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INTRODUCTION i

Introduction

Black Holes are space time singularities whose properties in classical theories have

been studied for a long time. The interest on metric solutions has mainly grown with the

study of the deep connections of Supergravities with different versions of String Theories.

In fact, 4−dimensional N -extended ungauged Supergravities have two types of geome-

try, the space-time geometry and the moduli space geometry; the symmetries of the latter

are connected to those of the higher dimensional String theory. Taking into account at

the same time space-time and moduli space geometry can help clarifying the properties

of these connections.

Black holes are states of the graviton spin 2 field in Supergravity spectrum and, in the

case of non thermal radiation these states are stable, as happens for electromagnetically

charged (dyonic) black holes with zero temperature but finite entropy, a property called

extremality ; these solutions can be thus treated as solitonic systems.

In the case of supersymmetric extremal black holes solutions, the critical points of

the central charge are connected to the critical points of the scalar fields in moduli space

through the extremization of the black hole potential

∂φi

∂τ
(τ) = 0 → dVBH = 0

due to this property, even if the black hole has a scalar hair, its entropy does depend only

on asymptotical degrees of freedom, namely, for static solutions, electric and magnetic

charges determined by vector field strengths fluxes at spatial infinity.

An attractor behaviour was initially shown to occur for 1
2
-BPS extremal black holes

in N = 2, d = 4 ungauged Supergravity coupled to abelian vector multiplets, but it

also holds in the case of non − BPS extremal black holes and for both the solutions in

N > 2−extended Supergravities. In these generalizations, however, if the black holes

has a regular horizon geometry and is a large black hole, that is it has a non-vanishing

horizon area, flat directions in the Hessian matrix of the black hole potential may occur,

even in the BPS case. This is due to the non-compactness of the stabilizer of the orbits of

the scalar fields and is closely related to the decoupling of the hyperscalars of the N = 2

theory from the dynamics of the black hole configuration, and, as a consequence, the

moduli space of BPS attractors for N > 2 is a quaternionic manifold, spanned by the

hypermultiplets scalar degrees of freedom, as they appear in the supersymmetric reduction
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down to N = 2. Even in the presence of vanishing eigenvalues of the Hessian matrix,

the attractor equations, following from the above extremum condition, cancel the moduli

dependence of the dynamical configuration at the black hole horizon.

The geometrical difference between N = 2 and N > 2 Supergravity is that the scalar

manifold of the latter has to be a coset space of the form G/H (G is the U -duality group

of the theory) while this is not necessarily required for the former. It is possible, however,

to build an N = 2 Supergravity with a symmetric scalar manifold, based on the quadratic

series of the complex Grassmannian manifolds SU(1, n)/U(1)× SU(n), which represents

the minimal coupling of n vector multiplets in the bosonic sector.

Thus, static spherically symmetric systems in d = 4 space-time dimensions are con-

sidered, for which the dynamic is one dimensional and allows the determination of an

effective potential V depending on electromagnetic charges and scalar (moduli) fields,

written in terms of dressed central (in case, also matter) charges, in N = 2 quadratic,

N = 3, 5 extended Supergravity. All of these theories have a scalar manifold Mscalar

which is a symmetric space and does not admit a d = 5 uplift.

The classical black hole entropy, as given by the Bekenstein-Hawking formula, in the

case of N = 2 quadratic and N = 3 Supergravity both coupled to abelian vector multi-

plets in the fundamental representation of the U -duality group, is given by a quadratic

expression of electric and magnetic charges in the form of the absolute value of the U -

duality invariant of the scalar manifold

SBH =
A

4
= πVBH

∣∣
∂VBH=0 = π|I2| . (0.1)

The N = 5 theory does not admit a quadratic invariant, since the vector fields are in the

three-fold antisymmetric 20 representation of the U -duality group, which is a symplectic

representation with a singlet 1a in the tensor product 20× 20 [71]. Taking the tensor

product of the 35× 35 representation, coming from the 20× 20, one find the singlet 1s,

so the invariant is quartic as expressed in terms of electric and magnetic charges; the

entropy for this theory is given by

SBH =
A

4
= πVBH

∣∣
∂VBH=0 = π

√
|I4| , (0.2)

but in this case this formula reduces to a perfect square of a quadratic expression, once it

is explicited as a function of the skew eigenvalues of the central charge matrix. The same

result is valid also for N = 4 pure Supergravity.
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Due to these peculiarities it is possible, for these theories, to write an alternative

expression for the Bekenstein-Hawking Entropy in terms of the effective horizon radius

RH , whose expression is a function of scalar charges and the geometrical radius of the

horizon, rH , following the procedures of the first order formalism. In fact, non-BPS

attractor flows of extremal black holes in d = 4 can be described in terms of a fake

superpotential W such that W(φ∞, p, q) = rH(φ∞, p, q) that reduces the equations of

motions for the scalars to fisrt order ones, and enters in the espression of the effective

radius RH ; the importance of this description is that the latter turns out to be, for the

above mentioned theories, a moduli independent quantity.

As a counterexample, N = 4, d = 4 Supergravity coupled to 1 vector multiplet admits

an uplift to N = 4 pure Supergravity in d = 5 dimensions, but has a quartic invariant

which cannot be written as a quadratic expression of the skew-eigenvalues of the central

charge matrix, and the effective radius description does not hold.

The fermionic sector does not enter in the determination of the black hole configura-

tion, but the supersymmetry transformation of gravitino is given in terms of the sections

that one needs to build the symplectic embedding of the Supergravity theory under con-

sideration.

In order to clarify the role of the symplectic structure at the basis of N -extended

supergravities, the first Chapter of the thesis is dedicated to the problem of the coupling of

vector fields, invariant under duality rotations, to a theory of fermionic and bosonic fields,

through Gaillard-Zumino construction [62], further specializing to the bosonic sector of

extended supergravities.

Chapters 2 and 3 review the attractor behaviour, leading to the attractor equations,

and the first order formalism, in order to provide the theoretical framework where the

work of the chapters in the following will develop.

In Chapter 4, 5, and 6 black holes solutions forN = 2 quadratic,N = 3 matter coupled

and N = 5 Supergravities are explicitly studied and discussed, with the determination of

the symplectic sections and the solution of the attractor equations; the black hole entropy

as a function of the electric and magnetic charges is computed; black holes parameters,

such as fake superpotential, scalar charges and effective radius are presented [69].
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The same results for N = 4 pure Supergravity, compared with the N = 5 case, are

added in Chapter 7 which concludes with a discussion on the dualities among bosonic

sectors of different Supergravities, to explicitly show that bosonic interacting theories do

not have a unique supersymmetric extension. This part also refers to [69].



CHAPTER 1

Duality invariant theories of gravity,

vectors and fermion fields

1. The bosonic Supergravity Lagrangian

1.1. Duality invariance in Maxwell-Einstein theory. Maxwell theory of electro-

magnetism is a theory of an abelian gauge field Aµ(x). In the geometrical construction,

it is the connection of a U(1) gauge bundle over the 4-dimensional space-time manifold

with metric gµν ; the action is

SEM =
1

16πG

∫ √
−g
{
R− 1

β
FµνF

µν

}
, (1.1)

where β is a constant depending on the normalization of charges, leading to the equations

of motion

∂µF
µν = 0 ,

Rµν −
1

2
Rgµν = −8πGTµν ,

where

?F =
1

2
F̃ µνdxµ ∧ dxν =

1

2
√
−g

εµνρσFρσdx
µ ∧ dxν , (1.2)

is the hodge dual field strength of the vector field, satisfying Bianchi identities

∂µF̃
µν = 0 ⇐⇒ ∂[µFνρ] = 0 , (1.3)

while the stress-energy tensor is

Tµν =
1

4π

[
FµαF

α
ν −

1

4
gµνF

2

]
. (1.4)

This theory is manifestly duality invariant, in the sense that the set of equations (1.2) is

unaffected by the following transformations on the vector field strength

F ′µν = (cosα + j sinα)F µν , α ∈ R , (1.5)

1
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where the j “duality” operator is such that jF = ∗F , corresponding to the following

U(1) ' SO(2) rotation of electromagnetic field(
E ′

H ′

)
=

(
cosα sinα

− sinα cosα

)(
E

H

)
. (1.6)

The Lagrangian of the vector field is written in terms of invariant products of field

strenghts and dual field strengths, or explicitly

T =
1

4π

(
E2 −H2

)
, (1.7)

which is an SO(2) invariant expression; there’s no need to require the metric to change

under duality transformations, for the Einstein equations are not affected. We now notice

that in this case the duality group is abelian; duality rotations, however, are not defined

as transformations on the vector fields, and the Lagrangian, in further generalization of

duality, won’t still be invariant.

1.2. Duality invariance in a theory of vector fields. We now want to describe

the generalization of duality invariance to the case of a theory of n interacting vector

fields, in addition to other fields χi, both fermionic and bosonic. The Lagrangian is the

functional

L = L(F a, χi, χiµ) , (1.8)

where F a, (a = 1, ..., n) are vector field strengths

F a
µν = ∂µA

a
ν − ∂νAaµ (1.9)

and χiµ ≡ ∂µχ
i. We define

G̃a
µν =

1

2
εµνρσG

aρσ ≡ 2
∂L

∂F aµν
, (1.10)

so that for a Lagrangian as in (1.8) the equations of motions for the vector fields can be

written as

∂µG̃a
µν = 0 . (1.11)

Bianchi identities still hold in the form

∂µF
aµν = 0 (1.12)
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The infinitesimal transformation that leave these equations and (1.11) invariants are the

linear transformations

δ

(
F

G

)
=

(
A B

C D

) (
F

G

)
, (1.13)

δχi = ξi(χ) ,

δ(∂µχ
i) = ∂µξ

i = ∂µχ
j ∂ξ

i

∂χj
,

where the quadratic blocks matrix is an arbitrary real 2n× 2n matrix, and the functions

ξi(χ) do not contain fields derivatives.

1.3. Variation of the Lagrangian functional. We define the duality group the

one which acts linearly on the vectors of the field strengths and their duals, not affecting

the dynamical equations of the theory; their covariance, indeed, put constraints on the

possible duality transformations among the general linear ones. The generic variation of

the Lagrangian is, from (1.8),

δL =

[
ξi
∂L
∂χj

+ χjµ
∂

∂χiµ
+ (F cAbc +GcBbc)

∂

∂F b

]
L , (1.14)

if we require the covariance of the equations of motion under (1.13)

C = CT , B = BT , A = −DT , (1.15)

which restrict the matrix

(
A B

C D

)
to be an element of Sp(2n,R). We also find the

variation of the Lagrangian

δL =
1

4
(FCF̃ +GBG̃) . (1.16)

The energy momentum tensor of the vector fields is also invariant, though not necessarily

symmetric.

1.4. Construction of the Lagrangian. Under a generic variation of its variables,

we can write more simply δL = 1
4
δ(FG̃), so that we begin to write the functional as

L =
1

4
FG̃+ Linv ,



4 1. DUALITY INVARIANT THEORIES OF GRAVITY, VECTORS AND FERMION FIELDS

where Linv is written as a function of invariants of the duality group. But in the general

case where this group is Sp(2n,R) and the field strengths

(
F

G

)
transform as a vector in

the fundamental representation, the only possible invariant function of F and G, apart

from generic fields χi in the theory, is of the form

Linv.(F,G, χi, χiµ) =
1

4
(FI −GH) + Linv.(χi, χiµ) ,

where Linv. is an invariant functional of the χi fields only, so that it does not affect

the equations of motion and I, H form a vector in the fundamental representation. By

definition one has δL
δF

= 1
2
G̃, and this is actually a constraint on I and H

G̃− I = (F + H̃)
∂G̃

∂F
. (1.17)

the operator j introduced in the previous section, giving a field strength Tµν , satisfies

j Tµν = T̃µν ,

(j)2 = −1 .

We can write (1.17) as

j G− I = (F + jH)
∂G̃

∂F
.

whose general solution is

jG− I = −K(χ)(F + jH) ;

⇓

jG = I −K(χ)(F + jH) .

Thus the effect of an infinitesimal duality transformation of Sp(2n,R), (1.13), is de-

termined by the tranformations on (F,G) and (H, I) the vectors of the fundamental

representation. We find

δK(χ) = −jC − jKBK +DK −KA , (1.18)

which restricts the form of the Lagrangian to

L = −1

4
FKF +

1

2
F (I − jKH) +

1

4
jH(I − jKH) + Linv.(χ) . (1.19)



1. THE BOSONIC SUPERGRAVITY LAGRANGIAN 5

1.5. Compact Duality Rotations. Suppose K(χ) = 1, then δK = 0. From (1.18)

we find an other constraint on the coefficients of the transformation

B = −C = BT

A = D = −AT ,

so that now the duality group is restricted to U(n) ∈ Sp(2n,R), the maximal compact

subgroup, and rotations as in (1.20) now become compact duality trasformations. This

appears more clearly if we use a complex basis in the fundamental representation, writing

the vectors as

F+ ≡ F + iG ,

F− ≡ F − iG ,

which give (1.13) in the form

δ

(
F+

F−

)
=

(
T 0

0 T ∗

) (
F+

F−

)
, (1.20)

with

T = A− iB = −T † .

The two F+ and F− transform respectively under an n-dimensional U(n) representation

(which can be reducible in the case the actual duality group is a subgroup of U(n)) and

its conjugate. In this notation we notice how the structure is similar to that of fermions

fields of definite chirality: the two vector fields of opposite helicity transforms according

to a representation and its complex conjugate, as two fermions of opposite chirality do).

We can easily generalize this notation to the non compact case, using the “duality”

operator instead of the imaginary complex element i in the definitions

F+ ≡ F + jG ,

F− ≡ F − jG ,

in this analogy i→ j, and the T -matrix is just

Re T ± i ImT → Re T ± j Im T .



6 1. DUALITY INVARIANT THEORIES OF GRAVITY, VECTORS AND FERMION FIELDS

Finally, if we write a complex analog of the field strength F± as jH± ≡ (H ± jI), the

Lagrangian (1.19) can be written as

L = −1

4
F 2 +

1

2
FH+ −

1

8
H2

+ −
1

8
H+H− + Linv.(χ) .

The field H− has no dynamical meaning, since it does not appear in any of the couplings

of F and for that reason all the terms containing H− must be invariants, we see, for

instance, that 1
8
H−H+ actually is, and can be reabsorbed in Linv.(χ). We are setting

H− to zero, reducing (H, I) to the vector (H,−jH), that now has just one indipendent

component. In the case of compact duality rotations, then, one simply has to introduce

the tensor

H =
1

2
j H+ , (1.21)

in the same representation of F+, to get the correct Lagrangian transformation.

Consider the invariant bilinear FI −GH. Taking now H = jI, from (1.18) it follows

that I = (F + jG) and one can write then

1

2
(FI −GH) =

1

2
(F − jG)(F + jG) =

1

2
(F 2 +G2) ,

which is manifestly invariant under the action of the unitary group U(n) on the vector

(F,G).

1.6. Non linear realizations. By now we are able to describe the theory of interact-

ing bosonic and fermionic fields with invariance under a compact subgroup of Sp(2n,R),

but we need to generalize the description to non compact duality groups. The solution

is to introduce in the theory scalar fields described by a nonlinear sigma model, taking

values in the quotient space of group G with respect to its maximal compact subgroup K,

being the semisimple group G the duality group.

The quotient space has sense once the Lagrangian is invariant under the gauge trans-

formations of the scalar fields

g(x)→ g(x)[k(x)]−1 , (1.22)

The quotient defines a coset, a symmetric space. We suppose further that the rigid

transformation of the moduli

g(x)→ g0g(x) , (1.23)
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con g0 ∈ G, is an invariance of the Lagrangian. We then need to find the constraints

coming from these assumptions, in order to find its correct form.

We start studying the properties of the gauge group. Being Qµ the connection, its

transformation under (1.22) is

Q′µ = k Qµk
−1 , (1.24)

while the covariant derivative Dµg = ∂µg − gQµ changes as

Dµg → (Dµg)[k(x)]−1 .

We notice that g−1Dµg is invariant under the global transformation (1.23); under the

action of the gauge group, instead, it changes as

g−1Dµg → k(g−1Dµg)k−1 . (1.25)

If we write the Lagrangian as

L = −1

2
Tr
(
g−1Dµg

)2
,

we then have an invariant expression.

Working in this framework, any other bosonic field, including the gravitational one, is

left invariant by duality group, so that a theory including a non interacting gravitational

field is allowed.

The equations of motion that follow from the variation of (1.26) with respect to the

gauge fields Qµ are

δL = TrδQµ(g−1∂µg −Qµ) = 0 ; (1.26)

the trace on the elements of the duality group G is not degenerate and δQµ belongs to the

Lie algebra of K, so that (1.26) implies that (g−1∂µg−Qµ) is in the ortogonal complement

of K, and the element g−1∂µg is

g−1∂µg = Qµ + Pµ , (1.27)

that is

Pµ = g−1Dµg . (1.28)

We can then write the Lagrangian in (1.26) in a more specific form

L = −1

2
TrP 2

µ . (1.29)
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Varying this with respect to the scalar fields one finds

δL = Tr δg g−1∂µ(Dµg g
−1) = 0 ; (1.30)

since δg is arbitrary, δg g−1 runs on the whole Lie algebra Lie(G), and the equations of

motion for the scalar fields are

∂µ(Dµg g
−1) = 0 ,

⇓

∂µ(g Pµg g
−1) = 0 . (1.31)

If we define for Pµ a covariant derivative

DµPµ ≡ ∂µPµ − [Pµ, Qµ] , (1.32)

the (1.31) reveals to be

DµPµ = 0 . (1.33)

Consider now a rigid transformation as in (1.22),

g → g k−1 , (1.34)

which is one specific kind of gauge transformation (for this reason the associated current

is identically zero). The rigid transformations

g → k g , (1.35)

where k ∈ K, are equivalent to

g → k gk−1 , (1.36)

and the related current, in the algebra of the group G is

Jµ = −gPµg−1 ; (1.37)

if one restricts g to the subgroup K, the currents corresponding to the resulting transfor-

mations are just the correct currents of (1.35) and (1.36).
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1.7. Coupling to spinor fields. We now want to consider the coupling to spinor

fields that under the gauge transformation (1.22) vary as

ψ(x) → k(x)ψ(x) ; (1.38)

if we introduce a covariant derivative defined as

Dµψ = ∂µψ +Qµψ , (1.39)

we can build an invariant Lagrangian, including for instance Dirac terms as

− i
2
ψ̄γµ(

−→
Dµ −

←−
Dµ)ψ , (1.40)

but also non derivatives couplings, such as

ψ̄1γ
µPµψ2 , (1.41)

where now Pµ and the spinor fields belong to a specific representation of K. Since Qµ

and Pµ are functions of scalar fields and their derivatives, (1.40) and (1.41) give fermionic

terms contribution to the conserved current, namely,

J ′µ = −iψ̄γµqψ ,

J ′′µ = ψ̄1γµpψ2 , (1.42)

where q and p belong to the Lie algebra of K and its orthogonal complement, respectively,

and are defined by

δg = (q + p)g . (1.43)

The group G being non-compact, in order not to introduce ghost fields in the theory,

we have to require that the fields we are coupling are invariant under transformations

(1.23). We notice that the connection Qµ can be taken, in a sort of Palatini formalism,

as an independent field, so that its equation of motion now receives contribution from the

fermionic sector.

Finally, we recall that one can restrict the description of the scalar fields to a particular

gauge. Indeed, an element g ∈ G can always be rewritten, using gauge invariance, as

g′ = eP = gk−1 , (1.44)

where P ∈ Lie(K)⊥, and the scalar fields are the elements P (x) parametrizing the coset

space G/K. This turns out to be important for a kind of N = 2 and all N > 2-extended
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Supergravities, since their scalar manifold is an homogeneous space. Transformations

(1.23) are then

(g0g) = (g0e
P ) = eP

′
= g0e

Pk−1 , (1.45)

P ′(g0, P ) and k(g0P ) depending on the group structure.

What we have built, starting from the transformations

P → P ′(g0, P ) , (1.46)

is a non linear realization of (1.23). Since we worked in a particular gauge, suitable

transformations of the fields ψ and Qµ are needed in order to remain in the gauge (1.44).

Still, invariance under (1.23) is manifest, but, after the gauge fixing, we loose the a priori

invariance under (1.22).

2. d = 4 Supergravity bosonic sector

2.1. Duality rotations and covariance under the action of symplectic group.

The N -extended Supergravity theory in d = 4, has in the bosonic sector, apart from the

metric field, vector and scalar fields, the latter being the coordinates of a scalar manifold,

the manifold of duality transformations acting on the vector fields. The generic form of

this bosonic part of the action is the one we built in the above sections, that we can write

as

S =

∫ √
−g d4x

(
−1

2
R + ImNΛΓF

Λ
µνF

Γ, µν+
1

2
√
−g

ReNΛΓε
µνρσFΛ

µνF
Γ
ρσ +

+
1

2
grs(Φ)∂µΦr∂µΦs

)
. (1.47)

More precisely, scalar fields are described by a σ-model on the scalar manifold Mscalar

whose real dimension is m = 2 ·# complex scalar fields and are coupled to the vector

fields by the matrix

NΛΓ = NΛΓ(Φ) . (1.48)

N (Φ) is a symmetric matrix nV × nV , with nV number of vector fields, depending on

their representation of Gaillard Zumino Symplectic group. Different Supergravity theories

thus correspond to different scalar manifolds and number of vector multiplets, and, since

usually scalar fields belong to the same multiplets as vectors, the action of the vector

isometry group Mscalar is deeply connected to their transformations. This results on the
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embedding of the isometry group in the duality group, whose explicit form relies on the

specific Supergravity theory we are considering. Once we have this correspondence, we

find the matrix N in its explicit form.

It is crucial, then, to study duality transformations in details, in the form of linear

action on the (abelian) vector field strengths and their dual forms. As seen before, these

transformations leave Bianchi Identities and equations of motions invariant, and generalize

electromagnetic duality. In what follows we will see the Gaillard Zumino construction at

work in the Supergravity framework.

2.2. Duality Rotations and symplectic covariance. We deal with a theory of

vectors and scalar fields which is invariant under the action of a duality group, in d = 4.

The gauge fields are nV abelian fields AΛ
µ , whose dynamic is described by the field strengths

in the action (1.47). We can separately write the dual and anti-dual field strength

F± =
1

2
(F ± i ?F ) ,

?F± = ∓iF± , (1.49)

and rewrite the vector part of the action as

Lvec = i
[
F−,T N̄F− − F+,TNF+

]
=

= −i
(
F+ T , F− T

)(N 0

0 −N̄

)(
F+

F−

)
. (1.50)

Following the Gaillard-Zumino construction we introduce the tensor GΛ
µν defined as

?GΛ
µν ≡

1

2

∂L
∂FΛ

µν

, (1.51)

that, for the theory under examination, is

?GΛµν = Im NΛΣ FΣ
µν + ReNΛΣ

?FΣ
µν . (1.52)
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The equations of motion and Bianchi identities are

∇µ?FΛ
µν = 0 ,

∇µ?GΛµν = 0 ,

⇓

∇µImF± Λ = 0 ,

∇µImG±Λµν = 0 , (1.53)

where we also write GΛµν separating its self-dual and anti self-dual part

G± =
1

2
(G± i ?G) ,

?G± = ∓iG± , (1.54)

whose relation on the field strength F is given by

G+ = NF+ ,

G− = N̄F− . (1.55)

The vector part of the Lagrangian, if written in terms of F and G as in (1.51), takes the

compact form

Lvec = i
[
F−TG− − F+TG+

]
=

= −i
(
F+ T , F− T

)(G+

G−

)
. (1.56)

Moreover, we introduce the nV + nV components vector

V ≡

(
?F
?G

)
,

and we get equations of motion, from the variation of the vector fields, in the form

∂V = 0 ; (1.57)

duality transformations are then simply described by

V′ = SV , (1.58)
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where

S =

(
A B

C D

)
, (1.59)

is a priori a matrix in GL(2nv,R), and, since we always required duality invariance during

the construction, the equations of motion for the vector V′ are still given by ∂V′ = 0.

2.3. Transformation of the kinetic matrix required by duality invariance.

Since the vector fields in action (1.47) are coupled to scalars via the N (Φ) matrix, a

duality transformation acting on V would imply a corresponding transformation on the

scalar fields (coming from the action of a diffeomorphism of Mscalar), hence on N . An

homomorphism

ιξ : C∞(Mscalar) → GL(2nV ,R) , (1.60)

that maps a given diffeomorphism on Mscalar to a transformation in GL(2nV ,R), allows

us to define the following transformations

ξ →


V → V′ = SξV
Φ → Φ′ = ξ(Φ)

N (Φ) → N ′(ξ(Φ))

, (1.61)

where Sξ = ιξV. If one defines, then,

Sξ =

(
A B

C D

)
, (1.62)

the transformed Lagrangian for the bosonic sector in our Supergravity theory is

L′ = i
[
F−T (A+BN̄ )T N̄ ′(A+BN̄ )F− − F+T (A+BN̄ )TN ′(A+BN̄ )F+

]
.(1.63)

The transformed dual tensor G′ has to be consistent with its definition in (1.51), and this

requirement gives the constraint needed to restrict the transformation of the N matrix

to the form

N ′(ξ(Φ)) = (C +DN (Φ))(A+BN (φ))−1 ; (1.64)

also knowing that N ′ is a symmetric matrix, we can finally identify the duality rotation

matrix as being S ∈ Sp(2nV ,R), in perfect agreement with Gaillard Zumino construction.

In general a diffeomorphism in C∞(Mscalar) implies a transformation of the scalar part

in the Lagrangian (1.47). A duality rotation, then, does not correspond to an invariance
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of the action, unless we require Sξ matrices corresponding, in the sense of (1.61), to

isometries of the scalar manifold, unaffecting, by definition, the metric grs and thus the

scalar part of the action. Eventually also the kinetic N matrix does not have to change.

In this case we look for a homomorphism that maps

ιξ : Iso(Mscalar) → Sp(2nV , R) ; (1.65)

the relation (1.64) now becomes

N(ξ(Φ)) = (C +DN (Φ))(A+BN (φ))−1 . (1.66)

One could also study the case in which duality transformations are a symmetry of the

Lagrangian. The vector kinetic term in the Lagrangian indeed transforms as

Im(F ′−ΛG′Λ) = Im
[
F−ΛG−Λ + 2(CTB)Σ

Λ(F−ΛG−Σ)+

+ (CTA)ΛΣF
−ΛF−Σ + (DTB)ΛΣG−ΛG−Σ

]
, (1.67)

where the expression (1.56) and the definition (1.52) have been used. We see then that

B = C = 0 transformations are symmetries of the Lagrangian, and we notice that its

variation in the case B 6= 0, C = 0 is given by

(CTA)ΛΣF
Λ
µν

?FΣµν , (1.68)

which is a topological term; finally, it is worth pointing out that among all the N matrix

transformations (1.66), we also find the mapping

N → − 1

N
, (1.69)

which provides the interchange of the strongly and weakly coupled sectors in the theory.



CHAPTER 2

The Black Hole Attractor Mechanism

1. Black Holes in Supergravity Spectrum

In the classical description of Einstein Maxwell theory, black holes can be considered

solitons of general relativity; such interpretation, however, breaks down in a quantum

interpretation, since a spontaneous particle creation would take place, by the gravitational

and electromagnetic fields, responsible of black hole instability. Thermal radiation is

not allowed in the case of zero-temperature black holes, for which only loss of angular

momentum or charge can be responsible for their instability, thus, non-rotating systems in

a theory whose elementary fields are not charged are stable. This is the case of Reissner-

Nordstrom Black Holes in extended ungauged supergravities.

2. Gravity and non linear sigma model

We restrict the attention to dynamics and fields equations for the bosonic sector of

Supergravity theories, that is to massless scalars and n vector fields coupled to gravity.

The scalars describe a non linear σ-model over a manifold Ḡ/H̄, the vector fields transform

accordingly to a certain representation of the global (ungauged) symmetry group G.

As we discussed before, we are interested in stationary solutions, that is to that systems

allowing for a time-like Killing vector field; these can be dimensionally reduced to a 3

dimensional theory. The resulting scalar fields are the scalars of the non linear σ-model

in the higher dimensional theory, two scalar fields from the reduction of gravity, and

electric and magnetic potentials from each vector fields, a total of (2n + 2) scalars. The

two scalars from gravity alone would describe an SL(2)/SO(2) σ-model, but we ask for a

larger symmetry of the enlarged set of scalars, so that they together describe a σ model

of G/H. To link the discussion to the case at hand, we require the original quotient space

Ḡ/H̄ to be a non-compact coset space, and the coupling with vector fields to respect

Gaillard-Zumino construction, that is, if we fix a particular gauge for gravitino, the twist

potential scalar field does not enter in the final sigma model. Adding the vectors also has

15
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to lead to positive energy density T00. The resulting enlarged σ-model refers to the same

symmetry group G but now H is a non compact form of the maximal compact subgroup,

say H ′, of G, thus G/H is a pseudo-Riemannian symmetric pace.

In N > 2 extended Supergravities a vector field is present as graviphoton in the gravi-

tational multiplet, and one or more vectors can be added as vector multiplets, depending

on the Supergravity theory under consideration. In these case, a non linear sigma model

arises as a consequence of the duality invariance of the theory. In the N = 2 theory,

instead, vectors and scalars are in the same multiplet.

2.1. Dimensional reduction to three dimensions. We derive the three dimen-

sional effective metric in the case of static spherically symmetric black holes, for a non

linear sigma model coupled to gravity. The equations of motion for the enlarged set of

scalar fields are geodesics.

The 4-dimensional space time manifold Σ has metric gαβ and the original action for

the non linear sigma model is

Sφ =

∫
Σ

√
gdx

[
−1

2
R(x) +

1

2
gαβ∂αφ̄

i∂βφ̄
jGij

]
, (2.1)

from which we derive the equations of motion

Rαβ − ∂αφ̄i∂βφj = 0 , (2.2)

Dα∂αφ̄(x) = 0 . (2.3)

We recall that solutions to (2.3) are harmonic maps from the (pseudo) Riemannian man-

ifold (Σ , gij) to (G/H ,Gij) At this point we consider a theory admitting everywhere a

time-like Killing vector field, which is orthogonal to the reduced 3 dimensional space Σ3

which allows SO(3) symmetries, namely spherical symmetry. The metric thus decomposes

as

gαβ =

(
e2U 0

0 −e−2Uhab

)
, (2.4)

and the metric on Σ3, hab, can be parametrized in terms of a function f(r) so that

ds2 = −e2Udt2 + e−2U
(
dr2 + f(r)2(dθ2 + sin2 θdφ2)

)
,

≡ −e2Udt2 + e−2Uhabdx
adxb . (2.5)
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The effective Lagrangian for the reduced three dimensional system is

1

2
R̂− 1

2
γmn∂mφ

a∂nφ
bGab (2.6)

where c2 = κA
4pi

= 2ST , and Gab is now the metric of the enlarged scalar manifold, so that

actually

φa = (U, φ̄a, ψΛ, χΛ) . (2.7)

The metric, by gauge invariance of the theory, cannot depend on ψΛ and χΛ, and as a

consequence electric and magnetic charges become constants of motion, precisely, from

(2.6),

pΛ = ĜΛΣdχ̂Σ

dτ
,

qΛ = ĜΛΣ
dψ̂Σ

dτ
. (2.8)

The equations of motion in this case are

f−2 d

dr

(
f 2dφ

i

dr

)
+ Γijk(φ)

dφj

dr

dφk

dr
= 0 ,

Rrr = −2f−1d
2f

dr2
= Gij(φ)

dφj

dr

dφk

dr
,

sin2 θRφφ = Rθθ = f−2

(
d

dr
f
df

dr
− 1

)
= 0 . (2.9)

From the last one we find

f(r)2 = (r − r0)2 + c̃ , (2.10)

thus, if we define the harmonic function on (Σ3, h)

τ(r) ≡ −
∫ ∞
r

f−2(s)ds , (2.11)

then being

f−2(r) = −dτ
dr

, (2.12)

we find that the first in (2.9) is

−
(
dτ

dr

)2
d

dr

(
f 2 dr

dτ

d

dτ
φi
)

+ Γijk(φ)
dφj

dτ

dφk

dτ

(
dτ

dr

)2

= 0 ,

(2.13)
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that is, the geodesic equation

d2φ(τ)

dτ 2
+ Γijk(φ)

dφj

dτ

dφk

dτ
= 0 . (2.14)

The geodesic map φ satisfies the condition

Gij(φ)
dφi

dτ

dφj

dτ
= 2c2 ; (2.15)

comparing with the general solution for f(r) in (2.10), we can set c̃ = −c2.

To write the metric in (2.5) using τ coordinate we compute, from the definition (2.11)

(r − r0)2 − c2 =
c2

sinh2(cτ)

⇓

(r − r0)2 = c2 coth(cτ) ,

dr2 =
c4

sinh4(cτ)
dτ 2 ,

f 2(r(τ)) =
c2

sinh2(cτ)
, (2.16)

so that we find

ds2 = −e2Udt2 + e−2U

[
c4dτ 2

sinh4(cτ)
+

c2

sinh2(cτ)
(dθ2 + sin2 θdφ2)

]
. (2.17)

2.2. The vector sector. The coupling with the vector fields is given through the

embedding of the symmetry group in the symplectic group and it allows one to determine

the kinetic matrix for the vector term in the Lagrangian. As discussed in the previous

section, the bosonic action is given by

S = SEH + Sscalar + SV =

=

∫ √
−g d4x

(
−1

2
R +

1

2
Grs(Φ)DµΦrDµΦs − 1

4
Fαβ

(
µFαβ − ν ∗Fαβ

))
,

(2.18)

with µΛΣ = −ImNΛΣ, νΛΣ = −ReNΛΣ are real symmetric matrices. To write the contri-

bution of SV to Einstein equations we need to compute the energy-momentum tensor

T µνV =
2√
−g

[
∂(
√
−gLV )

∂gµν
− ∂λ

∂(
√
−gLV )

∂(∂λgµν)

]
; (2.19)
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since

∗FΛαβ =
1

2
√
−g

εαβγδFΛ
γδ , (2.20)

then

∂

∂gµν
(FΛ

αβ
∗FΣαβ) = FΛ

αβ

∂ ∗FΣαβ

∂gµν
, (2.21)

and

∂ ∗FΛαβ

∂gµν
=

1

2
gµν ∗FΛαβ . (2.22)

We then have

1

2

√
−gT µν = −1

2

√
−ggµνLV +

√
−g
[
−1

2
FΛσ
µ µΛΣF

Σ
νσ +

1

2
· 1

4
gµνFΛ

αβνΛΣ
∗FΣαβ

]
,(2.23)

and finally

T µν =
1

4
gµνFΛ

αβµΛΣF
Σαβ − FΛ

µσµΛΣF
Σσ
ν . (2.24)

Scalard fields equations are then modified by

δLV
δφi

= −1

4

√
−gFαβ

(
δµ

δφi
Fαβ − δν

δφ
∗Fαβ .

)
(2.25)

Let’s consider the dual field strength defined as in (1.52), that is

∗GΛµν = µΛΣF
Σ
µν + νΛΣ

∗FΣ
µν , (2.26)

and the symplectic vector

F =

(
F

G

)
, (2.27)

we can write (2.25) and (2.24) in a manifestly symplectic way introducing the matrix

M =

(
µ+ νµ−1ν νµ−1

µ−1ν µ−1

)
, (2.28)

so that (2.25) and (2.24) become

T µν = −1

2
FΛ
µγMΛΣFΣ γ

ν , (2.29)

and

δLV
δφi

= −1

8

√
−gFΛ

µν

δMΛΣ

δφi
FΣµν , (2.30)
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For time-independent solutions that preserve spherical symmetry, the 4-dimensional

system reduces to a one-dimensional effective theory, described, with the assumption of the

metric as in (2.17) theory, by integrating over Rt×S2 and discarding constant integration

factors at (spatial) infinity. Due to the integration, only conserved electromagnetic charges

defined in (2.8) appear in the Lagrangian and in the equations of motion. The integrated

expression for the equations (2.29) and (2.30) can be written in terms of an effective black

hole potential

VBH =
1

2
QT ΛMΛΣQ

Σ , (2.31)

QΛ =

(
pΛ

qΛ

)
, (2.32)

is the vector of the charges

pΛ =
1

4π

∫
S2

FΛ ,

qΛ =
1

4π

∫
S2

GΛ , (2.33)

The resulting effective action is given by integrating over the remaining radial coordi-

nate S =
∫
dτL the Lagrangian [4]

L =

(
dU

dτ

)2

+Gab
dφa

dτ

dφb

dτ
+ e2UVBH − c2 . (2.34)

This holds quite general for any 4-dimensional gravity theory. The explicit form of the

effective potential actually select the theory under consideration. The dynamics is though

constrained, as discussed before, and in this coordinates the Hamiltonian constraint takes

the form (
dU

dτ

)2

+Gab
dφa

dτ

dφb

dτ
− e2UVBH = c2 , (2.35)

Black holes are solutions to the equations of motion derived from the lagrangian (2.34)

d2U

dτ 2
= 2e2UVBH(φ, p, q), (2.36)

Dφa

Dτ 2
= e2U ∂VBH

∂φa
, (2.37)
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and constrained by (2.35); c2 = 2ST [4] where S is the entropy and T the temperature

of the black hole. Extremal black holes have zero temperature and can now equivalently

be characterized by c = 0.

2.3. Near horizon dynamics. The metric of the static spherically symmetric sys-

tem can be described with coordinates

ds2 = −e2Udt2 + e−2U

[
dτ 2

τ 4
+

1

τ 2
dΩ2

]
, (2.38)

where the horizon is located at negative infinity in terms of the coordinate τ . If it has a

finite area then the term e−2U has to behave as

e−2U →
(
A

4π

)
τ 2 , as τ → −∞ . (2.39)

The scalar term in the Lagrangian remains finite near the horizon if

Gij∂mφ
i∂nφ

jγmn <∞ , (2.40)

that is, in our coordinates,

Gij
dφi

dτ

dφj

dτ
e2Uτ 4 <∞ . (2.41)

The near horizon behaviour is then given by

Gij
dφi

dτ

dφj

dτ
(
4π

A
)τ 2 → X2 , as τ → −∞ , (2.42)

that gives the condition, substituting in the constraint (2.35) in the extremal case c = 0,

near the horizon,

A ≤ 4πVBH(p, q, φH) , (2.43)

and the metric is

ds2 ≈ − 4π

Aτ 2
dt2 +

(
A

4π

)[
dτ 2

τ 4
+

1

τ 2
dΩ2

]
. (2.44)

The AdS2 × S2 horizon geometry of the extremal black hole appears explicitly once the

metric is written in terms of the coordinate

ω = log ρ , ρ = −1

τ
, (2.45)

since the metric becomes

ds2 ≈ −4π

A
e2ωdt2 +

(
A

4π

)
dω2 +

(
A

4π

)
(dθ2 + sin2 θdφ2) . (2.46)
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The condition (2.42) becomes

Gij
dφi

dω

dφj

dω
(
4π

A
)→ X2 , as ω →∞ ; (2.47)

the only allowed value of X2 is then X2 = 0, in order for the moduli dynamic to be regular

at the horizon, since a non-zero constant value of dφa

dω

dφa

dω
= const. as ω →∞ , (2.48)

would give a linear dependence on ω that would prevent regular moduli dynamics at the

horizon. The only possibility is then

dφa

dω
= 0 , (2.49)

so that the constraint (2.35) in the extremal case now strictly requires

A

4π
= VBH(p, q, φH) . (2.50)

In the case of constant scalar fields the black hole is double-extremal, its area is still given

by VBH , following immediately from (2.35), and it is equal to the area of an extremal

black hole with the same electric and magnetic charges

Aextr(p, q) = Adouble−extr(p, q) = 4πVBH(p, q, φ∞) . (2.51)

The behaviour of the scalars near the horizon, taking into account that dφa

dω
= 0, follows

from the equation of motion (2.37) for which

d2φa

dτ 2
→ 1

2

∂VBH
∂φa

(
4π

Aτ 2

)
, (2.52)

whose solution, recalling that a linear dependence on τ coordinates would give a singular

dilaton field at the horizon, is

φa ≈ φaH +

(
2π

A

)
∂VBH
∂φa

log τ . (2.53)

The regularity requirement now gives the following extremum condition on the potential(
∂VBH
∂φa

)
hor

= 0 . (2.54)

In this picture the black hole is a solution corresponding to dynamical trajectories in the

moduli spaceMφ from the asymptotic point φ∞ to the critical point φh. Double extremal



2. GRAVITY AND NON LINEAR SIGMA MODEL 23

black holes correspond to trivial trajectories, while scalars running between two different

critical points do not correspond to asymptotically flat solutions.





CHAPTER 3

First Order Formalism

The properties of black holes in Supergravity theories depend on the values φ∞ of

the massless scalar fields parametrizing the different vacua of the theory. The entropy of

the black hole, S = A
4
, however, in order to be consistent with the microstate counting

interpretation in string theory, has to be independent, in the extreme case, of the partic-

ular ground state being determined only by the conserved elecric and magnetic charges

(dyonic black hole).

1. Scalar charges and Black Hole asymptotic moduli dependence

The expansion of the scalar fields at spatial infinity

φa = φa∞ +
Σa

r
+O(

1

r2
) , (3.1)

defines the scalar charges Σa = Σa(A, qΛ, p
Λ, φa∞). In the presence of scalar fields, the first

law of thermodynamics for a static dyonic black hole has to be replaced by

dM = TdA+ ψΛdqΛ + χΛdp
Λ + (

∂M

∂φa
)dφa , (3.2)

where the black hole temperature is T = κ
2π

, and ψΛ, χΛ are electric and magnetic scalar

potentials, respectively.

The potential V (φ, p, q) defines a symmetric tensor that satisfies the convexity condi-

tion

Vab ≡ ∇a∇bV ≥ 0 , (3.3)

on the scalar manifold Mφ. Moreover, if Vab is strictly positive and the sclar charges

vanish, the scalar fields have to be frozen to φa(τ) = φa∞.

The mass of the black hole, by comparison with the asymptotic Gravitational poten-

tial, is given by

M =

(
dU

dτ

)
τ=0

(3.4)

25
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and this substitution in the constraint (2.35) evaluated at spatial infinity (τ = 0) leads to

M2 +Gab(φ∞)ΣaΣb − V (φ∞, p, q) = 4S2T 2 . (3.5)

The scond term on the left is the contribution(
∂M

∂φa

)
= −Gab(φ∞)Σb (3.6)

in expression (3.2). The right hand side is related to the black hole configuration described

by the metric (2.17) by

c = 2ST . (3.7)

Differentiating with respect to the moduli at infinity gives the dependence of the system

on the moduli space

M
∂M

∂φc∞
+Gab(φ∞)Σa∇cΣ

b − 1

2

∂V

φc∞
= 2c

(
∂ST

∂φc∞

)
. (3.8)

For extremal black holes, the attractor mechanism fixes the moduli at the horizon in terms

of electric and magnetic charges

φH,extr = φfix(p, q) , (3.9)

and the extreme point can be found, for a given charge configuration, as

∂Mextr

∂φ

∣∣∣∣
φ=φextr

= 0 . (3.10)

From (3.6), the above condition is equivalent to

Σa(φfix, p, q) = 0 , (3.11)

thus defining

φfix = φfix(p, q) , (3.12)

and, as stated in the previous section, this identify double extremal black holes, with

constant moduli fields throughout the radial trajectory

φ(r) = φH,extr = φ∞ , (3.13)

so that the horizon configuration is given by the asymptotic moduli φ∞. A black hole

with frozen moduli reduces, in this treatment, to the Reissner-Nørdstrom black hole, with
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both electric and magnetic charges. In particular, the entropy of the extremal black hole

is independent on φ∞, being

S =
A

4
= πVBH(φfix, p, q) . (3.14)

The scalar charge is not conserved, the flux of the gradient vanishes at the horizon, and it

reveals that it resides entirely outside the horizon. Equivalently moduli at infinity or the

scalar charges have to be added to the mass M , the charges (q, p) and, in the non static

case, to the angular momentum J to completely characterize the black hole solution.

2. First order fake Supergravity formalism for d = 4 Extremal Black Holes

In the context of d = 4 static, spherically symmetric, black holes, with asymptotically

flat dyonic extremal (c = 0) configuration, For d = 4 supergravities a general formula for

a black hole effective potential holds,

VBH =
1

2
ZABZ

AB
+ ZIZ

I
, (3.15)

where ZAB = Z[AB] (A,B = 1, ...,N ) is the central charge matrix, and ZI (I = 1, ..., n)

are the matter charges, where n ∈ N is the number of matter multiplets coupled to the

gravity multiplet in the considered Supergravity theory. Equivalently, in the first order

formalism (see Eq. (23) of [39]):

VBH =W2 + 4Gij (∂iW) ∂jW =W2 + 4Gij (∇iW)∇jW , (3.16)

whereW is the moduli-dependent so-called first order fake superpotential, and ∇ denotes

the relevant covariant differential operator.

In fact, the secon order equations of motion (2.36) and (2.37) can be derived by a first

order system, by performing the Ansatz

U̇ = eUW(φ, τ) , (3.17)

where U̇ = dU
dτ

. The extremal solution corresponds to

∂τW = 0 , (3.18)

in this case the fake superpotential loose the dependence on the radial coordinate.
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2.1. Extremal solutions. Differentiating equation (3.17) with respect to τ gives the

equation of motion for the field U(τ) and the identification of

VBH = W2 + e−U φ̇a∂aW . (3.19)

It follows from the constraint (2.35) that

Ü − U̇2 =
1

2
φ̇aφ̇bGab = φ̇a∂aWeU , (3.20)

which, disregarding contributions that do not affect the entropy, is solved by

φ̇a = 2eUgrs∂sW , (3.21)

where the last equation is a first order type BPS-like condition. The effective potential

becomes, as stated above,

VBH = W2 + 2Gab∂aW∂bW . (3.22)

Extremization of VBH corresponds to

∂aVBH = 2∂bW(Wδba + 2Gbc∇a∂cW) = 0 , (3.23)

which means that in the first order formalism the attractor point for scalar fields at the

horizon of extremal black holes is directly related to the extrema of W . From the first

order equations and the spatial asymptotic configuration, defined by the expansion

−1

τ
e−U → −1

τ
+MADM +O(τ) , τ → 0− , (3.24)

assuming regularity conditions on functions of moduli, so that we can perform the radial

asymptotical (τ → 0−) and near horizon (τ → −∞) limits. The covariant scalar charges

and the squared ADM mass [58] can be written as

Σi = 2 lim
τ→0−

∇iW = 2 lim
τ→0−

∂iW ; (3.25)

M2
ADM = r2

H = lim
τ→0−

[
VBH − 4Gij (∂iW) ∂jW

]
= lim

τ→0−
W2, (3.26)

where τ ≡ (rH − r)−1. One can introduce then an effective horizon radius (in the extremal

case we are discussing R+,c=0 = R−,c=0 ≡ RH), defined as

R2
H ≡ lim

τ→−∞
VBH = VBH |∂VBH=0,VBH 6=0 = lim

τ→−∞
W2 = W2

∣∣
∂W=0,W6=0

=

=
Aeff (p, q)

4π
=
SBH (p, q)

π
, (3.27)
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where (p, q) denotes the set of magnetic and electric BH charges, Aeff (simply named A in

the Introduction) is the effective area of the BH (i.e. the area of the surface pertaining to

RH), SBH is the classical BH entropy, and the Bekenstein-Hawking entropy-area formula

has been used.

Total derivative with respect to the radial parameter for the potential W gives

dW
dτ

= 2Gab∂aW∂bWeU ≥ 0 , (3.28)

revealing W as a monotonic function.

Due to the symmetric nature of the scalar manifold in the Supergravity theories under

consideration, R2
H can be expressed in terms of a suitable power of the invariant of the

relevant representation of the U -duality group G, determining the symplectic embedding

of the vector field strengths. In d = 4 SBH is homogeneous of degree two in (p, q), and

only two possibilities arise:

R2
H = |I2 (p, q)| , or R2

H =
√
|I4 (p, q)|, (3.29)

where I2 and I4 respectively denote U -invariants quadratic and quartic in BH charges.

Total derivative with respect to the radial parameter for the potential W gives

dW
dτ

(φ, p, q) = 2Gab∂aW∂bWeU ≥ 0 , (3.30)

revealing that W is a monotonic function (a c-function for extremal black holes).

In the extremal case c = 0 the monotonicity of W implies following inequality

M2
ADM (z∞, z∞, p, q) = lim

τ→0−

[
VBH − 4Gij (∂iW) ∂jW

]
=

= lim
τ→0−

W2 ≡ r2
H (z∞, z∞, p, q)

> R2
H (p, q) = lim

τ→−∞
W2 = lim

τ→−∞
VBH , (3.31)

where the radius rH of the BH event horizon was introduced, so that the relevant relation

becomes

r2
H (z∞, z∞, p, q) > R2

H (p, q) , ∀ (z∞, z∞) ∈M∞, (3.32)

holding in the whole asymptotical scalar manifold M∞.
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2.2. Effective radius in the N -extended studied Supergravity theories. In

the minimally matter coupled N = 2, d = 4 Supergravity, as well as in N = 3, pure

N = 4 and N = 5, d = 4 supergravity, it is possible to specialize further the inequality

(3.32).

The formula for the entropy of the extremal black holes in these cases is

SBH =
A

4
= π VBH |∂VBH=0 ≡ πR2

H (p, q) =

= π

[
r2
H (ϕ∞, p, q)−

1

2
Gab̄ (ϕ∞) Σa (ϕ∞, p, q) Σ̄b̄ (ϕ∞, p, q)

]
=


π
√
|I4|

or

π |I2|
,(3.33)

where rH is the radius of the unique (event) horizon of the extremal BH, Σa denotes the

set of scalar charges asymptotically associated to the scalar field ϕa and defined in (3.25),

and Gab is the covariant metric tensor of the scalar manifold. The crucial feature of the

considered theories, expressed by Eq. (3.35) is thendisappearance of the dependence on

the asymptotical moduli (z∞, z∞) in the combination of quantities separately depending

on moduli, as

r2
H −GijΣ

iΣ
j
. (3.34)

as it can be seen from the second line of (3.33), which is a moduli-independent combination

of moduli-dependent quantities, thus revealing the moduli independent nature of the ef-

fective radius for these theories. N = 2 quadratic, N = 3 and N = 4-pure Supergravities

have complex scalar manifold, and the effective radius is

R2
H (p, q) ≡ SBH (p, q)

π
= r2

H (z∞, z∞, p, q)−GijΣ
iΣ

j
=

= r2
H (z∞, z∞, p, q)− 4 lim

τ→0−
Gij (∂iW) ∂jW , (3.35)

clearly yielding the inequality (3.32) by the presence of non-vanishing scalar charges and

the positive definiteness of Gij.

Equation (3.35) is nothing but a many-moduli generalization of the formula holding

(also in the non-extremal case) for the (axion-)dilaton BH [54] in the Maxwell-axion-

dilaton supergravity (see e.g. [54, ?], and also [46]), in [46] Eq. (3.35) was proved to

hold in the extremal case for the whole sequence of N = 2, d = 4 supergravity minimally

coupled to Abelian vector multiplets [52], in terms of the invariant I2 of the U -duality
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group G = SU (1, n), which is quadratic in charges:

R2
H (p, q) = r2

H (z∞, z∞, p, q)− 4 lim
τ→0−

Gij (∂iW) ∂jW = |I2 (p, q)| . (3.36)

These results will be reported in Subsections 6.1 and 6.2.

By exploiting thefirst order formalism for d = 4 extremal BHs, it can be proved that

the same happens for N = 3 matter coupled Supergravity, as intuitively expected by the

strict similarity with the minimally coupled N = 2 theory, N = 5 [51] and pure N = 4

Supergravities [50], with |I2| replaced by
√
|I4|.

While N = 5 theory cannot be coupled to matter, in the case N = 4 matter coupling

is allowed, but (3.35) holds only in N = 4 pure supergravity.





CHAPTER 4

N = 2 Supergravity black holes

We explicit the black hole attractor equations for Supergravity theories in which the

black hole entropy is given by an invariant of the scalar manifold that can be written

as a quadratic expression as function of the electric and magnetic charges or the skew-

eigenvalues of the central charge function, once the scalar fields satisfy the attractor

condition. The first theory we consider is the N = 2 supergravity theory with symmetric

scalar manifold given by the projective space CP(n).

Since in N = 1, 2 Supergravity scalar fields are not part of the gravity multiplet, they

can be introduced coupling the theory to additional multiplets, such as chiral multiplets,

in the case N = 1, and vector multiplets or hypermultiplets in the case N = 2.

In N = 1 supergravity the kinetic term for the scalars is

e−1L = GIJ̄(ZI , Z̄I)∂µZ
I∂nuZ̄

Jgµν , (4.1)

where GIJ̄ is the metric of the scalar manifold that is necessarily a Kähler manifold, that

is there exists a scalar holomorphic “Kähler potential” from which the metric is derived

GIJ̄ = ∂I∂J̄G(ZI , Z̄I) . (4.2)

In N = 2 Supergravity, apart from the scalar fields in the hypermultiplet, which span

a quaternionic manifold, the scalar manifold of the vector multiplet has again a Kähler

structure, but of the special kind. That is we can define homogeneous coordinates

ZI ≡ XI

X0
, (4.3)

and the scalar Kähler potential

G(φa, φ̄a) = log φiKij(φ
a, φ̄a)φ̄j ,

Kij(φ
a, φ̄a) = 1

4
∂i∂jF (X i) + h.c. ,

(4.4)

33
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where F (XI) is a omogeneous holomorphic function of degree 2, so that the holomorphic

sections are simply

XI = (1, Z1, ..., Zn) ,

F I = ∂IF (X) . (4.5)

The geometry in this case is restricted in the sense that, being F (X) = (X0)2f(Z), the

manifold is determined once we choose the holomorphic function f(Z), instead of having

an arbitrary real function G(Z, Z̄). In fact, from (4.4), the curvature tensor satisfies

Rīkl̄ = GīGkl̄ +Gil̄Gk̄ − CikmC̄̄lm̄G
mm̄ , (4.6)

where Cijk is a completely symmetric covariantly holomorphic tensor

DīCjkl = 0 , (4.7)

defining the covariant derivative of the holomorphic sections V over the symplectic bundle.

We do not deal with hypermultiplets. The reason is that the fermionic gravitino,

gaugino and hyperino fields respectively trasform, under supersymmetry variations with

chiral and antichiral parameters εA and εA as [68]
δψAµ = DµεA + εABε

BT−µνγ
ν ,

δλiA = iεAγµ∂µz
i + εABεBF i−µν γµν ,

δζα = iεABε
AUBβu γµCαβ∂µqu .

The hyperinos, then, transform indipendently of the vector fields, whereas the gaugino’s

transformations depend on the vector fields. This means that the hyperscalars do not

contribute to the dynamics of the other fields, in particular the flow of the scalars zi

is indipendent of them, and the attractor behaviour of the black hole horizon as well.

Moreover, the hyperinos transformation does not put constraints on their asymptotic

configurations.

1. N=2 Supersymmetric Black Holes with Symmetric scalar manifolds

We study N = 2 Supergravity coupled to n vector fields. Their kinetic term is defined

by the geometry of the scalar manifold having the scalar fields as coordinate maps which

is

M =
SU(1, n)

SU(n)× U(1)
. (4.8)
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This manifold is the quotient space of a non-compact group with respect to its maximal

compact subgroup, it is then a symmetric space. The n + 1 vector field strengths and

their duals sit in the fundamental n + 1 representation of the U -duality group1 SU(1, n)

embedded, as discussed in Chapter 1, in the symplectic group Sp(2n+ 2,R)

1.1. The scalar manifold is a Kähler manifold. In the case of SU(1, n)/SU(n)× U(1),

the Kähler structure is defined by the prepotential

F (X) = − i
2

(X0 2 −X 2) . (4.9)

Due to the projective geometry of the scalar manifold Mn = CPn, we can deal with

special coordinates

zi =
X i

X0
, (4.10)

and write the fields XΛ = (1, z1, ..., zn), and the prepotential

F (X) = − i
2

(
1−

∑
i

(zi)2

)
. (4.11)

The holomorphic sections are

(XΛ, FΛ) = e−K/2(fΛ, hΛ) ,

∂ı̄(X
Λ, FΛ) = 0 , (4.12)

and their dependence on special coordinates is given by

XΛ = (1, z1, ..., zn) ,

FΛ ≡ ∂ΛF = (−i, iz1, ..., izn) . (4.13)

2. Attractor equations

The black hole potential at the attractor point is given by one of the quadratic invari-

ants of the scalar manifold [48],

VBH = I1 = |Z|2 + |DiZ|2 , (4.14)

1Throughout the analysis the semiclassical limit of large, then continuous electric and magnetic

charges is considered.



36 4. N = 2 SUPERGRAVITY BLACK HOLES

where D is the covariant derivative the condition for the horizon to be an attractor point

coincides with the requirement that it is a critical point VBH , namely that

∂iVBH |h = 0 , (4.15)

which gives a constraint on the central charge and its covariant derivatives, since, from

(4.14), we have

∂iVBH = ∂i(|Z|2 + |DiZ|2) =

= ∂i(ZZ̄) + ∂i(G
kl̄DkZDl̄Z̄) =

= Z̄DiZ +Gkl̄Di(DkZDl̄Z̄) =

= Z̄DiZ +Gkl̄(DiDkZDl̄) +Gkl̄DkZDiDl̄Z̄ . (4.16)

The special geometry of the scalar manifold gives the equations, which hold for a sym-

plectic section V ,

DiDkV = iCijkG
kk̄Dk̄V̄ ,

DiDk̄V̄ = Gik̄V̄ ,

DiZ̄ = 0 , (4.17)

where Cijk is a completely symmetric tensor depending on the Kähler space of the theory

we are studying. In particular, for the series of spaces of the form SU(1, n)/SU(n)×U(1),

Cijk ≡ 0. The central charges are linear functions of (XΛ , FΛ) so that we can apply the

above equations, obtaining

DiDkZ = 0 ,

DiZ̄ = 0 , (4.18)

giving

∂iVBH = Z̄DiZ +Gkl̄DkZGil̄Z̄ =

= 2Z̄DiZ . (4.19)

The extremum condition is satisfied whenever at the horizon

• DiZ = 0 , Z 6= 0 , BPS ;

• DiZ 6= 0 , Z = 0 , non-BPS ;
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which refer to a supersymmetric and non-supersymmetric black hole solution, respectively.

3. BPS Black hole

In this case, attractor equations allow us to write electric and magnetic charges ,

defined by the integral of field strengths fluxes on a sphere at infinity, as functions of Z

and holomorphic sections as {
pΛ = ieK/2(Z̄XΛ − ZX̄Λ)

qΛ = ieK/2(Z̄FΛ − ZF̄Λ)
.

Summing the two equations we get

XΛqΣ − pΛFΣ = ieK/2Z(X̄ΛFΣ −XΛF̄Σ) , (4.20)

in which coordinates zi and z̄i and the central charge function Z take values at the

horizon. This equation, following directly by the attactor equation, allow us to write the

stabilization equations for the scalar fields. We can indeed write the different components

explicitely and we find

q0 + ip0 = 2 eK/2Z ,

qi − izip0 = − eK/2Z(zi + z̄i) ,

ziq0 + ipi = eK/2Z(z̄i + zi) ,

zi(qi − ipi) = −2eK/2Z|zi|2 , (4.21)

so that the fields at the horizon are given, as functions of electric and magnetic charges,

by

zi = − qi + ipi

q0 − ip0
. (4.22)

Also, the central charge is

Z =
1

2
e−K/2(q0 + ip0) , (4.23)

which is consistent with the definition [59]

Z = eK/2(XΛqΛ − FΛp
Λ) . (4.24)
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The Kähler potential is defined as

e−K = i(X̄ΛFΛ −XΛF̄Λ) =

= 2(1−
∑
i

|zi|2) , (4.25)

yielding the metric constraint 1− |z|2 > 0, and if we substitute this expression in (4.23 ),

we find

Z = (q0 + ip0)

(
(q2

0 + p0 2)− (q2
i + pi 2)

2(q2
0 + p0 2)

)1/2

. (4.26)

One can also write

Z = (q0 + ip0)

(
Q2 + P 2

2(q2
0 + p0 2)

)1/2

. (4.27)

where we defined

Q2 = qΛη
ΛΣqΣ ,

P 2 = pΛηΛΣp
Σ , (4.28)

and ηΛΣ is the metric of SO(1, n), ηΛΣ = diag(1,−1...,−1). To explicit the symmetry of

the scalar manifold we define complex charges as

zΛ ≡

(
pΛ

qΛ

)
, (4.29)

so that the central charge becomes

Z = (q0 + ip0)

(
z0z̄0 − ziz̄i

2(q2
0 + p0 2)

)1/2

. (4.30)

Black hole entropy at the attractor points is given by the modulus of the second quadratic

invariant of the symmetric space,

S = |I2| =
∣∣|Z|2 − |DiZ|2

∣∣ , (4.31)

where |DiZ|2 = GīıDiZ Dı̄Z̄; in the BPS case, DiZ = 0, and we have then

SN=2−Symm−BPS = |Z|2 =
1

2
(q2

0 + p0 2 − (q2
i + pi 2)) =

=
1

2
(z0z̄0 − ziz̄i) . (4.32)
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We can show that the attractor point corresponds, in the BPS case, to a minimum of the

potential. In fact, from (4.19), the Hessian metric for the black hole potential is

VBH ̄i = 2D̄Z̄DiZ + 2Z̄D̄DiZ

∣∣∣∣
Zi=0

=

= 2Z̄D̄DiZ

∣∣∣∣
Zi=0

, (4.33)

and, from (4.18), we get

VBH ̄i = 2Ḡi|Z|2 ; (4.34)

since the metric is positive defined, this matrix has no null-eigenvalues, which means that

there are no “flat directions” for the scalar fields, and the residual moduli space in the

BPS solution to the quadratic series of N = 2 Supergravity is empty. We notice that,

from the definition of the black hole potential in (4.14), this result depends only on the

special geometry equations, that is, on the Kähler nature of the scalar manifold.

4. Non-BPS solution

Non supersymmetric solution is given by DiZ 6= 0, together with the condition

Z = 0 =
q0 + ip0 +

∑
i(qi − ipi)zi√

2(1−
∑

i z
iz̄i)

⇓∑
i

(qi − ipi)zi = −(q0 + ip0) , (4.35)

we therefore have one condition leaving n − 1 undetermined moduli at the horizon. By

its definition the central charge is

Z = eK/2(XΛqΛ − FΛp
Λ) , (4.36)
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so that

DiZ = eK/2(DiX
Λ , qΛ −DiFΛ , pΛ) =

= eK/2(qi − ipi) + ∂iK Z =

=
1√

2(1−
∑

i z
iz̄i)

[
qi − ipi + ∂iK(q0 + ip0 + (ql − ipl)zl)

]
=

=
1√

1− |z|2

[
qi − ipi +

z̄i

1− |z|2
(q0 + ip0 + zl(ql − ipl))

]
=

=
1

√
2 (1−

∑
i z

iz̄i)3/2

[
(qi − ipi)(1−

∑
i

ziz̄i) + 2(q0 + ip0)z̄i + 2(ql − ipl)zlz̄i
]
.(4.37)

In the non-BPS case the central charge is null at the horizon, and we find for DiZ|hor the

expression

DiZ|hor =
qi − ipi√

2(1−
∑

i |zi|2)
, (4.38)

but this time the zi|hor are not stabilized The black hole entropy in this case is

SN=2,non−BPS = |I2| =
∣∣|Z|2 − |DiZ|2

∣∣ =

= −DiZD̄G
ī ,

where Gī is the inverse metric given in (A.11)

Gī = (1− |z|2)
(
δ ī − z̄iz ̄

)
, (4.39)

and we find

SN=2,non−BPS = −1

2
(qi − ipi)(q̄ + ip̄)(δ ī − ziz̄j) =

= −1

2
(q2
i + pi 2 − zi(qi − ipi)− z̄ ̄(q̄ + ip̄)) , (4.40)

and, by the attractor condition Z = 0 and (4.35), it can be written as

SN=2,non−BPS =
1

2
(q2

0 + p0 2 − (q2
i + pi 2)) =

=
1

2
(z0z̄0 − ziz̄i) , (4.41)

where complex charges are defined by (4.29).

We have checked the important result that the entropy of the black hole does not

depend on the nature (BPS or non-BPS) of the solution, but only on the asymptotic
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(initial) configuration of electric and magnetic charges. We notice that in the BPS case

I2 > 0, while here I2 < 0. Electric and magnetic charges thus select the nature of the

solution, depending on the sign of their combination

|Z|2 − |DiZ|2 =
1

2

(
q2

0 + p0 2 − (q2
i + pi 2)

)
, (4.42)

which is invariant in the moduli space.

5. Invariant expressions

Black hole entropy, as well as black hole potential, are invariant expressions of the

charges, and can be written as

VBH = −1

2
QtM(N )Q ,

SBH =
1

2
QtM(F)Q , (4.43)

where N is the matrix in the vector fields kinetic term, and F ≡ FΛΣ = ∂Λ∂ΣF (X).

We find, if the prepotential is (A.2), that

M(F) =

(
ImF 0

0 (ImF)−1

)
, (4.44)

where ImF = Id2 ⊗ ηΛΣ, ηΛΣ = diagn(−1, 1, ...., 1) and we compute the multiplications

to find

SBH =
1

2
(pΛηΛΣp

Σ + qΛη
ΛΣqΣ) =

=
1

2

(
q2

0 + p0 2 −
∑
i

(q2
i + pi 2)

)
, (4.45)

which is determined only by the charges configuration at infinity.
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6. Black Hole Parameters in N = 2 minimally coupled Supergravity

6.1. Black Hole Parameters for 1
2
-BPS Flow. The first order fake superpoten-

tials for 1
2
−BPS and non-BPS (Z = 0) attractor flows, are [39]

W2

( 1
2
−)BPS = |Z|2 = α2

1 =

=
[q0 + ip0 + (qi − ipi) zi]

[
q0 − ip0 + (qj + ipj) zj

]
2 (1− |z|2)

; (4.46)

W2
non−BPS(,Z=0) = Gij (DiZ)DjZ = α2

2 =

=
1

2
(
1− |z|2

)2

(
δij − zizj

)
·

·
[
(qi − ipi)(1− |z|2) + (q0 + ip0)zi + (qr − ipr)zrzi

]
·

·
[
(qj + ipj)(1− |z|2) + (q0 − ip0)zj + (qn + ipn)znzj

]
. (4.47)

Thus, by using the explicit expressions of W2
BPS and the differential relations of special

Kähler geometry of MN=2 [59], exploiting the first order (fake supergravity) formalism

the expressions of the ADM mass, covariant scalar charges and effective horizon radius
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for the 1
2
-BPS attractor flow can be explicitly written as2 [46]:

r2
H,BPS (z∞, z∞, p, q) = M2

ADM,BPS (z∞, z∞, p, q) =W2
BPS (z∞, z∞, p, q) =

= lim
τ→0−

|Z|2 (z (τ) , z (τ) , p, q) =

=
[q0 + ip0 + (qi − ipi) zi∞]

[
q0 − ip0 + (qj + ipj) zj∞

]
2 (1− |z∞|2)

; (4.48)

Σi,BPS (z∞, z∞, p, q) = 2 lim
τ→0−

(∂iWBPS) (z (τ) , z (τ) , p, q) =

=
1

MADM,BPS (z∞, z∞, p, q)
lim
τ→0−

(
ZDiZ

)
(z (τ) , z (τ) , p, q) =

=
1

√
2
(
1− |z∞|2

)3/2

√
q0 − ip0 + (qj + ipj) zj∞
q0 + ip0 + (qk − ipk) zk∞

·

·
[
(qi − ipi)(1− |z∞|2) + (q0 + ip0)zi∞ + (qr − ipr)zr∞zi∞

]
;(4.49)

R2
H,BPS = lim

τ→0−


W2

BPS (z (τ) , z (τ) , p, q) +

−4Gij (z (τ) , z (τ)) (∂iWBPS) (z (τ) , z (τ) , p, q) ·

·
(
∂jWBPS

)
(z (τ) , z (τ) , p, q)

 =

= I2 (p, q) = VBH,BPS =
SBH,BPS (p, q)

π
. (4.50)

2All the considered functions f (z, z, p, q) admit the limit

(f (z, z, p, q))∞ ≡ lim
τ→0−

f (z (τ) , z (τ) , p, q) = f (z∞, z∞, p, q) ,

and are assumed f (z, z, p, q) to be smooth enough to split the asymptotical limit of a product into the

product of the asymptotical limits of the factors.
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Eq. (4.50) proves Eq. (3.36) for the 1
2
-BPS attractor flow of the N = 2, d = 4

supergravity minimally coupled to n ≡ nV Abelian vector multiplets.

Notice that in the extremality regime (c = 0) the effective horizon radius RH , and thus

AH and the Bekenstein-Hawking entropy SBH are independent on the particular vacuum

or ground state of the considered theory, i.e. on
(
zi∞, z

i
∞

)
, but rather they depend only

on the electric and magnetic charges qΛ and pΛ, which are conserved due to the overall

(U(1))n+1 gauge-invariance. The independence on
(
zi∞, z

i
∞

)
is of crucial importance for

the consistency of the microscopic state counting interpretation of SBH , as well as for the

overall consistency of the macroscopic thermodynamic picture of the BH. However, it is

worth recalling that the ADM mass MADM generally does depend on
(
zi∞, z

i
∞

)
also in

the extremal case, as yielded by Eq. (4.48) for the considered 1
2
-BPS attractor flow.

6.2. Black Hole Parameters for Non-BPS (Z = 0) Flow. Once again from

the explicit expressions of W2
non−BPS in (4.47), using the differential relations of special

Kähler geometry of MN=2,mc,n and exploiting the first order formalism the expressions

of the ADM mass, covariant scalar charges and effective horizon radius for the non-BPS

Z = 0 attractor flow [46]:

r2
H,non−BPS (z∞, z∞, p, q) = M2

ADM,non−BPS (z∞, z∞, p, q) =W2
non−BPS (z∞, z∞, p, q) =

= lim
τ→0−

[
Gij (DiZ)DjZ

]
(z (τ) , z (τ) , p, q) =

that explicitly becomes

r2
H,non−BPS (z∞, z∞, p, q) =

1

2
(
1− |z∞|2

)2

(
δij − zi∞zj∞

)
·

·
[
(qi − ipi)(1− |z∞|2) + (q0 + ip0)zi∞ + (qr − ipr)zr∞zi∞

]
·

·
[
(qj + ipj)(1− |z∞|2) + (q0 − ip0)zj∞ + (qn + ipn)zn∞z

j
∞
]
.

(4.51)
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The scalar charges are

Σi,non−BPS (z∞, z∞, p, q) = 2 lim
τ→0−

(∂iWnon−BPS) (z (τ) , z (τ) , p, q) =

=
1

MADM,non−BPS (z∞, z∞, p, q)
lim
τ→0−

(
ZDiZ

)
(z (τ) , z (τ) , p, q) =

=
1√
2

1

(1− |z∞|2)
·

·
[
q0 − ip0 +

(
qj + ipj

)
zj∞

]
·

·
[
(qi − ipi)(1− |z∞|2) + (q0 + ip0)zi∞ + (qm − ipm)zm∞z

i
∞

]
·

·


(δnp − zn∞zp∞) ·

·
[
(qn − ipn)(1− |z∞|2) + (q0 + ip0)zn∞ + (qs − ips)zs∞zn∞

]
·

·
[
(qp + ipp)(1− |z∞|2) + (q0 − ip0)zp∞ + (qw + ipw)zw∞z

p
∞
]



−1/2

(4.52)

R2
H,non−BPS = lim

τ→0−


W2

non−BPS (z (τ) , z (τ) , p, q) +

−4Gij (z (τ) , z (τ)) (∂iWnon−BPS) (z (τ) , z (τ) , p, q) ·

·
(
∂jWnon−BPS

)
(z (τ) , z (τ) , p, q)

 =

= −I2 (p, q) = VBH,non−BPS =
SBH,non−BPS (p, q)

π
. (4.53)

Eq. (4.53) proves Eq. (3.36) for the non-BPS Z = 0 attractor flow of the the N =

2, d = 4 supergravity minimally coupled to n ≡ nV Abelian vector multiplets. The

considerations made at the end of Subsect. 6.1 hold also for the considered attractor flow.

It is worth noticing out that Eqs. (4.50) and (4.53) are consistent, because, as pointed

out above, the (1
2
-)BPS- and non-BPS (Z = 0)- supporting BH charge configurations in

the considered theory are respectively defined by the quadratic constraints I2 (p, q) > 0

and I2 (p, q) < 0.
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As yielded by Eqs. (4.49) and (4.52) for both non-degenerate attractor flows of the

considered theory it holds the following relation among scalar charges and ADM mass :

Σi =
1

MADM

lim
τ→0−

Di

(
|Z|2

)
. (4.54)



CHAPTER 5

N = 3 Supergravity black holes

1. Embedding of the noncompact group in the symplectic group

The scalar manifold for the non linear σ-model of the scalar fields in N = 3 Super-

gravity is [53]

SU(3, n)

SU(3)× SU(n)× U(1)
, (5.1)

whose coordinates are the 3n complex scalar fields. The isometry group SU(3, n) is the

duality group of the (n + 3) vector fields and is a subgroup of the symplectic group

Sp(2(3 + n),R) [62]. Given

H =

(
0 B

BT 0

)
, (5.2)

the generic element parametrizing the coset space is

L = exp(H) =

(√
1 +XX† X

X†
√

1 +X†X

)
; (5.3)

let us consider the embedding of the isometry group SU(3, n) into the symplectic group

SU(3, n) → Sp(2(3 + n),R) ,

g ≡ L(z) → S(g) ≡ S(L(z)) , (5.4)

the matrix S is given by the block matrix

S(g) =

(
φ0 φ

∗
1

φ1 φ
∗
0

)
, (5.5)

which is an element S ∈ SU(3, n) ⊂ Sp(2(3 + n),R), so that the sub-blocks φ0 and φ1

satisfy the relations

φ†0φ0 − φ†1φ1 = 1 ,

φ†0φ
∗
1 − φ

†
1φ
∗
0 = 0 . (5.6)

47
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In the Gaillard Zumino construction the vector fields kinetic Lagrangian is

Lkinvec = F+
ΛµνF

+
ΣµνN

ΛΣ + F−ΛµνF
−
ΣµνN̄

ΛΣ , (5.7)

where the kinetic matrix NΛΣ is symmetric and is defined as

NΛΣ = (φ†0 + φ†1)−1(φ†0 − φ
†
1) . (5.8)

The embedding is defined once we write the matrix S as a functions of X, we have

S =


√

1 +XX† 0 0 X

0
√

1 +XTX∗ XT 0

0 X∗
√

1 +X∗XT 0

XT 0 0
√

1 +X†X

 , (5.9)

that is

φ1 =

(
0 X∗

X† 0

)
,

φ0 = (1 + φ∗1φ1)1/2 =

(√
1 +XX† 0

0
√

1 +XTX∗

)
. (5.10)

The matrix NΛΣ can be written in terms of symplectic sections as

NΛΣ = (h f−1)ΛΣ , (5.11)

where the explicit dependence of f and h on the sublocks of S(X) is given by

f =
1√
2

(φ0 + φ1) ,

h =
−i√

2
(φ0 − φ1) , (5.12)

and in terms of the coordinates of the coset space

f = fΛ
Σ =

1√
2

(√
1 +XX† X∗

X†
√

1 +XTX∗

)
= (5.13)

= (fΛ
AB, f̄

Λ
Ī ) ,

h = hΛΣ =
−i√

2

(√
1 +XX† −X∗

−X†
√

1 +XTX∗

)
= (5.14)

= (hΛABh̄ΛĪ) .
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If we write the equations (5.6) in terms of symplectic sections we find

i(f †h− h†f) = 1 ,

hT f − hfT = 0 . (5.15)

1.1. Central charges and matter charges. Charges are defined as the integral

over a sphere at infinity of the dressed graviphoton and matter field strengths, so that we

have

ZAB = −
∫
S2

TAB = −
∫
S2

T−AB =

= fΛ
ABqΛ − hΛABp

Λ , (5.16)

ZI = −
∫
S2

TI = −
∫
S2

T−I = ,

= fΛ
I qΛ − hΛIp

Λ . (5.17)

Using the explicit expression for the symplectic sections given in (5.13) and (5.15), we

find for the charges Z = (ZAB , ZI) ( C = 1, .., 3 and I, i = 1, ..., n)

ZAB =
1√
2

[√
1 +XX†

C

(AB)(qC + ipC) + (X∗)i(AB)(qi − ipi)
]
, (5.18)

ZI =
1√
2

[
(X†)CI (qC − ipC) +

√
1 +XTX∗

i

I (qi + ipi)
]
. (5.19)

1.2. Attractor equations and VBH critical points. We impose to the black hole

potential

VBH =
1

2
ZABZ̄

AB + ZIZ̄
Ī , (5.20)

an extremum condition, in order to get a regular dynamic for the scalar fields at the

horizon, therefore

dVBH |hor =
1

2
(DZAB)Z̄AB + (DZI)Z̄

I +
1

2
ZABDZ̄

AB + ZIDZ̄
Ī = 0 .

(5.21)

Depending on the geometry of the scalar manifold, one can write the expression of the

covariant derivatives in terms of the embedded vielbien P , defined in a suitable central/-

matter indices decomposition. For N = 3 its only non-zero components are P I
AB, so that



50 5. N = 3 SUPERGRAVITY BLACK HOLES

the above equation becomes

dVBH |hor = P I
ABZ̄

ABZI + c.c. = 0 . (5.22)

It admits the two solutions

• ZAB 6= 0 , ZI = 0,

VBH |hor = 1
2
|ZAB|2,

BPS solution

• ZAB = 0 , ZI 6= 0,

VBH |hor = |ZI |2,

non-BPS solution.

1.3. Fake superpotentials. Once the charges have been written in (5.18) and (5.19),

one finds that the superpotentials take the following form

W2

( 1
3
−)BPS =

1

2
ZABZ

AB
= Z2

1 =

=
1

2

[
(qC − ipC)

(√
1 +XX†

) C

+ (qi + ipi)
(
XT
)i] ·

·
[(√

1 +XX†
) D

(qD + ipD) +X
j
(qj − ipj)

]
=

=
1

2

[
(1 +XX†)AB(qA − ipA)(qB + ipB)+

+(
√

1 +XX†X)A i(qi + ipi)(qA + ipA) +

+(X†
√

1 +XX†)j B(qA − ipB)(qj − ipj) +

+(X†X)kl(ql + ipl)(qk − ipk)
]

;

(5.23)
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W2
non−BPS(,ZAB=0) = ZIZ

I
= ρ2 =

=
1

2

[
(qD + ipD)XD + (ql − ipl)

(√
1 +XTX

) l
]
·

·
[
(X†)C(qC − ipC) +

(√
1 +XTX

) i

(qi + ipi)

]
=

=
1

2

[
(XX†)CD(qC + ipC)(qD − ipD)+

+(
√

1 +X†X X†)l C(ql − ipl)(qC − ipC) +

+(X
√

1 +X†X)D i(qD + ipD)(qi + ipi) +

+(1 +X†X)l i(ql − ipl)(qi + ipi)
]
.

(5.24)

Notice that, since all the contractions of SU(3) and SU(n) indices of electric and magnetic

BH charges are uniquely defined with respect to the row or columns of the matrix X, every

transposition index has been suppressed in Eqs. (5.23) and (5.24).

By introducing the complexified graviphoton and matter BH charges respectively as

follows:

QC ≡ qC + ipC ; (5.25)

Qi ≡ qi + ipi, (5.26)

Eqs. (5.23) and (5.24) can be rewritten as follows:

W2
BPS =

1

2

[
(1 +XX†)ABQAQB + (

√
1 +XX†X) AiQiQA+

+(X†
√

1 +XX†)j BQBQj + (X†X)k lQkQl

]
; (5.27)

W2
non−BPS =

1

2

[
(XX†)ABQAQB + (

√
1 +X†X X†)i AQiQA+

+(X
√

1 +X†X)B jQBQj + (1 +X†X)k lQkQl

]
. (5.28)

2. Black Hole entropy

The isometry group SU(3, n) only has the quadratic invariant

I2 =
1

2
(ZABZ̄

AB)− (ZIZ̄
Ī)2 (5.29)
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and in this case, as for N = 2, the entropy at the attractor point is the modulus of I2,

SBH = |1
2
ZABZ̄

AB − ZIZ̄I | . (5.30)

Using (5.27) and (5.28), the entropy is then given by

SBH =
1

2

∣∣∣∣∣∑
C

(q2
C + pC 2)−

∑
l

(q2
l + pl 2)

∣∣∣∣∣ =

=
1

2

∣∣∣QAQ̄A −QiQ̄i

∣∣∣ , (5.31)

for, since the matrix XX† is hermitian,

(XX†)CDQCQ̄D = 〈QC , QC〉XX† =

= 〈Q̄C , Q̄C〉XX† = (XX†)CDQ̄CQD , (5.32)

and we have used the identity, which holds for any matrix A,

A†
√

1 + AA† =
√

1 + A†A A† , (5.33)

whose hermitian conjugate is√
1 + AA† A = A

√
1 + A†A . (5.34)

We notice that the entropy in (5.31) generalizes as expected the entropy of the black hole

we found for N = 2 supergravity, where the scalar manifold was SU(1, n)/SU(1)×SU(n),

but now residual flat directions for the scalar fields appear both in the BPS and in the

non-BPS solution.

3. BPS N = 3 solution

In the BPS case ZI = 0 so that the black hole potential is

VBH =
1

2
|ZAB|2 = SBH (5.35)

Imposing ZI = 0, we have n equations that will allow us to stabilize 1
3

of the complex

scalar fields. From equation (5.19), we have

(X†)C z̄C = −
√

1 +X†X
i
zi . (5.36)
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Inserting this relation and its hermitian conjugate in (5.27), using also (5.33) and (5.34)

we find

ZABZ̄
AB = (1 +XX†)CDQ̄CQD + (X

√
1 +X†X)DiQiQD +

+(
√

1 +X†XX†)l CQ̄CQ̄l + (X†X)l iQ̄lQi =

= Q̄CQ
C + (XX†)CDQ̄CQD − (XX†)DCQDQ̄C +

−(1 +X†X)liQ̄lQi + (X†X)l iQ̄lQi =

=
∑
C

QCQ̄C −
∑
i

QiQ̄i . (5.37)

The entropy in the BPS case is

SBH =
1

2
ZABZ̄

AB =

=
1

2

[∑
C

(q2
C + pC 2)−

∑
l

(q2
l + pl 2)

]
=

=
1

2

[∑
C

QCQ̄C −
∑
i

QiQ̄i

]
. (5.38)

The condition ZI = 0 is a set of n complex equations that does not fix all the 3n complex

scalar fields, the residual 2n flat directions defining the moduli space

SU(2, n)

SU(2)× SU(n)× U(1)
. (5.39)

4. Non-BPS Solution

We get three constraints on the scalar fields from the extremum condition ZAB = 0

potential in the non BPS case. Explicitly we have√
1 +XX†

C
(qC + ipC) = −(X†)i(qi − ipi) , (5.40)

or √
1 +XX†

C
QC = −(X†)iQ̄i . (5.41)

The black hole potential at the horizon is

VBH = ZIZ̄
I = SBH . (5.42)
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From the expression (5.28), analogously to what done in the BPS case, we compute

2|ZI |2 = (XX†)CDQCQ̄D + (X†
√

1 +XX†)l CQ̄lQ̄C +

+(
√

1 +XX†X)D iQDQi + (1 +X†X)l iQ̄lQi =

= (XX†)CDQCQ̄D − (1 +XX†)CDQCQ̄D +

−(X†X)liQ̄lQi + (1 +X†X)l iQ̄lQi =

=
∑
i

QiQ̄i −
∑
C

QCQ̄C . (5.43)

The entropy is given again, as expected, by the formula

SBH = ZIZ̄
I =

= −1

2

[∑
C

QCQ̄C −
∑
i

QiQ̄i

]
. (5.44)

In this case we have 3 equations that stabilize only 1
n

the scalar fields, so that the moduli

space for the non-BPS solution is

SU(3, n− 1)

SU(3)× SU(n− 1)× U(1)
, (5.45)

which has dimC = 3(n− 1).

5. Black Hole Parameters for 1
3
-BPS Flow

By using the Maurer-Cartan Eqs. ofN = 3, d = 4 supergravity (see e.g. [65, 63, 64]),

one finds [39]

∂iZ1 = ∂iWBPS =
1

2
√

2

PIAB,iZ
I
Z
AB√

ZCDZ
CD

=
1

4Z1

PIAB,iZ
I
Z
AB
, (5.46)

where PIAB ≡ PIAB,idz
i is the holomorphic Vielbein of MN=3,n. Here, ∇ denotes the

U (1)-Kähler and HN=3,n-covariant differential operator. In the first order formalism the

relevant parameters ADM mass,covariant scalar charges and effective horizon radius for
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the 1
3
-BPS attractor flow are computed to be

r2
H,BPS (z∞, z∞, p, q) = M2

ADM,BPS (z∞, z∞, p, q) =W2
BPS (z∞, z∞, p, q) =

=
1

2
lim
τ→0−

(
ZABZ

AB
)

(z (τ) , z (τ) , p, q) =

=
1

2

 (1 +X∞X
†
∞)ABQAQB + (

√
1 +X∞X

†
∞X∞) AiQiQA+

+(X†∞
√

1 +X∞X
†
∞)j BQBQj + (X†∞X∞)k lQkQl

 ;

(5.47)

Σi,BPS (z∞, z∞, p, q) = 2 lim
τ→0−

(∂iWBPS) (z (τ) , z (τ) , p, q) =

=
1√
2

PIAB,iZI
Z
AB√

ZCDZ
CD


∞

=
1

2

[
1

Z1

PIAB,iZ
I
Z
AB
]
∞

=

=
1

2MADM,BPS (z∞, z∞, p, q)

(
PIAB,iZ

I
Z
AB
)
∞

; (5.48)

R2
H,BPS = lim

τ→0−

[
W2

BPS (z (τ) , z (τ) , p, q) +

− 4Gij (z (τ) , z (τ)) (∂iWBPS) (z (τ) , z (τ) , p, q) ·

·
(
∂jWBPS

)
(z (τ) , z (τ) , p, q)

]
=

= I2 (p, q) = VBH,BPS =
SBH,BPS (p, q)

π
, (5.49)

where

X∞ ≡ lim
τ→0−

X (τ) . (5.50)

The subscript “∞” indicates the point at radial infinity zi∞.
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Eq. (5.49) proves Eq. (3.36) for the 1
3
-BPS attractor flow of the considered N = 3,

d = 4 supergravity. Such a result was obtained by using Eq. (5.46) and computing that

4Gij (∂iWBPS) ∂jWBPS = 4Gij (∂iZ1) ∂jZ1 =

=
GijPIAB,iP JEF,jZ

I
ZJZ

AB
ZEF

2ZCDZ
CD

= ZIZ
I

= ρ2, (5.51)

where the relation

GijPIAB,iP JEF,j = δIJ (δAEδBF − δAF δBE) (5.52)

was exploited.

The considerations made at the end of Subsect. 6.1 hold also for the considered

attractor flow.

As pointed out above, the same also holds for (1
2
-BPS attractor flow of) N = 2, d = 4

supergravity minimally coupled to Abelian vector multiplets (see Eq. (150) of [46]), in

which the (unique) invariant of the U -duality group SU (1, n) is quadratic in BH electric

and magnetic charges. Such a similarity is ultimately due to the fact that SU (m,n) is

endowed with a pseudo-Hermitian quadratic form built out of the fundamental m + n

and antifundamental m + n representations.

6. Black Hole Parameters for Non-BPS (ZAB = 0) Flow

By using the Maurer-Cartan Eqs. ofN = 3, d = 4 supergravity (see e.g. [65, 63, 64]),

one gets [39]

∂iρ = ∂iWnon−BPS =
1

4

PIAB,iZ
I
Z
AB√

ZJZ
J

=
PIAB,iZ

I
Z
AB

4ρ
. (5.53)
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The relevant non-BPS flow parameters are

r2
H,non−BPS (z∞, z∞, p, q) = M2

ADM,non−BPS (z∞, z∞, p, q) =W2
non−BPS (z∞, z∞, p, q) =

= lim
τ→0−

(
ZIZ

I
)

(z (τ) , z (τ) , p, q) =

=
1

2

 (X∞X
†
∞)ABQAQB + (

√
1 +X†∞X∞X

†
∞)i AQiQA+

+(X∞
√

1 +X†∞X∞)B jQBQj + (1 +X†∞X∞)k lQkQl

 ;

(5.54)

Σi,non−BPS (z∞, z∞, p, q) = 2 lim
τ→0−

(∂iWnon−BPS) (z (τ) , z (τ) , p, q) =

=
1

2

PIAB,iZI
Z
AB√

ZJZ
J


∞

=
1

2

[
PIAB,iZ

I
Z
AB

ρ

]
∞

=

=
1

2MADM,non−BPS (z∞, z∞, p, q)

(
PIAB,iZ

I
Z
AB
)
∞

;

(5.55)

R2
H,non−BPS = lim

τ→0−


W2

non−BPS (z (τ) , z (τ) , p, q) +

−4Gij (z (τ) , z (τ)) (∂iWnon−BPS) (z (τ) , z (τ) , p, q) ·

·
(
∂jWnon−BPS

)
(z (τ) , z (τ) , p, q)

 =

= −I2 (p, q) = VBH,non−BPS =
SBH,non−BPS (p, q)

π
. (5.56)

Eq. (5.49) proves Eq. (3.36) for the non-BPS (ZAB = 0) attractor flow of the considered

N = 3, d = 4 supergravity. Such a result was obtained by using Eq. (5.53) and computing
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that

4Gij (∂iWnon−BPS) ∂jWnon−BPS = 4Gij (∂iρ) ∂jρ =

=
1

4
δIK (δACδBD − δADδBC)

Z
AB
ZCDZ

I
ZK

ZJZ
J

=

=
1

2
ZABZ

AB
= Z2

1 . (5.57)

The considerations made at the end of Subsect. 6.1 hold also for the considered

attractor flow.

It is worth noticing out that Eqs. (5.49) and (5.56) are consistent, because, as pointed

out above, the (1
3
-BPS)- and non-BPS (ZAB = 0)- supporting BH charge configurations

in the considered theory are respectively defined by the quadratic constraints I2 (p, q) > 0

and I2 (p, q) < 0.

As yielded by Eqs. (5.48) and (5.55) for both non-degenerate attractor flows of the

considered theory it holds the following relation among scalar charges and ADM mass :

Σi =
1

2MADM

lim
τ→0−

PIAB,iZ
I
Z
AB
. (5.58)

7. Black Hole Entropy in Minimally Coupled N = 2 and N = 3 Supergravity

It is here worth remarking that the classical Bekenstein-Hawking [49] d = 4 BH

entropy SBH for minimally coupled N = 2 and N = 3 supergravity is given by the

following SU (m,n)-invariant expression:

SBH
π

=
1

2

∣∣q2 + p2
∣∣ , (5.59)

where q2 ≡ ηΛΣqΛqΣ and p2 ≡ ηΛΣp
ΛpΣ, ηΛΣ = ηΛΣ being the Lorentzian metric with

signature (m,n). As said above, N = 2 is obtained by putting m = 1, whereas N = 3 is

given by m = 3. Thus, in Eq. (5.59) the positive signature pertains to the graviphoton

charges, while the negative signature corresponds to the charges given by the fluxes of the

vector field strengths from the matter multiplets.

The supersymmetry-preserving features of the attractor solution depend on the sign

of q2 + p2. The limit case q2 + p2 = 0 corresponds to the so-called small BHs (which

however, in the case N = 3, do not enjoy an enhancement of supersymmetry, contrarily

to what usually happens in N > 4, d = 4 supergravities; see e.g. the treatment in [48]).
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By setting n = 0 in N = 3, d = 4 supergravity (with resulting U -duality U (3) which,

due to the absence of scalars, coincides with the N = 3 R-symmetry U (3) [66]), one gets

SBH
π

=
1

2

[
q2

1 + q2
2 + q2

3 +
(
p1
)2

+
(
p2
)2

+
(
p3
)2
]
, (5.60)

which is nothing but the sum of the entropies of three extremal (and thus BPS; see e.g.

the discussion in [46]) Reissner-Nördstrom BHs, without any interference terms. Such

a result can be simply understood by recalling that the generalization of the Maxwell

electric-magnetic duality U (1) to the case of n Abelian gauge fields is U (n) [62], and

that the expression in the right-hand side of Eq. (5.60) is the unique possible U (3)-

invariant combination of charges.

Moreover, it is here worth noticing that N = 3, d = 4 supergravity is the only

N > 2 supergravity in which the gravity multiplet does not contain any scalar field at

all, analogously to what happens in the case N = 2. Thus, in minimally coupled N = 21

and N = 3, d = 4 supergravity the pure supergravity theory, obtained by setting n = 0,

is scalarless, with the U -duality coinciding with the R-symmetry [66].

This does not happen for all other N > 2 theories. For instance, the N = 4, d = 4

gravity multiplet does contain one complex scalar field (usually named axion-dilaton)

and six Abelian vectors; thus, the pure N = 4 theory, obtained by setting n = 0, is not

scalarless. By further truncating four vectors out (i.e. by performing a (U (1))6 → (U (1))2

gauge truncation) and analyzing the bosonic field content, one gets the bosonic sector of

N = 2, d = 4 supergravity minimally coupled to one vector multiplet, the so-called

axion-dilaton supergravity.

1Let us notice also that N = 2 minimally coupled theory is the only (symmetric) N = 2, d = 4

supergravity which yields the pure N = 2 supergravity simply by setting n = 0.





CHAPTER 6

N=5 Supergravity black holes

The 10 vector field strengths and their duals, as well as their asymptotical fluxes,

sit in the three-fold antisymmetric irreducible representation 20 of the U -duality group

G = SU (1, 5) (or equivalently of the compact form SU (6)C), andnot in itsfundamental

representation 6.

ZAB = Z[AB], A,B = 1, 2, 3, 4, 5 = N is the central charge matrix. By means of a

suitable transformation of the R-symmetry HN=5 = U (5), ZAB can be skew-diagonalized

writing the matrix in its normal form

ZAB =

Z1ε

Z2ε

0

 , (6.1)

where Z1,Z2 ∈ R+
0 are the N = 5 skew-eigenvalues, which can be ordered as Z1 > Z2

without any loss of generality, and can be expressed as


Z1 = 1√

2

√
I1 +

√
2I2 − I2

1 ;

Z2 = 1√
2

√
I1 −

√
2I2 − I2

1 ;

⇐⇒


I1 = Z2

1 + Z2
2 ;

I2 = Z4
1 + Z4

2 ,

(6.2)

where

I1 ≡
1

2
ZABZ

AB
, (6.3)

I2 ≡
1

2
ZABZ

BC
ZCDZ

DA
, (6.4)

are the two unique (moduli-dependent) HN=5 invariants.
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1. Symplectic sections

In N = 5 Supergravity no matter coupling is allowed, so we only deal with central

charges. The scalar manifold of the theory is

SU(1, 5)

U(5)
, (6.5)

From the Lagrangian of N = 5 supergravity [51] we read

Lveckin = −1

8
V (2Sij,kl − δikδjl)F+

µν ijF
+µν

kl + h.c. , (6.6)

and, accordingly to the Gaillard Zumino construction, (read eq. (36) from [48])

Lveckin = −i Nij,klF+ ijF+ kl + h.c. =

=
√
−g i

4
Nij,klF+ ij

µν F+ kl,µν + h.c. , (6.7)

so we can identify the kinetic matrix N ij,kl with

N ij,kl = i(Sij,kl − 1

2
δikδjl) . (6.8)

The matrix S satisfies the relation

(δijkl − S̄
ij,kl)Skl,mn = δijmn , (6.9)

where, for a suitable choice of the scalar fields,

S̄ij,kl = −1

2
εijklaφa . (6.10)

We then find

Sij,kl =
1

1− (φi)2
(δijkl −

1

2
εijklaφa − 2δ[i [kφl]φj]) , (6.11)

where the last term is normalized as

δ
[i
[kφ

j]φl] =
1

4
(δikφ

jφl ± perm...) (6.12)

so that we can write the kinetic matrix as

Nij,kl =
α

1− (φi)2

(
1

2
(1 + (φi)

2)δijkl −
1

2
εijklaφa − 2δ[i [kφl]φj]

)
, (6.13)

where α is a factor to be determined by the relations satisfied by f and h as symplectic

sections.
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Since we can write the supersymmetry transformation for the vector field as [67]

δAijµ = 2f ij ABψ̄Aµ + 2f ijABψ̄
A
µ ε

B , (6.14)

we compare this formula with the one from [51]

δAijµ = (S̄ij,kl − δij,kl)(C−1) AB
kl (ε̄CγµχABC + 2

√
2ε̄AψB) , (6.15)

where

C kl
ij =

1

e1

δijkl − 2
e2

e1

δ
[i
[kφ

j]φl] ,

(C−1) kl
ij =

(
e1δ

kl
ij + 2e2δ

[i
[kφ

j]φl]

)
, (6.16)

and

e2
1 =

1

1− |φ|2
,

e2 =
1

|φ|2
(1− e1) . (6.17)

We simply get, then

f ijAB =
(
e1δ

ij
AB +

e1

2
εijABmφm + 2e2δ

[A
[i φ

B]φj]

)
, (6.18)

The symplectic section h is

(h)ij,AB = Nij,mn(f)mnAB , (6.19)

and explicitely

hij,AB =
α

1− (φi)2

(
1

2
(1 + (φi)

2)δijkl −
1

2
εijklaφa − 2δ[i [kφl]φj]

)
·

·
(
e1δ

kl
AB +

e1

2
εklABmφm + 2e2δ

[A
[k φ

B]φl]

)
=

= α
(e1

2
δijAB −

e1

4
εijABmφm + e2δ

[A
[i φ

B]φj]

)
. (6.20)

We now check our results and fix the numerical factor in front of N , by writing

explicitely the identities

(f †h− h†f) = −i1 , (6.21)

fTh− hT f = 0 . (6.22)
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We begin with the second which is easly computed, once we recall that

1

4
εijABaεijCDbφaφb = (φi)

2δABCD − 2δ[A[CφD]φB] ,

δ
[A
[i φ

B]φj]δ
[C
[i φ

D]φj] =
1

2
(φi)

2δ[A[CφD]φB] , (6.23)

since

(fTh)ABCD = (hT f)ABCD =

= α
(e1

2
δijAB −

e1

4
εijABmφm + e2δ

[A
[i φ

B]φj]

)
·

·
(
e1δ

ij
CD +

e1

2
εijCDmφm + 2e2δ

[C
[i φ

D]φj]

)
=

= α

(
e2

1

2
δABCD(1− φ2

i ) + e2
1δ[A[CφD]φB] + e2

2(φi)
2δ[A[CφD]φB]+

+2e1e2Re
{
δ

[C
[Aφ

D]φB]

})
, (6.24)

We write now

f †h = f AB
ij hij CD =

= α
(
e1δ

AB
ij +

e1

2
εijABmφ

m + 2e2δ
[i
[Aφ

j]φB]

)
·

·
(e1

2
δijCD −

e1

4
εijCDaφa + e2δ

[C
[i φ

D]φj]

)
=

= α

[
e2

1

2
δABCD +

e2
1

4
εABCDmφ

m + e1e2δ
[C
[Aφ

D]φB]+

−e
2
1

4
εABCDaφa −

e2
1

2
δABCD + e2

1δ
[C
[Aφ

D]φB] +

+ e1e2δ
[C
[Aφ

D]φB] + e2
2|φ|2δ

[C
[Aφ

D]φB]

]
, (6.25)

and since |φ|2e2 = 1− e1, and e2
1 + e1e2 + e2 = 0,

f AB
ij hij CD = α

[
1

2
δABCD +

i

2
e2

1Im(εABCDmφ
m)

]
. (6.26)

By an analogous calculation we see that

h†f = (hij CD)†f AB
ij =

= α∗
[

1

2
δABCD +

i

2
e2

1Im(εABCDaφa)

]
, (6.27)

so that, if we take α = −i, identity (6.21) is satisfied.
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2. Central charges

1 We build central charges by their definition in terms of electric and magnetic ones,

in the same representation of ZAB, as

ZAB = f ijABqij − hij,ABp
ij , (6.29)

and from (6.18) and (6.20), using complex electromagnetic charges, we find

ZAB =
(
e1q

AB +
e1

2
εABijmq̄ijφm − 2e2φ

[AqB]NφN

)
. (6.30)

The U -duality invariant for N = 5 theory is

IN=5 = 4Tr(A2)− (Tr A)2 , (6.31)

where

Tr A = ZABZ̄
BA , (6.32)

Tr(A)2 = ZABZ̄
BCZCDZ̄

DA , (6.33)

and we notice that TrA = −2VAB. The first order fake superpotential, corresponding to

the non degenerate attractor flow, the 1
5
-BPS one, is

W2

( 1
5
−)BPS =

1

2

[
1

2
ZABZ

AB
+

√
ZABZ

BC
ZCDZ

DA − 1

4

(
ZABZ

AB
)2
]

=

=
1

2

[
I1 +

√
2I2 − I2

1

]
= Z2

1 . (6.34)

3. Attractor Equations

The black hole potential, in absence of matter charges, is

VBH =
1

2
ZABZ̄

AB , (6.35)

1We rescale the section f by a factor 1
2 , and the N matrix at the same time by a factor of 2. The

definition of h section and the identity (6.21) are left unchanged, but we avoid with this redefinition an

unsuitable rescaling of magnetic charges, once we have to deal with complex charges, such as

qAB ≡ 1
2

(qAB + ipAB) . (6.28)
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and the minimum condition becomes

0 = dVBH =
1

2
DZABZ̄

AB +
1

2
ZABDZ̄

AB . (6.36)

The Maurer-Cartan equations for the symplectic sections define the covariant derivative

of the charges as

DZAB =
1

2
Z̄ABPABCD =

=
1

2
Z̄ABεABCDEP

E , (6.37)

so that (6.36) becomes

dVBH = 0 = εABCDEZ̄
ABZ̄CDPE + εABCDEZABZCDPE , (6.38)

and we find the two equations

εABCDEZABZCD = 0 ,

εABCDEZ̄
ABZ̄CD = 0 . (6.39)

We explicite the first one, using the expression for the central charge written in (6.30), as

0 = εABCDEZABZCD =

= e2
1ε
ABCDEqABqCD + e2

1(εABCDnq̄AB q̄CDφn)φE + 8e2
1(qq̄)φE +

+16e2
1φnq

nAq̄AE − 4e1e2ε
ABCDEqABφCqDiφi +

−8e1e2(φlq
Dlq̄CDφC)φE − 16e1e2|φ|2φlqilq̄iE . (6.40)

The criticality conditions (6.39) and (6.40) are satisfied for a unique class of critical

points, identifying the (1
5
-)BPS solution

Z2 = 0, Z1 > 0. (6.41)

It is worth counting here the degrees of freedom related to eqs. (6.39) and (6.39), or

equivalently to the unique 1
5
-BPS solution given by (6.41). Equations (6.39) and (6.39) are

10 real equations, but actually only 6 real among them are independent. Thus a moduli

space of 1
5
-BPS attractors, spanned by the 2 complex scalars unstabilized by (6.41) does

[45] exist. This counting of flat directions of VBH at its 1
5
-BPS critical points are given in

terms of N = 2 hyperscalars’ degrees of freedom in the N = 5→ N = 2 supersymmetry

reduction.
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4. Black Hole Parameters for 1
5
-BPS Flow

By using the Maurer-Cartan Eqs. ofN = 5, d = 4 supergravity (see e.g. [65, 63, 64]),

one gets [39]

∂iZ1 = ∂iWBPS =

=
P,i√

2

√
1

2
ZABZ

AB −
√
ZABZ

BC
ZCDZ

DA − 1

4

(
ZABZ

AB
)2

= P,iZ2,

(6.42)

where P ≡ P1234, PABCD ≡ PABCD,idz
i = εABCDEP

E being the holomorphic Vielbein of

MN=5. Here, ∇ denotes the U (1)-Kähler and HN=5-covariant differential operator.

Thus, by using the explicit expressions ofW2
BPS given by Eq. (6.34), using the Maurer-

Cartan Eqs. of N = 5, d = 4 supergravity (see e.g. [65, 63, 64]), following the treatment

of the first order formalism, one respectively obtains the following expressions of the

(square) ADM mass, covariant scalar charges and (square) effective horizon radius for

the 1
5
-BPS attractor flow:

r2
H,BPS (z∞, z∞, p, q) = M2

ADM,BPS (z∞, z∞, p, q) =W2
BPS (z∞, z∞, p, q) =

=
1

2
lim
τ→0−

[
1

2
ZABZ

AB
+

√
ZABZ

BC
ZCDZ

DA − 1

4

(
ZABZ

AB
)2
]

=

= Z2
1

∣∣
∞ ;

(6.43)

Σi,BPS (z∞, z∞, p, q) ≡ 2 lim
τ→0−

(∂iWBPS) (z (τ) , z (τ) , p, q) =

=
√

2 lim
τ→0−

P,i
√

1

2
ZABZ

AB −
√
ZABZ

BC
ZCDZ

DA − 1

4

(
ZABZ

AB
)2

 =

= 2 (P,iZ2)∞ ;

(6.44)
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R2
H,BPS =W2

BPS (z∞, z∞, p, q) +

−4Gij (z∞, z∞) (∂iWBPS) (z∞, z∞, p, q)
(
∂jWBPS

)
(z∞, z∞, p, q) =

=

√
ZABZ

BC
ZCDZ

DA − 1
4

(
ZABZ

AB
)2

=

=
√

2Z4
1 + 2Z4

2 − (Z2
1 + Z2

2 )
2

=

= Z2
1 −Z2

2 =
√
I4 (p, q) > 0.

(6.45)

Eq. (6.45) proves Eq. (3.36) for the 1
5
-BPS attractor flow of the considered N = 5,

d = 4 supergravity. Such a result was obtained by using Eq. (6.42) and computing that

4Gij (∂iWBPS) ∂jWBPS = 4Gij (∂iZ1) ∂jZ1 =

= 2GijP,iP ,j

[
1
2
ZABZ

AB −
√
ZABZ

BC
ZCDZ

DA − 1
4

(
ZABZ

AB
)2
]

=

= 1
2

[
1
2
ZABZ

AB −
√
ZABZ

BC
ZCDZ

DA − 1
4

(
ZABZ

AB
)2
]

= Z2
2 ,

(6.46)

where the relation

4GijP,iP ,j = 1 (6.47)

was used.

It is worth noticing out that Eq. (6.45) is consistent, because, as pointed out above,

the 1
5
-BPS-supporting BH charge configurations in the considered theory is defined by the

quartic constraints I4 (p, q) > 0.
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The case of N = 4 Supergravity and Dualities

1. N=4 Pure Supergravity

The special Kahler scalar manifold is

MN=4,pure =
GN=4,pure

HN=4,pure

=
SU (1, 1)× SU (4)

U (1)× SU (4)
=
SU (1, 1)

U (1)
, dimR = 2, (7.1)

spanned by the complex scalar

s ≡ a+ ie−2ϕ, a, ϕ ∈ R, (7.2)

where a and ϕ are usually named axion and dilaton, respectively. The invariant of the

scalar manifold is a quartic expression in terms of electric and magnetic charges

I4 = 4
[
p2q2 − (p · q)2

]
. (7.3)

It is worth noticing that when the symplectic index are Λ,Σ = 1, 2, the theory corresponds

to the truncation (U (1))6 → (U (1))2 of the gauge group, and I4 is a perfect square that,

if expressed as a function of the skew-eigenvalues of the central charge function of the

truncated Supergravity, it reduces to

I4 =
[
(Z1)2 − (Z2)2

]2
, (7.4)

thus reproducing the quadratic invariant I2 of the minimally coupled N = 2, d = 4

sequence. Also in this case it is possible to apply the first order formalism.

From the symplectic structure [63, 64, 48] the symplectic sections are

fΛ
AB = eϕδΛ

AB, hΛ|AB = seϕδΛ|AB =
(
aeϕ + ie−ϕ

)
δΛ|AB, (7.5)

and the kinetic vector matrix is

NΛΣ =
(
hf−1

)
ΛΣ

= sδΛΣ. (7.6)

We can then write the central charge matrix

ZAB = fΛ
ABqΛ − hΛ|ABp

Λ = eϕδΛ
ABqΛ − seϕδΛ|ABp

Λ = −eϕ (spAB − qAB) , (7.7)
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and, from (6.2)-(6.4), the invariants are

I1 ≡
1

2
ZABZ

AB
= Z2

1 + Z2
2 =

=
(
e2ϕa2 + e−2ϕ

)
p2 + e2ϕq2 − 2ae2ϕp · q; (7.8)

I2 ≡
1

2
ZABZ

BC
ZCDZ

DA
= Z4

1 + Z4
2 =

=
1

2
e4ϕ (spAB − qAB)

(
spBC − qBC

)
(spCD − qCD)

(
spDA − qDA

)
, (7.9)

where p2 ≡ (p1)
2

+ ...+ (p6)
2
, q2 ≡ q2

1 + ...+ q2
6, and p · q ≡ pΛqΛ.

Only 1
4
-BPS attractor flow is non-degenerate (i.e. corresponding to large black holes

[48]), and the corresponding first order fake superpotential is identical to the one of the
1
5
-BPS attractor flow in N = 5, d = 4 supergravity [39], given by (6.34), which in the

considered framework can be further elaborated as follows:

W2

( 1
4
−)BPS =

1

2

[
I1 +

√
2I2 − I2

1

]
= Z2

1 =

=
e2ϕ

4



(spAB − qAB)
(
spAB − qAB

)
+

+

√√√√√√ 4 (spAB − qAB)
(
spBC − qBC

)
(spCD − qCD)

(
spDA − qDA

)
+

−
[
(spAB − qAB)

(
spAB − qAB

)]2


.

(7.10)

In the case of matter coupled N = 4 Supergravity the scalar manifold is real

MN=4 =
GN=4

HN=4

=
SU (1, 1)

U (1)
× SO (6, n)

SO (6)× SO (n)
, dimR = 6n+ 2. (7.11)

The quartic GN=4-invariant I4 of N = 4, d = 4 supergravity is the following unique

(moduli-independent) GN=4-invariant combination of I1, I2 and I3 [65]:

I4 ≡ I2
1 − I2I3 = I2

1 − |I2|2 =

= (Z2
1 −Z2

2 )
2

+ (ρ2
1 + ρ2

2)
2 − 2 (Z2

1 + Z2
2 ) (ρ2

1 + ρ2
2) +

+4Z1Z2 [ρ2
1 + ρ2

2cos (2θ)]− [ρ4
1 + ρ4

1 + 2ρ2
1ρ

2
2cos (2θ)] .

(7.12)
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I4 This last expression is a non-trivial perfect square of a function of degree 2 of Z1, Z2,

ρ1, ρ2 and θ only in the pure supergravity theory (obtained by setting n = 0), i.e. only

in the case ρ1 = ρ2 = 0. In such a limit, equation (7.12) consistently reduces to (7.14).

This can be explicitly read, as an exemple, computing the invariant in the case n = 1

(which uplifts to pure N = 4, d = 5 supergravity) which acquires the following form:

I4 = (Z1 −Z2)2
(
Z1 + Z2 +

√
2ρ1

)(
Z1 + Z2 −

√
2ρ1

)
, (7.13)

which is not to a perfect square of Z1, Z2 and ρ1.

2. Peculiarity of Pure N = 4 and N = 5 Supergravity

The expression of R2
H in the extremal case c = 0 given by (3.35) has been shown to

hold in d = 4 for

• minimally coupled N = 2 theory;

• N = 3;

• N = 5 ;

• N = 4 pure.

The crucial difference among this theories is that, whereas the U -invariant of minimally

coupled N = 2 and N = 3 supergravity is quadratic, the U -invariant of N = 5 and pure

N = 4 theories is quartic in the black hole charges.

Moreover, the form of their Attractor Equations are structurally identical to the ones

of the minimally coupled N = 2 and N = 3, and actually also to the very structure

of W2
BPS. As already pointed out, the invariant I4 (p, q) of GN=5 and GN=4,pure is a

perfect square of a quadratic expression when written in terms of the moduli-dependent

skew-eigenvalues Z1 and Z2

I4 (p, q) ≡ ZABZ
BC
ZCDZ

DA − 1

4

(
ZABZ

AB
)2

= Tr
(
A2
)
− 1

4
(Tr (A))2 =

(
Z2

1 −Z2
2

)2
1,

(7.14)

but such a result does not generally hold for all other N > 2, d = 4 supergravities with

quartic U -invariant ( i.e. for N = 4 matter coupled and N = 6, 8 theories, as well as

for N = 2 supergravity whose scalar manifold does not belong to the aforementioned

sequence of complex Grassmannians).

This allows one to state that the relation (in the extremal case c = 0) between the

square effective horizon radius R2
H and the square BH event horizon radius r2

H for the



72 7. THE CASE OF N = 4 SUPERGRAVITY AND DUALITIES

non-degenerate attractor flows of such supergravities, if any, is structurally different from

the one given by Eq. (3.35). Of course, in such theories one can still compute the quantity

r2
H (z∞, z∞, p, q)−GijΣ

iΣ
j

(in case, within a real parametrization of the scalar fields), but,

also in the extremal case, it will be moduli-dependent, thus not determining R2
H (p, q).

In the non-extremal case (i.e. c 6= 0) the expression generalizing Eq. (3.35) is

R2
+ (z∞, z∞, p, q) ≡

SBH,c 6=0 (z∞, z∞, p, q)

π
≡ R2

+ (z∞, z∞, p, q) =

= r2
+ (z∞, z∞, p, q)−GijΣ

iΣ
j

(7.15)

can be only guessed, but at present cannot be rigorously proved. Indeed, for non extremal

black holes a first order formalism is currently unavailable, so there is no way to compute

the scalar charges beside the direct integration of the equations of motion of the scalars.

3. N > 2 Supergravities with the same Bosonic Sector and “Dualities”

Consider the following relations among 4 dimensional Supergravities.

I)

• N = 2 (matter coupled) magic supergravity based on the degree 3 complex

Jordan algebra JH
3 ;

• N = 6 supergravity.

The scalar manifold of both such theories (which can be uplifted to d = 5) is SO∗(12)
SU(6)×U(1)

.

It is a rank-3 homogeneous symmetric special Kähler space. In both theories the 16 vector

field strengths and their duals, as well as their asymptotical fluxes, sit in the left-handed

spinor representation 32 of the U -duality group SO∗ (12), which is symplectic and contains

the symmetric singlet 1a in the tensor product 32× 32. The vector fields representation

is thus irreducible with respect to both SO∗ (12) and Sp (32,R).

II)

• N = 2 supergravity minimally coupled to n = nV = 3 Abelian vector multiplets;

• N = 3 supergravity coupled to m = 1 matter multiplet.

These two theories are matter coupled and have a quadratic U -invariant, but are not

upliftable d = 5 dimensions. They share the same scalar manifold, SU(1,3)
SU(3)×U(1)

, a rank-1

symmetric special Kähler space. The 4 vector field strengths and their duals, as well as

their asymptotical fluxes, sit in thefundamental 4 representation of the U -duality group
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Orbit N = 2 minimally coupled , nV = 3 N = 3, m = 1

SU(1,3)
SU(3)

O 1
2
−BPS,

no mod. space,

I2,N=2 > 0

Onon−BPS,ZAB=0,

no mod. space,

I2,N=3 < 0

SU(1,3)
SU(1,2)

Onon−BPS,Z=0,

mod. space = SU(1,2)
SU(2)×U(1)

,

I2,N=2 < 0

O 1
3
−BPS,

mod. space = SU(1,2)
SU(2)×U(1)

,

I2,N=3 > 0

Table 1. N -dependent BPS-interpretations of the classes of non-
degenerate orbits of the symmetric special Kähler manifold
SU(1,3)

SU(3)×U(1)

SU (3, 1) which is reducible with respect to SU (3, 1), but irreducible with respect to

Sp (8,R).

The fermionic sector contains 8 fields (because of the supersymmetry invariance of the

theory, it is the same number of bosonic fields) for both these theories, but the spin/field

content is different, explicitly

N = 2 minimally coupled , nV = 3 :
[
1 (2) , 2

(
3
2

)
, 1 (1)

]
, 3
[
1 (1) , 2

(
1
2

)
, 1C (0)

]
;

N = 3, m = 1 :
[
1 (2) , 3

(
3
2

)
, 3 (1) , 1

(
1
2

)]
, 1
[
1 (1) , 4

(
1
2

)
, 3C (0)

]
.

(7.16)

It then follows that one can switch between the two theories by transforming 1 gravitino

in 1 gaugino. The relation among the various classes of non-degenerate extremal BH

attractors is given in Table 1.

When switching between N = 2 and N = 3, the flip in sign of the quadratic U -

invariant I2 = q2 + p2 can be understood by recalling that q2 ≡ ηΛΣqΛqΣ and p2 ≡
ηΛΣp

ΛpΣ, with ηΛΣ = ηΛΣ = diag (1,−1,−1,−1) in the case N = 2, and ηΛΣ = ηΛΣ =

diag (1, 1, 1,−1) in the case N = 3 (recall Eq. (5.59)). The positive signature pertains

to the graviphoton charges, while the negative signature corresponds to the charges given

by the asymptotical fluxes of the vector field strengths from the matter multiplets. As
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Orbit N = 2, nV = 7 N = 4, n = 2

SU(1,1)×SO(2,6)
SO(2)×SO(6)

O 1
2
−BPS,

no mod. space,

I4,N=2 > 0

Onon−BPS,ZAB=0,

no mod. space,

I4,N=4 > 0

SU(1,1)×SO(2,6)
SO(2)×SO(2,4)

Onon−BPS,Z=0,

mod. space = SO(2,4)
SO(2)×SO(4)

I4,N=2 > 0

O 1
4
−BPS,

mod. space = SO(2,4)
SO(2)×SO(4)

I4,N=4 > 0

SU(1,1)×SO(2,6)
SO(1,1)×SO(1,5)

Onon−BPS,Z 6=0,

mod. space = SO (1, 1)× SO(1,5)
SO(5)

I4,N=2 < 0

Onon−BPS,ZAB 6=0,

mod. space = SO (1, 1)× SO(1,5)
SO(5)

I4,N=4 < 0

Table 2. N -dependent BPS-interpretations of the classes of non-

degenerate orbits of the reducible symmetric special Kähler man-

ifold SU(1,1)
U(1)

× SO(2,6)
SO(2)×SO(6)

. The structure of the “duality” is analogous to

the one pertaining to the manifold SO∗(12)
SU(6)×U(1)

(see point I above, as well as

Table 9 of [28])

yielded by Table 1, the supersymmetry-preserving features of the attractor solutions de-

pend on the sign of I2.

III)

• N = 2 supergravity coupled to nV = n + 1 = 7 Abelian vector multiplets, with

scalar manifold SU(1,1)
U(1)

× SO(2,6)
SO(2)×SO(6)

;

• N = 4 supergravity coupled to nm = 2 Abelian vector multiplets (matter multi-

plets).

The scalar manifold is the same for the two theories

SU (1, 1)

U (1)
× SO (2, 6)

SO (2)× SO (6)
, (7.17)

and is an homogeneous symmetric reducible special Kähler space, with rank 3. In both

theories the 8 vector field strengths and their duals, as well as their asymptotical fluxes,



4. CONCLUSIONS 75

are in the (spinor/doublet)-vector representation (2,8) of the U -duality group SU (1, 1)×
SO(2, 6), which is symplectic and contains the antisymmetric singlet 1a in the tensor

product (2,8) × (2,8). It is thus irreducible with respect to both SU (1, 1) × SO(2, 6)

and Sp (16,R).

Due to the isomorphism so (6, 2) ∼ so∗ (8), the “dual” supersymmetric interpretation

of the scalar manifold SU(1,1)
U(1)

× SO(2,6)
SO(2)×SO(6)

can be considered, disregarding the axion-

dilaton sector SU(1,1)
U(1)

, as a “subduality” of the “duality” discussed in I.

Once again we notice that, even if the number of fermion fields is the same, 16 bosons

and 16 fermions, the theories have different relevant spin/field contents:

N = 2 “cubic”, nV = 7 :
[
1 (2) , 2

(
3
2

)
, 1 (1)

]
, 7
[
1 (1) , 2

(
1
2

)
, 1C (0)

]
;

N = 4, nm = 2 :
[
1 (2) , 4

(
3
2

)
, 6 (1) , 4

(
1
2

)
, 1C (0)

]
, 2
[
1 (1) , 4

(
1
2

)
, 3C (0)

]
.

(7.18)

From this it follows that one can switch between such two theories by transforming 2

gravitinos in 2 gauginos. The correspondences among the various classes of non-degenerate

extremal BH attractors of these two theories is given in Table 2.

Such a “duality” is pretty similar to the one considered above at point I; that the sign

of the quartic U -invariant is unchanged by the “duality” relation, and, in this sense, it

differs from the “duality” between N = 2 minimally coupled, nV = 3 and N = 3, m = 1

considered at point II.

All these cases present evidences that interacting bosonic field theories have a unique

supersymmetric extension. The sharing of the same bosonic backgrounds with differ-

ent supersymmetric completions implies the “dual” interpretation with respect to the

supersymmetry-preserving properties of non-degenerate extremal BH attractor solutions

(see Table 1 and Table 2).

4. Conclusions

Black holes in Supergravity have an extremely rich structure and give an interplay

between space-time singularities of Einstein solutions and the solitonic, particle-like struc-

ture of these configuration, such as mass, spin and charge.
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The bosonic action of Supergravity has been studied and its specific form determined

by the embedding of the U -duality group in the symplectic group. Extremal black holes

in these theories satisfy an attractor condition, fixing the solution in terms of asymptot-

ical electric and magnetic charges, and erasing any dependence on the scalar hair. The

general property of extremization of the central charge in the moduli space has been ex-

plicited in the case of N = 2 quadratic, N = 3 matter coupled and N = 5 ungauged

Supergravities; all these theories cannot be extended to d = 5 space-time dimensions. For

the same theories, and for N = 4 Supergravity, the extremal black hole parameters of

the non degenerate attractor flows have been formulated in terms of the first order (fake

Supergravity) formalism and the resulting effective radius has revealed to be, in these

cases, moduli independent.

The Supergravity theories considered are the only ones admitting a quadratic invariant

or a quartic invariant that reduces to a perfect square of a quadratic expression, if written

in terms of the skew eigenvalues of the central charge matrix, so that this property has

revealed to be crucial for the definition of an effective radius, whose dependence on the

scalar fields would eventually cancel.



APPENDIX A

N = 2 explicit calculations

1. Some formulas following from definitions, with the explicit dependence on

scalar fields (not at the attractor point)

In the case of

SU(1, n)/SU(n)× U(1) , (A.1)

the Kähler structure of the scalar manifold is entirely defined by the prepotential

F (X) = − i
2

(X0 2 −X iXi) ; (A.2)

the holomorphic sections are then

(XΛ, FΛ) = e−K/2(fΛ, hΛ) ,

∂ı̄(X
Λ, FΛ) = 0 , (A.3)

and their explicit dependence in terms of scalar fields is

XΛ = (1, z1, ..., zn) ,

FΛ ≡ ∂ΛF = (−i, iz1, ..., izn) . (A.4)

Kähler potential is defined as

e−K = i(X̄ΛFΛ −XΛF̄Λ) =

= 2(1−
∑
i

|zi|2) , (A.5)

while the central charge is

Z = eK/2(XΛqΛ − FΛp
Λ)

Z =
1√
2

1√
1−

∑
i |zi|2

[
q0 − ip0 + zl(ql − ipl)

]
. (A.6)

77



78 A. N = 2 EXPLICIT CALCULATIONS

We have

2eK =
1

1− |z|2
, (A.7)

∂iKe
−K = 2z̄i ,

∂iK =
z̄i

1− |z|2
,

∂̄∂iK = 2δije
K + 2z̄i∂̄e

K =

=
δī

1− |z|2
+

z̄iz ̄

(1− |z|2)2
. (A.8)

The metric for the Kähler space is given by

Gī = ∂i∂̄K =
δī

1− |z|2
+

z̄iz ̄

(1− |z|2)2
. (A.9)

To find the inverse matrix we write the general form

Gī = Aδ ī +Bziz̄ ̄ , (A.10)

and we find

Gī = (1− |z|2)
(
δ ī − ziz̄ ̄

)
. (A.11)

2. Explicit check of the quadratic invariant |Z|2 − |DiZ|2 in N=2 quadratic

series supergravity

We want to compute

I2 = |Z|2 − |DiZ|2 =

= |Z|2 −DiZD̄Z̄G
ī , (A.12)

to this aim we define

α ≡ (q0 + ip0 + zl(ql − ipl)) ≡ (q0 + ip0 + β) ≡ (a+ β) ,

c = aā ≡ p0 2 + q2
0 , (A.13)

so that we can write the identities

αᾱ ≡ (q2
0 + p0 2 + γ) ≡ (c+ γ) ,

γ = aβ̄ + āβ + ββ̄ ,

αβ̄ + ᾱβ = γ + ββ̄ . (A.14)
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We then have

ZZ̄ =
αᾱ

2(1− |z|2)
, (A.15)

and

DiZD̄Z̄G
ī =

1

2

[
qi − ipi +

z̄i

1− |z|2
(q0 + ip0 + zl(ql − ipl))

]
·

·
[
q̄ + ip̄ +

z ̄

1− |z|2
(q0 − ip0 + zl(ql + ipl))

]
·

·
[
δ ı̄j − z̄ ı̄zj

]
;

(A.16)

with the notations above

DiZD̄Z̄G
ī =

1

2

[∑
l

(q2
l + pl 2)− ββ̄ +

αβ̄

1− |z|2
− |z|

2αβ̄

1− |z|2
+

+
ᾱβ

1− |z|2
− |z|

2ᾱβ

1− |z|2
+

αᾱ

(1− |z|2)2
− |z|2αᾱ

(1− |z|2)2

]
=

=
1

2

[∑
l

(q2
l + pl 2)− ββ̄ + αβ̄ + ᾱβ + αᾱ

|z|2

1− |z|2

]
=

=
1

2

[∑
l

(q2
l + pl 2) + γ − αᾱ |z|2

1− |z|2

]
. (A.17)

The invariant, from (A.15) and (A.16), using (A.13) and (A.14), becomes

I2 =
1

2

[
αᾱ− γ −

∑
l

(q2
l + pl 2)

]
=

=
1

2

[
(q2

0 + p0 2)−
∑
l

(q2
l + pl 2)

]
, (A.18)

where, as expected, the moduli dependence has vanished.





APPENDIX B

SU(5, 1) invariant.

We wrote in (6.31) the U -duality invariant, which is actually the invariant of the com-

pact group SU(6), of which SU(5, 1) is a non-compact form, in terms of the central charge

matrices. Since it is indipendent on the moduli fields, and since in the parametrization we

are considering the origin of coordinates, φ = 0, is the invariant point under the action of

the whole isotropy group SU(5) (see [51], eq. (2.17)), we can find its explicit dependence

on electromagnetic charges simply computing ZAB(φi = 0). From (6.30) we have

ZAB(φi = 0) = qAB , (B.1)

so that, from (6.31), (6.32) and (6.33), with qAB ≡ (qAB)∗, we find

I4 = 4 qABq
BCqCDq

DA − (qAB q
AB)2 . (B.2)

We recall that electromagnetic charges are in the same SU(5) 3-fold antisymmetric rep-

resentation as the vector fields, for which the embedding in SU(5, 1) is given by

tabc =
1

3!
εabcde6tde6 , (B.3)

so that the invariant (B.5) can be rewritten in terms of qABC in the SU(5, 1) representa-

tion. We are going to show that it is

I4 =
1

4!
εABCA

′B′C′′′εA
′′B′′C′′A′′′B′′′C′qABCqA′B′C′qA′′B′′C′′qA′′′B′′′C′′′ . (B.4)

To this aim, we explicite the entries of “6” among other indices and we count for each

term, writing then

I4 =
1

4!

[
9 ε6BCA

′B′C′′′ε6B
′′C′′A′′′B′′′C′q6BCqA′B′C′q6B′′C′′qA′′′B′′′C′′′ ·

6 · 2 εABC6B′C′′′ε6B
′′C′′A′′′B′′′C′qABCq6B′C′q6B′′C′′qA′′′B′′′C′′′ ·

3 · 2 εABCA′B′6ε6B′′C′′A′′′B′′′C′qABCq6B′C′qA′′B′′C′′qA′′′B′′′6 ·

4 εABC6B′C′′′εA
′′B′′C′′6B′′′C′qABCq6B′C′qA′′B′′C′′q6B′′′C′′′ ·

εABCA
′B′6εA

′′B′′C′′A′′′B′′′6qABCqA′B′6qA′′B′′C′′qA′′′B′′′6

]
, (B.5)
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thus, recalling that q6AB ≡ qAB and qABC = 1
3!
εABCDEq

DE, we can write (B.5) in terms

of two-indices charges and, performing the sum on the antisimmetric tensors contracted

indices we find

I4 =
1

4!

[
4
(
qABq

BCqCDq
DA + (qABq

AB)2
)

+

+16
(
2 qABq

BCqCDq
DA − (qABq

AB)2
)

+

+16
(
2 qABq

BCqCDq
DA − (qABq

AB)2
)

+

+16 qABq
BCqCDq

DA +

+4 (qABq
AB)2

]
=

= 4 qABq
BCqCDq

DA − (qABq
AB)2 . (B.6)

1. Black Hole entropy

The only solution to equations (6.38) for a black hole with non-zero area is the BPS

one which corresponds, in terms of the central charge matrix skew-eigenvalues, to Z2 = 0,

Z1 > 0, and the black hole potential at the attractor point is

VBH = |Z1|2 =
√
|I4| , (B.7)

so that the black hole entropy is again indipendent on the moduli fields and is

SBH ∝
√
|4 qABqBCqCDqDA − (qABqAB)2| . (B.8)

We notice that the invariant turns out to be the square of a function of Z1, Z2, namely

I4 =
[
(Z1)2 − (Z2)2

]2
. (B.9)
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