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Abstract. Using Riccati type transformations, the authors establish some new oscillation criteria
for the fractional differential equation

(PEEY) 0+ p() (D§L) () +4@) F(G@) =0, 1>0,

t

where D§ .y is the Riemann-Liouville fractional derivative of order & of y, G(7) = J@—s5)"%y(s)ds,
0

and « € (0,1). Examples are provided to illustrate the relevance of the results.
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1. INTRODUCTION

In this paper we are concerned with the oscillatory nature of the fractional differ-
ential equation with damping

(Dof*y) (O +p0) (DGyy) )+ f(G1) =0, 1=1>0. (LD
where a € (0,1) is a constant, Dg, y is the a-th Riemann-Liouville fractional deriv-
t
ative of y,and G(t) = [ (t —s)" % y(s)ds.
0

We assume throughout this paper that the following conditions hold:

(C1) p:[to,00) = R is a continuous function with p(z) < 0;

(C2) g : [to,00) — R is a continuous function with ¢(¢) > 0;

(C3) f : R — R s acontinuous function with u f (1) > 0 for u # 0 and there exists
a constant K > 0 such that % > K for all u # 0.

A nontrivial function y(¢) is said to be a solution of equation (1.1) if y(¢) €

t

C((0,00),R), [ (t—5) % y(s)ds € C'((0,00),R), D§, y € C'((0,00), R), and sat-
0

isfies (1.1) on (0,00). Our attention is restricted to those solutions of (1.1) which
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exist on (0, 00) and satisfy sup{|y(¢)| : ¢ > t«} > 0 for any z, > 0. Such a solution of
equation (1.1) is said to be oscillatory if it is neither eventually positive nor eventually
negative, and it is nonoscillatory otherwise. Equation (1.1) is said to be oscillatory if
all its solutions are oscillatory.

Differential equations of fractional orders appear more and more frequently in
various research areas and applications in diverse fields of science and engineering.
Readers are referred to the monographs [2,7, 8, 10] for the theory and applications of
fractional calculus.

The problem of determining the oscillation of solutions of various equations like
ordinary differential equations, difference equations, and functional differential equa-
tions has been a very active area of research in the last few decades, for example, see
[1,5,11,12] and the references therein.

However, to the best of our knowledge, only a few papers considered the oscillat-
ory behavior of fractional differential equations. We refer the reader to [3,6,9,13] and
the references therein for problems involving Riemann-Liouville fractional derivat-
ives; for the problems involving Caputo fractional derivatives, the reader is referred
to [4,6] and the included references.

The motivation for the present work has been inspired basically by the papers of
Chen [3], Prakash et.al [9], and the cited papers in the references. By using Riccati
type transformations and the integral averaging technique, we establish some new
sufficient conditions which guarantee the oscillation of solutions of equation (1.1). It
is therefore hoped that the present paper will contribute to the studies in oscillatory
behavior of solutions of fractional differential equations with damping. Finally, some
examples are given to illustrate our results.

2. PRELIMINARIES

In this section, we introduce some basic notations, definitions, and preliminary
facts from fractional calculus; see [2,7, 8, 10] for additional details.

Definition 1. The Riemann-Liouville fractional integral of order 8 > 0 for a func-
tion y : (0,00) — R is defined by

t
|
(I()ﬂ+y) (t) = Tm/(t—s)ﬂ_ly(s)ds, >0, @2.1)
0

provided the right side exists pointwise on (0, c0), where I" is the Gamma function.
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Definition 2. The Riemann-Liouville fractional derivative of order 8 > 0 for a
function y : (0,00) — R is defined by

(083) 0= 55w / (=" yds, >0, @2)
provided the righ-hand side exists, where n =[] + 1 and [] denotes the integer part
of 8.

To obtain our results in this paper, we need the following two lemmas.

Lemma 1. Let y be solution of (1.1), and

G(@):= [(t —$)"%y(s)ds for a€(0,1), t>0. 2.3)

Then
G'(t)=T(1—a)(D§,y) (). (2.4)
Proof. Differentiating (2.3) and using (2.2), we have, for « € (0,1) and ¢ > 0,

t

d
G'0="1 f (t =) y(s)ds

0

:F(l—a)—)dt/(t—s) “y(s)ds

This completes the proof proof of Lemma 1. g

Lemma 2. Let o € (0,1), and t > 0. If y is a solution of (1.1), then (DyT%y) () =
(D§;y) @).
Proof. From 2.2)andn =[B]+1=[14+a]+ 1 =[]+ 1+ 1 =2, we obtain

14+« _ 1
(Do) () = 7

ﬁdﬂ[( (=927 )

1 d?
= HI——OQW/(Z_S)_ay(S)dS
0
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d 1 d —a
o —F(l—oz)E/(Z_s) y(s)ds
0

d
= - (D§+y) ) = (D§1y) ).

This completes the proof of Lemma 2. O

3. MAIN RESULTS

Theorem 1. Suppose that (C1)-(C3) hold. If

tl_l)rgo 4F(1 )/ AI'(l1—a)Kq(s)—p (s)) 0, 3.1

then any solution of the equation (1.1) is oscillatory.

Proof of Theorem 1. Let y(t) be a nonoscilatory solution of equation (1.1). Without
loss of generality, we may assume that y is an eventually positive solution of (1.1).
Then, there exists #; € [tg,00) such that y(¢) > 0 and G(¢) > O for ¢ > ¢;. Define the
function w by

w(t) = %, for t > 1;.

Then w(¢) is well defined and satisfies the inequality

w'(r) = - [((Dm)([))/(;(” . UDS@y)(r)G/(”}

G2(1)
[0 @) ra-w((Pgy)0)*
N G(1) G2(t)
_(Dgy) @ F(G@) LRI
=P Gt M- [
> —pOw(®) + Kq() + (1 -a)w?(1). 3.2)

Integrating (3.2) from ¢; to ¢, we obtain
t

w(t) > w(t) + f [F(l —oz)wz(s)—p(s)w(s) + Kq(s)] ds

5]

! 2
:w(tﬂ%—]’(l—cx)/(w(s)—%) ds
151
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4[‘(1 )/ 4Ar(l—o)Kq(s)—p (S)) 3.3)

In view of (3.1), there exists ¢, > 1 , such that

t
) \?
wi)>TI(l1—a) (w(s)— p—) ds fort>t,.
t2/ 2 (1—a)
If we set )
) \?
H(t)=T'(1-a) (w(s)—p—_) ds, (3.4)
tzf 2r(1—a)

then we have w(t) > H(t) > 0 fort > t,.
From (3.4) and using the fact that p(z) < 0, we can easily see that

2
H@)=T(-a) (w(z) — %) >T(1—o)w?(@)> I'(1—a)H?(1),
and so we obtain =
I'l—ou)< HZ(()) for t > t,.

Integrating both sides of this inequality from #, to ¢, we obtain that

1 1
H(m) H(@) ~ H()

F(l—a)/ds <

Letting t — oo in the above 1nequahty gives

t
1
lim I"(1 —a)/ds <—,
1)

but this is not correct. This completes the proof of the theorem. U

Theorem 2. Let conditions (C1)—(C3) hold. Assume that there exists a positive
function g € C[ty, 00) such that

. F(l —oc)
t1—1>120t W ds = o0 (35)
0

and
! g'(s)
im

t
1
t>oo | 4 F(l—a)t/w(s)de\/F(l—a)

= 00, (3.6)
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where
(g'(5))’
g(s)

then any solution of the equation (1.1) is oscillatory.

—2p(s)g'(s) —4KT (1—a)g(s)q(s),

W(s) = p*(s)g(s) +

Proof of Theorem 2. Let y(t) be anonoscilatory solution of equation (1.1). Without
loss of generality we may assume that y is an eventually positive solution of (1.1).
Then, there exists #; € [tg,00) such that y(¢) > 0 and G(¢) > O for ¢ > ¢;. Define the
function w by

D(x
wi) = g 220

In view of conditions (C1)-(C3), from equation (1.1) we obtain

(D 0+y>()_g(t)[w 5.0 ]

for t > 11. (3.7)

w'(t) = —g'(t)

G(1) G(t)
’ DY ’G — (D% G’

_¢ ((;))w([)_g(t)[(( 5:)() g)z(t)( 8 )() (t)}
_g@o o T(Dgy) 0 T=a)((Dg,y) (1)
s "8 ()[ G) G2(0)

g'(t) (D§1y) @) f(G@)
¢(0) G EWIO60
(0§ Y

%[r(l—a)w () — gD pOw(t) + g Ow®)] + Kg(1)q(0).
(3.8)
Taking
l !
Ht)=+vVI(l-—o)w()+ ﬁg (1), (3.9)

we get from (3.8) that

2 2
I pg®) " ( pg®) \  (W)?
N (Z)>ﬁ{(H(t)2,/r(1a)) (2 F(l—a)) 4r(1—a)
+p(t)g(t)g/(t)
2I'(1 —a)

]+Kg(t)q(t)
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- p(t)g(t) ’
g(t) I'(l1—a)

L e+ O e -4k F (1 —a)gg0)
e LA IR g(nq() |.

Integrating both of sides of the above equation from #; to ¢, we obtain

t 2
M) ds (3.10)

w(z)>w(r1>+/ ()( N =

/ 266+ 05— 4K (1 —a)g(s)as) | ds.
4F(1 @) 2s)

Using (3.9) in (3.10), we obtain

2
P)g(s) ) J

t
H() 2 VT () + m/ ® (H“)‘ 2/ (-

[p g+ EE (( ))) zp(s>g/<s>—41<r(1—a)g(s)q(s)} ds

1
/T
n g'(t) .
2/T(1—a)
Now, from (3.6) there exists #, > ¢1 such that
2
P()g(s) ) "

: 1

Let
2
P($)8(s) ) ds. 3.11)

t
1
Q@) = \/F(l—a)tl/% (H(S)_Z\/T—a)
Then, using the fact that p(¢) < 0, we have H(¢) > Q(t) > 0. Differentiating (3.11)
gives
re — 1 p)g(t)
0'0)=YT=a) s ( () - —m—a))

2
.00
> VT~ )(t)<Q() m—m)
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>V I(l-a )ﬂQ (®),

and so we have

VIT=0) _0't)
POIENE0)

Integrating both of sides of this inequality from ¢, to ¢, we obtain

t
/F(l—oz)ds< Lot
g(s) Q) Q@) 0O(n)

153

which contradicts (3.5) and completes the proof of the theorem. U

Example 1. Consider the fractional differential equation, for ¢ > 0,
(DyTy) (1) — (D0+y) () + (1 + )/(z —5)%y(s)ds =0, (3.12)

with @ = 1/2. Here, p(t) = —1/t2,q(t) = 1 +1/t° and f(u) = u. Then we have
K=1,and I'(1—a) =TI (1/2) = /7. Letty = 1, thus condition (3.1) becomes

) 1
tl_l)rgo m/(4f(l—a)](q(s)—p2(s))ds

to
t
~ lim % (4ﬁ(1+ ) 4)ds
1
W
el o)~

So every solution of (3.12) is oscillatory by Theorem 1

Example 2. Consider the fractional differential equation

(Dof%y) (@) — (Do+y) (t) (3.13)

- (1 - tlz) %exp /(z —5)"* y(s)ds /(t —$)"*y(s)ds =0
0 0

with @ = 1/2. Here, p(t) = —1/t, q(t) = 1+ 1/t%, and f(u) = f “u. Then, we
have K = 1//m,and I'(1 —a) = I'(1/2) = /7. If we take to = 1, and g(¢) =1,
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then

t
I'(l—
lim (—a)ds = lim ﬁds =00
t—00 g(s) t—>00 s
to 1
and condition (3.6) becomes

= 1i 1 2t 1 —

= Mmoot o | T oo
We see that the hypotheses of Theorem 2 are satisfied and so all solutions of (3.13)
are oscillatory.

REFERENCES

[1] H. K. Abdullah, “A note on the oscillation of second order differential equations,” Czech. Math.
J., vol. 54, no. 4, pp. 949-954, 2004, doi: 10.1007/s10587-004-6443-3.

[2] G. A. Anastassiou, Fractional Differentiation Inequalities. NewYork: Springer, 2009.

[3] D.-X. Chen, “Oscillatory behavior of a class of fractional differential equations with damping,”
U.P.B. Sci. Bull.,Series A, vol. 75, no. 5, pp. 107-118, 2013.

[4] S.R. Grace, “On the asymptotic behavior of positive solutions of certain integral equations,” Appl.
Math. Lett., vol. 44, pp. 5-11, 2015, doi: 10.1016/j.am1.2014.12.005.

[5] S. R. Grace, R. P. Agarwal, and J. R. Graef, “Oscillation criteria for certain third order non-
linear difference equations,” Appl. Anal. Discrete Math., vol. 3, no. 1, pp. 27-38, 2009, doi:
10.2298/AADMO0901027G.

[6] S.R.Grace,R.P. Agarwal, P.J. Y. Wong, and A. Zafer, “On the oscillation of fractional differential
equations,” Fract. Calc. Appl. Anal., vol. 15, no. 2, pp. 222-231, 2012, doi: 10.2478/s13540-012-
0016-1.

[71 A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional Differen-
tial Equations. Amsterdam: Elsevier Science B.V, 2006.

[8] I. Podlubny, Fractional Differential Equations, ser. Mathematics in Science and Engineering.
New York: Academic Press, 1999.

[9] P. Prakash, S. Harikrishnan, J. J. Nieto, and J.-H. Kim, “Oscillation of a time fractional partial
differential equation,” Electron. J. Qual. Theory Differ. Equ., vol. 2014, no. 15, pp. 1-10, 2014,
doi: 10.14232/ejqtde.2014.1.15.

[10] S. G. Samko, A. A. Kilbas, and O. 1. Marichev, Fractional Integrals and Derivatives, ser. Theory
and Applications. Amsterdam: Gordon and Breach, 1993.

[11] E. Tung, “A note on the oscillation of second order differential equations with damping,” J. Com-
put. Anal. Appl., vol. 12, no. 2, pp. 444-453, 2010.

[12] E. Tung, “Oscillation results for even order trinomial functional differential equations with damp-
ing,” Appl. Appl. Math.: An International Journal (AAM), vol. 9, no. 2, pp. 696-717, 2014.


http://dx.doi.org/10.1007/s10587-004-6443-3
http://dx.doi.org/10.1016/j.aml.2014.12.005
http://dx.doi.org/10.2298/AADM0901027G
http://dx.doi.org/10.2478/s13540-012-0016-1
http://dx.doi.org/10.2478/s13540-012-0016-1
http://dx.doi.org/10.14232/ejqtde.2014.1.15

656 ERCAN TUNC AND OSMAN TUNC

[13] J. Yang, A. Liu, and T. Liu, “Forced oscillation of nonlinear fractional differential equations with
damping term,” Adv. Difference Equ., vol. 2015, no. 1, pp. 1-7, 2015, doi: 10.1186/s13662-014-
0331-4.

Authors’ addresses

Ercan Tung

Gaziosmanpasa University, Department of Mathematics, Faculty of Arts and Sciences, 60240, Tokat,
Turkey

E-mail address: ercantunc72@yahoo.com

Osman Tung
Yiiziincii Yil University, 7A-8, 65080, Van, Turkey
E-mail address: osmantunc89@gmail.com


http://dx.doi.org/10.1186/s13662-014-0331-4
http://dx.doi.org/10.1186/s13662-014-0331-4

	1. Introduction
	2. Preliminaries
	3. Main results
	References

