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Abstract. In recent years, differential inclusions with fractional order have been extensively
studied by many authors. However, up to now fractional evolution inclusions with Riemann-
Liouville derivative have not been considered in the literature. In order to fill this gap, in this
paper we establish sufficient conditions for the existence of solutions of fractional evolution in-
clusions involving the Riemann-Liouville fractional derivative. The cases of convex-valued and
nonconvex-valued right-hand sides are considered and we present a version of Filippov’s theorem
for fractional semilinear differential inclusions with Riemann-Liouville derivative.
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1. INTRODUCTION

Due to the fact that fractional order derivatives and integrals have extensive ap-
plications in viscoelasticity, analytical chemistry, electromagnetic, neuron modeling
and biological sciences, the theory of fractional calculus has attracted great interest
from the mathematical science research community. There has been a significant de-
velopment in fractional differential equations in recent years, see the monographs of
Samako et al. [14], Kilbas et al. [13], Miller and Ross [20], Podlubny [22] and the
references therein.

Differential inclusions arise in the mathematical modelling of certain problems in
economics, optimal control, stochastic analysis, etc. and are widely investigated by
many authors, see [1,4, 15,17, 18] and references therein.

Recently, fractional differential equations and inclusions with Caputo and Riemann-
Liouville fractional derivative with different conditions were studied by many au-
thors.
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In [10], J. Henderson and A. Ouahab investigated the existence of solutions for
fractional differential inclusions with infinite delay

LDpex(t) e F(t,x;), t € J :=[0,b], 0<a <,
x(1) =¢(1), t € [-r,0],

where £ D® is the Riemann-Liouville fractional derivative, F : J x C([—r,0], R) —
P (R) is a multivalued map with compact values, & (R) is the family of all nonempty
subsets of R, ¢ € C([—r,0],R) and ¢(0) = 0. y; is the element of C([—r,0], R)
defined by y;(0) = y(t +6), 6 € [-r,0].

In [21], A. Ouahab studied the existence of solutions for fractional semilinear
differential inclusions of the form

(cD*x—Ax)(t) e F(t,x(t)),a.e.t € J:=[0,b],0<a <1,
x(0) =xp € X,

where ¢ D% is the Caputo fractional derivative, F' : J x X — P (X) is a multivalued
map, A is an almost sectorial operator and X is a sparable Banach space.

In [25], Y. Zhou, L. Zhang and X.H. Shen researched the existence of solutions
for fractional evolution equation with Riemann-Liouville fractional derivative of the
form
Lpax(t) = Ax(t)+ (Fx)(t), t € J :=(0,a], 0<g < 1,

(151 7%)(0) + g (x) = xo.

where L' D® is the Riemann-Liouville fractional derivative of order ¢, I OIJ:q is Rie-
mann-Liouville integral of order 1 —¢q, A is the infinitesimal generator of a Cyp-
semigroup {7T'(¢),t > 0} on a Banach space X. F :C(J',X) — L(J',X) and g :
C(J',X)— L(J',X) are given functions satisfying some assumptions.

Motivated by the above work, the goal of the present paper is to study the existence
of solutions for fractional evolution inclusions with Riemann-Liouville fractional de-
rivative of the form

LDg+x(t) € Ax(t)+ F(t,x(t)), ae.t €(0,b], 0 <a <1,
IOIJ:“X(I)|,=0 =xpeX

(1.1)

where £ Dy, is the Riemann-Liouville fractional derivative of order « with the lower
limit zero, / 01;“ is Riemann-Liouville integral of order 1 —a. A: D(A) S X — X
is the infinitesimal generator of a Cy-semigroup {7T'(¢),t > 0} on a Banach space X.
F:JxX — P(X):=2%\ {@} is a multivalued map satisfying some assumptions

and J = [0,b].
The existence of mild solutions for the fractional evolution inclusions with Caputo
fractional derivative has been researched in several recent papers (see [19,21,23]),

much less is known about the fractional evolution inclusions with Riemann-Liouville
fractional derivative. In this paper, our goal is to give the existence results in both
convex and nonconvex cases for (1.1) and present a version of Filippov’s theorem.
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The results we obtained are a generalization and continuation of the recent results on
this issue.

The rest of this paper is organized as follows. In Section 2, some notations and
preparation results are given. In Section 3, using the nonlinear alternative of Leray-
Schauder, we present an existence result for problem (1.1) in the case where the
right-hand side is convex-valued. In Section 4, we use a fixed point theorem for
contraction multivalued maps to (1.1), for the nonconvex case. In Section 5, we shall
be concerned with Filippov’s theorem for (1.1). In the end, we present an example to
demonstrate our main results in Section 6.

2. PRELIMINARIES

In this section, we introduce the notations, definitions, and preliminary facts that
will be used in the remainder of this paper.

Let C(J, X) denotes the Banach space of all X-value continuous functions from
J =[0,b] into X with the norm ||x|c(s,x) = sup;cy [|x(¢)||. For measurable func-

tions m : J — R, we define the norm ||m||p 7 ; gy := f, |m(t)|1’dt)%, 1<p<oo.
LP(J,R) (1 < p < 00) be the Banach space of all Lebesgue measurable functions
from J into R with |[m| 1 r s gy < oo. Let L?(J, X) be the Banach space of func-
tions m : J — X which are Bochner integrable normed by [|m||; 7 (s, x). Throughout
this paper, we suppose M = sup;¢[,o0) II7(?)| < 00. Let J’ = (0,b], to define
the mild solutions of (1.1), we also consider the Banach space C1—4(J,X) = {x €
C(J',X):t17%x(r) € C(J, X)} with the norm ||x||¢,_, = sup,es {1 ¥l x(®)|x}.
It is easy to see (Cl_a(J, X). |- llc,_,) is a Banach space.

First, let us recall the following definitions from fractional calculus. For more
details, one can see [13,20,22].

Definition 1. The fractional integral of order ¢ with the lower limit zero for a
function f is defined as

L[t f@s)
I'(q)Jo (t—s)'4

provided the right side is point-wise defined on [0,00), where I'(-) is the gamma
function.

1L f(o) = ds,t>0,qg>0,

Definition 2. The Riemann-Liouville derivative of order ¢ with the lower limit
zero for a function f :[0,00) — R can be written as

P B I O .
D0+f(t)—r(n_q)(dt) /0 (t_s)q_n+lds,t>0,n 1 <g<n.
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Definition 3. The Caputo derivative of order ¢ for a function f : [0,00) — R can
be written as

‘DI, f(t) =" DUf(t)— Z f(k)(O) >0, n—1<q<n.

Remark 1. (i) If f(t) € C”[O,oo), then
AU

[ aY —

Por/ =160 Jy w—vari

(ii) The Caputo derivative of a constant is equal to zero.
(7ii) If f is an abstract function with values in X, then integrals which appear in
Definition 1 and 2 are taken in Bochner’s sense.

ds =171 ™). 1>0,n—1<q<n.

Now, we also introduce some basic definitions on multivalued maps. For more
details, see [2,7,12].

We use the notations:

P(X)={Y e P(X):Y isclosed }, Pp(X)={Y € P(X):Y is bounded },
Pev(X)={Y € P(X):Y isconvex }, Pep(X) ={Y € P(X):Y is compact }.
A multivalued map G : X — £ (X) is convex (closed) valued if G(x) is convex
(closed) for all x € X. G is bounded on bounded sets if G(B) = |J,cp G(x) is
bounded in X for any bounded set B of X, i.e., sup,cp {sup{||y |:ye G(x)}} < 00.

G is called upper semicontinuous (u.s.c.) on X if for each xo € X, the set G(xg)
is a nonempty closed subset of X, and if for each open set U of X containing G(xo),
there exists an open neighborhood V of x¢o such that G(V) C U.

G is said to be completely continuous if G(B) is relatively compact for every

Pp(X).

If the multivalued map G is completely continuous with nonempty compact val-
ues, then G isu.s.c. if and only if G has a closed graph (i.e., X, = X%, Yn — V%, Yn €
G(x,) imply y« € G(xx)).

A multivalued map G : J — £,;(X) is said to be measurable if for each x € X
the function Y : J — R™ defined by Y(¢) = d(x,G(t)) = inf{||x —z| : 2 € G(t)} is
measurable.

Let (X,d) be a metric space induced from the normed space(X, || -||). Consider

P(X)x P(X)— Ry U{oo}, given by

H; (A, B) =max{supd(a,B),supd(b,A)},
acA beB
where d(a, B) = infycp d(a,b), d(b,A) = inf,c4d(a,b).

Then (Pp,c;(X), Hy) is a metric space and (P¢;(X), Hy) is a generalized metric
space (see [15]).

Definition 4 ([0]). A multivalued operator G : X — £.;(X) is called
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(1) y-Lipschitz if and only if there exists y > 0 such that
H;i(G(x),G(y)) <yd(x,y), foreachx,y € X,
(2) acontraction if and only if it is y-Lipschitz with y < 1.

Lemma 1 ([6]). Let (X,d) be a complete metric space. If G : X — Pp;(X) is a
contraction, then FixG # &.

Lemma 2 ([8]). Let X be a separable complete metric space and let G : [0,b] —
P (X) be a measurable multivalued map with nonempty closed values. Then G has
a measurable selection.

Lemma 3 ([26]). Let G : [0,b] — P (X) be a measurable multivalued map and
u :[0,b] = X a measurable function. Then for any measurable v : [0,b] — (0, 400)
there exist a measurable selection f, of G such that for a.e. t € [0,b],

lu(@) = fo(Ol = d(u(r),G(0)) +v(t).

Lemma 4. Let G : [0,b] = Pcp(X) be a measurable multivalued map and u :
[0,b] = X a measurable function. Then there exists a measurable selection [ of G
such that for a.e. t € [0,b],

lu(@) = fOI = du().G@)).

Lemma 5 (Lasota and Opial [16]). Let J be a compact real interval and E be
a Banach space. The multivalued map F : J X E — $Pp 1 o (E) is measurable to
t for each fixed x € E, u.s.c. to x for a.e. t € J, and for each x € C(J,E) the
set Spx =4{f € L\(J,E): f(t) € F(t,x(t)), a.e. t € J} is nonempty. Let I' be a
linear continuous mapping from L'(J, E) to C(J, E), then the operator

I'oSp:C(J,E) > Ppc1,co(C(JE)), x> (I'oSp)(x) = I'(SF,x).
is a closed graph operator in C(J,E)x C(J, E).

Lemma 6 (Nonlinear alternative for Kakutani maps [9]). Let E be a Banach
space, C a closed convex subset of E. U an open subset of C and 0 € U. Suppose
that G : U — P, p.cv(E) is an upper semicontinuous compact map. Then either:

(i) G has a fixed point in U, or
(ii) there isu € U and A € (0,1) withu € AG(u).

On the basis of [25], we give the following definition of mild solution of system

(1.1).

Definition 5. A function x € C;_4(J, X) is called a mild solution of (1.1) if
I(};“x(t)ltzo = xo and there exists f € L1(J,X) such that f(t) € F(t,x(t)) for
ae.t e J and

x(t) = 19" Ty (t)xo + ft(z —5)* T, (t —5) f(s)ds, t € (0,b]
0
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where
o0
Tu(t) = a/ OMy(0)T (t%0)d6,
0
and M, is a probability density function which is defined by

- (—6)"!
Mgy () _n; DT A—an 0<a<l1,60€eC.

Lemma 7 ([24]). The operator Ty(t) has the following properties:
(i) For any fixed t > 0, Ty(t) is linear and bounded operators, i.e., for any x € X,

1T (]| < %nxn.

(ii) Ty, (t)(t = 0) is strongly continuous.
(iii) Foreveryt > 0, Ty(t) is also compact operator if T (t) is compact.
Now we state the following generalization of Gronwall’s lemma for singular ker-

nels whose proof can be found in ([1 1], Lemma 7.1.1). This will be essential for the
main result of Section 3.

Lemma 8. Let v : [0,b] — [0,00) be a real function and w(-) is a nonnegative,
locally integrable function on [0, b] and there are constants a > 0 and 0 < «a < 1 such
that

t
v(t) < w(t) +a/ (t—s)"%v(s)ds.
0

Then there exists a constant K = K («) such that

t
v(t) <w(t)+ Ka[ (t—s) %w(s)ds,
0
for everyt € [0,b].

3. EXISTENCE OF MILD SOLUTIONS FOR CONVEX CASE

Assume in this section that F : J x X — £(X) is a convex valued multivalued
map. Before stating and proving the main results, we introduce the following hypo-
theses.

(1) T(¢) is a compact operator for every ¢ > 0.

(2) F:JxX — Pcp,cv(X) is a multivalued map such that
(a) for each fixed u € X, the map ¢t — F(¢,u) is measurable,
(b) fora.e. t € J, the map u — F(¢,u) is u.s.c.,
(c) for each x € C1—4(J, X) the set

Srx={f €L'(J,X): f(t) € F(t,.x(1))}

is nonempty.
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(3) There exists a function ¢(¢) € Lé(J, R™), g € (0,) and a constant ¢ > 0
such that

IF @ x@)x = supdll f(O)llx : () € F(t,x(0))} < p(1) +ct' ™| x @),
forae.t € Jandall x € Ci—4(J, X).

Theorem 1. Assume that hypotheses (1) — (3) hold, then system (1.1) has at least
one mild solution.

Proof. Consider the multivalued operator N : Ci—4(J,X) — P(Ci1—o(J, X))
defined by
heCi—x(J,X):

h(t) = 127 Ty ()x0 + [y (t —5)*  To(t —5) f(s)ds, f € Spx.t €J
Using (1) — (3) and Lemma 7, one can easily prove that N(x) C C1—q(J, X) for any
xeCi—q(J,X).

Clearly, the fixed points of the operator N are mild solutions of problem (1.1). We
shall show that N satisfies all conditions of Lemma 6. The proof will be given in
several steps.

Step 1: N(x) is convex for each x € C1—_y(J, X).

Since S x is convex (because F has convex values) then one can easily show that
N(x) is convex for each x € C1_4(J, X).

Step 2: N maps bounded sets into relatively compact sets in C1—q (J, X).
Define

N(x)=

Br = {X € Cl—Ol(‘]vX) : ”x”Cl—a E r}’
Q={yeC.X):yt)=t"""h(t), h € N(B,)}
We shall show that N(B,) is relatively compact set. We subdivide the proof into
several claims.
Claim 1: £2 is a bounded set of C(J, X).
Let x € B, and h € N(x), then there exists f € SF x such that, for each t € J, we
have

(1) =t17%h(t) = To(t)xo + 117 /t(t —8)¥ T, (t —5) f(s)ds.
0

Taking into account the imposed assumptions, applying Lemma 7 and Holder in-
equality, we obtain

M Mtl_a t o1
IIY(Z)IISWIIXOIH F@) /O(I—S) If(s)lds
Mtl—ot

t
_ a—1 1—a
ol + i /0 (6 =) (s) + s~ x(s) 1ds

S Ml 2 () ) L Mo
—|x — | — —_— =
a0 o) \a—gq L¥(J.X) I'a+1)
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Thus, for each y € £2, we have ||y|lc(s,x) <.

Claim 2: £2 € C(J, X) is equicontinuous.
Forany y € §2,1et 0 =t; <t < b, by using (3), Lemma 7 and Holder inequality, we
get

153
1y (22) = y (0) | < [|Te(22)x0 — T (0)xo || + [|£3 [O (12— )" Ty (12 —5) f(s)ds]|

M (1—q \'1
< a0~ T ol + s (300 ) 10,4,

Mcrt,
I'a+1)
For 0 < #1 < tp < b, selecting ¢ > 0 sufficiently small and taking into account the
imposed assumptions, we have

— 0, ast2—>0+.

153
1y (t2) =y ()|l < | Tu(t2)x0 — T (t1)Xo0 || + ||t~ t (t2— ) 1 Ty(t2 —s) f(5)ds]|

1
+1 fo (63712 =) —1{ 7% (t1 = )* | Tult2 — 5) f (s)ds]|

n
+ e /0 (11— )" [Talta =) — Tu(t1 — )] f(s)ds||

Albl_a
I(a)

M i 11—« a—1 11—« a—1
g [ =9 = =9 )+ ends

< || Ta(t2)x0 — Ta(t1) X0l +

123
/ (t2 —$)* Y (s) + crlds
n

t1—¢
+ /0 71y — )% [Tt — ) — Tat1 — )] £ (s)ds]

+ 01— )" [Tt =) — Ta(t1 — )] f(s)ds||

11—

<h+DL+1+14+ 15,

where
I = || Ta(t2)x0 — To(t1) X0,

1—o i
I = Afﬁb(a) /n (t2 — )% Yp (s) + crlds,

151
5= %fo (117 (01 =) =1, % (t2— )" 7] (@ (s) + cr)ds,

1— 14 ber
li= s ||Ta<zz—s)—Ta(r1—s>||[(ﬁb) Il 3 +7]

s€[0,t1—€] Ld(J,X)
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2Mp'— 0
F((X) t1—¢
According to Lemma 7(ii), it is easy to see that /1 — 0 as t, — #1. Appling the abso-

lute continuity of the Lebesgue integral, we have I, and /5 tend to zero independently
of x € B, astp — t1, € — 0. Noting that

0 <[t =) =137 %12 —5)* (P (s) +er) <t]7%(t1 —)* " (p(s) +cr),

and fél tll_“ (t1 —$)* Y(¢p(s) + cr)ds exists, then by the Lebesgue dominated con-
vergence theorem, we have I3 tends to zero independently of x € B, as tp — 1.
Since (1) and Lemma 7 imply that the continuity of 7, (¢)(¢ > 0) in ¢ in the uniform
operator topology, it is easy to see that /4 tends to zero independently of x € B, as
tp — t1. Thus, ||y(t2) — y(#1)|| tends to zero independently of x € B, as t, — t1,
which means that §2 is equicontinuous.
Claim 3: For any ¢ € J, §2(¢) is relatively compact in X.

This is trivial for ¢t = 0, since £2(0) = { %} So it is only necessary to consider
0<t<b.LetO<t <bbe fixed. For x € B, and h € N(x) there exists / € SF x
such that

(1) =t7%h(t) = To(t)xo +117% /t(r — ) 1Ty (t —5) f(5)ds.
0

For Ve € (0,1), V§ > 0, define

Is = (11 —$)* Y (s) + cr]ds.

V& (1) = / - OM¢y (0)T (t%6)x0d6
8
t—e o
+at!™® f / (t—5)*LOMy(6)T ((t —5)%0) f(s5)dOds
0 §
< T(e“S){oe/g OMy(0)T (t%0 —£*8)xod6

t—e¢ o0
+at1‘“/ /5 (6 =) OMa(0) T ((t —5)*0 — £8) f (5)dOds .
0

Then from the compactness of T'(¢%8)(¢*8 > 0), we obtain that the set 259 (1) =
{(y®¥(t),y € 2} is relatively compact in X for Ve € (0,7) and V& > 0.
Moreover, we have

)
Iy () =y )] < o /0 6Ma(0)T (1%0)x0d0|
)
4 e’ / t / (6 —$)* " OMo () T (¢ — $)*0) £ (5)dOds]
0 0

t 0]
+ |t /t_ /5 (t—5)*"LOML(O)T ((r —5)¥6) £ (5)dOds]||
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§ t 8
5aM||x0||/ M, (0)d0 +o¢Mb1_°‘f (t—s)a_l[¢(s)+cr]ds/ My (0)d6
0 0 0
t [e/e)
+aMbp™e / (t—5)* Y p(s) +crlds / OMy(0)d0
t—e 0

8 t 8
50{M||x0||/0 GMa(G)d9+onb1_°‘/O (z—s)"‘_l[qb(s)—i—cr]ds/0 OMy(0)do

Albl_a
I'(a)

Therefore, there are relatively compact sets arbitrarily close to the set £2(¢), ¢t > 0.
Hence the set £2(¢), ¢ > 0 is also relatively compact in X .

As a consequence of Claims 1-3 together with the Arzola-Ascoli theorem, we can
conclude that £2 C C(J, X) is relatively compact set. Thus, one can easily obtain that
N(B;) is relatively compact set in C1—y(J, X).

Step 3: N has a closed graph.

For any x € C1—¢(J, X), according to (2), there exists f € Sg x. Set y(t) =
t1=%x(¢) and define N as follows

heC(J.X):
h(t) = To(t)xo +117% 5 (t =) Tyt —5) f(s)ds, f € Spx.t el
Taking into account the imposed assumptions, we see that N:C J,X)—>C(J,X).

Let yn — yx(n > 00), hy € N(y,,) hy — s (n — 00). We shall prove that
By € N(y*) Since h € N(y,,) there exists f, € SF x,, such that, foreachr € J,

(t—5)*p(s)+crlds -0, ase — 0, § — 0.

N(y)=

zn(t) = Ty (t)x0 +t1_°‘/ (t =) 1Ty (t —s) fu(s)ds.
0

We have to prove that there exists fx € SF,x, such that, foreacht € J,

_ t
ha(t) = To(t)xo + 11‘“/ (t =) 1Ty (t —5) fe(s)ds.
0
Since En — Ty (n — o00), we can obtain
H (Zn (1) =Ty (t)x0> _ (Z* (1) — Ta(t)xo) H 0, as 7 — 0.
Consider the linear continuous operator

r:La(J,X)— C(J,X),

(rf)(@) =11 fo (6 — ) Tt —5) f(s)ds.

Clearly it follows from Lemma 5 that " o SF is a closed graph operator. Moreover,
we have

hn(t) = To(t)x0 € T'(SE.x,)-
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Since y,;, — y«, it follows from Lemma 5 that
h«(t) = To(t)x0 € I'(SF x..)-

Therefore, N has a closed graph. Thus, one can easily obtain that N has a closed
graph. Since N is a completely continuous multivalued map with compact valued,
we have N is u.s.c.

Step 4: A priori bounds on solutions.

Let x be a possible solution of (1.1). Then x € N(x) and there exists f € S x
such that

x(t) =t 1Ty (t)xo + /t(l — ) T (t—5) f(s)ds, t € J'.
0

Moreover

X O < I Te(0)xoll + IIIH‘ / (t =) Tt —5) f(s)ds]|

o a—1 11—«
< el et [ =9 [0+ s el s

M M (1—g \'™
< ol e (520) 1904,

chl'— M

o— 1 1—«a
Dt [ las

Let

_ 41— _i - o
0O =1 Ol o) = 1o [IIXOIH( b) ”¢”L‘1(JX):|

from Lemma 8, we concluded that there exists a constant K = K(1 —«) such that

bl—onK t
o] <00+ LA -9 otds
I'@) Jo
M chMK 1—g \'™ —
1 —b =M
< (1 ers) [||X0||+(a_q ) ||¢||L(JX)}
Hence
Ixllc,_e <M.

Let U = {x € Ci—o(J.X) : ||x]lc;_y < ﬁ}, and consider the operator N : U —
Pep,cv(X). From the choice of U, there is no x € dU such that x € AN(x) for some
A € (0,1). As a consequence of Lemma 6, we deduce that N has a fixed point x in
U which is a mild solution of problem (1.1). The proof is complete. t
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4. EXISTENCE OF MILD SOLUTIONS FOR NONCONVEX CASE

In this section, we study the case when F not necessarily convex valued. Through-
out this section, we assume that X is a separable Banach space.

Let us introduce the following hypotheses.
(A1) F:J xX — Pcp(X) is a multivalued map such that

(1) the map ¢t — F(t,u) is measurable for each u € X,

(2) there exists a function p € LY (J,RT), y € (0,a) and a constant d > 0 such
that

IF@x@)x < p6) +dt' ™[ x(@)]].
fora.e.t € Jandall x € C1—o(J, X).
(+42): There exist two functions [, m € L%(J, R™), B € (0,a) such that
Hy (F(t,x(t)),F(t,y@®))) <l(®)|x=ylc,_, forae.teJandallx,y € Ci_¢(J, X).

Theorem 2. Assume that (A1) — (Az) are satisfied. If
M (1-8 \'"F
—_— —'Bb I 1 <1,
'ao)\a—p LB(J,X)
then problem (1.1) has at least one mild solution.

Proof. Define an operator N on C1_q(J, X) by
heCi—¢(J,X):
h(t) = 127 Ty (t)x0 + [ (t =) To(t —5) f(s)ds, f € Spx, t€J’
According to (+A1) and (A2), N : C1—¢(J, X) = P(C1—¢(J, X)) is well defined.
We will show that N satisfies the assumptions of Lemma 1. The proof is given in two
steps.

Step 1: N(x) € P.;(C1—(J, X)) foreach x € C1—o(J, X).
Indeed, let {/,}n>0 € N(x) be such that h,, — h in C1_4(J, X). Then there exists
Jn € SF x such that

N(x)=

t
hn(t) = t“_lTa(t)xO-l-f (t =) To(t —5) fu(s)ds, 1 € J',
0
According to (+1), we infer that for a.e. t € J, we have

1 @)x < p(t) +dt'=¥[|x()]
< p() +d|lxllc,_q-

which implies that f, is bounded in L%(J , X), and hence weakly converges to f in
1
Lv(J,X). Let

h(t) =t Ty (t)xo + /l(t — )T (t —5) f(s)ds, t € J'.
0
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Then, we get

t
Vi, = sup ¢~ /0 (=) Tt — )L fon(s) — F(5)]ds]

teJ

t
<p'® ?ug I 0 (t—5)* Tyt =) [fn(s) = f(s)]ds]|.

We can easily show that, the mapping g — [, (=% 1Ty (-—s)g(s)ds : L% J,X)—
C(J,X) is compact. Then ||h, —h|c,_, — 0, as n — oo, which implies that & €
N(x).

Step 2: There exists 0 < 6 < 1 such that

Hg(N(x).N(y)) =0llx—yllc)—o. ¥ x.y € C1a(J. X).
Let x,y € C1—¢(J,X) and h € N(x). Then there exists f € SF x such that

h(t) =t 1T, (t)xo +/(;l(t—s)“_lTa(t—s)f(s)ds, tel'.
According to (+4) it follows that
Hg(F(t,x(), Ft,y®) =IO)lx=ylc\—a-
Hence there is w € F (¢, y(¢)) such that
If (@) =l <IOlx=ylci o t € J.
Consider the multivalued map U : J — £ (X) given by
Ut)y={xeX [lfO)—xl =IO)lx=ylci_o}-

The set V(¢) = U(t) N F(t, y(t)) is nonempty since it contains w. Since the multival-
ued operator V' is measurable with nonempty, closed values (see [3, 5]), there exists
a function f, which is a measurable selection for V. Thus, f (¢) € F(¢,y(¢)) and

If @)= fOI <I®lx—ylc,_,. forae.reJ.
Let

h(t) =t T (t)xo + [ t(z —8)* T, (t —5) f(s)ds.
0
Then

t
e =) = =R )] = /0 (t =) Tult=$)L£(5) ~ T ()]s
Ml‘l_a
<
I'(a)
M [(1-8 \'P
< (am5t) My, b=l

t
/0 =) x=yllc,_ods
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Thus

_ M [(1-8 \'7P
lh=ley . = rgs (352) 11,4y 5= Yler o

By an analogous relation, obtained by interchanging the roles of x and y, it follows
that

M (1-8 \'7P
H;(N(x),N <——| —=b ) — .
NG NG = s (a_ ; ) 11, 3y 1% =2l
Thus, N is a contraction. Therefore, applying Lemma 1 we conclude that N has a
fixed point x, which is a mild solution of problem (1.1). The proof is complete. [J

5. FILIPPOV’S THEOREM

In this section, we assume that X is a separable Banach space.
1
Letyoe X, ge La(J,X), g €(0,a), and y € C1—_(J, X) be a mild solution of
the following semilinear problem:
LDey(t) = Ay(t) +g(t), t € (0,b], 0 < < 1,
IolJ:O‘Y(l)h:o = Yo.
Then ,
YO = a0+ [ -9 Tult - 9)g6)ds.
0
We introduce the following hypotheses.
(B1) F:J xX = Pep(X) is a multivalued map such that
(1) for all u € X the map ¢t + F(¢,u) is measurable,

(2) there exists a function o () € Lé(J, R™), q € (0,a) and a constant k > 0
such that

IF @, x@)lx = sup{ll £ () lx : f(t) € F(2,x())} <o (t) +kt' ™[ x(@)]l,
ae.teJ, forall x € Ci—y(J,X)
(3) themap A:t —d(g(t), F(t,x(t)) is Lé(q € (0,)) integrable.
(B>) There exists K > 0 such that
Hg(F(t,x(1)), F(1,2(1))) < Kt' ™| x(t) = z()) || Vx.z € C1—a(J, X).

For convenience, let us introduce some notations.

Y R FE =2 Y N2 = —Jlyo—xol
= -4 ) = —X .
! I'o) \a—qg Lz, x) 772 I'(x) Yoo

Theorem 3. Suppose that hypotheses (81) and (B3) are satisfied. If KMb < 1,
then problem (1.1) has at least one mild solution x satisfying the estimates
KM?b(b'=®N; + N»)

MNb' 7%,
(I—KMbI'@+1) & Nib

lx=yllc)—o = MN2+
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Proof. We construct a sequence of functions {x,},eny which will be shown to
converge to some solution of problem (1.1) on the interval [0, ], namely to

LD%x(t) € Ax(t)+ F(t,x(t)), a.e.t € (0,b], 0 < < 1,
175 (1)l =0 = xo.

Let fo = gon [0,b] and xo(¢) = y(¢), t € (0,b], i.e.

xo(t) = 171 T, (1) yo +/Ot(t —8)* T, (t —5) fo(s)ds, t € (0,b].

Then define the multivalued map U; : [0,b] — P(X) by Ui(t) = F(t,x0(t))
NB(fo(t), A(?)). Since g and A are measurable, the ball B(fo(¢), A(t)) is meas-
urable (see [5]). Moreover F(t,xo(t)) is measurable (see [3]) and U; is nonempty.
Indeed, according to Lemma 4, we obtain a measurable selection u of F (¢, x¢(t))
such that
[u(t) —g ()l = d(g(t), F(t,x0(1))) = A(1).

Then u(t) € Uy (t), proving our claim. We deduce that the multivalued operator Uy (¢)
is measurable (see [3,5]). X is a separable Banach space, by Lemma 2, there exists a
function t — f1(¢) which is a measurable selection for U; and

/1) = fo(Il = A().

Consider
x1(1) = t¥ 1Ty (t)xo + /l(t —8)¥ T (t —5) fi(s)ds, t € (0,b].
0

For each ¢ € [0, 5], we have

7 x1 () = xo (1)

t
= [|Ta(t)x0 = Ta(t) yol| +||l1_“/ (t =) Tu(t =9)[f1(5) = fo())ds|

< prestvomal+ e [ A

< || xoll + —— (1 b‘f 7 1_qll Al
_ — q
ng+MMH%

Using the fact that F (¢, x1(¢)) is measurable, the ball B( f1(t), Kt'=%||x1(t)—x0(t)]))
is also measurable (see [5]). From (8;) we have

Hy(F(t.x1(1)). F(t.x0())) < Kt' ™| x1(t) = x0 (1) -
Hence there exists w € F(¢,x1(¢)) such that
If1(0) =@l < K"~ |lx1(2) = x0(0)]-
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Consider the following multivalued map U, (t) = F(t,x1(z)) N B(f1(¢), Kt1=*
lx1(t) — xo(2)||), which is nonempty since it contains w. Therefore U, (¢) is meas-
urable with nonempty, closed values (see [3, 5]). Thus there exists a measurable
selection f>(¢) € U, (t) and

1 f2() = fi)]l < Kt'™||x1(1) = xo (1) -
Define

x2(1) = t¥ 1 Ty (£)xo + /t(z — )T (t —5) fo(s)ds, t € (0,b].
0

Then for every ¢ € [0, b], we have

t
T xa() =X (1)) = IIII_"‘/0 (t =) Ty (t =) f2(5) = f1())dls]

fl_aMK t
< —/ (t—5)* ' [MNis'™® + MN)ds
I'(@) Jo
KM?Nit>~*I'2—a) tM?KN,

= rQ) Fa+1)

Let Us(t) = F(t,x2(0)) N B(f2(1), Kt' ™[l x2(¢) = x1(1)]). Arguing as for Us, we
can prove that U3 is a measurable multivalued map with nonempty closed values.
Then there exists a measurable selection f3(¢) € Us(¢) and

1/3(0) = fa@)|l < Kt'™||x2(1) —x1 (1) .
Define

x3(t) =t 1Ty (t)x0 + /t(z — )% Ty (t —5) f3(s)ds, t € (0,b].
0

For t € [0,b], we have
s (1) —x2(0)l

= |1 /0 (6= )% Tt —$)Lf3(5) — fo(s)]ds]

<t1_“‘MK/t(t )a_l[KMlesz_“F(Z—a) sMZKN2:|
—_— -

- '@ Jo r2) TFa+1)
PBCM3K2NIT2—a)[(B3—0a) t?M3K?N,I"(2)

= TG Fa+t DI @+2)
Repeating the process forn =0,1,2,3,..., we have
K IM™"" NI’ 2—a) 3—a)..[ (n—a)
reyr@)...rmn)
K" M™M= IN, T ()T (3)...N(n—1)
'o+)I'oe+2)..I'(a+n—1)

17 0 (8) = xp—1 ()] <

G.D
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By induction, suppose that (5.1) holds for some »n and check (5.1) for n + 1. Let
Uni1(t) = F(t,xn(t)) N B( fr, Kt'™%|| x5, (t) — xn—1(¢)||). Since Uy 41 is a measur-
able multivalued map with nonempty closed values, there exists a measurable selec-
tion fn+1([) € Un+1(t) and

| fa1() = fu @)l < Kt =¥ ||xn (1) = xn—1 ()],

which allows us to define

t
Xn1(1) =197 To(1)xo +/ (t—$)* " To(t —5) far1(s)ds, t € (0,b].
0
Then, for a.e. ¢t € [0, b], we have

7| X1 (1) = xa (1)

= IIII_“/O (1 =) ot =9) [ fut1(5) = fa(s)]ds]|

- t'=*MK /t(t—s)“_l [K”_IM”S”_“N1F(2—01)F(3—a)...F(n—oz)i| 4
' (a) r)r@3)..rm)
zl “*MK a1 | K" IMPs" "IN, ()T (3)...(n— 1)
(@) / =9 [ o+ DI@+2).T(@tn—1) }
- KMt ntl=e N FrQ—a) 3 —a)..(n+1—a)
- rQ)r@)..ra+l
K'"M" "N, T(2) T (3)...T(n)
T+ (a+2)..I'a+n)
Consequently, (5.2) holds true for all # € N. According to (5.2), we have

7 g1 (1) = xn (1) ]| < KPMPFIpP =N L KM PN,

(5.2)

Since KM b < 1, we infer that {x, },ecn is a cauchy sequence in C1—4(J, X), con-
verging uniformly to a limit function x € C1—y(J, X). Hence there exists a constant
L > 0, such that || x| c,_, < L. Since f,(¢) € F(t,xn—1(t)), from B;(b) we have

I/ <o@)+kt' ™ |xa1 O <0 (0) +klxn-1lc,_o <o) +kL,

which means that { f;, },en is uniformly bounded in Lé(.l ,X) and hence weakly
1
converges to f in L« (J, X). Let

x(1) = 19" T (t)xo + /t(t —5)* Ty (t —5) f(s)ds, t € (0,b].
0

Then we have

xn —xllci—o = Sllpllt1 “/ (1 =) Tt =) [ fu(s) = [ ()]s
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! 1
<b"sup| [ (1 ="' Tu(t —5)[fuls) — f(5)lds].
teJ 0

: 1

Noting that the mapping g — [o(- —$)* ' To (- —s5)g(s)ds : L7 (J,X) = C(J,X)
is compact, then ||x, —x|c,_, — 0, as n — oo. We find that the function x is a
solution to problem (1.1) on [0, b]. Moreover, we have

17 (@) = y (Ol = (| Ta (1) x0 = Ta (1) yol

t
1t / (6= )% Tt — )1/ () — g ()1ds]
0
< MNy+ ] /0 (6 =) Tt =)L (5) — fu(s)ds]

t
+||tl_°‘/ (1t =) Ta(t =) fu(s) —g(9))ds].
0
Noting that

| @) =gl <Y 1fi@0) = fia (@)

i=1

< ZKII_“Hxi—l(f) —xi—2()[| + A1)
i=2

YK T i) = xim1 (@) |+ AG)

A

I
_-

=

[KIMID' Ny + K MDY Ny + Ar)

||'M8

—

l
<KMWﬂm+m)
- 1—-KMb

+ A(2),

we have

t
X () =y ()] < MN2 + ||t1_°‘/0 (t =) Tyt =9)[f(5) = fu(s))ds]

t
et /0 (0= )% Tt =) fuls) — g(s))ds]

KM?b(b'=®N; + N>)
< MN: MN b, .
=Mt T e rery T oo

Then, we have
KM?b(b'=%Ny + N»)
(1—KMb)I(a+1)

lx=yllc,_y < MN>+ + MNp 7.
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The proof is complete. O]

6. AN EXAMPLE
Let X = L2([0,7],R). As an application of our results, consider the following
fractional partial differential inclusions.
3 2
LD(‘)‘_l_x(t,y) € a3y—2x(t,y) + F(t,x(t,y)), a.e.t €(0,b], y €0, 7],
x(t,0)=x(,m)=0, t €(0,b], 6.1
1
1)y x(t,y)|t=0 = x0(»), y € [0,7].

3 1
where L Da‘ 4 is the Riemann-Liouville fractional derivative of order %, b>0,1 04+

is Riemann-Liouville integral of order L, J = [0,b]. F is a given multivalued map.
Define the operator A by Ax = x”, with the domain

D(A) = {x € X : x, x’ are absolutely continuous, x” € X, x(,0) = x(¢,7w) = 0}.

Then A can be written as
o0

Ax = —an < X,ep>epn, x € D(A),
n=1
where e, (y) = %sinny, 0<y<wm, n=1,2,....1s an orthonormal basis of X . Itis

well known that A is the infinitesimal generator of a strongly continuous semigroup
T(t) on X which is compact, given by

o0
T(t)x = Ze_"2t <x,en>ep, x€X, and |[T@)|<e"<1=M,t>0.
n=1

Define x(¢,y) = x(¢)(y), then system (6.1) can be written in the abstract form given
by (1.1). We assume that F : J x X — P (X) satisfy the following conditions.

(F1): F:JxX — Pep,cv(X) is measurable to ¢ for each fixed u € X, u.s.c. tou
for a.e. t € J, and for each x € C%(J,X) the set

Srx=1{f €L (J.X): f(1) € F(t,x(1))}
is nonempty.

(F>): There exists a function ¢ (¢) € Lé(.l, R™), g € (0, %) and a constant ¢ > 0
such that

| Fe.x(@)llx = suplll/(©)llx : £(t) € F(t.x(0)} < p(0) +ct 3 x(0)]].

forae.t e J andall x € C%(J,X).
Thus by Theorem 1, system (6.1) has at least one mild solution.
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