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Abstract. In this paper, we study g—extension of Mittag-Leffler operators. We establish mo-
ments of these operators and estimate convergence results with the help of classical modulus of
continuity. Also, we give weighted approximation property and A—statistically convergence of

the operators Lgf 3 .

2010 Mathematics Subject Classification: 41A25; 41A36

Keywords: gq—Mittag-Leffler operators, g—Gamma function, modulus of continuity

1. INTRODUCTION

We first mention some notations of g-calculus. Throughout the present paper,
assume that ¢ is a real number satisfying the inequality 0 < g < 1. For n € N, we

have
1—g™)/(1— ’ 1
[”]q:[n]:z%( q)n/( q) , ;17251 ,
[n]qlz[n]!::{ [”][”—11]---[1] Zi(l) ’
and
n—1 )
(aap=] [+ =12,
1 s n=0.

For integers 0 < k < n, the g-binomial coefficient is defined by

M=
k| Tk =k

The g-analogue of integration, introduced by Jackson [7] in the interval [0,a], is
defined by

/af(x)dqx:=a(1—q)2f(aq")q”,0<q <landa > 0.
0 n=0
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The g-improper integral used in the present paper is defined as

/OO/Af(x)dx'—(l—)if(£)£A>0
o ¥ = qn=o 4)a .

provided the sum converges absolutely. The two g-Gamma functions are defined as

1/1—¢q 0o/ A(1—q)
I (x)=/0 t* 1 Eg (—qt)dgt and y! (x)=/0 t* ey (—t)dyt.
(1.1)

There are two g-analogues of the exponential function e*, see [8],

AT SE.— X < ——. gl <1
R TR (R (e o i BRI

and
— k(k—1 2xk
Eq(x)=Y_ qkk=v/ = A+ =007 gl <1.
k=0 )

By Jackson [7], it was shown that the g-Beta function defined in the usual formula

Iy (s) I, (¢
Bq(t,S)z Q() q()
Iy(s+1)
The g-integral representation of g-Beta function, which is a g-analogue of Euler’s
formula, is

1
By (t,s) = / X7l —q)c);_1 dgx,t,s > 0. (1.2)
0

In 1903, G.M. Mittag-Leffler [ 1 1] defined the Mittag-Leffler function by
o0 k

z
E = ——: (z€C, R(x) >0).
«@ =2 raisn © (@) >0)
k=0
In 1905, A. Wiman [15] gave the two-index Mittag-Leffler function definition by
E 7)) = ——: (z,BeC, R(x) >0).
@p(2) };)F(aﬂﬁ)(ﬁ @) >0)
Note that, for f = 1 then we get Ey 1(2) = Eq(2).
M.A. Ozarslan [12] investigated properties of the following Mittag-Leffler operat-
ors

00 k
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M.H. Annaby and Z.S. Mansour [ 1] defined g—analogues of the Mittag-Leffler func-
tions by

o k
< o
Cap(2:4) = ) =0, ¥ <1,
= Tqlak + )
and 0o qak(k{l)zk
Eyp(z:9) = —Fq( Pt zeC

where f € C and R(«) > 0. Here we w111 use g-Mittag-Leffler function for @ = 1 as
K(k—=1)

00 k
() o ()
P\b ) T Ty p) by

Now we introduce the following operators

@) 5. [k]b) g (_X)"
L8 (fix) = w( )Zf( ) Lap 5, (1.4)

where (b,,) is a sequence of positive real numbers, 8 > 1 is fixed, n € N, and

feE::{feC[O,oo):xli)néolfﬂ

e is ﬁnite} ,
X

where C [0, 00) is the space of continuous functions defined on [0, c0). The norm of
Banach lattice E is given by

|f ()]

x€[0,00) 14+x2

L1l 2=

It is obvious that the operators L ,(1'9 ,3 (f;x) are linear and positive.
When ¢ = 1, we have the Mittag-Leffler operators given by Ozarslan [12]. When
g = 1 and B = 1, we get the modified Szasz-Mirakjan operators.

Lemma 1. Foreach0 <q <1, x > 0andn € N, we have

LP (1x) =1, (1.5)
—1]by
i o] < BT, o
|L,(1ﬂ3(zz;x)—x2‘Sb—n(x+[ﬂ_l]bn)+2xbn['8_l], (1.7)
s n n n

and

L)t =x)? x)<—(1+4[ﬂ—1])x+( )[ﬁ—l] (1.8)
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Proof. From definition of the operators L(’3 ) given by (1.4), we get
LP)(1:x)=1.

Using [k] = [k + B — 1] —¢¥[B — 1] and from (1.4), we have

k(k 1

00 k
LB (1 x) = LIl (E)
n,q(t x) El,ﬁ (%’q); n Fq(k-i-,B) by

00 k(=1 k
:E1ﬂ<bﬂ )§7r(k+ﬂ—1)( )
B bag ”qk(nx)k
Evp (3 ),§ n Ty(k+p)
0 LDk
<E1,3( )§7Fq(k+ﬂ)( ")

kk—=1) k

[B-1  <bag =z g (nx\*
e () whais(n)

For qk <1, we get

00 k(k—1) k+1
LP)(t:x) < Ly 2 (E)
El,ﬂ (%,q) k=0 n FQ(k+l3)

k(k—1)

T | S B (E)k
Eyg (%;q) o " Ik +pB)

[,3 B 1]bn‘

n

<x+
So we can write

‘L’(f;(t?x)—x) < @

Using definition of the operators L,(,ﬂ (3, we have

k(k=1)

0o 2 k
LB (2. 1 ([k]bn) q 2 (Q) '
n,q(l x) = EI’B( )];) n Iy(k+pB) \ by
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Using the fact that [k] = g[k — 1]+ 1 and [k] = [k + B — 1] —¢¥[B — 1], we obtain

1 ad b 2 QM nx k
LE*x) = ———— (—") k—1][k] + [k —2(_)
2 (17:%) Py (Z—H:Q)/; | (alk—1k]+[k]) r&<p \bn
1 > b,,)2 i (nx)k
=T 7N — ) k- 1][k]—
Eig (%;q)kg‘; " Iy(k+ )
! A (”X)k
T 2} k==
El,ﬂ(%;q),;o(n) []Fq(k+ﬂ) by

= ! 3 bn ’ k q 2 nx k
e () En ) s ()

k(k—1)
—=—+1

S L3 4 nx ) ®)
e =) R () e

[B—1] i (b")z[k I]QWHM (nx)k
Eip (%:C]) n Iy(k+p) \Dbn
Kk=D 44

1 LAY - q 2 nx \*
= n k 9 k—11p —(_)
Ew(%q)z(”) (Fp-21-d0 1]>Fq(k+ﬁ—1) bn

B-1 X (bn)? g T K o
‘—2(7) ["‘”W(E) 7, Lig )

k(k—=1)
5— +1

b 1 o0 b 2 o k
ey L (_,,) q—(_)
n n,q(f x)+E1,/3<’11;_x q)kX:z n Ik +B—2) \ by
NS (Y e ()
Elaﬂ(%;Q>k=2 n) Igk+pB—1) \bn

2 k=D 4y 4k k
2
) k-l (E)

Iy(k+pB) \ b
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k(k—1)
%2 s q 2 q3k+3 (nx)k

by
<L) t:x)+ =
n E1ﬂ<bn’Q)k =0 L+ ) \bn

: %i (%)2 rj(]:il/;i) (1 YEip —1]1]) (’Z_X)k

For qk <1and %

L& %x) < x?+ 2 ( L ])+2 bulB =11
n

So we can write

<1, we have

‘Lgﬂg(lz;x)—xz‘ < bn (x+ [ﬂ_l]b”) +2xbn[5—1]'
: . . :

Finally, using the (1.6) and (1.7), we acquire that
LPI(t—x)*:x) = L) (t%:x0) —2xLP) (1:3) + x2LP) (1:x)
=< |L(’9)(12;x) —xz‘ +2x ‘L;’?;(t;x) —x’

n

2
- b—"(1~|—4[,3—1])x—|—(b—n) [B—1].
n n

2. WEIGHTED APPROXIMATION

Here, we give weighted approximation theorem for the operator szﬂ (3.

<l (xr P lln) Ly ) 2,

(1.9

Theorem 1. Let g = g, € (0,1) such that g, — 1 as n — oo, then for each f € E

and lim 2o = 0, we get
n—oo N

; B) (£-y)_ -
Jim [LP) (fi0- f0] =
where B > 1.
Proof. From (1.5), we know that L(ﬁ)(l;x) =1,s0
B) (1- —
L), a0-1] =o.
From (1.6), forn > 1, we get

‘L,(f,gn(t;x)—x

“ Lff;n (t;x)—x

= sup
*  x€[0,00) 1+x2
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So we can write
lim H LP) (t:x) —x” —o.
n—o00 an *

Finally, for (1.7), we get

L,(fgn (tz;x) —x2|
= sup
x€[0,00) 14 x2

HL('B) (1% x) —x?

n.,dn

*

by X
S(+2-1)2 sup ——
N xel0,00) 1 +x2

2
+ (li) [B—1] sup
n

x€[0,00) 1+ x?

bn  (bn)*
=(@+20p-1)+( ) Bl
n n
Then, we acquire that
HL(B) (tz;x)—xzw —0asn — 0.
%

n,qn

3. RATE OF CONVERGENCE

Lemma 2. Forall x € [0,00) and n € N, we get
1
oL (2ix) <nep)
1\ w

where (ﬁ) is a bounded sequence of positive numbers and B > 1 is fixed. Also ()

n

is a constant and w(x) = # Additionally for all f € E and q € (0,1), we can
obtain

GO
Proof. Using (1.5) and (1.9), we get

1 1
w()Lifg (;;x) = [L# a0+ L) (%)

1+ x2
2
(1+x2+b—”(1+2[ﬂ—1])x+(li) [/3—1])
n n

=

1+ x2
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<1+—(1+2[ﬂ—1])+(b ) [B—1]
= u(B).

Also we have

o) |LE) (10| =0

Lff; (a)g;x)
<1f o) LE) (1 )

w
<u®B) S

If we take supremum both sides of above inequality over x € [0, c0), then the proof
is done. U

Now, we acquire that the rate of convergence of the operators L ,(15 ,3 f to f with the
help of usual modulus of convergence.
Firstly, we remember that the modulus of continuity of f on the closed interval
[0, D] is given by
wp(f.8) = sup [f ()= [f ().

x,t€[0,D]
lt—x|<§

We always know that, for a function f belongs to E, there is a limit equation as
lim wp(f,§) =0.
§—00

Theorem 2. Assume that (bn—”> is a bounded sequence of positive numbers with

lim b;":Oand,B> 1. Foreach f € E, q € (0,1) and x € [0, D] C [0,00); (D > 0),

n—-oo

|28 (fi0- 1]

where

Clop < Mz (B,D)en(B. D) +2wp11(f.en(B, D))

b bn\®
n(p.D) =2 (g =)D+ (%) [5-1
and My (B, D) is an absolute constant.

Proof. From the hypothesis, x € [0, D] and ¢ < D + 1, we get

0=l <ol = = (145 Yo (£

where § > 0. Also we can write
|f(O)— f)] < Kp(1+x%+1%) < Kp(2+3x%+2(1 —x)?)
<6Ks(1+D?)(t—x)*
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forx €[0,D] andt > D + 1, getting t —x > 1 and Ky is a constant depending on
f. From the above, we have

f(6) = f(0)] < 6K/ (1 + D)t —x) + (1 it

: )wD+1(ﬁ8)

for x € [0, D] and ¢ > 0. By the well-known Caucy-Schwarz inequality and from
(1.8), we have

L) (f 10— f ()] < 6K (1+ D) LE) (1 —2)%x)

/
Fopi1(£8) (1 5 (L -2r0) ")

5| Bn bn\?
§6Kf(1+D) 7(1+4[/3—1])x+(7) [B—1]

1 (by b\ :
Fopii(f9) 1+§(—(1+4[ﬂ—11)X+(—) [ﬂ—l])
n n

< My (B.D)EX(B. D) + 2wp 11 (f.en(. D)).
where

b b\ i
n(p.D) = (7”(1 wap-1) 0+ () [ﬂ—l])
and M¢(B,D) = 6(1+ D2)Kf. So, the proof is done. O

4. A-STATISTICAL CONVERGENCE

Recently, some authors use A—statistical convergence by [2,3, 12, 13]. Here for a
non-negative regular summability matrix A = (a,x), the definition of A-density of a
subset K of N is as

34(K) =lim aj k.
where limit exists (see [5]). If a sequence x = (x,) convergent to / meaning A—statistically
converges symbolized by st4 —limx =/ whereevery ¢ > 0,64 {n € N: |[x —[| > ¢} =
0 (see [4, 14]).

Substituting A = C; which Cj is the Cesaro matrix of order one, then we obtain
the statistical convergence instead of A—statistically convergence [6, 10]. Choosing
A = I, which is the identity matrix, then we get the ordinary convergence instead of

A—statistically convergence. In the case of limmax |a j,n| = 0, Kolk [9] showed that
J n
A—statistical convergence is stronger than ordinary convergence.
Assuming that
. b
stq —lim 2 =0,
non
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then one can easily see that
2

Stq —lim—; =0.
n n
Taking A = C; and defining

’

. n=m?(meN)
") 1; otherwise

2
so we can easily obtain that sz4 — 11rn b" =Stq4— hm b =0.

Theorem 3. Assume that A = (a;) is a non-negative regular summability matrix,
q €(0,1) and B > 1. We have

sta— |LE) (f:0- 1) 0.

cjo, D]
if sta —lim, 2 = 0 and each f € E.

Proof. We choose ¢ > 0 satisfying ¢ < r where r > 0. Defining the following sets
as

={n: e(B,D)=r},
T :=%n:bn—n(l+4[,3—1])D2 r_g},

2 —
Ty:= n:(bn—") [ﬁ—l]zrzg

Then one can see T C T7 U T> . Thus we can write

Zajk < Z ajr + Z ajk-

keT keT keT>

[\

We get lim ) a;jx = 0 for j — oo in the above and s14 —hm b” = 0. Hence we
J ker
have that st4 —lime, (8, D) = 0 and this showed that
n

sta—limwp+1(f.en (B, D)) = 0.

From the Theorem 2, the proof is done. g
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