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Abstract. In this paper we extend Darbo’s fixed point theorem in Banach spaces and obtain a
tripled fixed point theorem. The technique of measure of noncompactness is the main tool in
carrying out our proof. Finally, as an application of our results, we analyze the existence of
solutions for a system of neutral differential equations.
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1. INTRODUCTION AND PRELIMINARIES

The notion of a measure of non compactness (MNC) was introduced by Kur-
atowski [9] in 1930. Darbo’s fixed point theorem [7] which ensures the existence
of fixed point is an important application of this measure, since it generalizes both
Schauder fixed point and Banach contraction principle. Thereafter, many investiga-
tions and papers have been appeared in the MNC and it’s application, see for example
[1,2,5,8,10]. The aim of this paper is to generalize the Darbo’s fixed point theorem
via the concept of the class of operators O( f';.) and extend the results of the theorem
presented by Samadi and Ghaemi in [10]. Further, we apply our extension to obtain
a tripled fixed point and study the existence of solutions for the system

x'(1) = f(£.x((0). y (). 25 @) x"(B(1)). y'(B(1)).2" (B(21))
Y(0) = f1.y(50)).x (1)), 2(5)). y'(B(1)).x"(B(1)). 2" (B(1)) (1.1)
(1) = f(l,Z(C(l)),y(é(t)),X(C(l)),Z’(ﬂ(f)),y/(ﬂ(l)),x/(ﬂ(l)))

where ¢ € [0, T'] with the initial condition

x(0) = xo, y(0) = yo, z(0) = 2o.
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First, we introduce some notations and definitions which are used throughout this
paper. Let R be the set of real numbers, R4 = [0,00) and (E,||.||) be a real Banach
space with the zero element 0. We write B(x,7) to denote the closed ball centered at
x with radius r. If X be a nonempty subset of E then the symbols X and ConvX
stand for the closure and closed convex hull of X, respectively. Moreover, g is the
family of nonempty bounded subset of £ and 91 denote its subfamily consisting of
all relatively compact sets.

Definition 1 ([6]). A mapping i : Mg —> R is said to be a measure of non-
compactness in E if it satisfies the following conditions:
1° The family kerp = {X € Mg : n(X) = 0} is nonempty and keru C Ng;
2° X CY = u(X) < p(Y);
3% p(X) = pu(X);
4° pu(ConvX) = u(X);
5 uAX+(A-1)Y) < Au(X)+ (A —2)u(Y) for A €[0,1];
6° If {X,} is a sequence of closed sets from Mg such that X, 1 C X,, for
n=1,2,---,and ifnlggo,u(Xn) =0, then Xoo = ﬂ;’olen #* @.

The following concept of O( f;.) was given by Altun and Turkoglu [4].

Let F([0,00)) be the class of all functions f : [0,00) — [0,00) and let & be the
class of all operators
O(e:) : F([0,00)) = F([0,00)), f — O(f:")
satisfying the following conditions:

(1) O(f;t) >0fort >0and O(f;0)=0.

(2) O(f:t) = O(f;s)fort <s.

(3) limy—00 O(f;tn) = O(f;limy00ty).

4) O(f;maxit,s}) =max{O(f;t),O0(f;s)} for some f € F(]0,00)).

Example 1. ([4]) If f :]0,00) — [0,00) is a nondecreasing, continuous function
such that f(0) =0and f(¢) > O for ¢ > 0, then the operator defined by

f@)

o(f:1) = T+ 70)

satisfies the above conditions.

Definition 2 ([8]). A triple (x, y,z) is called a triple fixed point of a mapping 7 :
XxXxX—Xif

T(x,y,2)=x, T.x,9)=y, T(zyx) =z
The following theorems are basic for our main results.

Theorem 1 (Schauder [3]). Let C be a nonempty, bounded, closed and convex
subset of a Banach space E. Then every compact and continuous map T : C — C
has at least one fixed point.
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Theorem 2 (Darbo [7]). Let C be a nonempty, bounded, closed and convex subset
of a Banach space E and T : C — C be a continuous mapping. Assume that there
exists a constant K € [0, 1) such that n(TX) < Ku(X) for any nonempty subset X
of C, where  is a MNC defined in E. Then T has at least a fixed point in C.

Theorem 3 ([10]). Suppose 1, 2,..., U are measures of noncompactness in
Banach spaces E1, E,,..., E, respectively. Moreover assume that the function F :
R}';|r —> Ry is convex and F(x1,...,xn) = 0ifand only if x; =0 fori =1,2,...,n.
Then

(X)) = F(u1(X1), n2(X2),.... un(Xn)),

defines a measure of noncompactness in E1 x Ey x ... x E, where X; denotes the
natural projection of X into E;, fori =1,2,...,n.

Remark 1. Aghajani et al. [1] illustrated the Theorem 3 by the following example.
Let F be as follows:

F(x,y,z) =max{x,y,z}, or F(x,y,z2) =x+y+z, forany (x,y,2) € [0,00)3.
They showed that

(X)) =max(u1(X1), u2(X2), n3(X3)), or fw(X)=p1(X1)+pua(X2)+pu3(X3),
defines an MNC in the space E; x E» x E3 where X;, (i = 1,2,3) are the natural
projection of X into E;.

Samadi and Ghaemi [ 10] generalized Darbo’s fixed point theorem as fallow.

Theorem 4. Let U be a nonempty, bounded, closed and convex subset of a Banach
space E. Assume F : U — U be a continuous operator such that satisfying

Y ((F (X)) = ¢ (n(X)))Y (1(X))

for all nonempty subset X of U, where | is an arbitrary MNC in E, ¥: Ry — Ry is
nondecreasing function such that ¥ (t) = 0 if and only if t=0 and ¢ : [0,00) — [0, 1)
is a continuous function such that limsup,_,, ¢(¢t) <1 for all r > 0. Then F has a
fixed point in U.

The Darbo’s fixed point theorem is followed if Y = I (identity map) and ¢ = K
in the Theorem 4.

2. MAIN RESULTS

Now we state one of the main results in this paper which extends and generalizes
Darbo’s fixed point theorem by using concept of O( f;.).

Theorem 5. Let C be a nonempty, bounded, closed and convex subset of a Banach
space E and T : C — C be a continuous operator such that

YO/ (TX))] = @[y (O(f: (XY (1(X)).
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for X of C, O(e;-) € ® and let ¥: R+ — Ry be a nondecreasing function such that
Y(t) =0 if and only if t=0. Let @ :[0,00) — [0,1) is a continuous function such
that limy, 00 @"(t) = 0 for each t > 0, where  is an arbitrary MNC. Then T has at
least one fixed point in C.

Proof. By induction, we construct a sequence {Cy } such that Co = C and C,, 41 =
Conv(TCp) forn > 1. We have
TCo=TC CC =Cy, C; =Conv(TCp) < C = Cy, therefore by continuing this
process deduce that
Co2C12..2C,2C4+12....

If there exists an integer N > 0 such that u(Cy) = 0, then Cy is relatively com-
pact. In this case Theorem 1 implies that T has a fixed point. Now we suppose that
1(Cp) # 0 for n > 0. We have

VIO(f i u(Crp1))] = Y [O(f: u(Conv(T Cp)))]
= Y[O(f; (T Cn))]
<2y (O(f; n(CNY (L(Cr))
< O*[Y(O(f: i (Cre )Y (1(Cn1)) 2.1)

< @[y (O(f: n(Co)NIY (1(Co))
=" [y (O(f: (CN]Y (1(C))
By letting n — oo in (1.2) we infer that limy o0 W [O( f; £ (Cy+1))] = 0. Therefore,

Jim YO (Cu))] = YOS lim p(Crs1))] =0,

we know that O( f;0) = 0. Thus,

limy, 00 #(Cp+1) =0. Since C, 2 Cy 41 and TC,, C Cyy foralln = 1,2,3,... then
from 6° of definition MNC, Xo, = N2, X, is a nonempty, closed and convex set,
invariant under T and belongs to Keru. Consequently, from Theorem 1 we deduce
that 7" has at least a fixed point. ([l

Remark 2. The Theorem 4 is followed if O(f;t) =t and f = I in Theorem 5.
The following Corollary is immediate of Theorem 5.

Corollary 1. Let C be a nonempty, bounded, closed and convex subset of a Banach
space E, T : C — C and ¥: R4+ — R4 are continuous functions. Suppose that there
exists a constant 0 < A < 1 such that for all X C C,

YO (TX)N] = A[Y (O (f s w(XON]Y (e (X)),

where [ is an arbitrary measure of noncompactness and O(e;-) € ©. Then T has at
least one fixed point in C.



AN EXTENSION OF DARBO’S THEOREM AND ITS APPLICATION 87

Remark 3. The Darbo’s fixed point theorem is followed if O(f;t) =¢, f = I and
¥ = I in Corollary 1 .

Theorem 6. Let C be a nonempty, bounded, closed and convex subset of a Banach
space E and T : C x C x C — C be a continuous function such that

VIO (T xx2 X X)) £ 3OO 1) + a(xz) + ()
X Y1) + pex2) + plxs)]

for any subset x1,x2,x3 of C, where |4 is an arbitrary MNC, @ : [0,00) — [0, 1) is
nondecreasing function such that limy, o @"(t) = 0fort > 0and ¥: Ry — Ry is
a continuous function such that ¥ (t) = 0 if and only if t=0. Also, O(e;-) € ® and
O(fit+r+s)<0(f:t)+O(f;s)+ O(f;r) forall t,s,r > 0. Then T has at
least a tripled fixed point.

(2.2)

Proof. From Remark 1, we have [i(x) = u(x1) + p(x2) + u(x3). Now we define
amapping 7T :C xC xC — C xC xC by

T(x,,2) = (T(x,y.2), T(y,%,2), T(z,y,X)).

Itis clear that 7 is continuous. We prove that T satisfies all the conditions of Theorem
5. Let X € C x C x C be any nonempty subset by in (2.2) and 2° we obtain

YIO(f (T (x))] < W[O(f (T (x1 % x2 X x3)) X T(x2 X X1 X X3)
X T (x3Xx2XXx1)]

=Y[O(f (T (x1 x x2 x x3) + p(T (x2 X X1 X X3)
+ p(T (x3 X x2 X X1)]

=Y[O(f (T (x1 xx2xx3))] + Y [O(f s (T (x2 x x1 X x3)))]
+Y[O(f s (T (x3 X x2 X x1)))]

1
= 3PW(O(f1p(x1) + p(x2) + p(xa))Y [p(xn) + px2) + p(x3)]

OO u(0x2) - uCer) + pCes) Y [x2) + (1) + u(x3)]

+ %‘D[W(O(f;ﬂ(?%) + p(r2) + p eV [ (x3) + p(x2) + p(x1)]
= @Y (O(f:pu(x1) + p(x2) + p(xa)]¥ [ (x) + p(x2) + p(x3)].

From Theorem 5 deduce that T has at least a fixed pointin C x C x C and T has at
least a tripled fixed point. U

As application of Theorem 6 we can get the following corollary.
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Corollary 2. Let C be a nonempty, bounded, closed and convex subset of a Banach
space E and T : C x C x C — C be a continuous function such that

J(T (1 xx2 X x3)) < %@(u(xl) (2 + (xs)),

for any subset x1,x2,x3 of C, where u is an arbitrary MNC. Also, @ : [0,00) — [0, 1)
is a nondecreasing function such that limy, oo ®"(t) =0 for t = 0. Then T has at
least a tripled fixed point.

3. APPLICATION

In this section as an application of Theorem 6 and Corollary 2 we study the exist-
ence of solutions for the system of equations (1.1). Let the space C [0, T'] consisting
of all real functions defined, bounded and continuous on the interval [0, T'] equipped
with the standard norm

Ilxll = supilx(@)]:1 €[0,T]}.
Recall that the modulus of continuity of a function x € C[0, T'] is defined by
w(x,€) =sup{|x(t)—x(s)| : ¢, €[0,T], |t —s| < €}.

Since x is uniformly continuous on [0, T'] then w(x,€) — 0 as € — 0 and the Haus-
dorff measure of noncompactness for all bounded sets £2 of C[0,7] is equivalent
to

x(£2) = lim { sup a)(x,e)}.
€>0lxex

See more detail [3].

Now we consider the following assumptions:

(A)) ¢, B:]0,T] — [0,T] are continuous functions.

(A2) The function f :[0,7]x R® — R is continuous and there exist continuous
and nondecreasing functions ¢, 6 : Ry —> R such that limy,—oo @" () =0
forz > 0 and

| f (. x1.%x2,....%6) — f(£. Y1, Y2+-- -, V6)| < 9(1@f§3|xi —yil)+ 3.1

1
§¢(|x4 —ya| +1x5—ys| +[x6 — yo)
(A3) There exists a positive solution rg of the inequality
1
M+0(Tr)+ §<p(3r) <r (3.2)

where

M = sup{]| f(t,x0,Y0.20.0,0,0)| : £ € [0, T]}.
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Now, let us put x' () = X(¢), y’'(t) = Y(¢) and z/(t) = Z(t). Then the problem (1.1)
can be replaced equivalently by the following functional-integral equation

&)
X)) = f(t,xo +[ X(s)ds, yo

(@ £
[ rOdszot [ Z0ds X060, 260))
40
YO =f(txot [ ¥)dsxo
t@’ £ (3:3)
[ Xz [ 2600 G0 XG0 260)
40}
Z() = f(t,zO+/ Z(s)ds, yo

@'’ 10
[ st [ X XG0 Y B0 260)
0 0
where ¢ € [0, T]. In the sequel we will examine the equation (3.3).

Theorem 7. Under the assumptions (A1) — (A3) the equation (3.3) has at least
one solution x € {C[0,T]}3
Proof. Let us consider the operator T defined on the space C [0, T'] by the formula

¢@) ¢@)
T(x,y,2)(t) = f(t,xo —i—/ X(s)ds, yo —i—/ Y(s)ds,zo
0 0 (3.4)

£(@)
+ [ 260 X0 Y0 Z(B0)
0

for all ¢ € [0, T]. Observe that in view of assumptions (A1) and (A4,), the function
T x is continuous on [0, T] for any x € C[0,T], i.e. T transforms the space C[0, T]
into itself. For arbitrarily fixed ¢ € [0, T], we have

40 40

7O <1 (ot [ x@dsyot+ [ yodszo

40
[ 20s 2By B0) 2 (B0))
_f(tv-x()vyOvZOaOaOvO)l + |f(t7x07y0»ZOaOaOvO)|

59(max{|/0§(t)x(s)ds|,|/:(t)y(s)ds|,I/(f(t)z(s)ds|})

1
+300x BN+ 1y BO)+12(B@)D
+ |f(t»x0»J’0,207070,0)|

1
SQ(TmaX{IIXII, Iyl IIZII}) +eUlxl+ Iyl +lizih + M
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Thus,
1
1Ty, 2l < 0(Tmax {1yl 121}) + Sedel+ I+ 1z +M - G5)

and T'(x,y,z) € C[0,T] for any (x,y,z) € (C[0,T])? . Due to Inequality (3.2) the
function T maps (By,)> into B,,. Now we show that T is a continuous function on
(Ero)3. To do this, let us fix € > 0 and take arbitrary (x, y,z), (4, v,w) € (Br0)3 such
that max{||x —ull,ly—=vl,llz— w||} < &. Then, for t € [0, T], we have

40

763,00 =T o0 <[ (ot [ x@dsyo+ [ sz

¢(@)
[ 205 x B0 B0 2B0))
0

&)
—f(f,xo+[
0

40
+ [ wedsu o). o). wpo))
0

£@)
u(s)ds,yo—i-/ v(s)ds, zo
0

¢@) 403
< G(max{/o |x(s)—u(s)|ds,/0 |y (s)—v(s)|ds,

10)
/ 12(s) —w(s)|ds})
0

£ 30 (1K) —uBO + Iy (FE) v (BO)
+12(B1) —w(B1))1)
<6(Te)+ %@(38)

So we have 0(T¢) + %(p(3s) —> 0 as ¢ —> 0. Thus T is a continuous function on
(§r0)3. Now we show that T satisfies all the conditions of Corollary 2. Let X1, X»
and X3 be nonempty and bounded subsets of Bro. Assume that ¢ > 0 is arbitrary
constant. Also we take t1,t, € [0,T], with [t —#;] <& and x € X1, y € X, and
z € X3. Then we have
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¢(ty) ¢(ty)
TGy, 200 =T 2@ < |F(oxo+ [ x@ds.yo+ [ y6)ds.zo

¢(ty)
+/0 z(S)ds,x(ﬂ(tl)),y(/?(tl)),z(/?(tl)))
() can)
—f(tl,xo+/0 1 x(S)ds,yo+/0 l y(s)ds,zo
&)
+/O z(S)ds,x(ﬂ(tz)),y(/f(tz)),z(ﬂ(tz)))‘
&(ty) Z(ty)
+(f(tl,xo+[0 l x(s)ds,yo+[0 l y(s)ds,zo
(1)
+/0 Z(S)ds,x(ﬂ(tz)),y(B(tz)),Z(B(tz)))
¢(ty) Z(ty)
—f(tz,xo+/0 l x(s)ds,yo+/0 l y(s)ds,zo
(1)
+/O Z(S)ds,x(ﬂ(tz)),y(ﬁ(tz)),Z(ﬁ(tz)))‘
&(ty) Z(ty)
+‘f(t2,xo+/0 I x(s)ds,yo+/0 I y(s)ds,zo
G
[ 20)ds x (B2, 7 (B2).2(602))
&(ty) (1)
—f(tz,xo+/0 1 x(S)ds,yo+/0 1 y(s)ds,zo
G
+/O z(S)ds,x(ﬂ(tz)),y(ﬂ(tz)),z(ﬂ(tz)))‘
c@n) £t
+‘f(t2,xo+/0 ] x(s)afs,yo—i-/0 ] y(s)ds,zo
G
+f0 z(S)ds,x(ﬂ(tz)),y(ﬂ(tz)),z(ﬂ(tz)))

¢(t) ¢(ty)
—f(tz,xo+/0 x(S)ds,yo+/0 y(s)ds,zo

&)
[ 20 x (B2, y B2, 260))|

< 30 (IR BE) ~x(BE) | +1yBE) -y (B@))]
+12(B()) —2(B(12))]) + o (f;2)

(¢

£(tr) ¢
+0(max{/ \x(s)lds,/
¢(t2) L

/é’(ll)l ©)Id })
t(ta) z\s N

2

1)
| |y (s)lds,

2

< 30(0000(8,6) + 00,08, + 0z 0(6,6))
+o(f,e) +0(max {ro(s,)}),
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where

w(B.e) = sup {|B(12) = Bun)| : In 12| < eu11.12 € 0.1

() = sup|[£(12) ~£(00)] 11,12 € 0.7 | 12| < e

w(x.0(B.6) = sup {[x(12) = x ()| |~ 2] < @(B.). 11,12 € 0. B(D]}.
o(f.8) = sup || £ (11, %1,%2,..%6) = (12, %1,%2,..%6)| |11 — 12| <,

t1,t2 € [0,T], x4,x5,X6 € [—F0,70], X1,X2,X3 € [—ﬂ(T)VO,,B(T)I’o]}-

We obtained

73,200 = T(x.7.0)02)| <50 (0. 0(8.0) +00.0(6.0) + 0.06.6)
+o(fe)+ e(max {ron(Z, s)})

Therefore, we have

(T % Xa % X)) <30(0(X1,0(8.6) + 0(X2,0(8,9) +0(Xs, 0(.c)

+w(fe)+ Q(max {roa)(f, 8)}.

On the other hand by the uniform continuity of f, 8 .and ¢ on [0, T]x [—B(T)ro, B(T)ro]> x
[—ro,70]3, [0, T] and [0, T'] respectively, we have
w(f,.e) — 0, w(B,¢) and w(¢,e) —> 0 as ¢ —> 0. Therefore we obtain

(T x Xa x X3 ) < %w(u(xl) + 1(X2) + 1(X3)).

By applying Corollary 2, T has a fixed point.

O
Example 2. Consider the following system of functional differential equations
X () =2+ YxO+ Y yO + Y20+ 31+ X' (O + y' () + 2/ 0)])
V(@) =12+ Yy + Yx @)+ Yz) + 3In(1 + [x'0) + y' () + 2/ (1))
Z) =12+ Yz(O) + Yy(O) + Yx(@O) + 3 In(1+ X' (1) + Y (1) + 2/ (1))
(3.6)

where ¢ € [0, 3] with the initial condition
x(0)=3, y(0)=1, z(0) =2.
Eq. (3.6) is a special case of Eq. (1.1) where
Bt)=2(1) =1,
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1
ft.x1,...,x6) =12+ Yx1+ Ix2+ Yx3 + gln(l + x4 + x5+ x6]).

From the definitions of 8 and ¢, hypothesis (A;) are obviously satisfied. Suppose
that z € [0, 3]. Now, by taking ¢(¢) = In(1+1¢), 0(t) = max;=3,5,7{+/t} we have

|t x1...x6) = [t y1., . v6)| S |/x1 = Yy |+ |/ x0— Yy,| + |/ x3— Ys
1
+§|ln(1+|X4+X5+X5|)
—In(1+ |ys+ ys + yel)
= |%1‘W1|+|%2‘%2|+|%3—W3|
IX4+Xs+x6I—|y4+ys+y6|)
L+ [ys+ys+ yel

< VIxi —y1l+ VIx2 = y2| + V|x3— y3]

1
+gln(l+|x4+x5+x6_(J’4+J’5+Y6)|)

1

= f/IX1—y1|+ i/|x2—y2|+ Z/|x3—)’3|

1
+ gln(l + |xa —ya| + x5 —ys5| + |x6 — y6|)

1
=§¢(|x4—Y4|+|x5—YS|+|x6—y6|)
6 il
+ (if}a;(3{|xz yil})

— Laso

(3.7)
Thus, from (3.7) we infer that condition (A;) holds. Furthermore,

M = sup{| f(t,x0.¥0.20,0,0,0)| : 1 € [0, T]}
= sup{r? + 3+ 1+ V201 €0,3]}
<12.

It is easy to see that each number r > 20 satisfies the inequality in condition (Aj3),
ie.,

1
12+6@3r)+ §<p(3r) <r.
Thus, as the number ro we can take r9g = 20. Consequently, all the conditions of

Theorem 7 are satisfied. Hence the system equations 3.6 has at least one solution
which belong to the space {C [0, T]}3.
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