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Abstract. In this paper, we deal with the existence of the mild solutions to the fractional im-
pulsive evolution equations. By definitions of the lower and upper quasi-solutions and technique
of mixed monotone iterative, we get several existence results. The results are new and extend
previously known results. An example illustrates the main results.
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1. INTRODUCTION

It is well known that fractional differential equation is one of the most valuable
tools in modeling of many phenomena in various fields, such as physics, chemistry,
aerodynamics, etc(see[8,23]). Recently, many researchers pay more attention to frac-
tional evolution equations because they are applied more widely than the ordinary
differential equations. There has been a significant theoretical development in frac-
tional evolution equations(see[ 1, 3,4, 10-21,24]).

As for impulsive differential equations, they are used to describe the dynamics of
real processes and phenomena in which sudden, discontinuous jumps occurs, such as
shocks, harvesting or natural disasters, and so on. The theory of impulsive differential
equations have been emerging as an important area of investigation. Particularly, the
fractional impulsive evolution equations are more useful and valuable because of its
widely used in control, mechanics, electrical engineering, biological, and so on.

In [21], Mu discussed the existence of the mild solutions of the following fractional
evolution equations in an ordered Banach space X by using the monotone iterative
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technique.
CDY(t) + Au(t) = f(t,u(t)), fortel,
u(0) = xp € X,

where € D% is the Caputo fractional derivative of order 0 <a < 1, I =[0,T], A :
D(A) C X — X be a closed linear operator, —A is the infinitesimal generator of
an analytic semigroup of uniformly bounded linear operators 7'(¢)(¢ > 0), and f :
I x X — X is continuous.

In this paper, we use the monotone iterative technique of mixed monotone operator
to discuss the existence of the mild solutions of the following fractional impulsive
evolution equations in an ordered Banach space E

“D*u(t) + Au(t) = f(t,u(t),u®)),0<a<l,tet’,
Au == I (u(ty), u(ty)), k=12,....m, (1.1)
u(0) = uo,

where ¢ D%u(t) denotes a Caputo fractional derivative of u(¢), J = [0,T], J' =
J\{t1,t2,....tm}, 0=tg<t1 <+ <ty <tmy1 =T, A:D(A)CE - Eisa
closed linear operator and —A generates a Co-semigroup 7(¢)(t > 0) in E, f €
C(JXEXE,E), Iy € C(EXE.E),ug € E, Au(t) |y=g, = u(t;") —u(t;), u(t})
and u (") represent the right-hand limit and the left-hand limit of the function u()
att = ty, respectively.

By applying the operators semigroups theory and the method of mixed monotone
iterative, we get the existence of mild solutions for the problem (1.1). The results are
new and are the extension of [21]. Moreover, we also discuss the existence of mild
solutions for the problem (1.1) under the situation that the coupled lower and upper
mild quasi-solutions of problem (1.1) do not exist.

The rest of this paper is organized as follows: In Section 2, we present some
useful and necessary definitions, preliminary results and notations that will be used
to prove our main results. In Section 3, under suitable assumptions, we use the mixed
monotone iterative technique to show the existence of the mild solutions of (1.1).
Finally, in Section 4, we give an example to illustrate our main results.

2. PRELIMINARY CONSIDERATIONS

Suppose that (X, || - ||) is a real Banach space which is partially ordered by a cone
PcCcX,ie,x<yifandonlyif y—x € P. If x <y and x # y, then we denote x < y
or y > x. We denote 0 be the zero element of X. Recall that a non-empty closed
convex set P C X is a cone if it satisfies i) x e P, A >0 = Ax € P; (i) x € P,
—xeP=x=0.

Moreover, P is called normal if there exists a constant N > 0 such that, for all
x,yeX,0 <x<yimplies || x ||[< N | y ||. In this case, N is called the normality
constant of P.
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Let E be an ordered Banach space with the norm || - || and partial order <, whose
positive cone P = {x € E | x > 0} is normal with normal constant N. Let PC (J E)=
{u:J - E| u(t) is continuous at ¢ # #;, and left continuous at t = t; and u(tk ) ex-
ists, k =1,2,...,m}. PC(J, E) is aBanach space with the norm || u || pc=sup,¢ ||
u(?) |-

Let C(J, E) denote the Banach space of all continuous E-value functions on J
with the norm || u ||c = max;ecy || u(¢) ||, denoted by Y. Then Y is an ordered Banach
space by the normal cone Pc ={u €Y |u>0,t e J}. Weuse E; to denote the
Banach space D(A) with the graph norm || - |[1=] - || + || 4- ||

Now, we recall some properties of the measure of noncompactness which will be
used later. Let w(-) denote the Kuratowski measure of noncompactness of bounded
set. For more details of the definition and properties of the measure of noncompact-
ness, see [2].

Next,Let us recall the basic definitions and propertiy of fractional calculus(for
more details, see [8,23]):

Definition 1. For o > 0, the integral

1 t
110 = s [ =9 s
I'(a) Jo
is called the Riemann-Liouville fractional integral of order «.

Definition 2. For a function f'(¢), the Caputo derivative of order o can be written
as

1 t 1
C Nno — _ o\p—a— (n)
D% f0) = F—as | (=9 f Py
wheren—1 < a <n.

Theorem 1. Letn—1 <a <n and f(t) € C"|0,T], then we have the following
equality
0

I*(D*f(6) = f(t) - Z Ta

Guol 5, 6] intoduced the definition of a mlxed monotone operator:

Definition 3. A: P x P — P is said to be a mixed monotone operator if A(x, y) is
increasing in x and decreasing in y. i.e., u;, v;i (i =1,2) € P,u1 <uj, v1 > vy imply
A(uq,v1) < A(uz,v3). Element x € P is called a fixed point of 4 if A(x,x) = x.

Heinz[7] proved the following result:

Theorem 2. Let B = {u,} C PC(J,E) be a bounded and countable set, then
Ww(B(t)) is Lebesgue integral on J, and

M({/Jun(t)dt |n= 12}) 52/J,u(B(t))dt.
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We make a frequent use of the following result due to Ye[25]:

Theorem 3. Suppose that b > 0, a > 0, a(t) is a nonnegative function locally
integrable on 0 <t < T and suppose that u(t) is nonnegative and locally integrable
on0<t<T with

u(r) 5a(t)+b/t(t—s)“_1u(s)ds
0

on this interval, then
u(t) <alr) +/ |:Z (blf((a)))” s)"a_la(s):| ds

3. MAIN RESULTS

In this section, we use the mixed monotone iterative technique to discuss the ex-
istence of the mild solutions of the problem (1.1). Consider the following linear
fractional impulsive evolution equation in E:

CD*u(t)+ Au(t) =h(), O<a<l,tel’,
Auli=tp=yr, k=12,....m, (3.1)
u(0)=ug € E,
We also quote the following results of [24]:
Definition 4. Foreach h € L?(J,E)(p > é), yr € E,k=1,2,...,m, afunction
u € PC(J, E) is called a mild solution of the problem (3.1), if the following integral
equations are satisfied.
Sa (g + [o(t —$)* " To(t —s)h(s)ds,t € [0,11],
Sa o+ Se(t —t1)y1+ [o(t =) Tt = $)h(s)ds. 1 € (11.12],

u)=19:
Sa(t)uo + 311 Sa(t —11)yi + [ (t =) To(t —5)h(s)ds,
t € (tm,b],
where
s = [ T OTE0)d0,  Tal)=a | " 06 (0)T(*0)db.
0 0
and

1
fa() = —67 ", (674) 20,

)n—lg—na—lw

1
a(6) = — X2 (-] -

sin(nra), 6 € (0,00),
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&y 1s a probability density function defined on (0, 00), that is
o0
£x(0) >0, 0 €(0,00)and / £x(0)dO = 1.
0

Theorem 4. For a uniformly bounded Co-semigroup T (t)(¢ = 0)
(i.e. SUP;e[o,00) | T(2) [I< M), we have that for any fixed t > 0, Sq(t) and Ty (1) are
linear and bounded operators, i.e.,

— M
I Sa@) lE<M, and || To(t) |E< 5 —-
I'(a)
The following definition is given by Li[9]:

Definition 5. A Cy-semigroup 7'(¢)(t > 0) in E is said to be positive, if order
inequality T'(¢)u > 6 holds for every u > 6, u € E and t > 0.

We introduce the mild quasi-solutions of problem (1.1).
Definition 6. Let A > 0 be a constant, If functions xo, yo € PC(J, E) satisfy
“D%xo(1) + Axo(1) = f(t,x0(1), yo(1)) + A(x0(t) = yo (1)), 1€ ],

Axo|t=lk51k(x0(tk)vy0(tk)), k=1729'~-7m9
x0(0) < uo,

D%yo(t)+ Ayo(t) = f(t,yo(t),x0(t)) + A(yo(t) —xo(t)).t € J',
A Yo le=t,> I (o(tk). xo(tx)), k=12,....m,

Y0(0) > uo,
we call xg, yo coupled lower and upper mild quasi-solutions of problem (1.1). More-
over, change ” <”, ” > " into ” = 7, we call xg, yo coupled mild quasi-solutions of

problem (1.1), if xo = yo = u, we call ¥ a mild solution of problem (1.1).

Evidently, PC(J, E) is also an ordered Banach space with the partial order <
reduced by the positive cone Py ={u € PC(J,E) |u(t) >0, t € J}. P is also
normal with the same normal constant N. For x, y € PC(J, E) with x < y, we use
[x, y] to denote the order interval {u € PC(J,E) | x <u < y} and [x(¢), y(?)] to
denote the order interval {u € E | x(t) <u(t) <y(),t € J}.

Theorem 5. Let E be an ordered Banach space whose positive cone P is normal,
—A generates a positive Co-semigroup T(t)(t > 0) in E, f € C(J X EXE,E),
I, e C(EXE,E), k=1,2,...,m. Assume that the problem (1.1) has coupled lower
and upper mild quasi-solutions xo and yg such that xo < yo and suppose that the
following conditions are satisfied:

(H1) There exist constants M > 0 and A > 0 such that

f(t,x2,y2) = f(t.x1,y1) = =M (x2—x1) = A(y1 — y2),
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Joranyt € J and xo(r) < x1(1) < x2(1) < yo(t), Xo(r) = y2(t) < y1(r) = yo(?).
(H2) The impulsive function I satisfies

I (x1,v1) < I (x2,y2), k=1,2,...,m,

foranyt € J and xo(t) < x1(t) < x2(t) < yo(t), xo(t) < y2(t) < y1(t) < yo(?).
(H3) There exists a constant M > 0 such that

wl f (. xn,yn)}) < Mi(n({xn}) + n({yn})),

for any t € J and increasing monotone sequence {x,} C [xo(t),y0(t)] and decreas-
ing monotone sequence {y,} C [xo(t), yo(t)].
Then (1.1) has minimal and maximal coupled mild solutions between xg and Yyy.

Proof. For the Co-semigroup T'(¢)(¢ > 0),we know that there exist w > 0 and M >
1 such that || () |< M e®’(see Theorem2.2 in [22]). Now let us take M > @ > 0, it
is easy to see that —(A + M I) also generates a Co-semigroup S(¢) = e M!T(t)(t >
0)in E. S(¢)(t = 0) is positive because T'(¢)(t > 0) is positive. Moreover, || S(¢) |=
MUY T(1) || < Mem M) <.

Next, let o (1) = [y £a(0)S(t%0)d0, pu =« [y 0E4(0)S(t%0)d6. According
to Theorem 4 ,

—_~

lpa®) =M. | ¢al< @

Define the operator ¥ : [xg, yo] X [x0, yo] = PC(J, E) by
o (D1t0+ fo (1 =) o (t =) £ (5,x(5), ¥(s))
+(M + X)x(s)—Ay(s)]ds, t €[0,11],
b (tto +pa (t —11) [ (x (1), y(11)) + fo (t — ) Lo (t —5)

vy = | P EFEVE)F M AN =Ay©)lds. 1€ (.12)

ba (o + Y7L da(t —t:) i (x (), y(t:))
+ f(; (t—5)*Log(t —s)
[f(s,x(s),y(s)) + (M +A)x(s) = Ay(s)lds,  t € (tm.T].
According to the Definition 4, we know that u is a mild solution of problem (1.1)
if only if u = ¥ (u,u).
Next we show that ¥ is a mixed monotone operator. For x¢ (1) < x1(¢) < x2(t) <
yo(t), xo(t) < ya(t) < y1(t) < yo(t),t € (tk,tx+1], from (HI), we can get that

S, x1.y1)+Mx1—Ay1 < f(t,x2,y2) + Mx2—Ay2,

SO
S x1, 1)+ M +A)x1—Ay1 < f(t,x2,y2) + (M +L)xz — Ay,.
From (H2), we have

Ik(xl,yl) < Ik(XQ,yz), k = 1,2,...,m.
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Since S(¢) is a positive Cy-semigroup, so

Y(x1,y1)(t) < ¥(x2,y2)(1).

¥ is a mixed monotone operator.
Then, we show that ¥ : [x¢, yo] X [x0, Vo] = [X0, Vo]

Let h(t) = D%xo(t) + Axo(t) + M xo(¢). From Definition 6, we get h(t) <
f(t,x0(),yo(t)) + A(xo(t) — yo(?)) + M x¢(¢). According to Definition 4, for ¢ €
(tk’tk-i-l]:

k t
x0(1) = ¢a()x0(0) + Y palt —1;) A xo |i=y; + /0 (t =) pu (t —$)h(s)ds

i=1

§¢a(l)uo+/0 (1 =5)* " @a (t =35)[/ (5, %0(5), Yo (5)) + (M +A)xo(s) = Ayo(s)lds

k
+ 3 a6 — 1) 11 (xo(t:). yo(ti)
i=1

< W¥(xo,y0)(t).

So, xo(t) < W(xg,y0)(t). Similarly, we can get ¥ (yg,x0)(¢) < yo(¢). That is to
say ¥ : [x0, yo] X [x0, Yo] = [x0. yo] is a continuous mixed monotone operator.
Define two sequences {xn}, {yn}:

Xn =¥ (xn—1,Yn-1), Yn =¥(n-1,Xn-1), n=12,...
Then from the mixed monotonicity of ¥, we have:
X0=X1 =X =" =Xp =" ZYypn=-"=Y2=)1 =)o

Let H={x, |n=12,..}+{yn|n=12,..}, HH={xp |n=1,2,...}, Hy =

{yn|ln=12,...}, Hy ={(xn—1,yn-1) | n =1,2,...}, Hy ={(yn-1.Xn—1) | n =
1,2,...}. Then we can get that Hy(t) = W (Hz3(t)), Ha(t) = W (Ha(?)). Let 2(¢) =

p(H(t)), 1€ J.
Now we show that 2(r) =0fort € J.
For ¢t € [0,¢1], we have

$2(t) = p(H(1)) = u(Hi (1) + Ha(1)) = p (W (H3(1)) + ¥ (Ha(2)))

=M({¢a(l)uo+ /0 (1 =) Gt = )L (5.1 (), Y1 (5))
+ (M 4+ A )xp—1(s) = Ayn—1]ds + ¢ (t)up

t
i /0 (r—s)“—lcpaa—s)[f(s,yn_l(s),xn_l(s))+(M+A)yn_1<s>—xxn_1]ds})
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oM

< F( A M({(t ) L (5.Xn—1(8), Yn—1(8)) + £(5, Yn—1(8), Xn—1(5))
+ M(xn—1(5) + yn—1(s)]})ds
oM

t
< —— [ (t—9)*"1@M; 4+ M)((H1(s)) + (Ha(s)))ds
F(Ol) 0

= '@ )(2M1+M)/ (t —5)* 1 2(s)ds.

According to Theorem 3, we get §2(¢) = 0 for ¢ € [0,¢1]. Hence {x,(t)} + {yn(?)}
is precompact, so {x,(¢)} and {y, (¢)} are precompact for ¢ € [0,¢1]. In the same time
we can get that /1(H3(¢1)) and I1(H4(#1)) are precompact and w (/1 (H3(t1))) =0,

w1 (Ha(t1))) = 0.
For t € (t1,12],

(1) = n(H{@)) = pn(H1(1) + Ha (1)) = n (W (H3(1)) + W (Ha(1)))

=M({¢a(l)u0+ /0 (= )% (1 =)L (5 Xnt (), Y1 (5)) + (M +A)Xn—1(5)

—Ayn—1]ds + ¢ (t —11) 1 (Xp—1(t1), yn—1(t1)) + Pa (¢ )uo
+¢a(t —11) 11 (yn—1(t1). Xn—1(t1))

t
+/O (1 =5)* " Qa (t =)L f (5, Yn—1(5), Xn—1(5)) + (M +)\)yn—1(S)—)txn—1]dS})

oM (! .
< Td)/o W@ =) (8 xn=1(5), Yyu—1(5)) + F(5, yn—1(5), Xn—1(5))
+ M(xn—1(5) + yn—1(5))1}ds

=< F(a)/ (1 =$)*" @M1 + M) (W(H1(5)) + 1 (H2(s)))ds

2M

= T )(2M1—|—M)/ (t—5)*"1Q2(s)ds

:%(ZMH—M) e LQ(s)ds.

According to Theorem 3, £2(¢) = 0 for ¢ € (¢1,12]. Continuing this process in each
interval, we can prove that £2(¢) =0 in J. Hence {x, (t)} + {y,(¢)} is precompact, so
{xn(t)}and {y,(¢)} are precompact. {x,(¢)} is a increasing sequence and {y,(¢)} is a
decreasing sequence, then we can easily get that {x, (¢)} and {y, (¢)} are convergent.

* _ . 3 _ .
X0 = Jim (). (0= im @), 1.
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Evidently, x* and y* are bounded integrable in J. Since we have that x, (1) =
U(xXp—1,Yn—1)(t) and y, (1) = ¥ (¥n—1,xn—1)(t), letting n — oo, by the Lebesgue
dominated convergence theorem, we get

XFO)=vETyH0), YO =0T X)),

and x*(¢), y*(t) € PC(J,E), xo(t) < x*(t) < y*(t) < yo(t). By monotonicity of
{xn(?)} and {y,(¢)}, x*(t) and y*(¢) are the minimal and maximal coupled fixed
points of A in [xg, yo], respectively and they are the minimal and maximal coupled
mild solutions of the problem (1.1) in [xg, yo], respectively. O

Theorem 6. Let E be an ordered Banach space whose positive cone P is normal,
—A generates a positive Cy-semigroup T(t)(t > 0) in E, f € C(J X E x E,E),
I, e C(EXE,E), k=1,2,...,m. Assume that the problem (1.1) has coupled lower
and upper mild quasi-solutions xo and yo such that xo < yo and suppose that (HI),
(H2) and (H4) are satisfied. Furthermore, we impose that: (H4) there exist constants
L1 >0and L, > 0 such that

St x2,y2) = f(t,x1,y1) < L1(x2—x1) + La(y1 — y2),

for any t € J and xo(t) < x1(t) < x2(t) < yo(t), x0(t) < y2(t) < y1(t) < yo(2).
Then (1.1) has a unique mild solution between xo and yg .

Proof. Firstly, we prove that (H1) and (H4) imply (H3). For ¢ € J, let {x,} C
[x0(2), yo(z)] be an increasing monotone sequence and {y,} C [xo(?), yo(¢)] be a
decreasing monotone sequence. Let m > n, by (H1) and (H4), we have

0 =<t xm,ym)— f(t,Xn, yn) + M(xXm — Xn) + A(Yn — ym)
<M+ L1)(xm—xn) + A+ L2)(yn— Ym).

By the normality of cone P, we have

| £ Xm.ym) — f(t,Xn, yn) |
SN M+ Ly)xm—xn) + A+ L2)(yn—ym) | +M || Cem —xn) ||
AN n=ym) |l
<[NM + L)+ M| (xm—xn) | +FIN(M + L2) +A] | (yn—ym) || -

By the definition of the measure of noncompactness, we have

p@ @ xn, yn)}) < [N(M + L1) + M]u({xn}) + [N(A + L2) + Au({yn})
< My(u({xn}) + ({yn})),

where M1 = N(M + L1+ A+ Lz)+ M + A. So (H3) holds. Thus, by Theorem 5,
the problem (1.1) has minimal and maximal coupled mild solutions x*(¢) and y*(t)
in [xg, yo]. Next we show that x*(¢) = y*(¢) in J.

For ¢t €[0,11], we have
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0=<y* () =x™ () =W (y* x") () =¥ (", y*)()

t

§¢a(l)uo+/0 (1 =5)" g (t =5)[f (5, 7™ (), () + (M +2)y* () =Ax™ (5)]ds
t

—d)a(t)uo—/o (1 =5)* " ga (t =$)[ £ (5, %7 (), ¥ (5)) + (M +A)x*(s) = Ay™ (5)]ds

t
=/0 (1 =) ga(t =$)[f (5, 1™ (), x™ () = f(5,x* (), y*(5))
+ (M +20)(y™(s) —x*(5))]ds

~

< FA(l)(L1+L2+M+2A)[ (t =)L (y*(s) —x*(s))ds.

By Theorem 3, we obtain that x*(¢) = y*(¢) for ¢ € [0,¢1]. Particularly,
I (x*(t1),y*(t1)) = 11 (y*(t1).x*(t1)). For t € (t1,12], we have

0<y*(t)—x*() =¥ (™. x") ) —¥ (™, y*)()
5¢a(t)uo+¢a(t—tl)ll(y*(tl),x*(tl))+f0 (t =) pa(t =) f(s,y*(5).x*(s))
+ (M +1)y*(s) = Ax™(5)lds — o (o — o (t —t1) I1 (x™ (1), y* (11))

t
—/O (1 =) pa(t =$)[f (5,5 (5), ¥ (5)) + (M +1)x™(5) = Ay* (s)]ds

t
:/0 (1 =)ot =5)[ £ (5, 5™ (), ™ (5)) = f (5, X7 (5), Y (5))
+ (M +20)(y*(s) —x™(5))]ds

M
< st Lo 420 [ (=9 070 = o,

By Theorem 3, we obtain that x*(¢) = y*(¢) for ¢t € (t1,1;]. Continuing this pro-
cess in each interval, we can prove that x*(¢) = y*(¢) in J. So x*(t) = y*(t) is the
unique mild solution of the problem (1.1) in [xg, yo]. ]

In the following, we discuss the existence of mild solutions for the problem (1.1)
under the situation that coupled lower and upper mild quasi-solutions of the problem
(1.1) do not exist.

Theorem 7. Let E be an ordered Banach space whose positive cone P is nor-
mal, — A generates a positive Co-semigroup T(t)(t >0)in E, f e C(JXEXE,FE),
I, e C(EXE,E), k=1,2,...,m. Let (Hl )-(H3) hold and assume that the following
condition is satisfied:

(H5) There exist p>0, h(t) e PC(J,E), h(t) >0, yp € D(A), v >0, k=1,2,...,m
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such that
px—h(t) < f(t,—x,x) < f(t,x,—x) < px+h(2),

—Vk < Ix(=x,x) < Ix(x,—x) < yk.

Then (1.1) has minimal and maximal coupled mild solutions.
Proof. Firstly, consider the following linear problem:

CD%u(t) + Au(t) — (o +2Mu(t) = h(t), O<a<l1,teJ’,
A lim=yi. k=12.....m, 3.2)
u(0) = uy,

We know that —(A — (p+21) ) generates a positive Co-semigroup S(z) = e (P21

T(t)(t = 0) in E. From Definition 4, the linear problem (3.2) has a unique positive
mild solutionu € PC(J, E). Let xo = —u, yo = u. By (HS), we have

“D%xo(t) + Axo(t) = pxo(t) —h(t) +2Ax0(t) < f(t.x0(), yo(t))
+A(xo(t) —yo(2)), tel’,
A X0 lr=t,= =Yk < Ir(xo(tx). yo(tx)). k=1.2,....m,
x0(0) = —uop < uo,
and
“D%yo(t) + Ayo(t) = pyo(t) +h(t) +2Ayo(t) = f(t,yo(t),xo(t))
+A(yo(t) —xo(2)), tel’,
A yo lt=t,= & = Ix(Yo(tk). X0 (1)), k=1.2,....m,
v0(0) > uy,

So x¢(¢) and yo(¢) are coupled mild lower and upper solutions of (1.1). Hence, the
conclusion follows from Theorem 5. g

4. APPLICATION
Consider the following fractional impulsive partial differential equation
D% —Au=g(x,t,u,u), O<a<l,tel,
u(t,j)—u(tk_) = Jr(u(x,tr),u(x,tg)), k=12,...,m,

u lpe="0,
u(x,0)=0(x), xef2,

“4.1)

where A is the Laplace operator, J = [0,b], 0 =19 <t; <--- <ty <tmy1 = b,
J'=J\{t1.t2,....tm}, 2 C RY is a bounded domain with a smooth boundary 952.
g: 2 xJxRxR — Ris continuous, Ji : Rx R — R are continuous.
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Let E =L%(2), P ={ve L?*(R2)|v(x)>0,a.e.x € 2}, then E is a Banach
space and P is a normal cone in E. Define the operator A as follow:
D(A)= H*(Q)NHy(2), Au=—Au.

—A generates a positive Cp-semigroup 7(¢)(¢ > 0) in E.

In the following, we need the following assumptions:

(F1) There exist p >0, h € PC(2x J), h(x,t) >0, yr € D(A), yp(x) >0, k =
1,2,...,m,0 € D(A), o(x) > 0 such that for any u > 0 € L2(.Q)

pu—h(x,t) <g(x,t,—u,u) <g(x,t,u,—u) < pu+h(x,t), xeR, tel,

— Vi < Jrp(—u,u) < Jp(u,—u) < yg, xefR, k=12,....m.
(F2) For u1 < u,, v < wv; such that
Jie(u1(x, 1), v1(x, 1)) < Jp(ua(x, i), v2(x, 1)), xefR, k=12,...m.

(F3) The partial derivative g;, and g/, are continuous and have upper bound.

Theorem 8. Let (F1)-(F3) hold. Then the problem (4.1) has a unique mild solu-
tion.

Proof. Let f(t,u,u) = g(-,t,u(-),u(-)), Iyu = Jpu(),u(-)). So the following
linear problem:
D —Au—(p+2M)u=h(x,t), O<a<l,tel’,
u(t) —u(y) =yr, k=12,....m,
ulpe=0,
u(x,0) =0(x), xe8,

can be transformed into the following abstract problem:

D)+ Au(t)— (o +20)u(t) =h(t), O<a<l1,tel,
u(th) —u(t) = ye. k=12,....m,
u(0) = o,

where h(t) = h(-,t). Use the same method as Theorem 7, we can prove that xo and
yo are coupled mild lower and upper quasi-solutions of the problem (4.1). From
assumptions (F2) and (F3), we can prove that (H1), (H2) and (H4) are satisfied. So
by Theorem 6, the problem (4.1) has a unique mild solution. O

REFERENCES

[1] M. Darwish and S. Ntouyas, “Existence results for first order boundary value problems for frac-
tional differential equations with four-point integral boundary conditions,” Miskolc Mathematical
Notes, vol. 15, no. 1, pp. 51-61, 2014.

[2] K. Deimling, Nonlinear functional analysis. Springler-Verlag, New York, 1985.

[3] M. El-Borai, “Some probability densities and fundamental solutions of fractional evolution equa-
tions,” Chaos, Solitons & Fractals, vol. 14, no. 3, pp. 433-440, 2002.



(4]
(5]
(6]

[7]

(8]
(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

(20]

(21]

[22]

IMPULSIVE EVOLUTION EQUATIONS 695

A. El-Sayed and H. Hashem, “Existence results for nonlinear quadratic functional integral equa-
tions of fractional orders,” Miskolc Mathematical Notes, vol. 14, pp. 79-88, 2013.

D. Guo, “Fixed points of mixed monotone operators with applications,” Applicable Analysis,
vol. 34, pp. 215-224, 1988.

D. Guo and V. Lakshmikantham, “Coupled fixed points of nonlinear operators with applications,”
Nonlinear Analysis: Theory, Methods & Applications, vol. 11, no. 5, pp. 623-632, 1987.

H. Heinz, “On the behaviour of measures of noncompactness with respect to differentiation and
integration of vector-valued functions,” Nonlinear Analysis: Theory, Methods & Applications,
vol. 7, no. 12, pp. 1351-1371, 1983.

A. Kilbas, H. Srivastava, and J. Trujillo, Theory and applications of fractional differential equa-
tions. Elsevier Science Limited, 2006, vol. 204, doi: 10.1016/S0304-0208(06)80001-0.

Y. Li, “The positive solutions of abstract semilinear evolution equations and their applications,”
Acta Mathematica Sinica-Chinese Edition, vol. 39, no. 5, pp. 666—-672, 1996.

X. Liu, Z. Liu, and X. Fu, “Relaxation in nonconvex optimal control problems described by frac-
tional differential equations,” Journal of Mathematical Analysis and Applications, vol. 409, no. 1,
pp. 446-458, 2014, doi: 10.1016/j.jmaa.2013.07.032.

Z. Liu and M. Bin, “Approximate controllability of impulsive Riemann-Liouville fractional equa-
tions in Banach spaces,” Journal of Integral Equations and Applications, vol. 26, no. 4, pp. 527-
551,2014.

Z. Liu and X. Li, “Existence and uniqueness of solutions for the nonlinear impulsive fractional
differential equations,” Communications in Nonlinear Science and Numerical Simulation, vol. 18,
no. 6, pp. 1362-1373, 2013, doi: 10.1016/j.cnsns.2012.10.010.

Z. Liu and X. Li, “On the controllability of impulsive fractional evolution inclusions in Banach
spaces,” Journal of Optimization Theory and Applications, vol. 156, no. 1, pp. 167-182, 2013,
doi: 10.1007/s10957-012-0236-x.

Z. Liu and X. Li, “Approximate controllability of fractional evolution systems with Riemann-
Liouville fractional derivatives,” SIAM Journal on Control and Optimazition, vol. 53, no. 4, pp.
1920-1933, 2015, doi: 10.1216/JIE-2014-26-4-527.

Z. Liu, X. Li, and J. Sun, “Controllability of nonlinear fractional impulsive evolution sys-
tems,” Journal of Integral Equations and Applications, vol. 25, no. 3, pp. 395406, 2013, doi:
10.1216/J1IE-2013-25-3-395.

Z. Liu and J. Sun, “Nonlinear boundary value problems of fractional differential systems,”
Computers & Mathematics with Applications, vol. 64, no. 4, pp. 463-475, 2012, doi:
10.1016/j.camwa.2011.12.020.

Z. Liu and R. Wang, “Quasilinearization method for fractional differential equations with
delayed arguments,” Applied Mathematics and Computation, vol. 248, pp. 301-308, 2014, doi:
10.1016/j.amc.2014.09.127.

Z.Liu, R. Wang, and J. Zhao, “Quasilinearization for fractional differential equations of Riemann-
Liouville type,” Miskolc Mathematical Notes, vol. 15, no. 1, pp. 141-151, 2014.

Z. Liu and B. Zeng, “Existence and controllability for fractional evolution inclusions of Clarkes
subdifferential type,” Applied Mathematics and Computation, vol. 257, pp. 178-189, 2015, doi:
10.1016/j.amc.2014.12.057.

Z. Liu, S. Zeng, and Y. Bai, “Maximum principles for multi-term space-time variable-order
fractional diffusion equations and their applications,” Fractional Calculus and Applied Analysis,
vol. 19, no. 1, pp. 188-211, 2016.

J. Mu, “Monotone iterative technique for fractional evolution equations in Banach spaces,” Journal
of Applied Mathematics, vol. 2011, 2011, doi: 10.1155/2011/767186.

A. Pazy, Semigroups of linear operators and applications to partial differential equations.
Springer-Verlag,New York, 1983. doi: 10.1007/978-1-4612-5561-1.


http://dx.doi.org/10.1016/S0304-0208(06)80001-0
http://dx.doi.org/10.1016/j.jmaa.2013.07.032
http://dx.doi.org/10.1016/j.cnsns.2012.10.010
http://dx.doi.org/10.1007/s10957-012-0236-x
http://dx.doi.org/10.1216/JIE-2014-26-4-527
http://dx.doi.org/10.1216/JIE-2013-25-3-395
http://dx.doi.org/10.1016/j.camwa.2011.12.020
http://dx.doi.org/10.1016/j.amc.2014.09.127
http://dx.doi.org/10.1016/j.amc.2014.12.057
http://dx.doi.org/10.1155/2011/767186
http://dx.doi.org/10.1007/978-1-4612-5561-1

696 JING ZHAO AND RUI WANG

[23] I. Podlubny, Fractional differential equations: an introduction to fractional derivatives, fractional
differential equations, to methods of their solution and some of their applications. ~ Academic
press, 1998, vol. 198.

[24] J. Wang, M. Feckan, and Y. Zhou, “On the new concept of solutions and existence results for im-
pulsive fractional evolution equations,” Dynamics of Partial Differential Equations, vol. 8, no. 4,
pp. 345-361, 2011, doi: 10.4310/DPDE.2011.v8.n4.a3.

[25] H. Ye, J. Gao, and Y. Ding, “A generalized gronwall inequality and its application to a fractional
differential equation,” Journal of Mathematical Analysis and Applications, vol. 328, pp. 1075—
1081, 2007, doi: 10.1016/j.jmaa.2006.05.061.

Authors’ addresses

Jing Zhao

Guangxi University for Nationalities, Guangxi Key Laboratory of Universities Optimization Control
and Engineering Calculation, and College of Sciences, 530006 Nanning, China

E-mail address: 7ingzhaol00@126.com

Rui Wang
Guangxi University for Nationalities, College of Sciences, 530006 Nanning, Guangxi, China
E-mail address: 67950735@qq. com


http://dx.doi.org/10.4310/DPDE.2011.v8.n4.a3
http://dx.doi.org/10.1016/j.jmaa.2006.05.061

	1. Introduction
	2. Preliminary considerations
	3. Main results
	4. Application
	References

