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Abstract. In this paper, we prove a tripled common fixed point theorem of Suzuki type for a pair
of hybrid mappings in metric spaces. Our result generalizes and modifies several comparable
results in the literature. We also provide an example to support our theorem.
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1. INTRODUCTION AND PRELIMINARIES

Banach contraction principle plays a very important role in nonlinear analysis and
has many generalizations. In 2008, Suzuki [37, 38] proved generalized versions of
both Banach’s and Edelstein’s basic results. Many other works in this direction have
been considered, for example [2,4,13,15,19,20,23,25,29,35,36] and the references
therein.
The study of fixed points for multivalued contraction mappings using the Hausdorff-
Pompeu metric was initiated by Nadler [28]. Let .X;d/ be a metric space. We denote
CB.X/ the family of all nonempty closed and bounded subsets of X and CL.X/ the
set of all nonempty closed subsets of X . For A;B 2 CB.X/ and x 2 X , we denote
D.x;A/D inffd.x;a/ W a 2 Ag. Let H be the Hausdorff-Pompeu metric induced by
the metric d on X , that is

H.A;B/Dmax

(
sup
x2A

d.x;B/; sup
y2B

d.y;A/

)
for every A;B 2 CB.X/.
It is clear that for A;B 2 CB.X/ and a 2 A we have d.a;B/�H.A;B/.

Definition 1. An element x 2 X is said to be a fixed point of a multivalued map-
ping T WX ! CB.X/ if and only if x 2 T x:

The fourth author was supported by the project MNTRRS-174009.

c 2016 Miskolc University Press

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Repository of the Academy's Library

https://core.ac.uk/display/145235628?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
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In 1969, Nadler [28] extended the famous Banach contraction principle [10] from
singlevalued mapping to multivalued mapping and proved the following fixed point
theorem for the multivalued contraction.

Theorem 1 (Nadler, [28]). Let .X;d/ be a complete metric space and let T be a
mapping from X into CB.X/: Assume that there exists c 2 Œ0;1/ such that

H.T x;Ty/� c d.x;y/;

for all x;y 2X: Then, T has a fixed point.

Lemma 1 (Nadler, [28]). Let A;B 2 CB.X/ and h > 1. Then for every a 2 A;
there exists b 2 B such that d.a;b/� hH.A;B/.

The existence of fixed points for various multivalued contractive mappings has
been studied by many authors under different conditions. For details, we refer the
reader to [3, 16–18, 21, 24, 26, 33] and the references therein.

In 2011, Samet and Vetro [34] introduced the concept of coupled fixed point
for multivalued mapping. Very recently, Berinde and Borcut [11, 12] proved some
tripled fixed and coincidence point theorems for contractive type mappings in par-
tially ordered metric spaces. Later, several authors obtained coincidence and com-
mon tripled fixed point theorems in various spaces, for example refer to [1, 5–9, 14,
27, 30–32].

The aim of this paper is to combine the ideas of tripled fixed points and Suzuki
type fixed point theorems to obtain a tripled common fixed point theorem for a pair
of hybrid mappings in a metric space.

First, we give the following theorem of Suzuki [37].

Theorem 2 ([37]). Let .X;d/ be a complete metric space and let T be a mapping
on X . Define a nonincreasing function � from Œ0;1/ into .1

2
;1� by

�.r/D

8̂̂<̂
:̂
1; 0� r�

p
5�1
2

1�r
r2 ;

p
5�1
2
� r� 1p

2
1
1Cr

; 1p
2
� r< 1:

Assume that r 2 Œ0;1/, such that

�.r/d.x;T x/� d.x;y/ implies d.T x;Ty/� rd.x;y/:

for all x;y 2X . Then, there exists a unique fixed point ´ of T . Moreover, lim
n!1

T nxD

´ for all x 2X .

Now, we give some known definitions which are used to prove our main result.

Definition 2 ([34]). An element .x;y/ 2 X �X is called a coupled fixed point of
the mapping F WX �X ! CB.X/ if x 2 F.x;y/ and y 2 F.y;x/.
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Definition 3 ([22]). An element .x;y/ 2X �X is called
.i/ a coupled coincident point of mappings F W X �X ! CB.X/ and g W X ! X if
gx 2 F.x;y/ and gy 2 F.y;x/;
.i i/ a coupled common fixed point of mappings F W X �X ! X and g W X ! X if
x D gx 2 F.x;y/ and y D gy 2 F.y;x/.

Definition 4 ([31]). Let X be a nonempty set, F W X �X �X ! CB.X/ and
g WX !X . Then point .x;y;´/ 2X �X �X is called a tripled
(i) fixed point of F if x 2 F.x;y;´/; y 2 F.y;´;x/ and ´ 2 F.´;x;y/.
(ii) coincidence point of F and g if gx 2 F.x;y;´/; gy 2 F.y;´;x/ and g´ 2
F.´;x;y/.
(iii) common fixed point of F and g if x D gx 2 F.x;y;´/; y D gy 2 F.y;´;x/ and
´D g´ 2 F.´;x;y/.

Definition 5 ([31]). Let X be a nonempty set, F W X �X �X ! CB.X/ and g W
X ! X . The pair .F;g/ is called w�compatible if g.F.x;y;´// � F.gx;gy;g´/,
whenever .x;y;´/ is a coincidence point of F and g.

In this paper, we use the following function introduced in [20].
Let � W Œ0;1/! .0;1� be a nonincreasing function defined by

�.�/D

�
1; if 0� � < 1

2
;

1��; if 1
2
� � < 1:

(1.1)

Using the notion of w-compatibility of the pair .F;g/, we establish a tripled common
fixed point theorem of Suzuki type for a hybrid pair of mappings in metric spaces.
We support our result by an example.

2. MAIN RESULTS

Our main result is the following common tripled fixed point theorem.

Theorem 3. Let .X;d/ be a metric space, F WX �X �X!CB.X/ and g WX!
X be mappings satisfying the following :
.i/ F.X �X �X/� g.X/ and g.X/ is complete
.i i/ If there exists � 2 Œ0;1/ such that

�.�/min

8<: d.gx;F.x;y;´//;

d.gy;F.y;´;x//;

d.g´;F.´;x;y//

9=;�max

8<: d.gx;gu/;

d.gy;gv/;

d.g´;gw/

9=; (2.1)
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implies

H.F.x;y;´/;F.u;v;w//

� �max

8̂̂̂̂
<̂
ˆ̂̂:

d.gx;gu/;d.gy;gv/;d.g´;gw/;

d.gx;F.x;y;´//;d.gy;F.y;´;x//;d.g´;F.´;x;y//;

d.gu;F.u;v;w//;d.gv;F.v;w;u//;d.gw;F.w;u;v//;

1
2

max
�
d.gx;F.u;v;w//;d.gy;F.v;w;u//;d.g´;F.w;u;v//;

d.gu;F.x;y;´//;d.gv;F.y;´;x//;d.gw;F.´;x;y//

�
9>>>>=>>>>; :

(2.2)
for all x;y;´;u;v;w 2 X . Then F and g have a tripled coincidence point in X �
X �X .

Further, F and g have a tripled common fixed point if one of the following condi-
tions holds:
.a/ Suppose the pair .F;g/ is w-compatible and there exist u;v;w 2 X such that
lim
n!1

gnx D u, lim
n!1

gny D v and lim
n!1

gn´ D w, whenever .x;y;´/ is a tripled
coincidence point of F and g and g is continuous at u;v and w.
.b/ Suppose there exist u;v;w 2 X such that lim

n!1
gnu D x, lim

n!1
gnv D y and

lim
n!1

gnw D ´, whenever .x;y;´/ is a tripled coincidence point of F and g and
g is continuous at x;y and ´.

Proof. Let x0;y0;´0 2 X . From (i) there exist x1;y1;´1 2 X such that gx1 2
F.x0;y0;´0/;gy1 2 F.y0;´0;x0/ and g´1 2 F.´0;x0;y0/. By Lemma 1, there ex-
ist x2;y2;´2 2X such that

gx2 2 F.x1;y1;´1/ with d.gx1;gx2/� 1p
�
H.F.x0;y0;´0/;F .x1;y1;´1//;

gy2 2 F.y1;´1;x1/ with d.gy1;gy2/� 1p
�
H.F.y0;´0;x0/;F .y1;´1;x1//;

g´2 2 F.´1;x1;y1/ with d.g´1;g´2/� 1p
�
H.F.´0;x0;y0/;F .´1;x1;y1//:

Continuing in this way, we get sequences fxng;fyng and f´ng in X such that
gxnC1 2 F.xn;yn;´n/; gynC1 2 F.yn;´n;xn/ and g´nC1 2 F.´n;xn;yn/ with

d.gxn;gxnC1/�
1p
�
H.F.xn�1;yn�1;´n�1/;F .xn;yn;´n//;

d.gyn;gynC1/�
1p
�
H.F.yn�1;´n�1;xn�1/;F .yn;´n;xn//;

d.g´n;g´nC1/�
1p
�
H.F.´n�1;xn�1;yn�1/;F .´n;xn;yn//.

Case i: Suppose gxn D gxnC1; gyn D gynC1 and g´n D g´nC1; for some n.
Then gxn 2 F.xn;yn;´n/; gyn 2 F.yn;´n;xn/ and g´n 2 F.´n;xn;yn/. Thus
.xn;yn;´n/ is a tripled coincidence point of F and g.
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Case ii: Assume that gxn ¤ gxnC1 or gyn ¤ gynC1 or g´n ¤ g´nC1 for all n.
Since

�.�/min

8<: d.gx0;F .x0;y0;´0//;

d.gy0;F .y0;´0;x0//;

d.g´0;F .´0;x0;y0//

9=;�max

8<: d.gx0;gx1/;

d.gy0;gy1/;

d.g´0;g´1/

9=; ;
from (2.2), we have

H.F.x0;y0;´0/;F .x1;y1;´1//

� �max

8̂̂̂̂
<̂
ˆ̂̂:

d.gx0;gx1/;d.gy0;gy1/;d.g´0;g´1/;

d.gx0;F .x0;y0;´0//;d.gy0;F .y0;´0;x0//;d.g´0;F .´0;x0;y0//;

d.gx1;F .x1;y1;´1//;d.gy1;F .y1;´1;x1//;d.g´1;F .´1;x1;y1//;

1
2 max

�
d.gx0;F .x1;y1;´1//;d.gy0;F .y1;´1;x1//;d.g´0;F .´1;x1;y1//;

d.gx1;F .x0;y0;´0//;d.gy1;F .y0;´0;x0//;d.g´1;F .´0;x0;y0//

�
9>>>>=>>>>; :

Now we have, using triangular inequality

d.gx1;gx2/�
1p
�
H.F.x0;y0;´0/;F .x1;y1;´1//�

p
�max

8<:
d.gx0;gx1/;d.gy0;gy1/;

d.g´0;g´1/;d.gx1;gx2/;

d.gy1;gy2/;d.g´1;g´2/

9=; :
Similarly, we have

d.gy1;gy2/�
p
� max

8<: d.gx0;gx1/;d.gy0;gy1/;

d.g´0;g´1/;d.gx1;gx2/;

d.gy1;gy2/;d.g´1;g´2/

9=;
and

d.g´1;g´2/�
p
� max

8<: d.gx0;gx1/;d.gy0;gy1/;

d.g´0;g´1/;d.gx1;gx2/;

d.gy1;gy2/;d.g´1;g´2/

9=; :
Thus

max

8<: d.gx1;gx2/;

d.gy1;gy2/;

d.g´1;g´2/

9=;� p� max

8<: d.gx0;gx1/;d.gy0;gy1/;

d.g´0;g´1/;d.gx1;gx2/;

d.gy1;gy2/;d.g´1;g´2/

9=; : (2.3)

If

max

8<: d.gx0;gx1/;d.gy0;gy1/;

d.g´0;g´1/;d.gx1;gx2/;

d.gy1;gy2/;d.g´1;g´2/

9=;D d.gx1;gx2/;
then from (2.3) we have gx1 D gx2:

Analogous other two cases

max

8<: d.gx0;gx1/;d.gy0;gy1/;

d.g´0;g´1/;d.gx1;gx2/;

d.gy1;gy2/;d.g´1;g´2/

9=;D d.gy1;gy2/;



538 STOJAN RADENOVIĆ, K. P. R. RAO, K. V. SIVA PARVATHI, AND TATJANA DOŠENOVIĆ

and

max

8<: d.gx0;gx1/;d.gy0;gy1/;

d.g´0;g´1/;d.gx1;gx2/;

d.gy1;gy2/;d.g´1;g´2/

9=;D d.g´1;g´2/;
imply that gy1 D gy2 and g´1 D g´2. It is a contradiction. Hence from (2.3), we
have

max

8<: d.gx1;gx2/;

d.gy1;gy2/;

d.g´1;g´2/

9=;�p�max
�
d.gx0;gx1/;d.gy0;gy1/;

d.g´0;g´1/

�
:

Continuing in this way, we get

max

8<: d.gxn;gxnC1/;

d.gyn;gynC1/;

d.g´n;g´nC1/

9=;� .p�/nmax
�
d.gx0;gx1/;d.gy0;gy1/;

d.g´0;g´1/

�
;

which in turn yields that

max

8<:
P
d.gxn;gxnC1/;P
d.gyn;gynC1/;P
d.g´n;g´nC1/

9=;�X.
p
�/nmax

�
d.gx0;gx1/;d.gy0;gy1/;

d.g´0;g´1/

�
<1:

Hence fgxng;fgyng and fg´ng are Cauchy sequences. Since g.X/ is complete, there
exist p;q;r;u;v;w 2X such that gxn!pDgu; gyn! qDgv and g´n! r Dgw:

Since gxn ¤ gxnC1 or gyn ¤ gynC1 or g´n ¤ g´nC1 for all n, it follows that
gxn ¤ gu or gyn ¤ gv or g´n ¤ gw for infinitely many n.
Hence maxfd.gxn;gu/;d.gyn;gv/;d.g´n;gw/g> 0 for infinitely many n.

Claim I: We will prove that

max

8<: d.gu;F.x;y;´//;

d.gv;F.y;´;x//;

d.gw;F.´;x;y//

9=;� �max

8<: d.gu;gx/;d.gv;gy/;

d.gw;g´/;d.gx;F.x;y;´//;

d.gy;F.y;´;x//;d.g´;F.´;x;y//

9=; ;
for all x;y;´ 2X with maxfd.gu;gx/;d.gv;gy/;d.gw;g´/g> 0.

Let x;y;´ 2 X be such that maxfd.gu;gx/;d.gv;gy/;d.gw;g´/g > 0: Since
gxn! gu; gyn! gv and g´n! gw, there exists a positive integer n0 such that for
n� n0, we have

max

8<: d.gxn;gu/;

d.gyn;gv/;

d.g´n;gw/

9=;� 13 max

8<: d.gu;gx/;

d.gv;gy/;

d.gw;g´/

9=; : (2.4)
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Now, for n� n0, using (2.4) we have

�.�/min

8<: d.gxn;F .xn;yn;´n//;

d.gyn;F .yn;´n;xn//;

d.g´n;F .´n;xn;yn//

9=;
�max

8<: d.gxn;gxnC1/;

d.gyn;gynC1/;

d.g´n;g´nC1/

9=;
�max

8<: d.gxn;gu/Cd.gu;gxnC1/;

d.gyn;gv/Cd.gv;gynC1/;

d.g´n;gw/Cd.gw;g´nC1/

9=;
�max

�
d.gxn;gu/;d.gyn;gv/;

d.g´n;gw/

�
Cmax

�
d.gu;gxnC1/;d.gv;gynC1/;

d.gw;g´nC1/

�

�
2
3

max

8<: d.gu;gx/;

d.gv;gy/;

d.gw;g´/

9=;Dmax

8<: d.gu;gx/;

d.gv;gy/;

d.gw;g´/

9=;� 13 max

8<: d.gu;gx/;

d.gv;gy/;

d.gw;g´/

9=;
�max

8<: d.gu;gx/;

d.gv;gy/;

d.gw;g´/

9=;�max

8<: d.gu;gxn/;

d.gv;gyn/;

d.gw;g´n/

9=;
�max

8<: d.gu;gx/�d.gu;gxn/;

d.gv;gy/�d.gv;gyn/;

d.gw;g´/�d.gw;g´n/

9=;
�maxfd.gxn;gx/;d.gyn;gy/;d.g´n;g´/g :

From (2.2) and using triangular inequality, we have

H.F.xn;yn;´n/;F .x;y;´//

� � max

8̂̂̂̂
<̂
ˆ̂̂:

d.gxn;gx/;d.gyn;gy/;d.g´n;g´/;

d.gxn;gxnC1/;d.gyn;gynC1/;d.g´n;g´nC1/;

d.gx;F.x;y;´//;d.gy;F.y;´;x//;d.g´;F.´;x;y//;

1
2

max
�
d.gxn;F .x;y;´//;d.gyn;F .y;´;x//;d.g´n;F .´;x;y//;

d.gx;gxnC1/;d.gy;gynC1/;d.g´;g´nC1/

�
9>>>>=>>>>;

� �max

8<: d.gxn;gx/;d.gyn;gy/;d.g´n;g´/;

d.gxn;gxnC1/;d.gyn;gynC1/;d.g´n;g´nC1/;

d.gx;F.x;y;´//;d.gy;F.y;´;x//;d.g´;F.´;x;y//

9=; :
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Similarly, we can show that

H.F.yn;´n;xn/;F .y;´;x//

� �max

8<: d.gxn;gx/;d.gyn;gy/;d.g´n;g´/;

d.gxn;gxnC1/;d.gyn;gynC1/;d.g´n;g´nC1/;

d.gx;F.x;y;´//;d.gy;F.y;´;x//;d.g´;F.´;x;y//

9=; ;
and

H.F.´n;xn;yn/;F .´;x;y//

� �max

8<: d.gxn;gx/;d.gyn;gy/;d.g´n;g´/;

d.gxn;gxnC1/;d.gyn;gynC1/;d.g´n;g´nC1/;

d.gx;F.x;y;´//;d.gy;F.y;´;x//;d.g´;F.´;x;y//

9=; :
Thus, we get

max

8<: d.gxnC1;F .x;y;´//;

d.gynC1;F .y;´;x//;

d.g´nC1;F .´;x;y//

9=;
�max

8<: H.F.xn;yn;´n/;F .x;y;´//;

H.F.yn;´n;xn/;F .y;´;x//;

H.F.´n;xn;yn/;F .´;x;y//

9=;
� �max

8<: d.gxn;gx/;d.gyn;gy/;d.g´n;g´/;

d.gxn;gxnC1/;d.gyn;gynC1/;d.g´n;g´nC1/;

d.gx;F.x;y;´//;d.gy;F.y;´;x//;d.g´;F.´;x;y//

9=; :
Letting n!1 , we get

max

8<: d.gu;F.x;y;´//;

d.gv;F.y;´;x//;

d.gw;F.´;x;y//

9=;� �max

8<: d.gu;gx/;d.gv;gy/;

d.gw;g´/;d.gx;F.x;y;´//;

d.gy;F.y;´;x//;d.g´;F.´;x;y//

9=; :
Hence the Claim I is true. Now we will show that .u;v;w/ is a tripled coincidence
point of F and g:

Case a: Suppose now that 0� � < 1
2
:

On the contrary, assume that gu…F.u;v;w/ or gv …F.v;w;u/ or gw …F.w;u;v/.
Let ga 2 F.u;v;w/; gb 2 F.v;w;u/ and gc 2 F.w;u;v/ be such that

2�max

8<: d.ga;gu/;

d.gb;gv/;

d.gc;gw/

9=;<max

8<: d.gu;F.u;v;w//;

d.gv;F.v;w;u//;

d.gw;F.w;u;v//:

9=; (2.5)
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Since ga 2 F.u;v;w/ , gb 2 F.v;w;u/ and gc 2 F.w;u;v/; we have ga ¤ gu or
gb ¤ gv or gc ¤ gw and hence a¤ u or b ¤ v or c ¤ w: From Claim I, we have

max

8<: d.gu;F.a;b;c//;

d.gv;F.b;c;a//;

d.gw;F.c;a;b//

9=;� �max

8<: d.gu;ga/;d.gv;gb/;

d.gw;gc/;d.ga;F.a;b;c//;

d.gb;F.b;c;a//;d.gc;F.c;a;b//

9=; :
(2.6)

Since

� .�/min

8<: d.gu;F.u;v;w//;

d.gv;F.v;w;u//;

d.gw;F.w;u;v//

9=;�max

8<: d.gu;ga/;

d.gv;gb/;

d.gw;gc/

9=; ;
from (2.2) and triangular inequality we have

H.F.u;v;w/;F.a;b;c//

� �max

8̂̂̂̂
<̂
ˆ̂̂:

d.gu;ga/;d.gv;gb/;d.gw;gc/;

d.gu;F.u;v;w//;d.gv;F.v;w;u//;d.gw;F.w;u;v//;

d.ga;F.a;b;c//;d.gb;F.b;c;a//;d.gc;F.c;a;b//;

1
2

max
�
d.gu;F.a;b;c//;d.gv;F.b;c;a//;d.gw;F.c;a;b//;

d.ga;F.u;v;w//;d.gb;F.v;w;u//;d.gc;F.w;u;v//

�
9>>>>=>>>>;

� �max
�

d.gu;ga/;d.gv;gb/;d.gw;gc/;

d.ga;F.a;b;c//;d.gb;F.b;c;a//;d.gc;F.c;a;b//

�
:

Similarly, we have

H.F.v;w;u/;F.b;c;a//� �max

8<: d.gu;ga/;d.gv;gb/;

d.gw;gc/;d.ga;F.a;b;c//;

d.gb;F.b;c;a//;d.gc;F.c;a;b//

9=; ;
and

H.F.w;u;v/;F.c;a;b//� �max

8<: d.gu;ga/;d.gv;gb/;

d.gw;gc/;d.ga;F.a;b;c//;

d.gb;F.b;c;a//;d.gc;F.c;a;b//

9=; :
Thus

max

8<: H.F.u;v;w/;F.a;b;c//;

H.F.v;w;u/;F.b;c;a//;

H.F.w;u;v/;F.c;a;b//

9=;� �max

8<: d.gu;ga/;d.gv;gb/;

d.gw;gc/;d.ga;F.a;b;c//;

d.gb;F.b;c;a//;d.gc;F.c;a;b//

9=; :
(2.7)

From (2.7) we have

max

8<: d.ga;F.a;b;c//;

d.gb;F.b;c;a//;

d.gc;F.c;a;b//

9=;�max

8<: H.F.u;v;w/;F.a;b;c//;

H.F.v;w;u/;F.b;c;a//;

H.F.w;u;v/;F.c;a;b//

9=;
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� �max

8<: d.gu;ga/;d.gv;gb/;

d.gw;gc/;d.ga;F.a;b;c//;

d.gb;F.b;c;a//;d.gc;F.c;a;b//

9=;
If

max

8<: d.gu;ga/;d.gv;gb/;

d.gw;gc/;d.ga;F.a;b;c//;

d.gb;F.b;c;a//;d.gc;F.c;a;b//

9=;D d.ga;F.a;b;c//
we conclude that ga 2 F.a;b;c/. Analogous we conclude that gb 2 F.b;c;a/ and
gc 2 F.c;a;b/ if

max

8<: d.gu;ga/;d.gv;gb/;

d.gw;gc/;d.ga;F.a;b;c//;

d.gb;F.b;c;a//;d.gc;F.c;a;b//

9=;D d.gb;F.b;c;a//
or

max

8<: d.gu;ga/;d.gv;gb/;

d.gw;gc/;d.ga;F.a;b;c//;

d.gb;F.b;c;a//;d.gc;F.c;a;b//

9=;D d.gc;F.c;a;b//:
This is contradiction with a¤ u, b ¤ v and c ¤ w.

So,

max

8<: d.ga;F.a;b;c//;

d.gb;F.b;c;a//;

d.gc;F.c;a;b//

9=; � �max

8<: d.gu;ga/;

d.gv;gb/;

d.gw;gc/

9=; : (2.8)

From (2.6) and (2.8) we have

max

8<: d.gu;F.a;b;c//;

d.gv;F.b;c;a//;

d.gw;F.c;a;b//

9=;� �max

8<: d.gu;ga/;

d.gv;gb/;

d.gw;gc/

9=; ; (2.9)

and from (2.7) we get

max

8<: H.F.u;v;w/;F.a;b;c//;

H.F.v;w;u/;F.b;c;a//;

H.F.w;u;v/;F.c;a;b//

9=;� �max

8<: d.gu;ga/;

d.gv;gb/;

d.gw;gc/

9=; : (2.10)
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Now, using (2.5), (2.9) and (2.10) we obtain

max

8<: d.gu;F.u;v;w//;

d.gv;F.v;w;u//;

d.gw;F.w;u;v//

9=;
�max

8<: d.gu;F.a;b;c//CH.F.a;b;c/;F.u;v;w//

d.gv;F.b;c;a//CH.F.b;c;a/;F.v;w;u//

d.gw;F.c;a;b//CH.F.c;a;b/;F.w;u;v//

9=;
�max

8<: d.gu;F.a;b;c//;

d.gv;F.b;c;a//;

d.gw;F.c;a;b//

9=;Cmax

8<: H.F.a;b;c/;F.u;v;w//;

H.F.b;c;a/;F.v;w;u//;

H.F.c;a;b/;F.w;u;v//

9=;
� 2�max

8<: d.gu;ga/;

d.gv;gb/;

d.gw;gc/

9=;<max

8<: d.gu;F.u;v;w//;

d.gv;F.v;w;u//;

d.gw;F.w;u;v//

9=; :
It is a contradiction. Hence gu 2 F.u;v;w/ , gv 2 F.v;w;u/ and gw 2 F.w;u;v/.

Case b: Suppose now that 1
2
� � < 1.

Claim II: We will show that

max

8<: H.F.x;y;´/;F.u;v;w//;

H.F.y;´;x/;F.v;w;u//;

H.F.´;x;y/;F.w;u;v//

9=;

� �max

8̂̂̂̂
<̂
ˆ̂̂:

d.gx;gu/;d.gy;gv/;d.g´;gw/;

d.gx;F.x;y;´//;d.gy;F.y;´;x//;d.g´;F.´;x;y//;

d.gu;F.u;v;w//;d.gv;F.v;w;u//;d.gw;F.w;u;v//;

1
2

max
�
d.gx;F.u;v;w//;d.gy;F.v;w;u//;d.g´;F.w;u;v//;

d.gu;F.x;y;´//;d.gv;F.y;´;x//;d.gw;F.´;x;y//

�
9>>>>=>>>>; ;

for all x;y;´ 2X with max
˚
d.gx;gu/;d.gy;gv/;d.g´;gw/

	
> 0:

Let x;y;´ 2 X be such that max
˚
d.gx;gu/;d.gy;gv/;d.g´;gw/

	
> 0: Then

for every positive integer n, there exist sequences tn 2 F.x;y;´/, t1n 2 F.y;´;x/ and
t11n 2 F.´;x;y/ such that

max

8<:
d.gu; tn/;

d.gv; t1n/;

d.gw; t11n /

9=;�max

8<: d.gu;F.x;y;´//;

d.gv;F.y;´;x//;

d.gw;F.´;x;y//

9=;C 1n max

8<: d.gx;gu/;

d.gy;gv/;

d.g´;gw/

9=; :
(2.11)
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Now, using (2.11) and triangular inequality we obtain

max

8<: d.gx;F.x;y;´//;

d.gy;F.y;´;x//;

d.g´;F.´;x;y//

9=;�max

8<:
d.gx;gu/Cd.gu; tn/;

d.gy;gv/Cd.gv; t1n/;

d.g´;gw/Cd.gw;t11n /

9=;
�max

8<: d.gx;gu/;

d.gy;gv/;

d.g´;gw/

9=;Cmax

8<:
d.gu; tn/;

d.gv; t1n/;

d.gw; t11n /

9=; (2.12)

�max

8<: d.gx;gu/;

d.gy;gv/;

d.g´;gw/

9=;Cmax

8<: d.gu;F.x;y;´//;

d.gv;F.y;´;x//;

d.gw;F.´;x;y//

9=;C 1
n

max

8<: d.gx;gu/;

d.gy;gv/;

d.g´;gw/

9=;
� .1C 1

n
/ max

8<: d.gx;gu/;

d.gy;gv/;

d.g´;gw/

9=;C� max

8<: d.gu;gx/;d.gv;gy/;

d.gw;g´/;d.gx;F.x;y;´//;

d.gy;F.y;´;x//;d.g´;F.´;x;y//

9=; :
If

max

8<: d.gu;gx/;

d.gv;gy/;

d.gw;g´/

9=;�max

8<: d.gx;F.x;y;´//;

d.gy;F.y;´;x//;

d.g´;F.´;x;y//

9=; ;
then from (2.12) we have

max

8<: d.gx;F.x;y;´//;

d.gy;F.y;´;x//;

d.g´;F.´;x;y//

9=;� .1C�C 1n/ max

8<: d.gu;gx/;

d.gv;gy/;

d.gw;g´/

9=; :
Letting n!1, we get

max

8<: d.gx;F.x;y;´//;

d.gy;F.y;´;x//;

d.g´;F.´;x;y//

9=;� .1C�/max

8<: d.gu;gx/;

d.gv;gy/;

d.gw;g´/

9=; : (2.13)

By (1.1), as 1
2
� � < 1 we have �.�/D 1��; using (2.13) we have

�.�/min

8<: d.gx;F.x;y;´//;

d.gy;F.y;´;x//;

d.g´;F.´;x;y//

9=;� .1��/max

8<: d.gx;F.x;y;´//;

d.gy;F.y;´;x//;

d.g´;F.´;x;y//

9=; (2.14)

� .1��2/max

8<: d.gu;gx/;

d.gv;gy/;

d.gw;g´/

9=;<max

8<: d.gu;gx/;

d.gv;gy/;

d.gw;g´/

9=; :
If

max

8<: d.gu;gx/;

d.gv;gy/;

d.gw;g´/

9=;<max

8<: d.gx;F.x;y;´//;

d.gy;F.y;´;x//;

d.g´;F.´;x;y//

9=; ;
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then from (2.12), we have

.1��/ max

8<: d.gx;F.x;y;´//;

d.gy;F.y;´;x//;

d.g´;F.´;x;y//

9=;� .1C 1n/max

8<: d.gu;gx/;

d.gv;gy/;

d.gw;g´/

9=; :
Letting n!1, we get

�.�/min

8<: d.gx;F.x;y;´//;

d.gy;F.y;´;x//;

d.g´;F.´;x;y//

9=;� .1��/max

8<: d.gx;F.x;y;´//;

d.gy;F.y;´;x//;

d.g´;F.´;x;y//

9=;

�max

8<: d.gu;gx/;

d.gv;gy/;

d.gw;g´/

9=; :
Thus, in both cases we have

�.�/min

8<: d.gx;F.x;y;´//;

d.gy;F.y;´;x//;

d.g´;F.´;x;y//

9=;�max

8<: d.gu;gx/;

d.gv;gy/;

d.gw;g´/

9=; : (2.15)

From (2.2) and (2.15), we have

H.F.x;y;´/;F.u;v;w//

� �max

8̂̂̂̂
<̂
ˆ̂̂:

d.gx;gu/;d.gy;gv/;d.g´;gw/;

d.gx;F.x;y;´//;d.gy;F.y;´;x//;d.g´;F.´;x;y//;

d.gu;F.u;v;w//;d.gv;F.v;w;u//;d.gw;F.w;u;v//;

1
2

max
�
d.gx;F.u;v;w//;d.gy;F.v;w;u//;d.g´;F.w;u;v//;

d.gu;F.x;y;´//;d.gv;F.y;´;x//;d.gw;F.´;x;y//

�
9>>>>=>>>>; :

Similarly, we can show that

H.F.y;´;x/;F.v;w;u//

� �max

8̂̂̂̂
<̂
ˆ̂̂:

d.gx;gu/;d.gy;gv/;d.g´;gw/;

d.gx;F.x;y;´//;d.gy;F.y;´;x//;d.g´;F.´;x;y//;

d.gu;F.u;v;w//;d.gv;F.v;w;u//;d.gw;F.w;u;v//;

1
2

max
�
d.gx;F.u;v;w//;d.gy;F.v;w;u//;d.g´;F.w;u;v//;

d.gu;F.x;y;´//;d.gv;F.y;´;x//;d.gw;F.´;x;y//

�
9>>>>=>>>>; ;
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and

H.F.´;x;y/;F.w;u;v//

� �max

8̂̂̂̂
<̂
ˆ̂̂:

d.gx;gu/;d.gy;gv/;d.g´;gw/;

d.gx;F.x;y;´//;d.gy;F.y;´;x//;d.g´;F.´;x;y//;

d.gu;F.u;v;w//;d.gv;F.v;w;u//;d.gw;F.w;u;v//;

1
2

max
�
d.gx;F.u;v;w//;d.gy;F.v;w;u//;d.g´;F.w;u;v//;

d.gu;F.x;y;´//;d.gv;F.y;´;x//;d.gw;F.´;x;y//

�
9>>>>=>>>>; :

Thus

max

8<: H.F.x;y;´/;F.u;v;w//;

H.F.y;´;x/;F.v;w;u//;

H.F.´;x;y/;F.w;u;v//

9=;

� �max

8̂̂̂̂
<̂
ˆ̂̂:

d.gx;gu/;d.gy;gv/;d.g´;gw/;

d.gx;F.x;y;´//;d.gy;F.y;´;x//;d.g´;F.´;x;y//;

d.gu;F.u;v;w//;d.gv;F.v;w;u//;d.gw;F.w;u;v//;

1
2

max
�
d.gx;F.u;v;w//;d.gy;F.v;w;u//;d.g´;F.w;u;v//;

d.gu;F.x;y;´//;d.gv;F.y;´;x//;d.gw;F.´;x;y//

�
9>>>>=>>>>; :

Hence the Claim II is true. Now consider

max

8<: d.gu;F.u;v;w//;

d.gv;F.v;w;u//;

d.gw;F.w;u;v//

9=;
� lim
n!1

max

8<: d.gxnC1;F .u;v;w//;

d.gynC1;F .v;w;u//;

d.g´nC1;F .w;u;v//

9=;
� lim
n!1

max

8<: H.F.xn;yn;´n/;F .u;v;w//;

H.F.yn;´n;xn/;F .v;w;u//;

H.F.´n;xn;yn/;F .w;u;v//

9=;

� lim
n!1

� max

8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

d.gxn;gu/;d.gyn;gv/;d.g´n;gw/;

d.gxn;F .xn;yn;´n//;d.gyn;F .yn;´n;xn//;

d.g´n;F .´n;xn;yn//;d.gu;F.u;v;w//;

d.gv;F.v;w;u//;d.gw;F.w;u;v//;

max

8<: d.gxn;F .u;v;w//;d.gyn;F .v;w;u//;

d.g´n;F .w;u;v//;d.gu;F.xn;yn;´n//;

d.gv;F.yn;´n;xn//;d.gw;F.´n;xn;yn//

9=;

9>>>>>>>>=>>>>>>>>;
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� � lim
n!1

max

8̂̂̂̂
<̂
ˆ̂̂:

d.gxn;gu/;d.gyn;gv/;d.g´n;gw/;

d.gxn;gxnC1/;d.gyn;gynC1/;d.g´n;g´nC1/;

d.gu;F.u;v;w//;d.gv;F.v;w;u//;d.gw;F.w;u;v//;

max
�
d.gxn;F .u;v;w//;d.gyn;F .v;w;u//;d.g´n;F .w;u;v//;

d.gu;gxnC1/;d.gv;gynC1/;d.gw;g´nC1/

�
9>>>>=>>>>; :

Letting n!1 we get

max

8<: d.gu;F.u;v;w//;

d.gv;F.v;w;u//;

d.gw;F.w;u;v//

9=;� �max

8<: d.gu;F.u;v;w//;

d.gv;F.v;w;u//;

d.gw;F.w;u;v//

9=; ;
which in turn yields that gu 2 F.u;v;w/ , gv 2 F.v;w;u/ and gw 2 F.w;u;v/.
Thus .u;v;w/ is a tripled coincidence point of F and g.

Suppose now that (a) holds. Let .x;y;´/ be a tripled coincidence point of F
and g. Then there exist u;v;w 2 X such that lim

n!1
gnx D u, lim

n!1
gny D v and

lim
n!1

gn´D w:

Since g is continuous at u;v;w, we have gu D u; gv D v and gw D w: Based
on the assumption that the pair .F;g/ is w-compatible and gx 2 F.x;y;´/, gy 2
F.y;´;x/ and g´ 2 F.´;x;y/; we have g2x 2 F.gx;gy;g´/, g2y 2 F.gy;g´;gx/
and g2´ 2 F.g´;gx;gy/ respectively. Thus .gx;gy;g´/ is a tripled coincidence
point of F and g. Similarly, we can show that .gnx;gny;gn´/ is a tripled coin-
cidence point of F and g. Also it is clear that gnx 2 F.gn�1x;gn�1y;gn�1´/,
gny 2F.gn�1y;gn�1´;gn�1x/ and gn´2F.gn�1´;gn�1x;gn�1y/. Now we have

� .�/min

8<: d.gnx;F.gn�1x;gn�1y;gn�1´//;

d.gny;F.gn�1y;gn�1´;gn�1x//;

d.gn´;F.;gn�1´;gn�1x;gn�1y//

9=;D 0�max

8<: d.gnx;gu/;

d.gny;gv/;

d.gn´;gw/;

9=; :
Hence from (2.2), we have

d.gnx;F.u;v;w///�H.F.gn�1x;gn�1y;gn�1´/;F.u;v;w//

� �max

8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

d.gnx;gu/;d.gny;gv/;d.gn´;gw/

d.gnx;F.gn�1x;gn�1y;gn�1´//;d.gny;F.gn�1y;gn�1´;gn�1x//;

d.gn´;F.gn�1´;gn�1x;gn�1y//;d.gu;F.u;v;w//;

d.gv;F.v;w;u//;d.gw;F.w;u;v//

1
2 max

8<:
d.gnx;F.u;v;w//;d.gny;F.v;w;u//;

d.gn´;F.w;u;v//;d.gu;F.gn�1x;gn�1y;gn�1´//;

d.gv;F.gn�1y;gn�1´;gn�1x//;d.gw;F.gn�1´;gn�1x;gn�1y//

9=;

9>>>>>>>>=>>>>>>>>;
:

Letting n!1 , we get

d.u;F.u;v;w//� �maxfd.u;F.u;v;w//;d.v;F.v;w;u//;d.w;F.w;u;v//g:

Similarly, we have

d.v;F.v;w;u//� �maxfd.u;F.u;v;w//;d.v;F.v;w;u//;d.w;F.w;u;v//g;
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and

d.w;F.w;u;v//� �maxfd.u;F.u;v;w//;d.v;F.v;w;u//;d.w;F.w;u;v//g:

Thus

max

8<: d.u;F.u;v;w//;

d.v;F.v;w;u//;

d.w;F.w;u;v//

9=;� � max

8<: d.u;F.u;v;w//;

d.v;F.v;w;u//;

d.w;F.w;u;v//

9=; ;
which in turn yields that u 2 F.u;v;w/; v 2 F.v;w;u/ and w 2 F.w;u;v/. Thus
.u;v;w/ is a tripled common fixed point of F and g.

Suppose now that (b) holds. Let .x;y;´/ be a tripled coincidence point of F
and g. Then there exist u;v;w 2 X such that lim

n!1
gnu D x, lim

n!1
gnv D y and

lim
n!1

gnw D ´. Since g is continuous at x;y and ´, we have gx D x; gy D y and

g´D ´: Thus .x;y;´/ is a tripled common fixed point of F and g. �

The following example illustrates Theorem 3.

Example 1. LetX D Œ0;1�;F WX�X�X!CB.X/ and g WX!X be defined by
F.x;y;´/D Œ0; x

8
C
y
4
C
´
3
� and gx D 7x

8
. Then for all x;y;´;u;v;w 2X , consider

H.F.x;y;´/;F.u;v;w//D
ˇ̌̌
.
x

8
C
y

4
C
´

3
/� .

u

8
C
v

4
C
w

3
/
ˇ̌̌

�
1

8
jx�ujC

1

4
jy�vjC

1

3
j´�wj

D
1

7
jgx�gujC

2

7
jgy�gvjC

8

21
jg´�gwj

�
17

21
maxfd.gx;gu/;d.gy;gv/;d.g´;gw/g :

Clearly all conditions of Theorem 3 are satisfied and .0;0;0/ is the tripled common
fixed point of F and g.
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