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1 Introduction

In this work, we consider the d—dimensional stochastic differential equation (SDE)
dX; = b(t, X¢) dt + dW,
(1.1)
XQ =T

in [0, 7] x R? for singular drift coefficients b. Here, W; is a standard Wiener process in RY.
We prove existence and uniqueness of a strong solution and the existence of a semiflow for
this solution, assuming only an integrability condition on b:

be L9(0,T; LP(RY)) (1.2)
for some p, ¢ such that
d 2
—+Z<1 (1.3)
p q

Since b is not regular, we emphasize that solutions of (1.1) are supposed to be such that

(1.1) makes sense, that is
T
P(/ Ib(t, X,)|| dt < oo) ~1.
0

Recently, Krylov and Réckner showed in [KRO05] the existence and uniqueness of a local
strong solution for this SDE, assuming only locally the integrability condition (1.2). This
paper has been one of the main sources of inspiration for our work. A generalization to
the case of an SDE with diffusion coefficient different from the identity was presented by
Zhang in [Zh05], but under stronger assumptions on b. Here, we give a partially new proof
of the well-posedness of equation (1.1), which is based on an idea of Flandoli, Gubinelli
and Priola, contained in [FGP08]. Unlike the proof presented in [KR05], our strategy does
not rely on a by—contradiction argument, but uses explicitly a Zvonkin—type transformation
and Gronwall’s inequality to obtain a better understanding of the dependence of the solu-
tion from the initial data. This allows us to go one step further with respect to the results
contained in [KRO05], showing the existence of a semiflow for the solution. The choice to
assume a global integrability condition on b considerably simplifies the proofs of existence
and uniqueness of solutions since no localization process is required; the extension of our
proof to the case of a locally integrable b would be the very same localization process used in
[KRO5], but we would then need to add specific hypothesis guaranteeing global existence to
be able to construct the semiflow. For examples of conditions assuring the non—explosion of
solutions if b is only taken to be in L} ;. we refer to [AKRO3], [KRO05] and references therein.

In order to give a clear idea of the transformation used, we allow ourselves to perform here
a few formal computations. Therefore, consider the vector-valued (R%-valued) backward
PDE

U L INU 4+b-VU =AU — b
(1.4)

UT,z)=0,
which we will call the PDE associated to the SDE (1.1) even if it is not the traditional



associated Kolmogorov equation, and assume all functions are sufficiently regular. Then

1
dU (t, Xy) = aa—g(t, Xy)dt + VU(t, Xy) - (b(t, Xy) dt + dWy) + 5AU(t, X;)dt (1.5)

= \U(t, X¢) dt — b(t, X;) dt + VU(t, X;) - dW,

and thus, for the new process
Y =X + U, Xy)
we have
Y, = b(t, X¢) dt + AW, + AU (¢, X¢) dt — b(t, X;) dt + VU(t, X;) - AW,

— \U(t, X,) dt + (I + VU(t, X,)) - dW,.

We will show in section 4.3 that for every ¢ € [0, 7], the function
x— (x) =x+U(t,x) (1.6)

is an isomorphism. Then, the equation Y; = ¢;(X;) is equivalent to X; = ¢; *(¥;), and we
have
dY; = AU (t, ¢ (1Y) dt + [I + VU(t,qa;l(Yt))} -aw,.

Let us set
b(t,y) = AU (t, ¢, ' () (1.7)
a(t,y) =1+ VU(t,6; ' (v)) (1.8)
and let us write _
dY; = b(t, Y;) dt + 5 (¢, V) - dWs, te0,T]. (1.9)

The intuitive idea is that this equation has more regular coefficients than the original SDE.
Therefore, it is easier to prove the (existence and) pathwise uniqueness of the solution Y of
the new equation (1.9) and the semiflow property for this solution. Finally, the last step
consists in transferring these results back to the original SDE (1.1) using equations (1.6).
Talking of a semiflow for a process X, we refer to the existence of a map ¢,, : [0, 7] xR? — R?
mapping (t,x) — X which is continuous for almost every w (for the exact definition, see
chapter 6). A most interesting extension, which is in preparation, is the construction of a
flow for the solution, namely a map ¢, as above which is invertible for every ¢, and the
study of its regularity.

The organization of the work is as follows. In the next section we introduce the notation
used and in Chapter 2 we recall the main classical results we will need to use. In chapter 3
we use a classical approach based on Girsanov’s theorem to prove weak existence of solutions
of the SDE (1.1). We want to emphasize here that our approach is based on the Yamada—
Watanabe principle, so that the existence of a strong solution will follow after proving the
strong uniqueness property. Then, in chapter 4, we study the PDE (1.4), prove the existence
and uniqueness of a fairly regular solution U and study the associated transformation (1.6).
In the following chapter we analyze the regularity of the new coefficients b and o, prove the
strong uniqueness property for the solutions of the transformed SDE (1.9), and transport
this result back to the original SDE. Finally, in chapter 6 we prove the semiflow property
for the solutions of the two SDEs.

I wish to thank Professor Flandoli, my supervisor, for his continuous support and helpful
advice, and Professor Pratelli. I also wish to express a special thank to Professor Gubinelli
for the fruitful discussions during my stay in Paris and the interest he showed in this work.



1.1 Some notation

This section will be devoted to set some basic notation we will use throughout the work.
Some further more specific notation, especially if used only in a single passage, will be pre-
sented when needed.

Given a metric space E, %(F) will be used to denote the Borel o—field of E. When
working in R, we will use | - | to indicate the euclidean norm, while for the euclidean norm
for matrices we prefer to use || - ||. The dot between two vectors or matrices will denote the
vector product of the two elements: v - v’. Given two real numbers a,b, a A b := min{a, b},
and a V b := max{a,b}. V or the subscript -, will indicate a spatial derivative: for a vector
function (R%-valued function) f, f,, indicates the partial derivative vith respect to the space
variable x;, while f, or Vf stands for the vector of its partial derivatives (with respect to
the space variables only, if it is a function of time too). Moreover, V2 f indicates the matrix
of the second (spatial) derivatives of f and Af = Vf -V is the laplacian of f. Finally, we
will use Dy f, or simply f; when we see no risk of misunderstandings, for the time derivative

of f.

We will use a number of different functional spaces: B(0,7T) is the set of all bounded
functions of time, defined on [0, 7], while C°(R?) is the set of continuous functions defined
on R? endowed with the usual sup-norm. Also, C*°(-) denotes the space of infinitely
differentiable functions, defined on the appropriate space, having every derivate continuous
and the subscript . indicates that the space in question contains only functions of compact
support: for example, we will use the space C2° ([O, T] x Rd). When we indicate two spaces,
as in C°(E; F), we want to refer to the space of (in this case, continuous) functions defined
on the space E with values in F'. Similar notation will be employed in the case of spaces of
differentiable or integrable functions. WP (-) = (1 — A)*/2 L? () is the standard Sobolev
space of functions defined on the appropriate space (usually R?).

Since we will have to work also with functions of time and space and we wish to allow a
different regularity in the two variables, we need to introduce some specific functional spaces.
For the space of functions jointly continuous in time and space, we will use the symbol H
so that, according to the situation, we will have H = C°(R;; R?) or H = C°([0, T]; RY). We
will consider this space as endowed with the metric

— 1
d(u,v) = nz::l o tgﬁ)é] (Ju(t) —v(t)| A 1), u,v €H
with which it is a complete, separable, metric space. We will also follow the accepted
practice of denoting by C*(-) and C°°(-) the sets of continuous functions which have con-
tinuous derivatives of up to order k or for every order, respectively, so that C*([0,7] x R?)
will denote the class of all functions continuous on [0,7] x R? with every first (partial)
derivative continuous on the open set (0,77) x R?. If the partial derivatives of a continuous
function f € C°([0,T] x R?) with respect to the time variable exist and are continuous up
to the order A and those with respect to the space variables up to order k, we will write
fe Ch’k([O,T] X Rd). In addition, if f(t,x) is a function of time and space, for its space
norm we will use the short notation ||f(¢)||, which is a function of time. For example, to
denote the LP—mnorm in space only, we will use || f(¢)||L»®a). When time and space are both
involved in the norm, we will use superscripts to characterize the time—part of the norm and
subscripts for the space-part. Then, we will have for example L%(S,T) = L4 (S, T, LP(Rd))



or LI(T) = Lg(0,T). When working with PDEs (in chapter 4) derivatives are involved, and
we will use the spaces HZ (T) = L7(0,T; W*P(R?)), HZ9(T) = WP9(0,T; LP(R?)) and
especially HS (T') = HZ ,(T) NH,9(T). As for the time domain, when it is not indicated
we will take it to be [0, 00), so that, for example, L = L{(0, c0).

As for the notation for the probabilistic part, we call (Q,.%, P) a probability space,
where P is a probability measure and .Z is the o—field of measurable subsets of Q. E[-] is
the expectation operator acting on a probability space. When more probability measures
P,Q, ... are defined on the same sample space (2, &), we will denote the relative expectation
operators as EP[-], E9[.], ... Also, E[-|.#] indicates the conditional expectation operator
with respect to the o—field .%.

A non decreasing family of o—fields {#;}+>0 on the probability space (£2,.%, P) is said
to be a filtration if J,~, % C #, and the space (Q,.%,.%, P) is called a filtered space.
A filtration {#;} is said to be completed if %, contains all the P-negligible events in
Z. It is said to be right— (left-) continuous if for every t > 0, F, = Fy = (N5 Fs
(34} =F— =<t ﬂs) and is said to satisfy the usual conditions if it is right — continuous
and it is completed. Finally, a stopping time 7 for the filtration { %} is an .#—measurable
random variable defined on the probability space (£2, &, P) such that the event {7 < t} € %,
for every t > 0.

We will work with R%-valued stochastic processes. They can be seen as a collection of
random variables {X;}¢>o defined on a probability space (€2,.#, P). The parameter ¢ is
often interpreted as time. A stochastic process will usually be denoted as X, X; or X;(w)
and the applications t — X;(w) are called sample paths or trajectories of the process X. A
stochastic process X is called measurable if it is measurable as a map defined on a product
space

(t,w) — Xi(w) @ ([0,00) x Q,2([0,0)) ® F) — (R, B(R?))

and continuous if almost every trajectory X.(w) is continuous. A stochastic process X
defined on a filtered space (9, .%,.%;, P) is said to be adapted if for every t the random
variable X is .%;—measurable and is said to be progressively measurable if the map

(s,w) — Xs(w) : ([0, x 2, B([0,1]) ® F) — (RY, B(RY))

is measurable for every ¢ > 0. Any process X defined on a probability space (2,.%, P)
naturally defines a filtration {#X = o(X, : s < t)} with respect to which it is adapted:
it is called the natural filtration of the process X. The filtration generated by all adapted
left—continuous processes on (0, 00) is called predictable filtration and a measurable process
adapted to this filtration is called a predictable process. It results that a predictable process
is adapted to the filtration {%#;_}. An adapted process A is called increasing if for P-
almost every w € Q we have that Ag(w) = 0, that for every ¢ for which the process is defined
E[A:] < o0, and that ¢ — A;(w) is a nondecreasing right—continuous function.

Given two stochastic processes X, Y defined on the same filtered space, we say that Y
is a wversion or modification of X if, for every t > 0, P(X; = Y;) = 1, while we say that
they are indistinguishable if almost all of their sample paths agree: P(X; = Y;,Vt > 0) = 1.
Clearly, being indistinguishable is a stronger condition than being a modification.

We will use the symbol AP(S,T) for p > 0 to denote the class of all (real) progressively
measurable stochastic processes such that P( fST | X|P dt < o0) = 1.

A stochastic process X; defined on a filtered space (Q, #, %, P) is said to be a sub-
martingale if for every 0 < s <t < oo we have that P—almost surely E[Xt| ﬂs] > X, and



a supermartingale if the converse inequality holds. X is called a martingale if it is both a
submartingale and a supermartingale (IE [Xt| 9‘5] = XS) and is called a local martingale if
there exist stopping times 7,, /" oo such that X;i-, is a martingale for each n. A martingale
X is called square integrable ifIE[Xﬂ < oo for every t > 0; if, in addition, Xg = 0 P—almost
surely, we write X € M2, and if it is also a continuous process, we write X € M?>C. We
also use M? _ if X is only a local martingale and X € M?(0,T) or X € M?*(T) when we
have informations on the behaviour of X only up to time T'.

Given a process X, if for every ¢ > 0 and every sequence {A,} of subdivisions of [0, ¢]
with mesh going to zero (|]A,| — 0) there exists the limit in probability

2
P—lim Z (Xti+1 - th) )
e ti€A,

the limit is called the quadratic variation of the process X and is denoted by (X);. It is
an increasing process. Given two processes X, Y of finite quadratic variation, their cross—
variation (X,Y); is defined as

(X,Y); = [<X FY)— (X — Y>t} :

P



2 Basic notions and a few classical results...

2.1 ...on stochastic processes

We report only the following very classical result, and refer for its proof, for example, to
[KS, theorem 3.28], or [RY, chapter IV, theorem 4.1 ant corollary 4.2]

Proposition 2.1 (Burkholder-Davis—Gundy inequalities). For any local martingale M €

M?OS and p > 0, there exist universal constants c,, Cp such that for any t > 0

o E[anf] <E[(0)"] <6, B[ (1)} ],

where M} := supg<s<, |Ms|. Clearly, the constant C), can be taken as positive.

2.1.1 The Wiener process

Definition 2.2 (Wiener Process). An R%-valued, adapted stochastic process (W;)¢>o de-
fined on a filtered space (2, %, .%;, P) is called a Wiener process if:

i) Wp = 0 almost surely;
ii) for every 0 < s < ¢, the random variable W; — Wy is independent from %;

iii) for every 0 < s < ¢, the random variable W; — W has normal law N(0,¢ — s).

Remark 2.3. Note that any Wiener process admits a continuous version (see proposition
2.5), so that it can always be treated as a continuous process.

The above defined Wiener process, starting from zero, is also called “standard Wiener
process”. When, instead, condition 7) is substituted by the condition

") Wy = z almost surely,

we will say that W is a Wiener process starting from z € R¢. When we want to emphasize
that the Wiener process starts from = # 0 almost surely, we will often use the notation W.
When we are working with more than one filtration, we need to make it clear with respect
to which one W is a Wiener process, so we will say that W is an {%;}-Wiener process or
that (W, {.#;}) is a Wiener process.



Remark 2.4. It follows immediately from the definition of the Wiener process that
a) (Wt - Ws) is independent from W, for any u < s;

b) a Wiener process is a gaussian process: for any g, ... ,a, E Rand 0 <t; < -+ <y,
i, a; Wy, is a normal random variable.

¢) for any 0 < tg < --- < t,, the random variables (W;, — Wy, _,), k =1, ... ,n are
jointly gaussian and two by two incorrelate, thus independent;

d) for any s > 0, the o—field O’(Wt —Ws:t> s) is independent from .%;.

Proposition 2.5 (Characterization of Wiener processes). The process {W;}i>o defined on
some probability space (2, F,P) is a Wiener process with respect to its natural filtration
{FWV}, if and only if the following three conditions hold:

1) Wy =0 almost surely;

2) for every 0 < t1 < -+ < tym, Wy, ... Wy, ) is a d—dimensional, normal, centered
random variable;

3) E[W,Wy] = s At for any s,t € [0,00).

Proposition 2.6. Consider the continuous version of a Wiener process. Then, for any
a < %, almost all of its trajectories are locally a—Holder continuous. However, outside a set
of probability zero, no trajectory is monotone nor Holder continuous with exponent o > % m
any time interval I C RT with non empty interior. Moreover, trajectories are not of finite
variation on any time interval almost surely.

2.1.2 Differential operations

Definition 2.7. We will say that a process X has a stochastic differential
dX; = F, dt + Gy dW, F e AY([0,T)), G e A*([0,T))
if forany 0 <t; <ty <T

to ta
th - th = / Ft df +/ Gt th (21)
t1 t1

Such a process is called an Ité process. Consistently with the definitions given in section 1.1,
for an It6 process X, the quadratic variation is defined as

t
<X>t Z:/ ngs,
0



which is just the increasing process associated to the local martingale term of (2.1). In a
similar way, if Y is another It6 process

dY, = H, dt + K,dW;,

the cross —variation of X and Y is defined as
t
()(7 Y)t = / GS KS dS,
0

so that
(XDt = (X, X)1.

The stochastic differential of a process, if it exists, is unique and it is the sum of a process
of finite variation (the first term of the right—hand side of 2.1) and of a local martingale (the
second term, which is not of finite variation almost surely).

Given, for i = 1,2
dX; = F;dt + G; dW,
we have that
d(Xl XQ) = X1 dXQ + X2 Xm + Gl G2 dt = X1 dXQ + XQ dX1 + d<X1,X2>

or, equivalently,

to ta to
Xl(tg)Xg(tg)—Xl(tl)XQ(tl) :/ [Xl F2+X2F1]dt+/ [Xl Go+Xo Gl]th-i- G Gy dt.

t1 t1 t1

The following theorem is the fundamental tool to perform differential operations on
functions of stochastic processes.

Theorem 2.8 (Itd formula). Let X;, i = 1...m be It6 processes with stochastic differentials
dX;(t) = F;(t)dt + G;(¢t) dW, i=1...m.
Let f : Ry x R™ — R be a function in C12([0,T] x RY) and set Xy = (X1(t), ..., Xm(t)).

Then the process (f(t,Xt))t is an It6 process with stochastic differential

AEt) = [0+ LK) B + 5 3 o, (X10) G0 G (0)]

=1 1]1

+ fol X, 1) Gy (t) AW,

= fi( Xyt dt+2le X, 1) dX( me] X1, 1) Gi(t) G;(1))dt

=1 ’le

= Fu(Xert) + V(X0 1) - X, + % S fuun, (X0 1) (X, X))

ij=1



2.1.3 Kolmogorov’s regularity theorem

The property of being a continuous process is often really desirable, so that it is important
to have a condition ensuring it. This is provided by the following theorem. We will report a
classical proof based on dyadic numbers (see, for example, [KS, chapter 2, theorem 2.8] or
[Ce56]).

Theorem 2.9 (Kolmogorov regularity theorem). Let X be a stochastic process defined
for t € [0,T] on some probability space (,.7,P), and suppose that there exist constants
a, B, C >0 such that for all0 < s, t<T

IE{ X, — Xsﬂ < Ot — s+,

Then there exists a continuous version of X, i.e. a process X: [0,4+00) x Q — R with
trajectories almost surely continuous and such that for every time t > 0, P(Xt = Xt) =1.
This modification is also locally Holder continuous with exponent «y for every v < 3/, i.e.

X (w) — X,
Plw: sup Xi(w) = X, ()] <C| =1, (2.2)
0<t—s<h(w) |t - 3|V
s,t€[0,T)

where h(w) is an almost surely positive random variable and C > 0 is an appropriate con-
stant.

Proof: For notational simplicity, assume T' = 1. Much of what follows is a consequence
of Cebysev’s inequality. First, for any € > 0, we have

P(1X, = X,| > £) < e B[|X, - X,[°] < Ce™o|t — |+,

and so we have the convergence X; — X; in probability as s — t. Second, setting ¢t = k/2",
s=(k—1)/2" and € = 277" (where 0 < v < /) in the preceding inequality, we obtain

P(|Xkjan = Xonyjon| 2 2777 < om0,

Consequently,
2’7l
n— W >27m) < n— | > 27 .
P<13}f£§n | Xpj2m = X(p—1)/20 | 2 2 > _P<kU1 | Xj2m = X(k—1)/2n| > 2 > (2:3)

< g2 nB-an),

Note that the last expression is the general term of a convergent series; by the Borel-Cantelli
lemma, there exists a set Q* € .F with P(2*) = 1 and a positive, integer—valued random
variable n*(w) such that for every w € Q* and n > n*(w),

n — n > 27, .
Jax, | Xk j2n (W) = X(g—1)/2n (W)[ > 2 (2.4)

For each integer n > 1, let us consider the partition D, := {(k/2") : k = 0,1,...,2"} of
[0,1], and call D := U2, D, the set of dyadic rationals in [0,1]. Fix now w € Q* and

10



n > n*(w); we claim that for every m > n and ¢, s € D, such that 0 < t—s < 27", we have

X (w) = Xs(w)] <2 > 277 (2.5)
j=n+1

We prove this claim proceeding by induction on m > n. For m = n + 1, we can only take
t =k/2™ and s = (k — 1)/2™, and in this case, (2.5) follows from (2.4). Suppose now that
(2.5) is valid form =n+1,...,M — 1. Take s < t, s,t € Dy, and consider the numbers
t! = max{u € Dy;_1 : u <t} and s! := min{u € Dp;_1 : u > s}: notice the relationships
s<st<tl <t, st—s<2M -1 <2M From (2.4) we have | X (w) — X,(w)| < 277M
and | X;(w) — Xp (w)| < 277M  and from (2.5) with m = M — 1,

M-—1
Xp(w) - Xa(w)[ <2 > 277,
j=n+1

This implies that (2.5) holds for m = M and proves the claim.

We can now show that {X;(w) : t € D} is uniformly continuous in ¢ for every w € Q*.
For any numbers s,t € D with 0 <t — s < h(w) := 27" ) we select n > n*(w) such that
2-(+1) <t — 5 < 27" From (2.5) we have that

Xi(w) = Xo(w)| <2 > 277 < CJt— 5] (2.6)

Jj=n+1

for every t, s such that 0 < t — s < h(w), where C' = 2/(1 — 277). This proves the desired
uniform continuity.

We define X as follows. For w ¢ Q*, set X;(w) := 0 for every ¢ € [0,1]. For w € Q* and
t € D, set Xy(w) := X,(w). For w € Q* and t € [0,1] N D, choose a sequence {s, }n>1 C D
with s, — t; the uniform continuity together with the Cauchy criterion imply that { X, (w)}
has a limit which depends on ¢ but not on the particular sequence {s,} chosen, and we set

Xi(w) :=lim,, _; X, (w). The resulting process X is thereby continuous: indeed, X satisfies
(2.6), so (2.2) is established.

To see that X is a modification of X , observe that )~(t = X; almost surely for t € D; for

t €10,1]N D¢ and {sp}n>1 C D with s, — t, we have that X, — X, in probability and
X, — X; almost surely, so that X; = X; almost surely. The theorem is proved.

2.1.4 Girsanov’s theorem

Consider a d-dimensional Wiener process W defined on some filtered space (2, #, %, P)
and assume that the filtration {.%#;} satisfies the usual condition. Let ® be a measurable,
adapted process with values in R? such that

T
P</ @fdt<oo>1
0

11



for any positive T'. Then, the process Y; := fot ®,dW; is a local martingale. Define the
R—valued process

¢ 1t
Z(®) := exp{/ o, dW, — 5/ @] ds}. (2.7)
0 0

We will also use the short notation Z or Z; for this process when we see no risk of ambiguities.
By It6 formula, we see that this process is a solution of

Z,(®) =1+ /t Z4(®) X, AW, (2.8)
0

which shows that Z(®) is a continuous local martingale with Zy(®) = 1. If it is a real
martingale on [0,7], then E[ZT] = E[ZO} = 1, so that Zr can be seen as the density of a
probability measure. We can therefore define on the space (€2,.%r) a probability measure
Q7 having density Zr with respect to P:

Qr(A) = E|Ly Zr(®)], Ae Fr.

The martingale property shows that the family of probability measures {Qr : 0 < T < oo}
satisfies the consistency condition

Qr(A) = Q(A), AeF, 0<t<T.

With the notation introduced, we are now able to state the classical Girsanov Theorem.

Theorem 2.10 (Girsanov (1960), Cameron and Martin (1944)). Assume that the process
Z defined by (2.7) is a martingale and define the process

. t
WtZ:Wt—/(I)st, 0§t<00
0

Then, for each fized T € [0,00), the process Wt is a d—dimensional Wiener process on
(Q, Fr,Qr) up to time T, with respect to the filtration { % }i<T and the probability measure
Qr having density Zr with respect to P.

Recall the following notation. E and E” denote the expectation operators with respect to
the probability measures P and Qr respectively, and M$ (T') denotes the class of continuous
local martingales M = {Mt,yt RS [O,T]} on (9, Zr, P) satisfying E[Mp] = 0. Similarly,
define M§ (T) with P replaced by Qr.

loc

Lemma 2.11. Fiz T € [0,00) and assume that Z(®) is a martingale on [0,T]. If0 < s <
t <T andY is an Fi—measurable random variable satisfying ET[|Y|] < oo, then the Bayes’
rule

BT [Y | ys} - E [th@) | 9‘}

1
Z(®)
holds P and Qr— almost surely.
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Proof: Using the definition of ET[-], the properties of the conditional expectation and
the martingale property, we have for any A € .7,

Zr(P)

B 7.(®)

Ia

T4 E[Y Z(®)| Z]

E[Y Zy(®)| gé‘s]] = E[HA E[Y Z:(®)| %]}

1
Zy(®)

It follows that

Proposition 2.12. Fiz T € [0,00) and assume that Z(®) is a martingale. If M € M (T),
the process

d t
M, = M, - Z/ OO AMWD),,  0<t<T (2.9)
=170

is in MS (T). If also N € MS (T) and

loc loc
N, = Nt—Z/ W (N, W), | 0<t<T,
i=1"0
then P and Qr—almost surely

(Maj\v[)t:(MaN)ta OStSTa
where the cross—wvariations are computed under the appropriate measure.
Proof: By localization, we can reduce to the case of M, N bounded martingale with

bounded quadratic variations, and Z;(®) and fg (@S’)Q ds bounded in ¢t and w. Also, the
following Kunita— Watanabe inequality holds (see Proposition 3.2.14 of [KS])

t
/ W d(m, W),
0

and thus M is also bounded. The integration by parts formula for martingales gives
Z,(®) M, = / Z4(®) dM, + Z/ M, 00 Z,(®) dW ),
0 = Jo

which is a martingale under P. Therefore, for 0 < s <t <T', we have from lemma 2.11

E[M, Z(®)| #,] = M,

o [M” j} A
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P— and Qr—almost surely. It follows that M € .//\/lv%loc. By the change of variable formula,
we also have that

MtNt—<M,N>t:/ Mster/ N, dM,
0 0

d t t
[ [ w0y, + [ R0 atan w0
=1 0 0
as well as

Z4(®)[M; N; — (M, N);] = /Ot Z4(®) M, dN, + /Ot Z4(®)N, dM,

+ i Uot [M, N, — (M,N),] @ Zs(d))dWé@}

This last process is consequently a martingale under P and, just as above, lemma 2.11
implies that for 0 < s <t <T

ET [AZ N, — (M, N),| y} = M, N, — (M,N),

P— and Qp—almost surely. This proves that (]T/f, N); = (M,N), for t € [0,T] P- and
Qr—almost surely.

Remark 2.13. Note that it is not possible in general to define a single probability measure
Q on %4 so that Q restricted to every Fr agrees with Q7. However, it is possible to
define such a measure ) on the smaller o—field .#Y generated by the Wiener process W.
Such a probability measure is clearly unique, and the existence follows from the Daniell -
Kolmogorov consistency theorem (see [KS], theorem 2.2.2).

The process Wt of theorem 2.10 is adapted to the filtration {.%#;}, and using the com-

pleteness of { %} it is possible to show that also the process (fot X ds) 0<t<oo is adapted.

However, when working with the measure @ defined only on .#Y | we wish Wt to be adapted
to the filtration {.ZV'}, which does not satisfy the usual conditions. Therefore, in this situ-
ation we must impose on the process X the stronger condition of progressive measurability.
See [KS, corollary 3.5.2] and the discussion following it.

To be able to use Girsanov’s theorem, one needs to know that the process Z(®) defined
by (2.7) is a martingale. We already know that it is a local martingale because of (2.8).
Moreover, with

t
Tn = an{t >0: 121%)(61/0 (Zs(®) cpgl))Q ds = n},

the “stopped” processes {Z(") = Zipr, (@), F : 0 <t < oo} are martingales. Consequently,
for 0 <s<t<ooandn >1 we have

E |:Zt/\‘rn,| ysi| = Zs/\‘rn,
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and using Fatou’s lemma for n — oo, we obtain E|[Z;(®)|.%,| < Z,. In other words, Z(®)
is always a supermartingale and is a martingale if and only if for every t > 0

E[Zt(tb)} =1 (2.10)

Therefore, we only need to provide sufficient conditions for (2.10). No necessary and suffi-
cient condition is known in the general case, but given the importance of the fact, various
sufficient conditions have been provided. By far the most used is the Novikov condition.

Proposition 2.14 (Novikov condition (1972)). With the notation introduced above, assume
that o
E[ea J 121 dS} < 00 (2.11)

for some T € [0,00). Then Z(®) is a martingale on [0,T).

Proof: As we have seen, we only need to show that (2.10) holds. A time-—change for
martingales theorem due to Dambis (1965) and Dubins and Schwarz (1965) (see, for example,
[KS, theorem 3.4.6]) states that the process { B, := M, (4 = fOT(s) Q. dW,, G, := Fr (5} isa
standard one —dimensional Wiener process when M is a continuous local martingale and the
stopping time 7 was defined as 7(s) := inf{t > 0: (M), = fot |®,.]2dr > s}. The theorem

also states that almost surely By, = My, so that Bft |B,]2ds = fot o, dWs.
A 0 s
For b < 0, define the stopping time for {Gs}

Ub::inf{SZO:Bs—s:b}.

A known result on Wiener processes with drift states that with this stopping time the Wald
identity

E[exp{Bab — %Jl,}] =1
holds; it follows that E|exp{1/20,}] = e~". Consider now the exponential martingale
{Ys =exp{Bs —s/2}, G; : 0<s< oo}
and cut it with the stopping time oy:
{Ns:=Yipne,, Gs 1 0< s < 00}

this is still a martingale. Also, P(op < 0o) = 1, implying that

Ny := lim N, = exp{Bab — lab}.
§— 00 2
It follows easily from Fatou’s lemma that N = {Ng, G, : 0 < s < oo} is a supermartingale
with a last element. However, IE[NOO} =1= E[NO}, so that N has constant expectation,
which implies that it is actually a martingale with a last element. This allows us to use the
optional sampling theorem (see, for example, theorem 1.3.22 of [KS]) to conclude that for
any stopping time v of the filtration {G,}:

E[exp{Bw\gb — %(VAJ;,)H =1.
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Fix now t € [0,00) and use the stopping time v; = fot |®|? ds. It follows that, for b < 0,

1 K Lt o,
E{H{abgut}exp{qugab}} JrE[H{WSGb}eXp{/O @des§/0 EN ds}} — 1 (212)

The first expectation in (2.12) is bounded above by e® E[ exp{1/2 fot |®,|?ds} ], which con-
verges to zero as b \, —oo, thanks to assumption (2.11). By the monotone convergence
theorem, the second expectation in (2.12) converges to E[Zt} because oy, /' o0 as b\, —o0.
Therefore, E[Zt} =1 for ¢ € [0,00), and we have completed the proof.

2.2 ... on stochastic differential equations

We are going to consider general multidimensional Stochastic Differential Equations (SDEs)

of the form _ _ N _
dX; =v"(¢t, X)) dt + 22:1 o (t, X )dW}

Xi = X}

for ¢« = 1,...,d, where Xy is a given random variable and b, o are predictable functions.
When Xy = z almost surely, the solution will also be denoted by X*. We will use the
shorter vectorial notation

dX, = b(t, X)) dt + o(t, X.) - AW,
{ (2.13)

Xo = Xo.

Let us introduce some further notation. Given a filtered probability space (2, &, %, P),
a function f: Ry x H — R” is said to be predictable if it is predictable as a process defined
on H, namely f(s,-) is Fs—measurable for any s. If X is a continuous process defined
on the filtered space above, the map s — X;(w) belongs to H almost surely, and if f is
predictable we will write f(s, X)) or f(s, X (w)) for the value taken by f at time s on the
path ¢t — X;(w). Note that we are interested in the special case of functions of the kind
f(s,Xs), but the results in this section are known in greater generality, so that at present
we allow f(s, X ) to depend on the entire path X (w) up to time s.

It is a straightforward consequence of the definitions that if X is {.%;}-adapted, the
process f(s, X)) is {.%; }-predictable.

Definition 2.15 (Weak and strong solutions). Given two predictable functions b and o
with values in R? and d x r matrices respectively, a solution of the stochastic differential
equation (2.13) is a pair (X, W) of continuous adapted processes defined on some filtered
probability space (2, #, %, P) such that W is an r—dimensional {%#; }-Wiener process and

t t
Xt:X0+/ b(s,X,)ds+/ o(s, X)) - dW,. (2.14)
0 0
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A solution (X, W) of (2.14) is called a strong solution if X is adapted to {F#V}, the com-
pletion (with respect to P) of the natural filtration of W. By contrast, other solutions are
called weak solutions. When a weak solution exists, we will say that there is weak existence
for the SDE (2.13), and similarly for strong solutions.

Of course, it is understood that all the integrals are meaningful, i.e.
t
/ 1b(s, X )| + [|o(s, X)) ds < oo
0

for every t almost surely.

Note that, convenient as it may be, (2.13) is just a formal expression, as every time that
we need to give it a meaning we have to work on the integral form (2.14). It might be
argued that Stochastic Integral Equations would be a more appropriate name for this kind
of equations, but the tradition to call them otherwise in now well established.

When no risk of misunderstanding arises, we will call solution of the SDE the sole process
X, leaving implicit the relative Wiener process. To realize how important it is to know if
solutions are strong, observe that the natural space on which the process X of the solution
is defined is (2, G, G;, P), where G; := o{X;, Ws : s < ¢t} and G is some o—field containing
V,; G:. In general, this space can be constructed only once the solution has been found, but
this uncomfortable situation does not arise when the Wiener process is a given data of the
problem and we know a priori that solutions are strong. Indeed, in this case we can use
the original space (2, %, ZV, P), because the processes X and W are both adapted to the
filtration {.Z}V}.

Definition 2.16 (Weak and strong uniqueness). We say that strong (or pathwise) unique-
ness holds for (2.14) if whenever (X, W) and (X', W') are two solutions defined on the same
filtered space with W = W’ and X = X{, almost surely, then X and X’ are indistinguish-
able.

We say that there is weak uniqueness (or uniqueness in law) if whenever (X, W) and (X', W)
are two solutions with possibly different Wiener processes W and W’ (in particular, the two

solutions may be defined on two different filtered spaces) and Xy 4 X{, (the initial data has
the same distribution), then the laws of X and X’ are equal.

Clearly, if there exists a strong solution, it is also a weak solution; we will also see in the
first part of the proof of theorem 2.20 that strong uniqueness implies weak uniqueness. The
converse implications do not hold, as is shown in the following example.

Exemple 2.17 (no strong solution and no strong uniqueness, Tanaka). For the SDE

dX; = sgn(X;)dW;
(2.15)
Xo=0
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there exists a weak solution, but no strong solution. Also, uniqueness in law holds, but there
is no pathwise uniqueness.

Proof: Let X; be a Wiener process on some probability space (Q2,.%, P). Set
t
Wy = / sgn(X;) dXs, t>0,
0

and %, = . Since W is a continuous martingale on (2, %, %, P) with (W), = t, it
follows from P. Lévy’s characterization theorem that it is a Wiener process, and (X, W) is
a (weak) solution of (2.15). However, if (X, W) is a solution of (2.15), then

t
W = / sgn(X;) dXs, t>0,
0

implying that .ZV = yth\. Hence, no strong solution exists.

If (X, W) is a solution of (2.15) on some filtered space (2, .%, %, P), then X is a continuous
martingale with (X); = ¢, so that it is a Wiener process. Uniqueness in law follows. On the
other hand, also (—X, W) is a solution, so that there is no pathwise uniqueness.

Yamada and Watanabe proved in [YW71] a celebrated result, which states that weak
existence together with strong uniqueness imply weak uniqueness and the existence of a
strong solution. This is a crucial result for our approach, so we have devoted the next para-
graph to its proof. A detailed and elementary, though quite long, proof can be found in
[PR, appendix EJ, but we have chosen to follow the technical but much shorter approach of
[RY, Theorem 1.7, Ch. IX].

Only recently, a converse result was proved by Cherny: in [Ch01] he shows that weak
uniqueness and the existence of a strong solution imply the strong uniqueness property (and,
obviously, also the existence of a weak solution).

2.2.1 The Yamada—Watanabe principle

Define the spaces Hi := CO(R+;Rd) and Hy := C°(R;R"). w; and we will denote the
generic element of the two spaces H; and Hso respectively. On H; X Ho define the o—fields

Bi=o(wls<t), HB=olw,—wuxt), B =\/%
t

for i = 1,2. Note that B’ = %! v B for every t. Let (X, W) be a solution of (2.13) and
Q the image of P through the map ¢ : w — (X (w), W.(w)) from Q into H; x Ha. The
projection of ) on Hsa is the Wiener measure (W). We can consider a regular conditional
distribution Q(ws2,-) with respect to this projection, whose existence is guaranteed by the
fact that all the spaces involved are Polish spaces (i.e. complete, separable metric spaces).
Then, Q(ws, ) is a probability measure on Hy X Ha such that Q (w2, H1 X we) = 1 @—almost
surely and for every measurable set A C Hy X Ha, Q(we, A) = IE[H AL%’Q} @—almost surely.
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Lemma 2.18. If A € %}, the map wa — Q(wa, A) is B?—measurable, up to a negligible
set.

Proof: %}V %2 is independent from %2, so that VA € %},

EQ[14]27] = Q(ws, A|B2) = Q(ws, A|B} v B = #°) = B2 [14|%7] " Q(, 4).

The lemma is proved.

We will make use of the following condition, apparently weaker but actually equivalent
to the weak uniqueness.

Proposition 2.19. There is uniqueness in law if, for every x € R, whenever (X, W) and
(X', W') are two solutions of (2.18) such that Xo = x and X = = almost surely, then the
laws of X and X' are equal.

Proof: Let Q be the law of (X, W) on the canonical space C°(R,,R9*+7"). Since this is
a Polish space, there is a regular conditional distribution Q(w, -) for @ with respect to %y.
For almost every w, the vector of last r coordinate mappings 8 = (8;)i=1,...r still form a
Wiener process under Q(w,-) and the integral

.....

t t
/ b(s,£)ds Jr/ o(s,&)dfs,
0 0

where ¢ stands for the vector of the first d coordinate mappings, makes sense. It is possible
to show, just as in the proof of theorem 2.20 below, that for almost every w the pair
(&, 8) is, under Q(w, ), a solution of the SDE with & = &(w)(0), Q(w,-)— almost surely. If
(X', W’) is another solution, we may likewise define Q'(w, -) and the hypothesis implies that
Qw,") = Q' (w,-) for w in a set of probability 1 for Q and @’. Then, if X, 4 X{, we get
@ = Q' and the proof is complete.

Theorem 2.20 (Yamada— Watanabe principle). If strong uniqueness holds for (2.13), then
weak uniqueness holds and every solution is strong.

The idea of the proof is to construct a space on which is possible to “transport” two
solutions (X, W), (X', W) so that they remain independent, but are relative to the same
Wiener process. Working on the new space and using the assumed strong uniqueness, it is
possible to show that the two “transported” solutions (w1,ws), (w],ws) starting from the
same point x are indistinguishable, obtaining easily the characterization of proposition 2.19
which in turn gives uniqueness in law. Since the two processes wi,w] are simultaneously
independent and equal, we obtain from the structure of the probability measure used on the
new space a functional dependence from the Wiener process (w1 =F (wg)), implying that
the solution is strong.

Proof of Theorem 2.20: Let Hi,H! be two copies of H = C°(R,;R?%). With obvious
notation, derived from that introduced above, define a probability measure 7 on the product
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space H1 X H] x Ha by
7(dwy, dw], dws) = Q(we,dwr) Q' (w2, dw]) W(dws)

where W is the Wiener measure on Ha. Set 7 := o (wi(s),w](s),w2(s)]s < t). We claim
that the process wo is a Wiener process under 7, relative to the filtration {.%;}. The only
thing to check is that the filtration is the right one, namely that for any s < ¢, wa(t) — wa(s)
is independent of .Z,. For any A € B!, A' ¢ #Y, B € %2,

E™ |:€i(z,wg(t)—wg(s))]IAHA,HB} / ei(z,wg(t)—wg(s))Q(w2,A) QI(WQ,AI) W(dwg)
B

_ e—\m\z(t—s)/Q/ Qwz2, A) Q' (w2, A) W(dws)
B
= e_‘m‘2(t_s)/27r(A x A’ x B)

because wo is a Wiener process also under W, relative to the filtration %2, so that w(t) —
wa(s) is orthogonal to %2. This proves the claim.

Since the joint law of (b(s,X_),a(s,X,),W) under P is the same of (b(s,wl),a(s,wl),wg)
under 7, if

¢ ¢
Xt::ch/ b(s,X,)dst/ o(s, X)) dWs, (2.16)
0 0

under P, then under 7

wit) =z + /Ot b(s,wr)ds + /Ot o(s,w1) dwa(s).

The same holds for X’ and wf, proving that whenever (X, W) and (X', W) are solutions of
(2.16), (w1, ws) and (w],ws) are two solutions defined on the same filtered space (H1 x Hj X
Ho, F, F¢,m). Since moreover wi(0) = wi(0) = & 7— almost surely, pathwise uniqueness
implies that w; and w] are m—indistinguishable. Hence wy(7) = wj(nw), that is X(P) =
X'(P’), and applying proposition (2.19) we get that weak uniqueness holds.

Furthermore, to say that wy and w/| are 7—indistinguishable is to say that 7 is carried by the
set {(wy,w],w2)|wi = wi}, so that for W—almost every ws, under the probability measure
Q (w2, dwr) ® Q(wa, dw]), the variables w; and w) are simultaneously equal and independent.
But then they must be degenerate, so that it is possible to build a measurable map F from
‘Ho to ‘H such that for W—almost every ws,

Q(w% ) = Ql(w27 ) = 5F(w2)'

This forces the image of P through the map ¢ defined above lemma 2.18 to be carried
by the set of pairs (F(wg),wg), and hence X = F(W) P-almost surely. By lemma 2.18,
OF(ws) = @(w2, A) is measurable as a function of wy, so that ' must be measurable and X
is adapted to the completion of the natural filtration of W, which means that it is a strong
solution. The theorem is proved.
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3 Weak and strong existence of solutions of the SDE

In this chapter we focus on the problem of existence of solutions for the SDE
dX: = b(t, X¢) dt + dW;
XO =T

for t € [0,T]. We will first prove the existence of a weak solution (theorem 3.7) using a
classical approach based on Girsanov’s theorem. To do so, we need to prove the Novikov
condition, which is done in the first part of section 3.1. In the last part of the same section
we obtain other results on the weak solution X: we prove two Girsanov formulas in corollary
3.10 and the Novikov condition for the process b(t, X;) in lemma 3.12. As a by—product of
corollary 3.10, we also obtain that weak uniqueness holds for the SDE.

The second section is very short, since it only recalls that strong existence will follow
from the Yamada—Watanabe principle once we will have obtained the strong uniqueness

property.

3.1 Weak existence

This first lemma is but an easy application of Holder’s inequality. However, we prefer to
state it as a separate lemma as it will be later used in different crucial points.

Lemma 3.1. Let W be a d-dimensional Wiener process starting from the point x at time

0. Let f be a nonnegative Borel function on R belonging to Lg/, for some p’, ¢’ € [1, ]

such that
d 2
7
Then there exist two positive constants N and e depending only on p’,q’,d such that for any
t>s5>0

<2 (3.1)

t
sup B / £ W) dr] < Nt = 5)° ] (3.2)

Proof: In the proof, N will denote various constants depending only on p’, ¢, d.

Write explicitly the density of the Wiener process and use Holder’s inequality first with
respect to the space variables and then with respect to 7. Set a = p’, b = ¢’ and use a’ and
b’ to denote the dual exponents. After the appropriate change of variables (z = a’y), we see
that the last term on the third line is the law of a normal random variable N (0,a’(r — s)):
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it follows that the integral is one.

t
E[/s f(T Wi ) } */ (27T T*S) d/2 y f(r,;p+y)6_‘y\2/2(r—s)dydr

1/a ’ L 1/a’
( f“ (ry dy) (/ (27r(7’ — s))fa a2, Ty dy> dr
Rd
t da 1 1/a ] 1/a’
=@ [xe-) T ([ reaa) ([ ende-a) P w)
s R4

1/v
t S d a1
< (a/)—Q—i/ £l (/ (2m(r — s))—b %a/dr>

1—-1/¢'—d/2p’
— N||fllps (=)' V72

The last equality follows from (3.1) after noting that
d

1 1 da — d
- == —b = =——10 > —1.
2a < b b — 2 a’ 2a >

Remark 3.2. Note that in the case of a positive function f of the form f = g2, the condition
on g becomes g € L{ for p = 2p’, ¢ = 2¢'. Thus, p, q are required to satisfy condition (1.3).

Also, if we are working with processes defined only up to time T and f € Lgi (T), (3.2) can
be rewritten as

t
sup E{/ f(r Wi )dr} Ny q,dTHfHLq;(T)a (3.3)

zER?

for 0 < s <t < T, where the constant N depends on p’,q’,d and T.

The next lemma, and especially the modification that follows, proves to be extremely
useful whenever we need to work with exponential martingales, as in the case of the Novikov
condition. Lemma 3.3 presents the classical result (see [Kh59] or [Sz98, lemma 2.1]), while
in lemma 3.5 we present a modification in which we require a weaker condition than (3.4).

Lemma 3.3 (Khas'minskii (1959)). Let W be a d—dimensional Wiener process starting
from the point x at time 0. Let f : R? — R be a positive Borel function and take t such that

t
a = sup E[/ f(s,W:)ds} < 1. (3.4)
rE€RI
Then
S f(s,W2)ds 1
sup E{e o J18:Ws } < .
11—«

z€R4
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Proof: For any x in R?, use first the Taylor expansion and then the symmetry of the
density of the Wiener process to rewrite the sum as a multiple integral on the space of times
0<s1<...<sp, <t

lefirema] = 3 Lal( [, wias)']

n>0

- ZE[/ Fls1, W2 )i f (50, W) dsl...dsn]
n>0 0<s1<... <5 <t

We can now use the Fubini—Tonelli theorem, the Markov property of the Wiener process
and the assumed bound (3.4) to complete the chain of inequalities

- Z/ E[f(sl,W:)...f(sn,W:n)] dsy...dsn
0<s1<... <5, <t

n>0

= E / E[f(sthl)...f(sn1,W§WI)E[ f(S’WSVVSTLI)dS:|:| dsy...ds,_1
n>0 0<s1 <. <sp—1<t 0

< Z CY/ E{f(sl, W;El)f(sn_l, W:n—l)i| dsq...dsp—1 (35)
n>0 JO0<s1<<snoa1<t

1

< g L

= « I — o
n>0

Remark 3.4. Note that in the above lemma, if we require that condition (3.4) holds with
|f| in the place of f, we don’t need to assume f to be positive. Indeed,

sup E[efgﬂsw:)ds] < sup E[efmf(s,wmds} <1
z€RY z€R4 l-a

Lemma 3.5 (Khas’minskii modified). Let W7 be a d—dimensional Wiener process starting
from the point = at time 0. Let f : R* — R be a positive Borel function. Suppose that

fél}é)dE[/OTf(s,Wf)ds} =(C < o0; (3.6)

then
sup E{efoT f(S’WSm)dS} < 0.
zERY

Also, instead of condition (3.6), we can require f to be a function (not necessarily positive)

which belongs to the space Lg/,(T) for some p’, ¢ € [1,00] such that (8.1) holds and T €
[0,00). Then, there exists a constant Ky depending on d, p, ¢, T and continuously depending
on HfHLq'(T) such that

sup E efon(s’Wf)ds} <Ky <oo.
rER4
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Proof: The idea is to wisely use Young’s inequality: for a, b real numbers and p, ¢ dual
exponents,
1 _1 5 1
ab= (era)(be™?) < —aP + —bc.,
p q

where ¢, = TP < o0. Penalizing one term, we can make the other one arbitrarily small,
which is precisely what we need. Set p=¢ =2, a= f(t, W), b=1and ¢ = C~. Then

TE
sup E[/ —f(t,Wt””)dt} —a<l.
reR4 0 2

Note that ¢ = e=! = C. Using Young’s inequality and Khas’minskii’s lemma we deduce
that

sup Elelo f(t,Wf)dt} < sup E{eff %f(t,Wf)2dt}eT%€ < 1 TS < oo
zERE 2R 11—«

This proves the first part of the lemma.

We qnow turn to the second statement of the lemma. Since we have assumed that
f € L},(T), from lemma 3.1 we obtain (3.6) with C' < N||f|| for some constant N

LY(T)
depending on d, p’, ¢’, T and with | f| in the place of f. If we choose ¢ = (NHfHLZ',(T))_l/\l’
from lemma 3.1 we have
Te 5 1
sup B[ [ 51w ] < SN gy =0 < 5 (3.7

Hence, proceeding as in the proof of the first statement and recalling remark 3.4, we get
that

sup E[efoT f(t’th)dt} <K= 2eT5F

zER?

Observe that ¢, = (NHfHqu Vv 1) is a continuous fuction of ||f||qu/(T).
p P

Proposition 3.6. Take T € [0,00) and let b € Li(T) with p, q satisfying (1.3). Let also
WE be a d-dimensional Wiener process defined on a probability space (2, %, P) and starting
from some point x € R at t = 0. If X be a solution of (1.1), then

1. for any k € R there exists a constant C' depending only on k, d, T, p, ¢ and ||b| La(7)
such that

E[exp (k /OT Ib(t, Wg)ﬁatﬂ <0 < oo (3.8)

2. all (positive and negative) moments of

T 1 /7 )
p = pT:exp(/O b(s, W) dWe — 5/0 |b(s, W)| ds). (3.9)

are finite.
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Proof: Bearing in mind remark 3.2, the first point follows from the second assertion of
lemma 3.5 applied to the function f = kb.

As for the second assertion, first note that, for k = 1/2, inequality (3.8) is the Novikov
condition, allowing to define the exponential martingale

t 1 t
Pt = exp (/ b(s, W) dWy — 5/ |b(s, Wf)}st) (3.10)
0 0

Then, take any o € R and set b = 2ab. Use Holder’s inequality and again (3.8) to define 5
as in (3.10), but with b in the place of b. Then,

E[p"] :E:exp (a/OTb(s,W;)dwg - g/t \b(s,W;)fds)]

r T
=E exp(/ab(s,wg)dwg 2/2a2|b s, W2)| ds 42
L 0
i T ) .\
<E exp(/ b(s,W:)de——/ Ib(s, W) ds)]
L 0 2 0
t ) 3
JrIE[eXp ((2042704)/ |b(s, W)| ds)}
0
; t s 12
:E[p}Z]E{eXp ((aQ_a)/ ‘b(s,W:)’ ds)]
0

Since E[ p | = 1 and (3.8) shows that the last term is finite, also the second statement is
proved.

/ |b(s, W) ds)}

We have collected all the results we needed, and we can finally turn to the first of our
main results: the weak existence of solutions of the SDE (1.1).

Theorem 3.7 (Weak existence). Take T' € [0,00) and let b € L(T) with p, q satisfy-
ing (1.3). Then there exist processes Xy, Wi defined for t € [0,T] on a filtered space
(Q, F, %, P) such that Wy is a d-dimensional {F;}-Wiener process and X; is an
{ %} —adapted, continuous, d—dimensional process for which

P(/OOO b(t, X,)||? dt < oo) =1 (3.11)

and almost surely, for all t € [0,T]
t
Xy =2+ / b(s, Xs)ds + Wy.
0

Proof: Almost everything has been done in the above lemmas. Let X; be a d-dimensional
Wiener process (with respect to its natural filtration) defined on a probability space (€2, G, Q)
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and starting from —x. Then, the first point of proposition 3.6 provides the Novikov condition,
allowing to define the exponential martingale

T 1 (T 2
p = exp (/ b(s, X) dXs — 5/ |b(s, X)) ds)
0 0

and to apply Girsanov’s theorem (Theorem 2.10). Therefore, the process
t
W =X, —/ b(s, Xs) ds
0

is a Wiener process on (), starting from z, relative to the probability measure P defined by
P(dw) = p(w)Q(dw). Then,

t
Wt = th —T= Xt _/ b(S,Xé)dS - (312)
0

is a standard Wiener process under Q, starting from zero. From (3.12) we see that the
increments of W; are independent of the past values of X (and therefore of W), so that
we can use as filtration the completion of the o—fields o(X;|s < t). Call it %, and no-
tice that again from (3.12) it follows that .%#; coincide with the completion of the o—fields
o(Ws, Xsls < t), so that (W;, %) is a Wiener process on (Q, %, %;, P). The first point of
proposition 3.6 states that, under @,

EQ[exp (k/OT\b(t,Xt)fdtﬂ < 0. (3.13)

It follows that (3.11) holds under the old probability measure Q. That it holds under the
new probability measure as well follows from the fact that the new measure P is absolutely
continuous with respect to the old one. Since the process X; is still a continuous process on
the new probability space (Q, %, %, P), the theorem is proved.

We need a Liptser—Shiryaev theorem [LS, theorem 7.7] about absolutely continuous
change of measure; this result is presented in theorem 3.9 below. We will only report a
preliminary important lemma [LS, lemma 6.2], and give an idea of the proof of this the-
orem, since to report it in full details would be very long. We refer for the proof to [LS,
chapter 7).

Before we can state the result, we need to introduce some notation. Recall the definition
of the space H := C°([0, T]; RY). In section 1.1 we have introduced a metric on this space,
so that we can consider on it the Borel o—field . For a continuous d-dimensional process
X, define the corresponding measure on (H, %) by

ux(A) = P(w X (w) € A)

for every Borel set A. Also, u x will denote the restriction of the measure px to the o—field
By = o{w(s) : s <t} and
dpx
—(t,w 3.14
T (1) (3.14)
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will denote the Radon-Nikodym derivative of the measures ¢ x with respect to p; w. Fi-
nally, by

dpx
—(t, X
qy 0 %)

we denote the .#;X —measurable random variables obtained as a result of the substitution in
(3.14) of w for the function X = X (w).

We write ux ~ pw if both measures are absolutely continuous with respect to the other
one.

Lemma 3.8. Let W; be a Wiener process defined on some filtered space (0, %, %, P) and
let v¢ be an adapted process such that

T
P(/ 72 ds < oo) =1. (3.15)
0
If IC is a positive process satisfying

t
K =1 Jr/ ~vs AW, (3.16)
0

then it is a supermartingale which permits the representation

K¢ = exp (Ft(ﬂ) - /Ot 52 ds). (3.17)

Here,
K:il K¢ >0
Ki = Lo ' =K}
t { 0, K=o, fe = Kimn
and
! (n)
Le(B) =P —lim T pe g ds<oo}/0 B aw, B = Belge g2 dszny-

Proof: The proof that K; is a supermartingale is standard: it follows from the fact that

tATh
E| / v AW,

SATn

9‘} —0,

where 7, 1= inf{t < T : fot 72 ds > n}. This implies that Kya-, is a martingale for every n,
and Fatou’s lemma provides the result.

We now focus on the key point, the representation formula (3.17). Define the stopping
times

Un::inf{tST:lCt:l}, o::inf{tST:ICt:O},

n

and clearly o, = oo if infi<7 Ky > 1/n, and similarly for o. Since K is a supermartingale,
it must remain in zero once it has reached it. Hence, almost surely, K; = 0 for ¢t € [0, T].
Therefore, K; = Kipnp and

1, t<o

Ktlc::{ 0, t>o
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for every ¢ € [0,T], almost surely. Then,

t

tAo t
Ki=Kipo =1 +/ ve AW, = 1 +/ KoKivys dW, =1 +/ KoBs dW,.  (3.18)
0 0 0

Also, it follows from (3.15) that

152 on NT on NT 9

(—) / 52 ds g/ (KoB.)* ds < .
n 0 0

From this we obtain that, almost surely, OU"AT

In(K¢as, ) we obtain from (3.18)

tAon 1 tAon
Kine, = €xp (/ Bs AWy — —/ ﬁ? ds).
0 2 /o

Note that, since Ky = 0 almost surely for ¢ € [0, T] and fot B2ds<oofort<o<T,

Bsds < oo, and applying the It6 formula to

t
{w:/Ct>O}C{w:/ ﬂfds<oo}::At.
0
Defining x: := L4,, we obtain

Ki =Kirnexe =P — 1171;11 Xt ’Cman

tAopn 1 tNo
= Xt €Xp (P — lim Xt/ ﬁs dWs - 5/ ﬁg dS)
n 0 0

tAo

because P — lim, xt [, $%2ds = 0. According to the theory developed in [LS, subsection

n

4.2.9], the limit in probability of x; fOtAa"’ Bs AW exists, so that for each ¢ € [0, T

tAo
Kt = xt exp <FtAa(5) — %/0 B2 d8>. (3.19)

Recall that on the set {o < T}, Kt =0 for every ¢ € [0, T]. This implies that almost surely
Jy % ds = <.

We claim that (3.17) is equal to (3.19). Fix any t € [0,T]. If w is such that ¢ < o, the
claim is follows trivially from the fact that in this case xy; = 1. If 0 < ¢ < T, the right-hand
side of (3.19) equals zero, but the right-hand side of (3.17) is also equal to zero, since on
the set {o < T}, almost surely [J 32 ds = oo and I'x(3) = 0. The lemma is proved.

Theorem 3.9. Let X be a solution of the SDE (1.1). Then px ~ uw if and only if
T
P</ b(t, X)||> dt < oo) =1; (3.20)
0
T
P</ lo(t, W) ||* dt < oo) =1. (3.21)
0
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In this case, P—almost surely

d ! I
d“X (t, W)—exp(/ b(s, W) dWs—§/ ||b(s,Ws)|2ds); (3.22)
Hw 0 0
du t 1 [t
W 4 x) — exp —/ b(s, X) dXS+—/ Ib(s, X.)[2ds ). (3.23)
dpx 0 2Jo

Idea of the proof: We will not prove the first statement, but we focus only on formulas
(3.22) and (3.23). Define the positive processes

X %) and K (W) = X ).

K(X) =
X dpw dpw

The first step is to show that the process K:(W) is the unique solution of the equation
t
Ke(W)=1 +/ Ks(W) b(s, W) dWs. (3.24)
0

To do so, it is necessary to check that fOT Ke(W) b(t, W) dt < oo almost surely: this implies
that the stochastic integral in (3.24) is well defined. Then, in the proof of [LS, theorem
7.5] it is shown that (IC;(W),.#}V) is not only a supermartingale, but it is actually a real
martingale, so that by the martingale representation theorem we have that there exists a
process v satisfying (3.15) and such that (3.16) holds. To see that It (W) is a real martingale,

just consider any bounded % _measurable random variable A(W) and write
AW)K(W)| = / Mz) Ki(x) duw () = / A(x) jﬁ; (t,2) dpw ()
_ / M) dpsex () = / Az) dps x (z)
_ / Ma) Ks (@) dpsw (x).

Moreover, in the proof of [LS, theorem 7.5] it is also shown that, almost surely, b(s, W) =
Bs(W), where according to the notation of lemma 3.8 5,(W) := K (W)~ (W). From this
result, equation (3.24) and lemma 3.8 it follows that

X 4 W) = K (W) = exp (rt (b(s, W) — %/ |b(s,Ws)||2ds),

dpw
and hypothesis (3.21) implies that 'y (b(s, Ws)) = fo ) dWs. (3.22) follows. From the
equivalence of the measures pux ~ py it follows that (see LS lemmas 4.10 and 6.8])
d t
Y (4 XY = Ky (X) = exp (/ b(s, X.) / Ib(s, X.)| ds) (3.25)
dpw 0

and again using the absolute continuity puw < px is is possible to show that (see [LS, lemma
4.6])

dpw dpx 17

Y () = | I )
120'¢ nw

and (3.23) follows from (3.25).
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Corollary 3.10 (Girsanov formulas). Take T' € [0,00) and let b € Li(T) for p,q such that
(1.8) holds. Let also (X, W) be a (weak) solution of the SDE (1.1) provided by theorem 3.7.
Then, for any nonnegative Borel function f defined on the space H = CO([O, TY; Rd) we have
that

EP {f(W)} —EP {f(X) e o b(s,Xs) dW.—1/2 [ IIb(s,Xs)HZdS] (3.26)

and
EP [f(X)} = ]E{f(W) e o b(s,We) dWa—1/2 [ Hb(s,Ws)IIQdS] (3.27)

Proof: As we have seen in the proof of theorem 3.7, the first point of proposition 3.6
implies that condition (3.21) holds. Then (3.27) follows from (3.22). Note that, because of
(1.1), also (3.26) follows from (3.23).

Remark 3.11. Note that equation (3.27) shows that different solutions (in the sense of
theorem 3.7) of (1.1) have the same distribution on H = C°(0, 7;R?). In other words, weak
uniqueness holds for the SDE (1.1).

Lemma 3.12. Fiz T € [0,00) and let (X,W) be a (weak) solution of (1.1) provided by
theorem 3.7. Let f be any function belonging to the space Lg(T), where p,q are such
that d/p + 2/G < 1. Then, for any k € R there exists a constant C depending only on
k7d7 TanQaf)aq and HfHLg(T) such that

E{exp (k: /OT |f(t,Xt)|2dt)} <C < 0. (3.28)

Proof: Since X is a solution of (1.1), applying the Girsanov formula (3.27), with the p
defined in proposition 3.6 by (3.9), and using Holder’s inequality we get

E{exp (k/OT]f(t,Xt)‘th)] E{p exp (k/OT‘f(t,Wtr)‘th)]
< (]E[pQ])l/2 <E{exp (Qk /OT |f(t, Wtz)fdt)D

Now, the two assertions of proposition 3.6 imply that the last term is finite, and the proof
is completed.

1/2

3.2 Strong existence

As we have anticipated in the introduction, our approach is based on the Yamada—Watanabe
principle (Theorem 2.20). Therefore, we just need to observe here that the existence of
a strong solution to the SDE (1.1) will follow for free (modulus the Yamada—Watanabe
principle) once we will have proved the strong uniqueness property (Theorem 5.9 below).
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4 The associated parabolic problem

In this chapter we collect all the analytical material regarding the PDE (1.4) and its solutions.
In particular, what we need is a good regularity result for the solutions of the PDE and
the invertibility of the function ¢:(z) defined by (1.6). In the first section we present a
result providing the regularity of functions in the class ng(T), together with a number
of technical results, which we have collected there in order not to overload with technical
details the following two main sections. In section 4.2 we prove the existence and uniqueness
of a solution of the PDE in the classe Hy ,(T) and in section 4.3 we provide an invertibility
result for the function ¢;.

4.1 Technical results and the space Hj (T)

Theorem 4.1 (Hadamard). Let g : R — R be a C* function for some k > 1. Suppose
that

ii) for every x € R, the Jacobian matriz g'(x) is an isomorphism of R%.

Then g is a C* diffeomorphism of R<.

Proof: By the inverse function theorem g is a local C* diffeomorphism, so that it suffice
to show that it is a bijection of R

Surjectivity. Since g is a local diffeomorphism, g(R?) is open and not empty. We claim it
is also closed. Take {z,}, such that lim, g(z,) = y € R%. Write z,, = t, v, tn, = |7,|. By
hypothesis i), ¢, is bounded. Passing to a subsequence, if necessary, we get x,, = t, v, —
tv =z and, by the continuity of ¢, y = g(x).

Injectivity. g is a local homeomorphism. We claim that it is finite—to—one: indeed, if
there existed a sequence {z,}, such that g(z,) = y, it would need to have a cluster point
by hypothesis 7). Passing to a subsequence, if necessary, we would have z,, — z, g(z) =
g(zn) = y, implying that ¢ is not a local homeomorphism. Since g is a finite-to—one
surjective homeomorphism, it is a covering map. But R? is simply connected and has trivial
fundamental group, so that its only covering space is R? itself and the cardinality of the
fibre must be 1.

We report, to ease future reference, the classical integral form of Gronwall’s lemma for
continuous functions. The (original) differential form of this result was first proved by
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Gronwall in 1919 [Gr19], while the integral form followed much later: it was proved by
Richard Bellman only in 1943 [Be43].

Lemma 4.2 (Gronwall). Let I denote an interval of the real line closed and bounded on the
left. Let f, g andu be real-valued functions defined on I. Assume that g and u are continuous
and that the negative part of f is integrable on every closed and bounded subinterval of I. If
g is non-negative and if for any t € I, u satisfies the integral inequality

u(t) < F(t) + / o(s)u(s) ds, (4.1)

hen
t w0 <10+ [ 1696 e ([ arar) as (42)

If, in addition, the function f is constant, then
t
u(t) < f exp </ 9(s) ds), tel. (4.3)
Proof: Define

v(s):exp(—/:g(r) dr) /asg(r)u(r) dr, sel.

Using the product rule, the chain rule, the derivative of the exponential function and the
fundamental theorem of calculus, we obtain, for any s € I,

v'(s) = (u(s) - /:g(r) u(r) dr) g(s) exp ( - /:g(r) dr).

< f(s)

The upper estimate is provided by the assumed integral inequality (4.1). Since g and the
exponential function are non—negative, this provides an upper estimate for the derivative of
v. Since v(a) = 0, integration of this inequality from a to ¢ gives

o)< [ 1) 9(s) exp (- / () dr) ds.

Using the definition of v(t) for the first step, and then this inequality and the functional
equation of the exponential function, we obtain

[ sruas=e ([ grar) oo
< [0 e ([ s ["gmar)as
= [ 16106 e ([ arar)as

Substituting this result into the assumed integral inequality (4.1) leads to Gronwall’s in-
equality (4.2).
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If the function f is constant, from (4.2) and the fundamental theorem of calculus we get

for any ¢ € I,
u(t) Sf+f[/at—05(eXp(Atg(r)dT))dS]
= f+ (—fexp(/:g(ﬂdr)) - =feXp(/atg(7“)dr),

which proves the second part of the lemma.

S=a

We present now a modified version of the integral form for finite measures of the classical
Gronwall’s lemma. It allows the integrand on the right hand side of (4.4) to depend on ¢.

Lemma 4.3 (Modified Gronwall). Let f, g and v be measurable functions defined on [0,T).
Assume that

e f g are positive,

e for anyt € [0,T), g(s —t) and (g(s —t)v(s)) belong to L'(t,T):
T T
/ lg(s —t)|ds + / lg(s —t)v(s)|ds < oo,
t t
o for any t € [0,T), v satisfies the integral inequality
T
v(t) < f(¢) +/ g(s —t)v(s)ds. (4.4)
t
Then, for allt € [0,T], v satisfies the Gronwall inequality

o(t) < f(t)+ /tT f(s)g(s —t) exp (/: glr—1) dr) ds. (4.5)

Proof: Divide the proof into three steps. The idea is to substitute the assumed inequality
into itself n times, which we do in the first part using mathematical induction. In step two
we rewrite the measure of a simplex in a convenient form and in the last step we pass to the
limit for » — oo to derive the desired variant of Gronwall’s inequality.

Before we can start with the proof, we need to set some notation. Choose and fix any
t € [0, T]. Denote the n—dimensional simplex by

Ap(t,s) ={(s1,---,8n) €[t,8]" | s1 <82 < -+ < Sp}, n>1

and define
pe(s) = g(s —t)ds,
B (Ao(t, ) = 1.

Note that by assumption y; is a finite measure on [t, T].
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Step 1. (Iterating the inequality) We claim that for every n > 1,

/f ZH (A(t, ) g(s — t)ds + Ru(?) (4.6)

with remainder -
Ra(t) ::/t o(5) HE™ (An(t, ) g5 — £) ds. (@7)

To prove this first claim we use mathematical induction. For n = 0 this is just the assumed
integral inequality, because the empty sum is defined as zero.

Induction step from n to n + 1: inserting into (4.7) the integral inequality for the function
v assumed in the hypothesis gives:

T
< [ HO At ) gls O ds + Ralt)
t
where
_ T ; T
Rutt) = [ ([ atr = 0yurar) (At ats - s
t s
Using the Fubini—Tonelli theorem to interchange the two integrals, we obtain

T r
Ra(t) = / o(r — t)u(r) / HE™ (An (1)) gs — £) ds dr = Ry (£),

=pE"H (An g (t,r))

which completes the induction and proves the claim.

Step 2. (Measure of the simplex) We claim that, for every n > 0 and s € (¢, T,

(puelt s])"

pE" (Ant, ) < P (45)

For n = 0, (4.8) is true by our definitions. Therefore, consider n > 1. Let S,, denote the set
of all permutations of the indices in {1,2,...,n}. For every permutation o € S,, define

Apo(t,s) = {(51, c8n) € [ 8] | Seq) < So@) < or < sg(n)}.

These sets are disjoint for different permutations and

U An.o(s,t) C [t,s]™.

oceS,

Therefore,
D (Ano () < ([t 8]") = (u(lt,s])"

ocES,

Since they all have the same measure with respect to the n—fold product of u; and since
there are n! permutations in Sy, the claimed inequality (4.8) follows.
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Step 3. (Proof of Gronwall’s inequality) Inserting (4.8) into (4.7) we obtain, for every
n €N,
T n
pa([t, s])
)< [ DD ageyan
¢

n!

Since p is finite on [¢, T], the integrability assumption on g(s — t)v(s) implies that
lim R,(t) =0

Therefore, from (4.8) and the series representation of the exponential function we get that

ZM (Ax(t,s)) Z“tts <exp(u([t,S]))

holds for all s € (¢,T]. Since the function f is non—negative, it is sufficient to insert these
results into (4.6) to derive the desired variant of Gronwall’s inequality for the function v.

The next theorem and the following lemma present a technical but very important result:
it provides the regularity of the functions belonging to the space ng(T). Much of what
follows in the present chapter relies on this result. The theorem is a special case of [Kr01b,
theorem 7.3], where we have fixed v = 2, while lemma 4.5 was borrowed from [KR05]. We
will only report part of the proof of theorem 4.4 and provide a number of references for the
last, very technical part.

Recall the definition of the following functional spaces, introduced in the section devoted
to notation (section 1.1): HY, (T) = L7(0,T; W*P(R?)), HI4(T) = WF54(0,T; LP(R?))
and HY (T) =HE ,(T) N H}D*‘I(T).

Theorem 4.4. Let p,q € (1,00), % < <2andT € (0,00). Then there exists a constant
N, independent of T', such that for any u € Hgﬂp(T), a>0and0<s<t<T
L_1
tt) = () lya s ey < Nt =577 @1 (allulg ry + 0 I Drulzgny)  (49)
Minimizing with respect to a > 0 yields:

1,,

Ju(t) - < Nt = s1%7% Jullyg * o 100wl fyr (4.10)

(&)lw-s.0 (e

Proof: First, if (4.10) is true for any T' and a = 1, then upon taking a > 0 and introducing
ug(t, x) := u(at, z), we get

[u(®) = u(s)lwa-s.0 ey = ua(t/a) = wa(s/a)llwa-ss ()
< Nl|t/a — S/a|ﬂ/271/q(HuaHHg’p(T) + || Dy ’UJa”L,qJ(T))

— |t — 5P/~ Vg1 /a=5/2 (Hu(a-’ Wz () + all Dy ula, ')||Lg(T))

= [t = 5|20 12 (@l gy + @Dl ).
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which is equivalent to (4.10) with a~'/2 in place of a. This shows that one only needs to

prove (4.10) with a = 1.

Next, if (4.10) is true with @ = 1 and the additional assumption that |t — s| < 1, then in
order to prove (4.10) for 0 < s < s+ 1 <t < T, it suffice to observe that

t

t
[u(®) = u(s)|lwa-p.0@e) < / X [u(®) — u(ts)llwe-ss ey dty +/ ) [ut)lw2-s.0ray dty
t— t

s+1 s+1
[ M)y s [ Juls) = ulsn)llwa-soas) don

where, for instance,
t t
| e lweosogn dis <N [ o) s dn
t—1 t—1

t 1/q
< ( ) e dtl) < Nullug ez
t7

Finally, for |[t—s| < 1 one can always shift the origin of the time axis and assume that 7' = 1.
In that case one gets (4.10) either from [Kr99, theorem 7.2] (where is considered only the
case p = q) observing that in the deterministic case the range of parameters automatically
extends (see also [KrOlb, remark 5.3]) or from much deeper results from [We95] or from
[So65, chapter 5] bearing on sharp trace theorem describing the traces in terms of Besov
spaces.

Lemma 4.5. Let p,q € (1,00), T € (0,00) and u € H3 (T). Then we have:

1. If g Jr% < 2 then u(t,x) is a bounded Hélder continuous function on [0,T) x R%. More
precisely, for any e, 0 € (0,1] satisfying

d 2 d 2
E+—+-<2, 204+-+-<2
b q p q

there exists a constant N, depending only on p,q,e,d, such that for all s,t € [0,T] and
z,y € R, x # y we have

1-1/q—=9 1/q+06
Jult,2) = uls,2)| < Nt = | Julleg 5 1 Deull 7 (4.11)
|U(t,.’L‘) — u(tay)| —
jult, )] + e S NTTY (g ) + TDeullzgeny ). (412)

2. If % —l—% < 1 then Vu(t, z) is Hélder continuous in [0, T] x R%, namely for any e € (0,1)
satisfying

d 2
cr 42y (4.13)
P q

there exists a constant N, depending only on p, q, €, such that for all s,t € [0,T] and
x,y € R, 2 # y, equations (4.11) and (4.12) holds with Vu in place of u and § = ¢ /2.
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Proof: We prove first point 1 using theorem 4.4. Take 8 = 2§ + 2/q and notice that
2/qg < B < 2and 2 -3 > d/p. Using the Sobolev embedding theorem, we see that
W?2=Pr < C9(0,T). Then, since 3/2 — 1/q =6, (4.11) immediately follows from (4.10).

To prove (4.12) observe that this estimate is invariant with respect to dilatations of the
time axis. Therefore, we may concentrate on the case T'= 1. Consider now (4.9) with a =1
and u replaced by the product of u and an infinitely differentiable function depending only
on t and equal to zero either at 0 or at 1. Then, taking s to be 0 or 1, we obtain from
theorem 4.4 that for any ¢ € [0, 1] and 3 satisfying 2/¢ < 8 < 2,

Ct) sty < N (Illig 0y + 1Dl gy ). (4.14)

Take here 3 = ¢’ +2/q, where 0 < &’ <2 —(e+d/p+2/q). Then 2/q < < 2 and (4.12)
follows from (4.14) and the Sobolev embedding theorem due to the fact that 2—8—d/p > .

We turn now to prove the second point. Here with 6 = /2 and the same (’s as above
we have 2— (3 > 14+ d/p and 2 — 3 —d/p > 1 + ¢ respectively, and again (4.11) and (4.12)
follow from the Sobolev embedding theorem. The lemma is proved.

The result of the following theorem, which should appear very natural to anyone who is
accustomed to work with PDEs, is a special case of [Kr0la, theorem 1.2]. We omit its proof.

Theorem 4.6. Let p,q € (1,00), ¢ > 0, T € (0,00) and f € LI(T). Then in the space
H3 ,(T) there exists a unique solution of

Diu(t,x) = Au(t,z) + f(t,x) (4.15)
with the initial condition uw(0) = 0. For this solution we have the estimate

IVullLgery < NI fllLger) (4.16)
where N = N(d,p,q,T,¢€).

4.2 Main theorem for the PDE

Theorem 4.7 (Main PDE theorem). Take p,q > 1 such that %—l—% <1land X > 0. Consider
the functions (b, f) (t,z) : R — R? € LY(T). Then in Hj (T) there is a unique solution
of the equation

1 . — =
{Dtu+2Au+b Vu—u+ f=0, (4.17)

u(T,z) = 0.

For this solution there exists a finite constant N depending only on d,p,q, T, X and ||b]| La(7)
such that

HUHH;’YP(T) = HDtUHLg(T) =+ HUHH;IJ(T) < NHfHLg(T)- (4.18)
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Remark 4.8. Recall that if u € ngyp(T) for some p, g such that % + % < 1, by the Sobolev
embedding theorem, u € L(0,T; CH*(R%)) for o = 1 — % > %. Therefore, for % + % <1l,u
and Vu are bounded Holder continuous in space and time (see Lemma 4.5).

Also, since we are working in R?, we emphasize that (4.17) is actually a collection of d
independent equations. In other words, (4.17) has to be interpreted componentwise.

Proof of theorem 4.7: We develop the proof in three steps. First, we consider the easier
case of b = 0, A = 0. Then, to prove the general case, we obtain the a—priori estimate
(4.18) and we finally get the existence and uniqueness of solutions applying the method of
continuity.

Step 1. From theorem 4.6 we derive the existence and uniqueness of a solution when
b= 0and A = 0, together with the estimate for |[V*ul|,gry. The equation itself then

provides the estimate for ||Diul|lps(r), and to complete the Schauder estimate (4.18) the
only missing norm is ||u|[2(7), which can be estimated by means of

T
a1 ey < [ ID (o) gy .

Step 2. We turn now to prove the a—priori Schauder estimate in the general case. In the
following, K will indicate different constants depending only on d,p,q,T.

Assume that the solution u exists and is unique. Set f := f 4+ b- Vu — \u and, just as
above, Theorem 4.6 gives for S € [0, 7]

I( - HDtUHLq (8,T) + HUHH‘I »(S.T) < K(HfHLq (8,T) + Hb : qung(ST + )‘qHUHL 9(8,T) )

By lemma 4.5, for ¢t € (S,T) and p,q such that % + % < 1 (we use that Vu is Holder
continuous in time)

\Vu(t,z)| = |Vu(t,z) — Vu(T, z)| < KI(t). (4.19)

Furthermore

T
b Vullgsiry < [ supITue )b,y o dt < K / Ot )[4 ey A5 (4.20)

T T
q
Jullgism <K [ ([ 1D e as) ar

T T
<K [ [ 1Dy as
S t
T
SK/ I(t)dt
S

Combining the above equations we get
1(8) < KNy 50+ K / ) (1Bt 1%, oy + A7) a.
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Finally, we estimate I(0) by means of Gronwall’s inequality (Lemma 4.2)

q +A9) dr

T T
o (oY,
I(O) <K Hf”%g(O,T) + K/O ”f”%g(t,T) (”b(tv .)H%p(Rd) + /\q) ef LP(Rrd) dt

to obtain

N N
[ Deullpacry < 3||f||L;§(T), HUHH;IJ(T) < 5Hf|\Lg(T)-

(4.18) immediately follows.

Step 3. It is now possible to apply the method of continuity. For p € [0,1] set
L= 1A + p(biug: — Mu). Let A be the set of values of p € [0, 1] such that

D+ LFru+ f =0 (4.21)

has a unique solution. We already know from step 1 that 0 € A, so that A is not empty,
and to prove the theorem we only need to show that 1 € A too. In fact, we will show that
A =[0,1].

Fix any o € A and define the linear operator R : Li(T') — Hj ,(T') that maps f into
the (unique) solution of (4.21) with u = uo. By assumption R is well defined and by the
estimate (4.18), which we have already proved in step 2, it is also bounded. In order to show
that for u € [0, 1] near to pg equation (4.21) is solvable, we rewrite it as

Diu+ LMu+ f+ (L —LF)Yu =0, wu=Rf+R(L!'—-L*)u

and define the linear operator T# : Hi (T') — Hj (T) as T'u := Rf + R(L" — L") u.
Now, the solution we are looking for is a fixed point of 7#; therefore, if 7# is a contraction,
we obtain that the problem is solvable for i near pg, and also p is in A.

We will denote by C' various constants independent of pg, , u, v. Define, for any
v € Hy (T), the function J in a way similar to the definition of I above

J(t) := || D¢ (u — “)”%g(t,T) + flu— U”]?ﬂg (1)
and notice that
J(t) < (I1De(uw = )|l g,y + [l — U”Hgyp(t,T))q = [lu— ”H%;{p(t,T)'

We use the definition of 7#, the boundedness of R, the estimate (4.20) and the estimate for
J we have just obtained to write

| THu—T" = ||R(L* — L") (u —v

’UHHg,p(T) )HHg,p(T)

< Cfj(L" = L) (u - v)HLg(T)

= Clp = pol [[b- V(=) + Mu = )| 1o 1

SCWMMKKATKUMwJHp&f+AMUWMﬂm]

1 1
< Clu = pol [K ¥ bl gy T(0) % + Ml = v)l| g

< Clu — ol Il (w = )l g -

39



This implies that for any p € [0, 1] such that | — po| < ﬁ = 0, the operator 7* is indeed
a contraction. Therefore 7# has a fixed point u, which is the (unique) solution of (4.21).
Since we have proved that, if ug € A then

I:MO_(S)MOJ’_&} 0[0’1] CAa

in a finite number of steps we get that 1 € A. The theorem is proved.

4.3 An invertibility result

In this section we will work with solutions of the PDE (4.17) with different values of the
parameter A. Throughout this section we will use the following notation: for any A > 0, uy
will denote the solution of the PDE with this specific value of A.

The first lemma will be used to obtain an estimate for the gradient of solutions for large
values of A, which will allow us to show in lemma 4.10 that the function ¢; of (1.6) is a
Cl-diffeomorphism for every t.

Lemma 4.9 (Estimate for Vuy). Let uy be the solution of (4.17). Then

sup [|[Vux(t)|lcoray — 0 as A — 4o0.
te[0,T]

Proof: The proof of this lemma is quite long, so we divide it into two steps. We show
first that ||Vux(t)| oo (ray is bounded uniformly in A and ¢. Then, using the variant of the
classical Gronwall’s lemma obtained above (lemma 4.3), we show that it actually converges
to zero as A goes to infinity, and this is sufficient to conclude, thanks to the continuity of
the functions Vuy(t) (see lemma 4.5).

Step 1: Rewrite the PDE (4.17) as
1
DtuA+§Au>\f)\u>\:—(f+b~Vu>\):g. (4.22)

Denoting by P; the heat semigroup, we have the well-known estimate

C

19 Bosll oy < g 19y (4.29

Also, the solution u) con be written explicitly as a convolution:
T L _A(r—t)— (z—9)?2
unltin) = [ [ (entr - 0)7He 0TI grny) dydr
t Rd
T

= / e A= Py g(r, ) () dr. (4.24)

t
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We use the above formula to differentiate uy in space. We get

T
(RCNO] — /t e [V P9 |y (4.25)

In order to find L? estimates in space, we use the Sobolev embedding theorem: for s > d/p
there exists a continuous embedding W*?(R¢) < L>°(R?). This means that, for a function
FeWsPRY), ||fllLo@ay < [ fllwerway = [ Fll Loy + IV fll Lora). We use this and (4.23)
to perform the estimates

IV P tg()]| e gy < c(var_tg(r)uLp(Rd) + ||v5vpr_tg(r)||Lp(Rd))
Cllg(r)lrrey ~ Cllg(r)ll L ra)

(r—t)1/2 (r — t)(1+s)/2
< [TC/D +1) O lg(r) || o (gay (r — £) =T/
=(r =) lg(r)l| e ga)- (4.26)

Taking d/p < s < 1 —2/q, we see that (1+s)/2 < 1—1/q = 1/¢’, where ¢’ is the dual
exponent of g. This implies for the function ~ defined by the last line of (4.26),

V(t) = Kpamt~ /2 e LT(R,). (4.27)

Notice that v > 0. Equation
the estimates of (4.26) using

4.22) itself gives [|g(t)|| Lrwe) € L9(R4), and we can continue
4.25) and Holder’s inequality to get

—~

T
[V0s0 gy < [ 00 = )0 sy
t
T ’ 1/‘],
<([ ao=o7ar) aliga (1.28)
t

T , 1/4’
< ([ 200 ar) gl < Kinapa loligin < o0
0

and
T
9050 gy < [ €90 = 0170 o dr (429)
tT
[ D= )00 ey [T ey
Step 2: Set v(t) := [[Vux(t)|| o (ray and B(r —t) := y(r — t)||b(r)| Lr@ey > 0. The last
0,

two equations above then guarantee that for any ¢ € [0,7] and r € (¢,T], B(r —t) and
B(r — t)u(r) belong to L(t,T):

T T
/t |B(r —t)] d?“—i—/t |B(r —t) u(r)] dr < oco.

The hypothesis of the modified Gronwall’s lemma (lemma 4.3) are therefore met using 5 as
the function g of the lemma, and for the function f

T
alt) = / AT 1) | £()] oy dr > 0. (4.30)
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For any ¢ € [0,7T], the lemma gives

(t) < alt) + /tT a(s) B(s — t) exp (/tsﬂ(r — 1) dr) ds. (4.31)

Unluckily, this modified version of Gronwall’s lemma does not provide an estimate uniform
in time, so that we are forced to perform explicit computations to obtain it. Start with the
term «(t) and fix any ¢ > 0. Keeping in mind the form of the function v given by (4.27)

it is possible to find a 6 € (0,7 —¢) such that f05 |7(s)|9'ds < £/2. Then, split the integral
defining « on the (small) interval [t, ¢ + 0] and the complement of it, where the exponential
term ¢4 is arbitrarily small (say, less than £/2) for A large enough, and conclude using
Holder’s inequality:

t+48 T
o< [ A=D1y dr+ [ D= )10 angue)
t t+

([ 67 ) Wsagen+ ([

€ .
< 5 I legom) +e™ 1l o o,y £l L3y
<e(+ Krdpaqs) 1 flaay =n (4.32)

Note that the bound on « we have obtained is uniform in ¢; also, 7 can be made arbitrarily
small. Inserting (4.32) into (4.31) gives

e ) ar) 1) g ar
Ly(T)

IN

S

o(t) Sn+n / (s = ) 1b(3)]| oy exp ( / A = OBl ouey dr) ds. (4.33)

It is sufficient now to show that the remaining integral term is bounded. Applying Hoélder’s
inequality we obtain

/t Y(r =) o) o way dr < [l o (7 10l Lo (1) = K(T.d.p.0,5 110l g 1))

and
S

T
| 2= 01006 ascaey exp ([ 4= 0) 1060} o dr) ds < ek,
t t

Inserting this last inequality in (4.33) and recalling the definition of v, we obtain that
[Vux(t)|| Lo me) converges to zero uniformly in ¢ as A goes to infinity, namely

sup ||[Vux(t)[ poo(ray < n+nKef — 0.
te[0,T)

Since the functions Vuy (¢, z) are continuous, the lemma is proved.

Define the function
oa(t,x) =z + ur(t, z). (4.34)

Then,
Vor(t,x) =1+ Vux(t, ). (4.35)
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We will need to invert this function for every ¢: for the inverse function (¢ (t, ))71(y) we
will use the short notation ¢y (¢, -).

The following result, borrowed from [FGPO08], is actually a consequence of Hadamard’s
theorem (theorem 4.1).

Lemma 4.10 (Invertibility). For A large enough, such that

supHVu,\( Meomay <1/2,

the following statements hold:

1. uniformly in t € [0,T], ¢a(t,-) has bounded first derivatives, globally Holder
continuous;

2. ¢a(t,-) is a C*—diffeomorphism for every t € [0,T];
3. qﬁ;l(t, -) has bounded first spatial derivatives, uniformly in t;

4. ¢x and ¢x(t,-)~1 are continuous in (t,z).

Proof: The uniform bound for the first derivatives of ¢y (¢, -) is given by lemma 4.9 and,
since u) € Hgﬁp(T), the Holder continuity property follows from lemma 4.5.

To prove the second point we make use of Hadamard’s theorem. Again from lemma
4.5 we obtain that u) is bounded in both time and space, so that ¢, (¢, ) satisfies the first
assumption of the theorem. The hypothesis of the lemma are chosen so that the require-
ments of the second assumption of the theorem are met too, and the assertion is a direct
consequence the theorem.

We turn now to consider the third point. We know now that ¢ ' (¢, -) is of class C*(R%),
so that for all y € R?

-1

Yoy (ty) = [Vor(t ¢;1<t,y>)}_1 = [14 Vur (.65 (t.0))]

_Z [ Vuy(t (t,y))]k

k>0

It follows that

k
s 965" ¢ logmey < 32 [sup 90t Menen | <o

We finally get to the last point. We immediately see from the definition (4.34) that ¢y
is continuous in (t,z). To see that also the inverse function ¢ (¢, ) is continuous, assume
by contradiction that there exists a sequence {t,,y,} C [0,T] x R? converging to (t,%) and
such that

Ty = (b;l(tna )(yn) - T = ¢;1(ta )(y)
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If the sequence {x,,} is bounded in R?, there exists a convergent subsequence z,,, — ' # .
Then, using the continuity of the function ¢ and its injectivity, we see that

Yny = d))\(tnk’znk) - d))\(ta :L'/) # d))\(t, 1') =Y

and since we had that y,, — y, we have found an absurd. If, instead, |x,| — oo, we see from
(4.34) that |px(tn,n)| — 0o, because |uy| is bounded on [0,7] x R? (see lemma 4.5). But
this contradicts the fact that we had chosen {t,,yn} = {tn, dr(tn,x,)} to be convergent.
This proves the last point and completes the proof of the lemma.
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5 Strong uniqueness

In this chapter we will work mainly on the new SDE (1.9). In the first section we analyze
the regularity of the coefficients band G using the results on the regularity of the solution u
of the PDE (1.4) and of the function ¢, defined by (4.34). These are the regularity results
we have obtained in the previous chapter. In section (5.2) we focus instead on the new
SDE and prove the weak existence and strong uniqueness of its solutions. Note that all
the computations presented in the introduction (1.4)—(1.9) can be made rigorous using the
regularity of the solution u of the PDE and the version of the It6 formula presented in the
next theorem. Finally, the last section proves that the strong uniqueness property holds also
for the original SDE (1.1).

Theorem 5.1 (It formula). Let p, g € (1,00) be real numbers satisfying condition (1.3)
and uw € Hy (T). Let (X,W) be a solution of the SDE (1.1) constructed in section 3.1.
Then with probability one for every t € [0,T], (1.5) holds.

Proof: We need to show that for every 0 < s <t < T,
t
u(t, X¢) = u(s, Xs) —|—/ Vu(r, X,) dW,
S ; 1
+/ [Dt u(r, X,) + §Au(r, X))+ b(r, X;) - Vu(r, XT)} dr.

This can be obtained right away by approximating u by smooth functions and by using the
estimate

T
B [ 176:X)1dr < N lsgery < N1 lng o (5.1)

and lemma 4.5. The above estimate (5.1) is easily obtained from (3.3) proceeding as in the
proof of lemma 3.12.

Note that no matter which version of D;u, Au and Vu we take, the integrals of
(Dt u, Au, Vu)(r,X,) over [s,t] remain the same almost surely because, owing to (5.1), we

have that E[fOT |f(r, Xy)|dr] = 0 if almost surely f = 0.

5.1 Regularity of b and &

We have now the necessary results to study the regularity of the functions band & introduced
in (1.7) and (1.8). From now on, A is fixed and sufficiently large (just as it was taken in
lemma 4.10). To simplify notation, drop the index A for the function ¢, of lemma 4.10, and
write it as ¢;(x). This allows to have a clearer notation for the inverse function: ¢; *(x).
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We had defined:

bt x) = duy (t, 67 (2));
5(t, ) = I + Vua(t, 67 ' (2)).

Since Vo¢; *(z) is bounded, ¢; !(x) is Lipschitz continuous in space, uniformly in t € [0, T]
(see lemma 4.10):

|67 (@) — &7 (y)| < LIz —y]. (5.2)
Also, the assumption on A implies that Vuy is bounded uniformly in time and space:
1
HVU,\(t,(bt_l(m))H <3 te0,T], « € R

Deriving b using the chain rule then gives
Vi) | = [pvar o @) - Vorl@ | <o
We claim that uy is bounded. This can be shown proceeding as in the proof of the main PDE

theorem 4.7 and using in (4.19) the Holderianity in time of uy instead of Vu, or invoking
lemma 4.5. Then we immediately obtain boundedness for b. Also & is bounded:

~ 1
ot )| <d+ 3
Since uy and Vuy are (Holder) continuous in time, we have that

b e (0, T]; C°(RY) N B(0,T]; C1(RY)), & € C°([0, T]; CO(R%)). (5.3)

Actually, it turns out that the regularity result for o can be slightly improved to obtain
weak derivability in space:

O o(t,x) = O, (Vua(t, ¢y '(2))) - Ok o7 (),

/Rd (Vo (t)|da < /Rd

It follows directly from the regularity of the function w) that

(V) (167" (@) - Vo7 @) da < € [ (V) (k).

g€ L0, T; WhP(RY)). (5.4)
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5.2 The new SDE: weak existence and strong uniqueness

This section is devoted to the study of transformed SDE (1.9). Given the regularity of the

coefficients b and & proved in the previous section, the weak existence is a classical result.
To prove the strong uniqueness property (theorem 5.7) we will need much more work and a
few interesting ideas. For a discussion on our approach, see remark 5.8.

5.2.1 Weak existence

Since b and & are bounded and continuous in space for every ¢ € [0,T], weak existence of
a solution for the transformed SDE (1.9) follows directly from a renown theorem of Strook
and Varadhan [SV, theorem 6.1.7] setting b :=b and a := 5 -5~ .

5.2.2 Strong uniqueness

Lemma 5.2. Let YY) and Y be two solutions of the transformed SDE (1.9). Then, there
exists a continuous, adapted, increasing process Ay such that Ag = 0, E[AT] < 0o and for
every t € [0,T]

t 2 t 2
s v~ 5. v s = [y - v aa., (5.5)
0 0

Proof: By definition of &, the left hand side of (5.5) can be rewritten as

t
/
where X () are the processes corresponding to Y(*) through the equations Y; = ¢+(Xt) and
X; = ¢;*(V;). Observe that, in general, the process A; is not unique, since it can be

arbitrarily defined on the set {Ys(l) = Y5(2)} = {Xs(l) = XS(Q)}. Consider the smallest one,
which is given by

2 t 2
Vu(s,(b;l(Ys(l))) — Vu(s,gb;l(Ys(Q)))H ds :/ HVU(S,Xé(,l)) - VU(S,XS(Q))H ds,
0

t Vs, X1) - Vu(s, X2
Ay :/0 ]I{Ysu);éYs(z)}H ’}/5(1)*}/5(2)’2 H ds 56
[t [T ) Sl Xy
(X7 #x57) ‘X§1),XS(2)‘2 ‘¢(57X§1))7¢(8,X§2))|2
<4 [ T e [Vu(s, ) = Vuls, X
> 0 {Xs7#X:7} |X§1)*X§2)|2

The last inequality follows from the fact that A was chosen so that [V¢(s, )| > 1 (see lemma
4.10 and the discussion at the beginning of section 5.1). All this makes sense provided that
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the right hand side of (5.6) is finite. Therefore, to prove the lemma, we just need to show

that )
T [Va(s, X1) - Vu(s, X |

{ o XXy x0 - xP)?

ds} <0y, (5.7)

where C,, is a finite constant depending on ||ul| HE (T)- Actually, we are going to prove (5.7)
for Cy, = NHuHHg,p(T), where N is independent of u.

By lemma 4.5, if u, — w in Hj (T), then Vu, — Vu uniformly in [0,T] x R* and the
positive functions

[Vun(t, XV) = Vg (8, X2,

falt,w) =1 o,y n 53 (5.8)
{Xs7#X:7} |Xt()_Xt()|
uniformly converge to
Vu(t, XV — vu(t, X2 )||?
f(tvw) = H{Xs(l);éng)} H : ! H (59)

X xPF

in [0,7] x Q. Bearing in mind Fatou’s lemma, we conclude that it suffice to prove (5.7) for
ue O ([O, T] x Rd). In that case, by Hadamard’s formula,

ol
Vu(s,Xé(,l)) - Vu(s,Xs(Q)) = (Xé(,l) - X§2))J/ ajVu(s,rX&(,l) +(1- r)Xs(Q)) dr.
0

Therefore the left—hand side of (5.7) is less than a constant, depending on the dimension of
the space, times

1 T 2
/ E{/ ‘VQU(S,TXS(” +(1- T>X§2))’ ds} dr,
0 0
where

t
XD+ (1=r)xP =2+ / rb(s, X)) 4 (1= 1) b(s, XP) ds + W;.
0

and z = TX(()l) +(1- r)XéQ). Fix any k € R; by convexity
T 2
E [exp (k/ |7b(s, Xs(l)) +(1-7) b(s,X§2))| ds)} (5.10)
0

< rIE{eXp (k/OT|b(s,X§1>)|2ds)} Jr(lT)E[eXp (k/OT\b(S,XS@))fds)]

and lemma 3.12 states that the right—hand side is finite. Now, for any fixed r € [0, 1] set
by = Tb(t,Xt(l)) +(1- r)b(t,Xt(Q)) and define

T 1 /T _
p:zexp(—/ btth——/ |bt|2dt>.
0 2 0

Since (5.10) is finite, all positive and negative moments of p are finite (see lemma 3.6). Note
that (5.10) is the Novikov condition for p and E[p] = 1. Hence, using Holder’s inequality for
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a > 1 and the Girsanov formula (3.26) we get
T 2
[ 190 0 x0) Pa]
0

T
= E{pfl/o‘pl/o‘/ |V2u(s,TX§1) +(1- r)XS(Q)) ‘st}
0

1/«

< N(E L /OT IV2u(s,r XD+ (1 - r)X?) |2“dsD

T 1/«
V([ [ 19l ad) <M g @10
0 '

In fact, since u € Hgyp(T), |V2u| belongs to the space Li(T) with p, g satisfying d/p+2/q < 1.

We can therefore take v > 1 small enough so that d/p + 2/q < é and set 2ap’ = p,

2a¢' = q. The last inequality now follows from lemma 3.1 if we set f := |V2u|?>* € Lgl, (T) for

d/p'+2/q" < 2. For the choice made in the definition of p’, ¢', we see that ||(V?u)**|| ) =
p/

IV2ull Loy < |lull g (7). This completes the proof.

The above lemma, which we borrowed from Krylov and Réckner’s paper [KR05, lemma
5.4], admits an “exponential” version, which we will need in the sequel. We advise the reader
that the result of this lemma will only be used after the proof of strong uniqueness (so that
solutions Y;* of the new SDE (1.9) may be assumed to be unique, see remark 5.8). However,
we have chosen to place it here to simplify the reader’s task, as much of the proof of this
lemma follows the line of the one we have just presented.

Lemma 5.3. Let A; be the process constructed in the previous lemma, obtained from the
processes Y& and Yy, solutions of the new SDE (1.9). Then for any k € R

E[ekAT} <. (5.12)

Proof: The basic ideas are the same as in the proof of the previous lemma. We are going
to prove that

T Vu(s, X2) — Vu(s, X?)|
E[ekAT} E{GXP (’f/o H{Xf;ﬁXé‘}H u ’Xi_XZ‘(; )l ds)] S Nu<oo, (5.13)

where NV, is a constant depending on d, p, ¢, T" and [|u|| g (T)- Again, we can approximate

u with a sequence {uy}, C C° ([O, T] x ]Rd) and prove the estimate for the approximating
regular functions. To see it, define the functions f,(t,w), f(t,w) as in (5.8) and (5.9) -
they are uniformly convergent - and use Fatou’s lemma twice and the continuity of the
exponential function:

liminf N, > liminfE {efoT f(tw) dt} > E{lim inf efo f"(t"”)dt}
=E

{eliminfn I fu(tw) dt} > E|:€f(;r ftw) dt]

49



Therefore, we will assume that u € Cg° ([0, T] x Rd). Using Hadamard’s formula and the
convexity of the exponential function, we obtain that the left—hand side of (5.13) is less than
a constant times

/OlE[eXp (k; /OT ‘V2u(s,’rX§ +(1—r)XY) ‘st)} dr, (5.14)

where ,
rX)+(1—-r)X! ==z +/ rb(s, XZ) + (1 —r)b(s, XY) ds + W;
0

and z = rz + (1 — )y € R Just as before, for any fixed r € [0,1], we define b; :=
rb(t, X7F) + (1 —r)b(t, X}) and

T 1 (T _
p = exp (/ by AW, — —/ |bt|2dt),
0 2 Jo

whose positive and negative moments are all finite and E[p] = 1. Hence, using Holder’s
inequality for a > 1 and the Girsanov formula (3.26), we obtain that

E{exp (k/OT|V2u(s,rXf +(1- r)Xg)|2ds)}
T
= E[p—l/apl/a exp (k/ ’v2U(S,TX§ +(1- r)X;/)‘st)}
0

T 5 1/a
SN(E[/) exp (ka/ ‘V2u(s,rXs(1)+(1—r)Xs(2))’ ds)})
0

- N(E[exp (kza/OT ]VQu(s,Wj)]2ds)Dl/a.

Since V2u € Li(T), bearing in mind remark 3.2 and applying the modified Khas'minskii’s

lemma (lemma 3.5) to the function f(s, WZ) := k oo|V?u(s, W7) |2, we find the thesis of the
lemma.

Remark 5.4. : Note that in equation (5.14) of the above proof only the integral fol ceedr
can be brought outside the exponential function. Trying to bring out the integral in time
fOT -+ -ds would fail to provide a finite upper bound. Intuitively, one wound get to (5.11), but
with an exponential inside the integrals and using a Taylor series expansion one immediately
obtains non integrable terms.

Lemma 5.5. Let Y* be a solution of the transformed SDE (1.9). Then, for any real a > 2
and t € [0,T]

E[(v)°] < oc.
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Proof: From the equation defining Y; and the boundedness of the coefficients g, o we
obtain for any ¢ € [0, 7] the uniform estimate

E[(v)] < Od(|x|“ + E[/Ot [b(s, v)| " ds + (/Ot 6<s,Yf>dWs)“D
< Od(|x|a + B[t (1 lup(io ryey)” + (/Ot 52(5,5?)@)“/2}) (5.15)

< Cq <|$|a +1 (|‘E2|‘sup([O,T]XRd))a +1 (|52|sup([o,T]de))a> < 00.

Here, C; denotes a constant depending only on the dimension of the space.

Theorem 5.6 (Solution comparison theorem). Consider two solutions Y* and YV of the
transformed equation (1.9), starting from two possibly different points x and y at t = 0. Let
a > 2 be a real number. Then, there exists a positive constant C' independent of x and y
such that for any s € [0, T

B[y - v2|*] < Cle -yl (5.16)

Proof: From the SDE itself we have
a(ve =) = [b(s,vE) = B(s, v2) s + |5 (s, v7) = 5(s,v2)] - aw, (5.17)

and using It6’s formula, we get

a

1
—dYE —vyy
a

= (B, v) ~Bls Yon) , (v~ ¥2)* s

+ <[5(S,Y5r) — 5 (s, Y)] - AWy, (YE - }/Sy)a71>

a—1 2

g e ([3(5.72) =5 v2)] [0 70) = 3(02)] ) (v —32) s

Since b has bounded spatial derivatives uniformly in time, it is uniformly Lipschitz continuous
in space. This will be used to estimate the first term on the right hand side. For the second
one, observe that lemma 5.5 gives

B[(00") ] <.

implying that V(=1 € M?2(0,T). Then, since & is bounded, the second term is the Ito
differential of a martingale M, having zero mean. For the last term, we use a process A,
which is (a — 1)/2 times the one of lemma 5.2. We have obtained

a

d ’Y;@ YW dA,.

) ’Ys(””) )

ds + dM, + ‘Y;I) YW

In view of an easier application of the Gronwall lemma, let us use this inequality to write
a
d (eiAS ) = —e 4

< Le A

a

YE - Yy YZ-YY| dA, +e A d|YE - YY

“ds + e~ dML. (5.18)

YE—YY
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After integrating in time and taking expectations we get

] < |zfy|a+L/ E[e_AS }derE[/ e~ A dMS]. (5.19)
0 0

We can prove that the last term is zero. Recalling that M; is the stochastic intergral with
respect to the Wiener process of a process in M?2, it suffice to show that also the process
e~ is in M2, namely E[fOT e_QASds} < oo. But this is obvious, since by lemma 5.2 the
process Ay is increasing and positive, implying

E[/OTe_QASds} gE[/OTe_QA"ds} _T.

Then, it follows from the properties of the stochastic integral that also (e*AS dMS) is the
It6 differential of a martingale with zero mean, and the last term of (5.19) must be zero.
We can now use (5.19) and apply the Gronwall lemma to the function

E {e_At D YVE-YY

oft) == E[e= M|y~ v"]
to obtain, for all s € [0, 7], the estimate

E[efAs

stiysy’a} < ’zfy’aeLS < ’x—y‘aeLT. (5.20)
We manipulate the above equation and use Holder’s inequality:

a]? A, —A

EUYf ~vY| } - E[e sg=As

S E|:62A5:|E|:672A5

2
ve-vy|']

2a
GLT.

YF— Ysy‘Qa} < E[GQAS} z —y

Recalling that the process A, is increasing and the result of lemma 5.3, we have that
Bl|vs - v¥’] <Cle—y"

The theorem is proved.

Theorem 5.7 (Strong uniqueness 1). Strong uniqueness holds for solutions of the trans-
formed SDE (1.9).

Proof: We want to compare the paths starting from the same point = of two solutions
Y™ and Y®). Taking a = 2 and x = y in the proof of the above theorem 5.6, we have (see
the estimate (5.20) )

E[e—At‘}/t(l) o }/t(2)|2i| < C|SC _ 1'|2 = 0, (521)

where the process A; is 1/2 of the one constructed in lemma 5.2. Recall that A; is an
increasing process and that E[Ar] < co. Therefore,

P(At < oo) > P(AT < oo) =1.
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Hence

Since the trajectories of solutions are almost surely continuous and the set

U {yqu) + yq@)}

q€QNIo,T]

is negligible, we have obtained that almost every trajectory of Y (") and Y'(?) coincide, namely
strong uniqueness of solutions. The theorem is proved.

Remark 5.8. Note that lemma 5.3 was used only in the last four lines of the proof of the-
orem 5.6, after estimate (5.20), and that to prove the strong uniqueness property we only
used equation (5.20). Therefore, it is evident that lemma 5.3 is not necessary for the proof
of strong uniqueness (Theorem 5.7). Indeed, we have just seen in the proof of theorem 5.7
that, to obtain strong uniqueness, we only need an estimate on E[A4;], which was already
known from [KRO5].

Even though we borrowed from [KRO05] the important estimate on E[A;], the proof of
strong uniqueness of solutions we present is new. It is not based on a “by—contradiction”
argument, as the one in Krylov and Réckner’s paper, but uses a smart trick (see (5.18) and
the lines following), which allows to exploit the full potentialities of Gronwall’s lemma. One
of the advantages of the new method we propose is that, after equation (5.20) which basically
contains the uniqueness result, we only need a few more passages to get the fundamental
estimate (5.16) of theorem 5.6, which will enable us to construct the semiflow.

In fact, we want to emphasize that theorem 5.6 is a much stronger result than the
following theorem 5.7 providing strong uniqueness: equation (5.16) expresses explicitly the
dependence of the solution from the initial data, which is the key point to construct the
semiflow. This result is a new contribution.

For this theorem, we need the estimate on E[eAf ] provided by lemma 5.3: the idea to
try to prove such an estimate is another achievement of our approach, as it is naturally
suggested by the estimate (5.20). It is precisely the result of this lemma that enabled
us to complete the computations leading to the key estimate (5.16) of the above solution
comparison theorem.

It is only for brevity that we chose to include such a strong result as theorem 5.6 in the
present chapter.

5.3 Strong uniqueness for the original SDE

As we anticipated in the introduction, strong uniqueness for the SDE (1.1) follows easily
from the uniqueness of solutions of the transformed SDE (1.9) using the correspondence
between the processes X and Y established by the functions ¢; and ¢, L
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Theorem 5.9 (Strong uniqueness 2). Strong uniqueness holds for solutions of the original
SDE (1.1).

Proof: Proceeding by contradiction, assume that there exist two different solutions of
(1.1) XM and X @ defined on some filtered space (Q,.%7,.%;, P). This means that there
exists a set A C Q of positive measure on which not all trajectories coincide:

Vwe A, FreR? te(0,T] suchthat X7 P(w)# XF P (w).
Taking A as in lemma 4.10, we obtain two processes Yt(l) = qﬁt(Xt(l)), Yt@) = qﬁt(Xt(l))
that are solutions of (1.9). We have just proved (theorem 5.7) strong uniqueness for the
transformed SDE, so that almost surely

vY W=y @ g eRrd (5.22)

But lemma 4.10 states that ¢; is a diffeomorphism for all ¢ so that, by injectivity, on the set
A (of positive measure) we contradict (5.22). The theorem is proved.
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6 Semiflow property for solutions of SDEs

This chapter is naturally divided in two sections. In the first one we construct the semiflow
for the transformed SDE (1.9), and in section 6.2 we will show that the semiflow constructed
for the new SDE can be “pulled back” to the original SDE to generate a semiflow for (1.1).

In order to be able to talk of the semiflow, we need to introduce a second time and the
corresponding notation. All the above results still hold in this new setting, and the change
for them is notational, but not substantial, since it can be seen as a simple shift of the time
axis. Instead, this new notation is essential to define the semiflow, as it can be seen from
the third point of definition 6.1.

We will denote by X2 a process {X;'” : t > s} starting at time s from the point z € R%.
The generalization of the concept of SDE and solution are straightforward: we will say that
X% is a solution of the SDE

dXt = b(t,Xt) dt+0’(t,Xt)th (61)
for t € [s,T] if
t t
X" =x Jr/ b(r, X %) dr Jr/ o(r, X %) dW,. (6.2)

As for the filtration, {%,} is a family of o—fields nondecreasing in ¢, and ., := o{X, :
r € [s,t]} is the natural filtration of the process X 7.

Note that in this chapter we do not include the initial data into the equation, but rather
indicate it on the solution. Therefore, X*7 indicates a solution starting at time s from =z,
while X*® stands for the collection of all solutions starting at time s from some point in R
We still call X? a solution.

Definition 6.1. We will call a semiflow on the filtered space with a Wiener process
(Q,.7, %, P,W,) associated to a general SDE of the form (6.1) a map (s, ¢, z,w) — @5 (z)(w),
defined for 0 < s <t < T, z € R% and w € Q with values in R%, such that for any s € [0, 7

1. for any € R?, the process X** = {X;*" : t € [s,T]} defined as X;"* := ¢, 4(z) is a
continuous {.%, ; }—adapted solution of equation (6.1);

2. P-almost surely, ¢, ¢(x) is continuous in (¢, z) for all ¢ € [s, TY;

3. P-almost surely, ¢, (z) = <pu,t(<ps,u(ac)) for all t € [s,T] and x € R?, and ¢, s(z) = =.
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6.1 The semiflow of the new SDE

Given the uniqueness of solutions proved in the previous section, we turn now to analyze the
behaviour of the two solutions Y"*, Y™¥ of the transformed equation (1.9) starting from
different points z # y at time 7 and at different “arrival” times ¢, s: Y;"", Y°¥. This is
the key point to construct the semiflow, and is the aim of the next theorem. As we have
observed in remark 5.8, most of the work has already been done in theorem 5.6.

Theorem 6.2. Let r € [0,T] and Y be the (unique) solution of the transformed equation
(1.9) starting at time r. Then, for any a > 2 there exists a positive constant C, such that
for any s,t € [r,T] and x,y € R?,
B[v7 =y < Ca(lw =yl +1t - 51%). (63)
Proof: Consider the case t > s and note that it suffice to show that
B[y - vy|*] < Clo =yl (6.4)
E[|Y[’z - Y;’IH < Cult — 5|5, (6.5)

The first inequality has already been proved in theorem 5.6. To prove (6.5) write
t t
Y, " :x—i—/ b(u,YJ’I)du—i—/ o(u, Y, ") dW,
and observe that (for any a > 1)

EUY[’I v ‘/ u, Y, du+/ 5 (u, Y0

< ]/ w, Y du +]E’/ YT uaD (6.6)

For a > 2 we derive the estimate for the first term from the boundedness of b obtained in
(5.3):

‘/ u, Y, du‘ <IE ‘/ Ib(u Y”)|2du‘ }<C’“ (t—s)%, (6.7)

where the constant C' depends on the norm |[ul| s () of the solution of the PDE of chapter
2P

4, which is to say that it depends on d, p, ¢, T, A and [[b||,s(7y; see theorem 4.7.
To estimate the second term we use again the boundedness of . In this contest, the
computations above assume a clearer meaning if we define the martingale

t
M, ::/ o(u, Y,)") dW,, tels,T).

In fact, we can apply Burkholder-Davis—Gundy’s inequality (see proposition 2.1) and obtain,
for any positive a,
‘ / YT I

} gIE“MtH g]E{<M>t% }

56



To conclude the estimate, notice that
t
<M >= / Trace |:5(’U,,YJ’I) ' (u, Y,))  du < O (t — s).

Inserting this and (6.7) into (6.6) completes the proof of (6.5).

Corollary 6.3. The SDE (1.9) admits a semiflow.

Proof: Simply applying Kolmogorov’s regularity theorem (theorem 2.9), one can prove
the existence of a modification ¥, of the solution Y, such that the map ¢, (w)(-,-) :
[r,T] x RY — R¢ mapping (t,z) — Y;"* is continuous for almost every w € Q. Following the
notation of definition 6.1, denote this map as ¢, ;(z)(w). Then, we get the second point of
definition 6.1 from the continuity of fftr’m, and the first one follows from the definition of ¢
itself. Finally, the third point follows easily from the properties of the stochastic integral,
so that ¢, defines a semiflow for the SDE (1.9).

Remark 6.4. Tt is also immediate to verify that ¢, (w) is (a, §)—Holder continuous in (¢, z),
almost surely in w, for any o < % and B < 1. This too follows from Kolmogorov’s regularity
theorem.

6.2 The semiflow of the original SDE

The next theorem contains the announced result on the semiflow for the SDE (1.1), but it
also provides a summary of the results obtained in this work for the SDEs considered.

Theorem 6.5. Take T' € [0,00), s € [0,T] and let b € LI(T) with p, q satisfying (1.3).
Given a filtered space (0, F, %, P) and a Wiener process Wy defined on it, there exists a
unique process X" defined for t € [s,T| on the filtered space (Q, F, F;, P) such that X"
is an {F,s }—adapted, continuous, d—dimensional process for which

P</OOO lb(t, X,)||? dt < oo> =1

and almost surely, for all t € [s,T)
t
Xi=x+ / b(s, Xs)ds+ Wy_g.

Moreover, there exists a semiflow s ¢(x)(w) for this solution.
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Proof: We have already obtained in theorem 3.7 the weak existence of a solution X.
Theorem 5.9 provided the strong uniqueness property for this solution, so that by the
Yamada—Watanabe principle (theorem 2.20) this is a strong solution. We only need to
construct the semiflow. Consider the associated “transformed SDE” (1.9), for which in
chapter 5 we have shown the existence and uniqueness of a strong solution. We know that
for every t € [s,T] and x € RY

Y2 = ¢y (X)), (6.8)
where ¢; is the function studied in lemma 4.10 and y := ¢4(x). Note that for the function ¢
we use the notation introduced at the beginning of section 5.1 rather than the one of lemma
4.10: ¢¢(x) = Pa(t, x).

We also know that there exists a semiflow ¢ for the solution Y, so that

Y w) = ¢st(y)(w). (6.9)

Define
bea@)(@) = 67 [ pue(:(@)) )] (6.10)

We claim that ¢ is a semiflow for the SDE (1.1). First, it follows directly from (6.8), (6.9)
and the definition (6.10) that

P(Xf’s - ws,t(x)) = 1. (6.11)
Also, since 1 is a composition of continuous (¢s and ¢; 1) and P-almost surely continuous
(ps,¢) functions, it is almost surely continuous in (¢, x): this is the second point of definition

6.1. The third point of definition 6.1, the property of composition, follows from the same
property of the semiflow . Indeed, we have that almost surely,

Goa(@) = 67" [0 (6(2))| = 07 2w (9o (96(2))) ]
=¢; " [sau,t ((bu [%1 (ws,u(sbs(x))] )}
= Yut (T/JS,u (z)) .

This completes the proof of the claim and of the theorem.
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