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ABSTRACT

Zhao, Banghua MSAA, Purdue University, December 2016. Analysis of Compos-
ite Plates by Using Mechanics of Structure Genome and Comparison with ANSYS.
Major Professor: Wenbin Yu.

Motivated by a recently discovered concept, Structure Genome (SG) which is
defined as the smallest mathematical building block of a structure, a new approach
named Mechanics of Structure Genome (MSG) to model and analyze composite plates
is introduced. MSG is implemented in a general-purpose code named SwiftComp™,
which provides the constitutive models needed in structural analysis by homogeniza-
tion and pointwise local fields by dehomogenization. To improve the user friendliness
of SwiftComp™, a simple graphic user interface (GUI) based on ANSYS Mechan-
ical APDL platform, called ANSYS-SwiftComp GUI is developed, which provides
a convenient way to create some common SG models or arbitrary customized SG
models in ANSYS and invoke SwiftComp™ to perform homogenization and deho-
mogenization. The global structural analysis can also be handled in ANSYS after
homogenization, which could predict the global behavior and provide needed inputs
for dehomogenization.

To demonstrate the accuracy and efficiency of the MSG approach, several numer-
ical cases are studied and compared using both MSG and ANSYS. In the ANSYS
approach, 3D solid element models (ANSYS 3D approach) are used as reference mod-
els and the 2D shell element models created by ANSYS Composite PrepPost (ACP
approach) are compared with the MSG approach. The results of the MSG approach
agree well with the ANSYS 3D approach while being as efficient as the ACP approach.
Therefore, the MSG approach provides an efficient and accurate new way to model

composite plates.






1. INTRODUCTION
1.1 Motivation

Composite plates are widely used in many fields of industry ranging from civil to
aerospace due to its lightness characteristics and high stiffness. The simplest compos-
ite plate could be composite laminates which are stacked up by layers with different
materials or fiber orientations. Theoretically, one can use 3D elasticity theory to ana-
lyze composite plates. With the help of a commercial finite element software, one can
use solid elements to build the corresponding 3D models to carry out the analysis.
However, since composites are heterogeneous and anisotropic, insurmountable of de-
grees of freedom (DOFs) are needed to build a fine enough 3D finite element model.
It costs tremendous computational power and time for engineers. The 3D approach
is thus not practical and realistic. Alternatively, one can use various equivalent single
layer (ESL) plate theories available in literature to carry out analysis. And many
commercial finite element software codes provide the corresponding shell elements,
which implement these theories. For example, ANSYS has linear 4-node SHELL181
element and quadratic 8-node SHELL281 element in their element database. Both of
them are based on the first-order shear deformation theory (FSDT) [1].

However, while being computationally efficient, shell elements provided in com-
mercial finite element software codes have many limitations. The major reason is that
there are many ad hoc assumptions in ESL plate theories. Although these assump-
tions are commonly used by shell elements, many users are not aware of that. They
may think that these shell elements capture the true characteristics of the structure.
Nevertheless, it is not true in some circumstances. For example, in FSDT, the trans-
verse normal stress is always zero as a direct result of the invoked ad hoc assumptions.

However, this stress component is not zero in general if there is transverse load and



is very important for some failure criteria. Thus we need new approaches to analyze

composite plates while being efficient and accurate.

1.2 Lecture Review

Since shell elements provided in commercial finite element software are based on

ESL plate theories, the lecture review will mainly focus on ESL plate theories.

1.2.1 Equivalent Single Layer Plate Theories

The ESL plate theories are derived from the three-dimensional (3D) elasticity the-
ory by making ad hoc assumptions with respect to the deformation or the stress state
through the thickness of a composite plate. These assumptions allow the reduction
of a 3D problem to a two-dimensional (2D) problem.

The simplest ESL plate theory is the classical laminated plate theory (CLPT),
which is an extension of the Kirchhoff-Love plate theory to laminated composite
plates. CLPT is based on two sets of assumptions: plane stress assumption and kine-
matic assumptions (also called Kirchhoff assumptions). The plane stress assumption
states that the transverse stress components vanish for each layer of the composite
laminate. The kinematic assumptions state that the transverse normal to the refer-
ence surface remains rigid, straight and normal. With these two sets of assumptions,
the original 3D elasticity problem can be reduced to be a 2D problem. CLPT pro-
vides a reasonable prediction to thin laminates with the in-plane dimensions 20 times
or more larger than the thickness. However, the two sets of ad hoc assumptions in
CLPT create a contradiction: the zero transverse normal strain due to the Kirchhoff
assumptions contradicts with the plane stress assumption unless the Poisson’s ratio
is zero. Besides, CLPT loses accuracy quickly if a laminate is thick and under trans-
verse load. Thus more refined laminated plate theories are needed to better capture

the response characteristics of composite plates.



The elimination of the transverse normal remaining normal assumption in CLPT
leads to the first-order shear deformation theory (FSDT), which is also called the
Reissner-Mindlin plate theory. Mindlin proposed his plate theory in 1951 [2] while
a similar, but not identical plate theory had been proposed by Reissner [3] in 1945.
Mindlin’s theory assumes that there is a linear variation of displacement across the
plate thickness whereas Reissner’s theory assumes that the bending stress is linear
while the shear stress is quadratic through the thickness of the plate. Both theories
include transverse shear strains and both are extensions of Kirchhoff-Love plate theory
including transverse shear effects. Since FSDT implies a linear displacement variation
through the thickness, it is incompatible with Reissner’s plate theory. But we still
call FSDT as the Reissner-Mindlin plate theory because both share the same 2D plate
model. A direct result of FSDT is that the transverse shear strain is constant through
thickness and it needs shear correction factors to approximate the fact that transverse
shear stress may be quadratic through thickness due to boundary conditions on the
top and bottom surfaces [4]. The limitations of FSDT will be discussed in detail in
Chapter 3. Nevertheless, in practical, FSDT is often adopted by commercial finite
element software such as ANSYS due to its efficiency and relative accuracy than
CLPT.

The higher-order shear deformation theory (HSDT) uses higher-order polynomi-
als (second order or higher) for displacement through the thickness of a laminate. A
famous one is the third-order laminated plated theory by Reddy [5]. The displace-
ment field can provide quadratic variation of transverse shear strains and stresses
for a general laminate composed of monoclinic layers. Thus there is no need to use
shear correction factors. The third-order theory provides a slight increase in accuracy
relative to FSDT, at the expense of an increase in computational effort. However,
HSDT still assumes a displacement field a priori.

In 1979, Berdichevsky [6] first introduced the Variational Asymptotic Method
(VAM) to analyze shells without involving ad hoc assumptions. VAM takes advantage

of the small terms h/l, where h is the thickness and [ is the characteristic length of



the reference surface of a composite plate, by dropping them from energy functional
of 3D elasticity theory for different approximations, through which the 2D model is
obtained. Thus, VAM provides a more systematic and mathematical justified way
than traditional methods which use ad hoc assumptions. VAM was firstly extended to
model composite plates by Atilgan and Hodges [7] in 1992. Their work was continued
by Sutyrin and Hodges in [8] resulting in a Reissner-Mindlin-like model. Yu et al.
[9-11] continued and extended their work to shells and developed a general Reissner-
Mindlin-like model with accurate strain recovery and transverse normal stress. The
resulting model was implemented by Yu [10,12] by a finite element code named
Variational Asymptotic Plate And Shell Analysis (VAPAS).

Recently, Yu [13] developed mechanics of structure genome (MSG) as a unified ap-
proach for composite modeling. MSG uses the VAM to avoid ad hoc assumptions and
principle of minimum information loss (PMIL) to minimize information loss between
the original model and the final macroscopic structural model. MSG is implemented
into a general purpose code named SwiftComp™, which reproduces the capabilities
of Variational Asymptotic Beam Section Analysis (VABS) [10, 14|, VAPAS [10, 12],
Variational Asymptotic Method for Unit Cell Homogenization (VAMUCH) [15] and
many more capabilities not available in the previous three codes. It has been shown
that MSG can be used to provide an efficient and accurate approach for composite
beams [16] and a general-purpose solution for the free-edge stress problem [17]. It is
the objective of this thesis to shown that MSG can be used for efficient high-fidelity

modeling of composite plates.

1.2.2 Analysis of Composite Plates by ANSYS

ANSYS, Inc is a computer-aided engineering software provider. Their products
include general-purpose FEA packages for numerically solving a wide variety of me-
chanical problems. For structural analysis, ANSYS Mechanical can solve linear or

nonlinear static or dynamic problems. ANSYS FEA software is used throughout



industry to enable engineers to optimize their product designs. This thesis uses AN-
SYS to create reference models and comparison models. So a brief introduction about
ANSYS capability and functionality to model composite structures is given below.

In general, ANSYS cam model composite structures by solid element, solid shell
element and shell element. For simplification, this thesis does not use solid shell ele-
ment. In addition, ANSYS provides ANSYS Composite PrepPost (ACP) to facilitate
building finite element models (FEMs) and access results. So we will first introduce
solid and shell elements, and then ACP.

For solid elements, ANSYS provides 8-node structural solid SOLID185 and 20-
node structural solid SOLID186. Both of them are based on 3D Cauchy continuum
model with three degrees of freedom at each node: translations in the nodal z, vy,
and z directions. SOLID185 is a linear element whereas SOLID186 is a quadratic
serendipity element. If a composite structure has in-plane to thickness ratio not
larger than 8, solid element is recommended.

For shell element, ANSYS provides 4-node structural shell SHELL181 and 8-node
structural shell SHELL281. Both of them are based on FSDT with six degrees of
freedom at each node: translations in the x, y, and z directions, and rotations about
the z, y, and z-axes. SHELL181 is a linear element whereas SHELL281 is a quadratic
serendipity element. If a composite structure has in-plane to thickness ratio larger
than 8, shell element is recommended. Beside FSDT, many other technologies are
used to improve the stress predictions within these shell element [1]. For example,
ANSYS can obtain a linear varied transverse shear stress by set KEYOPT(8) equal
to 1 or 2 if there is more than one layers. Also the transverse normal stress can be
independently recovered during the element solution output from the applied pressure
load. These technologies increase the accuracy of FSDT to some extent.

With those two types of elements and its powerful solver, ANSYS can easily solve
composite structure problems as long as a model is set up. However, real composite
plates could have very complex definitions that include numerous layers, materials,

thicknesses and layup orientation. Without the proper FEA tools to set up a model,



one may spend too much time before one can actually get meaningful results. Even
if the solution is done, it is very tedious to extract all the results needed such as
the stress/strain field and failure index within every layer. To handle this prob-
lem, ANSYS Composite PrepPost (ACP) [18] is designed to perform preprocessing

(build model) and postprocessing (extract solution) easier. ACP has a pre- and post-

[BEE

) [semed & [Semez 6]
BOIIOOER TR+ A=By 4@ st o >hia9 L @6

552 -150
<+ n,
Element ID: 0

Figure 1.1. ANSYS Composite PrepPost

processing mode. In the pre-processing mode as shown in Figure 1.1, all composite
definitions can be created and are mapped to the geometry (FE mesh). These com-
posite definitions are transferred to the FE model and the solver input file. In the
post-processing mode, after a completed solution and the import of the result files,
post-processing results (failure, safety, strains and stresses) can be evaluated and
visualized.

This thesis will use the powerful ACP preprocessing capabilities to easily build

numerical cases, which will be called the ACP approach.



1.2.3 Present Work and Outline

The purpose of this thesis is to analyze composite plates using MSG and AN-
SYS and compare with ANSYS results. To use MSG and its corresponding code
SwiftComp™  a graphical user interface (GUI) named ANSYS-SwiftComp GUI [19]
is developed based on ANSYS platform for preprocessing and postprocessing needed
for SwiftComp™. The global structural analysis is performed in ANSYS, which
reads results from SwiftComp™ homogenization and provides global behavior for
SwiftComp™ dehomogenization. The outline of the present work is followed.

Chapter 2 introduces the definition of MSG in detail. Different types of SG are
explained for 3D structures, plates/shells and beams. The MSG-based multiscale
modeling approach is explained at the end of the chapter.

Chapter 3 is divided into two sections. In the first section, FSDT is derived to
provide a reference for the ACP approach and the limitation of FSDT is discussed.
In the second section, the Reissner-Mindlin plate model based on VAM is derived so
that the results in numerical cases can be better understood.

Chapter 4 presents five numerical cases to compare the MSG approach with the
ANSYS 3D approach and the ACP approach for composite plate modeling. The
results are discussed in detail, which reveals the accuracy and efficiency of MSG
approach.

Chapter 5 concludes the present work and suggests possible improvements for

future work.






2. MECHANICS OF STRUCTURE GENOME

This chapter provides an introduction to Mechanics of Structures Genome (MSG).
MSG is the fundamental framework on which the new approach to analyze composite
plates in this thesis is based. Hence, a brief introduction of MSG is presented in
this chapter to set up the stage for the composite plate modeling using MSG in next
chapter.

2.1 Introduction

In the field of biology, a genome is an organism’s complete set of DNA, which con-
tains all of the information needed to build and maintain that organism. Inspired by
this concept, we can generalize the word genome to represent a fundamental building
block of a system which is not biological. Then a new concept called the Structure
Genome (SG) is defined as the smallest mathematical building block of a structure
by Yu [13]. This definition represents an analogy between two different disciplines:
SG containing all the constitutive information needed for a structure is similar to the
genome containing all the genetic information for an organism’s growth and develop-
ment.

To understand the concept of SG, we need to carefully define the concept of struc-
ture first. Yu [20] clarified the distinction between structures and materials, which
are often used interchangeably in literature. A structure is a solid body made of
one or more materials with clearly defined interactions with its external environment
through boundary conditions, applied loads, and environment effects, (e.g., tempera-
ture and moisture) etc [21]. Despite the complexity of a structure, it can be modeled
using one or more typical components as shown in Figure 2.1. If all three dimensions

of a component are of similar size, it can be called a 3D structure; if one dimension
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is much smaller than the other two dimensions, it can be called a plate/shell; if two

dimensions are much smaller than the third dimension, it can be called a beam.

a) 3D Structure b) Plate c) Shell d) Beam

Figure 2.1. Typical structure components

Many models have been developed for these structural components. The classical
ones are Cauchy elasticity for 3D structures, Kirchhoff-Love model for plates/shells,
and Euler-Bernoulli model for beams. 3D structures can be considered as 3D models
because the unknown functions are three-variable functions with three coordinates
as independent variables. Plates/shells can be considered as 2D models because
the unknowns functions are two-variable functions with two in-plane coordinates as
independent variables. Beams can be considered as one-dimensional (1D) models
because the unknowns functions are one-variable functions with the axial coordinate
as the independent variable. To this end, beams/plates/shells can be collectively
called dimensionally reducible structures as the models of these structural components
are reduced from the original 3D model [10].

With the definition and categorization of structures in mind, we will then explain

SG for 3D structures, SG for plates/shells and SG for beams in the following sections.

2.2 SG for 3D Structures

For 3D structures, SG is a generalization of the representative volume element
(RVE) concept in micromechanics. As shown in Figure 2.2, depending on the het-

erogeneity of a 3D heterogeneous structure, a SG can be 1D, 2D or 3D. Also a SG
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will use the lowest dimensions needed to represent the building block of the original

structure.

‘Actual problem

SG-based
C) 3D SG Representation

3D macroscopic structural analysis

Figure 2.2. SG for 3D structures

For example, the binary composite in Figure 2.2a) features 1D heterogeneity, then
a 1D SG with two different segments in corresponding to the two different phases can
fully represent the original structure. Note we could also use 2D SG or 3D SG to
represent this structure but it is unnecessary since 1D SG contains all the information
we need for constitutive modeling. For 3D structures featuring 2D or 3D heterogeneity
as shown in Figure 2.2b) and Figure 2.2¢), the corresponding SG will be 2D or 3D.

After determining a SG, we can perform a homogenization analysis over the SG
to obtain the constitutive models for the macroscopic structural analysis. For linear
elastic behavior the constitutive information means the 6 x 6 effective stiffness matrix
in the generalized Hooke’s law. Then we can use this constitutive information to
perform 3D macroscopic structural analyses as shown in the bottom of Figure 2.2.
Finally, we can obtain the local fields of displacement /stress/strain of the SG in the
original structure by dehomogenization. To this end, a 3D structure is considered as
a 3D continuum and every material point of this continuum has an associated SG as

1ts microstructure.



12

Thus, a SG has more features than RVE as summarized below:

e A 1D SG can be used to compute the complete set of 3D properties and local
fields for structures with 1D heterogeneity. However, 1D RVE is not common

and can not be used to compute the complete 3D properties and local fields.

e A 2D RVE only obtains in-plane properties and local fields. If the complete
set of properties are needed for 3D structural analysis, a 3D RVE is usually

required [22]. However, there is no such limitation in SG.

e Boundary conditions in terms of displacements and tractions indispensable in

RVE-based models are not needed for SG-based models.

e Because SG-based models does not need to apply displacement or traction
boundary conditions, MSG is more efficient than RVE analysis even for 3D
SGs.

2.3 SG for Plates/Shells

For plate/shell structures, a SG can be 1D, 2D or 3D depending on the hetero-
geneity of the original structure as shown in Figure 2.3. The SGs we use in this
thesis to analyze composite plates belong to this section. If a plate/shell features 1D
heterogeneity as shown in Figure 2.3a), the SG is 1D. For plates/shells featuring 2D
or 3D heterogeneity as shown in Figure 2.3b) and Figure 2.3c), the corresponding SG
will be 2D or 3D.

Same as SG for 3D structures, 1D, 2D or 3D SG for plates/shells will give all con-
stitutive information by homogenization and local fields of displacement /strain/stress
by dehomogenization. And the constitutive information can be used directly for 2D
plate/shell analysis as shown in the bottom of Figure 2.3. Here, however, the con-
stitutive information means plate stiffness matrix, the 6 x 6 stiffness matrix for the
Kirchhoff-Love plate model or the 8 x 8 stiffness matrix for the Reissner-Mindlin

model. To this end, the reference surface of a plate/shell structure is considered as
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&
QS ‘ Actual problem
oe p

.

|
a) 1D SG

SG-based
Representation

¢) 3D SG

2D plate/shell analysis

Figure 2.3. SG for Plates/Shells

a 2D continuum and every material point of this continuum has an associated SG as
its microstructure.

This thesis will use 1D and 2D SGs to model plate/shell structures.

2.4 SG for Beams

For beam structures, a SG can be 2D or 3D depending on the heterogeneity of
the original structure as shown in Figure 2.4. If a beam has uniform cross sections as
shown in 2.4a), the SG is 2D. More specifically, it is a 2D cross-sectional domain. If
the beam is also heterogeneous in the spanwise direction as shown in 2.4b), the SG
will be 3D to represent the fundamental building block of the original beam structure.

Same as SG for 3D structures and plates/shells, 2D or 3D SG for beams will give all
constitutive information by homogenization and local fields of displacement /strain /stress
by dehomogenization. And the constitutive information can be used directly for 1D
beam analysis as shown in the bottom of Figure 2.4. Here, however, the constitu-
tive information means beam stiffness matrix, the 4 x 4 beam stiffness matrix for

Euler-Bernoulli beam model or the 6 x 6 beam stiffness matrix for Timoshenko beam
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l Reference line

a) 2D SG
= b) 3D SG

1D beam analy.s;\‘ Reference line

Figure 2.4. SG for Beams

SG-based
Representation

model. To this end, the beam reference line of a beam structure is considered as a
1D continuum and every material point of this continuum has an associated SG as

1ts microstructure.

2.5 MSG-based Multiscale Structural Modeling

Now we have clearly defined the meaning of SG. Then for different structures, MSG
provides a rigorous and systematic approach to compute constitutive information
(homogenization) and local fields (dehomogenization) within the original structures.

To use MSG approach practically, MSG-based multiscale structural modeling ap-
proach is introduced. It can be used to fill the gap between material genome and
macroscopic structural analysis and can directly connect with simple structural ele-
ments (3D solid elements, plate/shell elements or beam elements) available in stan-
dard FEA software packages, such as shell elements in ANSYS.

The work flow of MSG is shown in Figure 2.5. First, MSG starts from the original
model. Note the original model here means 3D continuum mechanics. Next, we iden-

tify SG based on the nature of original model and engineering experience. Then, MSG
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uses the principle of minimum information loss (PMIL) based on the powerful varia-
tional asymptotic method (VAM) to decouple the original problem to a constitutive
modeling over the SG and a structural analysis. The constitutive modeling has been
implemented in a general-purpose software named SwiftComp™, which is developed
by Professor Wenbin Yu at Purdue University. SwiftComp™ can provide the con-
stitutive models needed for the structural analysis by homogenization and pointwise
local fields of displacement /strain/stress by dehomogenization. The global structural
analysis could be easily handled by standard FEA software package such as ANSYS,

which provides the global behavior for SwiftComp™ to perform dehomogenization.

Original model
(3D continuum mechanics)

!
@entify Structure Genome (8@

I

Principle of Minimum Information
Loss (PMIL)
Constitutive modeling Multiphysics Structural analysis
over the SG (SwiftComp)| Beelat0dG=N lele[Z1E (Geometrically exact)

|

Dehomoggmzahon Global structural behavior]
relations

‘ Local multiphysics fields
within the original structure

Figure 2.5. Work flow of Mechanics of Structure Genome
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3. EQUIVALENT SINGLE LAYER PLATE THEORIES

The MSG in the above chapter is very general, which covers three major areas, i.e. 3D
structures, plates/shells and beams. For a realistic scope, this thesis only considers a
subset of MSG, i.e., plate-like structure for simplicity. In this chapter, the FSDT will
be derived first to provide a reference for the ACP approach. The limitations of FSDT
will be discussed in detail. Then the Reissner-Mindlin model based on VAM will be
derived as a theory reference for the MSG approach. With these two derivations, the
numerical cases in the next chapter can be better understood. Please note that all
the derivations only reflect the author’s understanding of the originally publication.
All credits should go to the original authors [9,10,23,24].

The sign convention of a composite plate is shown in Figure 3.1, which will be
used in the rest of the thesis. Note, u; and u; are displacements and &, are rotations.
Greek indices represent in-plane values 1 and 2. Latin indices represent values 1, 2,
and 3 in a 3D space. Repeated indices are summed over their range except where

explicitly indicated.

Figure 3.1. Sign convention for the displacements and rotation of a laminate
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3.1 First Order Shear Deformation Theory
3.1.1 Kinematics

The kinematic assumptions of FSDT state that the transverse normal to the refer-
ence surface (r3 = 0) remains rigid and straight, which implies the following displace-
ment field within every material point of a composite plate. Note here, the kinematic

assumptions are assumed a priori.

(21, T2, x3) = Uy (a1, T2) + T3P (21, 22)
U (21, Ta, T3) = Uz(w1, T2) — x3P1 (21, 22) (3.1)
us(x1, o, x3) = Ug(1, T2)

where %; and ®,, are unknown functions as the displacements and rotations of material
points on the reference surface.

The second assumption also implies the relationship between transverse shear
strains to the slope of the reference surface and rotation of the transverse normal as

depicted in Figure 3.2.

Y3 = Uz + Py
(3.2)

Yoz = Uz — Py

Figure 3.2. Plate reference surface slope and transverse normal
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The infinitesimal strain defined in the 3D linear elasticity theory is.
1

§(Ui7j + iji) (33)

62']' =
Substituting the displacement field in Eq. (3.1) into the definition of infinitesimal
strain in Eq. (3.3), we get the 3D strain field within very material point of a composite

plate.

e (1, o2, x3 x1, o) + x3Po 1 (21, 2)

2e10(@1, T2, T3) = Ur2(21, T2) + Us1 (21, T2) + 23[Poo (@1, T2) — P11 (21, 22)]

)

( ) = (21, 22)
( 3) (21, 22)
€29(1, T3, T3) = Tz (w1, T2) — T3Py 2(21, 72)
( 3) (21, 2)
( ) = U (11, 22) —
(

(3.4)
2e13(x1, T, x3) = Uz (21, T2) + Po(xq, 22)
2e93(21, T2, T3 Ty, 22) — Py (21, 22)
e33(x1, 22, 23) =0
Introducing 2D plate strain measures for FSDT
1, _
€ap = 5(las + Up,a)
) ) 1 ) (3.5)
Ri11 = @2,17 Rag = —q)1,2, Ri2 = 5@2,2 - @1,1]

Substituting 2D plate strain measures in Eqgs. (3.5) and (3.2) into Eq. (3.4), we
can express the 3D strain field in terms of 2D unknown plate strain measures as:
Eap(T1, X, T3) = €ap(x1, T2) + T3kap(T1, T2)
2e43(1, T2, T3) = Ya3(T1, 72) (3.6)
e33(x1, 29, 23) =0
At this point, the original 3D strain fields are expressed in terms of 2D plate

strains and the thickness coordinate xs.

3.1.2 Constitutive Relations

In FSDT, we assume each layer is made of homogeneous monoclinic material and
the transverse normal stress is equal to zero. The constitutive relation of each layer

in 3D linear elasticity theory is:
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Ee Se O Set Oe
288 = O Ss O O.S (3.7)
Et S;I; 0 St ¢
where
€11
2e13
Ee =\ €29 2e, = g = {633}
2e93
2e10
011
013
Oe = § 0929 Os = O = {0’33} = {0}
023
012
St Sz Sie Sis
Ss5 Sus
Se = Sz S S Set = Sas Ss = S = [533}
Sas Saa
Si6 S26  See S36

Eq. (3.7) implies the relationship between in-plane strains and in-plane stresses
€ = S.0, (3.8)
or the plane-stress reduced stress-strain relations
e = Qe, (3.9)

where the plane-stress reduced stiffness matrix @ = S; ! depends on the material and

orientation of a layer, which can be expressed explicitly as

Q = RO’@Q,REG (310)

where Q' is the plane-stress reduced stiffness matrix in the material coordinate system

and R,. is the in-plane stress transformation matrix for plane stress state, i.e.,

1 vie  Mi2,1 2 2

5 "B G c s —2sc
=1 = / = __ 2 1 2,2 = 2 2 1]_
Q Se s By G1a Rae S C 2sc (3 )
712,1 712,2 1 2 2
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where Fy, Es, v19, G2, M12,1, 12,2 are engineering constants of this layer in the material
coordinate system. ¢ = cos 6, s = sin ¢ with 6 denoting the layup angle.
The 3D constitutive relations in Eq. (3.7) also imply the relationship between

transverse shear strains and transverse shear stresses as
2e, = S50 (3.12)
where S is the transverse shear compliance matrix. The inverse relations are
o5 = Q"(2¢,) (3.13)

where the transverse shear stiffness matrix Q* = S;! depends on the material and

orientation of a layer, which can be expressed explicitly as
Q* = Ry.Q"' R, (3.14)

where Q*' is the transverse shear stiffness matrix in the material coordinate system

and R, is the transverse stress transformation matrix, i.e.,

1 123,13 c —s
-1 >
O P Ry = (3.15)
123,13 1 s c
Gas Gas

where Gas, Gis, 111323, [123.13 are engineering constants of this layer in the material
coordinate system.

Egs. (3.7) also implies that the transverse normal strain can be expressed as

€33 — STtO'e (316)

€

Now, in order to express the 3D constitutive relations into its 2D counterpart, we

introduce stress resultant Nog, M, and Ny3

Nog = <0a6>
Map = (23048) (3.17)
Ni3 K (013)

Na3 (093)



22

where

oo | e (3.18)
k12 koo

where the angle brackets indicate piecewise integration through the thickness, that
is () =N f:“ -dxs. kop are called the shear correction factors. Since transverse
shear stresses vary at least parabolically through layer thickness if there is transverse
force, shear correction factors are needed to approximate the true distribution of
transverse shear stresses. In ANSYS, SHELL181 and SHELL281 element use an
equivalent energy method to compute shear correction factors such that the strain
energy due to transverse shear stress resultant is equal to the strain energy due to
the true transverse shear stresses predicted by the 3D elasticity theory. These factors
are predetermined based on the section lay-up at the start of solution [25]. The
calculation of shear correction factors is given in Appendix A [26].

Substituting the 2D strain field in Eq. (3.6) into Egs. (3.9) and (3.13), then into

plate stress resultants in Eq. (3.17), we have 2D constitutive relations

N A B 0 €
M= |B D 0 K (3.19)
\N* 0 0 @G Y
where \ ) .
Ny My,
. N1z
N = Ny M =< My N* =
Nos
N12) \M12
( )
€11 R11
713
€= 9 €22 K=19 Ko Y=
23
2612 \2/‘3?12)

A=(Q) B=(13Q) D=(3Q) G=K(Q")

At this point, the original 3D constitutive relations are reduced to 2D constitutive

relations.
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3.1.3 Equilibrium Equations

The equilibrium equations of FSDT will be derived by using the principle of virtual

work

SU = oW (3.20)

Substitute 2D strain field in Eq. (3.6) into the virtual strain energy 60U, we have
oU = /<Uz‘j55z‘j>d5 = /<0a55(€a5+$3/€a5) + 04307a3)dS
S s

- / ((0ap)d€as + (23005)0Kap + (Tas)07as)dS
s (3.21)

1
- /[ENQB(S(QQ,IQ + aﬁ’a) + M115(I>2,1 - MQQ(SG:)LQ
S

+ M190(Pyo — Py 1) + Ni3d(us 1 + Do) + Nogd(us e — D1)]dS

where S denotes reference surface plane. Note the transverse shear stress resultants
are defined as N,3 = (043) here. The shear correction factors are not introduced in
the derivation of equilibrium equations.

Virtual work §W can be expressed as

7 = [ ({fu) + 8wz, —5) + (o, 2, )i + [ (tdudie (3:22)
S Q

where f; is distributed body force, 7;, 5; and t; are surface tractions on the top,
bottom and lateral surfaces respectively. €2 denotes the boundary curve of the plate
reference surface.

Substituting the 3D displacement field in Eq. (3.1) into virtual work in Eq. (3.22)

we have

oW = / (pi0it; + qud®)dS + / (P011; 4 Qad Py )dR (3.23)
S Q
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Where f;, Bi, 7, tiy Dis Qa, P;, Qo are defined by the equations below

pi(x1,22) = (fi) + Bi + 7

q1(x1,22) = g(ﬂz — 7o) — (z3f2)
h
Q(z1,22) = 5(71—51)+<$3f1) (3.24)
P, = (t;)
Q1 = —(x3ta)
Q2 = (x3ly)

Substituting virtual strain energy 6U in Eq. (3.21) and virtual work 6W in Eq.
(3.22) into the principle of virtual work in Eq. (3.20), we have

0 :/[N115U1,1 + Ni20tUy 2 + Nigdta 1 + Nogdtio g + M110Po 1 — M0 Py o
S

— M120P1 1 + Mi126Pg o + Ni3dtsy + Nogdtis o + (Ni3 — q2)0P

(3.25)
— (Nag + q1)6P1 — p16ty — padty — padus)dS
— /(P15u1 + Pydus + P3oug + Q10D + Q20D2)dS2
Q
Integration by parts, we have
0 Z/ [— (Ni1,1 + Nizg + p1)0ty — (Nigg + Nogo + p2)dts
s
— (N131 + Nogo + p3)ous + (Migg + Moo — 3 — Na3)o®y
— (My11 + Moo+ g2 — N13)5CI>2}dS
(3.26)

+ / [(nan +na N1 — P1)6ty + (n1 N1 + naNoy — Pp)d,
Q

+ (n1N13 + naNog — Ps)otg — (ng My 4+ noMay + QQ1)0P4
+ (n1M11 + n2M12 — QQ)(s(bQ] ds)
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The 2D equilibrium equations correspond to the Euler-Lagrange equations in Eq.

(3.26). Setting the coefficient before variations du; and @, in the domain S to be

zero will obtain:
0ty Niyig+ Nigo+p1 =0

0ty : Nig1 + Nago +p2 =0
0tz : Nizg + Nago +p3 =0
00y 1 Migg + Mo —q1 — Nag =0

5(1)2 . M11’1 —+ M12,2 -+ qo — N13 =0

(3.27)

For boundary conditions, express displacements and rotations by normal and tan-

gent components

OUp = 10Uy, — N0l
g = Ny, + N10Us
0D, = n10P,, — 0D,
0Dy = ny0P,, + n10P,

Then the boundary terms over domain 2 in Eq. (3.26) become

0= / [(Npn — Pp)oty, + (Nps — Ps)ous + (Vs — P3)dus
Q

— (Myn — Q)P + (Mys — Q5)5P,]dQ

where
Npn = 13Ny + n3Nag + 21119 Npo

Nps = ning(Nog — Ni1) + (n? — n3) Ny
P, = Piny + Pyng
P, = —Pins + Pony
My, = ning(Mas — Myy) + (nf — n3) Mo
M,s = n2Myy + niMay + 2n1n9 Mo
Qn = —Q2nz — Q1my
Qs = Qany — Q1ny
V3 =n1Niz + naNog

(3.28)

(3.29)

(3.30)
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Equation (3.29) implies that there are two sets of boundary conditions including

displacement boundary conditions:
ﬂg = Ug,
and force boundary conditions:

Nnn:Pm an:P37 Vn3:P37

®, =3 &, =3 onQ, (3.31)

Mon = Qn, Mys = Qs on Q  (3.32)

Here the portion of the boundary curve where the displacement is prescribed is de-

noted by €2,, and the portion of the boundary curve where the force is prescribed is

denoted by €2;. And they have the relationship

QuﬂQfZO (333)
Q,UQy=0Q

3.1.4 Limitations

e As a direct result of kinematic assumptions, transverse normal strain ez is
zero as shown in Eq. (3.6). This contradicts with the transverse normal stress
assumption o33 = 0 in Eq. (3.7) which results a nonzero transverse normal
strain in Eq. (3.16) unless the Poison’s ratio is zero. However, FSDT uses the
strain field from kinematic assumptions along with o33 = 0 in reduced stress-

strain relations to derive 2D constitutive relations and equilibrium equations.

The transverse stress results are not accurate. If there is transverse shear force,
the transverse shear stress should be at least parabolic along the thickness
whereas it is a constant in FSDT. Besides, the transverse normal stress is always
zero by assumption. This directly ignores that fact that transverse normal stress

exists if there is transverse load.

The calculation of shear correction factors k,g is tedious. There are many
different formulas to calculate k,z in literature. And the calculation of &,z takes
many factors into consideration such as the material and fiber orientation. The

accuracy of transverse shear stress depends greatly on kqgs.
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3.2 The Reissner-Mindlin Plate Model Based on VAM

The ad hoc assumptions made by FSDT create many limitations as pointed out
in the above section. However, the Reissner-Mindlin plate model based on VAM has
no ad hoc assumptions as to be derived in the following. For simplicity, the following

derivation only gives dimensional reduction up to the first order.

3.2.1 3D Formulation

The displacement within every material point of a composite plate can be ex-

pressed as

uy (@1, Ta, 3) = Uy (21, T2) — T3Us1(T1, Ta) + w1 (21, T2, T3)
Us (1, To, T3) = Us(x1, Te) — x3Uz 2(T1, Ta) + wa(T1, T2, T3) (3.34)
us (@1, Ta, 3) = Ug(x1, T2) + ws(x1, Ta, T3)

where w; are unknown warping functions
With the introduction of warping functions, Eq. (3.34) can describe all the possible
displacement within every material point of a composite plate. The kinematic assump-
tions of FSDT are equivalent to assume w; = 0 and relaxing iz ; = —®q, uzo = ;.
Note unlike FSDT, there are no assumptions about the specific distribution of the
displacement field through the thickness. The warping functions will be determined
through the process of dimensional reduction described later. Let the origin of the
thickness coordinate to be at the middle of the plate thickness. For a plate theory,
the plate displacements @;(z1,x2) can be defined as the average of 3D displacement
through the thickness. i.e.,
ha; = (u;) (3.35)

where h is the thickness of the composite plate. Eq. (3.35) implies the following

constraints on the warping functions

(w;) =0 (3.36)
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The 3D strain field is obtained by substituting Eq. (3.34) into the definition of

infinitesimal strain in Eq. (3.3)

€11 = U1, — T3Uz11 + W11

2612 = Uy + U — 2x3U312 + W12 + Wa

€99 = U9 — T3U1 22 + W2
2613 = Wy 3 + w3
2e93 = Wo3 + W3

€33 = W3,3

Introducing 2D strain measures as

1, ~
€ap = §(Ua,ﬁ + g o)

Rag = _ﬁB,aﬁ

(3.37)

(3.38)

Note here k,p are different from the curvatures defined in FSDT (3.5). The curvatures

here are the same as what defined in CLPT. They will be transferred to the Mindlin-

Reissner model later.

Substituting Eq. (3.38) into Eq. (3.37). The 3D strain field can be expressed as:

Ee = €+ 1365 + Tow) o

/
2es = W) + eqW3.4

Et = U}gl
where
€11
2813
€e = { €99 265 = € = {533}
2523
2612
€11 R11
€= €2 K =19 Ko

2612 2/‘4,12

(3.39)
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and
1 0 00
1 0
Li=10 1 L=110 e = €y =
0 1
0 0 01

Then, twice of the strain energy stored in a composite plate can be written as

T
€e Ce Ces Cet Ee

2U=/< 2e4 o Cat | 4 2es >d52/2Ud5 (3.40)
S S
Et C;Tt C;Ft Ct Et

9

Note, the material properties are general anisotropic.

For 3D virtual work done by applied loads, it can be written in two terms

SW = 6Wap + 0W (3.41)

where

sz = /(pzéaz + ql(S’L_L3’2 + (béﬂg@)ds + /(H(SI_LZ + Q15ﬂ3,2 + QQéﬂgJ)dQ (342)
S Q

W = /(<f15U)z> + midw;” + Bidw; )dS + /<ti5wi>d9 (3.43)
g Q

whete () = Olyyg. 07 = Ol and

pi(x1,22) = (fi) + Bi + 7

h
Ga(21,22) = 5 (fa = 7a) = (w3fa) (3.44)
P =(t;)
Qa = _<x3t0¢>

Note the boundary line integral part of SW in Eq. (3.43) represents the work done

through the virtual warping along the lateral boundary of a plate. This term is only

for edge problem, which is beyond the scope of this thesis and will be dropped.
Now, according to the principal of virtual work in Eq. (3.20), we can construct

the problem that has the warping functions as unknown functions to minimize total
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potential energy density functional and u; are not considered as variable functions.
Note virtual work 6Ws,p is thus a constant term and will be dropped.

The total potential energy density is

SII=0  with [=U—W (3.45)
where
W =46 / W*dS (3.46)
S
with
W* = (f||Tw||> + (ffws) + THTwﬁr + T wg + lifwi + Bsws (3.47)

Now, VAM will be used to determine unknown warping functions asymptotically.

3.2.2 Dimensional Reduction

To use VAM, the first step is to assess the order of terms in the potential energy.
Since a composite plate is a plate-like structure, the ratio of thickness to characteristic
length of reference surface is inherently very small, i.e., h/l < 1. We will make use of
this small term in dimensional reduction. Since the problem in consideration is a linear
elastic problem, all the strains are assumed to be small. So we have €;; ~ €, ~ €.
The expressions of strains in Eq. (3.39) imply the order of curvature hr,p ~ €. The
order of strains implies that the order of warping function is either w; ~ he or w; ~ le.
However, if w; ~ le, then 33 will be in the order of ({/h)e, which is much larger than
€. So the order of warping functions can only be he. Then the orders of derivative of

warping functions are

h

w”,a ~ w37a ~ 76
(3.48)

w)" ~w;s' ~ €
Consider the 2D plate equilibrium equation in Eqgs. (3.27). The orders of surface

traction are

h
hfy ~ Ty ~ Ba N,LLTG
3 (3.49)
hfs~ T3~ 3 ~ M(T)QG
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where p is the order of material properties.

Zeroth-Order Approximation

Now, the total potential energy density can be written explicitly as

21T =((e + $3I€)TCS(€ + x3K) + 2(e + ngi)TCeIaw”@ + 2(Iaw||7a)TCeIaw||7a

+2(e + a3:) " Ceswy' + 2(e + 235) T Cesats o + 2([aw||7a)TCes(w||' + eqWs3 )

+ 2(€ + w3r) T Coyws’ 4+ 2(1, wy, o) T Ows’ + w”’TC’sw”’ + 2wH'TCseaw3,a

+ 2(eaws o) Cseaws o + 2w Cywy’ + 2(eqws o) Cyws’ + Crws™)

2( fH wll f3 w3>+7|| I +73 w3 +6H I +/6’3w3)

(3.50)
where the underlined terms are in the order of h/l or higher and are dropped in the
zeroth-order approximation. The double underlined terms are constants which will
not affect the stationary points and can be simply dropped.

Since the unknown warping functions are subjected to constraints, Lagrange mul-
tiplier method is used. Then the stationary conditions for the total potential energy

density can be obtained from the following variational statement
61 =0 with I =TI+ X\{w))+ As(ws) (3.51)

Dropping the underlined and double underlined terms in Eq. (3.50) and leaving
only the leading terms, the variation with respect to the warping functions of the

zeroth-order variational statement is

oly :<[(6 + xgm)TCes + wH’TC’S + wg’C;l;]cSw”’ + )‘Héw\l

(3.52)
+ [(€ + 236) T Coy + wH'TC’st + w3’ Cylows’ + Azows) =
Integration by part, Eq. (3.52) yields the following Euler-Lagrange equations
(5w|| : [(6 + x3/<;) Ces + wH C + w3 C ] )\” (3.53)

5’LU3 . [(6 + xgli)TCet + UJH/TCSt + wg’Ct]’ = )\3 (354)
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Since w; are free to vary at top and bottom surfaces, dw; may be not equal to zero.

The boundary conditions from integration by part are

dwy : [(e + 236) T Cos +w) " Cy + ws'CLT =0
: ’ ” . (3.55)

[(€ + 23K) T Cos + w)' Cs + w3’ CL]™ =0

dws [(e + 236) Coy + wH'TCSt +w3'Cy ]t =0
(3.56)

[(€ + 235) " Cop + T Cyp + w3'Cy) ™ =0
Integrating Eq. (3.53) and Eq. (3.54) and substituting boundary conditions from
Egs. (3.55) and (3.56), we get A\j = 0, A3 = 0 and the Euler-Lagrange equations can
be written as

dwy : (€ + x36) T Oy + w”'TCS +ws'CL =0 (3.57)
Jws : (€ 4+ 23:) " Coy + w”’TC’St +ws'C, =0 (3.58)

These two equations are satisfied at every point of a composite plate. Solving for

w™" and wy', we get

w||'T = — (6 -+ xgm)TCZSC;l
(3.59)
w3’ = — (e + x38)TCHLCF
where
Ct* :Ct - C;l;C;lCSt
CF =Cet — CesCs_lcst (3.60)
CcxCT
C* :Ces o et ™~ st
es Ct*

Substituting the solution of warping functions in Eq. (3.59) back into total potential
energy density in Eq. (3.50) and drop underlined small terms, one can obtain the

total potential energy density asymptotically correct to the zeroth-order as
T
T € A B* €
2I1p = ((e + z3k) C(e + x3K)) = (3.61)
K B*T D* K

where

C* — C - C* Cflch - C:tC;Ft
¢ (3.62)

AT =(CY) B =(asC) D' =(x3C7)

e
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The first approximation coincides with CLPT. However, the transverse strains are not
zero and this procedure does not need ad hoc assumptions regarding the displacement
field or stress field.

The strain field of the zeroth-order approximation can be calculated as

62 =€+ I3k
20 —uf (3.63)
eV =ws'
The stress field of the zeroth-order approximation can be calculated as

0¥ =C% (e + x3K)
200 =0 (3.64)

0 _
o, =0

First-Order Approximation

In the zeroth-order approximation, the warping functions are in the order of h(%)oe
and the total potential energy is in the order of (hl?)u(%)%2. Perturb the warping
functions to include first-order terms v;, which is in the order of h(%)e as expressed
in Eq. (3.65). Continue this process to find first-order approximation. Now the order
of total potential energy is expected to be (hi?)u(2)?e2. We will drop terms greater

than order (h)u(%)%€* in total potential energy density.

0
w) =wy + v

(3.65)

W3 :wg + U3

Then the orders of derivative of the first-order terms are
h
v”,a ~ ’Ug,a ~ (7)26
L (3.66)
! /
U” ~ V3 ~ 76

The constraints on warping functions in Eqgs. (3.36) lead to the constraints on the

first-order terms



(v;) =0
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(3.67)

Since in most engineering problems, a composite layer presents at most monoclinic

material symmetry, we will assume that the layer is monoclinic. So C,4 and Cy; terms

will vanish in the constitutive relations and the resulting zeroth-order terms become

wﬁ =0
wg :CJ_S
where
and

Now, the total potential energy density can be written explicitly as

201 ={(e + 23k) T Ce(€ + w3K) + 2(e + asgfﬁ)TCeIav”,a + (Iav”,a)TC’eIav”,a

+2(e + ngi)TCetwg/ + 2(€ + w38) T Coyvg’ + Q(IQUHA)TCetwg/

-+ 2([011}“70()110615?}3/ -+ 1}||ITCSUH/ —+ 271”/TCZ;QO/LIJ:(})’OY -+ QUH/TCSEQU&Q

+ (eawg,a)TCSeawgva + (eawg,a)TC’seavgﬁa + (eavgya)TCseavgya

+ wngC’twg/ + 2wg/TC’tvg' + v3'TCvs’) — 2((f2-w?) + 7w + Bwd)

=20 o) + sva) + 7o T T+ By + By vs)

(3.68)

(3.69)

(3.70)

(3.71)

Dropping the underlined and double underlined terms in Eq. (3.71) and leaving

only the leading terms, the variation with respect to warping functions of the first-

order variational statement is

611 :<(€ + I3/{)TC:]046'U||,04 + (U”/ + GaCLg,a)TCSCSUH/
— fﬁrdvn + )\H(SU” + U3/Ct51}3/ + /\351)3>

+ T“Tévﬁr + ﬁf&v[ =0

(3.72)
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Using integration by parts, Eq. (3.72) yields the following Euler-Lagrange equa-

tions
5UH : [Os(UH/ + eaOL(ia)], - Dalg,a + g/ + AH (373)
5’03 . (UngCt>/ = )\3 (374)

where

[

g ==

Since v; are free to vary at top and bottom surfaces, dv; may not equal to zero.

(3.75)

The boundary conditions from integration by part are

ovy| [Cs(v) + eaC1EL)]" = 7
(3.76)
[Cs(v) +eaCLEW)]™ = =5
ov; 'CHT =0
vsi o (v5'Ch) (3.77)

(Uglct)i = 0
Integrating Eq. (3.74) and substituting boundary conditions in Eq. (3.77), we get

A3 = 0 and the Euler-Lagrange equation can be written as
(51)3 . Uglct =0 (378)

This equation is satisfied at every point of a composite plate. Solving for v’ by

considering the constraints in Eq. (3.67), we get
v3 =0 (3.79)
In order to solve vy, integrating Eq. (3.73) with respect to w3
Cs(v) +€aCLEn) = Dol o+ g+ Njas + A (3.80)

where A is an integration constant.
Substituting boundary conditions in Eq. (3.76), the Lagrange multipliers and

integration constant can be solved to be

1
Al :—(TH + B — D(';g,a +D, € — g+ g)

" (3.81)
A|| :§< | — Bll - D;tg,a - Dc_yg,a - g+ - g_)
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Substituting Egs. (3.81) back into Eq. (3.80) and solving for v, we get

UH/ = Os_lDZgya + Cs_lg* (3.82)
where ]
D: =Dy — CyeaC1 + %CCT _ o
I3 1 + I3 21 I3 1 (383)
* 3 F - 3 - “3 -
g =9+ 59" =59 + (N + (5= )b

with the notation ()* = ()Y + ()~ and )T = ()~ = ()F

Integrating Eq. (3.82) both side, we get the following first-order warping functions

v = Eag,a +qg (3.84)
where
D, =C;'Dr
o (3.85)
(Dq) =0
and
/ —1
g =Csyg
(3.86)
(g) =0

Substituting the solution of warping functions in Eq. (3.84) back into total po-
tential energy density in Eq. (3.71) and dropping underlined small terms, one can

obtain the total potential energy asymptotically correct to the first-order as
21l = ETAE + E1BEL +2E1CE, + E5DE, — 26 F (3.87)
where

A* B*
B*T D*

B =(CsaCTCL+ ElTD1/ + DiteiCy)

C :<Cs(12)CICl + %(ElTDzl + Dy'"D,y + DTTezcl +C\"el D3)) (3.88)
D =(Cy0)CTCy + Dy Dy’ + D5TerC)

F=r,Ct" + BC1 " + (f5CT)

1 . _ =T —+T —=-T
* §(<Cfe§g,a + Da/Tg,oc - DafH70l> — D, Tja— D, BH,a)
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and (af) in the subscript indicates the «, 8 th element in the corresponding matrix.
Note the quadratic terms associated with the applied loads are dropped because they
are not functions of 2D generalized strain &£.

The strain field of the first-order approximation can be calculated as

52 =€+ I3k
1 / 0
2e, =) + eawy , (3.89)
1_, 0o
& =Wws

The stress field of the first-order approximation can be calculated as

O'1 :C:(€ + $3/i)

e

20! =(D¥ + Cse,C1)E 0 + g (3.90)

S

T _
o, =0

3.2.3 Transformation to the Reissner-Mindlin Model

Now, for practical applications and to use the shell elements available in commer-
cial finite element software such as ANSYS, Eq. (3.87) needs to be transformed to a
model having the same form as the Reissner-Mindlin plate theory.

In order to transform into the Reissner-Mindlin model, the transverse shear strains

are introduced
T
T = [2%3 2723} (3.91)
The relationship between the 2D generalized strain of the Reissner-Mindlin model,

R, and those of the classical plate model, £, can be written as [10]

E=R—DyYa (3.92)
where
T T
000100 000010
00 0O0T1TDO0 0O 0O0OO0OO0O1

T
R = [5% 2e1y g5 Ky 2Ky, K (3.94)
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where the in-plane strains €7 5 and curvatures K, are the 2D strain measures in the
Reissner-Mindlin model.

Substituting Eq. (3.92) back into Eq. (3.87) and neglecting higher-order terms,
the total potential density asymptotically correct to the first-order in terms of Reissner-

Mindlin strains can be expressed as

21 =RTAR — 2RT ADyy, — 2RV ADy v,
(3.95)
+RIBR1+2RCR2+ RLDR, —2R'F

The total potential energy of the Reissner-Mindlin plate model has the form of
2l =R"AR +7'Gy — 2R Fr — 29" F, (3.96)

Further derivation is needed to eliminate the terms with partial derivatives of
the 2D generalized strains of the Reissner-Mindlin model. From the equilibrium

equations, we have

M1+ Migo — Niz+my =0

(3.97)
Misq + Mas o — Nog +mo =0
where m; = ¢qo and my = —q;.
In the Reissner-Mindlin model, it has
= AR — Fr
M
(3.98)
N
i _ Gy —F,
N3
Combining Egs. (3.97) and (3.98) together, we have
T T my
Gy—F,=D,AR,—D,AFg , + (3.99)
mao
Then the transverse strain can be solved as
m
y=G'F,+ G 'DYAR , — DY AFp .+ G'{ (3.100)

ma
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Substituting Eq. (3.100) back into Eq. (3.95) and dropping higher-order terms

not related with 2D generalized strains, Eq. (3.95) can be rewritten as
2Mp = RTAR +7TGy — 2R F + U* (3.101)

where
U* = REERJ + 272?1673,2 + REbR’Q (3.102)

and

B =B+ AD,G'D]' A

C=C+ AD,G™'D; A (3.103)

D =D + AD,G™'D] A
If we can drive U* to be zero for any R, then we have found an asymptotically
correct Reissner-Mindlin plate model. This can be achieved by using optimization
process such as the least square technique to solve the overdetermined system for
the constants as done in [9]. By the optimization process, the best transverse shear
stiffness matrix G can be obtained to complete the transformation to the Reissner-
Mindlin plate model. There is no need for shear correction factors and the transverse
shear stress can be accurately calculated. We can continue the dimensional reduction
process to obtain second-order approximate, which is needed for accurately recovering

transverse normal stress.

3.2.4 Advantages

e There are no ad hoc assumptions involved in the derivation, which is mathe-

matically more rigorous. No contradictions are created as appeared in FSDT.

e The transverse stress can be accurately recovered in the second-order approx-
imation. Mathematically, the accuracy of the second-order approximation is
comparable to zigzag plate theories with transverse shear stress expressed as a

second-order polynomials.
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e Shear correction factors are not needed in the derivation of the VAM-based
Reissner-Mindlin model. The transverse shear stiffness matrix G can be ob-

tained by the transformation to the Reissner-Mindlin plate model.
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4. NUMERICAL EXAMPLES

In this chapter, five numerical cases are provided to demonstrate the accuracy and
efficiency of the MSG-based plate analysis approach. To assess the accuracy, the
corresponding equivalent 3D finite element models created by ANSYS solid element
(ANSYS 3D approach) are provided as reference. To evaluate the efficiency, the 2D
models created by ANSYS Composite PrepPost (ACP approach) are provided as
comparison.

The modeling framework of the MSG approach is shown in Figure 4.1. The

detailed steps are explained below.

| Procedure |

Identify the SG based on the heterogeneity

of the original structure

Results

SG homogenization analysis

Macroscopic structural analysis

SG dehomaogenization analysis

Figure 4.1. Modeling framework of the MSG approach
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The first three cases will use 1D SG. The forth and fifth cases will use 2D SG.
Having identified the SG, we will use SwiftComp™ to conduct SG homogenization
analysis, whose input file, *.sc, is generated by ANSYS-SwiftComp GUI. Then we
get the results of the homogenization analysis, i.e, A, B, D matrix. To get G matrix,
VAPAS will be used instead. Note, in the current version of SwiftComp™, the
Reissner-Mindlin model has not been included yet. So VAPAS will be used if the
Reissner-Mindlin model is needed. In ANSYS, we can input A, B, D, G matrix
directly into SHELL281 element for the macroscopic structural analysis. Then we
obtain displacements for each node and 2D strain measures, i.e, €,3, Kop and Va3
for each element. Next, we identify the point we are interested in to recover local
field. Note, we may need several nodes/elements around this point and use the
finite difference method to get the derivative of 2D strain measures at this point
in order to accurately recover the local field if we use VAPAS. Next, we will use
SwiftComp™ again to perform dehomogenization analysis, whose input file, *.glb, is
generated by ANSYS-SwiftComp GUI. Finally, we get the local pointwise distribution
of displacements/stresses/strains over the SG.

For the ANSYS 3D approach, SOLID186 element will be used to create the refer-
ence model. Note, the ANSYS version used in all the cases is 17.1.

For the ACP approach, the geometry and layup information will be created in
ANSYS Composite PrePost, which will generate the corresponding APDL files in
ANSYS Workbench.
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4.1 Case 1: A 6-layer Symmetric Thin Laminate

The first case is a [0/30/-30]s laminate. All the layers have same thickness of
0.01 inch. Each layer is assumed to be orthotropic. The lamina constants of the
composites are E; = 20 x 106 psi, By = F3 = 1.45 x 10° psi, G2 = G153 = 10° psi,
Gasz = 4.86577 x 10° psi, v19 = 113 = 0.3, 193 = 0.49. The geometry and boundary
conditions are depicted in Figure 4.2. It is clamped at z; = —0.5 and subjected to a
uniform pressure P = 100 psi at the top surface along the negative x5 direction. The

ratio of in-plane dimension to thickness is 16.67.

Lin Unit: mm
Uniform pressure
P=100 psi Clamped
X3 il &n at r1 =-0.5
xl O ui =0and ®; =0
[0/30/-30]s
7
X2

Figure 4.2. Geometry and boundary condition for case 1

The detailed steps for the MSG approach will be presented for case 1 as a demon-
stration. Other cases will follow a similar procedure and detailed steps are not re-
peated for simplicity.

First, the SG for case 1 is 1D. This 1D SG can be easily created in ANSYS-
SwiftComp GUI. Click Preprocessor — Common SG — 1D SGs — Fast Generate.
Then input Material number, Layup and Ply thickness for this laminate, i.e., 1,
'10/30 — 30]s" and 0.01 respectively. For detailed instructions of creating a common

SG, an introduction to ANSYS-SwiftComp GUI is given in Appendix B.
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After creating 1D SG, the next step is to perform homogenization analysis to
get A, B, D and G matrices of the laminate. Click Preprocessor — Solution —
Homogenization — Plate/Shell Model. Keep default parameters and click OK. The
effective properties will automatically pop up. Note, to get G matrix, VAPAS is used.
The input file of SwiftComp™ can be easily modified to be the input files of VAPAS.

The third step is to perform global structural analysis. SHELL281 element is used
to directly read A, B, D and G matrix. The mesh and boundary conditions are the
same with the ACP approach. In order to input global behaviors for dehomogeniza-
tion analysis, output the displacements values of a node at the center (x; = 0, x5 = 0)
as well as displacement values of 8 nodes neighboring to the center node. The 2D
strain measures of 16 elements neighboring to the center node are also printed.

The last step is dehomogenization analysis. The finite difference method is used
to get the global behaviors at the center node, if the dehomogenization is carried out

by VAPAS, which needs the derivatives of 2D strain measures, i.e.,

€aB,15 RaB1s €aB2, Kap,2, €ap,1l, Rap,ll, €ap,12, Kap,12; €aB22, Ras22

In order to demonstrate the accuracy and efficiency of using the MSG approach,
all the cases will also be analyzed by the ANSYS 3D approach and the ACP approach.
Note, we will call the ANSY'S 3D approach, the ACP approach and the MSG approach
as ANSYS 3D, ACP and MSG respectively in all the cases for simplicity.

For case 1, ANSYS 3D has 614,400 elements and 2,558,129 nodes. There are 4
elements through the thickness of each layer. The reason that using such a fine mesh
with approximately unity aspect ratio is to get the results converged so the model
of ANSYS 3D can be treated as the reference. Both MSG and ACP have 25,600
elements and 77,441 nodes for the 2D plate analysis. In addition, MSG uses 6 more
line elements with 25 nodes for MSG homogenization and dehomogenization analysis.
The total number of elements and nodes of the three approaches are summarized in
Table 4.1.

The displacement uz by the three approaches is shown in Figure 4.3. The dis-
placement values are taken along a path from point (—0.5,0,0) to point (0.5,0,0).
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Table 4.1 Finite element mesh information for case 1

Approach Element type | Elements | Nodes
ANSYS 3D SOLID186 614,400 | 2,558,129
ACP SHELL281 25,600 77,441
SG - 6 25
MSG
2D Plate SHELL281 25,600 77,441

As we can see, the displacement uz of both MSG and ACP agree well with ANSYS
3D.

-0.005}

-0.01

-0.015}

-0.021

uy (in)

-0.025}

-0.03

—0.035

-0.04-

_0045 1 1 1 1 1 1 1 1
-05 -04 -03 -02 -0.1 0 0.1 0.2 0.3 0.4 0.5

Figure 4.3. Comparison of deflection us along x; at xo = x3 = 0 for case 1

The stresses obtained from the three approaches are also compared. The stress
values are taken through thickness at the center node (x; =0, x5 = 0). For ANSYS
3D, it is taken along a path from point (0,0, —0.03) to point (0,0,0.03). For ACP, it
is taken from data at TOP and BOTTOM for all layers. For MSG, the results are

from dehomogenization.
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For in-plane stresses, both MSG and ACP agree well with ANSYS 3D as shown
from Figure 4.4 to Figure 4.6.

2.5 T T T T T
ANSYS 3D
L| — — —Acp

2 ® MsG

1.5¢ 1

o, (psi)

ot 4

-2.5¢ . . : ! !
-0.03 -0.02 -0.01 0 0.01 0.02 0.03
X, (in)

Figure 4.4. Comparison of stress o1; through thickness for case 1

2500 T T T T T

ANSYS 3D

2000 |~ 4 " oF 1

[ ] MSG

0, (Ps)

-0.03 -0.02 -0.01 0 0.01 0.02 0.03

Figure 4.5. Comparison of stress 95 through thickness for case 1
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4000 T T T T T

ANSYS 3D 3
— — —ACP

3000 | @ wsa P ]

2000} ¢ ]

1000 1

0, (psi)

-1000¢ 1

-2000¢ 1

-3000¢ > 1
[

~4000 : : : :
-0.03 002 -0.01 0 001 002 003

Figure 4.6. Comparison of stress 15 through thickness for case 1

For transverse stresses, the MSG agrees well with ANSYS 3D while ACP loses

accuracy as shown from Figure 4.7 to Figure 4.9.

200 T T T T T
ANSYS 3D
— — —AcP

0s ® MsG p

-200

-400

-600

S, (Ps)

-800

-1000

-1200

~1400 : : :
-0.03 -0.02 -0.01 0 001 002 003

Figure 4.7. Comparison of stress 13 through thickness for case 1
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09 T

ANSYS 3D
— — —ACP

-20F ® MsG

s (psi)

o) —100'
-1201
-140t

-1601

_1 80 1 1 1 1
-0.03 -0.02 -0.01 0 0.01 0.02 0.03

20 T T T T T
ANSYS 3D

— — —ACP
® MsG

-100

-120 ‘ : ‘ ‘
20.03  -0.02  -0.01 0 0.01 002  0.03

X, (in)

Figure 4.9. Comparison of stress o33 through thickness for case 1

Specifically, the transverse shear stresses of ACP are piecewise linear while o3 is
quadratic and o3 is more complex in ANSYS 3D. It is noted that ACP is a little bit

better than FDST which only predicts a piecewise constant transverse shear stresses.
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However, MSG is much better than ACP, which has a perfect match with ANSYS
3D. The transverse normal stress of ACP is linear through thickness while o33 is at
least second order polynomial in ANSYS 3D. Note, ACP is also better than FSDT
since it can recover os3 independently during the element solution output from the
applied pressure load. Nevertheless, MSG is even better, which perfectly agrees with
ANSYS 3D.

In terms of efficiency, the computation time among the three approaches are com-
pared. It takes 3 hours and 44 seconds to build and solve the model by ANSYS 3D
with 16 CPUs. For MSG, it takes less than 1 minute to build and solve the model
with 2 CPUs. The comparison of computation time for the three approaches is listed

in Table 4.2.

Table 4.2 Computation time for case 1

Approach CPUs Time
ANSYS 3D 16 3 h 44 sec
ACP 2 45 sec
Homogenization 2 1 sec
MSG | Structural analysis 2 32 sec | 34 sec
Dehomogenization 2 1 sec

It is clear that MSG is 2,551 times more efficient than ANSYS 3D and is even
slightly faster than ACP. The ACP is 11 seconds slower because of the time for

calculation of shear correction factors.
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4.2 Case 2: A 8-layer Unsymmetrical Thick Laminate

The second case is a [0/90/45/-45/30/-30/75/-75] laminate. All the layers have
same thickness of 0.02 inch. Each layer is assumed to be orthotropic with material
properties being the same as case 1. The geometry and boundary conditions are
depicted in Figure 4.10. It is clamped at z; = —0.5 and subjected to point force
F3 = —100 1b at (0.5,0,0). The ratio of in-plane dimension to thickness is 6.25.

1in

Unit: mm
Clamped
xl P 7Y Ox3 1in at 1 =-0.5
/ u; =0 and ®; =0
Point force
F3=-1001b [0/90/45/-45/30/-30/75/-75]
7
X2

Figure 4.10. Geometry and boundary condition for case 2

The ANSYS 3D has 834,945 elements and 3, 385, 026 nodes. There are 4 elements
through the thickness of each layer. Both MSG and ACP have 25,921 elements and
77,442 nodes for 2D plate analysis. In addition, MSG uses 8 more line elements with
33 nodes for MSG homogenization and dehomogenization analysis. The total number
of elements and nodes of the three approaches are summarized in Table 4.3.

The displacement us by the three approaches is shown in Figure 4.11. The dis-
placement values are taken along a path from point (—0.5,0,0) to point (0.5,0,0).
As we can see, the displacement uz of both MSG and ACP agree well with ANSYS
3D.
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Table 4.3 Finite element mesh information for case 2

Approach Element type | Elements | Nodes
ANSYS 3D SOLID186 834,945 | 3,385,026
ACP SHELL281 25,921 77,442
SG - 8 33
MSG
2D Plate SHELL281 25,921 77,442

-0.002}

-0.004 -

-0.006 -

—0.008 -

uy (in)

-0.01

-0.012-

-0.014r-
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-05 -04 -03 -02 -0.1 0 0.1 0.2 0.3 0.4 0.5

X, (in)

Figure 4.11. Comparison of deflection uz along x; at xy = x5 = 0 for case 2

The stresses obtained from the three approaches are compared. The stress values
are taken along thickness at the center node (z; = 0, xo = 0). For ANSYS 3D, it is
taken along a path from point (0,0, —0.08) to point (0,0, 0.08).

For in-plane stress, both MSG and ACP agree well with ANSYS 3D as shown
from Figure 4.12 to Figure 4.14.

For transverse stresses, the MSG agrees well with ANSYS 3D while ACP loses
accuracy as shown from Figure 4.15 to Figure 4.17. The transverse shear stress o3

of ACP agrees with ANSYS 3D but slightly worse than MSG. The transverse shear



Figure 4.12. Comparison of stress oy; through thickness for case 2

Figure 4.13. Comparison of stress g9s through thickness for case 2
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stress 093 of ACP can not capture the variation of stress if 3 > —0.04. The transverse

normal stress of ACP is zero through thickness since there is no pressure applied to

the laminate.
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Figure 4.14. Comparison of stress oo through thickness for case 2
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Figure 4.15. Comparison of stress o3 through thickness for case 2

In terms of efficiency, the computation time among the three approaches are com-
pared. It takes 4 hours, 58 minutes and 45 seconds to build and solve the model

by ANSYS 3D with 16 CPUs. For MSG, it takes less than 1 minute to build and
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Figure 4.17. Comparison of stress o33 through thickness for case 2

solve the model with 2 CPUs. The comparison of computation time for the three
approaches is listed in Table 4.4.
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Table 4.4 Computation time for case 2

Approach CPUs Time
ANSYS 3D 16 4 h 58 min and 45 sec
ACP 2 48 sec
Homogenization 2 1 sec
MSG | Structural analysis 2 30 sec 32 sec
Dehomogenization 2 1 sec

It is clear that MSG is 4,481 times more efficient than ANSYS 3D and is even
slightly faster than ACP.
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4.3 Case 3: A Kiteboard

The third case is a Kiteboard. This case is modified from the tutorial example of
ANSYS Composite PrepPost Users Guide [18]. The bottom of the kiteboard are three
plies arranged as a [-45/0/45] laminate. On top of those layers, there is a sandwich
core. On top of the sandwich core, there is another [-45/0/45] laminate, which is the
same as the bottom. For simplicity, each layer of the [-45/0/45] laminate is assumed
to be orthotropic and has a thickness of 2 mm. The lamina constants of the [-45/0/45]
laminate are F; = 120 GPa, Fy = E3 = 86 GPa, G2 = G13 = 47 GPa, Go3 = 31
GPa, v = 113 = 0.28, 153 = 0.4. The sandwich core is assumed to be isotropic and
has a thickness of 8 mm. The lamina constants of the sandwich core are £ = 6 GPa,
v = 0.35. The geometry and boundary conditions of the kiteboard are depicted in
Figure 4.18. It is clamped at z; = —700 and subjected to point force 5, = 1000 N at
(700,0,0). It is noted that this case is not exactly the same as the tutorial example
from ANSYS. The thickness of [-45/0/45] is changed to be thicker so that the 3D

model is easier to model. Also, the geometry and boundary conditions are simplified.

. // |/
. /
Unit: mm é
g g Clamped é
& { Point force g X1 X3 : é
S [R=1000NZS %
T .
7
— X 7
- 1400 mm ‘

Figure 4.18. Geometry and boundary condition for case 3

The ANSYS 3D has 819,641 elements and 3,381,351 nodes as shown in Figure
4.19. There are 4 elements through the thickness of each layer of [-45/0/45] laminate
and 32 elements through the thickness of the sandwich core. Both MSG and ACP
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i

Figure 4.19. ANSYS 3D model for case 3

have 20,491 elements and 62, 150 nodes for the 2D plate analysis. In addition, MSG
uses 8 more line elements with 33 nodes for MSG homogenization and dehomogeniza-
tion analysis. The total number of elements and nodes of the three approaches are

summarized in Table 4.5.

Table 4.5 Finite element mesh information for case 3

Approach Element type | Elements | Nodes
ANSYS 3D SOLID186 819,641 | 3,381,351
ACP SHELL281 20,491 62,150
SG - 8 33
MSG
2D Plate SHELL281 20,491 62,188

The displacement ug by the three approaches is shown in Figure 4.20. The dis-
placement values are taken along a path from point (—700,0,0) to point (700,0,0).
As we can see, the displacement uz of both MSG and ACP agree well with ANSYS
3D.
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Figure 4.20. Comparison of deflection us along x; at xo = x3 = 0 for case 3

The stresses obtained from the three approaches are compared. The stress values
are taken through thickness at the center node (x; = 0, x5 = 0). For ANSYS 3D, it

is taken along a path from point (0,0, —10) to point (0,0, 10).
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Figure 4.21. Comparison of stress oy; through thickness for case 3
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For in-plane stresses, both MSG and ACP agree well with ANSYS 3D as shown
from Figure 4.21 to Figure 4.23.
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Figure 4.22. Comparison of stress g99 through thickness for case 3
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Figure 4.23. Comparison of stress oo through thickness for case 3
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For transverse stresses, MSG agrees well with ANSYS 3D while ACP loses accu-
racy as shown from Figure 4.24 to Figure 4.26. For 013, ACP can not capture the

variation of stress. For o3 and o33, ACP only gives a constant zero value.
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Figure 4.24. Comparison of stress o3 through thickness for case 3
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Figure 4.25. Comparison of stress g93 through thickness for case 3
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In terms of efficiency, the computation time among the three approaches are com-

pared. It takes 5 hours, 2 minutes and 58 seconds to build and solve the model by

ANSYS 3D with 16 CPUs. For MSG, it takes less than 1 minute to build and solve the

model with 2 CPUs. The comparison of computation time for the three approaches

is listed in Table 4.6.

Table 4.6 Computation time for case 3

Approach CPUs Time
ANSYS 3D 16 5 h 2 min 58 sec
ACP 2 56 sec
Homogenization 2 1 sec
MSG | Structural analysis 2 34 sec | 36 sec
Dehomogenization 2 1 sec
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It is clear that MSG is 4,039 times more efficient than ANSYS 3D and is even
slightly faster than ACP.
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4.4 Case 4: A Roof Sandwich Panel

The forth case is a roof sandwich panel, which is widely used in the construction of
house roof as shown in Figure 4.27. It is a composite plate made of three layers: low
density sandwich core inserted between two relatively thin skin layers. For simplicity,
both the sandwich core and the skin layers are assumed to be isotropic. The material
properties of the sandwich core is £ = 600 MPa, v = 0.35. The material properties
of the skin layers are F = 68.9 GPa, v = 0.33. The cross section geometry of the roof
sandwich panel is depicted in Figure 4.28, which is repeated five times in x5 direction
for the whole structure. The whole structure is a 1000 mm x 1000 mm plate, which
is clamped at x; = —500 and subjected to point force F; = 10 kN at (500, 0,0). Since
this structure features 2D heterogeneity, the corresponding SG will be 2D as depicted
in Figure 4.29.

Figure 4.27. Application of roof sandwich panels

The ANSYS 3D has 871,201 elements and 3,715,696 nodes as shown in Figure
4.30. Both MSG and ACP have 14,401 elements and 43,682 nodes for the 2D plate
analysis. In addition, MSG uses 1,452 more elements with 4,623 nodes for MSG
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Figure 4.28. Geometry and boundary condition for case 4
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Figure 4.29. 2D SG for roof sandwich panel

homogenization and dehomogenization analysis. The total number of elements and
nodes of the three approaches are summarized in Table 4.9.

For ACP, the model is made of three layers. The thickness of the sandwich core
is 20 mm and the thickness of the skin layers is the same as ANSYS 3D.

The displacement u; and u3 by the three approaches are shown in Figure 4.31 and
Figure 4.32. The displacement values are taken along a path from point (—500, 0, 0)
to point (500, 0,0). As we can see, MSG agrees well with ANSYS 3D for both u; and

us. For uy, ACP loses significant accuracy when approaching to z; = 500. For usg,
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Figure 4.30. ANSYS 3D model case 4

Table 4.7 Finite element mesh information for case 4

Approach Element type | Elements | Nodes
ANSYS 3D SOLID186 871,201 | 3,751,696
ACP SHELL281 14,401 43,682
SG - 1,452 4,623
MSG
2D Plate SHELL281 14,401 43,682

ACP only gives a constant zero value. Because the point force is applied at the middle
of the thickness, there is no coupling between force and moment in ACP. However,
the coupling exists in 3D model due to the variation of thickness.

The stresses obtained from the three approaches are compared. The stress values
are taken at 1 = 0, x9 = 0 through thickness. Since the shear stress components o5,
013 and o093 are in the magnitude of 0.1 Pa or less, these stress components are not
compared. For ANSYS 3D, it is taken along a path from point (0,0, —10) to point
(0,0,10).

For 011, 099 and o33, MSG agrees well with ANSYS 3D as shown in 4.33 to Figure

4.35 while ACP loses accuracy. For o1; and o9, the loss of accuracy is obvious at the
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skin layers. For o33, ACP only gives a constant zero value since there is no applied

pressure.
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Figure 4.33. Comparison of stress oy through thickness for case 4

0.12

T
ANSYS 3D
— — —ACP

® MsG

0.1¢ 1

0.081 ]

0.061

s, (MPa)

0.04¢

0.02¢

-0.02

Figure 4.34. Comparison of stress g99 through thickness for case 4

In terms of efficiency, the computation time among the three approaches are com-
pared. It takes 6 hours, 21 minutes and 45 seconds to build and solve the model

by ANSYS 3D with 16 CPUs. For MSG, it takes less than 1 minute to build and
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solve the model with 2 CPUs. The comparison of computation time for the three

approaches is listed in Table 4.8.

Table 4.8 Computation time for case 4

Approach CPUs Time
ANSYS 3D 16 6 h 21 min 45 sec
ACP 2 28 sec
Homogenization 2 5 sec
MSG | Structural analysis 2 23 sec | 44 sec
Dehomogenization 2 16 sec

It is clear that MSG is 4, 164 times more efficient than ANSY'S 3D.
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4.5 Case 5: A Corrugated-core Sandwich Panel

The fifth case is a corrugated-core sandwich panel, which is also widely used in
industry because of its high bending stiffness to weight ratio. A sample aluminum
corrugated sandwich panel is illustrated in Figure 4.36. The thin skin layers are high
in stiffness when compared to the corrugated core. For simplicity, both the corrugated
core and skin layers are assumed to be isotropic. The material properties [27] of the
corrugated core is £ = 4.5 GPa, v = 0.225. The material properties of the skin
layers are £ = 68.9 GPa, v = 0.33. The cross section geometry of the corrugated-
core sandwich panel is depicted in Figure 4.37, which is repeated seven times in x5
direction for the whole structure. The whole structure is a 200 mm x 203.7 mm plate,
which is clamped at ;1 = —100 and subjected to point force F; = 10 kN and F; = 10
kN at (100,0,0). Since this structure features 2D heterogeneity, the corresponding
SG will be 2D as depicted in Figure 4.38.

Figure 4.36. Aluminum Corrugated Sandwich Panel

The ANSYS 3D has 1,422,401 elements and 6, 958, 887 nodes as shown in Figure
4.39. Both MSG and ACP have 25,601 elements and 77,442 nodes for the 2D plate
analysis. In addition, MSG uses 1,016 more elements with 3,658 nodes for MSG
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Figure 4.37. Geometry and boundary condition for case 5
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Figure 4.38. 2D SG for corrugated-core sandwich panel

homogenization and dehomogenization analysis. The elements number and nodes
number of the three approaches are summarized in Table 4.9.

For ACP, the model is made of three layers. The material properties of the
corrugated core is the smeared material properties of the original core since there are
void. The Poisson’s ratio remains the same while the Young’s modulus of the smeared

corrugated core becomes

A 44.46
Ef=FE—°=45x10°> x —— = 687.53 MP 4.1
A T 01 a (4.1)
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Figure 4.39. The magnitude of displacement by ANSYS 3D for case 5

Table 4.9 Finite element mesh information for case 5

Approach Element type | Elements | Nodes
ANSYS 3D SOLID186 1,442,401 | 6,958,887
ACP SHELL281 25,601 77,442
SG - 1,016 3,658
MSG
2D Plate SHELL281 25,601 77,442

where A, is the area of sandwich the core and A is the area between the the skin
layers (not include the skins) in Figure 4.37.

The displacement u; and uy are compared at point (0,4,0) as shown in Table
4.10. For uy, both ACP and MSG have difference less than 1% to ANSYS 3D. For
Us, MSG has difference less than 1% to ANSYS 3D while ACP has difference 1.176%
to ANSYS 3D.

The stresses obtained from the three approaches are compared. The stress values
are taken through the thickness along (0,0, 4) to (0,0,6). Since the transverse stress
components 013, 03 and o33 are in the magnitude of 0.1 Pa or less, these stress

components are not compared.
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Table 4.10 Comparison of u; and uy at point (0, 4,0) for case 5

Approach uy (mm) up (mm)

ANSYS 3D | 3.281364E-02 | 1.798312E-01
ACP 3.290286E-02 | 1.777169E-01
MSG 3.292460E-02 | 1.800830E-01

For 011, 099 and 019, MSG agrees well with ANSYS 3D as shown in Figure 4.40
to Figure 4.42 while ACP loses accuracy. The loss of accuracy is obvious at the
corrugated core for 17 and o12. And the loss of accuracy is obvious at the skin layer

for 0929.
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Figure 4.40. Comparison of stress o;; through thickness for case 5

In terms of efficiency, the computation time among the three approaches are com-
pared. It takes 5 hours, 20 minutes and 30 seconds to build and solve the model

by ANSYS 3D with 16 CPUs. For MSG, it takes less than 1 minute to build and
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Figure 4.42. Comparison of stress oo through thickness for case 5

solve the model with 2 CPUs. The comparison of computation time for the three

approaches is listed in Table 4.11.
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Table 4.11 Computation time for case 5

Approach CPUs Time
ANSYS 3D 16 5 h 20 min 30 sec
ACP 2 41 sec
Homogenization 2 3 sec
MSG | Structural analysis 2 31 sec | 42 sec
Dehomogenization 2 8 sec

It is clear that MSG is 3,662 times more efficient than ANSYS 3D and as fast as
ACP.
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5. SUMMARY

In this thesis, Mechanics of Structure Genome (MSG) has been used to analyze com-
posite plates. A simple graphic user interface (GUI) named ANSYS-SwiftComp GUI
has been developed based on ANSYS platform as a user friendly GUI to improve the
user friendliness of MSG. The numerical cases show that the MSG approach is not
only accurate but also efficient in comparison to the ANSYS 3D approach and the
ACP approach. The following accomplishments are achieved during this study:

1. ANSYS-SwiftComp GUI has been developed, which can use the preprocessing
and postprocessing capability of ANSYS as a user friendly GUI for SwiftComp™.
ANSYS-SwiftComp GUI can easily create 1D, 2D or 3D SGs and generate the
corresponding input files for SwiftComp™ homogenization and dehomogeniza-

tion, which greatly enhances the convenience to use SwiftComp™.

2. The steps of modeling composite plates by using the MSG approach are demon-
strated by five numerical cases. When compared with the ANSYS 3D approach,
the MSG approach agrees well with the results, which reveals its accuracy.
When compared with the ACP approach, the MSG approach presents the same

computational efficiency while being more accurate.

3. The first-order shear deformation theory (FSDT) is derived and compared in
detail with the Reissner-Mindlin plate model based on VAM. The limitations
of FSDT are discussed while the advantages of plate model using VAM are

presented.

Although the power of MSG to analyze composite plates has been shown and the
GUI based on ANSYS has been developed, there are still some work to be continued

and investigated in the future.
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1. ANSYS SHELL281 or SHELL181 elements can read A, B, D and G matrix and
output global behavior element-wise. However, new shell element is needed to
read the coupling terms Y matrix if one uses Reissner-Mindlin plate model in
SwiftComp™. Also the new shell element should output global behavior point-
wise at each Gaussian point, which will be more accurate. And the derivatives
of 2D strain measures should also be represented at each Gaussian point if one

uses the Reissner-Mindlin plate model.

2. Present work only used 1D and 2D SGs for composite plates. In some cases such
as honeycomb sandwich structure, only 3D SG can capture the heterogeneity
of the original structure. So some numerical cases by using 3D SGs are needed

to further reveal the capability of MSG.
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A. CALCULATION OF SHEAR CORRECTION FACTORS

Consider a composite plate as shown in Figure 3.1. Assume only bending and shear
in the z; direction, without gradients in the x5 direction. Then the in-plane forces
in the composite plate are zero Ni; = Nas = Nip = 0 and 8%2 = 0 for all response

variables. Then the equilibrium equation in the z; direction is
o111 +o133 =0 (A1)

The 2D equilibrium equations from Eq. (3.27) become

Mg —Niz=0 (A.2)
From Eq. (3.19), we have
€ N
=H (A.3)
K M
where .
A B
B D

We also assume Moy = My = 0. Thus,

€ T
= |Hy Hy Hsy Hyy Hsy Hey My (A-4)
K

where H;y is the fourth column of H. Substituting Eq. (A.4) into Eq. (3.6) and then

into Eq. (3.8), we get in-plane stress components in terms of M;; as
o = (P + 23P) My (A.5)

where

Py = QuHis+ QiraHos + QreHsa
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and

Py = QuHu + QiaHss + QreHea

Combining the gradient of this equation with the equilibrium equations in Eq.

(A.1) and Eq. (A.2), we get
o133 = —(P1 + 23P2) Ny3 (A.6)

A composite plate consists of N layers 1,2, 3, ... with different values of (P}, P;)
at layer 1, (P2, P2) at layer 2, ... (PN, P}) at layer N. Layer i extends from z; to
zi+1 and its thickness is t; = z;41 — z;. Integrating Eq. (A.6) through the plate and
using the boundary conditions o13 = 0 at 23 =0, ol = agl at x3 = 2z;41 and 013 =0

at x3 = zn11, gives the transverse shear stress in layer ¢ as

. . 1 . .
oty = —[P{(xs — z) + 5(953 — 27)P3 + P4 Ni3 (A.7)
where -
= 1 ‘
j=1

We can find 093 through the thickness of a composite plate using a similar procedure

by assuming only bending and shear in the x5 direction

. . 1 . .
093 = —[PZ(IS—ZOJF§($§—Z?)P§+P5}N23 (A.9)
where .
= | .
j=1

Equating the strain energy due to transverse shear stress resultant with the strain

energy due to the true transverse shear stresses obtained above

)

1 s ) Nis L [*97, 1 )0l
B [N13 Nz3} S =5 Z/ [aig 053] Seq T pdxs (A.11)
Nog i=1 V% 053

where S?% is the transverse shear compliance matrix of the section and S? is the

transverse shear compliance matrix of layer i.
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Substituting the relations for o}, and oj; into the above equation and solving for

S3, we get
Seu Zssll )2+t Py(P} + 2 Py)
13 % % 7
4tZP (Pf + 2 P})* +
Sgon = Zssm )2+t Ps (Py + 2 P5)

1
— PP+ =P +

N
Sslz - 25312ti |:P3P6 + _ti [Pg(P4 + ZiP5) + P6(P1 + ZZP2)}

2

=1

1
+ 3t (P + 2 h)’

1
4+t
20°°

(P)*]

1
+ 3tf(P’ + 2 Ph)?

1
4+
20°°

1 . . . .
+?ﬁﬂ+4%ﬂﬁ+%%)

8

1
—t; PP}
T2

(7))

1 ) ) ) )

Then transverse shear stiffness matrix G is the inverse of S?

Sin S
S8, S8

s12 s§22

G —

The shear correction factors are K = G(Q*)™!

-1

(A.12)

(A.13)

(A.14)

(A.15)
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B. ANSYS-SWIFTCOMP GUI

To facilitate the use of SwiftComp™, a simple graphic user interface (GUI) based on
ANSYS, called ANSYS-SwiftComp GUI [19] is developed, which can be downloaded
from cdmHUB: https://cdmhub.org/resources/1136 . The development of this GUI
uses two languages, i.e., ANSYS Parametric Design Language (APDL) and User
Interface Design Language (UIDL). The ANSYS-SwiftComp GUI is modified from
the ANSYS-VAMUCH GUI developed by Zheng Ye and part of the macros are also
inherited from ANSYS-VABS GUI [28] developed by Fang Jiang. Both ANSYS-
VAMUCH GUI and ANSYS-VABS GUI are superseded by ANSYS-SwiftComp GUI.

B.1 ANSYS-SwiftComp GUI Overview

ANSYS-SwiftComp GUI is a graphic user interface integrated in the Main Menu
of ANSYS, which can use the preprocessing and postprocessing capability of ANSYS
as a user friendly GUI for SwiftComp™. The newly added functions specific for
SwiftComp™ are located in the Preprocessor menu and the Solution menu in ANSYS
as shown in Figure B.1. The functions including Common SGs, Homogenization
and Dehomogenization are completely new to ANSYS and will be explained in the
following;:

The first level menu of ANSYS-SwiftComp GUI composes of three major menus:
Preprocessor, Solution and General Postproc.

Preprocessor menu

Material Props: Users can define isotropic, orthotropic or general anisotropic ma-

terial properties under this menu by using Material Models function.
Modeling: Users can build their own models by elementary entities which contain

all basic geometry elements (e.g. point, line, surface, and volume).
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Main Menu 3|
& Preferences Main Menu ®| Main Menu ®|
B Preprocessor
@ Element Type E Preferences & Preferences
@ Real Constants Preprocessor Preprocessor
@ Material Props & Solution B Solution
Analysis Type @ Analysis Type
a8 S Define Loads @ Define Loads
1D SGs & Load Step Opts Load Step Opts
@ 2D SGs @ SE Management (CMS) @ SE Management (CMS)
E Results Tracking E Results Tracking
@ Modeling Solve Solve
@ Meshing @ Manual Rezoning & Manual Rezoning
@ Checking Ctrls & Diagnostics @ Diagnostics
& Numbering Ctrls B Unabridged Menu B Unabndged Menu
@ Archive Model Og
@ Coupling / Ceqn & Beam Model
@ Multi-field Set Up B Plate/Shell Model E Beam Model
@ Loads B Solid Model B Plate/Shell Model
@ Physics Dehomogenization B Solid Model
@ Path Operations General Postproc General Postproc
= Solution TimeHist Postpro @ TimeHist Postpro
® General Postproc Prob Design @ Prob Design
TimeHist Postpro B Session Editor B Session Editor
@ ROM Tool B Finish & Finish

= Prob Design
Radiation Opt

Figure B.1. Customized menu structure of ANSYS-SwiftComp GUI

Common SGs: Users can create their model through Common SGs, which pro-
vides several common fundamental building blocks of composite materials and struc-
tures.

Mesh: Generate mesh according to the geometry of model, and user can choose
different mesh algorithms to meet their needs.

Solution menu

Homogenization: Users can invoke SwiftComp™ to compute the effect properties

for different structural models (beams, plates/shells or 3D structures).

Dehomogenization: After providing the global behavior, users can invoke SwiftComp™

to compute the local fields including displacements, stresses and strains, and contour
plots will be automatically generated after calculation is completed.

General Postproc menu

Plot Results: After Dehomogenization, users can choose different contour plots

(displacements, stresses and strains) in this menu to visualize the results.
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B.2 Create Common SGs

ANSYS-SwiftComp GUI provides a convenient way to create some common SG
models. Engineers can easily create the geometry and mesh of these models, and
invoke SwiftComp™ to perform homogenization and dehomogenization for different
composites with arbitrary fundamental building blocks (aka SGs).

Currently, ANSYS-SwiftComp GUI provides the following common SGs:

1D SGs: layered materials, laminates.

2D SGs: square pack microstructures (with interphase region), hexagonal pack
microstructures (with interphase region).

3D SGs: square pack microstructures, spherical inclusion microstructures.

This appendix mainly focuses on introducing 1D and 2D common SGs for plates/shells
model as this thesis only uses 1D and 2D SGs. For 3D or even customized SGs,
please refer to ANSYS-SwiftComp GUI manual, which can be downloaded from
cdmHUB [19].

There are three different ways to generate 1D SGs for laminates. The fastest way
to generate 1D SG for laminate is to use Fast Generate function: Preprocessor —
Common SG — 1D SGs — Fast Generate. Users can use simple notation to define
ply sequence from the bottom to the top. For example, case 2 uses the notation
[0/90/45/-45/30/-30/75/-75] to indicate ply sequence. Choose the material number
for each lamina and assign thickness for each ply as shown in Figure B.2. Both case
1 and case 2 use Fast Generate function. Note: for Solid Model, 2-noded elements
will be sufficient. And for Plate/Shell Model, 5-noded elements are needed.

After inputting all the parameters, click OK. The 1D SG for the laminate of case
2 has been created as shown in Figure B.3. Note that Fast Generate function only
deals with constant layer thickness and single material property. As shown in Figure
B.3, each layer with five nodes has been shown by five different color lines.

If users want to create laminates with different layer thickness and material prop-

erty, Advanced Generate function in 1D SGs can serve this purpose. Preprocessor —



86

Main Menu A x
E Preferences Input i jon for fast laminate g
B Preprocessor
@ Element Type Material # for lamina
I\Rllefl (_It;rllastants Layup ([X XXX, ..Jmsn) |'10/90745/-45/30/-30/75/-75) |
aterial Frops
@ Sections P Ply thickness
B8 Common SGs Element type:
a gJSG 2 nodes (Solid Model)
Bl Advanced Generate (& 5 nodes (Plate/Shell Model)
B Input File
2D SGs
@ 3D SGs
oK Cancel
@ Modeling —I LI
Meshing
Figure B.2. Fast Generate function
LK ANSYS

R17.1
Academic

PLOT NO. 1

1D SG , Number of layers=8

Figure B.3. 1D SG for case 2

Common SG — 1D SGs — Advanced Generate. Choose a laminate [0/90/45/-45]
with thickness 0.01 as an example, the input parameters for this laminate is shown
in Figure B.4.

In addition, the function of 1D SGs also provides Input File function to let users
upload their own data file. This function can handle laminates with complex ply
sequence. Click Input File function in the 1D SGs menu. Preprocessor — Common

SG — 1D SGs — Input File. A new window will pop out. Users can choose the
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N

Main Menu Input information for advanced laminate generate:

B Preferences Layer#, Thickness, Angle, Material #
= Preprocessor 1
Element Type

0.01 0

|| || X

Real Constants & 0.01 20
® Material Props 3 o0 I= ]
Sections n
@ Common SGs | X I K ]
21D SGs Repetitions m (before symmetry): 1
Fast Generate 1
etry s:
o s Z=
B Input File Repetitions n (after symmetry):
@ 2D SGs Element type:
a ﬁ 3dD|.SGs € 2 nodes (Solid Model)
odelin
Meshingg & 5 nodes (Plate/Shell Model)
Checking Ctris
B Numbering Ctrls
Archive Model
® Coupling / Ceqn OK Cancel

Figure B.4. 1D SG for case 2

file which contains laminate data. The format of the data file is discussed in the
ANSYS-SwiftComp GUI Manual. The case 3 uses Input File function to generate the
corresponding 1D SG.

The fastest ways to generate common 2D SGs is to use 2D SGs menu: Preprocessor
— Common SGs — 2D SGs. For example, if we want to create a square pack
microstructure. Choose Square Pack function in 2D SGs menu. Input volume fraction
of fiber and keep volume fraction of interphase empty or zero if there is no interphase
region in your model. Select corresponding material number for the fiber and matrix.
If there is no interphase, keep the Material # for Interphase empty or zero. Select
element type and mesh size as shown in Figure B.5. Click OK, The 2D SG represented

as a square with a circle in the center will be shown in Figure B.6.

B.3 Homogenization and Dehomogenization

After creating SGs, users can perform homogenization and dehomogenization in
ANSYS-SwiftComp GUI, which is explained in the following

Homogenization
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Main Menu N 2
& Preferences Input square pack (2D) microstructures information
2 Prepr:

Element Type Volume fraction of fiber
Real Constants

Material Props Volume fraction of interphase

Sections Material # for fiber:
= Common SGs
1D SGs Material # for matrix:
22D SGs

R Material # for interphase:
Beam Section

B Element type:

B Hexagonal Pack

] ~) [=
=
3
3
o
a
I
~

3D SGs
Modeling " Quad 4 node 182
g;s":(’_'g ctr & Quad 8 node 183
ecking Ctrls o
Numbering Ctrls Mesplee Normal  ~
Archive Model
Coupling/ Ceqn
Multi-field Set Up
Loads oK Cancel

Physics
Path Operations

Figure B.5. Square Pack function for common 2D SG

ANSYS
R17.1
Academic

PLOT NO. 1

ELEMENTS
DSYS=100
MAT NUM

Figure B.6. 2D SG for square pack microstructure

For laminates, the mesh has been generated right after defining 1D SG. Users can
directly go to Homogenization function to get the effective properties of a laminate.
Preprocessor — Solution — Homogenization — Plate/Shell Model. We will use the
model generated by case 5 to show the results of Homogenization and Dehomogeniza-

tion. Click Plate/Shell Model in Homogenization function, keep default parameters
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and Click OK as depicted in Figure B.7. Then the effective properties will pop up

automatically as shown in Figure B.8.

Main Menu

B Preferences 7\ X
Preprocessor
& Solution Input information for Homogenization
Analysis Type
Define Loads Type of models &
Load Step Opts K12, k21 |0 l |0 I
SE Management (CMS)
B Results Tracking analysis [0-etastic ~|
Solve elem-fla
Manual Rezoning 9 IO—reguIar elements L]
Multi-field Set Up trans-flag |0-g|oba| coordinate j

ADAMS Connection
Diagnostics tempgtiag 0-uniform -
E Unabridged Menu
B Homogenization
Beam Model
EPlate/Shell Mode! ok | Cancel
B Solid Model

Dehomogenization
General Postproc

Figure B.7. Plate/Shell Model function for Homogenization

File Edit Format View Help
‘The Effective Stiffness Matrix
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3.3458357E+83 4.7201483E+00 ©.0000000E+0@ 4.7759399E+06 1.5480441E+06 ©O.0000000E+00
4.7202160E+00 2.0978738E+01 ©.0000000E+00 1.5480441E+86 4.6911764E+86 ©.000000QE+00
©.0000000E+00 ©.00DODOGE+0@ 1.1586717E+03 0©.000000RE+00 ©.0000000E+00@ 1.5725778E+86

The Effective Compliance Matrix
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©.0000000E+08 ©.0000000E+08 1.8739737E-085 0©.0000000E+00 ©.000000QE+00 -1.38@7395E-83
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Effective Density =  2.7829468E-38

Figure B.8. Effective properties for case 5

Dehomogenization

Before dehomogenization, users need to perform structural analysis in ANSYS
to get global behavior. This step can be done independently by using ANSYS. The
only additional step needed is to read A, B, D and G matrices from homogenization

analysis, which can be easily done by using sectype, 1,gens command. Then go to Pre-
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processor — Solution — Dehomogenization — Plate/Shell Model. Input the global
behavior from the plate analysis as depicted in Figure B.9. Click Run. The post-
processing results will be automatically loaded. The default value is the magnitude

of displacement as in Figure B.10.

Main Menu

E Preferences
Preprocessor

@ Solution Input global behavior for Dehomogenization
Analysis Type v1,v2, v3 3.29246€-02 | [1.80083€-01 | [1.27196E-03
Define Loads
Load Step Opts C11,C12,C13 1 ] |0 | |0
SE Management (CMS)
El Results Tracking Sezies 0 I | ! | |°
Solve €31,C32,C33 0 [0 IE
Manual Rezoning
Multi-field Set Up ell, e22, 2e12 351395€-04 | [-1.050326-04 | [1.34161E-03
ADAMS Connection k11, k22, k12+k21 -2.43590€-07 |[3.76645€-08 | [-2.81333€-07
Diagnostics
B Unabridged Menu

Homogenization

2 Dehomogenization
B Beam Model OK I Cancel
==]Plate/Shell Model

B Solid Model
General Postproc

Figure B.9. Plate/Shell Model function for Dehomogenization

ANSYS

NODAL SOLUTION R171
SUB =1 Academic
s (@ave)

RSYS=SOLU PLOT NO. 1

DX =.183259

SMN =.182901

SMX =.183259

DSYS=100

.182901 .182981 .18306 .18314 .183219
.182941 .183021 .1831 .18318 .183259
2D Structure Genome

Figure B.10. The magnitude of displacement for case 5
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