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Abstract. For an integral domain R we consider the closures M (1\7 r.7 € R) of a submodule M
of an R-module N consisting of elements n of N with tn € M (r"n € M) for some nonzero t €
R (m € ZT) and its connections with usual closure M of M in N. Using these closures we study
the closures & and $; of a proper class J of short exact sequences and give a decomposition
for the class of quasi-splitting short exact sequences of abelian groups into the direct sum of
“p-closures” of the class § plit of splitting short exact sequences and description of closures of
some classes. In the general case of an arbitrary ring we generalize these closures of a proper
class & by means of homomorphism classes ¥ and ¥ and prove that under some conditions this
closure :73; is a proper classes.
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1. INTRODUCTION

Throughout R is an associative ring with identity and all modules are unital left
R-modules; restrictions on the ring R concerned, if there are any, are mentioned at
the beginning of each section.

In this paper, we study closures of proper classes and their relation to closures of
splitting short exact sequences. Over an integral domain R, for a class & of short
exact sequences of R-modules, we denote by P the class of short exact sequences
E such that kE € & for some 0 # k € R, where k also denotes the multiplication
homomorphism by k. Thus

P = {E|kE € & for some 0 # k € R}.

In case of abelian groups, the class P firstly was studied in [ 14] for P = 8 plit, the
class of splitting short exact sequences, and it was denoted by Text (since
Ethﬁlit(C’A) = T(Ext(C, A)). In [8] & was studied for P = Pure, the class
of pure exact sequences and P = D, torsion splitting short exact sequences. For an

A

arbitrary proper class & in the category of abelian groups the class & was studied in

[3].
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For an integral domain R we consider the closures M (7\/7,, r € R) of a submodule
M of an R-module N consisting of elements n of N with tn € M (r"n € M) for
some nonzero t € R (m € Z). We study its connections with usual closure of M
in N (see [7]) and show that a submodule M of a torsion-free module N over an
integral domain have unique closure which coincides with M.

For an element r of an integral domain R we define r-closures of the class & of
short exact sequences contained in % and give a direct sum decomposition for the
class & [;l it of quasi-splitting short exact sequences of abelian groups into the direct
sum of p-closures of the class § plit (for sum of proper classes see [1, 12]).

The classes Small, 8, 88 and W& determined by small submodules, submod-
ules that have supplements, submodules that have supplements with bounded inter-
section and weak supplement submodules respectively, are studied in [4]. Over a
hereditary ring, it is shown in the same work that the least proper class ‘W8 can be
defined using the class W-8. In section 3, we give the relation between § 8, W8 and
Ivanov Classes (see [3, 9]).

For investigation of % over an integral domain R we have used the fact that mul-
tiplication by an element of R is an endomorphism of a module if R is commutative
which need not be true for arbitrary associative ring with identity. For this reason, the
last section is devoted to the study of closures of proper classes over an associative
ring with identity. Instead of multiplication by an element of R we take classes ¥ and
§ of homomorphisms and define closure :‘/Ajg for a class & of short exact sequences
with respect to these classes of homomorphisms of R-modules. We define a compat-
ible pair (¥ ,9) for aclass & and use its properties to prove that for a compatible pair
(F,9) for a proper class P, the class 333% is proper. We give some restrictions on

the compatible pair (¥ ,9) to ensure that :‘/A’g contains J#. Furthermore, under some
conditions on the compatible pair (¥ ,9) for the proper class &, we obtain a relation

between the closure & pAl it ¢ of splitting short exact sequences and the class j’g at
the end of this section.

2. PRELIMINARIES

Let R be an associative ring with identity and J” be a class of short exact sequences
of left R-modules and R-module homomorphisms. If a short exact sequence

E:0 A / B-2-C 0 belongs to &, then f is said to be a P-

monomorphism and g is said to be a P-epimorphism. E is determined by the mono-
morphism f and the epimorphism g uniquely up to isomorphism.

Definition 1. The class & is said to be proper (in the sense of Buchsbaum) if it
satisfies the following conditions (see [5, 10, 13]):
P-1) If a short exact sequence E is in J#, then every short exact sequence iso-
morphic to E is contained in £.
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P-2) & contains all splitting short exact sequences.

P-3) The composition of two & -monomorphisms is a J-monomorphism if it is
defined.

P-3’) The composition of two & -epimorphisms is a ep1morph1sm if it is defined.

P-4) If g and f are monomorphisms, and g o f is a S>-monomorphism, then f is
a P-monomorphism.

P-4’) If g and f are epimorphisms, and g o f is a J-epimorphism, then g is a
P -epimorphism.

Another and frequently used way to check if a given class P is proper is given
by R. J. Nunke. A class & of short exact sequences is a proper class if Ext (C, A4)
is a subfunctor of ExtR(C A), Ext (C, A) is a subgroup of Ext} r( (C, A) for all R-
modules A, C and the composition of two & -monomorphisms (or J-epimorphisms)
is a ?-monomorphism (a &-epimorphism respectively) (see Theorem 1.1 in [11]).

For any class & of short exact sequences the proper class generated by & is the
least proper class that contains & and denoted by (&). It is the intersection of all
proper classes containing & (see [12]).

A module M is &-coprojective (#-coinjective) if every short exact sequence of
the form 0 A B M 0 (of the form

0 M B C 0) is in &. For classes M and ¢ of modules,
the smallest proper class k(M) (resp. k(F)) for which all modules in M (resp. &)
are k (M)-coprojective (resp. k(g)-coinjective) is said to be coprojectively (resp.
coinjectively) generated by M (resp. §).

For classes R and £ of short exact sequences, the class R + £ is defined as the
least proper class that contains R and £, i.e. R+ £ = (R U L), and it is called the
sum of the classes R and £ (see [12]).

We will use Ext instead of Ext! and for a homomorphism f, we will denote
Ext'(1, f) by fx and Ext' (£, 1) by f*.

3. THE CLASSES J AND J

Let R be an integral domain throughout this section unless otherwise stated. For
a class & of short exact sequences of R-modules, we denote by & the class of short
exact sequences E :0 A B C 0 of R-modules such that

kE € 2 for some 0 # k € R where k also denotes the multiplication homomorphism
by k € R. Thus

j’z{E|kEe OforsomeO;«rékeR}

For E € , we have 1- E = E € &, therefore &> C P for every class & of short
exact sequences.

In case of abelian groups, the class P was studied in [14] and in [3] for £
& plit the class of splitting short exact sequences. In [8] # was studied for =
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Pure, the class of pure exact sequences and & = D, torsion splitting short exact
sequences. In [3] % was studied for £ = § plit, where it was denoted by Text (since
EXtSﬁlit(C’ A) = T(Ext(C, A)), the torsion part of Ext(C, A)), and for every proper
class &. The following result gives a general answer when R is an integral domain.

Theorem 1 ([2], Theorem 3.1). For every proper class P of short exact sequences
of R-modules, the class & is proper.

We can also consider M for R-modules M < N with the definition
Mz{xEN|kx€Mf0rsomeO7ékeR}.

Some results involving this definition are obtained in [12] for the case of abelian
groups (see [12, Lemma 4.1]).

The submodule M of the R-module N can be used in finding closures. Let us
remind the definition of the closure of an R-module.

Definition 2. (see [7]) A submodule X of an R-module Z is closed in Z if X <
Y <Z and X <Y implies Y = X. For R-modules M < X < N, X is called a
closure of M in N if M << X and X is closed in N.

Closure of a module need not be unique in general as the following example shows.

Example 1. Let R be the ring of integers and M = Z/2Z & Z /8Z. Consider the
subgroups N = (1+2Z,2+8Z)Z, L = (0+2Z,1+8Z)Z and X = (0+2Z, 4+
8Z)Z of M. Then N and L are both closures of the subgroup X in M.

Proposition 1. Let M < N be R-modules, then M is the unique closure of M +
T(N)in N, where T(N) is the torsion part of N.

Proof. For x € M,rxeM<M+ T(N) for some 0 # r € R, therefore M +
T(N)<M. If M < M’ for some M’ < N, then for y € M’, ky € M for some
0 # k € R which implies [(ky) € M for some 0 # [ € R. Since (lk)y =l(ky)e M
forO#IlkeR,ye M . Therefore, M is closed.

Let N’ be another closure of M + T(N)in N. If z € N/, then sz € M + T(N)
for some 0 # s € R which shows that N/ < M. Since M + T(N) < N’ < M and
N'isclosedin N, N’ = M. O

Corollary 1. Let N be a torsion-free R-module. Then for every submodule M of
N, M is the unique closure of M in N.

It is possible to define closures of the class & that happen to be in between & and
%. For a class & of short exact sequences of R-modules and 0 # r € R, we denote
by !/A’r (r-closure of &) the class of short exact sequences

E:0 A B C 0 of R-modules such that ¥’ E € & for some
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for some nonnegative integer ¢, where r’ also denotes the multiplication homomorph-
ism by r’ € R. Thus

P, ={E|r'E € £ for some nonnegative integer }.

For E€ P,wehave r®. E=1-E=E € P and clearly j’, - JA), therefore P C
P, C P for every class P of short exact sequences.
For a given proper class &, the following result gives us proper classes that are

contained in #. We omit its proof since it uses similar ideas used in the proof of
[3, Theorem 1].

Proposition 2. Prisa proper class for every proper class P and every 0 # r € R.

Direct sum of two proper classes are defined in [1]. We say that the sum Z £ of

iel
proper classes is direct if &; ﬂ Z £i =48 plit forevery j € I and for every finite
i)
ieF

index set FF C 1.
Over the ring of integers, for every group A we have a decomposition of 7'(A4)
into primary parts as T(4) = & 7T, (A). The following result holds when R = Z,

D prime
and it gives a direct sum decomposition for the class § plit of splitting short exact
sequences in terms of proper classes.

where p ranges

Proposition 3. Over the ring of integers, § pAl it=p3s I;Z ity,
p

over all prime numbers.

A relation between quasi-splitting short exact sequences and P for a proper class
P is given by [2, Theorem 3.2]. A similar result for the closures we have defined also
holds. Its proof uses similar ideas used in [2, Theorem 3.2], therefore it is omitted.

Theorem 2. Let P be a proper class. Then
P+ 8plit, = P,
forevery0#£r € R.

In order to show the relation of the classes defined so far with the proper classes
related to supplements, we use Ivanov classes and give some results over the ring of
integers (see [3, 9]).

Definition 3. For the classes M and ¢ of modules, the class i (M, ) of short exact
sequences is the least proper class for which every module from M is coprojective
and every module from ¢ is coinjective.

These classes are called Ivanov classes.
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Theorem 3 ([3], Theorem 2). For all classes M and & of abelian groups
i(M. ) =i(MUSB,4UB)

where 8B denotes the class of bounded abelian groups.

This result is also true for modules over an integral domains since its proof can
easily be modified. It is also possible to use the proof of this result and obtain another
closure of the class i (M, &).

Theorem 4. Let R be an integral domain, M and § classes of R-modules. Then
foreveryO#£r € R

iM,E)r =i(MUB,, FUB;)
where B, denotes the class of R-modules bounded by a power of r.

Proof Leti(MUB,,dUB,)=E. Itis clear thati (M, $) C L and £ Ci (M, §),
since every module from B, is im) r-coinjective and im) r-coprojective. To
show that i(/a\/(,\gl), C &£, let

E:0 A B C 0 e im)r. Then there is a nonnegative
integer ¢ such that ' E € i (M, §). We can write the homomorphism r’ : C — C as
r! =aof, where a : r*'C — C is the inclusion and B : C — r!C is the standard
epimorphism. Applying these homomorphisms we obtain the following commutative
diagrams with exact rows and columns:

0 0
E':0 A—S . p_ o _,ic 0
| :
E:0 A—rL o B C 0
C/r'C=—=C/r'C
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0 0
C/r'C=—=C/r'C
F*(E):0 —> 4 B—t . ¢C 0
|
E':0 A—S% g9 _,ic 0
0 0

In the second diagram, B is an £-epimorphism since C[r’] € B, and £ is also an
&£-epimorphism. Then 0 o = B o€ is an L-epimorphism since &£ is a proper class
and o is an £-epimorphism since Extg is a subfunctor of Ext. Therefore, E' € &£
and § is an £-monomorphism.

In the first diagram, 6 is an £-monomorphism since C/r!C € B,. Since £ is a
proper class, « = 6 oo is an £-monomorphism and E € £. U

Corollary 2. Let R be a Noetherian integral domain of Krull dimension 1, and
0#7r € R. Then

$8=i(8,B)
88, =i(B,,B)

where 8B is the class of bounded R-modules and B, is the class of modules bounded
by a power of 1.

Proof. By [6, Proposition 4.3], 88 = k(B) = i (g, B). Theorem 3 and Theorem
4 complete the proof. 0

We need the following result to see another application of these closures.

Proposition 4 ([4], Proposition 4.13). Over a hereditary ring W8 = k(Em),
where 8m is the class of all small modules.

Corollary 3. Let R be a Dedekind domain and 0 # r € R. Then
WS =i(B,8m)

WS, = i(B,,8$m)

where B is the class of bounded R-modules, 8B is the class of modules bounded by
a power of r and m is the class of small modules.
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Proof. By Proposition 4, W8 = k(8m) = i(2,8m). Since 8 C §m, Theorem 3
and Theorem 4 completes the proof. |

Until now, we have dealt with the classes that include the given class . In [2],
the existence of a class that is contained in the given class & is given using the class
P over a principal ideal domain. It is also possible to obtain a similar result using
the class j’,, Note also that by & we mean the class r = {E : E = rE’ for some
E’ € P} defined in [2].

Theorem 5 ([2], Theorem 4.4). Let R be a principal ideal domain. Then for every
proper class P with P = P and for every k € R, the class kP is proper.

With a slight change on the condition given, we can obtain a result for the class

e?jr.

Theorem 6. Let R be a principal ideal domain. Then for every 0 # r € R and
every proper class P with P, = P, the class r' P is proper for every nonnegative
integert.

4. THE CLASS P

In the previous section, the classes % and JIA’r for the given class & of short exact
sequences are defined over an integral domain using the homomorphisms that are
multiplication by elements of R since multiplication by elements of R give homo-
morphisms when R is an integral domain. We cannot use elements of R to obtain
homomorphisms in order to find a closure for the class & when R is an associative
ring with an identity element since the multiplication by an element of R need not
give a homomorphism in this case. Therefore, we turn our attention to the classes of
R-module homomorphisms. Throughout this section we will study modules over an
associative ring R with an identity element.

Definition 4. Let ¥ and ¢ be families of homomorphisms of R-modules. We say
that ¥ is closed under pushout diagramsif f : 4 — B, f € ¥ anda: A —> A’ is
a homomorphism, then in the pushout diagram

A
g
A

S

/ .

f/

N<~—W
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we have /' € . We say that § is closed under pullback diagrams if g : C — D,
g€¥§and B: D’ —> D, then in the pullback diagram

c—%.p

L

P/—/>D/
g

we have g’ € 9.

Lemma 1. Let ¥ and § be families of homomorphisms of R-modules. Let ¥
be closed under pushout diagrams and § closed under pullback diagrams. Then the
following hold.

@) If f : A—> Aq belongs to ¥, then the homomorphisms f ®&14: A A —

A1®Aand 14 f  ABA— AD Ay arealsoin F.

(@) If f : A—> B belongs to ¥, then the inclusion i : Im f —> B (or the mono-
morphism i : A/ Ker f —> B induced by f ) is also in .

(iii) If g : C1 —> C belongs to &, then the homomorphisms g ®1¢c : C1 C —>
CheCandlcpg:CoC; —C®Carealsoin’§.

(iv) If g : C —> D belong to '§, then the canonical epimorphism 7w : C —>
C/Ker g induced by g (or the epimorphism 7 : C — Im g induced by g) is
alsoin §.

Let R be an associative ring with identity. Let ¥ and § be families of homo-
morphisms of R-modules, and & a class of short exact sequences. We say that the
pair (¥, 9) is “compatible” for the class & if for every short exact sequence E, there
is f € ¥ such that f«(F) € & if and only if there is g € § such that g*(E) € & with
one (or both) of the following conditions satisfied:

(i) ¥ is closed under compositions and pushout diagrams,
(ii) § is closed under compositions and pullback diagrams.

For a class & of short exact sequences and a “compatible” pair (¥, §) for P, we

A

define the class P as
PE = {E| f«(E) € Pfor some f € F}
={E|g*(E) € P forsomeg € §}.
(]

Theorem 7. For every proper class P of short exact sequences and every com-
patible pair (¥, §) for P, the class f/’bf is proper.

Proof. Let E : 0 A B C 0 € PE with f1.(E), gF(E) €
Pfor f1:A— Ay, fieF andg1:Cr —C, g1 €6.

If f:A—> A, then g7 (fu(E)) = (] 0 f)(E) = (fuog])(E) = fu(gT(E)) €
& since Extgp is a subfunctor of Ext. Then f«(FE) € 3’; since g1 €°9.
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Ifg:C’'—> C,then f1+(g*(E)) = (f1x08")(E) = (g% 0 f1x)(E) =" (f1x(E)) €
&P since Extgp is a subfunctor of Ext. Then g*(E) € C‘Pf; since f1 € .
These arguments show that Ext 3¢ is a subfunctor of Ext.

At this point, we separate the proof into two parts and give the proof when F is
closed under compositions and pushout diagrams. Proof for the other case can be
done using similar arguments and duality.

Let ¥ be closed under compositions and pushout diagrams. Let

E:0 A B C 0,E":0 A B’ C 0
€ PE with f1.(E) € P for f1:A—> Ay, fi € F and frx(E') € P for fr: A —>
Az,fze\?, say fl*(E)ZO Al Bl C 0 and

fox(E'): 0 Ar B> C 0. We have the commutative dia-
grams

0——=A®A——B®dB'——=CpC —0

w1 T

O—>A1€BA—>BI@B/—>C€BC—>O

and

0——= A 9A——B®B' —=CpC —=0

wl T

0— 41894, —B1®B,—C®C —0

with exact rows.

By Lemma 1, f; @14 and 14, @ f> are in ¥ . Since ¥ is closed under composi-
tions, we have (14, @ f2) o (f1 ® 14) € . Since P is a proper class, [(14, ® f2)©
(f1i®1)(E®E’) € P with (14, ® f2)o(f1 D 14) € F. Therefore, (E® E’) €
PE. A
These arguments show that ﬂ’g is an e-functor. Using [1 |, Theorem 1.1], in order

to show that JA’; is a proper class, it is enough to show that the composition of two

!/A’Jf—epimorphisms isa {/A’g—epimorphism.
Let Eq:0 A B—~C 0 and

E>:0 Ay Y C b D 0 e e‘/A’Jﬁ Then there are homomorphisms

f:A— A, feFandg: D' —> D, g€ ¢ suchthat f(E1) € P and g*(E>) €
&. We have the following commutative diagrams with exact rows and columns:
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0 0
0 0
E4ZO /A/ All Az 0
E4ZO A/ A1/ A2 0
E7:0 A’ B” 4 C’ 0
Ee¢:0 A’ B’ C s 0
D/ Dl
A LA
D D
0 0
0 0
E3 Eg E> Eq

In the first diagram, E¢ = fx(E1) € P, Es = f«(E5) = fx(y*(E1)) =y*(f«(E1))
since Extgp is a subfunctor of Ext, and f; € ¥ since f7 is constructed using pushout.

In the second diagram, Eg = g*(E>), E7 = g{(Ee¢) € . Thenu : B” — C’
and v: C’' —> D’ are P-epimorphisms. Since & is a proper class, vou is a P-
epimorphism and Eg € . g*(E3) = Eg and g € § implies E3 € j’g, so there is
fri Ay —> A", f» € F for some R-module A;"” such that f4(E3) € P.

Then (f2 0 f1)+(E) = f2x(/1x(E)) = f2+(E3) € # and (f20 f1) € ¥ since
f1, f» € F,and ¥ is closed under compositions. Hence E € C‘Pfi. O
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Remark 1. For the compatlble pair (¥, §) for the proper class P, if there is a
homomorphism f € ¥ from every R-module A or equivalently there is a homo-
morphism g € § to every R-module C, then P C JP;.

In case the condition & J’g is satisfied, a similar result obtained for the classes

& and &, in the previous section also holds for the class of. under some extra

conditions on the classes ¥ and §.

Theorem 8. Let P be a proper class, (¥ ,°§) a compatible pair for P, and one of
the classes ¥ and § contain identity homomorphisms. Moreover, let the inclusions
iy :Ker f —> A belong to ¥ forall f:A—> A" € F for R-modules A, A" if ¥ is
closed under pushout diagrams, and the epimorphisms g : C — C/Img belong
to § forall g :C' — C € § for R-modules C,C’ if § is closed under pullback
diagrams. Then we have

g 4
+8plll$~ ={P§

Proof. Let E:0 A B CA 0 € P. If ¥ contains identity
homomorphisms, then £ = 1-F = 144(F) € J’ since £ € P. If ﬁ contains 1dent1ty
homomorphisms, then E = 1-E = 15(E) € J smce E € P. Since $plit C J
for every proper class P, & pAl iti- - j’; Combining these inclusions we obtain

P+ 8pli 0 7 CPL.

Let us write & + 8pAlit§,~ = £. We will show that ﬁ’g c L.

At this point, we separate the proof into two parts and give the proof when § is
closed under compositions and pullback diagrams. Proof for the other case can be
done using similar arguments and duality.

Let g be closed under compositions and pullback diagrams. Let

E:0 A B C 0 e c'/A’g Then there is a homomorphism g :
C’'— C, g € § for some R-module C’ such that g*(E) € $. We can write the
homomorphism g as g = g’o j, where g’ : Img — C is the inclusionand j : C' —>
Im g is the epimorphism induced by g.
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Using the homomorphisms j and g’, we obtain the following commutative dia-
grams with exact rows and columns:

0 0
E':0 A—8 B 7 _Img 0
H & g’
E:0 A—"' B C 0
C/Img=—=0C/Img
0 0
0 0
X X
¢*(E): 0 A B3 ¢’ 0
|
E’:0 A—2 B % Img 0
0 0
E>

We have ¢g’*(E’) = g*(E) € &P, then § is a P-epimorphism. Since # C £, §
is an £-epimorphism. Since j € § by Lemma | and j*(E;) € 8 plit by [10, Ch.
3, Proposition 1.7], j is a é’pAliti—epimorphism. Since 8pAlit§w c &, jisan £L-
epimorphism. Then o0 ow = j o4 is an L-epimorphism since £ is a proper class by
definition, and o is an £-epimorphism since Extg is a subfunctor of Ext. Therefore
0 is an £L-monomorphism.

Since g : C —> C/Img and g : C’ —> C belong to §, ng 0 g is in § since §

N
is closed under compositions. Therefore, C/Img is § plit ¢-coprojective and £ is a
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~ g ~ g

& plit &-monomorphism, and & is an £-monomorphism since § plit & € £. Then
n = £o006 is an L£-monomorphism since £ is a proper class by definition. Hence
Eefand PEC L. O
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