small oscillation regime, the major difference between
the two kind of damping is that the viscous damping changes the resonant
frequencies of the modes. Practically, this turns out to be just a minor drawback
because resonances are tuned to some nominal frequencies.

A symmetric system such as HAM-SAS has some orthogonal degrees of free-
dom that simplify the implementation of the dynamic model. Asymmetries
are expected to introduce coupling no more than 1% among degrees of free-
dom. Therefore, for seismic attenuation performance estimation purposes such
approximation should be reasonable.

Neglecting angular wires’ stiffness produces an underestimation of the pen-
dular modes frequencies, which is negligible in our case vis-a-vis the wires’ cross
section and tensions.
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Figure 5.1: Simplified sketch of the analytical mechanical models developed (IP
counterweight bells, MGAS wands and wands’ counterweights not shown).

Figure 5.1 shows a sketch of this mechanical model with rigid bodies, linear
springs, and flexural joints. Inverted pendulums counterweight bells and MGAS
wands and wands’ counterweights are not shown for sake of simplicity. More
detailed sketches are shown in figures 5.2 and 5.4.

The physical parameters used in the model have been in part extracted
from HAM-SAS official production drawings [50], in part evaluated to match
experimental data acquired on several prototypes. Masses and moments of
inertia have been calculated using SolidWorks CAD from the three-dimensional
drawings of the system realized by Y.Huang.

In the model the entire mechanical system is sitting on a base which is used
to excite the Attenuator in all the 6 degree of freedom. Internal resonances of
the IP legs and other supporting structures are not included in the simulation.

The mechanical model has been implemented using scripts in Maple symbolic
language. Those scripts produce a state-space representation of the system that
can be easily imported into Matlab and Simulink for control simulations. The
way that the code has been written is such that allows to progressively introduce
new features to improve the accuracy and remove degrees of freedom to check
the consistency of the simulation. For example, it is possible to freeze all the
degrees of freedom but the one describing the IP and verify that the model gives
the expected simple response similar to a compound pendulum. This feature
allowed us to increase our confidence about the model.

5.2.1 Equations of motion

The equations of motion of an n-degree of freedom mechanical system with
viscous damping subject to holonomic constraints can be written, in Lagrange’s
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formulation, as

d (0T or  oU = OF
=) o = 222, k=120 5.1
dt (an> Oqr ~ Oqr,  Oqy (5.1)
where T' = T(q1,...,qn,q1,---,Gn) is the kinetic energy, U = Ul(qi,...,qn)
is the potential energy, § = §(q1, ..., qn) is the Rayleigh’s dissipation function,
qi(t) are generalized coordinates and Q) are generalized non conservative forces.
The function § is defined as

1<~ .
S = 3 ;%‘qz‘ (5.2)

and represents the physical work done by the system against the friction forces.
In order to simplify 5.1, the variable, £ = T — U, called Lagrangian function, is
commonly used.

Even though the equations 5.1 are in general non-linear, we are interested
in the small motions around the equilibrium points of the system, the so called
small oscillation regime. In this condition we express the displacements in the
form

a(t) = " (t) + @(t) k=1,2,...n (5.3)

where ¢;? are the displacements when the system is the equilibrium position
and ¢, are small perturbations. Consequently the generalized velocities satisfy

a(t) =q(t) k=1,2,...n (5.4)

Introducing the conditions 5.3 and 5.4 in 5.1, it’s easy to proof that, the
equations of motion of a n-degree of freedom system become linear and can be
written as

Mg(t) +Tq(t) + Kq(t) = Q(t) (5.5)

where q(t) = (q1(t),q2(t),...,qn(t)), M is the mass matrix, I is the damp-
ing matrix, K is the stiffness matrix and Q(¢) is a vector of generalized non
conservative forces.

In order to easily use the models for control simulation, we need to convert
them in the canonic state space representation. To this end we introduce the
identity

qit)=-M"'Tq— M 'Kq+ M 'Q(t) (5.6)

Introducing the 2n-dimensional state vector x(t) = [q7 (¢), q” (t)], we can write
the 5.5 in the state-space representation

x(t) = Ax(t) + BQ(t) (5.7)
with 0 s
A= ( 7]\;51}( M ) (5.8)
and
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where 0, x,, is an n X n matrix with all elements equals to zero and I, is the
n x n identity matrix. The vector Q(¢) represents the input of the state-space
model and is constituted by the set of forces used to excite the system. The
second equation of the state space representation is by definition

Y(t) = Cx(t) + DQ(t)

In our case the matrices C' and D are not univocally determined since they
depend by the chosen outputs Y (¢) and inputs Q(t).

5.2.2 MGAS Table Model
The MGAS table model is shown in figure 5.2. Their constituents are

e 7 Rigid Bodies: 1 massive Base used to excite the system with respect
to the ground in the vertical DOFs, 1 Optical Table (OT), 1 Spring Box
(SB), 4 Vertical CounterWeights (VCW) connected to the "magic wands”.

e 8 Linear Springs with viscous damping: four of them constitute,
together with the wands, the Vertical MGAS (HMGAS) filter. The other
four springs are used to simulate the vertical stiffness of the little pendu-
lums.

e 7 Force Actuators: Three of them are used to excite the Base, acting
on its center of mass, the other four shake the system acting on points
corresponding to the actual positions of the electromagnetic actuators.

The MGAS filter is modeled with an equivalent system which is able to account
for most of the blades’ mechanical compliances, and for attenuation saturation
effects. The equivalence is achieved by tuning the model with measurements.
Three orthogonal springs with the proper elastic constant are connected together
by one end to the payload (the optical table), and the other three ends are
attached to the filter frame. Saturation effects due to the blade’s distributed
mass are simulated with a wand pivoting around a point rigidly connected to the
filter frame. One wand’s end is then attached to a counterweight and the other
is free to rotate about the point connected to the payload. The tuning of the
attenuation saturation is done by changing the counterweight and/or the wand’s
length and/or wand’s central pivot point. As we have seen in last chapter,
in the actual MGAS filter wands are introduced to neutralize the attenuation
saturation effects, while in the model the wands are used both to generate, and
eventually to neutralize the saturations. This phenomenological model with
two wands plus counterweight system is used to simulate the horizontal and
vertical saturations of MGAS transmissibility. In both IP Table and MGAS
Table Model we kept the mass of the counterweights, My, Moy, and the
length of the arm levers , L% oy, LY oy, fixed and we calculated the length of
the other arm levers, I% -y, li,ow, in order to have, in each transmissibility, a



CHAPTER 5. HAM-SAS ANALYTICAL MULTIBODY MODELING 74

notch at frequencies fanotchi; ;g and fznotchi, . 44 respectively. So we have

ow = (5.10)
Fehveas Lirow |~ Mirow (Feisaas) — (Fonotehiyg.a5)”) Mor /4
Mirew ((F2hscas) = (Fanotehl g as))
vow = (5.11)
FohucasLyon |- Micw (Fzhraas) '~ (Fonotehiyg as)”) Mor /4

My ow ((fzjucAs)zf(fz"OtChé\/rcAsf)

where fz%,;49 and fz%,;5 45 are the horizontal and vertical resonance frequen-
cies of i-th MGAS filter.

Figure 5.3 shows a comparison between a model result and measurements
of the vertical transmissibility of a MGAS blade with a single counterweight
and wand. The model has been tuned in order to match the resonance and
the notch frequencies of the measurement. A significant systematic discrepancy
at low frequency (below 0.2 Hz) of approximately a 5 dB is clearly visible.
The large uncertainty of the accelerometers calibration at low frequency used
to take the measurement can partially explain such difference. Discrepancies
above 50Hz are mainly due to the internal resonances of the supporting frame,
the shaker, and the blade support designed for filter tuning studies.

We can write the Lagrangian £y/gr of the MGAS table as

Lyer = Tuer — Umar (5.12)
with
Tuar = Tgase+Tss+Tor +Tvew (5.13)
Umer = Urp+Ungas+Uvew 5.14)
where, using
1 1 . 2 1 )
TBase - iMBaseé%ase + iwaBaseaxBase + EIyyBasegyBase (515)
1 .9 1 .2 1 . 2
Tsp = §MSBZSB +§Ix$SBQ$SB+§InyBQySB (5.16)
1 .9 1 .2 1 . 2
Tor = EMOTZOT + §I$$OT9$OT+ §Iyy0T9y0T (5.17)
1en, Brew \ aino
Tvew = §ZM€/CW (Li ) (") (5.18)
P vew
and
LA
Up = 521632}9(1/’2)2 (5.19)
i=1
I »
Unmcas = 3 ;kzj\lGAS(nl)z (5.20)
LA . 2
Uvew = EQZM\l/CWK/CW (U) (5.21)
vew

i=1
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The vertical stiffness of the MGAS k2!, 4 is estimated in order to have a
resonance frequency fzj;z45. We obtain

, 2
. . 2 MOT ) K
kZirgas = (27 f 2y as) <4 + My ew (L‘Z-/CW (5.22)
vew

The vertical stiffness k2% 5 has been evaluated considering the little pendulum
as an homogeneous cylindrical beam of maraging steel

_ i )2
P 7 v (5.23)

where 7%  is the radius of i-th little pendulum and Y,,,,, is the maraging Young’s
modulus.
The MGAS table dissipation function, §y a7, is

1 . ) . 2 .2 .2 .9
Suer =5 (712?93 + Y2200 + 13025 + 140Ysp + Vs0T0p + 769y0T> (5.24)

The external forces applied to the system can be written as

4
QMGT = ZF'Zé‘oil + FZBase + thBase + FtyBase (525)
i=1
The meaning of the coordinates is described in table 5.1. We can rewrite
equations 5.15-5.21 using only the Lagrangian coordinates

(Cl, P) = (ZBa357 el‘Bas& eyBasea wiz 77i7 ZBasea e.xBasev e.yBasev ’(/}ia 772) 1= 1a 27 3
(5.26)

5.2.3 IP Table Model
As shown in fig. 5.4 the IP table model is constituted by

¢ 11 Rigid Bodies: 1 massive Base used to excite the system with respect
to the ground in the horizontal DOFs, 1 Optical Table (OT), 1 Spring
Box (SB), 4 Inverted Pendulum (IP) legs, 4 Horizontal CounterWeights
(HCW) connected to the “magic wands” (see next subsection). The 4 Little
Pendulums (LP) are not counted since their mass is considered null.

e 4 Linear Springs with viscous damping: Together with the four
wands, they constitute the Horizontal MGAS (HMGAS)

e 4 Angular Springs with viscous damping: They are used to simulate
the inverted pendulum Flex Joints (FJ).

e 6 Force Actuators: Two of them are used to excite the Base, acting
on its center of mass, the other four shake the system acting on points
corresponding to the actual positions of the electromagnetic actuators.
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Parameter Description | Value
Mpase Mass of the shaker base 1010 kg
Mgp Mass of the spring box 281 kg
Mot Mass of the optical table 906 kg
Mo Mass of the vertical wand counterweight of the i-th 0.1 kg
MGAS spring
IrxxBase First diagonal component of the base inertia tensor 1010 kgm2
Tyypase Second diagonal component of the base inertia tensor 10'9kgm?
Ixzsp First diagonal component of the SB inertia tensor 78.87 kgm2
Tyysp Second diagonal component of the SB inertia tensor 164.88 kgm?
Izxor First diagonal component of the OT inertia tensor 254.3 kg
Tyyor Second diagonal component of the OT inertia tensor 531.6 kg
kzt o z component of i-th little pendulum stiffness. The value | 5.457-10° N/m
is calculated using
kzircas z component of i-th MGAS linear stiffness. The valueis | 89.3 N/m
calculated using eq. 5.22.
Lip Little pendulum length 25-1073 m
LY ow Arm lever of the vertical wand 0.2 m
Cow Arm lever of the vertical wand. The value is calculated 0.0952 m
using eq. 5.11.
(V1,725 73, V4, V5, 76) | Damping coefficients (250, 75, 100,
250, 75, 100)

Excitations

7
Fztou

FZB(LSCJ thBase:
FtyBa,se

Force applied to the SB through the i-th MGAS actuator along z

direction

Forces/Torques applied to the Base along z, 6,, 6, directions re-

spectively

Lagrangian coordinates (q, p)

ZBase> ZBase
0T Base, 0T Base
ayBasey eyBase

't

Displacement and velocity of the base center of mass along z

Rotation and angular velocity of the base center of mass along 0y

Rotation and angular velocity of the base center of mass along 6y

Displacement and velocity of the MGAS along z

Displacement and velocity of the little pendulum along z

Table 5.1: Parameters used in MGAS table analytical model
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Figure 5.2: MGAS table model sketch viewed from the zz plane .

The inverted pendulum dynamics have been modeled with an ideal flexural joint
connected to a leg with a counterweight as shown in figure 5.4. The transmissi-
bility saturation has been tuned to about -60dB, which is a conservative number
considering previous measurement with the HAM-SAS IP legs. IP Resonant fre-
quency was tuned to 30 mHz, which is a frequency routinely obtained by Virgo
superattenuators and also obtained by SAS prototypes.

In order to use the procedure described in last subsection we need to write
the Lagrangian £;pr, the dissipation function §;pr and the external forces
Qg pr of the IP table. We have

Lrpr =Trpr — Urpr (5.27)
with

Trpr = TBase +Trp +Tsp +Tor +Tuew (5.28)
Urpr = UBase +Urp + Usp +Uor +Uncw + Upy + Uncas (5.29)
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MGAS Model vs. GAS+wand Measurements
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Figure 5.3: Comparison of modeled and experimental vertical transmissibility of
an MGAS filter with assembled with a wand with a counterweight. Experimental
data were taken in two separate measurements [38]: green asterisks Dataset #1,
blue asterisks Dataset #2.

Using the coordinate system shown in figure 5.4 and the parameters described
in table 5.2, we can write

1 1 . 2
TBase = 2MBasezBase + QIZZBaseezBase (530)
4 1 i
Tip = Z; p(a7p)? + §I’yy}P(‘95’3 )? (5.31)
1 .9 1 )
Tep = 5MSBQCSB + 5]22539253 (5.32)
1 .9 1 . 2
Tor = 5MOT$0T + §Izz0T9zOT (5.33)
4 1 l 2
THCW = Z 5 HCW (xSB — IJI'L{CVV§Z> (534)
= HCW
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and
4 S
1 MipHip(0z')?
Urp = _§g§f (5.35)
1 Hgsp(0 1 4o )2
Usp = —LgnrgpZimt iB( =) + 39Mss Lzt ZPW) (5.36)
1 4 Hor(6z9)2 1 S xt)?
UOT _ 779MOT2171 OT( ) gMOTszl LP(¢ )(537)
2 4 2 4
Ubcw = *QZMHCWZHCW (L‘ ) (5.38)
=1 HCW
I~
Urs = 5 kaip(Lipba’)® (5.39)
i=1
1 . .
i=1

The flex joint stiffness have been evaluated imposing a resonance frequency
fo =30 mHz in eq.:

(27 fo)?
Izzor + Iyyip + 5 (Mor + Msp) Ly p + M pHip

kx'p (5.41)
1 i rri
+g |:4 (MOT + MSB) + MIPHIP:|
The Rayleigh’s dissipation function of the system results

1 . . 2 . . 2
Sipr = §(F1$%T + F2920T + F3x2SB + F492SB) (542)
4 4
1 in2 1 - i\ 2
+5 Z%‘ (#5)" + 3 Z%‘+4 (9330 )
=1 i=1
4 4
1 N2 1 4\ 2
5 Z;%Jrs ((;Sx ) T3 Zl%ﬂz (f )
The external forces applied to the system can be written as

QIPT — FxBase +FyBase +F0Bzase +F£Coil +FyC'oil +FgCZ'oil (543)

As we have done in the previous subsection, all the equations 5.15-5.21 can be
rewritten using only the Lagrangian coordlnates

(a,p) = (xb, 02, g’ € 3d, Oy, g €1) i=1,...,4 (5.44)

5.3 Ground Transmissibilities

The transmissibility is essentially a measure of how a mechanical system re-
spond, in the frequency domain, to a generic excitation. Mathematically, the
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Parameter Description Value
Mpase Mass of the shaker base 1010 kg
Msp Mass of the spring box 281 kg
Mor Mass of the optical table 906 kg
M, Mass of the i-th IP leg 2.608 kg
Myow Mass of the horizontal wand counterweight of the MGAS 0.1 kg
springs
122Base Third diagonal component of the base inertia tensor 1010 kgm2
Iyyrp Second diagonal component, of the IP leg inertia tensor 5.99-10~2 kgm?
Izzsp Third diagonal component of the SB inertia tensor 281 kgm?
Izzor Third diagonal component of the OT inertia tensor 306 kgm?
kxtp x component of i-th flex joint linear stiffness. The value 5882 N/m
} is calculated using eq. 5.41.
kxSicas x component of i-th MGAS linear stiffness 12863 N/m
Hor Height of the optical table center of mass respect to the 0.650 m
base.
Hsp Height of the spring box center of mass respect to the 0.5 m
base.
Hi, Height of the IP leg center of mass respect to the base. 6-107%m
Lip Inverted Pendulum leg length 0.5 m
Lip Little Pendulum length 2.5-1073 m
Liyow Arm lever of the horizontal wand 0.2m
Uy ow Arm lever of the horizontal wand. The value is calculated 0.0706 m
using eq. 5.10.
zip, Thp Displacement and velocity of the i-th IP leg center of —
mass
TsB, TSB Displacement and velocity of the SB center of mass —
Tor, Tor Displacement and velocity of the OT center of mass —
Excitations
FBase, Ff‘”e, Forces/Torques applied to the base along z, y and 0z directions
FBase
F&oil Ig’yzc"“,F@C;O” Forces/Torques applied to the SB along x, y and 6z directions
Lagrangian coordinates (q, p)
xh, T4 Displacement e velocity of the i-th IP leg lower hinge point
Oz, 0z’ Angle and angular velocity of the i-th IP leg respect to the
, vertical direction
ozt qb.xz Angle and angular velocity of the i-th LP leg respect to the
vertical direction
¢t ¢ Displacement and velocity of the i-th MGAS along x

Table 5.2: Parameters used in IP table analytical model
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Figure 5.4: IP Table mechanical model sketch viewed from the xzz plane.

transmissibility T;(s) along the i-th degree of freedom of a mechanical system
is defined as the ratio, dependent on the Laplace variable s = jw,

Q)
Q5(5)

between the Laplace transform of the vibration ¢'(¢) of the system and the
Laplace transform of the excitation ¢(t) applied to the system, along the i-
th degree of freedom. For example, in the case of a simple unidimensional
damped harmonic oscillator, excited with a sinusoidal displacement xq sin(wt),
the transmissibility magnitude is

_Z _ 1+ 472(w/wy)?
T(s)| = Zo \/(1 ~(w/w0)2)2 + 472 (w/wp)?

where wy is the oscillator resonance frequency and ~ is the resonance damping
factor.

The two state-space models generated by the Maple scripts have a total of 13
inputs and 18 outputs. The inputs are constituted by 7 force/torque actuators
F' placed on the system and 6 force/torque actuators F{, one for every degree
of freedom i, placed on an ideal infinite mass base platform, representing the
ground, that is used to shake the system. In particular we have, for the IP table
model, the inputs:

QIPT — (FIPT,FépT) — (FmCOilv ch"”,Fgc;"“, Fa:Basev F;B’ase7 Fej‘iase) (545)
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and for the MGAS table

Quer = (FMGTa FEZ)WGT) = (FzéoilaFZBasathBasea FtyBase) (546)

The outputs are composed by the 6 degrees of freedom of the optical table, of
the spring box , ¢*, and of the base, ¢f, centers of mass. So we have

Y:pr = (xor,yor, 0207, 258, YsB, 02SB: LBase, YBases 02Base) (5.47)

and

Y ver = (zor, 9zor, yor, 258, 0xsB, 0YsB, ZBase, 0T Base, OYBase)  (5.48)

The frames are oriented as shown in figures 5.4 and 5.2.

Transmissibilities from ground to the optical table center of mass and from
ground to spring box center of mass for all the six degrees of freedom are shown
in figures 5.5 and 5.6. To compute such transmissibilities we first calculate
the transfer functions from generalized forces/torques F{¢ applied to the shaker
base, to the optical table and spring box degrees of freedom ¢’. Then the
transmissibilities have been obtained applying the proper transfer function ratios
to remove the dependency on the generalized forces:

Q) R
T8 = 15 b (o)

for the generic ith degree of freedom. Because internal modes are not included
in the mechanical models, this simulations are valid up to approximately 50 Hz.
Above that frequencies discrepancies are expected to be large especially around
the internal mode frequencies due to effect of distributed masses.

The transmissibility generated by the model are

e Horizontal x/z; transmissibility. The blue and green curves of figure
5.5 upper plot are the transmissibilities of the horizontal degree of freedom
z. The resonance at 30 mHz with very low quality factor corresponds to
the inverted pendulum mode frequency. The 1.2 Hz resonance is due to the
horizontal stiffness of the MGAS blades, which has been experimentally
measured to be about 0.54 Hz using a MGAS filter prototype. Finally,
the resonance at 103 Hz is due to the short pendulums which connect the
inverted pendulum legs to the MGAS frame. The presence of this reso-
nance is well known and has been confirmed by ANSYS FEM simulations
[48]. Saturation above 2 Hz has been tuned using the inverted pendulum
counter-weight to about -65 dB, which is considered a reasonable value
after the past Virgo results and measurements on HAM-SAS legs.

¢ Longitudinal y/y, transmissibility. Because of the symmetry of the
system, the transmissibility curves for the longitudinal degree of freedom
y (red and cyan curves of figure 5.5 upper plot) are essentially the same
as the = degree of freedom. Minor differences come from the moments
of inertia and lever arms which are differ by less than 10% in the two
orthogonal directions.

e Yaw 0,/ 09) transmissibility. The blue and green curves of figure 5.5
lower plot show the transmissibility for the angular degree of freedom 6,

(yaw).
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Transmissibilities x and y Direction

i

X Spring Box [
X Optical Table
y Spring Box

y Optical Table [

-50

-100

Magnitude (dB)

-150

-200
10° 10 107 10 107 10° 10 10 10° 10" 10°
Frequency (Hz)

Transmissibilities SZ Direction

8, Spring Box
BZ Optical Table

-50

-100

Magpnitude (dB)

-150

10 10” 10° 10° 10" 10° 10 10 10 10* 10
Frequency (Hz)

Figure 5.5: Transmissibilities for the horizontal (z, y) and (0,) degrees of free-
dom for a system with IPs tuned at 30 mHz.

e Vertical 2/zg transmissibility. The blue and green traces of figure 5.6
upper plot show the transmissibility of the vertical degree of freedom z.
The vertical resonance has been tuned at 100 mHz and the saturation has
been set to about -80dB. Those values have been experimentally obtained
for a MGAS with a payload of about the same of the HAM-SAS system.
This saturation level can be reached using a properly tuned wand and
counterweight. The major advantage in lowering the saturation levels is
to reduce the magnitude of the internal resonances in the transmissibility
curves. The quality factor for the vertical resonance was set to about 3.

e Roll 6, /49;0) transmissibility. The red and green traces of figure 5.6
lower plot show the transmissibility of the angular degree of freedom 6,
(roll). As expected this transfer function is similar to the vertical transfer
function but with different resonant frequencies ( the resonances depends
on the moment of inertia of the payload and not just on the mass )

e Pitch 0y/9§°) transmissibility. The blue and magenta traces of figure
5.6 lower plot represent the transmissibility of the angular degree of free-
dom 6, (pitch). The differences respect to the previous transmissibility
are mainly due to the different moment of inertia about the z and y axis.
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Figure 5.6: Transmissibilities for the vertical (z), pitch and roll (6, 6,) degrees
of freedom for a system with MGAS tuned at 100 mHz with 80 dB attenuation
factor.

5.4 Attenuation Performance

The seismic noise reference spectra of Hanford (LHO) and Livingston (LLO)
sites, used to estimate the attenuation of the horizontal and vertical seismic
spectra, are based on AdLIGO Seismic Isolation requirements design document
[52]. The horizontal and vertical ground noise are considered equal and ex-
pressed, in the frequency range 100 mHz< f <40 Hz, as a polynomial expansion
in log space:

log z4(f) = p1(log f)™ + p2(log )" "+ - + pplog f + ppi1

where 24(f) is the displacement spectral density. The LHO and LLO reference
spectra have been merged and extrapolated below 100 mHz using the USGS New
Low Noise Model developed by J.Peterson (see 2.3.1). The ground tilt noise was
generated in the 10 mHz - 40 Hz band using the Rayleigh waves propagation
model [51]. In this model the ground tilt noise spectrum is proportional to the
vertical component of Rayleigh waves through the relation:

w
O4(w) = ;Sv
where 0,(w) is expressed in rad/vHz, S, is the vertical seismic motion and ¢

is the local speed of seismic waves. This is probably an underestimation of the
actual LIGO sites angular noise especially because of asymmetries and of the
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internal modes of the HAM supporting structure at low frequencies which in-
troduce phase delays in the noise propagation. Direct measurements are needed
to estimate the amount of angular noise.

The requirements, contained in document [52], set a displacement noise limit,
for the Power Recycling and Mode Cleaner optics, of 2x10~"m/v/Hz in 0.1-0.2
Hz band, 2x10~¥m/v/Hz at 10 Hz and 3x10~'* m/+/Hz above 10 Hz.

The spectra obtained filtering LHO and LLO combined seismic noise with
the HAM-SAS model are:

e z/x( power spectrum. Figure 5.7 shows the reference spectrum, the de-
sign requirement spectrum and two predicted attenuated spectra for the
horizontal degree of freedom. The blue curve is obtained considering the
inverted pendulum resonant frequency tuned at 20 mHz and the red curve
with the IP tuned at 30mHz. The red curve shows that requirements
cannot be met in the 0.8-1.5 Hz interval. There are essentially three pos-
sible solutions to this problem that can be combined together. The first
solution is to tune the notch produced by the inverted pendulums coun-
terweight at the MGAS resonant frequency to add passive attenuation in
correspondence of that MGAS horizontal resonance. The second solution
is to tune the inverted pendulum resonance frequency at 20 mHz as shown
in the red curve. Finally the third solution is to use the active damping
control to reduce the height of 1.2 Hz resonance.

e y/yo power spectrum. The filtered seismic noise spectrum for the hori-
zontal degree of freedom y is not reported because is essentially the same
as the x horizontal degree of freedom. In fact the only differences comes
from a slight difference on the two horizontal transmissibilities.

. HZ/GgO) power spectrum. Figure 5.8 shows the filtered and unfiltered
power spectral density of the angular degree of freedom 6, (yaw). Re-
quirements are met everywhere with a quite large safety margin. As in
the other angular degrees of freedom, the angular noise roughly translates
into position noise expressed in meters. As previously mentioned, it is
important to notice that the angular noise spectrum could be underesti-
mated.

e 2/zg power spectrum. Figure 5.9 shows the filtered and unfiltered power
spectral density of the vertical degree of freedom z. Using a 100 mHz
MGAS resonance frequency, even with a -80dB saturation, experimen-
tally reached with magic wands, requirements cannot be met. However
this problem does not compromise HAM-SAS performance because HAM
chambers requirements defined in [52] are probably too stringent. A study
performed by P. Fritschel [53], one of the authors of the original seismic
requirement document, has shown that the Mode Cleaner noise limit at
10 Hz can be increased of 1-2 orders of magnitude with no problem for
AdLIGO target sensitivity. We have also to notice that considering the
horizontal and vertical components of seismic noise to be equal causes an
overestimation of the real displacement noise along vertical direction.



CHAPTER 5. HAM-SAS ANALYTICAL MULTIBODY MODELING 86

LLO+LHO Displacement Noise Spectrum

lO T T T T T T T APPSR | T 3
Filtered Seimsic Noise (30 mHz)
Filtered Seimsic Noise (20 mHz)
AdLIGO Requirements
10" LHO+LLO Seismic Noise L
— 12
N 10"
<
S
@
Ewl
[}
@
[=}
z
IS
2 107k
[
Q
«©
[=%
2
s} _
107+ .
10° g
i P | i P | i P | i P |
10° 107 10" 10° 10

Frequency [Hz]

Figure 5.7: Seismic noise square-root power spectral densities of the horizontal
(z) degree of freedom: gold curve required AALIGO noise performance, green
curve LHO+LLO seismic noise model, blue and red curve filtered seismic noise
for a system with IPs tuned at 30 mHz and 20 mHz respectively.

o 0, /0:(,30) and 6, /0@(,0) power spectra. Figure 5.10 shows the filtered and
unfiltered power spectral density of the angular degree of freedom 6, (roll).
Requirements are met everywhere with a quite large safety margin. Be-
cause the arm lever of the triple pendulum supporting frame is about
1 m long, the angular noise translates directly into meters. It is again
important to mention that the ground angular noise spectrum could be
underestimated.

5.5 Effect of Asymmetric Parameters

A preliminary study on the effects of the introduction of asymmetric parameters
in the model have been performed. This has done in order to help to determine
the precision required for HAM-SAS construction and assembly.

Two cases have been considered:

e Asymmetric IP leg lengths: Two of the four IP legs have lengths
different (-1 mm< Al <1 mm) from the design value i.e. the intermediate
and top platforms are inclined by an angle 6, or 8, respect to the ground.
This case has to be considered because it’s difficult to manufacture metallic
surfaces of the dimension required for the top and intermediate platforms
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Figure 5.8: Seismic noise square-root power spectral densities of the yaw (6,)
degree of freedom: gold curve required AdLIGO noise performance, green curve
LHO+LLO seismic noise model, blue and red curve filtered seismic noise for a
system with IPs tuned at 30 mHz.

(1.9 x 1.7 m) with an high level of planarity . The transmissibilities and
the filtered seismic spectral densities for the horizontal and yaw degrees
of freedom are shown in figures 5.11 and 5.12 respectively. As expected,
the asymmetry introduces a coupling between the horizontal and angular
directions. This causes the IP tuning frequency along the excited direction
to change and to mix with the main resonance frequency of the non-
excited degree of freedom. Since, as shown in fig. 5.7, the height of 1.2 Hz
resonance depends strongly on the IP tuning frequency, when the system
is excited along x, the 0.8 - 1.5 Hz region is over the requirements in the
case of positive Al and under them in the case of negative Al. When the
system is excited along 6, instead, we can see that AALIGO requirements
are met with a good margin even with an asymmetric system. As before,
we have to notice that ground angular seismic noise spectrum could be
underestimated.

e Asymmetric MGAS elastic constants: Two of the four MGAS springs
have elastic constants different (—0.2kg < Ak < 0.2kg) from the design
value kq. Since MGAS are systems in a quasi-equilibrium state, a precise
tuning of the spring box is very difficult. For this reason, in the real
system, a 10% error in the value of the elastic constants is expected.
The transmissibilities for the vertical, pitch and roll degrees of freedom
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Figure 5.9: Seismic noise square-root power spectral densities of the vertical (z)
degree of freedom: gold curve required AdLIGO noise performance, green curve
LHO-+LLO seismic noise model, blue and red curve filtered seismic noise for a
system with MGAS tuned at 100 mHz with 80 dB attenuation factor.

are shown in figures 5.13 and 5.14 respectively. In order to amplify the
effects of asymmetry, the quality factors of all resonances are set to infinity.
Looking at the 60 - 140 mHz region we can see, as in the asymmetric
IP table case, the presence of coupling between the vertical and angular
degrees of freedom. However, unlike the previous case, the effects are
very small and become completely negligible when we use the expected
resonance quality factors. This result is expected since for an ideal spring
the resonance frequency fo o< v/ko.

These results have been presented at the August 2006 LIGO Scientific Collab-
oration Meeting,.

5.6 Mode Cleaner suspension model

Every HAM vacuum chamber is equipped with a so called Triple suspension
(see subsection 3.3.1.2). The triple pendulum external cage is supported by the
optical table, that will be placed on HAM-SAS top platform. In this way the
motion of the test mass will be attenuated by both HAM-SAS and the Triple
suspension. It’s therefore important to study the combined attenuation of the
two systems.
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Figure 5.10: Seismic noise square-root power spectral densities of the roll (6,)
and pitch (6,) degrees of freedom: gold curve required AALIGO noise perfor-
mance, green curve LHO-+LLO seismic noise model, blue and red curve filtered
seismic noise for a system with MGAS tuned at 100 mHz with 80 dB attenuation
factor.

For this reason, in order to allow a preliminary study of the combined sus-
pensions system, an independent model for the horizontal degrees of freedom
of the Triple suspension has been developed. The model, shown in the sketch
of figure 5.15, uses the same approach and code structure of the HAM-SAS
simulation. Similarly to what we have done before, an ideal infinite mass plat-
form, placed at the suspension point of the pendulum chain, is used to shake
the system. The Lagrangian of the mode cleaner triple suspension, £y;or, can
be written as

Lyver =Tsp +Tuc — Unc (5.49)
where
1 .9 1 . 2
3
1. i 2 1 i . 2 1 i .2
Tve = ZiMMC (Zhic) + 51220 <9ZMC> + 5 lerhodi (5.51)
i=1
1o i i (002405 1 & Y N2
Une = 59 MicHio -+ 50 Michiio(9)(5.52)

=1 i=1
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Figure 5.11: Effect of asymmetric IP leg lengths in the horizontal (z) trans-
missibility. The 30 mHz IP resonance frequency changes, due to the expected
coupling between rotational and translational degrees of freedom. In the lower
plot are shown the effects of asymmetry on the seismic attenuation performance.
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Figure 5.12: Effect of asymmetric IP leg lengths in the yaw (6,) transmissibility.
The 30 mHz IP resonance frequency changes, due to the expected coupling
between rotational and translational degrees of freedom. In the lower plot are
shown the effects of asymmetry on the seismic attenuation performance.
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Figure 5.13: Effect of asymmetric MGAS elastic constants in the vertical (z)
transmissibility. In the lower plot, detail of the region 60 mHz< f <140 mHz.
The quality factors of all resonances are set to infinity in order to amplify the
coupling effects.

The external forces applied to the system are

3 3
Qumer = Z Fa' + Z Ft' + Fazgp + Ftgp (5.53)

i=1 i=1
The Mode Cleaner suspension model dissipation function is

3
1 i 1 1
== i (@ —YaT —v50z 5.54
Smor 2;%( Mc)+274 sp+ 5s0zsp (5.54)
The description and the values of the parameters are summarized in table 5.3.
Again we use a coordinate transformation in order to rewrite the equations in
the generalized coordinates

(qvp) = (xspyei’9%7(;51-71.:51370'1179.217?#) i = 172a3 (555)

The generated state-space representation has 8 inputs and 9 outputs. The
horizontal transmissibilities obtained from the model are shown in the upper
two plots of figure 5.16.

Thanks to the modular structure of the code, the connection of the Triple
Pendulum to the HAM-SAS system can be done, just making a single coordinate
transformation and adding the respective Lagrangian:

Lymes = Lymer + Lrpr
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amplify the coupling effects.
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. Therefore the Lagrange coordinate set for the complete model is

(qvp) = (:C(i)7emi,¢xi’§i71:0i’0]f79§’¢k7 (556)
9ioz,q5xl,fi,91k,92k,q5k) i=1,....4 k=123

The Triple shaking platform coordinates does not appear since the excitation is
applied to the IP table base.

In figure 5.16 are shown the transmissibilities of the Triple Suspension com-
bined with HAM-SAS in the horizontal (z) and yaw (6,) degrees of freedom for
the Spring Box, Optical Table, Triple Pendulum suspension point (MC _SP X)),
Triple Pendulum top (MC_X[1]), intermediate (MC_X]|2]) and test (MC_X]3])
mass. We can see the triple pendulum resonance frequencies, in 0.67 - 1.5 Hz
region, and the three levels of attenuation introduced by three masses at higher
frequencies.
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Figure 5.15: Sketch of the Triple Suspension mechanical model developed.
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Parameter Description \ Value
Msp Mass of the shaking platform 102 kg
Izzgp Third diagonal component of the shaking platform 1012kgm2
Mo Mass of the TP first mass 3.110 kg
M3 Mass of the TP intermediate mass 2.979 kg
M3 Mass of the TP test mass 3.040 kg
Irzyc, First diagonal component, of the TP first mass inertia ten- | 2.4 - 1073 kgm?
sor
Tza3, First diagonal component of the TP intermediate mass in- | 5.64-10~3 kgm?
ertia tensor
Iza3, o First diagonal component of the TP test mass inertia ten- | 5.65-10~3 kgm?
sor
Iz2},6 Third diagonal component of the TP first mass inertia ten- | 2.38- 102 kgm?
sor
1223, Third diagonal component of the TP intermediate mass | 5.74- 1073 kgm?
inertia tensor
12230 Third diagonal component of the TP test mass inertia ten- | 5.89-10~3 kgm?
sor
Hjlwc Distance along z between the upper suspension points of | 0.294 m
the TP top mass and the lower suspension points of the
shaking platform
H2 o Distance along z between the upper suspension points of | 0.163 m
the TP intermediate mass and the lower suspension points
of the TP test mass
H}bc Distance along z between the upper suspension points of | 0.22 m
the TP test mass and the lower suspension points of the
TP intermediate mass
hise Distance along z between the first mass COM and its upper | 5.0- 1073 m
suspension points
R, Distance along z between the intermediate mass COM and | 1.0 - 1073 m
its upper suspension points
h3c Distance along z between the test mass COM and its upper | 2.5-1073 m
suspension point
Db, o Distance along = between the upper suspension points of | 0.2 m
the TP first mass
Db?\/]C Distance along x between the upper suspension points of | 0.153 m
the TP intermediate mass
Db, Distance along = between the upper suspension points of | 0.153 m
the TP test mass
(71,72573,7V4,75) | Damping coefficients of the dissipation function 5.54. (0.1, 0.1, 0.1,
103, 10%)

Excitations

Fxsp, Ftsp

Forces/Torques applied to the suspension point shaking platform

Fzt, Ft Forces/Torques applied to the i-th TP mass
Lagrangian coordinates (q, p)
Tsp, LSp Displacement and velocity of the SP shaking platform COM along
x
0%, 9'11 Rotation and angular velocity of i-th TP mass upper suspension
. points along 6,
0, 9.21 Rotation and angular velocity of i-th TP mass lower suspension
points along 6,
o, @ Rotation and angular velocity of i-th TP mass along 6,

Table 5.3: Parameters of the mode cleaner triple suspension analytical model
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Figure 5.16: Upper two plots: Transmissibilities of the Triple Suspension in
the horizontal (z) and yaw (6,) degrees of freedom for the top (MC_X[1]),
intermediate (MC_X][2]) and test (MC_X]3]) mass. Lower two plots: Trans-
missibilities of the Triple Suspension combined with HAM-SAS in the horizontal
(z) and yaw (6,) degrees of freedom for the Spring Box, Optical Table, Triple
Pendulum suspension point (MC_SP_X), Triple Pendulum top (MC_X[1]),
intermediate (MC_X]2]) and test (MC_X[3]) mass. The quality factors of all
resonances are set to infinity.



Chapter 6

HAM-SAS Numerical
Multibody Modeling

Since all the Lagrangians have to be written manually, the development of an-
alytical models can be time consuming and error prone. At the same time the
models described in last chapter neglect factors like small misalignments of the
spring box with respect to the horizontal plane or the uneven balancing of the
mass on the optics table, and other effects of a not optimal tuning of the system
which generate the cross-talk among the DOFs observed in the actual prototype
(see subsection 4.2.2).

For these reasons we explored several multibody simulations tools that could
represent an alternative to analytical modeling. In particular we developed a se-
ries of toy models in DynaflexPro and SimMechanics, two commercial packages
respectively produced by Mathworks and Maplesoft. Dynaflex Pro is based on
Graph-Theoretic Dynamics [54], a modeling approach to multibody simulation
that use graph theory in order to calculate the system equations of motion,
while SimMechanics uses Simulink environment to represent a mechanical sys-
tem with a hierarchical connected block diagram and integrate its equations of
motion in the time domain. Even though simple systems produced the expected
results, when we increased the complexity of the models, we encountered several
problems with both tools. In particular we were unable to obtain accurate state
space representations of the systems.

We then decided to test the open source package MBDyn (MultiBody Dy-
namics) and we started a collaboration with the developers to improve some
of its features. Since this software is used to simulate stiff structures such as
helicopter rotors, it was never tested a the very low frequency regimes required
to simulate HAM-SAS dynamics. The results we have obtained are discussed in
this chapter and in the next one.

6.1 MBDyn simulation software

MBDyn is an open-source multibody analysis tool [55, 56] developed at the
Politecnico di Milano, extensively used in the aerospace field, that allows to
analyze the dynamics of complex non-linear multibody systems in the time
domain. From a numerical point of view, it is a solver of Differential-Algebraic-
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Equations (DAE) that uses a family of implicit multistep integration algorithms
in predictor-corrector form. We will discuss some details of this integration
scheme in the next chapter.

In MBDyn a mechanical system is represented as a set of nodes, bodies,
joints and external forces, described in an input text file. Nodes and bodies
can simply be viewed as owners of kinematic (the nodes) and dynamic (the
bodies) DOFs while joints are essentially the constrains between the nodes.
MBDyn generates an output constituted by several ASCII files with different
extensions. In particular the .mov file contains the motion data of every node in
the system, calculated at each time step, respect to an inertial reference frame
connected to ground. The data are constituted by the position and velocity
of the nodes along the translational (z,v, z, 2,9, 2) and angular (£, b, 6,1, ¢)
DOFs, where (£,m,¢) are the Euler angles. We obtain therefore an output
matrix N*T'/tse, x 12 where N is the number of nodes, T is the total simulation
time, tstep is the chosen time step. In order to load, manipulate, visualize the
simulations data we developed a collection of scripts in Matlab language [57].

6.2 MBDyn Models

We developed a preliminary model for the vertical degrees of freedom of HAM-
SAS, and a complete three dimensional suspension model. The time step used
in all simulations is ts., = 1072 s. The parameters have been chosen, using the
measurement discussed in section 4.2.2 as a reference. In order to avoid over-
constraining the model, each spherical joint has been implemented with three
dimensional linear springs, much stiffer (108 N/m) than the elastic elements of
the system. This allows us to clearly identify the high frequency dummy reso-
nances introduced in the transmissibility, and does not deteriorate the quality
of the models.

6.2.1 MGAS Table Model
As shown in the sketch of fig. 6.1, the model is constituted by

e 6 Rigid Bodies: 1 massive base used to excite the system with respect to
ground in all six DOFs through a force/position actuator, 1 optical table,
4 wand counterweighs;

e 4 Linear Springs with 3D diagonal stiffness matrix representing the
MGAS springs;

e 8 Wand Joints that connects the wand counterweighs to the optical table
and to the base. This joints have been implemented with linear springs
with very low stiffness along = (k in figg. 6.1, 6.3) and very high elastic
constant along y and z (K in the sketches). As it will be more evident
in the HAM-SAS model, this has been done in order to allow the optical
table to move horizontally respect to the spring box and to introduce a
coupling between the vertical and horizontal DOFs.

As for the corresponding analytical model, the wands are used to introduce
the desired saturation in the vertical transmissibilities. The parameters used in
the simulation and their relative description are summarized in table 6.1. The
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Figure 6.1: Sketch of z-z section of the MGAS Table mechanical model devel-
oped with MBDyn.

frequency of the notches of the vertical transfer functions have been tuned to
9 Hz instead of the 10 Hz used in the analytical models. Fig. 6.2 shows the
transmissibility calculated from 500 s of simulated data. The transfer functions
have been obtained exciting the base COM with white noise and analyzing the
optical table COM along the vertical DOFs (z, 0, 6,). Since MBDyn analyzes
numerically the system dynamics in the time domain, the frequency resolution
of the simulated transfer function is inversely proportional to the number of
seconds calculated, exactly as in a real measurement.

6.2.2 The HAM-SAS Model

Adding to the MGAS Table model the mechanical components of the horizontal
stage, we obtained a simulation of the complete HAM-SAS mechanical structure.
As shown in the sketch of Fig. 6.3, this model incorporates

e 15 Rigid Bodies: 1 massive base used to excite the system with respect
to the ground in all six DOFs through a force/position actuator, 1 optical
table, 1 spring box, 4 inverted pendulum (IP) legs, 4 little pendulums, 4
wand counterweights;

e 4 Angular Springs with 3D diagonal stiffness and viscous matrices rep-
resenting the flexible joints at the bottom of the IP legs;

e 4 Linear Springs with 3D diagonal stiffness matrix representing the
MGAS springs;

e 12 Spherical Joints: 8 connecting the little pendulums to the IP legs
and to the spring box, 4 connecting the IP legs to the base;
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Parameter

Description

|

Value

|

(Dxpraas, Dymcas)

MBase
Mor
My cow

(IxxBasev IyyBasea IZZBase)
(Izzvew, Iyyvew,Izzvew)
(Izxor, Iyyor, IzzoT)
(kxmcas, kymaas, kzvcas)
(Fzpraas, Tymaas, Tevaas)
(kxvew, kyvew, kzvew)

Tvew,Tvew,Tvew)
Hor
Li/cw
Kew

Relative distance of the MGAS springs along z
and y (see fig. 6.3)

Mass of the shaker base

Mass of the optical table

Mass of each wand counterweight of the MGAS
springs

Diagonal components of base inertia tensor

Diagonal components of wand counterweight
inertia tensor

Diagonal components of OT inertia tensor

Diagonal components of MGAS linear stiffness
matrix. The value of kzp;gags is calculated using
eq. 5.22.

Damping factors of the MGAS filters

Diagonal components of wand joint linear
stiffness matrix

Damping factors of the wand joints

Height of the optical table center of mass respect
to the base.

Arm lever of the wands

Arm lever of the wands. The value is calculated
using eq. 5.10.

(0.5525,0.500) m

108 kg
906 kg
0.1 kg

(105,106, 10)
kgm?
(107¢,1076,107°)
kgm?
(306, 306, 306)
kgm?
(50,50,8) N/m

(1,1,1)
(5,107,107) N/m

102
0.650 m

0.1m
0.0706 m

Table 6.1: Parameters used in MBDyn MGAS Table model
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Figure 6.2: Transfer function of MBDyn MGAS Table model along the vertical
DOFs z, 0,, 0, obtained from 7" = 500 s of simulation data.

e 8 Wand Joints: that connects the wand counterweights to the optical
table and to the spring box. These joints are used to avoid the overcon-
straining of the model along the horizontal direction.

e 8 Displacement Sensors placed on the spring box that measure its
position with respect to the base;

e 8 Force Actuators placed in the same position of the sensors.

The parameters used and their description are summarized in table 6.2. The
presence of the wands makes the system asymmetric respect to y-z plane. For
this reason only the horizontal DOFs x and 6, (top) and the vertical DOFs x
and 6, reported in fig. 6.4, include the effect of the wands.

In fig. 6.5 we compare HAM-SAS experimental transmissibilities that we
discussed in section 4.2.2 with their relative analytical and numerical models
tuned with the same parameters. As expected, the agreement between the data
and the simulation, along = and y, improves as the model complexity increases.
In particular the notch at 0.8 Hz introduced by the wands in the numerical
simulation seems to be well reproduced by the experimental data. For f > 10
Hz the experimental transfer function is dominated by the noise introduced by
the tilt stabilizing device.

While the vertical transmissibilities show essentially the same frequency re-
sponse of the MGAS Table analytical model, the attenuation along the horizon-
tal DOFs is much lower, for f > 1 Hz, than the IP Table model of chapter 5.
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Figure 6.3: Sketch of side (top) and top (bottom) views of the HAM-SAS
mechanical model developed with MBDyn.
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Figure 6.4: Transfer functions of MBDyn HAM-SAS model along the horizontal
DOFs (z, 6,) and the vertical DOFs z, 6, obtained from 1000 s of simulation
data.
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Figure 6.5: Comparison between the experimental transmissibilities, along the
translational directions x, y and corresponding transmissibilities obtained from
the HAM-SAS MBDyn model and from the IP Table analytical model using the

Same parameters .

This shows that using only a wand for each MGAS we can introduce the de-
sired saturation in the transmissibilities along both the vertical and horizontal
DOFs. Therefore our equivalent model has essentially the same dynamics of a
real MGAS.



CHAPTER 6. HAM-SAS NUMERICAL MULTIBODY MODELING

106

Parameter

\ Description

|

Value

|

(Dxrp, Dyrp)
(Dxzyvaas, Dynmcas)

MpBase
Msp
Mor
Mip
Mpp

Mycow

IZZVCW
(IxxBasev IyyBasea IZZBase)

(Izzrp, Iyyrp, 12z1p)

({zzsp, lyysp, 122s8)

(Izzor, lyyor, IzzoT)
(kzrp, kyrp, kzrp)

(Pzrp,Tyrp,Tz1p)
(krngas, kynmcas, kznmcas)
(Fzygas, Tymaas, Tzmaas)

(krvew, kyvew, kzvow)

(kspha ksphy ksph)

(Fspha Fsph7 Fsph)
(Tvew,T'vew,T'vew)
Hor

Hsp
Hip

Lip
Lrp
Licw
vew

Relative distance of the IP legs along = and y
(see fig. )

Relative distance of the MGAS springs along x
and y (see fig. )

Mass of the shaker base
Mass of the spring box

Mass of the optical table
Mass of each IP leg

Mass of each little pendulum

Mass of each wand counterweight of the MGAS
springs

Wand counterweight moment of inertia
Diagonal components of base inertia tensor

Diagonal components of IP leg inertia tensor
Diagonal components of SB inertia tensor
Diagonal components of OT inertia tensor

Diagonal components of flex joint linear stiffness.
The values of are calculated using eq. 5.41.
Damping factors of the flex joints

Diagonal components of MGAS stiffness.
Damping factors of the MGAS filters

Diagonal components of wand joint linear
stiffness

Diagonal components of the spherical joints
stiffness matrix.

Damping factors of the spherical joints
Damping factors of the wand joints

Height of the optical table center of mass respect
to the base.

Height of the spring box center of mass respect
to the base.

Height of each IP leg center of mass respect to
the base.

Inverted Pendulum leg length

Little Pendulum length

Arm lever of the wands

Arm lever of wands. The value is calculated
using eq. 5.10.

(0.505, 0.450) m

(0.5525,0.500)

m
10° kg
281 kg
906 kg

2.608 kg

2.87-1072 kg

0.1 kg

1076 kgm?
(105,106, 10)
kgm?

(59.9,59.9, 5.15)-

1073 kgm?
(100, 100, 100)
kgm?
(306, 306, 306)
kgm?
(5277,5277,107)
N/m
(8,8,8)
(50,50,8) N/m
(1,1,1)
(5,107,107)
N/m
107 N/m

102
102
0.650 m

0.384 m
3.3-10"%m

0.5m
25-1072 m
0.1 m
0.0706 m

Table 6.2: Parameters used in MBDyn HAM-SAS model



Chapter 7

HAM-SAS Numerical Model
Linearization

7.1 MBDyn Analytical Linearization Technique

The problem of extracting a linearized model from a numerical time domain
simulation is a non trivial task. Two possible approaches can be used: one is
to adopt system identification techniques, as we will do with Virgo suspensions
experimental data in the next chapter, the other is to put the system in the small
oscillation condition and to extract analytically the eigenvalues and eigenvectors
at a specific time of the simulation.

In order to obtain reduced order models from MBDyn simulations we have
used an analytical technique originally developed by P. Masarati. The HAM-
SAS models have been one of its first applications and represented a testbed
for the code. Some of the results that we discuss in this chapter have been
presented in [58] at the ECCOMAS Multibody Dynamics 2007 conference.

As we have seen in subsection 5.2.1, using generalized coordinates we can
describe an n-degree of freedom mechanical system subject to holonomic con-
straints with a set of ordinary differential equations. However, since in numer-
ical simulation software the variables choice and their relations are generated
automatically, generalized coordinates are rarely used in computer programs.
Adopting an arbitrary set of coordinates (y,y), our mechanical problem with
viscous damping have to be written as

dog oL O3 ap\"
iins oy oy tay) — @ D
¢ly) = 0 (7:2)

where the second equation describes the constraints and p are the Lagrange mul-
tipliers. The system constituted by the last two expressions is just an example
of a broad class of differential equations called Differential-Algebraic-Equations
(DAESs). The most general form of a DAE is

where F = (Fla"' aFn) DRI Rna y = (yl(t)v"' 7yn(t)) and y(t) =
(Y1(t), -+ ,yn(t)) are vector valued functions and ¢ is the independent variable.

107



CHAPTER 7. HAM-SAS NUMERICAL MODEL LINEARIZATION 108

The n-tuple y includes both the differential and algebraic variables. The deriva-
tive of the latter does not explicitly appear in the problem.

In MBDyn DAEs are integrated numerically, using a family of implicit mul-
tistep integration algorithms in predictor-corrector form. The predictor deter-
mines an estimate of the solution at time step k, based on the solution at earlier
time steps. It is typically written in the form

Ye= Y aiyrit+h > b, (7.4)

i=1n 7=0,n

where h is the time step [59]. The perturbed form of expression 7.3 can be

written as
F+F /0y +F,0y=0 (7.5)

where A/, = %—i indicates the Jacobian matrix of A respect to x. The correc-
tion phase uses the perturbed form of equation 7.4,

0yr = hbodyk, (7.6)
to turn 7.5 into the purely algebraic problem
(F/y + hboF /)0y = —F (7.7)

in 0y only. Since the problem is differential-algebraic, both of the matrices F
and F/; may be structurally singular. This problem is solved iteratively to
convergence for each time step.
The eigenanalysis consists in finding the eigenvalues A\ and the eigenvectors
Y that satisfy
()\F/y =+ F/y)Y =0 (7.8)

Since the matrices F/y, and F /5 are in general non-symmetric, the eigenanalysis
have to be done
(AFJy, +F) )Y ;=0 (7.9)

Every time step MBDyn computes the Jacobian of equation 7.7, using the func-
tion J(c), in the form
J(C) = F/y + CF/y (710)

In order to save computational time we choose ¢ = hby. Simply calling the
function twice with equal but opposite sign arguments, we have

P, - OHI0 -

F,, = W (7.12)

Using the last relations we can rewrite the eigenvalue problem as

(AJ(c) +J(c))Y =0 (7.13)
where et 1
c
A= .14
Ae—1 (7.14)
1+(T/2)s

The form of last expression recalls the bilinear transform z = an oper-

1—(T/2)s’
ator used in digital signal processing to transform a continuous time filter that
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depends by the Laplace variable s into a discrete one sampled at frequency 1/7.
This analogy suggests that the accuracy of the extracted eigenvalues depends by
the parameter c. In fact in order to be accurately calculated, A has to be in the
interval 0 < |A\| < 1/c and therefore 1/c represents a sort of Nyquist frequency.
Inverting 7.13 and 7.14 we obtain

AY = —(J7Ye)I(—0)Y (7.15)
TA+1
A= i (7.16)

Projecting the matrices F/, and F/; onto the span of the eigenvectors Y
and Y45, we can calculate a state-space representation of the system. Typically
only a subset Y, Yadj of the eigenvectors is selected. Input and output selection
is done defining the two matrices B and C that map the inputs u, that in our
case are the excitations applied to the shaker, into the force perturbation —AF
and the space of the variables :

—AF = Bu (7.17)
z = CAy (7.18)

. Using the previous expressions and mapping eq. 7.7 on the eigenvectors space,
we obtain

Yade/ka+Yade/yYX = Yaiju (719)
z = CYx (7.20)

We have therefore obtained a descriptor state-space representation of the sys-
tem:

Ex = Ax+Bu (7.21)
: = Cx (7.22)
defining
E Y. F 5 Y (7.23)
A = —Y.,F,Y (7.24)
B = Y.,B (7.25)
C CY (7.26)

The equations 7.21 and 7.22 are a generalization of the standard state-space
form and they are used when the matrix E is poorly conditioned with respect
to inversion. The expressions 7.23 and 7.24 can be rewritten using J(c¢) function
generated by MBDyn as

J(e)+J(—c) o

E = S mY (7.27)
A = —YadjWY (7.28)

The passage between the descriptor form and the standard form of the state-
space representation can be done applying singular value decomposition to E.
This procedure consists in finding a factorization of the form

E=UxV7" (7.29)
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where U and V are orthogonal real matrices and X is a diagonal matrix with
nonnegative real elements. This result allows to rewrite the equations 7.21 and
7.22 as

¢ UTAVE + UTBu (7.30)
z = CV¢ (7.31)

where £ is the new state vector. If one or more elements of 3 are zero, the
system cannot be inverted yet. However we can break the state vector in two
parts, £ =&, + &4, corresponding to the zero (£;) and non zero (£;) elements of
3. In this way expressions 7.30 and 7.31 can be written as

Yiés = UTAV.E +UTAV, £, + UTBu (7.32)
0 = UTAV. +UTAV £+ UTBu (7.33)
z = CV, + CVyE, (7.34)

Calculating &; from equation 7.33 and substituting it in 7.32 and 7.34, the
problem finally assumes the desired form

&4 = A+ Bu (7.35)
z = €&+ Du (7.36)
with
A = »;'ul (IfAVS (UZAVS)_1U2> AV, (7.37)
B = u;U7 (I—AVS (USTAVS)_lUST)B (7.38)
¢ = C(I—VS (UZAVS)”UZA) \'2 (7.39)
D = —CV,(UTAV,) ' U'B (7.40)

7.2 Models Linearization Results

In order to put the systems in the small oscillation condition, a linear spring and
an angular spring with diagonal stiffness matrices K, = (10'2,10'2,10'?) N/m
and Ky = (10'2,10'2,10'2) Nm/rad are connected between the base used to
excite the system and ground. The springs are then removed from the resulting
linearized models subtracting from the inputs u the term KCegx, where K is the

. Ky Os3x3
stiffness K = ( 055 Ko
of the excited body in the simulation (in our case the base). In this way, we can
write the descriptor state-space representation of the system as

) and C, is a matrix that selects the coordinates

Ex = (A-BKC,.)x+ Bu (7.41)
y = Cx (7.42)

All the linearized models have been calculated at time ¢ = 0.1 s in the
simulation. The tables 7.1, and 7.2 show the resonance frequencies extracted
from the linearized models using the Matlab command damp and their relative
physical meanings.
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Figure 7.1: Comparison between the frequency responses of the linearized MB-
Dyn MGAS Table models and the transfer functions of their relative time do-
main simulation (7' =500 s, tst, = 1072 s) along the horizontal DOFs.

Fig. 7.1 shows a comparison between the transfer function calculated from
MGAS Table MBDyn time domain simulation data and the frequency response
of the corresponding linearized models along the vertical DOFs. As we can
see there is a good agreement between the two models, confirming that our
representation of the MGAS table does not contain any relevant non-linearities
and that the system remained in the small oscillation condition during all the
simulation.

The linearized version of the complete HAM-SAS model, along z, 8, and z, 0,
DOFs, are shown in fig. 7.2. In the plots relative to the horizontal directions,
between 20 and 100 Hz, we notice some discrepancies between the linear models
and the time domain simulation. This is probably caused by numerical errors
introduced by the linearization algorithm. Except for the spurious resonance at
about 700 Hz introduced by the spherical joints, not visible in the time domain
data because tse, = 1073 s, the frequency domain behavior along the vertical
directions is essentially the same we obtained from the MGAS Table analytical
models of chapter 6.



CHAPTER 7. HAM-SAS NUMERICAL MODEL LINEARIZATION 112

’ Frequency (Hz) \ Description ‘
0.1 MGAS z mode
0.1514 MGAS 6, mode
0.166 MGAS 6, mode
1259 Spherical joint mode

Table 7.1: Resonance frequencies extracted from the linearized MBDyn MGAS
Table model

Frequency (Hz) \ Description ‘
0.0537 IP flex joint 0, mode
0.0589 IP flex joint x mode
0.204 MGAS z mode
0.219 MGAS 6, mode
0.089 MGAS 6, mode

0.1 MGAS z mode
21.88 LP pendulum 6, mode
22.39 LP pendulum z mode
64.57 LP pendulum 6, mode
109.6 LP pendulum z mode
741.3 Spherical joint z mode
741.3 Spherical joint 6,

mode
1202 Spherical joint z mode
1202 Spherical joint 6,
mode

Table 7.2: Resonance frequencies extracted from the linearized HAM-SAS MB-
Dyn models
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Figure 7.2: Comparison between the frequency responses of the linearized MB-
Dyn HAM-SAS models and the transfer functions of their relative time domain
simulation (7" =1000 s, ts, = 1073 s) along the horizontal (top) and vertical

(bottom) DOFs .
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Chapter 8

A Kalman state observer for
Virgo suspensions

8.1 System identification of Virgo suspensions

8.1.1 Control model of Virgo IP

As we have seen in section 3.3.1.3 six sensors, LVDTs and accelerometers, and
three electromagnetic actuators, placed on the Virgo Superattenuator top table,
are used for active damping. We are going to write a simple control model of the
IP [60]. Since the frequencies of vertical, pitch and roll IP modes are well above
the unity gain bandwidth of the control loop, we consider only the Cartesian
coordinates x, y and 6,. Using generalized coordinates, we can therefore define
the state vector of the IP control system as

§=(2,9,0.,2,9,0.) (8.1)

Considering the coil currents as the system input vector uy and the accelerom-

eters signals as the output y 4, we can write the IP equations of motion in the
form

§ = As{+Bauy (8:2)

ya = Sal+Sré (8.3)

where S Aé represents the IP center of mass acceleration projected along the

accelerometers sensibility axis and St€ is the top table tilt respect to the hori-
zontal direction. Since we are in the normal mode reference frame, the matrix

A 4 has the form
Aa— < 9 I ) (8.4)
4 ~widj —(w;/Q5) dj '

where w; are the normal modes resonance frequencies and (); their relative
damping factors.
In a similar way, using the IP position measurements, provided by the
LVDTs, as the system output yr, we have
£ = Af+Brug (8.5)
yr = Sz (8.6)
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Substituting equation 8.2 into 8.3 and expression 8.5 into 8.6, we can rewrite
both models in the standard form

§ = AL+ Bu (8.7)
y = €+ 9u (8.8)

with 2 = AA, B = BA, ¢ = SAAA+ST, D= SABA and u = Uapa, Yy =Ya for
the accelerometers model and %l = A;, B8 =B, € =S A, ©® =SBy and
u=uy,y =y for the LVDTs model. Laplace transforming 8.7 and inserting
in 8.8, we can write the two 3x3 transfer function matrices as

Ga(s) = (SaAs+Sr)(sI—A,) 'B+S,By (8.9)
Gr(s) = SpAL(sI—AL) '+S.B, (8.10)

Once the matrices of equations 8.7 and 8.8 have been estimated for each of
the two systems, we can design a state observer (see next sections) and other
parameters, such as the sensing and driving matrices that diagonalize the control
loop, can be analytically calculated [61].

8.1.2 System identification Algorithms

Using system identification techniques, we are going to extract, from experi-
mental time-domain data, the 2, B, €, ® matrices for each of the models.
The goal of a system identification procedure is to generate a model of a
dynamical system, based on its observed data, that behaves in the same way as
the process under consideration [62]. We can distinguish four essential steps

e Measurement: we have to design an experiment that generates data in-
formative enough respect to a generic model set. This means that, from
the data, it should be possible to distinguish between different models
contained in the set.

e Choice of model structure: depending on whether the parameters that
constitute the model structure are based on the a priori physical knowl-
edge of the system or simply viewed as a way to fit the data, we can
distinguish gray and black box models. As we have seen, in our case the
chosen model structure is the state-space representation.

e Identification: using numerical techniques, we want to determine the best
model of the chosen set, guided by the data.

e Validation: in the final phase we want to determine how the model relates
to experimental data and to prior physical modeling of the system we may
have.

8.1.3 Prediction-Error Minimization Method

Considering a SISO system described by a model (), function of the param-
eter vector 6, we introduce the quantity called prediction error defined as the
difference [62]

e(t,0) = y(t) —9(t ] 0) (8.11)
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between the measured (y(t)) and the predicted (g(¢ | 6)) outputs. The general
idea behind the Prediction-Error Minimization (PEM) method is to select at
time ¢ = ¢,y the parameters 0 so that the errors e(¢;, 0) are as small as possible
fori=1,...,N. In order to formalize this procedure, we have to define a norm,
often called cost function, that can be written as

Vn(0,Z) = %EﬁilL (e(ti,0)) (8.12)

where Z = y(t1),...y(tn). The typical choice of L is the quadratic criterion

1
L= 562 (8.13)

The estimate is obtained minimizing Vi
Oy = argmin Vx (60, Z) (8.14)

where arg min(f) indicated the minimizing argument of the function f.
For a MIMO system ¢ becomes a p x p matrix, with p the number of model
outputs, and

L= %ETAE (8.15)

where A is a symmetric p X p matrix that determines the weights of the com-
ponents of e.

8.1.4 The subspace method

Given a linear system in the state-space form

z(t+1) = Az(t)+ Bu(t) + w(t) (8.16)
y(t) = Cux(t) + Du(t) + v(t) (8.17)

where w(t) and v(t) are Gaussian distributed, zero mean, white noise vector
sequences, we want to determine the A, B, C, D matrices that gives the best
description of the input-output data wu(t), y(t). We consider our system as a
black box, in the sense that we have no insight into the structure of the matrices.
Consequently the matrices are not unique up to a similarity transformation.

We can see that, if we assume that not only w(t) and y(¢) but also the
state vector x(t) are known, the problem can be rewritten as a linear regression:
introducing

o = [ ]
o (2]
w0 = | ]
E(t) = _“’(t)]
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the our state-space system becomes simply
Y(t) =09(t) + E(t) (8.18)

An estimate © of all the elements of the matrix ©, can now be calculated using
simply the least-squared method:

. 1 Y 1 &

-1

: 2 T 1 o T

© = argmin Sy () - ed)* = N > ey’ () N > o) (t)]
t=1 t=1 t=1

where the third member of the expression can be easily obtained analytically.

The accuracy of the estimate grows with the number of input-output data sam-

ples N.

In order to determine z(t), traditional state estimator techniques, such as
the Kalman filter (see next section), cannot be used because they require the
knowledge of A, B, C, D matrices. The key point is that the state vector
sequence can be obtained directly from the input-output data. The approach
used by Van Overschee and De Moore [63] basically consist of two steps. As
a first step, the algorithm computes a certain characteristic subspace from the
given input-output data, which coincides with the subspace generated by the
columns of the extended observability matrix of the system. This latter quantity
is defined as

C
CA
r; = , (8.19)

cait
and differs from the standard observability matrix because we have i > n. In

the second step I'; is used to determine two state vector sequence estimates.
This is possible defining the input and output Hankel matrices

Ug Ul . e Uj—l
(5% ug cee Uj
Uoji-1 = : : : (8.20)
Ui—1 Ui Uigj2
Yo Y1 0 Yj-1
Yy Y2 - Yj
Yoji-1 = : : : (8.21)
Yi—1 Y - Yirj—2
and the triangular Toepliz matrix
D 0 0 0
CB D 0 0
H; = CAB CB D 0 (8.22)
CA=2B (CA3B CA~ B ... D

We then introduce the projection Z; of the future outputs Y;j2;_; onto the past
and future inputs Upjz;—; and the past outputs Up|;—1

Ugj2i—
Zi—mi_l/( o 1) (8:23)
0]i—1



CHAPTER 8. A KALMAN STATE OBSERVER FOR VIRGO SUSPENSIONS119

where A/B = ABT (BBT)_1 B. The estimated state vector sequences can be
written as

X, = T/ (Z— HiUj1) (8.24)
Xi+1 = Fj,l(Zi+1—Hi—1Ui+1\2i71) (8.25)

where I';" is the pseudoinverse of the extended observability matrix. Using a
similar approach for the stochastic part of the model the properties of the noises
w(t) and v(t) can be obtained.

The Van Overschee and De Moore subspace identification method has been
numerically implemented by L. Ljung [62] in the MATLAB System Identification
toolbox command n4sid.

8.1.5 Experimental Results

The measurements have been done in collaboration with P. Ruggi, during a
maintenance period in preparation of the science run VSR2, and consisted in
three experiments for each selected tower. We excited the IPs of the West
End (WE) and West Input (WI) suspensions using the three electromagnetic
actuators placed on filter 0 in succession and we measured the LVDTs and
accelerometers signals. Since in the convention used in Virgo the z axis is
aligned with the beam, our generalized coordinates reference frame (x,y,6,)
becomes (z,x,6,). For this reason the coil currents and the LVDT signals data
channels are named xCorr, zCorr, tyCorr and xLvdt, zLvdt, tyLvdt respectively.
The SA filter 0 has been excited with white noise filtered by the band pass filter
shown in the top bode plot of fig. 8.3. This have been done in order to avoid
the excitation of high and low frequencies modes that can move the IP from
its ideal position. In each experiment, we excited for 1800 s and acquired the
LVDTs and accelerometers signals with 500 Hz sampling frequency.
The identification phase have implemented in two steps:

1. Since we are interested in the modes closer to the control bandwidth and
in order to reduce the computation time, the data are decimated to 50
Hz. We used the n4sid command to calculate three state-space represen-
tations of the LVDT model (equations 8.5 and 8.6) one for each excitation,
with order 7 = 30. Therefore we obtained the estimates A%, B:, C%, D}
with i = 1,2,3, where each A% is 30 x 30, B% is 30 x 1, C% is 3 x 30
and D% is 3 x 1. The results are shown in fig. 8.1, where the blue curves
represents the transfer function matrix for the West End (top) and the
West Input (bottom) and the red curves are the frequency response of the
estimated state space models. Even though the quality factors of some
modes are overestimated, a good level of agreement is reached. The reso-
nance frequencies of the identified main modes (1, 2, x3) are respectively
43.8 mHz, 47.1 mHz and 301.4 mHz for the West End and 48.7 mHz, 57.2
mHz and 306.3 mHz for the West Input. The geometrical orientation of
(21,9, x3) is in general not aligned with (z, z,6,) but depends by random
factors such as the asymmetric stiffness of the IP flex joints.

2. We calculated the second derivative of the models A%, B:, C%, Di using
the filter shown in the bottom plot of fig. 8.3. Then using the model
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parameters obtained in the first step, we calculate Af‘l, BQ, C‘f;‘, Dfél with
1 = 1,2,3 with the predictor-error minimization method. The results are
shown in fig. 8.2.

8.2 The State observer

In a generic linear time-invariant system, the number of states that can be esti-
mated using its inputs and outputs is determined by the rank of the observability
matrix O [64]. This quantity, that we have already written in its extended form
in 8.19, is defined as
C
CA
o=T,= . (8.26)

CAn—l

If the rank of O is equal to the dimension of the state vector, the system is said
to be completely observable. Calculating the observability for the three sets of
estimated matrices Ay, Bi, Ci, D% we have rank (0}) =30 for i = 1,2,3.
Therefore our linear models are completely observable and a state observer
capable of providing outputs proportional to each mode of the system can be
implemented. The most common state estimator used in control theory is the
Kalman filter.

8.2.1 The Discrete Kalman filter

The Kalman state observer is essentially a recursive linear filter based on a
predictor-corrector type estimator that is optimal in the sense that it minimizes
the estimated error covariance, when some presumed conditions are met [65].
Another aspect of this optimality is that the Kalman filter incorporates all the
information that can be provided to it. It combines all available measurement
data, plus prior knowledge about the system and measuring devices, to produce
an estimate of the desired variables in such a manner that the error is minimized
statistically.

In order to study the Kalman filter, we have to introduce two operators that
acts on random vector variables: the expected value E <> and the covariance
cov()

+oo
E < x(t) >= / x(t)p(x(t))dz(t) (8.27)

—0oQ

cov(x(t)) = E < [2(t1) — E < 2(t)) >][z(ts) — E < z(ts) >]T > (8.28)

where p(x(t)) is the probability density function of the random vector variable
x(t). The covariance is essentially a generalization of the variance for vector
valued random variables.

First we assume that, for a discrete time system, the state vector and its
related measurement data can be written in the recursive form
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WE_xCorr_xLudt/WE_xCorr

WE_xCorr_zLudt/WE_xCorr

WE_xCon_tyLvah WE_xCorr

WE_zCorr_zLut/WE _zCorr

WE_zCon_tyLvchWE _zCorr

WE_tySorr_xLvah/WE_tyCorr

WE_tyCorr_zLvd/WE_tyCorr

WE_tySor_tyLvdyWE tyCorr

W_xcorr_sLvat/W|_scorr

WI_scorr_zLvat/W|_scorr

W1 scor_tyLvdtW|_xcorr

W_zcorm_sLyetW|_zcorr

W_zcorr_zLvetWI_zcorr

WI_zeon_tyLvdth|_zcorr

= =

10 10

WI_tycorr_xLuciW|_tycorr

= =

107 10

WI_tycorr_zLvdh/W1_tycorr

W _tycor_tyL vt _tycorr

Figure 8.1: Comparison between the transfer function matrix obtained from the
LVDTs measurements and the frequency response of the linear models calculated
using n4sid. The top 3x3 matrix shows the results relative to the West End IP,

while the bottom matrix shows the West Input IP results.
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WE_xCor_xAceVE_xCorr

WE_xCorr_tyAceWE_xCorr

WE_xCorr_zAca/WE_xCorr

WE_zCorr_zAceMWE_2Sart

WE_tyCorr_xAcGMWE_tyCorr

WE_tyCorr_zAca/WE_tyCorr

WE_tyCorr_tyAcc/WE_tyCorr

WI_xcorr_tAccWI_xcorr

WI_xcorm_zAceWI_xcorr

WI_xcorr_tyAcc/W|_xcorr

10!

WI_zcorr _xAcoW|_zorr

107!

W_zoorm_zAcuWI_zorr

WI_tycor_xAccAWI tycor

WI_tycon_zAce/W| tycor

WI_tycorr_tyAceWI_tycorr

Figure 8.2: Comparison between the transfer function matrix obtained from the
accelerometers measurements and the frequency response of the linear models
calculated filtering the LVDT n4sid models and optimizing the estimates using
PEM. The top 3x3 matrix shows the results relative to the West End IP, while

the bottom matrix shows the West Input IP results.
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Figure 8.3: Frequency response of the filters used in the transfer function mea-
surements. Top: Band pass filter used to excite Virgo IPs. Bottom: double
derivative filter used to obtain the accelerometer model from the LVDT model
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X1 = Pry1pXp + Wi (8.29)
7z, = Hpxp+ v (830)

where xy, is the state vector of the system at time ¢y, Pri11 = P(tg, tpy1) 1S
the state transition matrix between times ¢t and t;y1, Hy is the measurement
sensitivity matrix, wy is the process noise and vj is the measurement noise.
The initial conditions of the system are

E<xy> = xo (831)
Py (8.32)

cov(xp)

where are respectively the estimate and the estimation error of xg. The noise
sequences wy and v are considered white and Gaussian distributed with zero
mean. In other words, the two sequences are uncorrelated and orthogonal:

E <wp,wi > = Ryl (8.33)
E<vi,v] > = Qi (8.34)
E<vpw > =0 (8.35)

where Ry and Qj are the covariance matrices of the noise sequences at time ¢y.

The Kalman filter estimates a process by using a form of feedback control:
the filter estimates the process state at some time and then obtains feedback in
the form of noisy measurements. As such, the equations for the Kalman filter
fall into two groups: time update equations and measurement update equations.
The time update equations are responsible for projecting forward the current
state and error covariance estimates in order to obtain a priori estimates for
the next time step:

Xpk—1 = Prr—1Xp_1k-1 (8.36)
Prpo1 = Pre1Pro1p1®hp g + Qrt (8.37)

where the writing X x_1, in this case, indicates the predicted x at time #y
computed using zg, z1, . . . Zzy_1 measurement samples. The measurement update
incorporates a new measurement into the a priori estimates in order to obtain
a posteriort estimates:

—1

K, = Py H{ (HPy_1H] +Ry) (8.38)
Xk = Prr—1Xp—1jp—1 + Ky (z1—) (8.39)
Prr = Prp—1 — KilHiPrpy (8.40)

A block diagram of the estimating process is shown in fig. 8.4, where the
notation used is ®x_1 = Ppp_1, Xp(+) = Xp and Xx(—) = Xpp—1. The
recursive nature of the Kalman filter is one of its most appealing features since
it makes numerical implementations much more feasible than, for example, a
Wiener filter [67] which is designed to operate on all of the data directly for
each estimate.
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Discrete system Measurement Discrete Kalman filter

xp(+)
Copy of
discrete system
D 4 |- Delay
X1 (+)

Figure 8.4: Block diagram of a discrete linear system, its measurement model
and its associated discrete Kalman filter [66].

8.2.2 Implementation of the state observer

In order to obtain a numerically accurate eigenanalysis, the state-space models
estimated with the subspace method are scaled. This can be done multiplying
each state by some scaling factor to reduce the numerical range and sensitivity
of the model. The next step consists in writing the scaled system in modal
representation, a canonic form in which the real eigenvalues of the A matrix
appear on its diagonal and the complete conjugate eigenvalues appear in 2 x 2
blocks on its diagonal. For a system with k real eigenvalues Ai,...\; and s
complex eigenvalues o1 + w1, ...0s £ ws, with k + s = n, we have

At
01 w1 0
—WwW1 01
A, = (8.41)
Ak
0 Os  Ws
—Wg Og

This can be done using the matrix P constituted by the eigenvectors of matrix
A. The state-space becomes

X P 'APx,, + P 'Bu (8.42)
ym = CPx; +Du (8.43)

and we can define the new matrices A,, = P"'AP, B,, = P~'B, C,, = CP,
D,, = D. In our case, the outputs y,, provide the positions/accelerations along
the generalized coordinates of the suspension. It can be shown that the forms
8.4 and 8.41 are equivalent.

As we have already mentioned, using the subspace method is possible to
extract some characteristics of the process and measurement noises w(t) and
v(t). In particular, the command n4sid calculates the matrix K that transforms
the measurements noise into the process noise, w(t) = Kv(t), and the covariance

A J
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matrix Q. Combining K and Q with the equations 8.42 and 8.43, we can rewrite
our modal state-space representation in the form

X;m = Apnxy, + BrhutKQe(t) (8.44)
Ym = CunXxpm+ Dyu+e(t) (8.45)

where e(t) is a normalized noise source. In this way a Kalman state estimator for
the previous system can be obtained simply using identity covariance matrices.

8.2.3 Experimental Results

After applying the procedure described in last subsection to the estimated state-
space models, we calculated three discrete Kalman filters, one for each DOF
excited. Every estimator has 4 inputs, constituted by the excitations and the
measurements and 33 outputs, formed by the 30 estimated states and the 3
estimated outputs.

In fig. 8.5 we show the transfer functions between the state outputs of one
observer, relative to the main resonance modes (x1,xs,x3, 1, %2, x3), and its
actuator signal input. The choice of the filter is arbitrary since the coils are not
diagonalized and therefore each of them excites all the modes of the system.
Looking at fig. 8.5 we can notice that, as expected, the position transfer func-
tions (blue, red and green curves) have an approximately 1/w? high frequency
trend while the velocity transfer functions (magenta, black and brown curves)
tends to zero for low frequencies and goes as 1/w for high frequencies. However
we can see that the transfer functions z;/xCorr (blue curve of top plot) and
x3/zCorr (red curve of bottom plot) deviates from 1/w? for f > 1 Hz. This
suggests that the position and velocity modes are not completely decoupled and
therefore our reduction of the estimated linear models to their modal form can
still be improved.

8.3 Perspectives

A first possible application of the Kalman filters we have developed, it’s the
implementation of a monitoring tool that provides the real-time position and
velocity of Virgo inverted pendulum along its normal modes. In this way any
drift in the mechanical characteristics of the IP, due for example environmental
noise, can be identified and studied.

Kalman filters are commonly used for the development of MIMO optimal
dynamic regulators through the Linear Quadratic Gaussian (LQG) design. As
shown in fig. 8.6, an LQG regulator [68] is constituted by a Kalman filter (kest
in the diagram) connected to the state feedback gain K defined for a discrete
time system as

up = —I(X}~C (846)

. The matrix K is calculated minimizing the quadratic cost function J that can
be written as

J=>" (x,.Qxx + ujRuy) (8.47)
=0
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Figure 8.5: Transfer functions between the state outputs of the Kalman filters
and the relative coil actuators signals for the WE (top) and WI (bottom) towers.
Only the state vector of the main modes (z1, z2, 3, 21, Z2, Z3) is shown.
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Figure 8.6: Block diagram of a plant sys controlled with an LQG regulator

Therefore since a plant state observer is available, we could substitute the classi-
cal SISO design approach, currently used in Virgo IP control, with a multivari-
able feedback technique such as the LQG. In this way the control diagonalization
would no more be required, and consequently it would be possible to optimize
the loop parameters also for the mixed term modes of the sensor/actuator trans-
fer function matrix.



129



Conclusions

In this work we analyzed, using different approaches, the mechanical and control
simulation of seismic attenuation system for both Advanced LIGO and Virgo
GW interferometers. A major part of our study is concentrated on HAM-
SAS, a passive seismic isolator dedicated to the Advanced LIGO HAM vacuum
chambers. The results are here summarized:

e We developed a set of three-dimensional linear analytical models of HAM-
SAS and we made a preliminary evaluation of its performance and con-
trollability.

o We developed a complete three dimensional non-linear numerical model
of HAM-SAS in order to improve the accuracy of the simulations. Good
agreements with the experimental transmissibilities have been obtained.

e We linearized our HAM-SAS numerical models using a recently developed
procedure, obtaining a set of state-space representations to be used for
control simulations.

e We used system identification techniques in order to estimate a linear
model of Virgo suspensions inverted pendulum. Using the obtained state
space representations, we developed a Kalman filter that estimates from
open loop time domain data, the state variables of the system. This allows
to observe every resonance of the IP mechanical structure independently.
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