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Abstract. Our aim in this paper is to investigate the behavior of the solution of the following max

type difference equation of order three
An
Xp+4+1 =maxy —,xp—2¢, n=0,1,...,
Xn

where the initial conditions x_5, x_1, X are arbitrary positive real numbers and {4, };’,°=0 is a
periodic sequence of period two.
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1. INTRODUCTION

Our purpose in this paper is to study the behavior of the solution of the following
max type difference equation

An
Xn+1 =max{—,xn_2} , n=0,1,..., (1.1)
Xn
where the initial conditions x_», x_1, Xo are arbitrary positive real numbers and
{An}neo is a periodic sequence of period two.

Nonlinear rational difference equations are of great importance in their own right
because diverse nonlinear phenomena occurring in science and engineering can be
modeled by such equations. Furthermore, the results about such equations offer pro-
totypes towards the development of the basic theory of nonlinear difference equa-
tions. See [8—10,23,24,26].

The study of max-type difference equations attracted a considerable attention re-
cently, see, for example, [1, 5,7, 13—16] and the references therein. This type of
difference equations stem from, for example, certain models in automatic control
theory (see [17] and [18]). In the beginning of the study of these equations the ex-
perts have been focused on the investigation of the behavior of some particular cases

© 2017 Miskolc University Press
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of the following difference equation

A,(11) A,(12) Af,k)

X; = max , , n € N,
Xn—1 Xpn—2 Xn—k
where k € N, A,(,l ), i =1,...,k, are real sequences (mostly constant or periodic) and
the initial values x_p,...,x_j are different from zero (see, e.g., [2, 3,6, 15] and the

references therein).
Cinar et al. [4] dealt with the positive solutions of the difference equation

Xp41 =Max ) —, ———
Xn XnXy_p

Recently, in the paper [12] it was showed that every solution of the third-order max-
type difference equation (1.1), where the initial conditions are arbitrary nonzero real
numbers and A, =constante R, is eventually periodic with period three.

Also, in [11] we proved that every positive solution to the same third order non—
autonomous max-type difference equation (1.1), with {A4,} is a three-periodic se-
quence of positive numbers, is periodic with period three. The same result was proved
for the same equation but with min-type difference equation.

Simsek et al. [19] investigated the solutions of the following difference equation

1
Xn+1 =maX{xn—1, .
Xn—1

Also, Simsek [20] studied the behavior of the solutions of the following system of
difference equations

{A Yn} {A x,,}
Xp+1 =mMaxXy —,— ¢, Yp+1 =Maxq—,—.

Stevic [21] studied the boundedness and global attractivity for the positive solutions
of the difference equation

p

Xn
Xn+1 = max C,p— .

X

n—1

In [25] Yalcinkaya et al. investigated the periodic nature of the solution of the max-
type difference equation

Xn41 =max{xn,A}/x,%xn_1.
See also [22], [27].

Definition 1. A sequence {x,}7> _, is said to be eventually periodic with period p
ifthereisng € {—k,...,—1,0,1,...} suchthat x,4 , = x,, foralln >ng.If ng = —k,
then we say that the sequence {x,}7> _, is periodic with period p.
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Remark 1. Note that if A, = 0, then Eq. (1.1) becomes x,4+1 = Xx5—2, from which
it follows that every solution is periodic with period three. Hence, in the sequel we
will consider the case A, # 0.

Remark 2. Note that if A, = A, then Eq. (1.1) becomes x,4+1 = max {%,xn_z},
it was shown that this equation is periodic with period three see [12]. Hence, in the
sequel we will consider the case A, = {Ao, A1, Ao, A1,-..}, A1 # Ap.

2. MAIN RESULTS
2.1. The Case Ag > A1

Theorem 1. Consider the difference equation (1.1) with Ag > A1. Then every
solution of Eq. (1.1) is eventually periodic with period three.

Proof. From Eq.(1.1), we see that
o)
X1 =max{ —,X_2; .
X0
We consider two cases

A
Case (a1) If x_pxo < Ag, then x1 = 20 and

X0
Ay A1xo
Xp = max{ —,x_1, = max JX—14 -
X1 Ao
A1X()
(a11) If x_1Ag < A1x0, then xp = and
0
X3 = max{ —,Xg, = max , X0 -
X2 A1xo
2
(a111)IfA1x(2)<A%,thenx3: 0 and
1X0
A3 A%Xo A() A()
X4 = max{ —,Xx1;, = max S —( = —
X3 Ay Xo X0

(since A1x3 < A3 = A3xg < AoA1x3 < A7)

Ag A1xo
X5 =max 4y —, X2, = max{ Xg, 1 = X9,

X4 0

As Ay A2 A2
Xe = max{ —,x3, = max, —, = ,

X5 xo Aixo A1xo

{A6 } {Al)q) Ao} A()
X7 =max§ —, X4, = max T = —,
X6 Ao Xo
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A7
Xg = max 4y —, X5, = max , X0 (¢ = X0,
X7 0
Ag Ay A2 A2
X9 = max{ —,X¢¢ = max{ —, = ,
X8 xo A1xo A1x9

and the solution has the following form
A3 Ao AT Ao AT Ao
, —, X0, , X0, s T Ty e
Ale X0 Ale X0 Ale X0

(a112) If Alxg > A%, then x3 = x¢ and

;A3 } {Al Ao} Ao
X4 = max] —,Xx]y = max , =

X3 X0 Xo X0
Ag A1x9

X5 =max 4§ —,X2, = Inax § xXo, = Xy,
X4 AO
As Ay

X6 =mMax 4y —,X3, =mMaxy —, X9, = X0,
X5 X0

(since A1x3 > A% > A3

Ag
- 3
6 X0 Xo X0
A7 A1xo
Xg = max?{ — = max , X0t = Xo,
x7’ Ao
Ag Ao
X9 = max ] — = max{ —,Xo{ = Xo,
X0

(since Agx3 > A1x0 > A 0)
then the solution is eventually periodic with period three. Moreover, it has the fol-

lowing form

—,X0,X0, —,X0,X0, —
X0 X0 X0

(a12) If x_1Ag > A1x0, then xp = x_1 and

{ Ao Ao Ao }

2 0
X3 =max§ —,Xg, =maxq ——,X0o -
X2 X—-1

Ag Ag
(a121) If xg < —, then x3 = — and
X—1 X—1

{A:; } {Alx_l Ao} A()
X4 =Max§ —,X1, = max T (T T
X3 Ao Xo X0
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) Ao A9 A3
since xg < — = A1xg < <0,
X—1 X—1 X—1
Ay
X5 =max{ —,Xp; = max{xg,x—_1},
X4
(a1211) If x9 < x—1, then x5 = x_1 and
As Ar A Ao
X = max{ —,X3;, —=max{ —,—; = —,
X5 X—1 X—1 X—1
A 0 Ao
X7=max§ —,X4, =maxqX—1,—p = —,
X6 X0 X0
A7 A1x0
Xg = max 4§ —, X5, = max yX—1¢ = X—1,
X7 Ao
Asg A1 Ao 0
X9 =maxy —,Xg, =mMaxy —,——, = —
X8 X—1 X—1 X—1

Clearly, the derived solution is eventually periodic with period three and takes the
form

(a1212) If x9 > x_1, then x5 = x¢ and

A1 Ao Ao
= x_l’

As
X =max§—,X3, =max| —, =
X5 X0 X—1

(since xg > x—1 = Aogxo > Aox—1 > A1x_1),

Ae Ao Ao
X7=max§ —,X4, =maxqyX—1,—¢ = —,
X6 X0 X0
A7 Ale
Xg = max 4§ —, X5, = max ,X0¢ = X0,
X7 Ao
As Ao Ao Ao
X9 =maxqy —,Xg, —=maxy —,——, = —,
X8 X0 X—1 X—1

we obtain that the solution is eventually periodic with period three. It has the follow-
ing form

__’_x’__

’ ’

{ Ao Ao A() Ao }
0 s XQyeee( -
X—1 X0 X—1 X0

(a122) If Ag < x—1x0, then x3 = x¢ and
Ay Ao Ao

A3
X4 = max{ —,X1, = max{ —, s
X3 X0 Xo X0
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Ag
X5 =max | —, Xz, = max{xg,X_1},
X4

(a1221) If x9 < x—1, then x5 = x_1 and

As Ay
X6 =maxqy —,X3, =maxy —,Xo, = Xo,

X5 X—1
Ao Ay
smcexo > —>—1,
X1 X—1
Ao Ao Ao
X7 =max 4§ — )C4 =—maxy—,—, = —,
X0 Xo X0
Aixo
Xg = max = max ,X—1¢ = X—1,
Ao

(since xg < x_1 = A1xo < Agxo < Agx—1),

X9 =max{— XG} {— XO} = X9,

the presented solution has the form

Ao Ao
x_lvx()a_’x—l’x()v_v"' .
X0 X0

(a1222) If x9 > x—1, then x5 = x¢ and

As Ax
X6 = mMax 4y —,X3, = max§ —,Xgo, = X0,
X5 X0

Ao _ Ax
since xg > — > — & Xxp > x_1 :>x0>x0x 1> A

X—1 X—1
Ae Ao Ao Ao
X7 =max § —, X4, = mMNaxy —, = —,
X6 X0 Xo X0
A7 A1xo
Xg =maxy —,X5, =mMaxy ———, X9, = X9,
X7 Ao
As Ao
Xg =maxy —,X¢, —Maxy —, X9, = X0,
X8 X0

we obtain that the solution is eventually periodic with period three and the developed
solution has the following form

Ao Ao
xo’_7x07x0’_’x0’x0"" .
X0 X0

Case (ap) If x_px9 > Ao, then x; = x_, and

Ay Ay
X2 =max{ —,X_1, =max{ —,X_q1¢ .
X1 X—2
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A
(az1) If x_1x—p < A1, then xp = £ and
X_2

A2 A()x_z
X3 =max4§ —,Xg, = max , X0 -
X2 Al

on_z
Ay

and

(az11) If A1xo < Agx—p, then x3 =

As
X4 = maxq§ —, X1 = max
X3

1
(since A1x9 < Agx—p = — > & x_p>—
X0 on_2 X0
Ao AoA; . A3

= X2 >— >
X0 on_2 on_2

R Pt B
max{ —,Xp; = max{ —,—; = —

’

X5 = y
X4 X—2 X—2 X—2
A5 A1X_2 AOX_2 on_2
X¢ = max{ —, X3, = max ) = )
6 X5 3 Ao Aq Ay
Ae 1
X7 =max{ —,X4, =maxqy —,X_2; = X_2,
X6 X—-2
(since oniz > AgA1),
{ A7 } { A1 Ao } Ao
Xg = max{ —,X5, = max; —,—; = —,
X7 X—2 X2 X—2
Ag Apx—2 Aogx_»o
X9 =max4y —,Xe;, = mMax{ xX—p, = ,
Xg Ay Ay
the resulting solution is then eventually periodic with period three in the closed form
on_2 A() A()x_2 A()
y X2, —, y X2y Ty
A1 X—2 A1 X—2

(az12) If A1x9 > Agx—>, then x3 = x¢ and
X4 =MmMax| —,X1, =mMaxq§ —,X—2, = X_2,
X3 X0
(since xgx—p > Ag > A1),
Ag Ag A Ao
X5 =max{ —,Xp, =maxq —,—, = —,
X4 X—2 X2 X—2
Alx_z
Ao

As
X6 = MmMax | —, X3, = max , X0 (¢ = X0,
X5
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(since ono > Ale > on_2 > Alx_z),

X6 X0
A A1 Ao Ag
Xg =max{ —,Xs, =max{ —,—, = —,
X7 X—2 X2 X—2
Ag
X9 = maxJ{ —,Xg, = max{x_p,Xo} = Xo,
X8

(since A1xg > Agx—2 > A1x_3).

Thus, the solution is
Ap Ao
X—2,—, X0, X—2, —, X0, X—2,...0 -
X—2 X2

(az2) If x_1x_p > A1, then xo = x_; and

2 0
X3 =maxqy —,Xg, =maxy ——,X0o -
X2 X—1

A
(az21) If xgx—1 < Ao, then x3 = 20 and

X—1
A3 A1X_1
X4 =mMax§ —,X1, =mMaxy ———,X—2/ = X2,
X3 Ao
. Ao _ xox—1
since Xx_p > — > ——— = Agx_—p > A1x—p > Agx—1 > A1x—-1 ),
X0 X0
Ag Ao
X5 =maxy —,X2, =maxq§ ——,X—-1,,
X4 X—-2
Ao
(az211) If — < x_1, then x5 = x_; and
X—2
As Ay Ao Ao
X =max{ —,X3;, —=max{ —,—; = —,
X5 X—1 X—1 X—1

= max{x_l,x_z} =X_2,

|
e
w2 A
e

X—2

{AO Ao} Ao
=max{ —,—; = —

X—1 X-—1 x_l’
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this provides an eventually periodic with period three, which takes the form

Ao Ao
X—Z,X—l,_,x—z,X—l,_,... .
X—1 X—1

A A
(az212) If 20 X—1, then x5 = 20 and
X—2 X—2

% A5 } { A])C_z A() } A()
X =MmMaxy —,X3, =maxy ——,——, = —,
X5 A() X—1 X—1

(since X_pXx_1<Ag= A1x_2x_1 < A1Ap < A%),

As
X7 =max{ —, X4, = max{x_j,X_2} = x_»,

X6

A7 Ay Ao Ao
Xg = maxq —,X5, =maxy —,——, = —,

X7 X—2 X2 X—2

Ag Alx_z A() A()
X9 = maxqy —,Xg, =maxy ———,——; = —,

X8 A() X—1 X—1

obviously, the solution is eventually periodic with period three, which can be ex-
pressed in the form

(az22) If Ag < x_1x0, then x3 = x¢ and
X4 =MmMax| —,X1, =maxq —,X—2, = X2,
X3

(since x_px¢ > Ag > A1)

A4 Ao
X5 =max{ —,X>; =max{ —,X_1, ,
X4

A
(az221) If 20 o X—1, then x5 = x_1 and
X_2

As Aq
X6 =MmMax§ —,X3, =maxq ——,Xgo, = X0,
X5 X—1

X6 Xo
A A

Xg=max§ —,X5, =maxq ——,X—-1, = X—1,
X7 X—2



846 E. M. ELSAYED

this in turn gives the eventually periodic solution with period three

{X_2,X_1,X0,X—2,X_1,X0,...}.

Ao o
(a2222) If — > x_1, then x5 = — and
x P

A5 Alx_z
X6 = mMax 4§ —, X3, = max , X0 (¢ = X0,
X5 Ao

) Ao
(smce Xo>— > X_9 = Agxg > Aox—2 > A1x—2 |,
X—1

X6 0
A1 Ao | Ao
X—2 ’ X—2 N X—2 ’

Ae Ao
X7 =max] —,X4¢y =max] —,X_3; = X_»p,
X
A7
Xg = max]{ —,Xs5¢ = max
8
X9 :max{—,X6} :max{x_z,xo}:xo,
X8

this gives the solution
Ao Ao
x07x_27_’x09x_27_"" .
X—-2 X—-2

2.2. The Case A1 > Ay

Theorem 2. Consider the difference equation (1.1) for A1 > Ag. Then the solution
is periodic with period three or the equation has unboundedness solution takes the

Ao A0\’ 40\’

~ A1 Ay (A1 A1 (A1 A (A
onhper=y—— |\ — ). — =) . — |+ ) .-
X—2 X—2 A() X—2 Ao X—2 AO

Jorm:

Proof. From Eq.(1.1), we see that

Ao
X1 =max{ —,X_2¢ .
X0

We consider the following two cases:
Case (a1) If x_2x9 < Ag, then x; =

A 1 A 1X0 %
s X—1¢ -

Xp = max{ —,X_1 ¢ = max
X1 Ao
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A1xo

(a11) If x_1Ag < A1x0, then xp = and
0
As A2
X3 =max4{ —,X09, = max , X0
X2 1X0
2
(a111)IfA1x§<A%,thenX3= and
1Xo0
A3 A%XO Ao
X4 = max§ —,X1, = max 2 T (>
X3 Ay Xo
Ao
(a1111) If A3x3 < A3, then x4 = — and
X0
{ A4 } { A1X0} A1X()
X5 = max{ —,Xp; = max; Xxg, = ,
X4 0 AO
As Ao Ad Ao
X6 = max{ —,Xx3; = max{ —, = —,
X5 xo A1xo X0
Asg Ao Ao
X7 =max§ —,X4, =maxq{XxXo, —¢ = —,
X6 X0 X0
. Al ApAr Ao
since xg < < <—,
xoAd1  xoA1  Xo
A7 A1xo A1xo Ayxo
Xg = max{ —, X5, = max , = ,
X7 A() Ao A()
_ Ag B A Ao| Ao
X9 = max{ —,Xe, = Mmax ,— = —,
X8 A1xo Xo X0

then the solution takes the form
;Ao A1xg Ao Ao Aixo Ao Ao §

which is eventually periodic with period three.
2.2 3 Afxo
(a1112) If A7xy > Ap, then x4 = A% and

A

4
X5 = max % —,x2§ = max

X4 A%xo ’ AO

(since ATxg > A3 = A3x{ > 4143 > A]).

Ag Ale _ Ale
Ao

847
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As Ao A2 ] A,
Xe = max{ —, X3¢ = max , =,
5 xo Aixo X0
A6 A%XO A%XO
X7 = MaX ) %, X4 ( = Max )Xo, — o VIR
6 0 0
A7 A% A1X0 A]X()
Xg = max{ —,X5¢ = max , ,
7 A1xg Ao Ao
A A3 Ao Ao
Xg =max§ —,Xe¢, = MmMax ,— = —,
Xg A1xo Xo X0

and the solution has the following form which is period three solution

’ ’ ’

Ao ’X()

A%Xo Ale A() A%X() A1x0 AO A%X()
Ao ’Xo yeenf -

2 2 T2
A Ap A
(a112) If Alxg > A%, then x3 = x¢ and

{A3 } %Al AO} Ay
X4 =maxy —,X1, =maxy —,—, = —,

X3 Xo Xo X0
A4 A())C() A1X0 Ale
X5 =max§ —, X2, = max s = R
X4 A1 A() A()
As Ao
X =max§ —,X3, =maxy —,X0  »
X5 X0

(a1121) Ifx(z) > Ag, then xg = xo and

Ae Ao Aq Ay
X7 =max{ —,X4;y =max{ —,—p, = —,
X6 X0 Xo X0

A7 Ayxo Ayxo
Xg = max§ —, X5, = maxj Xo, = ,
X7 A() Ao
Ag A2
X9 = max§ —,Xeg, = Mmax , X0, = X0,
X8 Ale

then the solution is eventually periodic with period three and the solution has the
following expression:

» X0, ) s X0y T et

A1xo A1 Aixo Ay
A() X0 A() X0 '
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A
(ar122) Ifx% < Ay, then x¢ = 20 and

X0

Ae Aq Ay
X7 =max{ —,X4y = max{xg, —¢ = —,

X6 X0 X0

A7 A1xo A1xo
Xg = max{ —, X5y = max{ Xq, = ,

X7 Ao Ao

Asg A3 Ao| Ao
X9 = max{ —, Xy = max =

Xg A1xo Xo X0

then this solution can be written as
%Al Ale A() A1 A1X0 A() A1 %

which is eventually periodic with period three.
(a12) If x_1Ag > A1x0, then x, = x_; and

As Ao
X3 =max§ —,Xg, =maxq ——,X0 -
X2 X—-1

Ao 0
(a121) If xg < —, then x3 = — and

X—-1 X1
= max —

3
X4 = max{—,xl

X3 A() ’ X0
Alx_l Ao Ao
(a1211) If < —, then x4 = — and
Ao X0 Xo
Ay
X5 =maxJ{ —,Xp, = max{xg,X_1} = X_1,
X4
(since Agx—1 > A1xg > AgXxo),
As Ay Ao Aq
X¢g = max{ —,X3, =max; —,——,; = —,
X5 X—1 X—1 X—1
A6 on_1 AO A()
X7 =max§ —, X4, = max ,— = —,
X6 A1 X0 X0
. A1Ayp
since Xgx—1 < Ag < A1 = Aox—1 < ,
X0
A7 Ale
Xg = max § —, X5 = max JX—1( = X1,
X7 Ao
As Ao Ay %
X9 = max{ —,Xg, = max{ —,— = —,
X8 X—1 X—1 X—1
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we obtain that the solution is eventually periodic with period three. It has the follow-
ing form

{Ao A1 Ao A }
_7x_ _’_’ _17_7
X0 X—1 X0 X—1
Arx— A Arx_
(a1212) If LIS —O,then X4 = 171 and
A X0 A()
{A4 } { A2 }
X5 = max{ —, Xz, = max X_1¢p = X_1,
X4 A1x—1

A A2 A1 A2 A2
since x_1 > 1Y0 & xo> LY X—1> 170 > 0
A() Alx_l A()Alx_l Alx_l

{As } { Ar Ao } Aq
X =maxqy —,X3, =maxy—,——, = —,
X5 X—1 X—1

6 Aox—1 Arx—1 A1x_q
X7 =max | —,X4¢ = max =

X6 A1 7 Ao Ao
A7 Ao

Xg=max4§ —,X5, =maxqy ——,X—-1, = X—1,
X7 X—1

(since Alle > AOAI),
{ As } { Ao Ay % Aq
X9 = max | —,Xg, =Mmaxy —,— , = —,
X8 X—1 X—1 X—1
then the solution is eventually periodic with period three. Moreover, it has the fol-
lowing form:
Ay }

b 9
X—1

»X—1

’x_17 b
A() X—1 A()
(a122) If Ag < x—1x0, then x3 = x¢ and

{Az. } {Al Ao} Aq
X4 =max{ —,x1y =max{—,—§ = —,

{ A1X_1 A1 A1)C_1

X3 X0 Xo X0
A4 A()X()
X5 =max4{ —,X2, = max X1 = X—1,
Xq A1
. Ayxo _ Aoxo
simce x—p > > s
Ao Aq
As Ay
Xe =Mmax§ —,X3, =maxq ——,XQ, -
X5 X—1

(a1221) If A1 < x9x—1, then xg = x¢ and

Ae Ao Ay Ay
X7 =max{ —, X4y =max{ —,—;p = —,
X6 X0 Xo X0
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A7
Xg = max{ —, x5, = max{xp,X—_1} = X_1,
X7

Ale A()X()
> =Xo |,
Ao Ao

(since X_1>

Xg =max4y —,X¢, = mMax§y —,Xp, = X0,
X8 X—1
the developed solution has the following form

Aq Ay
x_17x07_’x_1’x07_7"' .
X0 X0

A
(a1222) If A1 > xgx—1, then xg = £ and

X—1
A6 A()X_l A1 A1
X7 =max{ —, X4, = max ,— = —,
X6 1 X0 X0
(since Ay > xox—1 = A% > A1Ag > onox_l) R
A7
Xg = max | —,X5, = max{xg,X—_1} = X_1,
X7
. A1xo _ Aoxo
smce x—1 > > =Xo |,
Ao Ao
Asg Ao A Aq
Xg =max§y —,Xg, —=MmMaxy —,——, = —,
X8 X—1 X—1 X—1

we get the solution which is eventually periodic with period three. It has the following
form

Case (az) If x_px9 > Ao, then x; = x_» and

Ay Ay
X2 =max{ —,X—1, =max{ —,X_q1¢ .
X1 X—2

A
(az1) If x_1x_p < Ay, then xp = L and
X—2

[ = 5
X3 =max4{ —,Xg9, = max , X0 -
X2 A

(az11) If A1x9 > Agx—>, then x3 = x¢ and

A3 Ay
X4 =Mmax| —,X1, =max{ —,X_p, .
X3 X0
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A
(az111) If A1 > xgx—3, then x4 = a1 and
X0

’

AoXO A1 _ A1
X—2

Ag
X5 =max § —, X2, = max s —
Al X—2

X4
(since A1 > xgx—p =>> A% > A1xox—z > AgXxox—2),
As
X¢ = max{ —,Xx3, = max{x_j,Xq}.
X5
(a21111) If x9 < x—3, then xg = x_» and
Ae Ao Ay Ay
X7 =max{ —, X4, =max{ —,—, = —,
X6
(since A1x—p > A1x0 > Aoxo),

’

{A7 } {ono Al} A1
Xg =max§ —, X5, = max —_— =

X7 A1 ’ X—2 X—2
Ag on_2
X9 =max 4§ —,Xe¢, = max s X2 = X2,
X8 Ay
the solution of the form
A1 Ay A1 Ay
X2y, ——,X2,—,—, X2, )
X0 X—2 X0 X—2

is eventually periodic with period three.
(az1112) If x9 > x—5, then xg = xg and

Ae Ao Ay Ay
X7 =max| —,X4, =max{ —,—, = —,
X6 X0 Xo X0
A7 Aq Aq
Xg = max| —, X5, = maxJ xg, —,;, = —,
X7 X—2 X—2

Ag A()x_2
X9 =max | —,Xe, = IMax , X0 ¢ = X0,
X8 Ax

this shows that the solution
{ A1 Aq A1 Aq }
X0, — s X0, s 5 X0s .-+ ( »
X0 X—2 X0 X—2

is just eventually periodic with period three.
(az112) If A1 < x9x—3, then x4 = x_» and
{ Ag } { Ao Ay } Aq
X5 =maxy —,Xp2, =maxy—,——, = —,
X4 X—2 X—2 X_>2
A

5
X6 = max{ —,)C3} =max{x_,X0}.
X5
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(a21121) If x9 < x—3, then x¢ = x_» and

As Ao
X7 =max{ —, X4, =Max{ —,X_o; = X_»,
X6 X—2
. A Ay Ao
(since x_p > — > — > —),
X0 X—2 X—2

{oysf =m0 =
Xg =max{ —,X5; —=max, —,—, = —,

X7 X—2 X2 X—-2
Ag on_z

X9 =max4y —,Xeg;, —MmMaxy ———, X2, = X7,
X8 A1

this gives the solution

Ay Ay
x—2’_’x—zvx—27_7x—27x—2"” .
X—2 X—-2

(az1122) If x¢9 > x—5, then xg = x¢ and

Ae Ao
X7 =max{ —,X4¢y =max] —,X_2; = X_2,
X6 X

A7
Xg = max{ —,Xs5¢ = max

X7 X—2 X2 X—2
Ag A()X_z

X9 =max4| —,Xe, = mMaxy ———, X9, = X9,
X8 A1

then the solution is eventually periodic with period three, moreover, it has the follow-
ing form

Ay Ay
X0, X—2, — X0, X—2, ——, X0, .o ( -
X X

Agx—
(az12) If A1x9 < Agx—3, then x3 = % and
1
As A2
X4 =max{ —,X1; =max{ ——,X_»o
X3 on_2

(az121) If A% < Agxiz, then x4 = x_» and

A4 Ao A()x_z on_2
X5 =maxy—,Xp2, =maxy —, = s
X4 X2 A1 A1
As A2 Agx_p
X =maxy—,X3, —=maxy —,————
X5 on_2 A1
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Aox_
X 2and

(az1211) If A7 < A%x2,, then x¢ =
1

Ae Ay
X7 =maxq —,X4, =max{ —,X_p; = X_3,
X6 X—2

(since Agx?, > AT > Ao A1),

’

{ 7 } {Al on—z} Aogx—2
Xg =maxq§ —,X5, = maxq| —— =

X7 X—2 ’ A1 A1
Ag A1 Aox—2 Agx_2
X9 = max3{ —,Xg, = max{ —, = )
Xg X—2 Ap Ay
and the solution has the following expression
on_2 on_2 A()X_2 A()X_2
x—27 ’ 7-x—2’ ’ 9x—25--~ .
Ay Ay Ay Ay
A2
(a21212) If A3 > A2x?,, then x6 = L and
0X—2
6 A3
X7 =max | —, X4, = max —zx_z,x_z = X_2,
X6 Al
A7 A1 A())C_2 on_z
Xg = max{ —,X5, = max{ —, = ,
Ag A A% A%
X9 = max{ —,Xg, = max{ —, = ,
X8 X—2 A()X_z on_2
also the the solution has the following period three as follows
on_2 A% on_2 A%
X—2, ’ y X—2, ’ s X—2, ... .
2 A1 on_2 2 A1 AOX_2 2
2
(az122) If A% > onzz, then x4 = and
0X—2
% A4 % A%x_z A1
X5 =max§ —,X2, = max 5T
X4 AT x—2

A
Case (i) If we take x5 = 1 Then the solution has the following form:
X2

X X—2
’ b on_z b x_2

{ Ay A2 4 A2 A }
-2, ’ ) s X—2yuung ©
X—2 on_2 X—2
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AZx_
0% —2 , then the solution will be periodic with period three or being

Case (ii) If x5 = e

in the following form

Ao Ao\? Ao\°>
{x2n—1}$10=1 = {X—2,X—2 (A_l) y X—2 (A_1) y X—2 (A_1 el s

o A Ay (A1) A1 (A1 A (A
{le’l}n=1= l ’ ’ 9 oo .
X—2 X2 A() X—2 AO X—2 A()

which is unboundedness solution.
(az2) If x_1x_p > A1, then xo = x_; and
X3 =max{ —,Xg, = max{ —,Xg, .
X2 X—1

(az21) If xgx—1 < Ao, then x3 = 20 and

X—1
A3 Alx_l
X4 =max4y —,X1, = max s X277 .
X3 Ao
Alx_l
(az211) If Agx—2 < A1x_1, then x4 = 1 and
0
Ag A2
X5 =max 4y —,X2, = max X1y = X—1,

X4 1X-1

A
(since X_1> x—l & A1x—1> Agx—p = Alle > AgAq > Ag),
-2

As A1 Ao Aq
X6 = max{ —,X3¢y =max{ —,— ¢ = —,

X5 X—1 X—1 X—1

Ag Aox—1 Ar1x—q Arx—q
X7 =max{ —,X4¢ = max , = ,

X6 Ay Ao Ao

A7 Ao
Xg =max{ —,Xs5¢ = max{ —,X_1( = X_1,

X7 X—1

(since Alle > A1Ao),
{As } { Ao Ay } Ay
X9 =max| —,Xg, =maxy —,—, = —.

X8 X1 X—1 X1
Obviously, the solution is eventually periodic with period three, which can be ex-

pressed in the form

-1, >

X—1,—, , X
X—1 A() X—1 A()

{ A1 A1X_1 A1 Alx_l }
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(az212) If Agx—2 > A1x—1, then x4 = x_ and

A4 Ao
Xsg=max§ —,X2, =maxq —,X—-1, = X—1,

X4 X—-2
As Ar Ao Ay
X =maxy —,X3, =maxy—,——, = —,
X5 X—1 X—1 X—1
A6 on_1
X7=maxqy —,X4, =—=mMaxy ———, X2, = X2,
X6 Ay
) Ayx—1 _ Aox—1
(since x_p > > ),
Ao Ay
A7 Ay
Xg =maxy —,X5, =maxy ——,X—-1, = X—1,
X7 X—2
Ag Ao A Ay
Xg=maxy —,X¢g, —=mMaxy —,—, = —,
X8 X—1 X—1 X—1

this provides an eventually periodic with period three, which takes the form

Ay Ay
— X2, X1, —, X2, X1, -
X—1 X—1

(azzp) If Ag < x—_1x9, then x3 = xo and
X4 =max{ —,X;; =max{ —,X_o; .
X3 X0
(az221) If A1 < x—2x0, then x4 = x_» and

Ag Ay
X5 =max{ —,Xp; =max{ —,X—1, = X—_1,

X4 X—2
As Ay

X =max{ —,X3, = maxq{ —,Xg, -
X5 X—1

A
(az2211) If a1 < Xg, then xg = xo and
X—1

Ae Ao
X7 =max4{ —,X4, =max§ —,X—2, = X2,
X6 X0

A7 1
Xg=max§ —,X5, =maxq —,X—-1, = X—1,

X7 X—2
As Ao

X9 =max4y —,Xeg, = mMax§ —,Xo, = X9,
X8 X—1

and the solution has the following form

{X_2,X_1,X0.X_2,X_1,X0, ...}
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A A
(az2212) If a2 < X, then xg = Ll and

X—1 X—1
A6 A()X_1
X7 =max| —,X4, =Max§ ———,X—2, = X2,
X6 A1

(since x_px_1 > A1 > XoX—1 = X3 > X_1 = A1x_3 > A1x_1 > Aox_1),

A7 Ay
Xg =maxy —,X5, =maxqy ——,X—-1, = X—1,

X7 X—2

Asg Ao Ay Ay
X9 =max§ —,Xg, —mMmaxqy —,——, = —,

X8 X—1 X—1 X—1

we obtain that the solution is eventually periodic with period three. It has the follow-

ing form
Ay Ay
x_27x—17_’x—2vx—19_7"' .

X—1 X—1

A
(a2222) If A1 > x_2x0, then x4 = a1 and
X0

A4 A()X()
X5 =max 4y —, X2, = max 1 yX—1¢ = X-—1,

X4 1
(since x—px—1 > A1 > X0X—2 = x—1 > X0 = A1x-1 > A1x0 > AoXxo),

As Ay
X = max{ —,X3, =max{ —,X_q1; .
X5 X—1

Al Al
(a22221) If — > x_1, then x¢ = — and
X—1 X_1

A6 A()X_l A1 A1

X7 =max{ —,X4, =max{ ——,—; = —
X6 A1 X0 X0

(since Aq > x%l >X_1X0 = A%x_l > A1x—1x0 > on_lxo),

A7
Xg = max { —, X5, = max{xg,X—1} = X_1,
X7

Ag Ao Aq Ay
X9 = max{ —,Xgy = max{ ——, —¢ = —.
X8 X—1 X-1 X—1

’

Then the solution is eventually periodic with period three and has the following form



858 E. M. ELSAYED

A
(a22222) If a1 < X—1, then x¢ = x_1 and

X—1
Ae Ao Ay Ay
X7 =max4y —,X4, =maxy —,—,;, = —,
X6 X—1 X0 X0

A7
Xg =max{ —,X5, = max{xp,X_1} = X_1,

X7
Asg Ao

Xg =max4y —,X¢g, —=mMaxy —,X—-1, = X—1,
X8 X—1

we obtain that the solution is eventually periodic with period three and takes the form

A Ay
X—1,X—1, — X1, X—1, —5.ep -
X0 X0
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