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ABSTRACT

Qu, Simeng PhD, Purdue University, December 2016. Functional Regression Models
in the Frame Work of Reproducing Kernel Hilbert Space . Major Professor: Xiao
Wang.

The aim of this thesis is to systematically investigate some functional regression
models for accurately quantifying the effect of functional predictors. In particular,
three functional models are studied: functional linear regression model, functional
Cox model, and function-on-scalar model. Both theoretical properties and numerical
algorithms are studied in depth. The new models find broad applications in many
areas.

For the functional linear regression model, the focus is on testing the nullity of the
slope function, and a generalized likelihood ratio test based on easily implementable
data-driven estimate is proposed. The quality of the test is measured by the minimal
distance between the null and the alternative space that still allows a possible test.
The lower bound of the minimax decay rate of this distance is derived, and test with
a distance that decays faster than the lower bound would be impossible. It is shown
that the minimax optimal rate is jointly determined by the reproducing kernel and
the covariance kernel and our test attains this optimal rate. Later, the test is applied
to the effect of the trajectories of oxides of nitrogen (NOx) on the level of ozone (O3).

In the functional Cox model, the aim is to study the Cox model with right-censored
data in the presence of both functional and scalar covariates. Asymptotic properties
of the maximum partial likelihood estimator is established and it is shown that the
estimator achieves the minimax optimal rate of convergence under a weighted L2-
risk. Implementation of the estimation approach and the selection of the smoothing
parameter are discussed in detail. The finite sample performance is illustrated by

simulated examples and a real application.



xiil

The function-on-scalar model concentrates on developing the simultaneous model
selection and estimation technique. A novel regularization method called the Grouped
Smoothly Clipped Absolute Deviation (GSCAD) is proposed. The initial problem
can be transferred into a dictionary learning problem, where the GSCAD can be
directly applied to simultaneously learn a sparse dictionary and select the appropriate
dictionary size. Efficient algorithm is designed based on the alternative direction
method of multipliers (ADMM) which decomposes the joint non-convex problem with
the non-convex penalty into two convex optimization problems. Several examples are
presented for image denoising and image inpainting, which are competitive with the

state of the art methods.
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1. INTRODUCTION
1.1 Functional Data

Functional data refer to data in form of functions such as curves, surfaces or more
general objects, where a sample element is considered to be a function. The con-
cept of functional data can be broad. Traditional functional data can be described
as observations of trajectories at discrete points along time line (or more general
continuum), where the trajectories are generated from underlying smooth stochas-
tic process. They typically consist of a random sample of independent real-valued
functions, X;(t), ..., X,(t), on a compact interval I = [0,7] on the real line. These
real-valued functions can be viewed as the realizations of a one-dimensional stochastic
process X (t). This type of functional data is also referred to as the first general func-
tional data [1]. Typical examples include children’s growth curves, daily temperature
and precipitation records. Figure 1.1 shows the mean monthly temperature curves
for four selected Canadian weather stations. Functional data is also very common in
various medical and biomedical fields. These data can take fairly simple forms, such
as 2-dimensional electrocardiogram (ECG) and electroencephalogram (EEG) traces,
or be highly complex, like functional magnetic resonance imaging data (fMRI). Such
functional data are also referred to as the next generation functional data, that are
part of complex data objects, and possibly are multivariate, correlated, or involve
images or shapes.

As modern technology produces increasingly larger volumes of functional data
with higher quality, demand for more powerful and sophisticated statistical methods

is growing rapidly.
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1.2 Reproducing Kernel Hilbert Space

Reproducing kernel Hilbert space (RKHS) has been an important tool to studying
functional data. In this section, we will introduce some basic concepts of RKHS and
list a few properties that we will use in later sections. More details about RKHS can

be found in [2] and [3].

1.2.1 Definition

RKHS is a Hilbert space of functions in which point evaluation is a continuous
linear functional. That is, if two functions f and g in the RKHS are close in norm,
i.e., ||f —g|| is small, then f and g are also pointwise close, i.e., |f(x) — f(g)| is small
for all . The reverse may not be true. Definition of RKHS is described as follows

and we will give out two examples of RKHS later in section 1.2.3.

Definition 1.1 A reproducing kernel Hilbert space is a Hilbert space H of functions
on domain X, such that for each x € X, the evaluation function L, : L,f = f(x), is
a bounded linear functional. The boundedness means that there exists an M = M,,
such that

| Lo f| = [f(2)] < MI|f], for all f €H, (1.1)
where || - || is the norm in the Hilbert space.
The condition of L, being bounded is equivalent to that of L, being continuous in
‘H, and some references also define RKHS by L, being continuous. By the Riesz

representation theorem of Hilbert space, for every x € X, there exists an element

K, € H with the property that

Lof = (Ka, [) = f(x), VfeH.
K, is called the representer of evaluation at x. Here (-,-) denote the inner product
of H. The symmetric bivariate function K (z,y) = (K, K,) is called the reproducing
kernel of the space H as it has the reproducing property that,

(K(x,-),f(:)) = f(x) VexeX, and Vf € H.



In fact K(z,y) is a non-negative definite function, and there is a one-to-one correspon-

dence between reproducing kernel Hilbert spaces and non-negative definite functions.

Theorem 1.2.1 For every RKHS H of functions on X, there corresponds a unique
non-negative definite reproducing kernel K(x,y); conversely, given a non-negative
definite function K on X x X, we construct a unique RKHS H, that has K(x,y) as

its reproducing kernel.

1.2.2 Useful Properties
Suppose reproducing kernel K (x,y) is continuous and satisfying

/X/XKQ(:zz,y)da:dy < 0. (1.2)

By Mercer theorem [4], there exist eigenvalues Ay > Ay > ... > 0, and an orthonormal
sequence of continuous eigenfunctions ¢q, ¢o, ... in the L5 space whose elements are

functions defined on X, such that

/XK<:U>y)¢v(y)dy:)\v¢v($)? v=12, ..,
K(z,y) =Y Xtu(@)ou(y),

/ / K*(z,y)dxdy = ZA% < 00.
X JX v=1

Then it is easy to verify the following proposition.

Proposition 1.2.1 Suppose (1.2) holds. Let f, = [, f(x)p,(x)dx, then f € H(K)
of and only iof

)

E < 00,
Ay

v=1

and
R Vi
1B =33
v=1 """

Here || - ||k denote the norm defined by RKHS H(K).



Proposition 1.2.1 shows that, if we begin with K satisfying 1.2, we can construct

an RKHS of functions as
)= 2Ou(+) and L < oo}
{1 £0) ;fcb() ZA }
The following theorem shows that RKHS can be decomposed into tensor sums.

Proposition 1.2.2 [f the reproducing kernel K of a RKHS H on domain X can be
decomposed into K = Ky + Ky, where Ky and Ky are both non-negative definite,
Ko(z,-), Ki(z,:) € H, for every v € X, and (Ko(x,-), Ki(z,-)) = 0, for every
x,y € X, then the spaces Hy and Hy corresponding respectively to Ko and Ky form
a tensor sum decomposition of H. Conversely, if Ky and Ky are both non-negative

definite and HoNHy = {0}, then H = Ho+H,1 has a reproducing kernel K = Ko+ K.

Proposition 1.2.2 will make constructing estimators for coefficient functions in func-
tional regression models a lot easier, as will be presented in later sections. In general,
we assume the coefficient functions (denoted as ) reside in a RHKS H(K), and H(K)
can be decomposed according to a penalty function J, which is applied to control the
smoothness of 5. More specifically, H(K) = Ho(Ko) + H1(K;), where Hy is the null
space of J,

Ho = {8 e H(K) : J(B) = 0},

and H; is its orthogonal complement in H. Then coefficient function S can be rep-
resented by a finite set of basis consisting basis of Ky and inner products of K;
and observed predictor functions. In this case, the infinite target space H has been

reduced to a subspace spanned by a finite set of basis.

1.2.3 Examples of RKHS

Before introducing any examples, I would like to point out that the familiar Hilbert
space L9]0,1] of square integrable functions on [0, 1] is not a RKHS as it does not

satisfy condition (1.1). In fact, elements in £5]0, 1] are not even defined point-wise.



A finite-dimensional Hilbert space, on the other hand, is always a reproducing kernel
Hilbert space since all linear functionals are continuous.

Consider the continuous function space C™[0, 1] defined as
C™I0,1] = {f : [0,1] = R|f, f/, ..., f™ Y are absolutely continuous and f™ € £,[0,1]}.

I am going to introduce two inner products, equipped with either of which, space
C™[0, 1] becomes a RKHS.
A nature way to construct a RKHS on space C™[0, 1] is based on taylor expan-

sion. For f € C™)]0, 1], Taylor expansion gives

o) = X 00+ [

where (+)+ = max(0, -).

Example 1.2.1 If we define inner product of C™[0,1] as

m—1

(f9) =3 FO(0)g (0 / ) (@)g™ (@)dw,  f,g € CM0, 1],

v=0
then C™[0, 1] becomes an RKHS with kernel

m—1 m—1

K(r,y) = Z;f}. v /0 ﬁﬂ;?;ﬂ @én;f);)! du.

To check this, using the fact that K{(0) = z® /vl v = 1,...,m — 1, K{™(y) =
(z —y)7/(m — 1)!, therefore

(K)o f) = X 00+ [ g
= (@)

Write K as K = Ky + K, with



and

1 Tr—u T—l o u)m—l
K1(957?J):/0 ((m—)l)! (Zém—;)! du.

K corresponds to a polynomial spaces Hy,

Ho={f: f™ =0},
with inner product
m—1
v=0

and K associates with its orthogonal complement H;

Hy={f:fP0)=0, v=1,...,m—1, /l(f(m))2da; < oo},
0
with inner product )
(f.on = /0 f™ g™ da.
Since Ky and K; are both non-negative definite and Hy N H; = {0}, by Proposition
1.2.2, we can decompose H(K) = Ho(Ko) + Hi(Ky).
When m =1, Ky(z,y) = 1 and

Ki(z,y) = /01 Tuca)lucyydu = x Ny,
where A y = min(z,y). When m = 2, Ky(z,y) = 1 + zy and
O K e
= (x Ay’ Bz Vy) — (z Ay))/6,

where = V y = max(z, y).
We can also construct another RKHS on C(™)[0, 1] by assigning it a different inner
product.

Example 1.2.2 If we define inner product of C™[0,1] as
m—1 . 1 1
() = S ([ 1) [ gde) [ ) @)de, ¥hig € O,
= Jo 0 0

(1.3)
then C™][0,1] is an RKHS.



We now decompose ‘H as H = Hg + H1 and obtain its reproducing kernel in form of

K = Ky + K. Define Ho = {f : f™ = 0} with inner product

fgo— /f dx/ dz), (1.4)

and let H; be

1
le{f:/ fPde =0, v=1,...m—1, f™ e £,[0,1]}, (1.5)
0

with inner product
1
<f,g>1=/ Fm g™ dz
0

Denote

exp QWIMI
kr = - , T = 1,2, cery
=13 +Z i)

H=—0C
where i = v/—1. The k, functions are actually scaled Bernoulli polynomials, k,(x) =
B.(x)/r!. They are well defined, real-valued and periodic with period 1. Moreover,
ky,v =0,...,m — 1, form an orthonormal basis of Hy and the reproducing kernel of

Ho under norm (1.4) can be represented as

Ko(z,y) = ) ko(@)ku(y).
For H; in (1.5), its reproducing kernel is given by

K1 (2,y) = kn(2)km(y) + (=1)"  kom(z — y),

and finally, the reproducing kernel of H = C'™[0, 1] with norm (1.3) can be obtained
as K = Ko+ K.

Here are a few examples of function k,.(z),

ko(l’) =1
ki(z) =2 —-0.5, z€(0,1)
1, 1
k() = 5(’“1 (z) — E)
bala) = o (ki) - 1 4 T



When m =1, Ky(z,y) = 1 and

Ki(2,y) = ky(x)ki(y) + ka(z — y).

When m = 2, Ko(z,y) = 1 + ki(z)k1(y) and

Ki(z,y) = ka(z)ka(y) — ka(z — ).

1.3 Overview of Later Chapters

Three functional regression models are covered in this thesis.

Chapter 2 introduces Functional Linear Regression Model, which is a core tech-
nique in functional data analysis(FDA). My focus is on testing the nullity of the slope
function. In Section 2.2, a smoothing spline estimate for the slope function is intro-
duced, and a generalized likelihood ratio test based on this smoothing spline estimate
is proposed. The quality of the test is measured by the minimal distance between the
null and the alternative space that still allows a possible test. In Section 2.3, a lower
bound of the minimax decay rate of this distance is derived. Test with a distance
that decays faster than the lower bound would be impossible. We will also show that
the minimax optimal rate is jointly determined by the reproducing kernel and the
covariance kernel and our test attains this optimal rate. Section2.4 demonstrates the
finite sample performance of the test under different simulated setups. Then the test
is applied to study the effect of the trajectories of oxides of nitrogen (NOx) on the
level of ozone (03) in an California air quality example. All the proofs are displayed
in Section 2.6.

In Chapter 3, the Functional Cox Model is studied and our work has been pub-
lished in [5]. Functional covariates are common in many medical, biodemographic,
and neuroimaging studies, while Cox proportional hazard model has been widely
used in survival analysis. The Functional Cox Model incorporates functional covari-
ates in to Cox model, and models the right-censored survival response with both

functional and scalar covariates. Section 3.2 summarizes the asymptotic properties of
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the maximum partial likelihood estimator that we established. It is shown that the
estimator achieves the minimax optimal rate of convergence under a weighted Lo-risk.
Implementation of the estimation approach is discussed in Section 3.3, including a
generalized cross-validation (GCV) method to select the smoothing parameter and a
method of calculating the information bound of # based on the alternating conditional
expectations (ACE) algorithm. Section 3.4 contains numerical studies, including sim-
ulations and a data application. All the proofs are relegated to Section 3.5.

The model being considered in Chapter 4 is the Function-on-scalar Model. In this
Chapter, we concentrated on developing the simultaneous model selection and esti-
mation technique. It starts with the Function-on-scalar Model with both model selec-
tion and knots selection problems. This motives me to develop a novel regularization
method called the Grouped Smoothly Clipped Absolute Deviation (GSCAD), which
tackles both model selection and knots selection problems simultaneously. Function-
on-scalar Model, and GSCAD are introduced in Section 4.1 and Section 4.2. It turns
out the initial problem can be transferred into a dictionary learning problem, where
the GSCAD can be directly applied to simultaneously learn a sparse dictionary and
select the appropriate dictionary size. Formulation of the dictionary learning problem
under matrix factorization framework is introduced in Section 4.3. Efficient algorithm
is designed based on the alternative direction method of multipliers (ADMM) which
decomposes the joint non-convex problem with the non-convex penalty into two con-
vex optimization problems. Synthetic Experiments are presented in Section 4.4, fol-
lows by image denoising application in Section 4.5 and image inpainting application

in Section 4.6.
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2. OPTIMAL GLOBAL TEST FOR FUNCTIONAL LINEAR
REGRESSION

2.1 Introduction
2.1.1 Functional Linear Regression Model

Functional linear regression model, which relates functional predictors to a scalar

response, is one of the most useful tools in FDA. The model is stated as follows,

—ao—i-/ Bo(t) X (t)dt + e, (2.1)

where Y is a scalar response, X : [0, 1] — R is a square integrable random functional
predictor, oy € R is the intercept, 5y : [0,1] — R is the slope function, and € is

the random error with mean zero and variance o?2.

Since our main focus is on the
coefficient function §(t), we assume both X and Y are centered, i.e., E(Y) = 0 and
E(X(t)) = 0 for all t, and therefore by taking expectation over both sides of (2.1),
we have ag = 0. Let (X;,Y;),i = 1,...,n be independent and identically distributed

observations sampled from the model. Then model (2.1) can be rewritten as

/ Bo(t) Xi(t)dt +€;, 1=1,...,n. (2.2)

2.1.2 Motivation

Although the asymptotic properties of estimators of [, are widely discussed in
the literature, there is little research on testing whether [y resides in a given finite
dimensional linear subspace, or more specifically, 5y = 0.

Take the study of California air quality data as an example. In this study, we focus

on the effect of the trajectories of oxides of nitrogen (NOy) on the levels of ozone (Os).
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Figure 2.1. Left: the daily trajectories of NO, levels. Right: average
O3 level each day.

Levels of ground-level concentrations of NO in the city of Sacramento is observed
hourly every day from June 1 to August 31 in 2005, and records of Sacramento’s daily
average ground-level concentrations of O3 during the same time period are obtained.
Figure 2.1 displays the daily trajectories of NOy levels as well as the daily average
O3 levels. We are interested in whether the level of NO, trajectory has any effect on
the Oz level and, if it does, how long this effect lasts.

If we take daily NO, trajectory as predictor X(¢) and average Oj level as Y,
then an absent effect will be indicated by a zero slope function in model (2.2). The
estimated slope functions are shown in Figure 2.2. We see that when response Y is
taken as the O3 level of the same day as NOy level, the estimated slope function has
a large magnitude and a clear curve, which indicates that the true slope function in
this model is very unlikely to be a zero function. On the other hand, when response is
taken as the Ogz level five days later after the recorded NO, trajectory, the estimated
slope function stays close to zero. The slight curvature of this estimated slope function
maybe due to randomness of the data, with the true § residing in a zero null space.
However to draw a statistical conclusion under a certain significant level on whether
there is still some effect on the O3 level from the NO, level five days ago, we need a

well-designed testing procedure.
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Estimation of coefficient function
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Figure 2.2. The estimated slope functions. Left panel: response Y is
taken as the average O3 level of the same day as NOy level. Right
panel: response Y is taken as the average Oj level 5 days later after
the recorded NOy trajectory.

2.1.3 Related works

[6] proposed a test statistic based on the first k& functional components of X, and
derived a limiting distribution under the null and the corresponding power. It is well-
known that selection of k is a difficult problem. Some computational methods have
been studied to resolve this issue without theoretical guarantee on the power ( [7,8]).
For more recent work, [9] used the functional principle component approach to test
the nullity of the slope function, and established that their procedures are minimax

adaptive to the unknown regularity of the slope. In particular, they assumed that

Bo € E,(L) where
Eall) = {B € La[0.1]: Y a;2(8,00)" < L7},
k=1

with (53, px) fo t)dt, and ¢y’s are eigenfunctions of the covariance I'. The
smoothness of [y is characterized by the decay rate of ax. &,(L) is essentially a
reproducing kernel Hilbert space (RKHS), denoted by H(K), with a specific repro-
ducing kernel K (t,s) = > 22, aipr(t)or(s). When their underline assumption that,

kernel K and I' are well aligned, is not satisfied, their methods may not perform
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well. [10] developed a method simultaneously testing the slope vectors in a sequence
of functional principal components regression models, and showed that under cer-
tain conditions, his method is uniformly powerful over a class of smooth alternatives.
However, the principal-component-based methods are successful upon the assumption
that the slope function 5(¢) can be well represented by the leading functional principal
components of X. [11] showed that, for the benchmark Canadian weather data, the
estimated Fourier coefficients of the slope function with respect to the eigenfunctions
of the sample covariance function do not decay at all, which is a typical example
for the case that the slope function is not well represented by the leading principal
components.

For nonparametric regression, the nonparametric testing has been studied by a
series of papers of [12-15]. Other related papers include [16], [17], [18] and [19]. For

a more detailed review, see [20].

2.1.4 Problem statement

We study adaptive and minimax optimal testing procedures on detecting the nul-
lity of the slope function in functional linear model within the framework of reproduc-
ing kernel Hilbert space. Let I'(s,t) denote the covariance function of X. I' can also
be taken as a nonnegative definite operator with I'f = fol L(-, t)f(t)dt for f € Lo.
We wish to test the null hypothesis Hy : 8 = 0 against the composite nonparametric
alternative that 3 is separated away from zero in terms of a Lo-norm induced by the
operator T', i.e. ||Bollr > on, where [|3]|2 = (I'3, 8) with (B, ~) fo t)dt. Then
assuming that the unknown slope function 3y possesses some smoothness properties
such that it belongs to a reproducing kernel Hilbert space H(K) with a reproducing

kernel K, therefore, we arrive at the following alternative:

Hy: Frer(pn) = {8 € HK) B 2 pa .

It should be emphasized that in the present paper we do not consider the usual Lo

norm in the alternative when specifying Sy being separated away from zero. On one
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hand, if there is no additional condition linking the smoothness of 3y to the random
curve X, ||3 — Bo||2 may not even be consistent by some standard approaches ( [21]).
On the other hand, the ||-||p norm is a more natural option in the sense that ||3— Go||%
represents prediction error.

The radius p, characterizes the sensitivity of the test. We investigate the optimal
decay rate of the radius p,,, under which the test with prescribed probabilities of errors
is still possible. The minimax rate is established in a general setting with no constraint
on the relationship between the reproducing kernel K and the covariance function I
of the random predictor X. We show that the optimal p, is jointly determined by
both kernels K and I'. In particular, the alignment of K and I" can significantly affect
the optimal rate of p,. Similar phenomena occurs when studying prediction in the
functional linear model ( [11,21,22]). In particular, the optimal rate for prediction is
associated with the decay rate of the eigenvalues of operator K/2T'K/2.

We also propose a testing procedure that is shown to be asymptotically optimal
by obtaining the previously described minimax optimal rate of p,,. We first develop
a new smoothing spline estimator of the slope function 5, and then construct a
generalized likelihood ratio test statistic based on the estimated slope function B It
is worth mentioning that this testing procedure can be easily generalized to the case
when functional predictor is observed with a measurement error. In this case, on top
of the proposed testing procedure, we only need to add a step to estimate the true
predictor functions, which could be done by the commonly used regularized method.

The optimal properties of our test are expected to be maintained.

2.2 Generalized Likelihood Ratio Test
2.2.1 Notation and definitions

We focus on the Sobolev space WJ" of order m as the parameter space, defined by

Wi = {B [0,1] = R|B, 4, ..., 3™V are absolutely continuous and 5™ € L0, 1]}
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W3 is a reproducing kernel Hilbert space H(K) with the reproducing kernel ( [2])

m—1 Sktk
K(tv S) = Z (k')g + R(tv 8)7
k=0

where

O Gl
s = [ S

Let Ty and 77 be operators on Ly[0, 1] such that
t 1
TyX (1) = / X(s)ds and  TiX(t) = / X (s)ds.
0 t

It follows Fubini’s theorem that (f, Tog) = (T4 f, g), and thus Tj is the adjoint operator
to Ti. Further, define that TFX (t) = ToTy ' X (t) and TFX(t) = TYTF 1 X(t) for
k > 2. Therefore, T{ is the adjoint operator to T%, and
1 t_s)k:—l l(s_t)kl
mix) = [ U= x (g T’th_/—+X ds.
sx = [ X, mixe = [ 5 x s
In particular,

R =TT,

Observe that R differs from K only by a polynomial of degree less than or equal to
m. Therefore, their eigenvalues have the same decay rate.

The following notations will be used in estimating slope function and then con-
structing test statistic. Denote X(t) = (Xi(¢),...,X,(#))T and sample covariance
function T'(¢,s) = n !X (¢)"X(s). Let X(1) € R™" be an m by n matrix with
the (,7)'s element (X(1));; = TiX;(1) and H = n~'X(1)X(1)". Define a matrix
B=L1X(1)TH'X(1), then B is an n x n idempotent matrix with B2 = B. Finally,
define an operator Q as Q(t,s) = n~'U(t)"U(s), where U(t) is a random function

vector such that

It is easy to see that

Q=n"TyX" (I, — B)Tg"X = Ty (T — L) Ty,
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where
. 1
Dolt,s) = —X(0)BX(s),

is a degenerated operator with at most m eigenvalues. Hence, the eigenvalues of Q,

T;"TT™ and further TT'T* have the same decay rate.

2.2.2 The smoothing spline estimator

In this section, we study the smoothing spline estimate which will be used to
construct the generalized likelihood ratio test in the next session. Let B be the

smoothing spline estimate such that B € WJ" minimizes

1 2
/ B(t) dt g )\/ {5<m>(s)} ds, (2.3)
0
where A > 0 is the smoothing parameter. Next theorem provides the characterization
of B
Theorem 2.2.1 Denote Y = (Yi,...,Y,)” and operator Qt = (M + Q)"

(a). The mth derivative of B is

~ 1 ., -
B = (—1)m=Q*UTY.
n

~ 1. 1 /! AL
T(1) = —H‘lX(l){I — —/ T X(s) Q*U(s)Tds}Y.
n n Jo

Theorem 2.2.1 provides a brand new approach to compute B explicitly over the
infinitely dimensional function space H(K'). This observation is important to both

numerical implementation and asymptotic analysis. The explicit formula for B is

. (s — t) _
B(t) — T(l) / B ) ds I,Y (2.4)
where ((t) = [1, (1—1), (1;)27 ool (1(mt ’:) 1} , and

1

Therefore, B is a linear function of the response Y with II; as the hat matrix.
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2.2.3 Generalized likelihood ratio test

Assuming that ¢; follows normal distribution, the conditional log-likelihood func-

tion for (2.2) becomes

1

£u(B.0) = —nlog(VaT @) = Z (v [5x)"

Define the residual sum of squares under the null and alternative hypothesis as follows:

RSSp=» V7, RSS; =) (Vi /Bxi)%
=1 =1

Then the logarithm of the conditional maximum likelihood ratio test statistic is given
by
n RSSO

T = gn(67 01) - gn(oa 0_0) = 5 IOg Wsla (25)

where 67 = RSS;/n and 62 = RSSp/n. Define an n x n matrix 4, = A,(X) as

B.

1 [t o 1 I R o 1
A”:ﬁ/o U(t)Q+U(t)Tdt—%/0 /0 Q+U(15)Q(1t,s)Q+U(s)Tchtds+5

Next theorem shows the properties of the test statistic 7, ».

Theorem 2.2.2 . Iftr(A,) = o,(n), we have the following results,
(a). Under Hy : 5 =0, the likelihood ratio test statistic T, is of the form

Tox = 2TA,z+ op(l),

where z = €/o. Furthermore, if €;, i = 1,...,n are independent and identically dis-
tributed following N'(0,0?), then T,  has an asymptotic normal distribution with mean
tn = tr(A,) and variance o> = 2tr(A?).
(b). Under H, : Fierlpn) = {8 € HUK) : [Blr = pa}, if p2 = o(n™'?) and
A = o(n~Y?), then
n

Tax = 20 Az + ﬁ”ﬁoui + Op<n)\ + A2 nWHBOHf)-
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The condition that ¢r(A,) = o,(n) in Theorem 2.2.2 can be satisfied in many
cases. In fact, tr(A,) can be computed explicitly. Consider the spectral decom-
position of operator Q, Q(t, s) = Zj‘;l /%jéj(t)éj(s), where (/%j,éj) are (eigenvalue,
eigenfunction) pairs, ordered such that &, > &y > --- > 0. We may write Uy, () =
SO Eikdi(t). Since Q(t,s) =nt S Uy, (t)Ux, (s), we have n™' S0 €2 = &y, and
nty élkéw =0 for k # j. It is not hard to obtain that

Proposition 2.2.1 If \™' = O(n), then tr(A) is of the same order of > -, pu

Proposition 2.2.1 shows that tr(A,,) is determined by the order of A and the decay
rate of s, the sorted eigenvalues of linear operator TT'T™. More specifically, if s; has
a polynomial decay rate as sy < k=", for some r > 1/2, then tr(A,) = O,(\~/?),
while if s, has an exponential decay rate as s, < e~ 2% for some r > 0, then tr(A,) =
O(log A™"). In both cases, tr(A,) = 0,(n) will be satisfied once we choose a proper .
The optimal order of A will be shown later in Theorem 2.3.2, followed by a data-driven
procedure of choosing \.

Based on Theorem 2.2.2, we have an « level testing procedure that, we reject
Hy when T”;—;“” > z, where z, is the upper a quantile of the standard normal
distribution. In the next section, we will show that the power function of this test is

asymptotically one at the minmax optimal rate.
2.3 Optimal Test

2.3.1 Minimax lower bound

Let ¢, be a measurable function of the observations taking values at two points
{0,1}. We accept Hy if ¢, = 0, and reject Hy if ¢,, = 1. The probability of type I

error, denoted by ag(¢,), is

a0(¢n) = IED0(§bn = 1)7
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where Py is the probability measure on the space of observations corresponding to
Hy. The probability of type II error, denoted by a;(¢,), is
Qi (¢n> pn) = Sup Pﬁ(¢n = O)a
BEFK,r(pn)

where [Pg is the probability measure corresponding to a particular slope function f.

Let
’WL((bn; pn) = a0<¢n> + al((bn; pn)7

which measures the error of the test ¢, by summarizing probability of the type I and
type II errors. Fix a number 0 < v < 1. A sequence p, — 0 as n — oo is called the

minimax rate of testing if:

(i) For any sequence p), such that pl,/p, — 0, we have liminf,,_, inf, v, (én, pl,) >

s
(ii) There exists a test ¢ such that limsup,,_,. ¥ (¢, pn) < 7.

For the given reproducing kernel K, let T" and 7™ be two operators acting on Ls[0, 1]
such that K = TT*, where T™ is the adjoint operator to T" with (f,Tg) = (T*f, g).

Consider the linear operator TT'T*. It follows from the spectral theorem that

TTT*(t,s) Zskgpk
k=1

where s; > so > --- > 0 are the eigenvalues of the operator TT'T™ and ¢,’s are the
corresponding eigenfunctions. For any two sequences ag, by, > 0, a; < by means that

ai /by is bounded away from zero and infinity as k — oc.

Theorem 2.3.1 Assume ¢;, i = 1,...,n are independent and identically distributed
following N'(0,02). Let {sy, : k > 1} be the sorted eigenvalues of the linear operator
TTT™.

(a). When s, < k™% for some constant r > 1/2, let

pp = 02/ (2.6)
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If pl, is such that pl,/pp — 0 as n — oo, then

lim inf inf 7, (¢n, pl,) > 1.

n—o00  ¢n

(b). When s, < e=2"% for some constant r > 0, let

Pn = <120rgn2>1/4' (27)

If pl, is such that pl,/pn — 0 as n — oo, then

lim inf inf 7, (¢, p),) > 1.

n—0o0  ¢n

The cholesky decomposition of the operator K = TT* is not unique, and 7T is not
necessarily a symmetric operator. If we would like T" to be a symmetric operator, we
may choose T = T* = K'/2. It is shown in the next proposition that the decay rate
of the eigenvalues of the operator TTT* and K'/?T'K'/? have the same asymptotic

order.

Proposition 2.3.1 Let K = TT*, where T* is adjoint to T'. The eigenvalues of the
two operators TTT* and K'?T'KY? have the same decay rate.

The minimax lower bound for the excess prediction risk has been established
by [11]. Suppose the k** eigenvalues of the linear operator K'/2I' K/2 is of order k=2
for some constant 0 < r < oo, then

lim lim inf sup P(HB — ,BOHF > cm_#%l> =1
a—0n—o0 B BoeH(K)

It turns out that the optimal separating rate p,, for testing differs from the optimal rate
for the problem of prediction. Similar situation arises in the setting of nonparametric
regression.

Consider a special case that the reproducing kernel K is perfectly aligned with
L, ie, K(s,t) = > o0, aitp(t)r(s) and (¢, s) = > 00, methw(t)y(s). In this case,
it is easy to see that KY2DKY2(t,s) = S22 mraey(t)yr(s), which indicates that

sk = mraz. This special case has been studied in [9].
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2.3.2 Optimal adaptive test

Now back to the generalized likelihood ratio test. Recall that the test statistic
Tpa has an asymptotic normal distribution with mean p, = tr(A,) and variance
02 = 2tr(A?%). Concerning the distribution of the random function X, we shall

assume that

(A1). X has a finite fourth moment, i.e., fol E(X%) < 0o and

2
E(<X, ¢k>4) < C(E<X, ¢k>2) for k > 1,
where C' > 0 is a constant and 1;’s are eigenfunctions of I'.

Theorem 2.3.2 Assume (A1) holds and €;, i = 1,...,n are independent and identi-
cally distributed following N(0,0?). Let {s;, : k > 1} be the sorted eigenvalues of the
linear operator TTT™.

(a). When s < k™" for some constant r > 1/2. Choose

p Cn—4r/(4r+1) ’

for some ¢ > 0. Then u, and o2 are of order Op(nQ/(‘”“)), and for any sequence
Cn — 00, the power function of the generalized likelihood ratio test is asymptotically

one:

inf P (M > za> — 1,

BEF K, r(cnpn):||Bllr>cnn—2r/(4r+1) On
where z, 1s the upper a quantile of the standard normal distribution and p, is given

(b). Assume s < exp(—2rk) for some constant r > 0. Choose A such that
log A~ = O(log n), A inTt=0(1), and \= o(n_1/2).

Then w, and o2 are of order O,{logn/(2r)}, and for any sequence ¢, — oo,

Tp XA — Hn

inf P@( > za) — 1.
ﬁe}—K,F:”B”I‘Zén{lOgn/(2rn2)}1/4 Op,



23

The optimal smoothing parameters for prediction and testing are different. When
k= k=2 if we choose A = X to be of order n=2/2+1 which is the optimal order
for prediction, the rate of the testing will be slower than the optimal rate given in
Theorem 2.3.1. Specifically, there exists a 8 € Fgr satisfying ||B||p = n~+4/Cr+1)
with d > 1/8 such that the power function of the test at the point g is bounded by
«, namely

hmsup[["g( Toi > Mo+ zaan> < a.

n—oo

As we see in part (b), when s, is exponentially decayed, the choice of A is more
flexible. For example, any n for —1 < d < —% , could guarantee an optimal test.

Considering A\* such that

A —argmm( Z\/_+l€k)

where ks are eigenvalues of ) = T§"I'TT". \* is well-defined, since
0 1 1
> k= / Q(t,t)dt = E(Ty" X, T{"X ) < cl/ E(X?) < 0.
P 0 0

It is not hard to see that \* =< n=%/W D if 1, =< k=2 while \* < n~! if kj, < e~ 2*.
Therefore an estimated A* can be used as our choice of the smoothing parameter. It
is natural to use Q = Tg”lem as an estimate of (). The following Theorem gives an

adaptive estimation of A.

Theorem 2.3.3 Assume (A1) holds. Denote by Ky > ko > -+ > 0 the eigenvalues
of Q. Choosing \ as

A= argmm ()\ + - Z o Kk) (2.8)

When s, < k=% for some constant r > 1/2, there exist constants 0 < ¢; < ¢y < 00

such that

A
lim ]P(Cl < )\— <CQ> =1

n—o0

where A\, = en™ "/ for some ¢ > 0.



24

Theorem 2.3.3 verifies that A chosen by (2.8) is of the proper order. Simulations
also show that as long as X (s) and Y are at a proper scale, say ranging at the level of
[—10, 10], we can directly use the A without worrying about multiplying a constant.
However we need to be more careful when X and Y are numerically at a different
scale. As for the case when kj is exponentially decayed, the proper A has a much

larger range. We can still use (2.8) to get a proper \.

2.4 Numerical Studies
2.4.1 Simulation

Consider the case that slope function 3(t) is in the Soblev space W3. The penalty
function in (2.3) becomes A fol 3" (s)%ds. Following a similar setup as that in Yuan

and Cai (2010), we generate the covariate function X (t) by:

X(t) = Z CuZidr(t).

where Z}’s are independently sampled from Uni f [—\/3, \/§] and ¢,’s are Fourier basis
with ¢; = 1 and ¢py1(t) = V2cos(knt) for k > 1. We have two settings for (. For

setup 1, let

Ge = (=) k2 /1IC|

where ¢ = ((1,...,(s0)7 and || - || indicates £5 norm. The normalizing term ||¢||7! is

added to rule out the potential effect from the magnitude of X (s). For setup 2, ¢ is

chosen as
1 k=1
G = 0.2(—=1)F+(1 — 0.0001k) 2<k<4 -
0.2(—1)’““[5(/-{:/5)]*”/5 — 0.0001(k mod5) k>5

\



25

Table 2.1.
Size of the test under setup 1.

n=50 n=100 n=200
v=1.11{0.087 0.089  0.067
v=1.51{0.085 0.078 0.072
v=2 | 0.076 0.085  0.079
v=4 | 0.075 0.070  0.079

The eigenvalues of the covariance function of X (¢) are (?’s, the decay rate of which is
determined by v. In both cases, let v = 1.1, 1.5, 2, 4. With the same basis, the true

slope function fy is generated as:
50
50 — B. Z(_l)k+1k_2§bk
i=1

where B is a constant to control the norm of fy. For both setups, a set of B ranging
from 0 to 1 is examined. Response Y is generated through the functional regression
model with e ~ N (0, 1). Sample size n = 50, 100, 200 are adopted to appreciate the
effect of sample size.

For each simulated dataset, smoothing parameter A is chosen based on (2.8), 3(t)
is estimated by (2.4), and the testing statistic 7, is calculated as shown in (2.5).
According to Theorem 2.2.2, we reject Hy if ™25 > z,, with a = 0.05. To estimate
the size and power of our testing procedure, each setting is repeated 1000 times to
get the percentage of rejecting Hy.

For setup 1, Table 2.1 shows the size of the test under different decay rate v and
sample size n. As we see, the size of test is slightly larger than what we expect under
a = 0.05. The reason is that with a finite sample size, 7,, y tends to be slightly larger
than a random variable that follows exactly normal distribution. Recall Theorem

2.2.2, we conclude that under Hy, 7, = 27 A,z + 0,(1), where the quadratic form

2T A,z is asymptotic normal. The small positive term 0,(1), that we drop, plays its



Table 2.2.
Size of the test under setup 1 using the correction rule.

n=>50 n=100 n=200
v=1.110.066 0.058 0.059
v=1.510.048 0.055 0.041
v=2 | 0.051 0.055 0.045
v=4 | 0.067 0.053 0.041
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role, when we treat 7, ) as the quadratic form 27 A,,2. To make a correction, we can
use a two-sided test instead, which is to reject Hy if |%| > 24/2. Under this
correction rule, the size of the test stays closer around 0.05 as shown in Table 2.2.
Under alternative hypothesis Hy : Sy € Fikr(p,), the power function of test under
different decay rate v and sample size n are shown in Figure 2.3. It is very clear
that as B increases, ||fo||r increases, and therefore the power of the test increases to
1. Also as expected, under the same setting, when sample size n goes up, the power
should increase, which manifests a steeper slope of the power function in the figure.
What is more interesting in the figure, is how the power is affected by the decay rate
of the eigenvalues of T{"I'T{", which in our setting is determined by v. As shown
in the figure, power function with » = 4 always lies on top while that with v = 1.1
always stays the lowest, which perfectly matches Theorem 2.3.1 that the larger the

v, the faster the decay rate, and therefore the more powerful the test.

Power Function (setup 1)

n =50 n=100 n =200

1.00 - 1.00 - 1.00 -

0.75- 0.75- 0.75-

0 0.50 - 0 0.50- © 0.50 -
Q Q Q

0.25- 0.25- 0.25-

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0.000.250.500.751.00 0.000.250.500.751.00 0.000.250.500.751.00
B B B

—v=1.1 —v=15 v=2 — v=4

Figure 2.3. power function of the test under setup 1 for n=>50, 100, 200

For setup 2, the size of the test and its correction version are shown in Table 2.3
and Table 2.4. Plots of power functions for different sample size n and decay rate v
are shown in Figure 2.4. Similarly as the previous results of setup 1, the power of the

test goes up when sample size n and ||5o||r increase. However the effect of the decay
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rate v can be hardly seen this time. The reason is that when choosing ¢ we did not
normalize it as we did in setupl. Therefore even though a larger v could lead to a
more powerful test, the magnitude of X (s) is significantly decreased due to the faster

decay rate, and this counter balanced the effect of v.

Table 2.3.
Size of the test under setup 2.

n=50 n=100 n=200
v=1.110.094 0.074 0.079
v=1.51]0.088 0.067 0.073
v=2 10.090 0.066 0.070
v=4 10.091 0.066 0.065

Table 2.4.
Size of the test under setup 2 using the correction rule.

n=50 n=100 n=200
v=1.110.065 0.052 0.054
v=1.51{0.063 0.046 0.057
v=2 | 0.059 0.051 0.051
v=4 | 0.065 0.044 0.050

2.4.2 California air quality data

Back to the California air quality example, as mentioned in the introduction, we
are interest in testing the effect of trajectories of oxides of nitrogen (NOy) on the
level of ground-level concentrations of ozone (O3). Data we are using is from the

database of California Air Quality Data. NO levels and O3 levels of city Sacramento
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Power Function (setup 2)

n =50 n=100 n =200
1.00 - 1.00 - 1.00 -
0.75- 0.75- 0.75 -
0 0.50 - 0 0.50 - © 0.50 -
o o o
0.25- 0.25- 0.25 -
1 1 1 1 1 1 1 1 1 1 1 1
0.000.250.500.75 0.000.250.500.75 0.000.250.500.75
B B B
—v=1.1 — v=15 v=2 —— v=4

Figure 2.4. Power function of the test under setup 2 for n=50, 100, 200.

are recorded from June 1 to August 31 in 2015. There are 91 days on the record, and
3 days are removed due to severe missing data. For the rest 89 days, levels of NO,
are observed at each hour except for 4am and average O3 level can also be obtained
through the recorded data. The left panel of Figure 2.1 displays the daily trajectories
of NOy levels, and the right panel shows the average Oj level each day during the
same time period. When applying the proposed testing procedure, every record is
rescaled by multiplying 100 due to the small magnitude.

Let X;(s),7 = 1,...,89 denote the daily trajectories of NOy levels after pre-
smoothing and centering, and rescale s so that s € [0,1]. In the introduction, two
types of response variables are considered, the average O3 level of the same day as the
NOy level, and the average Og level five days later after the recorded NO, trajectory.
More generally we can examine the relation between the Oz level of a certain day and
the NOy level d days before that day. If we take Y;, © = 1,...,89 as the corresponding

O3 level of the day when X; is recorded. Then the regression function is written as

1
Vi = / X,()B(s)ds + e,

for a fixed d.
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Table 2.5.
P-value

d 0 1 2 3 4 5 6
p-value | 3.07e-5 6.78¢-9 2.30e-5 3.13e-4 0.0031 0.36 0.70

We go through the proposed testing procedure for d = 0, 1, ..., 5 and all the p-value
are listed in Table 2.5. We can see that for d up to 4, the test returns a significant
result at level & = 0.05, which indicates that daily NOy level is significantly related
to the Oz level up to four days later. Noting that Bonferroni correction for multiple
comparison is applied here when identifying significance. It is also interesting to see
that the smallest p-value occurs at d = 1. A possible way to interpret it is that
instead of the current NO, level, the average O3 level depends more on the NO, level

the day before. That is to say there is a delayed effect of NO, level on Og level.

2.5 Discussion

We have so far focused on the case with continuously observed functional pre-
dictors. If we have densely observed functional predictors, our framework can be
applied similarly. An interesting extension of the current work would be to study
the case when having sparsely observed functional predictors with/without measure-
ment error. The ideas of [23] can be applied. A common strategy is to first have
a pre-smoothing step and then apply our methodology. How the number of sparse
observations affects the power of the test is beyond the scope of this paper and will
be explored in future works.

A continuation of this paper is to study the optimal testing for the generalized
functional linear model with a scalar response and a functional predictor ( [24]). Given
the functional predictor, the response is assumed to follow some distribution from the

exponential family. The main difficulty is that the characterization conditions of the
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slope estimator becomes complex and nontrivial. This problem hinders further studies
in the asymptotic properties. We conjecture that the generalized likelihood ratio test
will achieve the optimal rate of testing and the optimal rate still depends on the decay

rate of K1/2I'K'Y/2. This issue will be addressed in detail in the future.

2.6 Proofs of Theorems
2.6.1 Proof of Theorem 2.2.1

We prove this theorem using the calculus of variation. Denote

waz%iﬂﬁ—[ﬁ&@&@%f+AAﬁﬂm@@3&
For any 3,5, € W3* and 0 € R,

L(B +661) — L(B) = 26L1(8. B1) + O(8%), (2.9)

where
LB, By) = —%Z{Yi—/o Xi(s)ﬁ(s)ds}{/o Xi(s)Bu(s)ds)  (2.10)

1
a8 s)ds.
0

By Lemma 1, if Ly(3, f1) = 0 for all p; € W, letting Z; = {t € [0,1] : L2(B) # 0}
and ™ (t) = —I7, (t) gives
Li(8.5) = [ La(B)it 20,
i
unless 7, is of measure zero. This shows Lo(f) = 0 a.e.. This complete the proof of
the first part of the theorem.

If B is the optimal solution, we have

o — SV gy

n
It follows from (2.19) that

() + S

X(1) /0 1 T X ()8 (s)ds = lX(1)Y.

n

n
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Therefore, the second part of the theorem follows from these two facts.

2.6.2 Proof of Theorem 2.2.2

For part (a), under Hy with Sy = 0, we have

1 1
—RSSy = —€l,
n

n

1 1 A 2 .
VRS, = et 15— Al - 2 [ (3 X,
n n n

It follows from Lemma 2 that,

Irss, - Irss,
n n
=||B - / (3 - Bo)X
/ / O T (0O, )0+ T (s) dtds — 2/1 0()Q (1)t}
0

- EETX(I)TH 1X(1)e

2 T
=—Z2eTA e = —1/2
ne € =o,(n"""7),
provided that tr(A2) = o(n). Hence, with the fact that under Hy, 0? = RSSy/n +

~1/2) the likelihood ratio test statistic 7, becomes

RSSl/TL . _%
Taa = =5 log RERTn = 507 ( RSS, — —RSSO) (14 0,(n"%))

= 2T A2+ 0,(1),

O,(n

where z = €/o.
To show that 7,y has an asymptotic normal distribution with mean u,, = tr(A4,)

and variance o2 = 2tr(A?), we need to show that

Trace(A}) /ot — 0.

Let
1 1
A== U(t Tdt—— *U)Q(t U ()T dtds,
, / 0(H)0 //Q (t, )OO (s) dids
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and

1
A[[ - EB

So tr(A) = tr(Ay) + tr(Asr). Noting that tr(Ar;) = m/2, tr(A) is of the same order

as tr(A;). Recall that Q(t,s) = 300 #;0;(t)¢;(s). and Uy, (t) = 352, Endi(t) with
n iy €2 = iy and n~t Yoy fzkfw = 0 for k # j. Therefore

1o~ (2 + )&

Ap)y = =
(A1) n = 2N+ i)’
Further
L ARCANF AR = A
tr(A;) = =
r(Ar) ;z(AH%)? ;mw;k

Similarly, we can show that

(2A + o) 2Rnané 1o (2X + #) (R1) €
(A2); —nZ B ) Ak (ADi == k) ThD ik sk

= ()\ + /ﬁk) ) £ 16()\ + "%k)8
and
2 S R 1 S i
tr(A3) < T tr(A7) <
( I) ;(/\"'_’fk)g ( I) ;(/\'f'ﬁk)
Since (/\f: 7 < (/\+ 5z therefore tr(A4;) = O(07), and further tr(Ay) /oy, — 0.

For part (b), Under Hj,

1 1 2
RS = —€e + [|fo]2 + =€ / X
n n n

2

LRSS, = et 13— ol - 27 [(5— X
=g’ — %ETAE
1 1
A2 /0 / Q(t,s)Qt g™ (t)@+ﬁom)(s)dtds
A
2 [ oa -2 [ ax

1 1
<oz [ s>@+5é’"><t>@+0<s>dtds.

For %RSSO,

Varer [) = Svary e [ mx) =5 Z{/ Bo(s)Xils)ds}* = O(H][6o]2).
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For LRSS, write B (t) = Py 7;0;(t). Since 8™ € Ly, we have D oio1 M} < oo

In the above expansion of ERS&7

1 1
\2 / / Ot )0 B (1O B4 (s)dtds
0 0
/\ ,\2 o0

—)\2 I )2 2 < Z 72 = O()\).
Z()\_‘_Kz‘j)Q— ;”gsup@w)z—élzg (A)

=1

Further,

and its variance is

AN R 4N*0? x SN Yo e,
= i < 2= O(\/n).
TR S ()\—m:)?; ;< ;m (\/n)

The last term becomes

2 1 1 R - o 2\ n oo ~ .
o [ Q@ QT s = (1) 3D 3D S

n o1 o T Fik)”
Since Y oo, %’% <> )\+ O(A/n).
So altogether,
1 1 T —1/21/2 ~1/2
~RSS; — —RSS) = ——e Ae — || Boll2 + (A) +Op(n A ) +Op(n / HBoIIf)-

Since pj, = o(n~!/?) and A = o(n~!/?), therefor [RSS; — TRSS, = 0,(n""/?) and

Tax = 27 Az + —||ﬁg||r—|—0<n)\) + 0, ( 1/2/\1/2> +Op(n1/2||60||f>,

2.6.3 Proof of Theorem 2.3.1

The proof follows [15]. First show part (a). Let

Pn = n—2r/(l+4r) ’
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and suppose that p/,/p, — 0. We show that, for any test ¢,

lim inf 5, (én, pp) > 1.
n—0o0

The idea of deriving the lower bound is standard. Let m, be a probability measure

on Frr(pl). Then the lower bound is based on the inequality

sup ]P)f<¢n = O) > ]Pern (¢n = O),
feFrr(py)

where Py .. = [Psdm,. Write

Tnmn = PO(¢n = ]-) + Pf,wn(ﬁbn = 0)

Denote by ¢, ., the likelihood ratio,

dP
o, = f,7Tn :/dIP)fdﬂ.n
o d Py d Py

S

For any f € Frr(pn), direct calculation yields that

aP
o8 52 = 33 1 [ X = Sl

where I' is the empirical covariance function such as

171
— - Y X)X
n; (1) Xi(s

It is convenient to use the following inequalities [14]:

1 1
%L,m(?bmp;z) =1- §Var<P07pfﬂrn) >1- E(snﬂrna

where var(Py, Py -,) stands for L, distance between two measures, and

62 =Eo(lpr, —1)°

n,Tn

In the following, we select a probability measure 7, for which ~, ., can be effec-

tively estimated. Recall that K = T'T™, where T™ is the adjoint operator to 71" such
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that (f,Tg) = (T*f, g). Define the linear operator TTT* and let & > 85 > -+~ > 0 be

the eigenvalues of TT'T* and the o be the corresponding eigenfunctions. Consider

M
Je :U25kgk, (2.11)
k=1

where £ = (&,...,&y) and & = %1 with probability 1/2, and g, = §, 172 T*pr. In
(2.11), we choose M = 2n? @+ and u = n=Y/@+1  Note that

<9k,gj>f = (§k§j)_1/2<T*95k,T*¢j>f = (§k§j)_1/2<TfT*s5k, ¢j>L = Ojk,
2
where 9, = 1 for j = k, and 0 for j # k. Further,

<9k,9j>H(K) = (§k§j)1/Q<T*¢k,T*¢j>H(m = <§k§j)1/2<¢k7¢j>h = (8x8;) "/ *5;.

It is easy to check that

M
1 fellfurey = w® Y 8t < u?May) = 2(p),)s31 (1+ 0,(1)),

which is bounded since s, has the same order with p? = n=4/Ur+1 and o/ /p, = o(1).

For any ¢ € Lo, T*p € H(K) ( [25]). Therefore, fe € H(K). On the other hand,
I fellf. = Mu® = 2(p;,)*.

So, £l = 2(pr)*(L + o(1)) = (p;,)* and it shows that fe € Fir(p,)-

For this case, the likelihood ratio is

Mu?
Upr, = Eg fe exp ( B >Eg exp( E Z Z Yizird)
o
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where @, is denoted as x, = [ X;gr. Note that Y !  z2 = n|]gk||12, = n. Given
Xq,...,X,, we have

d P, d P,
EngP’ _EEEOd]P’;

nMu? - u
= exp ( Ry )Ef HEO exp(; ka%k -Y;)
i=1 k=1

nMu? -
— exp ( >E§ | | exp{ —g? = E Eprin )}
k=1

nMu? nMu
202 ) exp( 202

IE:0 (gnﬂrn

Xl,...,Xn>:IE0

)= 1.

= exp(—

Noting that

nMu?\ 1o u &
2 2
lr m = €XD ( — > Hcosh(; ZY;mlk)

o2
k=1

=
Il
—

nMu? M 1 2u<M 1 _2u 1
= — Zeo Xk=1 Yitik | _ 73 Aoy Yizik
eXp( p )H(4e e +3)
k=1
nMu? 2u <L &
= exp ( - )Eg exp(—3 > D Yirusk),

k=1 i=1
where random variable ¢ takes value —1, 0, 1 with probability 1/4, 1/2, 1/4. Therefore
. Xn> as

we can calculate E (Efmn

2 M




and

Eolfnr, — 1) = Eo (€2,

Xl,...,X ) _ QIEO(Enm

— {feosh ("L} -
Using the inequality log cosh x < Ba:2 for a certain B,
{Cosh( )}M —1<exp (%ﬁﬁnz) —1.
Hence
Eo(lyr, —1)* < exp <w> — 1.

Xl,...,Xn>+1
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Our choices of M and u guarantees that n?Mu* — 0, so liminf, , v,(é,, p),) = 1.

This completes the proof of part (a).

Next, we prove part (b). The proof is similar. In particular, in (2.11) we

choose M = logn/(2r) and u = 2p!\/2r/logn, where p/ /p, — 0 with p,
n~1%(logn/(2r))/4. It is easy to see that n2Mu* — 0, so that liminf,_, v, (¢, o))

1. This completes the proof of part (b).

2.6.4 Proof of Theorem 2.3.2

Recall that H] : Fi (pn) = {8 € H(K) : ||Bllr = pa}, we only need to show

that
Ta X — Hn
On

lim inf Ps, (
Cnpn)

Cn—00 506]'—}(,1“(

The power function under H] can be written as

Tn,\ Hn
By (T2t 5 )

>za> = 1.

On
_%&gﬂgﬁt+§ﬁ&@+o@g+o%:@wg+o4mq%m)Z%}

Recall that o2 = tr(A?) = O(tr(A)) as shown in the proof as Theorem 2, and by

Lemma 3, we have

8
8

and =
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Therefore j1,, and o2 are of order O,(A~Y/?") when s;, < k=%, or of order O,{(2r) ' log A~}

when s, =< e 2%, Recall that when xj =< k=2, the optimal X is of order n~—%/(*+1.
when k< exp=2* log A=t = O(logn). So, when ry, < k=",
oy —
lim inf Pg (n’\—'un > za> =1,
en—00 B€ Fi r:||Bllp >cpn=2r/(4r+1) On
and when kj, =< e 2%
o —
lim inf Pﬁ( A 'un>za>:1
€00 Be Fre r:)|Bllr=en{log n/(2rn?)}1/4 On
This finishes the proof of the theorem. [ |

2.6.5 Proof of Theorem 2.3.3

First noting that s, and kj, have the same decay rate, so we can replace s in
condition s, =< k72" by K.

Given a symmetric bivariate function M, let ||[|M||| = ([ [ M?)'/2. Define 6; =
miny<jcx(r; — K541) which is of order k=1 A = [[|Q = Q|II, &; = || [(Q — Q)¢4]],
and

/ / Q(t,s) —Q(t,s))p;(t)p;(s)dtds.

It follows from Equation (5.7) of [26] that

Rj = ki — A

<6 'AA+A)),

and we also have EA% < C’lnflli? and I['E(A2 + A?) < Cyn~! where C and C5 do not
depend on j. Observe that

e e 4
YR —rl <D A +AY 5 A+A
=1 j=1 j=1

Further, 7%, |A,;] is of order O,(n~/?) since

4 o 0
ED 1Al <) \EAL <Cin'2) sy =0(n'),
J=1 j=1 =1
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and A S22 67 A + A;) is or order O,(n~"0**?) since

Jj=1 J
EZ](S !<Z5 "W2E(A2 + A2) < \/2C5n ! Z(S L= O(n~12g7+2),

Hence,
4

=

On the other hand, since E(Q — Q)? = O(n~!) uniformly on [0, 1]2,

’Zl Ky _‘//Q Qstdsdt—Z( ~ k)
S[//(Q—Q)2]I/Q+‘;<%—@>

= 0,(n “1/2 4 -1 2r+2>

~ 0, (n—1/2 in 1Q27‘+2>

Kj—ﬁj

If we choose p = n'/# 1 we have
o 00
‘Z(i@] = 0, (n(~2r+D/r+1)y, ‘ > (Ry — ky)| = Op(n( 20/,
=1 j=eo+1

Define the event &, by

£ = Eln) = {5r0 > A).
Since supys; |kx — k| < A [27], if &, holds, we have & > thp for 1 < k < o.
Here, we choose ¢ < n*/@*1 which implies that n'/?k, — oo as n — co. Since
A = 0,(n?), we have P(£,) — 1. Therefore, since the result we wish to prove
only relates to probabilities of differences (not to moments of differences), it suffices
to work with bounds that are established under the assumption that &, holds. The

optimal choice \ is the root of

Z f+mk =2V\.



41

In the following, we derive the asymptotic order of > ;< , ﬁ Note that

k)2
; (\/X Z \/_+ Fir)? ng;—l m

<ZI€ —|—/\IZI€1C

k= g-i-l
SQZRk—i-)\lZKk—F)\ ‘Z —/QJ
k=o+1 j=o+1
-0, (n(2r+1)/(4r+1 4 A—ln(—2r+1)/(4r+1)>‘ (2.12)

We also need the lower bound for Y ;- , f+ Nk This follows from

- Z —_—
,; (VA + )2 ,ZQ; (VA + )2
1 (o)
> Rk
(VX + i,)? kzzgﬂ

1
>
= 2(\ + O, (n—1r/Ur+1)))

O, (n(Z2r+1/Ur+1)), (2.13)

Combining (2.12) and (2.13), we obtain that )\ is of order O L (nAr/(r+1)),

2.6.6 Proof of Proposition 2.2.1

In Theorem 2, we have shown that

o A
o5

k=1
Define that Q = T()me{”. Noting that the eigenvalues of Q= N (f — fO)Tlm and Q
have the same decay rate. If we write Q(t, s) = > e 7;0;(t)d;(s), then tr(A) is of the
same order as » ;- 315 On the other hand, recall that linear operator @ = T¢"I'I7".
Following spectral theorem we have Q(t,s) = D72 | k;d;(t ) i(s). {kr} and {s;} have

the same decay rate. So we only need to show that > 7 | % = O,(3_ 7, 1&-).
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Let Qt = (Q 4+ M)~! and QT = (Q + AI)~". It is easy to see that Q*(¢,s) =
>0ty s @i (1)@ (s) and QF(t,s) = 3270, 50;(1)¢;(s). Then

- R ~ ~
kz:;)\+/~€k = //Q(S,t)Q+(s,t)dsdt

— [ [ .00 . tyisd

//Q+ (5,)(Q — Q)(s,1) dsdt—l—// — Q") (s,1)Q(s, t)dsdt
+ [ [@- Q0@ - Qs s

We are going to show that all four terms above in the last equation are either of the
same order of or of 37 | F 2 or smaller than that.

For the first term, it is easy to see that

_ S Kk
//Q(s, Q™ (s, t)dsdt = ; N

For the second term, let A(s, t) = (Q—Q)(s,t) and A, = | [ [ A(s, t)p;(s)dr(t)dsdt|.
It follows Section 5.3 of [26] that

By =1 [ [ s 00x(5)8,0)] = Oyt 2w,

And similarly we can show that A, = O,(n~Y/ 25;/ 2/<;,1€/ %) for any j # k, which will be

used later in calculating the order of the fourth term. The second term becomes

/ / Q" (5,1)(Q — Q)(s,t)dsdt

o

= M// (5, 1)65(5);(£)dsdt

O, (n~1? Pk )
- ( ;)\—Fﬁ'k}

For the third term, we refer to (6.7) of [28] that ||(/ + QTA)7!| = O,(1). Here

|| - || as a norm of a functional from Ly[0, 1] to itself, is defined as

IxIl = sup  [Ix(&)]]-
¢EL2[071]7H¢H:1



Noting that QT — QT = —(1 + QtA)'QTAQ™, then

// —QN)(s,)Q(s,t)dsdt

—>n [ [+ @rayiaraesnosonis

-5 f_’;k [ [a+aray s nnsons

skZA

(e 9]

I AFNEEABINEAGH

:OP< — )\+/€k)

Eod

The last equation follows from the fact that

(I + QT A) QT A(s, t)pr(s)]
= [lw(s) = (1 + QTA) " pu(s)]|
<|lgr(s)I] + [[(1 + QT A) [ [|or ()]
=1+[(I+Q"A)~L.

For the last term, by Cauchy-Schwarz inequality

[ [@- Q0@ - @) nas

<{//Q Q)2(s, t)dsdt - // )2 (s, t)dsdt}
< —1/2{// stdsdt}1/2

-1/2{2 = (7 + QT A) QT AQ ¢}

k=1

< V|1 + Q@A) i 1QFAQ* ¢ 2},

k=1
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Recall that A, = Op(n_l/%;/%iﬂ) for any j # k. Then,
QT AQ™ ¢y [? :/{//Q+A(s u)i;qﬁ-(u)q&(t)qbk(t)dtdu}st
) = )\_}'K/J J J

- % [ (] @t
)\+/<;k /{//Z)\j”i] $)6;(0) A (v, u) g, (u)dudv }ds

()\+/<Jk 2; >\+I<J)

oo
-1

= Oy( il

)\—F/‘ik )\—i-/-i]

Jj=1

1y — K K
= Op(n”"A 2<ZHJ@>M’“@).
j=1

Therefore

[ [@-@s00@" - @")s.thdsdt = 0, A Z o)

All together we show that >~ - = O, (D202, i &) provided that A~ 1= 0(n).

2.6.7 Proof of Proposition 2.3.1

Let Dy = span{fi,..., fr : KY2f; = T*¢;,5 = 1,...,k}. It follows from the

minimax principal that

) KY2TKY2 f> <FK1/2f, K1/2f>
B R R A
<FT*9 ’ T*g> {9,9)

= sup v <GS,
gept (990 (g, T*g)

where 3, is the kth eigenvalue of KT K'/2, Dy, = span{iy, ..., ¢;} and the constant
¢ > 0 does not depend on k. Using a similar argument, we may show that s, < cs.

Therefore, the eigenvalues of TI'T* and K'/?T'KK/? have the same decay rate. [ |
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2.6.8 Proof of Lemmas

Lemma 2.1 The following statements are true:
(a). The 5 € W3 minimizes L(B), if and only if, L1(5, 1) = 0 for all f; € WJ".
(b). If B € W3* minimizes L(B), then for all p, € W,

mmm:ﬁmmm@qu (2.14)
where
Ly(B) = (M + Q)™ — %UTY. (2.15)

Proof First show part (a). If 5 € W2" minimizes L(), then L(5+68,) — L(5) > 0
for all g, € W3* and any 6 € R. Then Ll(B,ﬁl) = 0 follows since § can be either
negative or positive. On the other hand, if Ly (5, 8;) = 0, we have L(3+05;)—L(5) >
0 by (2.9). Thus, 3 minimizes L(j3). Therefore, part (a) follows.

Let 8y(t) = t*~D k=1,...,m in (2.10). If 8 minimizes L(), then

IS [ i [ et <o e

_gy(k=D)
Let Xi(_k)(t) = Té“Xi(t) = fol (t(k)—+1)!

X V(1) and further (2.16) becomes

)

Xi(s)ds. When k = 1, fol X;(s)s*Vds =

%ZXZ,(I)(D{Y; - /0 Xi(s)B(s)ds} = 0.

When k = 2, we have
I - [ xesesH [ Xisis)
= —%Z{Yi - /0 Xi(s)B(s)ds }{ /0 Xi(s)(1 = s)ds}

A5 [ ),
Hence,

%ZXi(?)(l){Y; — /0 Xi(s)ﬁ(s)ds} =0.
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Following the same procedure, it can be shown that

15 (B S N .
IR [ xR} =0 k=1

Considering that

(2.17)

Therefore

/X s

MS

/X
//X

(- XV + (- / B HXT (#)dt.  (2.18)

e
Il
o

+

t — 8)T " dtds

NE

i
I

If (2.17) holds, direct calculation yields

%Z{Yz’—/o Xi(S)B(S)dS}{/O Xi(s)Bi(s)ds}
= <_i)mZ{Yl—/o XZ(S)B(S)dS}{/(; Xz-(fm)(t)ﬁfm)(t)dt}_

Recall the definition of Ls(f3), we have

Similar to (2.18),

/0 Xi(s)B(s)ds = TOTXi(1) + (=)™ [ XC™ ()3 (s)ds, 5 =



A7
which gives

| X@ts)s = X0 + (<17 [ X)) )

This, combining (2.17), gives

Aty + S 5 /01 TPX (5)3 (s)ds = ~X(1)Y. (2.19)
So for # € Wy* minimizes L(8),

L) = A 8 + Qae - E gy,
So, part (b) follows. -

Lemma 2.2 Let € = (e1,...,6,)7.

(a)

/ X(t }dt (2.20)

_(—1ymiy / i t)Q*Bém)(t)dt+%{ / 1 0(Q U@ dt+ XA X)) e

The following statements hold:

()
6=l =x [ [ awo@rsmwa s s (221)

—e //QW Qlt, 9)Q U0 dsdt + X (1) HX(1) e

m—i—l%

+ (=1 e /0/0Qt,sQ*ﬁom)(t)Q+ﬁ(s)dtds.

Proof Denote
T

To(1) = [Bo(1), =51, ... (=18 (1)

Direct calculation yields

LX)y = Bre) + (1) LX) /1 T X ()80 (s)ds + %X(l)e.

n n
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Combining this with (2.19) gives

1

T(1)=Yo(1) = (-1~ H1X(1) / T$X<s>{5<m><s>—5ém><s>}ds+%ﬁ-l)?<1>e.

Therefore,
[ %306 - o) s
= O {T0 T} + 1 [ X {306 - 570 s
= 1 [0 {30 - 3 s + XOTAR W (222)
Recall that Qt = (A 4+ Q)~L. It follows from Theorem 1 that

B — B = (=1 YT QT — 6

J— m ~ ~ 1 A~ ~
= EL 0 0r( [ xemorist - 47 + (TG0

n

IRV . . 1on
= E Q0 R ()T 00(0) + QHQE™ — B + (1T
= AQTH 4 ()R

n

The last equation follows from the fact that X (1)U(s) = 0. Then, this, combing with
(2.22), leads to part (a). Furthermore, part (b) follows that

|6 5|. =] / 1x<t>T{ﬁ<t> ~ olt) jat] | / 1 X (s){ A(s) = Bo(s) }ds|.

This completes the proof of the lemma. [ ]
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3. OPTIMAL ESTIMATION FOR THE FUNCTIONAL COX
MODEL

3.1 Introduction
3.1.1 Background

The proportional hazard model, known as the Cox model, was introduced by [29],
where the hazard function of the survival time T for a subject with covariate Z(t) € R?
is represented by

h(t|Z) = ho(t)eP?®) (3.1)

where hg is an unspecified baseline hazard function and 6, € RP is an unknown
parameter. Some or all of the p components in Z may be time-independent, meaning
that they are constant over time ¢, or may depend on t.

Many people have studied parametric, nonparametric, or semiparametric modeling
of the covariate effects using the Cox model (e.g. [30-34] and references therein) and
Cox ( [29]) proposed to use partial likelihood to estimate 6 in (3.1). The advantage
of using partial likelihood is that it estimates 6 without knowing or involving the
functional form of hg. The asymptotic equivalence of the partial likelihood estimator
and the maximum likelihood estimator has been established by several authors (

35-39]).

3.1.2 Functional Cox Model

The aim of my work is to develop a different type of model, the functional Cox
model, by incorporating functional predictors along with scalar predictors. [40] first

proposed such a model when studying the survival of diffuse large-B-cell lymphoma
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(DLBCL) patients, which is thought to be influenced by genetic differences. The
functional predictor, denoted by X () : S — R on a compact domain S, is a smooth
stochastic process related to the high-dimensional microarray gene expression of DL-
BCL patients. The entire trajectory of X has an effect on the hazard function, which
makes it different from the Cox model (3.1) with time-varying covariates, where only
the current value of X at time ¢ affects the hazard function at time t.

Specifically, the functional Cox model with a vector covariate Z and functional

covariate X (t) represents the hazard function by

h(t |X) = ho(t) exp {egz n /S X(s)ﬁo(s)ds}, (3.2)

where [y is an unknown coefficient function. Without loss of generality, we take S to
be [0, 1].

Under the right censorship model and letting 7" and T be, respectively, the
failure time and censoring time, we observe i.i.d. copies of (T, A, X(s),s € S),
(Ty, Ay, X1)y. .oy (T, Ay, X)), where T' = min{7T™", T°} is the observed time event
and A = [{T" < T°} is the censoring indicator.

3.1.3 Problem statement

Our goal is to estimate ag = (fy, 5o(+)) to reveal how the functional covariates
X(+) and other scalar covariates Z relate to survival.
Let & = (6,3(-)) be an estimate from the data. It is critical to define the risk

function to measure the accuracy of the estimate. Let W = (Z, X) and

(W) =0'Z + /0 B(s)X (s)ds.

Define an Lo-distance such that

P (@ 00) = B{ A (s (W) - nao(W)>2}. (3.3)
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Based on this Lo-distance, we show that the accuracy of f is measured by the usual Lo-
norm ||0 — 6|, and the accuracy of § is measured by a weighted Lo-norm [|5 — Bo||c.s

where

Ca(s,1) :COV(AX(S), AX(t)), and  [|8]%, = / / B(s)Cal(s,t)3(t)dsdt.

It worth noting that we do not consider the convergence of B with respect to the usual
Lo-norm in the present paper. In general, ||§ — 5|2 = fol(B(t) — Bo(t))?dt may not
converge to zero in probability, and to obtain the convergence of || — |2 one needs
additional smoothness conditions linking 3 to the functional predictor X; see [41] for
a discussion of this phenomenon for functional linear models. On the other hand,
in the presence of censoring, the Kullback-Leibler distance between two probability
measures P, 4 and Py, o, is equivalent to the Lo distance d in (3.3). When failure
times T" are fully observed, i.e. A =1 is true regardless of X(s), the || - |[c, norm
becomes || - ||¢, where C(t,s) = Cov(X (), X(s)) is the covariance function of X. This
norm || - ||c has been widely used for functional linear models (e.g. [42]).

Recently, [43] studied a similar functional Cox model to establish some asymptotic
properties but without investigating the optimality property. Moreover, their estimate
of the parametric component converges at a rate which is slower than root-n. Thus,
it is desirable to develop new theory to systematically investigate properties of the
estimates and establish their optimal asymptotic properties. In addition, instead of
assuming that both §y and X can be represented by the same set of basis functions,
we adopt a more general reproducing kernel Hilbert space framework to estimate the
coefficient function.

In this chapter, we will discuss the convergence of the estimator & = (é, B) under
the framework of the reproducing kernel Hilbert space and the Cox model. The true
coefficient function Sy is assumed to reside in a reproducing kernel Hilbert space
‘H(K) with the reproducing kernel K, which is a subspace of the collection of square
integrable functions on [0,1]. There are two main challenges for our asymptotic
analysis, the nonlinear structure of the Cox model, and the fact that the reproducing

kernel K and the covariance kernel Cx may not share a common ordered set of
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eigenfunctions, so By can not be represented effectively by the leading eigenfunctions
of Ca. We obtain the estimator by maximizing a penalized partial likelihood and
establish y/n-consistency, asymptotic normality, and semi-parametric efficiency of the
estimator 6 of the finite-dimensional regression parameter.

A second optimality result is on the estimator of the coefficient function, which
achieves the minimax optimal rate of convergence under the weighted Lo-risk. The
optimal rate of convergence is established in the following two steps. First, the con-
vergence rate of the penalized partial likelihood estimator is calculated. Second, in
the presence of the nuisance parameter hg, the minimax lower bound on the risk
is derived, which matches the convergence rate of the partial likelihood estimator.
Therefore the estimator is rate-optimal. Furthermore, an efficient algorithm is devel-
oped to estimate the coefficient function. Implementation of the estimation approach,
selection of the smoothing parameter, as well as calculation of the information bound

1(0) are all discussed in detail.

3.2 Main Results

We estimate oy = (6o, o) € RP x H(K) by maximizing the penalized log partial
likelihood,
Gy = arg Minyepp w340y ln (@) + A J(8), (3.4)

where the negative log partial likelihood is given by

(@) = S A (W)~ tog 3 explna (7)) (35)

i=1 T;>2T;

J is a penalty function controlling the smoothness of 3, and A is a smoothing param-
eter that balances the fidelity to the model and the plausibility of 5. The choice of
the penalty function J(-) is a squared semi-norm associated with A and its norm. In
general, H(K) can be decomposed with respect to the penalty J as H = N; + H;,
where N is the null space defined as

Ny =A{B e H(K): J(B) =0},
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and H; is its orthogonal complement in H. Correspondingly, the kernel K can be
decomposed as K = K+ K, where K, and K are kernels for the subspace N; and

‘H1 respectively. For example, for the Sobolev space,
Wom = {f [0,1] = R| £, f',... f™ Yare absolutely continuous, f™ ¢ LQ},

endowed with the norm
m—1 1
b = S S9(0) + / (F) (s))ds, (3.6)
v=0

where the penalty J(-) in this case can be assigned as J(f) = fol(f(m)(s))2ds.

We first present some main assumptions:
(A1) Assume E(AZ) =0 and E(AX(s)) =0,s € [0, 1].

(A2) The failure time 7" and the censoring time 7 are conditionally independent

given W.

(A3) The observed event time T;, 1 < i < n is in a finite interval, say [0, 7], and
there exists a small positive constant € such that: (i) P(A = 1|IW) > ¢, and (ii)

P(T¢ > 7|WW) > ¢ almost surely with respect to the probability measure of .

(A4) The covariate Z takes values in a bounded subset of RP| and the Ly-norm || X||2

of X is bounded almost surely.

(A5) Let 0 < ¢ < ¢3 < 00 be two constants. The baseline joint density f(¢, A = 1)
of (T, A =1) satisfies ¢; < f(t,A=1) < ¢y for all t € [0, 7].

Condition (A1) requires Z and X to be suitably centered. Since the partial likeli-
hood function (3.5) does not change when centering Z; as Z; — > A;Z;/ > A; or X;
as X; — > A X,/ >0 A, centering does not impose any real restrictions. In addition,
centering by E(AZ) and E(AX), instead of centering by E(Z) and E(X), simpli-
fies the asymptotic analysis. Conditions (A2) and (A3) are common assumptions

for analyzing right-censored data, where (A2) guarantees the censoring mechanism
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to be non-informative while (A3) avoids the unboundedness of the partial likelihood
at the end point of the support of the observed event time. This is a reasonable
assumption since the experiment can only last for a certain amount of time in prac-
tice. Assumption (A3)(i) further ensures the probability of being uncensored to be
positive regardless of the covariate and (A3)(ii) controls the censoring rate so that
it will not be too heavy. Assumption (A4) places a boundedness restriction on the
covariates. This assumption can be relaxed to the sub-Gaussianity of ||X||2, which
implies that with a large probability, || X||2 is bounded. Condition (A5) and condition
(A1) together guarantee the identifiability of the model. Moreover the joint density
f(T,Z,X,A = 1) is bounded away from zero and infinity under assumptions (A3)-
(A5), which is used to calculate the information bound and convergence rate later in
Theorem 3.2.1 and Theorem 3.2.2.

Let (W) = exp(n.(W)), then the counting process martingale associated with
model (1) is:

M(t) = M(H|W) = AI{T < t} — / T > w)r(W)dH(u)

where Hy(t) = fg ho(u)du is the baseline cumulative hazard function. For two se-
quences a : k> 1 and by : k£ > 1 of positive real numbers, we write ay < by if there
are positive constants ¢ and C' independent of k such that ¢ < a;/by < C for all

kE>1.
Theorem 3.2.1 Under (A1)-(A5), the efficient score for the estimation of 6 is
BTAW) = [(Z =) = (X))
where (a*, g*) € Ly x H(K) is a solution that minimizes
E{A|1Z - a(T) - n,(X)|12}.

Here a* can be expressed as a*(t) = E[Z — n(X)|T = t, A = 1]. The information

bound for the estimation of 0 is

1(0) = E[l5(T, A, W)]** = E{A[Z — a*(T) — ng-(X)]**},
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where y*? = yy' for column vector y € RY.

Recall that K and C'a are two real, symmetric, and nonnegative definite functions.
Define a new kernel K'/2CxK'? : [0,1]> — R, which is a real, symmetric, square
integrable, and nonnegative definite function. Let Ly1/2¢, 1/2 be the corresponding
linear operator Ly — L. Then Mercers theorem [4] implies that there exists a set
of orthonomal eigenfunctions {¢y : £ > 1} and a sequence of eigenvalues s; > so >

... > 0 such that
K'POAKY(s,1) = > skdn(s)dn(t),  Liijecyire(dr) = si.
k=1
Theorem 3.2.2 Assume (A1)-(A5) hold.

(i) (consistency) d(é, ag) 2> 0, provided that X — 0 as n — oco.

(ii) (convergence rate) If the eigenvalues {sy, : k > 1} of K'2CaAK'Y? satisfy s, <

k=2 for some constant 0 < r < 0o, then for A = O(niﬁﬁ) we have

d(&, o) = Op(n~71).
(iii) If 1(0) is nonsingular, then ||6 — 6,2 = Op(n~771) and

lim Tim  sup Prgs {16y — ollos = An~7 | = 0.

A—00 n—o0 BoeH(K)

Theorem 3.2.2 indicates that the convergence rate is determined by the decay
rate of the eigenvalues of K'/2Ca K'/?, which is jointly determined by the eigenvalues
of both reproducing kernel K and the conditional covariance function Cx as well
as by the alignment between K and Ca. When K and Ca are perfectly aligned,
meaning that K and Ca have the same ordered eigenfunctions, the decay rate of
{sk : k > 1} equals to the summation of the decay rates of the eigenvalues of K
and Ca. [42] established a similar result for functional linear models, for which the
optimal prediction risk depends on the decay rate of the eigenvalues of K'/2CK'/2,
where C' is the covariance function of X.

The next theorem establishes the asymptotic normality of 6 with root-n consis-

tency.
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Theorem 3.2.3 Suppose (A1)-(A5) hold, and that the Fisher information 1(0) is

A A

nonsingular. Let & = (0, 3) be the estimator given by (3.4) with A = O(n_%). Then

V(0 — 00) = n7 21 (00) S 1 (Th A Wi) + 0,(1) 5 N (0, 5),

=1

where ¥ = I71(6y).

For the nonparametric coefficient function S, it is of interest to see whether the
convergence rate of B in Theorem 3.2.2 is optimal. In the following, we derive a

minimax lower bound for the risk.

Theorem 3.2.4 Assume that the baseline hazard function hg € F = {h : H(t) =
fot h(s)ds < oo, for any 0 < t < oo}. Suppose that the eigenvalues {sy : k > 1} of
K'2CAKY? satisfy s < k=% for some constant 0 < r < oco. Then,

lim lim inf sup sup Pao,ho{HB - ﬂOHC > an‘ﬁ} =1,
a—=0n—00 & o cRPxH(K) ho€F A

where the infimum is taken over all possible predictors & based on the observed data.

Theorem 3.2.4 shows that the minimax lower bound of the convergence rate for

2r+1) which is determined by r and the decay rate of the eigen-

estimating fy is n ="/
values of K2CAK'?. We have shown that this rate is achieved by the penalized

partial likelihood predictor and therefore this estimator is rate-optimal.

3.3 Computation of the Estimator
3.3.1 Penalized partial likelihood

In this section, we present an algorithm to compute the penalized partial likelihood
estimator. Let {&1,...&,} be a set of orthonormal basis of the null space with m =
dim(N). The next theorem provides a closed form representation of B from the

penalized partial likelihood method.
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Theorem 3.3.1 The penalized partial likelihood estimator of the coefficient function

s given by
m n 1
H=>dan+Y e / X,(s) Ky (5, 1)ds, (3.7)
k=1 i=1 0

where dy, (k=1,...m) and ¢; (i =1,...n) are constant coefficients.

Theorem 3.3.1 is a direct application of the generalized version of the well-known
representer lemma for smoothing splines (see [44] and [45]). We omit the proof
here. In fact, the algorithm can be made more efficient without using all n bases
fol Xi(s)Ki(s,t)ds, i = 1,...,n in (3.7). [3] showed that, under some conditions, a
more efficient estimator, denoted by 33, sharing the same convergence rate with ﬁA,\,

can be calculated in the data-adaptive finite-dimensional space
:NJ S {Kl(Xja ')7 J=1... aq}>
where {X;} is a random subset of {X; : A; = 1} and

Xj,'):/o Xj(S)Kl(S,')dS.

Here, ¢ = ¢, =< n?/®FV%< for some s > 1 and p € [1,2], and for any ¢ > 0. Therefore,

B3 is given by
m q
)= d&i(t) + > Ki(X;,)
k=1 j=1

The computational efficiency is more prominent when n is large, as the number of
coefficients is significantly reduced from n +m to ¢ + m.

For the Sobolev space W ,,, the penalty function J(-) fo ))3ds,
and (3.4) becomes

(0,8,) = argmin ——ZA {na ;) — log Z exp(nq (W,

0ER?P,BEWS 1y T, >T;

+)\/0 (B (s))2ds. (3.8)

Let &, =t""'/(v—1)!, v =1,...m, be the orthonormal basis of the null space

= {@ € Wam, /01(5(m)(s))2ds = o}.
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Write G, (t,u) = (t — )" /(m — 1)!, then the kernels are in forms of

=360, and Ka(sit) = [ Gl u)Gonlt )

Hence, the estimator is given by

—Zdvgu(t)‘i‘zci/o Xi(s)K;(s,t)ds. (3.9)

We may obtain the constants ¢; and d; as well as the estimator 0 by maximizing the

objective function (3.8) after plugging B,\(t) back into the objective function.

3.3.2 Choosing the smoothing parameter

The choice of the smoothing parameter A is always a critical but difficult question.
In this section, we borrow ideas from [3] and provide a simple GCV method to choose
A. The key idea is to draw an analogy between the partial likelihood estimation
and weighted density estimation, which then allows us to define a criterion analogous
to the Kullback-Leibler distance to select the best performing smoothing parameter.
Below we provide more details.

Let 41,...in be the index for the uncensored data, i.e A;, =1, for k =1,...N
and N =Y 7 A;. Define weights w;, () as w;, (t) = I{t > T;,} and

Wiy, (t) ena(w)

Zivzl Wi, (t)ena (w)

Following the suggestion in Section 8.5 of [3]|, we extend the Kullback-Leibler

fo‘“k (tv w) =

distance for density functions to the partial likelihood as follows,

fa()l%{ faollk (T3, Wi, )}

Kl a) = ® T (T W)

i

67)&0( ) | elax (Wzk)
— 1o .
oot { Z;;l wi, (T;)enoWs) i Doy Wiy (Ty) e () }

Jj=
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Dropping off terms not involving &), we have a relative KL distance

N
. 1
RKL(Gy, o) = N ZEfaouk Nay (W ZIOngu T;)eax Wi,
k=1

The second term is ready to be computed once we have an estimate &, but the first

term involves g and needs to be estimated. We approximate the RKL by

n

RKL(Gx, o) = —%Z ZA log »  exp{na, (W;)}.

i=1 T;>T;

Based on this R/K\L(d x ), a function GCV(A) can be derived analytically when

replacing the penalized partial likelihood function by its quadratic approximation,

GCV(\) = —% Z Nay (W) + n(n;_l)tr[(SH_lS)(diagA — A1'/n)]
+ ZA log Z exp{na, (W;)}.

Details of deriving GCV()) are given in Section 3.5.5.

3.3.3 Calculating the information bound /(6)

To calculate the information bound I(#), we apply the ACE method [46], the
estimator of which is shown to converge to (a*, ¢*). For simplicity, we take Z as
a one-dimensional scalar. When Z is a vector, we just need to apply the following
procedure to all dimensions of Z separately.

Theorem 3.2.1 shows that
1(0) = E{A[Z — a*(t) — ng-(X)]**}
with (a*, g*) € Ly x H(K) being the unique solution that minimizes
E{Al|Z - a(T) = n,(X)|}.

Furthermore, the proof of Theorem 3.2.1 reveals that this is equivalent to the follow-

ing: (a*, g*) is the unique solution to the equations:

E(Z —a" —ng|T,A=1)=0, a.s. P;u),
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E(Z —a"—ng|X,A=1)=0, as. P)((u),

where P}") and P)((“) represent, respectively, the measure space of (T, A = 1) and
(X,A=1).

The idea of ACE is to update a and ¢ alternatively until the objective function
e(a,g) = EA||Z — a(T) — ny(X)||? stops to decrease. In our case, the procedure is as

follows:
(i) Initialize a and g,

(ii) Update a by
o(T) = E(Z — T, A = 1)

(iii) Update g such that
ny(X)=E(Z —alX,A=1)

(iv) Calculate e(a,g) = EA||Z —a(T) —ny(X)||* and repeat (ii) and (iii) until e(a, g)

fails to decrease.

In practice, we replace EA||Z — a(T) — ny(X)||* by the sample mean
1 n
cla.g) = 2 AIZ - a(T) ~ (X
i=1

As for a and g, we need to employ some smoothing techniques. For a given g € H(K)

we calculate
=y N[Z - (X)) D A,
T,=T; T;=T;

and update a(t) as the local polynomial regression estimator for the data (77, ay), ..., (T}, @y ).

For a given a € Ly we calculate
y; = Z; — a(Ty), for all A; =1,
and update g by fitting a functional linear regression

v= [ o)X (s + e,
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based on the data (y;, X;) with A; = 1. More details can be find in [45]. When (a*, ¢*)
is obtained, /(6) is estimated by

10) = = " Az — (1) = e (X0

3.4 Numerical Studies

In this session, we first carry out simulations under different settings to study
the finite sample performance of the proposed method and to demonstrate practical
implications of the theoretical results. In the second part, we apply the proposed
method to data that were collected to study the effect of early reproduction history

to the longevity of female Mexican fruit flies.

3.4.1 Simulations

We adopt a similar design as that in [45]. The functional covariate X is generated
by a set of cosine basis functions, ¢; = 1 and ¢y, (s) = v/2cos(kns) for k > 1, such
that

X(s) =Y GUr(s),

where the Uy, are independently sampled from the uniform distribution on [—3, 3] and
G = (=P k72 with v = 1, 1.5, 2, 2.5. In this case, the covariance function of X
is C(s,t) = S o0, 3k~ ér(s)¢x(t). The coefficient function §y is

50

Bo =Y (—1)* k¢,

=1

which is from a Sobolov space W, 2. The reproducing kernel takes the form:
1
K(s,t) =1+ st+ / (s —u)y(t —u)idu,
0

and K; = fol(s — u)4(t — u);du. The null space becomes N; = span{l,s}. The

penalty function as mentioned before is J(f) = [(f”)?. The vector covariate Z is set
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to be univariate with distribution N (0, 1) and corresponding slope § = 1. The failure

time T is generated based on the hazard function

h(t) = ho(t) exp {9'2 n /O 1 X(s)ﬁo(s)ds},

where hy(t) is chosen as a constant or a linear function ¢t. Given X, T* follows an ex-
ponential distribution when A is a constant, and follows a Weibull distribution when
ho(t) = t. The censoring time 7 is generated independently, following an exponen-
tial distribution with parameter v which controls the censoring rate. When ho(t) is
constant, v = 19 and 3.4 lead to censoring rates around 10% and 30% respectively.
Similar censoring rates result from v = 15 and 3.9 for the case when ho(t) =t. (T, A)
is then generated by 7' = min{T", T} and A = I{T" < T°}.

The criterion to evaluate the performance of the estimators B is the mean squared

error, defined as
MSE) = { o 30 A0 —ms(%9)
i= i=1

which is an empirical version of || B— Bollcy- To study the trend as the sample size
increases, we vary the sample size n according to n = 50, 100, 150, 200 for each value
v =1, 1.5, 2, 2.5. For each combination of censoring rate, hy, v and n, the simulation
is repeated 1000 times, and the average mean squared error was obtained for each
scenario.

Note that for a fixed «, E(A|X) is roughly a constant for different values of v.
Therefore Ca(s,t) is approximately proportional to C(s,t) = S50 k™ ¢p(s)br(t).
In this case, v controls the decay rate of the eigenvalues of Ca and K'2Cy K2, Tt
follows from Theorem 3.2.2 that a faster decay rate of the eigenvalues leads to a faster
convergence rate. Figure 3.1 displays the average MSE based on 1000 simulations.
The simulation results are in agreement with Theorem 3.2.2; it is very clear that when
v increases from 1 to 2.5 with the remaining parameters fixed, the average MSEs
decrease steadily. The average MSEs also decrease with the sample sizes. Besides, for

both the exponential and Weibull distribution, the average MSEs are lower for each



0.14

Exponential, censor rate 10%

0.12-

Average MSE

—8—v=1
— % -v=15
CO V=2
—+— v=25 ||

50

0.14

100 150 200
Sample size n

Weibull, censor rate 10%

0.1%

Average MSE
o
8

o
o
>

0.04

0.02

—8—v=1
— % -v=15
SO V=2
—+= v=25 ||

50

Figure 3.1. The average MSE based on 1000 simulations. The top
panel is for the constant baseline hazard function and the bottom
panel is for the linear baseline hazard function. For each panel, from
left to right, the censoring rate is controlled to be around 10% and
30%. The sample sizes are n = 50,100, 150,200 and the decay rate

100 150 200
Sample size n

parameters are v = 1,1.5,2,2.5.

Average MSE

Average MSE

0.14

o
o
@

o
o
>

Exponential, censor rate 30%

—8—v=1
— % -v=15
CO V=2
—+— v=25 ||

0.04
1]
B ¥
R
0.02 1
50 100 150 200
Sample size n
Weibull, censor rate 30%
0.14 ! !
b —8—v=1
— % -v=15
2\ COv=2
0.2k —t— v=25 |
0.1
0.08
0.06
0.04
0.02 ,
. .

50

100

150

Sample size n

63



64

setting at the 10% censoring rate comparing to the values for the 30% censoring rate.
This is consistent with the expectation that the lower the censoring rate is, the more
accurate the estimate will be.

Averages and standard deviations of the estimated g, for each setting of v and
n over 1000 repetition for the case of hy = ¢ and 30% censoring rate, are given in
Table 3.1. For each case of v, as n increases, the average of 6 gets closer to the true
value and the standard deviation decreases. Noting that the results do not vary much
across different values of v, as v is specially designed to examine the estimation of 3
and has little effect on the estimation of 6.

For each simulated dataset, we also calculated the information bound () based
on the ACE method proposed in Section 3.3. The inverse of this information bound,
as suggested by Theorem 3.2.3, can be used to estimate the asymptotic variance of
. We further used these asymptotic variance estimates to construct a 95% confi-
dence interval for #. Table 3.2 shows the observed percentage the constructed 95%
confidence interval covered the true value 1 for the various settings. As expected, the
covering rates increase towards 95% as n gets larger. Results for other choices of hg

and censoring rates were about the same and are omitted.

3.4.2 Mexican Fruit Fly Data

We now apply the proposed method to the Mexican fruit fly data in [47]. There
were 1152 female flies in that paper coming from four cohorts, for illustration purpose
we are using the data from cohort 1 and cohort 2, which consist of the lifetime and
daily reproduction (in terms of number of eggs laid daily) of 576 female flies.

We are interested in whether and how early reproduction will affect the lifetime
of female Mexican fruit flies. For this reason, we exclude 28 infertile flies from cohort
1 and 20 infertile flies from cohort 2. The period for early reproduction is chosen to
be from day 6 to day 30 based on the average reproduction curve (Figure 3.2), which
shows that no flies laid any eggs before day 6 and the peak of reproduction was day
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Table 3.1.
Average and standard deviation of 6. (hy = ¢, 30% censoring rate)

n v=1 v=15 v=2 v =25
1.061 1.064 1.064 1.065
» (0.264) (0.265) (0.264) (0.265)
1.027 1.030 1.031 1.031
10 (0.164) (0.164) (0.164) (0.163)
1.013 1.016 1.017 1.018
10 (0.133) (0.132) (0.131) (0.131)
1.011 1.013 1.015 1.016
200
(0.111) (0.111) (0.110) (0.110)
Table 3.2.

Covering rate of the 95% confidence intervals for 6. (ho = ¢, 30% censoring rate)

n v=1 v=15 v =2 v =25
50 91.5% 91.9% 92.0% 91.5%
100 93.3% 92.4% 92.4% 93.0%
150 93.5% 93.1% 93.9% 93.4%

200 93.6% 93.7% 93.9% 93.8%
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Figure 3.2. Average number of eggs laid daily for both cohorts

30. Once the period of early reproduction was determined to be [6,30], we further
excluded flies that died before day 30 to guarantee a fully observed trajectory for all
flies and this leaves us with a total of 479 flies for further exploration of the functional
Cox model. The mean and median lifetime of the remaining 224 flies in cohort 1 is
56.41 and 58 days respectively; the mean and the median lifetime of the remaining
255 flies in cohort 2 is 55.78 and 55 days respectively.

The trajectories of early reproduction for these 479 flies are of interest to re-
searchers but they are very noisy, so for visualization we display the smoothed egg-
laying curves for the first 100 flies (Figure 3.3). The data of these 100 flies were
individually smoothed with a local linear smoother, but the subsequent data analysis
for all 479 flies was based on the original data without smoothing.

Using the original egg-laying curves from day 6 to day 30 as the longitudinal co-
variates and the cohort indicator as a time-independent covariate, the functional Cox
model resulted in an estimate 6 = 0.0562 with 95% confidence interval [—0.1235, 0.2359).
Since zero is included in the interval, we conclude that the cohort effect is not sig-

nificant. Figure 3.4 shows the estimated coefficient function 3 for the longitudinal
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Estimation with all 479 observations
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Figure 3.4. Estimated coefficient function 3(s) using all 479 observa-
tions and 95% pointwise c.i. for B(s).

covariate. The shaded area is the 95% pointwise bootstrap confidence interval. Un-
der the functional Cox model, a positive B (s) yields a larger hazard function and a
decreased probability of survival and vice versa for a negative 3(s).

Checking the plot of 3(s), we can see that 3(s) starts with a large positive value,
but decreases fast to near zero on day 13 and stays around zero till day 22, then
declines again mildly towards day 30. The pattern of B (s) indicates that higher early
reproduction before day 13 results in a much higher mortality rate suggesting the high
cost of early reproduction, whereas a higher reproduction that occurs after day 22
tends to lead to a relatively lower mortality rate, suggesting that reproduction past
day 22 might be sign of physical fitness. However, the latter effect is less significant
than the early reproduction effect as indicated by the bootstrap confidence interval.
Reproduction between day 13 and day 22 does not have a major effect on the mortality
rate. In other words, flies that lay a lot of eggs in their early age (before day 13) and
relatively fewer eggs after day 22 tend to die earlier, while those with the opposite

pattern tend to have a longer life span.
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Table 3.3.
Values of fixed cut-off point and parameters for generating random
cut-off point, followed by the actual censored percentage for both
cohorts and the whole data.

fixed cut-off point random cut-off point
TC=71|T =62 | T~ exp(450) | T ~ exp(150)

(10%) (30%) (10%) (30%)

Cohort 1 | 0.138 0.339 0.0.071 0.353

Cohort 2 | 0.067 0.259 0.110 0.251

Total 0.100 0.296 0.092 0.300

The Mexfly data contains no censoring, so it is easy to check how the proposed
method works in the presence of censored data. We artificially randomly censor the
data by 10% and then again by 30% using an exponential censoring distribution with
parameter v = 450 and 150, respectively. The estimated coefficient 6 and corre-
sponding 95% confidence intervals are given in Table 3.4. Regardless of the censoring
conditions, all the confidence intervals contain zero and therefore indicate a non-
significant cohort effect. This is consistent with the previous result for non-censored
data. The estimated coefficient functions B and the corresponding pointwise boot-
strap confidence intervals are displayed in Figure 3.5. Despite the slightly different
results for different censoring proportions and choice of tuning parameters, all the B
have a similar pattern. This indicates that the proposed method is quite stable with

respect to right censorship, as long as the censoring rate is below 30%.

3.5 Technical Proofs

We first introduce some notations by denoting d(f1,02) = ||f1 — B2l|c,, for
any 81,82 € H(K); Y(t) = Lirsy; Yi(t) = Lizyzn, 1 < j < n; and 73(X;) =
I B(s)Xi(s)ds.



R Table 3.4.
The estimated € and 95% confidence interval for 8 under different
censoring conditions.

10% censoring | 30% censoring

0.0929 0.0757
fixed cut-off point
[-0.0914, 0.2772 ] | [-0.1268 0.2870]
0.0104 0.1863

random cut-off point
[-0.1705, 0.1913] | [-0.0177,0.3903]

10% censored, random cut-off point 30% censored, random cut-off point
0.2 0.24
0.1 0.14
< <
0.0 0.0
-0.14 -0.14
1 1 1 1 1 1 1 1 1 1 1 1
5 10 15 20 25 30 5 10 15 20 25 30
Age (days) Age (days)
10% censored, fixed cut—off point 30% censored, fixed cut-off point
0.2 0.24
0.1 0.14
< <
0.0 0.0
-0.14 -0.14
T T T T T T T T T T T T
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Figure 3.5. Estimation for §(s) with censored data and 95% pointwise c.i.
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Recall that W = (Z, X) represents the covariates, a = (6, ) represents the
corresponding regression coefficient with 6 the coefficient for Z and 3 the coefficient
function for X (-), and the true coefficient is denoted as ag = (o, 5y). The index
Na(W) =0'Z + fol B(s)X (s)ds summarizes the information carried by the covariate

W. To measure the distance between two coefficients a; and ay we use
d(O‘b a2)2 = E(A[%I(W) - naz(W)]2>'

Furthermore, we denote

Son(t, ) = %Z }/j@)@na(wj), So(t, o) = E{Y(t)e”“(w)},

Jj=1

and for a € Ly x H(K),
Sin(t, )[a] = %Zﬁ(t)en"‘(wj)na(wj))v Si(t, a)[a] = E[Y (t)e" s (W))].

Define

m(t, W, a) = [na(W) — log Son(t, )] Ljo<t<r},
and

mo(t, W, a) = [n.(W) — log So(t, @) 1o<i<r}-

Let P, and P be the empirical and probability measure of (T;, A;, W;) and (T, A, W),
respectively, and Pa, and Pa be the subprobability measure with A; =1 and A =1
accordingly. The logarithm of the partial likelihood is M, () = Papmy, (-, ). Let
My(a) = Pamg(-, ). Note that Py is restricted to T € [0, 7] due to the 1{0 <t < 7}
term.

A useful identity due to Lemma 2 in [31] is

S1(t, a)[a]
So(t, Oé)

=Ena(W)|T =t, A =1]. (3.10)
3.5.1 Proof of Theorem 3.2.1

The log-likelihood for a single sample (¢, A, Z, X(+)) is

1t 0,5) = Allog ha(t) + 20 + [ X()5(5)ds] = Holt) el 20+ [ X(5)5(5)ds)
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where Hy(t) = fot ho(u)du is the baseline cumulative hazard function. Consider a
parametric and smooth sub-model {h(,,) : 1 € R} satisfying h(o) = ho and

8 log h(m) ;
O

Let 10(u0)(X) = 13(X) + 1usg(X), for g € H(K). Therefore 1) = 1z(X) and

on(p2)
8;@

o = a(t).

(X)

:UQ(X)-

p2=0
Recall that 7(W) = exp(n,(W)), and M(t) is the counting process martingale asso-
ciated with model (1),

M(t)=M{EW)=AI{T <t} — /t IH{T > u}r(W)dHy(u).

The score operators for the cumulative hazard Hj, coefficient function 3, and the
score vector for ¢ are the partial derivatives of the likelihood I(h(y,), 0, 7u,)) with
respect to uy, po and 6 evaluated at p; = g = 0,

iga:= Aa(T) —r(W) /000 Y(t)a(t)dHo(t) = /000 a(t)dM(t),

ing = (X)[A = r(IW)H(T) = [ my(X)aM ()
0
io 1= Z[A — (W) Hy(T)] = / ZdM(t).

0
Define L(PM) := {a € £y : E[Ad*(T)] < oo} and L(PY) = {g € H(K) :
E[An,(X)] = 0: E[A7(X) < oc}. Let

Ap = {iga: a € L(P{")},
and
G ={igg: g € L(PY")}.

To calculate the information bound for 6, we need to find the (least favorable) direc-

tion (a*, g*) such that iy —iga* —igg* is orthogonal to the sum space A = Ay + G.

That is, (a*, g*) must satisfy

E[(ig — ina* — igg*)iga] = 0, a € L(PL),
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E[(ig — iga™ —igg*)igg] =0, g€ L(P(u))
Following the proof of Theorem 3.1 in [34], we can show that (a*, g*) satisfies
E[A(Z — a* —ng-)a) =0, a € L(PW), (3.11)
E[A(Z — a* —ng)n,) =0, g€ L(PY). (3.12)
Therefore, (a*, g*) is the solution to the following equations:
E(Z —a" —ng|T,A=1)=0, a.s. P:(Fu),

E(Z —a* —ny =1)=0, a.s. P)((u).

So, (a*,¢*) € L(P™™) x L(P{") minimizes

E{A]|Z - a(T) = n,(X)|[}. (3.13)

It follows from Conditions A3 and A4 that the space L(P( )) X L(P( )) is closed, so
that the minimizer of (3.13) is well-defined. Further, the solution can be obtained by
the population version of the ACE algorithm of [46]. [ |

3.5.2 Proof of Theorem 3.2.2

For some large number M, such that ||0y|| < M and ||Bo||x < M, define Ry, =
{0 € RP,|[0]|oc < M} and HM = {8 € H(K),||B||lx < M}. Let o™ = (6™, 3M) be
the penalized partial likelihood estimator with minimum taken over LM x HM  i.e.

oM =arg min —n” ZA{% ;) — log Z exp{n.(W;)}} + X- J(B). (3.14)

Ry xHM
*€Ry T;>T,

We first prove that

sup  |M(a) — Mo(a)| 5 0. (3.15)

aER s X HM
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Observe that

| M, () — Mop(a)]
< |Panmn (-, @) — Papmo(-, )| + | Panmo(-, a) — Pamg(-, o)
< Pan|log Son (T, o) —log So(T', @) [1jo<r<ry + [(Pn — P)Amo(-, a)|

< sup [Son(t, @) — So(t, @)| + [(P, — P)Amg(-, «)|

~

0<t<r

= sup |[(P, — P)Y(t)e"™ M) 4+ |(P, — P)Amyg(-, )|

0<t<r
Lemma 3.3 shows that F; = {Amg(t, W, ) : a € Ry, x HM} and F, = {Y (t)emW) .
ac€Ry xHM 0<t< 7} are P-Glivenko-Cantelli, which means that both terms
on the righthand side above converge to zero in probability uniformly with respect to
a € Ry x HM. Therefore (3.15) holds.
The definition of o™ in (3.14) indicates that

— M, (a™) + AJ(BM) < =M, (o) + A (Bo).

Rearranging the inequality with M, (a™) on one side and the fact that A — 0 as
n — oo lead to
M, (a™) > M, (ag) — 0,(1). (3.16)
On the other hand, lemma 3.2 implies that supy(, o0)>e Mo(a) < My(ap). Com-
bining this with (3.15) and (3.16) and by the consistency result in [48, Theorem 5.7
on Page 45], we can show that o is consistent, i.e. d(a™ ay) o

Part (i) now follows from
d(&, ap) < d(&, a™) + d(a™, ay),

and P(a = a™) = P(||Bllx < M,||0]|.c < M) = 1, as M — oo, ie. d(d,a™) —
Oa.s..

For part (ii), we follow the proof of Theorem 3.4.1 in [49]. We first show that

E*  sup  /n|(My — Mo)(a — ao)| < én(9), (3.17)
6/2<d(e,00)) <6
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where ¢,,(8) = 6 2 . Direct calculation yields that

(M,, — Mp)(ax — o)
= Panmn (-, &) = Panmin (-, a0) — Pamo(-, &) + Pamo(-, o)
= (Pan = Pa)(mo(-, @) — mo (-, o))

+Pan(ma (-, o) = mn (-, 0) — mo(-, @) + mo(+, ag))

= (Pan — Pa)(mo(-, @) = mo(-, a0))
So(T, Oé) B log S()n(T, a)

+Pan(lo
a ( gSO(T, Oéo) Son(T, 040)

)
=I+1I.

For the first term, I = (Pan — Pa)(mo(-, &) —mo(-, ap)). By Lemma 3.4, we have

sup |1 = 0(622;171_1/2).
5/2<d(c,00))<5

For the second term 11, we have

sup |11]
§/2<d(a,00)) <6

So(t, Oé) S()n<t, Oé)
< 1 —log———=
- Sup ‘ Og S()(t, Oéo) Og S()n(t, Oé()) ‘

0/2 <d(a,ap)) <o
t € [0,7]
< sup . Son(t,)  Solt, ) ‘

§/2 <d(o,a9)) <0 Son(t, @0)  So(t; @)

t€[0,7]

Son(t, Oé)So(t, Cvo) — Son(t, OZO)So(t, CY)
So(t, ag)Son(t, an) '

= sup c’
0/2 < d(a,a9)) <6

t€[0,7]
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For t € [0, 7], the denominator Sy(t, a)Son(t, ap) is bounded away from zero with

probability tending to one. The numerator satisifes

Son(t, Oé)So(t, ao) — Sgn(t, ao)SO(t, a)
= S[)(t, Oéo)[Son(t, Oé) — S()n(t7 O[()) — S()(t, O./) + S()(t, O{())]
—{Son(t, Oé()) — S()(t, Oéo)] [So<t, Oé) — So(t, Oé())].

For the first term on the right side, we have Sy(t, ap) = O(1) and

[Son(t, Oé) — Son(t, Oéo) — So(t, O[) + Sg(t, Oé())]

= (P, — P){Y(t) [ exp(na(W)) — exp(na,(W))] }.

Define the above (P, — P){Y () [ exp(na(W)) — exp(na, (W))] } & 111.

Lemma 3.4 implies that
2r

sup 1I1I] = O(5 % n~V/?),
5/2<d(,00))<5

For the second term, the Central Limit Theorem implies Sp,(t,a0) — So(t, o) =

O,(n~1?), and

So(t,) — So(t,00)] < B{Y ()] exp(a(1V) — explnag (W))]}
< (Ebnw) — n (9)2)”
< d(a, ap).

Therefore

sup |1 < O(6°% n~V2) + O(6n~ /%) = O(8"= n~'/?).
5/2<d(,a0))<6

Combining I and /1 yields

E*  sup  n|(M,— Mo)(a— ag)| S OB ).

§/2<d(cv,00))<8

Furthermore, Lemma 3.2 implies

sup Pamy (-, @) — Pamg(-, ag) < —0°.

5/2<d(cx0))<6
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Let r, = n¥ 1. It is easy to check that r, satisfies r2¢, (L) < \/n, and

Tn

Mo (@) = Mu(ao) + AT (By) = J(Bo)] = My(ao) = Op(ry?)

n

with A = O(r2) = O(n~741).
So far we have verified all the conditions in Theorem 3.4.1 of [49] and thus conclude
that
(&, ag) = Op(r_l) = Op(niﬁ)-

n

For part (iii), recall the projections a* and ¢* defined in Theorem 3.2.1, then

(&, ap)* = EA[a (W) — 10, (W)]?
— BALZ (6 — 00) + (n;(X) — 13 (X))
— EA[(Z — a*(T) — 1y (X)) (0 — 00) + (a*(T) + 1 (X))(6 — 60)
+ (13(X) = s (X)))?
— BEA[(Z — a*(T) — ny- (X)) (6 — 6))

+EA[(a(T) + 1y (X))(0 = 60) + (n5(X) = ng, (X)), (3.18)

Since I(0) is non-singular, it follows that||§ —6,||> = Op(n_%). This in turn implies

~ 27

d(B, Bo)* = Op(n”2+1).

3.5.3 Proof of Theorem 3.2.3

Let u = (t, Z, X(+)). For g € H(K), define

sofwe)le] = 1y(X) = ZE G st ala] = () - 2,
and for Z € R? and the identify map I(Z) = Z, define
snlu,0)[2] = Z — %, s(u, a)[Z] =ny(X) — S;E)t{:i[)]]’

T n

where Sy, (t, a)[I] = 1 Z?Zle(t)e"a(Wﬂ')Zj and S (t,a)[I] = EY (t)enW) 7.
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By analogy to the score function, we call the derivatives of the partial likelihood
with respect to the parameters the partial score functions. The partial score function

based on the partial likelihood for 6 is

ing(a) = Papsn(, )[Z].
The partial score function based on the partial likelihood for 5 in a direction g € H(K)
is
inp(@)[g] = Pansn(- @)[g]-
Recall that (0, 3) is defined to maximize the penalized partial likelihood, i.e.

—Panmn(+, 0, 8) + A (B) < —Panma(-, 0, 8) + A (B),

for all @ € R? and § € H(K). Since the penalty term is unrelated to 6, the partial

score function should satisfy
ing(Q) = Papsu(+,&)[Z] = 0.
On the other hand, the partial score function for [ satisfies
ins(@)[g] = Pansa(-,a)[g] = O(X) = 0,(n"7), for all g € H(K).
Combining this with Lemma 3.5 and Lemma 3.6, we have

n'2Pa{s(-,90)[Z = B*]}**(0 — 0p) = —n'*Pansn(-,a0)[Z = g°] + 0,(1).

Let
M;(t) = AI{T; <t} — / u) exp(Na, (Wi))dHo(u), 1<i<n.
We can write
_ St w)[Z — g7
nl2p 7 _ — n1/2 / . ! 0 dM;(t).
Ansn( aO)[ g =n Z 77/1 SOn(t 040) ] 1( )
Thus
1/2p 7 _ n—1/2 / . _ A 0 dM;(t
n Ansn( aO)[ g Z 7]h S()(t,Oé()) ] ’L()

_ Sta [Z — ] St a)[Z — g7
_ . —1/2 1 0 g 1 0 e
- Z/ So(t, o) Son(t, ) JaM;(®)-
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Because

n_lz [[(E el ] Sl Z Yy iy, a0 0

by Lenglart’s inequality, as stated in Theorem 3.4.1 and Corollary 3.4.1 of [50], we

have

Y2 Ppnsn(-, 00)[Z — ¢7]
_WZ/ — e (X) — Sl(t:goo“()t),[jo)_g Bandi(t) + 0,(1).

Recall that

Si(t, )2 — g7
So(t,Oéo)

= ElZ =ng(W|IT = t,A = 1] = a’(1).
By the definition of the efficient score function [j, we have

" d
n'?Pansn(-,00)[Z — g7] =n~ '/ Z lo(Ti, Ay, Wi) + 0p(1) — N(0, 1(6o)) -

i=1

3.5.4 Proof of Theorem 3.2.4

To get the minmax lower bound, it suffices to show that, when the true baseline

hazard function hy and the true 6, are fixed and known, for a subset H* of H(K),

lim lim inf sup Pugg,.5,{d(3, o) > an 77} = 1. (3.19)

a—0n—oo /3 BoEH*

If we can find a subset {3, ..., 3N} C H* with N increasing with n, such that

for some positive constant ¢ and all 0 << j < N,

d2(6(i)’5(j ) > 072T+1n 2?11 (3.20)
and
1 N
NZKL(PJ-,PO) < ~logN, (3.21)
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then we can conclude, according to [51] (Theorem 2.5 on page 99), that

; . 2r 2r V N 2’)/
inf sup P(d?(BW, pV)) > eyzriin 1) > 1—92v— 7

which yields

lim lim inf sup P(d(8?,5Y)) > an~z+1) > 1.

a—0 n—oo B BoeH*

Hence Theorem 3.2.4 will be proved.
Next, we are going to construct the set H* and the subset {5, ..., 3"} c H*,
and then show that both (3.20) and (3.21) are satisfied.

Consider the function space

2M
M ={B= > bM ' Lape: (bys, .. ba) € {0,1}M}, (3.22)
k=M+1

where {¢) : k > 1} are the orthonomal eigenfunctions of T'(s,t) = K'/2CAK'/?(s,t)
and M is some large number to be decided later.

For any g € H*, observe that

2M

1811 =11 D oM Lyaagil[i
k=M+1
2M

= D BM YILsenlk
k=M+1
2M

< Y MY Lgepllk
k=M-+1

=1,

which follows from the fact that

< LKl/QQOk, LKl/ngZ > =< LKépk, Y1 >K=< Pk, Y1 > L= 5kl-

Therefore H* C H(K) = {5 : ||f||x < o0}.
The Varshamov-Gilbert bound shows that for any M > 8, there exists a set
B= {6 s . M} c {0,1}Msuch that

L. @ =(0,...,0);
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2. H(b,b') > M/8 for any b # U € B, where H(,-) = 13" (b; — )% is the

1=

Hamming distance;

3. N >2M/8,
The subset {8, ..., 3N} c H* is chosen as S = z]‘fMﬂ b](szMil/QLKI/Q(pk,
1=0,...N.

For any 0 <7 < 7 < N, observe that

dQ(ﬁ(i)’ﬁ(j)> — ]EA(Tlg(i)(X) — ﬁﬁ(j)(X))2

oM
= ey D Oy = b2)M Ll
k=M+1
2M ‘ ’
= Y By )M L Lol
k=M+1
2M ‘ '
= Z (bglM - bl(cj—)M)QMilsk'
k=M+1
On one hand, we have
2M ‘ '
d2(5(7’),5(3)) — Z (b;(QM _ b,?_)MYM‘lsk
k=M+1
M . .
> sy MY (0 —b))?
k=1
= dsou MTTH(Y,0)
Z SQM/Q.
On the other hand, we have
oM A '
d2(/3(z)’5(3)) — Z (b;(.QM _ b]gJZM)QM—lsk
k=M+1
M . .
< SMM*I Z(bl(;) . bl(c]))Q
k=1
< SM-

So altogether,
sanr /2 < d*(BY, BY)) < sy (3.23)
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Let P;, 7 = 1,...N, be the likelihood function with data {(7;, A;, W;(s)),i =
1,...n} and B9, ie

n

1= H [fT”W(E)STC'W(E)}Ai ' [ch\W(E)STﬂW(ﬂ)]I_Ai.

Let cre =[], [STCWV(TZ-)}Ai [STMW(TZ‘)]PAZ’, which does not depend on £, then

Ai 0Zi iy (X
Py = cre [ [ [ho(T3) exp(00Z; + ngear (X:))] ™ - exp{—Ho(T3) - €™ 0 (X

i=1

We calculte the Kullback-Leibler distance between P; and Fy as

P.
KL(P;, Py) = Ep, log
0
—Ep, {Ai S {500 (X0)} + > Ho(T3) %% [exp(no (X))
i=1 i=1

~ exp(n50)(X:))] |
= nEp, ANz _go (X)] + nEp, Ho(T) €7 [exp(ngo (X))
— exp(ng0) (X))]
— nEFERA {Ho(T) [W} e [exp(z0 (X)) = exp(i0 (X)),
where
B} 2 (Ho(T) [W)=E" {E} 4 (Ho(T) [T, W)|W}

Tc

=E"{ [ Ho(t) fraw(t)dt + Hy(TP(T" > T*|T¢,W)|W)},

e
Ho(t) fpupw (t)dt
e

- Ho(t) - ho(t) exp[0Z + ngo) (X)) exp{— Hy(t)e"0? 0 G gy
0

0
_ e—GBZ—ﬂBm(X)/ %50 X (T excp{— Hy (T) - €70% 6 )
0
%0 &) [ ()
= exp(—05Z + 0 (X)) / ue “du ‘ 005y
0 a=e

o(T°)

= exp(—0,Z — Ng (X))l —e ™ —ae™

L07H5(7) (O

a= Ho(Te)



and
P(T" > T°|T¢, W) = Sguw (T°)
= exp{—HO(TC)6962+nﬁ<j>(X)}.
Therefore
E, (Ho(T) T, W)
— ¢ %7 a0 ] _ exp{— Hy(T*)e®” 0 Y] — Hy(T).
exp{—Ho(T*)e"? 50 0} 1 Hy (T€) exp{—Hy(T¢)e" 750 X0}
— 6*96Z7nﬁ(j)(X)[1 . eXp{_HO(TC)e%Z+775(j)(X) }]
= ¢~ 0770 O Proyy (T°)]
= ¢ 070 Cp(Te < ToTe W),
and further
By, (Ho(T) [W)=E"" { B4 (Hy (T) [T, W) | W'}
— ¢ %70 Cp(Te < oW
— ¢ %7 NRA|W].

Then the KL distance becomes

KL(P;, Py) = nEY E[A|W]e %750 %2 exp(ny0 (X)) — exp(rs0) (X))]]

— nEg’AA[exp(m;(o) (X) = ns0 (X)) — 1]
1

= ”EY%AEA(%(O) (X) = 1500 (X)) 4 0(A (1750 (X) = 1500 (X))?)]
< nEp é(nﬁm (X) = 0300 (X))* + 0( (0 (X) = 150 (X))?)]

S nd?(89), 8)
<nsy.
Therefore for some positive constant ¢,

KL(P;, Py) < exnM ™"

33
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By taking M to be the smallest integer greater than cgfy_ﬁnrlﬂ with ¢o = (¢1 -

8log 2)1/0+21) we verified (3.21) that
|
NZKL(PJ',PO) < 7logN.
=

Meanwhile, since d?(8%, 3U)) > s93//2 and sop < (2M) 72", condition (3.20) is
verified by plugging in M. [ ]

3.5.5 Derivation of GCV()\)

Recall that given the observations { (T}, A;, W;)}"_,, B can be written in the form
of

= degk(t) + Zci/o Xi(s)Kq(s,t)ds.

For simplicity, let & ;(t) = fo s)Ki(s,t)ds, 7 = 1,...n, then write B(t) =
St e (Dee(t). In this way,

m+n

Zek zk+zck /X )&k (1)

Let S® be an nx (m-+n) matrix with the (i, j)th entry defined as Si(j'-g) = [ Xi(s)&(s)ds
and Z = (Z1,+ , Zn)uxp- Denote S = (Z,SP), a n x (p+ m + n) matrix, and
(a1, .. na(W ). = S-cwith ¢ = (c1,. . ., Cpynem) = (01, 0,87 DT

Since &1, ...&, are the bases of the null space with the semi-norm J(-), we can
write J as J(B) = ¢’ Qc, with @ a (p+m + n) X (p + m + n) diagonal block matrix

whose non-zero entries only occur in the n x n submatrix (Q;;)? j:;i% Y

Let A = (Ay,...,A,)" and Y;(t) = I{t > T;}. Under the above expressions, we

can write the penalized partial likelihood as a function of the coefficient c:
Ax(e) = =A'S-¢/n+ — ZA log{ZY )e% <} + Al Qc,

where S;. is the j' row of S.
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For any a € R? x H(K), functions f,g € H(K), and z, 2* € R™! define

Z]  Y5(t Jee! ')nf(Xj) (2|t) = Z]  Yi(t >€naw)zj
S Yent e S Y (e

pa(flt) =

and
Z] L Y5(t )ena )nf<X) 1g(X;)

Ma(f, g’t) Z] 1 ]( Jene (W;) !
* Z] 1 J( Jene WJ)ZJ z;.‘
:U’a(Z, z |t) - Z] ; J( )ena A :
o (W)) A
pa(fs 2|t) = 25 Yi (e (X5) 2

D=1 Yi(t)en ()

Define Ma(Q) = % Z?:l Na(Q‘E), Va(fa g|t) = :ua<f7 g|t)—,ua(f]t),ua(g\t), and Va(fa g)
%Z?zl Va(fangz’)? and define by analogy Ma(z)v Va(z7 Z*’t)7 Va(f: Z|t), Va(za Z*>7 and
Vol f, z). Now take the derivative of A,(c) at & = S - ¢ with respect to ¢, we have

A
)|~ ST+ als) + 2002
and
0% Ax(c) T
a5 |z Vd ) 2\ )
062 |a (g N )+ Q
where ¢ = (Z1,...,Z,,61(8), ..., &nin(8))T. To obtain the minimum of Ay(c), we

apply the Newton-Raphson algorithm to 0Ay(c)/dc. That is,
Va(s,sT) +2XQ](c — &) = STA/n — pa(s) — 20Qé.

To simplify the notations, let H = [V4(s,¢?) 4+ 2AQ] and h = —pua(s) + Va(s,s7)c, so
¢~ H'(S'A/n+ h) and

STA — A;ST H-ST  H'S'A

ol ~ g1 h)=¢—A,;- .
‘ ( +h)=¢ Con—1 +n(n—l)

n—1

Then the first term of ]ﬁ(\L becomes

® Cf-1gT p-lgr
Z"‘% Z% SHTIST | SHTSA,

— n—1 n(n —1)

Simplifying this leads to

an}>\<W1) = Znob\<wi> - (n i 1)t7"[(SH_1S) (dzagA - Al//n)]v
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where diagA is an n X n diagonal matrix with diagonal entries Aq, ..., A,. Plugging
this back to R/K\L, then GC'V () is obtained.
If the efficient estimator [} is used instead, the derivation and therefore the main

result remain the same by adjusting the definition of ¢ and S accordingly.

3.5.6 Proofs of Lemmas

Lemma 3.1 Following the former notations, for 0 < s <1, let

. Sl (t, ap + S&) [Oé*]
90:8) = =g o sd)

Denote Ry(t) =Y (t) exp(na, + sna)/So(t, ap + sa). We have

Sglt,s) = E[R,(mna] ~ LR (malEIR (e

= E{Rs(t) (77& — E[Rs(t)n&]) (na* - E[RS(t)na*])’

and
0? 9
529t 8) = B[R (t)n0-15] — 2E[R; (t)1a| B[Ry (t)na-na]
— E[Ry(t)na-JE[Rs ()n3] + 2E[Ry(t)na- JE[Rs(t)na]”.
Proof The lemma follows by direct calculation. [ ]

Lemma 3.2 Let ag be the true coefficients. Under assumption A(1)-A(4), we have

Pamg (-, ) — Pamy(+, o) < —d2(a,a0).
Proof Observe that

Pamy(-, ) — Pamo(+, ap)
= PA(m()('? Oé) - mO('7 OZO))
= Pa{Na—ao (W) —log So(-, @) + log So(+, 040)}1{0§T§T}

= —Pa{log So(-, @) —log So(-, ) }ljo<r<ry-
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Let @ = (0 — 6y, 5 — By) and G(t,s) = log(Sy(t, g + s@)), then
Pamo(+, @) — Pamg(-,; 0) = —Pa(G(+,1) — G(-,0))Ljo<r<ry-

For fixed t, take the derivative of G(¢,s) with respect to s, we have

0 o Sl (t, Qg + 362) [&] def
8SG(t7 8) = So(t,ap +sa) g(t:5).

Noting that PA%G(-, 0) = Pag(-,0) = 0, then lemma 3.1 implies,

Sr3(t,) = 5-g(t,) = BIR.(2) — (B[R, (0)ns])’ = BR,(0)(nz — LR, (1))

o Y(t)eﬂao +577&

= ST Therefore for some v € [0, 1],

where R(t)

G(t,1) — G(t,0) = G.(t0)+ %G;’(t, v)
= 9(t,0) + 3ER, (1) (ns — EIR, (1))’

= (4,0) + ZEVE(R,(01W) (15 — EIR, (1))

By the definition of R(t),
]E(Rv(t”W) = P(T > t|W) eXp(nao—w&'(W))/SO(tv 77040-&-7&)-

By the assumptions and for ¢ € [0, 7], there exists constants ¢; > ¢ > 0 not depending

on t, such that
(6)) S E[Rv(t”W] S Ct.

On one hand,

G(t, 1) — G(t,0)

1 1
> g(t,0) + 562E(na —E[R,(t)na))* > g(t,0) + 5C2EA (na — B[R, (t)na])’
1
= g(t,0) + QCzEAné — 2EANGE[R, ()] + B[R, (t)na)?
1
Z g<t7 O) + 502d2(0é, Oé()),

which follows from the fact that FAnz = 0. So
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Pamo(-, ) — Pamo(-,a0) = —Pa{G(-;1) = G(+,0)} L j0<r<r}

IN

_PAd2(047 Oéo)l{ongr}

AN

—d*(av, ap). (3.24)
On the other hand,

G(t1) = G(1,0) < glt,0)+ seE(R — BIR, (6ns])”

< g(t,0) + er{ Enz + (E[R,(t)na])*}.

Since (E[R,(t)na])* = (EV E[R,(t)|W]* - n3) < cie ' EAnZ, we arrive at

Pamy(-, ) — Pamo(+, ap) —PA{G(-;1) = G(-,0)}locr<n
—PAdQ(C%Oéo)l{ongT}

> —d*(a, ap). (3.25)

Vv

Combining (3.24) and (3.25) we have

Pamo(+, @) — Pamg(-, ap) < —d?(a, ap).

Lemma 3.3 F, = {Amg(t,W,a) : a € Ry x HM} and Fo = {Y(t)e"W) . o €
Ry x HM, 0 <t <7} are P-Glivenko-Cantelli.

Proof Given that n,(W) = 60'Z + ng(X) is bounded almost surely, it is easy to see
that Amg(t, W, ) = Alne(W) —log So(t, a)]110<i<ry and Y ()™ ™) are bounded. So
following Theorem 19.13 in [48], it is sufficient to show that N (e, F;, L1(P)) < oo for
i=1,2.
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For any f = Amg(t, W, «a), and f; = Amg(t, W, aq) in F,

Hf - f1||L1(P) = P|f— flf = P\Amo(wa) - Am0(~,a1)|
— PIA[g(W) = e, (W) — log S22 2)

:| 1{0<T<7'} ’

< Plpa(W) = 5, (W )|+P|[10g50(( >) log So(-, a1)]Lo<r<n)|
S Pla() = e, (W) + sup [So(t, ) — Solt, )

S PIna(W) = oy (W] + sup |B(Y (1)) = ¥ (e )
S Pha(W) —na (W)

Therefore N (e, Fy, Li(P)) < N(€, {na(W) : a € Ry x HM}, Ly(P)).
Similarly for f = Y (¢t)e"W) and f; = Y (¢t)e"s V) :in F,

If = fillury = Plf = fil

Plem W) _ gy (W)

IN

S/ P‘Wa(W> _nal(W)L

and N (e, Fa, L1 (P)) < N6, {na(W) : @ € Ry x HM} L, (P)).
So it suffices to show that (e, {n.(W) : a € Ry x HM}, L1(P)) < oo, which is

obvious since 7, (W) is bounded almost surely for o € Ry, x HM. u

Lemma 3.4 Let I and 111 be defined as

I = (Pan— Pa)(mo(-, ) —mo(-, ),
11 = (P, — P)Y{Y(t)[exp(na(W)) — exp(na, (W))] },

and Bs ={a € R? x H(K) : §/2 < d(a,ap) < 0}, then

sup I = 0(523r n~1?),
a€B;s

sup [11 = 0(522:171_1/2), for fort € [0,7].

a€B;s

Proof Consider

Msi = {Almo(t, W, o) — mo(t, W, o)) 110<i<r}, @ € Bs},
Msy = {Y(t) [eXP(Ua(W)) - eXP(%(W))}a a€bs, te [077_]}7
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with Lo(P) norm, i.e for any f € My, ||f||p2 = ([ f2dP)/? = (EXW f2(t, W, ))1/2
and for any f € Msy, ||fllpa = ([ f2AP)Y/2 = (ETW f2(T,W,t,a))"* . Then it

suffices to show that

Gl s, |] g = OG5,

Gl [atss || = O,
where G,, = \/n(P, — P) and ||Gy,||sm;, = supsep,, [Gnfl, @ =1,2.
We first show that
log e, Mo, | 1p2) < O((p + /") og (%)),
and
0 N (e, Ma(8). - 12) < O((p + ") log(2)). for ail ¢ € 0.7

Suppose there exist functions fi, ..., f,, € Mgy, such that

min ||f — fillp2 <€, forall f e Ms.

1<i<m

This is equivalent to the existence of aq, ..., € B;s, s.t
1121<nm | ‘A [mo (-, a) — mo(+, Oéz‘)]]_{OSTST}sz <e€, forall o € Bs.

Observe that

{A[mO(t7 VV? G{) — My (ta W, Oéz‘)]l{ogtg}}2

— (W)~ 10, (V) = log 2 Lt

< 20{[a (W) — 10, ()P + [0 g2 st

< 20{[1a(W) = 00, (W)]* + ¢[So(t, @) = So(t, ) * Hqo<i<r)

= 2A0{[1a(W) = 0o, (W)]? + c[EY (t){exp (1 (W)) — exp(na, (@)} } 1{o<t<r)
< 20{[na(W) = na,(W)]? +6EY2(t)]E[eXp(na(W))—exp(nm(W))] Hlozi<n
< 2A{[1(W) = 0, (W) + A EY (B [0 (W) = 10, (W)]* }{0<1<7
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Then

HA[mo(‘, Oé) - mo(w Oéi)]l{ongT}H;Q
= P{A[mo(-, ) — mo(-, )] jo<r<r} }

S d2(0[7 Ozi)‘

Therefore, the covering number for My; is of the same order as that for Bs. To be
more specific,

N(e, Ms1, ||+ |lp2) < N(e/C,Bs,d). (3.26)

In addition, we know that
d2(oz, Cl{i) S QEA[(Q — 91)/2]2 + 2d2(ﬁ, 6@)7

and it follows that N (e/C, Bs,d) < N(e/2C, BL, dg)-N(e/2C, B, dg), where d2(6;, 6;) =
EA[(6; — 6,)'Z)? and dg(By, B2) = d(f1, B2). Here B and By are defined as

B = {0 € R",dy(0.6,)) <6}, Bj ={8€H(K),ds(B, ) <},
with B¢ x B; > Bs.

It is easy to see that N (e/2C, BE, dy) = O((2)P). For N(e/2C, By, dg), noticing that

H(K) = Ly1/2(Lo) = {> 4 bk Lrr2¢n : (bi) € Lo}, then for any 8=, bpLy1/2¢y €
H(K), we have

d*(B,60) = EAn;_5(X)
= < 5 - /60a LC'AB - 50 >L2
= < Z(bk — bg)LKUngk, Z(bk — b2>LC’AK1/2¢k > Lo

k>1 k>1

= < Z(bk - bg)ﬁbka Z(bk - bg)LK1/2CAK1/2¢k > Lo
k>1 k>1

= < Z(bk — ) Z(bk — 0p)skdk > L,
k>1 k>1

= Z Sk(bk — 62)2

k>1
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If we further let vy, = \/sxbx , then d(B, Bo) = Yoy (W —79)? and B] = {B € H(K) :
d(B,Bo)) < 0} can be rewritten as

Bs={8=Y s; " uLintr: (s, %) €ls, Y (e — ) < 6%},

E>1 k>1

Let M = (35)~"/", and

M
B?* ={f= ZSk ’YkLKl/2¢k ( ’Yk)k 1 € g, Z(’Yk — 72)2 < (52}.
k=1 k=1

For any 8 = Y0, 5; P uLzn € Bs, let 87 = S0 s P Lundy € B It's

easy to see that
—or €
DoE= D bk Ssw Y W< MV = (457,
k>M k>M k>M

where >, _,, b7 is some small number when M is large, since (by) € I . So if we can

find a set {5}, C Bj satistying

min d(8*, B]) < €/4C for all 5* € Bj,

1<k<m

then it also guarantees that

min d(8,57) < min [d(8,5°) +d(6",5)] < ¢/2C for all § € Bs,

1<k<m 1<k<m
ie.
N(e/2C, By, dg) < N(e/AC, B, d). (3.27)
We know that N(e/4C, B;,d) < (%)M is the covering number for a ball in R,
Therefore combining with (3.26), we have
log N (€, M1, || - ||p2) <log N(e/C,Bs,d)

< log N(¢/2C, B}, dy) + log N(¢/2C, B}, d)

< (%)_1/’” log(%) + log O((g)p)

= O((p + ) log(%)).
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Similarly,

HY(t) [ exp (170, (W) — exp(1a, (W))] Hi,z
= PTWLY (1) [expln (7)) — exp(7ey (W))] )

< Od*(aq,a), forall t € [0,7].
Following the same procedure, we have

0
log N (e, Mia, || - [[p2) < O((p+ ¢ /") log(=)).

€

Now we are able to calculate J(1, My1),

1
M) = [ 1 los N (e Mo |- o)
0

= /01 \/1 +(p+elr) log(g)de

J

1
J o 1 2
and for u=1/log(-), = (—5) 2ru” - 20e " du

€

X

o
e/ 1log(-)de,
€
)

Viogs €"
= 0(52221)/ (e7)1=2)y 2 - du
Viogd
2r—1 1
= 002 ), forr> 3

The last inequality follows from the fact that the integral above can be seen as the

second order moment of a standard normal times some constant, hence it is a constant

2r—1

not depending on d. Since functions in My, are bounded and J(1, Ms) = O(07 2 ),
Theorem 2.14.1 in [49] implies

2r—1
Gullms || py S J(1, Msr) = O(37%).
Similarly we have

111G ullvtszo ], = 075 ), for all ¢ € [0, 7].
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Lemma 3.5
Pan{sn(-,@)[Z] = su(,20)[Z]} = Pa{s(-,@)[Z] = s(-,a0)[Z]} = 0p(n™"7*),  (3.28)
Panf{sn(-; @)[g°] = su (-, 20)[g"]} — Pa{s(-,a)[g"] = (-, 0)[g"]} = 0p(n™"?).  (3.29)

Proof We only prove (3.29) as the proof of (3.28) is similar. The right-hand side of
(3.29) can be bounded by the sum of the following two terms

L = [(Pan — Pa){s(-,&)lg"] = s(-, a0)lg]}

and

[2n = |PAn{Sn('vd)[9*] - Sn('vao)[g*] - S("d>[9*

+ (5 a0)lg"]}|-

).

For the first term, since Sy(-, &), So(+, o) and S1(t, ap)[g*] are bounded almost

[T

We are going to show that [y, = op(n_%) and o, = o,(n~

surely, we have

Ly = | (P, — P){A[
= |(P, — P){A[SO('>@)] LS @)[g*] = Si(- a0)lg7]]
+ A[So(+, @) So (-, )] 7' S1(+, o) [g°][So (-, &) — So(-, )] }|
S|P — P{A[S(,a)[g] — Si(-, a0)[g7]]
+ |(P. — P){A[So (-, &) — So(-, a0)]}.

Considering Mss = {A[Si(t,@)[g*] — Si(t, a0)[g"]], a € Bs}, for any fi, f» € M,

we have

/1 = follp2e = EAY{S) (-, an)[g"] — Si (-, e2)[g7]}
= EAXALRY (1) (e ) — oWy (X))

< d* (o, a).
Following the same proof as Lemma 3.4, we can show that

(P = PHA[SI(, @)]g"] = S1(-, c0)lg"]]}] = O(d 5 (&, a0)n™2) = 0,(n"2),



95

given that d(&, ag) = Op(n_%). Similarly,

1

|(Pa = PY{A[So(, &) = So(+; ao)l}| = 0p(n72),

and altogether we have shown that I, = op(n_%).

For the second term, the quantity inside the empirical measure Ph,, is

Sin(t, &)g"] St an)lg”]  Si(t, &)lg"]  Si(t, o)lg”]
S(m(lf, d) Son(t, Oéo) So(t, éé) So(t, Oéo)

It follows from the same proof as in Lemma A.7 of [34] that

][2n(t) =

sup |IIp,(t)] = 0,(n"2).
0<t<1

Lemma 3.6

Pafs(- @)[Z =gl = s(-,a0)[Z = g°]}
= Pa{s(,0)[Z — g"]}**(8 — 60) + O(110 — 60| * + 118 — B)IIZ,)
= Pafs(,0)[Z = gT}**(0 — 6) + 0, (n~'/?).

Proof By lemma 3.1, direct calculation implies

Pa{s(-,)[Z — g = s(-,90)[Z — I"]}
=Pa{s(-,a0)[Z = g]5(-, go)[& — o]} + O(d*(&, o))
=Pa{s(-,20)[Z = ¢"]s(-, 90)[Z]}(0 — b0)
+ Pa{s(-,a0)[Z — g"]s(-, 90) [n5 — ngo] }
+O0(d*(&, o)),
while by (3.11) , (3.12) and (3.10), we have

Pafs(-;0)[Z = g7s(-, 90) g — s}

Si(t, a0)[Z — g7 Si(t, a0)[B — Bol
Solt. o) 1ns — mgo — S5t o) ]

= Pa{Z = 1y (X) = E[Z = 1g-(X)|T, A = 1}{ng_g, (X) = Elng_g, (X)|T, A = 1]}
= PalZ =g (X) = a*(T)][n5_g,(X) — a(T)]

=0,

= PalZ =g (X) =
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and
Pa{s(-,a0)[Z = g"]5(-, 90)[Z]} = Pa{s(-, 0)[Z — ¢"]}**.

The lemma now follows from from Theorem 3.2.2 which asserts that d?(a, ) =

0,(n=1/?). [
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4. SIMULTANEOUS MODEL SELECTION AND ESTIMATION
WITH GSCAD

4.1 Simultaneously Model and Knots Selection in Function-on-scalar Re-

gression
4.1.1 Function-on-scalar regression model

Functional imaging data are common in various medical and biomedical fields,
where massive imaging data can be observed over both time and space. Such imag-
ing techniques include functional magnetic resonance imaging (fMRI), electroen-
cephalography (EEG), diffusion tensor imaging (DTI) among many other imaging
techniques. Along with the imaging data, scalar predictors such as age, gender, or
even gene expression information are recorded to explore their potential effects on
the functional response. Therefore, regression models with functional responses and
scalar predictors are routinely encountered in practice. A nature model to address

such problem is the function-on-scalar regression, stated as
p
Y(t) =) X;B8(t) +e(t) teT (4.1)
j=1

where Y'(¢) is the functional response on domain 7, X7, ..., X,, are a large number of
scalar predictors. (x;,y;), i = 1,...,n are n observations, with x; = (z;1, ..., 7;,)" € R?
being a vector of scalar predictors and y; = (y;(t1),...,¥:(tar)), being real-valued
realization of function Y (¢) at points ¢,,, € T, m =1,..., M. €(t) is the error function

itd

with € (t,) ~ N(0,0%),i=1,...,n and m = 1,..., M. We can also take into account

the within-function covariance by adding a certain structure to the covariance of

e(t) [52].
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4.1.2 Model selection in Function-on-scalar regression

Like many regression models with high dimensional predictors, function-on-scalar
regression faces the model selection challenge of how to identify the important pre-
dictors among a potentially large collection. Standard solution to deal with model
selection problem is to add a penalty function to the objective function. In case when
B(t) is assumed to be in an reproducing kernel Hilbert space H(K'), we consider the
penalty corresponding to the norm of H(K), i.e. ||B(t)]|k-

The objective function is stated as

M p P
min £ 575 alt) = S w1 + A Y180k (42)
j=1 j=1

BEH(K) 2

i=1 m=1

Based on the properties of RKHS, we have the following representative theory.

Theorem 4.1.1 The solution of 4.2 is in form of
M
Bi(t) =D bjm K (tmst),  j=1,...p,
m=1

where b = (bj1,...,bjar)T € RM.

Theorem 4.1.1 allows us to reformat the problem. Let y = (y7,...,y)T € R™) be
the vectorized observation of the functional response, b = (b? ..., bg)T e R™) be
the vectorized coefficient for 5(t), and K = {K(ti,t;)}ij=1...m be a M by M matrix
realization of kernel K at points t1,...,tyr € T. Then (4.2) can be rewrite as
1 ~ p
min Z[[y — (X @ K)bl* + /\Zl [1b;1|
=
where ® is the Kronecker product and ||bj||z = (b7 Kb;)Y/% Since K(-,-) is the
reproducing kernel, matrix K is symmetric and positive definite. Write the spectral
decomposition of K as K = le\il ﬁlénggl, where (ﬁl,él),l = 1,..., M are pairs of
eigenvalue and eigenvector. Define K1/2 as
M

K2 =%" 56 .

=1
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Therefore K2 is also symmetric and positive definite, and satisfies K = KY/2K/2,

Make an transformation of b; as
Oéj = Kl/zb]’,

and let o = (af ,...,a))". DenotingD = X ® K'Y2_ the objective function 4.2 can be

further simplified as

! &
mm§||y—Doz||2+AZ||ajl|2,

i=1

where || - ||2 is the £5 norm.

4.1.3 Knots selection in Function-on-scalar regressions

Unlike traditional models, functional-on-scalar regress, and more generally, func-
tional response models, face an additional challenge of knots selection. The urge of
knots selection comes from many aspects. For example, some functional responses
are spacial inhomogeneous with different smoothness level over it domain, like the
Doppler Curve shown in Figure 4.1 (left). In medical field, signals like EEG or ECG,
typically exhibit periodic sharp spikes between waves, see Figure 4.1 (right). Knots
selection technique can characterize such inhomogeneity by selecting more knots in
areas with dramatic changes, say around the spike in the ECG plot, while keep less
knots for smoother areas like the right side of the Doppler curve.

Besides, knots selection can lead to better interpretations of models. In the case
of function-on-scalar regression model in (4.1), a proper knots selection in coefficient
function 5(t) can help us understand how each predictor affects the functional re-
sponse, and which specific region of the response, a predictor has the most effect
on.

One way to proceed knots selection is to represent the functional data by a set of
base functions with small supports, such as B-splines, and only select a small number

of corresponding coefficients to be non-zero. In the setting of function-on-scalar model



Doppler Curve ECG signal from PhysioBank

T Ay

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.5 1 15 2 25

Figure 4.1. Example of spacial inhomogeneous.
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(4.1), suppose {¢1(t), ..., px (t)} is a set of such basis. The coefficient functions g;(t),

Jj =1,...,p can be expanded as

Bi(t) = bindn(t).
k=1

Hence, selecting knots for 3, is equivalent to obtaining a sparse estimation of b, =
(bj1s -y bjk).

Taking into account the need of model selection in function-on-scalar, we will
need a penalty function p(-) that could, (1) bring down some of the entire vectors b;
to zero to produce a zero coefficient function f;(¢) = 0 and thus select the proper
predictor X;s; (2) bring down only part of the elements b;s for §;(t) corresponding
to the important predictor X, to do knots selection and furthermore, to show which
region on 7, predictor X; has an effect on. Under such situation, Grouped Smoothly
Clipped Absolute Deviation(GSCAD) is developed to meet the need of simultaneously
selecting model and knots. In fact, GSCAD goes beyond function-on-scalar model

and can be applied to the more general problem setting of dictionary learning.

4.2 GSCAD Penalty
4.2.1 Review of the Smoothly Clipped Absolute Deviation (SCAD) penalty.

SCAD penalty is first proposed by [53] in the context of high dimensional linear
regression. SCAD has some desired properties: (i) Unbiasedness: the resulting es-
timator is nearly unbiased when the true unknown parameter is large; (ii) Sparsity:
The resulting estimator is able to sets small estimated coefficients to zero to reduce
model complexity; (iii) Continuity: The resulting estimator is continuous in data to

avoid instability in model prediction. Defined as

;

Aldl, if ldl <A

Ua(d) = ¢ JHEZ2ENE ey g < e (4.3)

2(c-1)

s 2 if |d| > e

\
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for some A > 0 and ¢ > 2, the SCAD contains three segments. When d is small
(less than \), it acts exactly like the Lasso penalty; when d is big (greater than
3A), it becomes a constant so that no extra penalty is applied to truly significant
parameters; these two segments are connected by a quadratic function which results

in a continuous differentiable SCAD penalty function 1, (+).

4.2.2 GSCAD penalty

Even though the SCAD penalty possesses many good properties, it only treats
parameters individually and does not address any group effect among parameters.
With respect to the structure of the dictionary, we propose a new penalty, GSCAD,
where G stands for group. Let € be a vector in R™. The GSCAD penalty is defined

as

Uy (0) =log{1+ Y vs(6k)},

k=1

where 1 is the SCAD penalty defined in (4.3). It inherits all three merits of SCAD,
unbiasedness, sparsity and continuity, and at the same time takes into account both
individual parameters and group effect among parameters. Individually, the GSCAD
penalty tends to set small estimated 6, to zero. Group-wise, if all elements in 6 are
small, the penalty will penalize the entire vector # to zero. In addition, if some of
the 6, is significantly large, the penalty will have more tolerance of smaller elements
appearing in 6.

To better understand GSCAD, let us consider a penalized least squares problem

with an orthogonal design
1 2
min o[z = 8llz + pa(10]),

where z and 6 are vectors in R™. For GSCAD, SCAD and LASSO, the penalty p,(|0|)
is, respectively,

m

pa(16]) =log{1+ > ua (@)}, pa(8) =Y va(Bh),  pa(16) = D 16l-

k=1
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1-dim Thresholding Functions
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Figure 4.2. 1-dim threshold function.

Estimators of § when m = 1 are shown in Figure 4.2, where GSCAD performs very
similar to SCAD. All three penalties shows sparsity properties since they all set 0 to
zero when |z| < A. While the soft-thresholding from LASSO has the inherent bias
issue, SCAD and GSCAD give § = z when |z| > ¢) and and avoid bias. In a two-
dimensional case when m = 2 and z = (z1, 23), we investigate partitions of the space
according to the number of non-zero element in the resulting estimator 6 = (él, ég), see
Figure 4.3. While SCAD and Lasso treat each coordinate individually, GSCAD takes
into account the whole group. It is less likely to set the estimator of one coordinate
to zero as the estimator of another coordinate gets away from zero.

Convexity. Even though GSCAD is built upon the non-convex penalty function
SCAD, our development uncovers a surprising fact that the optimization problem of
GSCAD under orthogonal design is a convex problem. This will greatly facilitates
the implementation of GSCAD.

Theorem 4.2.1 Define 6 = (él, s ém) as the minima of optimization problem

ergﬂgrﬂ% g kz_: 2 — k) + log{1 + ; ¥a(0r)}, with constant o > 0. (4.4)
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GSCAD SCAD/LASSO

nnzero * 0 = 1 = 2

Figure 4.3. Partitions of the 2-dim space (21,2) € R? according to
the number of nonzero elements in 6.
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Then,

(1) sign(0) = sign(z), and |0] < |z|. Denote K = {1 <k < K : z, # 0}, and
let ©y be the open interval between z and 0. Then problem (4.4) is equivalent

to

min g Z(zk —01)% + log{1 + Z U (0k)} (4.5)
keK

0,€0,U{0},ke K <
k€OLU{0} he K

(2) Let ¢y = card(K), be the number of non-zero element in z. If
M <oyt and  (c—1D{o(1+ X)? — oA’} > 1+ )2, (4.6)
then optimization problem (4.5) is convex, and 6 is continuous in data .

Remarks on Theorem 4.2.1. (i) Adding a constant ¢ in (4.4) makes the problem
more general such that the convexity result can be directly applied to the algorithms
in Section 4.3.3, where p plays a role of penalty parameter in the Augmented La-
grangian method. (ii) Condition (4.6) can be satisfied easily under a wide range of
circumstances. For instance, in the previous two-dimensional example with o = 1,

co = 2, and ¢ = 3, Condition (4.6) will be satisfied as long as A < 271/2.

4.3 Dictionary Learning with GSCAD
4.3.1 Introduction to Dictionary Learning

Sparse coding, which represents signals as sparse linear combinations of basis in
a dictionary, has been successfully applied to many signal processing tasks, such as
image restoration [54,55], image classification [56,57], to name a few. The dictionary
is crucial to the success of sparse representation. Most of the compressive sensing
literatures take off-the-shelf bases such as wavelets as the dictionary [58,59]. In
contrast, dictionary learning assumes that a signal can be sparsely represented by a
learned and usually over-completed dictionary. The pre-specified dictionary might be

universal but will not be effective enough for specific tasks such as face recognition
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[60,61]. Instead, using the learned dictionary has recently led to state-of-the-art
results in many practical applications, such as image denoising [54, 62-64], image
inpainting [65-67], and image compression [68].

Determining a proper size for the to-be-learned dictionary is crucial for both preci-
sion and efficiency of the process. However, there is not much existing work discussing
the selection of the dictionary size while most algorithms fix the number of atoms in
the dictionary. In general, a two-stage procedure may be used to infer the dictionary
size, namely first learning a dictionary with a fixed size and then defining a new ob-
jective function penalizing the model complexity [69]. The Bayesian technique can
be also employed by putting a prior on the dictionary size [70].

Our work is to introduce the novel regularization method GSCAD to Dictionary
Learning, and propose an algorithm that could learn a sparse dictionary and select
the appropriate dictionary size simultaneously. The algorithm is based on the al-
ternative direction method of multipliers (ADMM) [71]. There are several merits of
our approach. First, it imposes sparsity-enforcing constraints on the learned atoms,
which improves interpretability of the results and achieves variable selection in the
input space. Second, this is a one-stage procedure to learn a sparse dictionary and
the dictionary size jointly. Third, the convexity property of GSCAD allow us to de-
compose the joint non-convex problem with the non-convex penalty into two convex
optimization problems, both of which can be solved easily and efficiently. Besides,
compared with other state-of-the-art dictionary learning methods, GSCAD has better

or competitive performance in image denoising and inpainting.

4.3.2 Matrix Factorization Framework

Dictionary learning problems are commonly specified under the framework of
matrix factorization. Consider a vectorized clean signal x € R™ and a dictionary

D = (dy,...,d,) € R™* | with its p columns referred to as atoms. Sparse representa-
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tion theory assumes that signal x can be well approximated by a linear combination
of a few atoms in D, i.e.

x ~ Da,

where the number of non-zero elements in « is far less than the number of atoms m.
In most of the cases, the clean signal x won’t be available, and instead, we will only
be able to observe a noisy signal y = x + €, where € represents noise with mean zero
and variance 0. Suppose we have n signals Y = (yi,...,y,) € R™" and we want
to retrieve the corresponding clean signals X = (x, ..., X,,). This can be summarized

as a matrix factorization model
Y = DA +¢,

where A = (o, ..., a,,). To make the problem identifiable, we require the dictionary

D belongs to a convex set D
D={DeR™?st.Vj=1,..p, ||dj]|e < 1}.

Dictionary learning aims to obtain estimations of dictionary D and sparse cod-
ing A, and then reconstruct the clean signal as X = DA. This is usually done by

minimizing the total squared error:
min||Y — DA||%2, subject to additional sparsity constrains on a,

where || - || is the Frobenius norm. Constrains such as ||a||o < L (lp-penalty ) and
lla|l1 < A (Lasso penalty) for some positive constants L and A are widely adopted by
dictionary learning literature. Experiments have shown that Lasso penalty provides
better results when used for learning the dictionary, while [y norm should always be

used for the final reconstruction step [72].

4.3.3 Simultaneous Sparse Dictionary Learning and Pruning

Compared with sparse coding, regularization on dictionary size is less studied.

Most of the existing methods, such as K-SVD and Online Learning, estimate the
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dictionary directly with a fixed dictionary size. They usually require the size of the
dictionary to be specified before learning, and this will end up with a solution of
over completed dictionary with p > m, which may not be very helpful if we want to
better understand the mechanism. In addition, learning a sparse dictionary can lower
the model complexity and improve interpretability of the results. All these issues
can be addressed with the help of GSCAD penalty, that could reveal the real size
of the dictionary and at the same time obtain an estimated sparse dictionary. More
specifically, denote dictionary as D with p atoms d; = (d;1, . .., dim)T € R™, 1 < < p.
The GSCAD penalty on dictionary D is defined by

UA\(D) = ZlOg{l + > (din)}

where 1y is the SCAD penalty defined in (4.3). The objective function for our problem

is formulated as

. 1
min —
DeD,a;eRP 2

n p
> llyi — Dagll2 + Wa, (D) + 22 Y o[- (4.7)
i=1 j=1
Firstly, the GSCAD penalty tends to set small estimated d;; to zero, and reduces
the complexity of the estimated dictionary. If all elements in d; are small, GSCAD
will lead to d; = 0. Therefore, when starting with a relatively large p, GSCAD will
be able to prune the dictionary by penalizing useless atoms to zero. In this way, the
true size of the dictionary can be approximated by the number of non-zero columns
in the resulting dictionary. In addition, if GSCAD detects some significant d;;s in
d;, it will exert less penalty on the whole d; to avoid mistakenly truncating any real
signals.
To solve the optimization problem (4.7), we follow the classic iterative two steps
approach. Given the dictionary D, we update A = (o, ..., a,) by solving the Lasso

problem,

1
in o ly: — Dal[ + Aolfeil |1

for all signals 1 <i < n. Given A, the optimization problem (4.7) becomes

1l )
arg min o Z_; |ly: — Dagl[; + ¥y, (D), (4.8)
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which is addressed by the ADMM algorithm. Once D is updated, we remove all
zero columns of D and reset p to the number of current atoms. Algorithm 1 demon-
strates this whole procedure. It should be noted that (4.8) is a non-convex problem.
Recently, the global convergence of ADMM in non-convex optimization is discussed
in [73], which shows that several ADMM algorithms including SCAD are guaranteed
to converge.

Problem (4.8) is equivalent to

I
min o ; ly: — D1ay]|3 + ¥y, (D)

s.t. D1 = Dz.

We form the augmented Lagrangian as
1 - 2, @ 2
Lo(D1,D2,€) = 5 > lyi —Daail3+ 5|1 =Dal[r+ol[€ 0 (D1 = Da)||r + ¥, (D2).
i=1

where o is the element-wise multiplication operator of two matrices, and ¢ € R¥*P,

The ADMM algorithm consists three steps in each iteration
D, = argmin L,(Dy, D2, ) (4.9)
D, = arg min L,(D;"Y Dy, 1) (4.10)
g(t-i—l) _ g(k) + (Dl(k+1) . D2(k+1)).
Problem (4.9) bears an explicit solution
D, Y« {yAT + o(D2" — ¢} AAT + oI,) 7" (4.11)

D, in (4.10) can be solved by column-wise optimization such as

.0
da Y = argmin C[ldy; — (daf ™+ 7115 + log{1 + Wy, (de)}.
J

for 1 < j < p. In theorem 4.2.1, we have shown that this is a convex problem under
Condition (4.6), and can be solved easily by exiting convex optimization algorithms.

The ADMM algorithm for updating dictionaries is summarized in Algorithm 2.
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Algorithm 1: Dictionary Learning with GSCAD

Input : Training samples Y = [y, ..., y,], parameter Aj,\a,c,m,po

initialize D(© ¢ R™*Po .

while not converge do
Sparse Coding Stage: for ¢« = 1, ..., n, update o; by solving Lasso problem
1 2
Juin o ffy; = Daill; + Aoflailly; (4.12)
Dictionary Update Stage: update D using Algorithm 2;
Number of atoms: p < # columns of D
end
Output: D, p

Algorithm 2: Update dictionary using ADMM

1

2

3

4

Input : Training samples Y, current A = («q, ..., a,, ), parameter Aq,c,p

Initialize Do® = ¢ =0 € R, get t = 0

while not converge do
D, {yA” + o(Do") — W)} (AAT + oI,) !
Normalize each column of Dy as dy; < W dyj;
jlloos
Update Ds: for 1 < j < p,
t+1 . 0 t+1 t
da, = argmin Jlda; — (A + I +log {1+ W (dz)}s - (413)
gD o e®) 4 (Dl(k+1) _ D2(k+1));
t=t+1;
end
Remove the zero columns of Ds;

Output: Dy
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We define the convergence of the algorithm by the differences of D and the dif-
ferences of A between two consecutive iterations. If they are both below a certain
threshold, the algorithm stops. However, in implementation, we add an extra rule on
the maximum number of iterations, since GSCAD may get stuck to a region where D
keeps alternating from two local minima and never converge due to a bad initiation.
Fortunately, the performance of local minima is mostly decent in terms of denoising.
During the dictionary updating stage after we obtain a new dictionary from ADMM,
if any two atoms are highly correlated, correlation greater than 0.95 for example, we
only keep one of them. Some experiments have shown that this does not have much

effect on the results, but will speed up convergence of the algorithm.

4.4 Synthetic Experiments

We design a simple example to check the performance of GSCAD from two aspects:
(i) whether GSCAD could recover the true size of the dictionary, and (ii) its denoising
performance compared with other methods.

Data is generate from dictionary Dy € R!**1% which contains 10 atoms. Each
atom is a vectorized 10 x 10 patch shown in Figure 4.4. Then 1500 signals {y;}>%
in R'% are generated, each created by a linear combination of three different gener-
ating dictionary atoms picked randomly, with identically independently distributed
coefficients following Unif(0,1/3). Gaussian noises ¢; ~ N(0,0?) are added, with
signal-to-noise ratio (SNR) controlled by the Gaussian variance o2. Four levels of
noise o € {5, 10,20, 50} are adopted for pixel values in the range [0,255].

In order to examine GSCAD’s ability to prune dictionaries to the right size, dic-
tionaries are initialized with varying number of atoms py, namely, 10 (true size),
15, 20 and 50. Each setting is repeated 1000 times, and each time a dictionary

D € R™? and its proper size p(< pg) are the learned. Table 4.1 summarizes the

size of the learned dictionary. It can be seen that when noise level is small to mod-
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po\o 5 10 20 50
10 9.98(0.14) 9.98(0.14)  9.99(0.10) 10(0)
15 10.45(0.59) 10.7(0.66) 11.3(0.80) 13.92(0.85)
20 10.71(0.77) 11.1(0.77) 11.74(0.85) 15.92(1.19)
50 11.29(0.10) 11.55(1.31 11.99(1.39) 19.77(2.21)

Table 4.1.

Average number of atoms in the resulting dictionary. Numbers in the
parenthesis are corresponding standard deviations.

true p0=10 po=15 pO=20 p0=50

Figure 4.4. From left to right, (1) the generating dictionary Dy (2)-
(5) learned dictionaries using clean data under initialization size py =
10, 15, 20, 50. Each atom corresponds to a 10 x 10 patch with white
region representing 1 and black region representing 0.

erate, GSCAD algorithm is able to recover the true size of the dictionary, and its
performance is stable across initial dictionaries with different sizes. The result also
indicates that as the noise level gets larger, a larger dictionary is needed to process
denoising task. Examples of the learned dictionaries with clean data (¢ = 0) under
different initial size py are also shown in Figure 4.4.

For comparison, we also run the K-SVD algorithm using the Matlab Toolbox as-

sociated its original paper [64], and Online Learning algorithm [74] using the SPAMS
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package. Since neither K-SVD nor Online Learning would prune the dictionary, the
learned dictionary D will be the same size as its initial value, i.e. p = py.
Once a dictionary D is learned, we obtain the sparse coding « in two ways,
min flaillo st flyi - Dol <e, (4.14)
and

miﬂg}5 ly; — Day| |2 s.t. ||osllo = L, (4.15)

using the Orthogonal Matching Pursuit(OMP) algorithm. € in (4.14) is set heuristi-
cally by € = 0>F1(7) [75], where F! is the inverse cumulative distribution function
of the x-square distribution with m = 100 and 7 = 0.9. L is set to 3 in (4.15). Then

denoised signals are reconstructed as X; = ]A)di, and PSNR is calculated as

2552

PSNR =10 loglo(M—SEJ)’

where MSE denotes the mean squared-error for images whose intensities are between
0 and 255.

Average PSNR over 100 repeats are shown in Figure 4.5(noting that the scale of
axis is shifted downwards figures in the last column). Generally, GSCAD performs
better than the other two methods across varying initial size py and SNR levels
controlled by o(sigma). When o is small, advantage of GSCAD is very clear; when
sigma reaches 50, all three method gives similar results with GSCAD performs slightly
better. Inspecting the result agains initial size p0, we find that the performance of
GSCAD is very stable across p0. Online Learning performs reasonable stable when
sigma is small, but when sigma goes as big as 50, a bad p0, say p0=>50, hurts more
compared with GSCAD. In contrary, the performance of K-SVD depends largely on
the initial size of the dictionary; when sigma is small, it benefits more from a over-
sized initialization, but when sigma is large, an over-sized initialization does more
harm to it comparing with GSCAD. Finally, comparing the first row with the second
row of Figure 4.5, we can see that PSNRs obtained from (4.14) is smaller than that

from (4.15) for GSCAD, which goes along with our intuition that extra information
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of L = 3 for (4.15) should lead to better results. However, results of the other two

methods seem not to follow this intuition. A possible explanation is that to benefit

from this extra information of L = 3, the learned dictionary needs to be close enough

to the truth, and this might not always be the case, especially for K-SVD.

4.5 Image Denoising with GSCAD

To denoise image using GSCAD, we follow the denoising scheme proposed by [54].

1. Split the corrupted image into v/m X y/m overlapped patches, which will be

treated independently. Let y;, € R™, ¢
patches.

1,...,n, denote the vectorized small
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2. Center y; as

1
¥{=yi— pily with g = =17 y;.
n

3. Train dictionary on the centered y¢,i = 1,...,n, using the proposed Algorithm

1. In the sparse coding step, (4.12) is replaced by its equivalent formula
alll_leiﬂgp olleilli, st |lyi — Dayll5 < e, (4.16)
with € = 02F (7). Let D denote the learned dictionary.
4. Estimate the final sparse coding &; by (4.14).

5. Add back the mean component to obtain the clean estimate X;:

6. Reconstruct the image using the clean estimate X;. Since patches overlap, each
pixel belongs to m different patches and admits m estimates. The pixel is thus

estimated by the average of its m estimates.

More details about the scheme can be found in [72].

Now, we are ready to compare the denoising performance of GSCAD with K-SVD
and Online learning. We follow the same set-up as [72]. Twelve benchmarks images
are used in the image denoising, see Figure 4.6. Fach image is corrupted with a set
of Gaussian noise with its standard deviation o in {5, 10, 15,20, 25,50, 100}. Patch
size m is set to be {62, 82,102,122, 142,16} separately. Dictionary size is initialized at
po = 256 for all three methods. For every noise level, the parameter m is selected such
that it maximizes the average PSNR obtained on the last 5 images of the dataset.
Then the mean PSNR over all 12 images are reported in Table 4.2. For K-SVD and
Online Learning, results are borrowed from [72]. For GSCAD, redundant DCT of size
p = 256 is used as initialization. For the penalty function, parameter c is set to 3.7
as [b3] suggested and \; is picked from {0.1,0.05,0.01,0.001}. In most cases, a A\
of 0.05 would give descent results. The reported PSNR for GSCAD are the averages
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o ) 10 15 20 25 20 100
GSCAD | 37.53 | 33.79 | 31.75 | 30.36 | 29.26 | 25.81 | 22.37
Online | 37.60 | 33.90 | 31.90 | 30.51 | 29.43 | 26.20 | 22.72
K-SVD | 37.42 | 33.62 | 31.58 | 30.18 | 29.10 | 25.61 | 22.10

Table 4.2.

Denoising performance in PSNR

taken over the highest PSNR of each image. Results for all three methods are very
close to each other in general, with Online learning performs slightly better, then
follows GSCAD.

Figure 4.7 shows how the patch size m affects the denoising result under different
noise levels. We can see that when o = 5, slitting image into smaller sized patches,
like m = 8x 8, works better, and as noise level ¢ increases, this advantage of smaller m
diminishes. We also notice that the fingerprint image reacts differently to the change
of patch sizes. When o is larger than 25, there is a clear pattern of PSNR increasing
with m. Besides, the pattern for the flinstones image also deviates slightly from the
majority for o between 15 and 25. This is not surprising as the structure of both
images are quite different from all the other nature images. In general, m = 8 x 8 is a
decent choice for denoising under all noise levels, and for higher noise level (o > 20),
a patch of size 16 x 16 can also be considered.

Under patch size m = 64, and penalty parameter \; = 0.05, we examine the
dictionary pruning effect of GSCAD. The size of the learned dictionary under different
noise levels are plotted in Figure 4.8. It is shown clearly that as noise level increases, a
larger-sized dictionary is expected. On the other hand, when the noise level is small,
GSCAD gives competitive denoising results with the learned dictionaries only half
the sizes of those used by the other two methods.

In the end, we are going to show some denoising examples. Image lena and house

are corrupted using Gaussian noise with ¢ = 25, see Figure 4.9. We denoise both
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(e) barbara

(j) fingerprint (k) bridge (1) flinstones

Figure 4.6. Benchmark images for image denoising.
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Figure 4.8. Size of the learned dictionary for GSCAD under m=64, A = 0.05
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lena house

Figure 4.9. Corrupted Image using Gaussian Noise with ¢ = 25
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clean GSCAD(31.28)

Figure 4.10. Denise lena with patch size m = 64, noise level o = 25.
Numbers in the parenthesis are the resulting PSNR.
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clean GSCAD(31.59)

Online(31.77) K-SVD(31.41)

Figure 4.11. Denise lena with patch size m = 256, noise level o = 25.
Numbers in the parenthesis are the resulting PSNR.
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clean

.

Figure 4.12. Denise house with patch size m = 64, noise level o = 25.
Numbers in the parenthesis are the resulting PSNR.
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clean GSCAD(32.28)

Online(32.62) K-SVD(32.04)

Figure 4.13. Denise house with patch size m = 256, noise level o = 25.
Numbers in the parenthesis are the resulting PSNR.
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images using patches of size m = 8 x 8 and m = 16 x 16 respectively. Denoised
images obtained using GSCAD, Online Learning and K-SVD are shown in Figure
4.10, Figure 4.11, Figure 4.12 and Figure 4.13.

4.6 Image Inpainting with GSCAD

Image inpainting refers to the task of filling in the missing pixels in a image. When
the missing pixels form small holes that are smaller than the patch sizes, the GSCAD
algorithm 1 can be easily extended to deal with such unobserved information like

many other dictionary learning methods. Define a binary mask M € R™*™ such that

1 if the j** pixel of y; is observed
Mij =

0 otherwise.

Then the original dictionary learning formulation can be modified as

DeD,a; €RP

1 &
min 5\\1\40(y—Da>Hi~+%1(D)+AzZHajH1- (4.17)
j=1

Following the previous two steps approach, given the dictionary D, we update A =

(a1, ..., &) by solving the masked Lasso problem,

1
Inin o |[M.; o (yi — Do )|z + Aol s

for all signals 1 <i < mn. And given A, the optimization problem (4.17) becomes
argmin |[M o (y — Da)|[; + 5, (D), (4.18)
€

which can still be addressed by the ADMM algorithm with a slightly modification for
updating D;. Now that mask M is involved in our ADMM, D; needs to be updated
one row at a time. Let M. denote the j row of mask M, and the rows of other
matrix defined in the same fashion. For sample y;’s, let y = (y1,...,y,) € R™™, so

y;. indicates the j"* row of matrix y. For 1 < j < m, the j row of Dy is updated as

D, ") = {y; diag(M;)AT + o(D5\" — €")}{Adiag(M;)AT + oI,} .
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Algorithm 3: Dictionary Learning with GSCAD (Inpainting)

=

N

Input : Training samples Y = [y, ..., ¥n|, mask M, parameter \1,A\a,c,m,pg
initialize D©® € R™*Po

while not converge do

Sparse Coding Stage: for ¢ = 1,...,n, update «; by solving the masked

Lasso problem

1
min [|M.; o (y; — Day)|[3 + Aafeil|1; (4.19)

a; ERP 2

Dictionary Update Stage: update D using the Algorithm 4;

Number of atoms: p <+ # columns of D
end

Output: D, p
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Algorithm 4: Update dictionary using ADMM (Inpainting)

Input : Training samples Y, mask M, current A = (v, ..., ay,), parameter
A1,C,0
1 Initialize Do = ¢ =0 € R™?, set t = 0
2 while not converge do

3 Update Dy row by row

D, (" = {y; diag(M;.)AT + o(D2 — £/”)}{Adiag(M,.)AT + oI,} .

j J

. 1 )
4 Normalize each column of D; as d;; e (TP dy;;

5 Update Ds: for 1 < j < p,

do " = arg n g“dzj — (2} + )5 + log{1 + Wy, (da))}; (4.20)

6 | €00 g4 Dy - Dy,
7 t=1t+1;

8 end
9 Remove the zero columns of Dy;

Output: Do
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The whole inpainting algorithm is summarized in Algorithm 3 and Algorithm 4.
When inpainting a corrupted image, we can follow a similar scheme as image

denoising with a few modification.

1. Split the corrupted image into y/m X y/m overlapped patches, which will be
treated independently. Let y, € R™, ¢ = 1,...,n, denote the vectorized small

patches.
2. Center y; with respect to the missing pixels
yi =y — il, with g, = M]y;/M/ 1,
where M, is the ¥ column of mask M.

3. Train dictionary on the centered y¢,¢ = 1,...,n, using the proposed Algorithm

3. In the sparse coding step, (4.12) is replaced by its equivalent formula
arfleilgp Xo|lai||1, st ||M; o (y; — Day)||3 < e, (4.21)
with € chosen heuristically as F,;(0.9). Let D denote the learned dictionary.
4. Estimate the final sparse coding &; by

min Aof|ag|[1, st ||[M; o (y; — Day)l[5 <e.
a; ERP

5. Add back the mean component to obtain the clean estimate X;:

6. Reconstruct the image using the clean estimate X;. Since patches overlap, each
pixel belongs to m different patches and admits m estimates. The pixel is thus

estimated by the average of its m estimates.

Like other inpainting algorithms, when the missing wholes follow a regular pattern,

the proposed algorithm may face a possible problem of absorbing this pattern in
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Figure 4.14. Image Inpainting. Left: lena with 50% of the data re-
moved. Right: Inpainting result from global learned dictionary using
GSCAD.

its dictionary. The common strategy to fix this problem is to first learn a global
dictionary D, using clean image from a standard image bank. Then take D, as an
initial dictionary to learn an adaptive dictionary D, using patches extracted from
the corrupted image. When it comes to the step of recovering the missing pixels, the
joint dictionary D, U D, is used.

As we need to update D, one row at a time, the inpainting algorithm is slower than
the denoising one. However, experiments have shown that using the global learned
dictionary D, directly to inpaint the corrupted image still gives decent results. Figure
4.14 and Figure 4.15 show some inpainting examples using global learned dictionary.
The global dictionary is learned from 240000 natural image patches of size m = 8 x 8
extracted from the Kodak PhotoCD images. Algorithm 1 and the denoising scheme in
Section 4.5 are employed with parameters set to ¢ = 3.7, A = 0.05 and € = F,;*(0.9).
In Figure 4.14, 50% of the original pixels in image lena are removed randomly, and
in Figure 4.15, text with two fonts are added to the original image. The resulting

PSNR are 33.84 and 35.21 respectively.
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Figure 4.15. Text removal result from global learned dictionary using GSCAD
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4.7 The GSCAD Package

R package GSCAD is developed to run image denosing and inpainting task with
GSCAD. Major functions include gsacd.DL, an implementation of Algorithm 1, and
gsacd. DLmask, an implementation of Algorithm 3. Schemes of image denoising and
inpainting mentioned in Section 4.5 and Section 4.6 can be carried out by function
denoiseImage and inpaintImage. In addition, some basic evaluation functions are also
provided, such as function PSNR to calculated the PSNR for the processed image

and function plotDic to visualize a dictionary.

4.8 Discussion

The GSCAD method has been presented to learn a sparse dictionary and select
the dictionary size simultaneously. The experimental analysis has demonstrated very
encouraging results relative to the state-of-the-art methods. This new framework may
also be applied to the general subspace clustering problem for imaging clustering,
which assumes that similar points are described as points lying in the same subspace.
The proposed formulation can learn the clustering and the number of clusters at the
same time. This framework may also be applied to the architecture design of deep
learning. The new GSCAD penalty can learn a sparse connection between units of

two layers in the deep neural network to improve efficiency.

4.9 Proofs of Theorems
4.9.1 Proof of Theorem 4.1.1.

Let 3;(s),j = 1, ..., p be the solution of 4.2. Since f;(s) € H(K), we can write

Bi(s) = budn(s),
=1
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and
181 = 0%/ pi
=1

Denote Bj(sm) = 2Zm, m=1,...,M. Then I;jl’s are the solution to

mlnz )/ pu s.t. Zbﬂgbl(sm) = Zy, forallm=1,..., M.

=1

Applying the largrange method, we have

b]’C Z b]l/pl + Z gm{zbﬂqbl Sm - m}-

Taking derivative

oL
ab il 2b]l/pl + Z €m¢l sm -
Therefore
M
i1 = —pPI Z Cm¢l(sm)>
m=1
and

:Z—{p, Zcm¢l(sm)}¢z(5)
- ngszqbz Sm)Pi(s
= — Z Cn KK sm,

4.9.2 Proof of Theorem 4.2.1.
1. When z;, = 0, we have (2, — 0)2 < (23, — 6;)?, and further

log{1+¢x(0) + > ¥n()} < log{l+¢x(0k) + > va(01)}
£k 12k

for any 6, € R. When 2, # 0, we have

{2z — sign(zu)|0k]}? < [21 — {—sign(z)|0k(})?,
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and further

log{1 + ¥x(sign(z)|0k]) + > a(6)} = log{1 + ¥x(—sign(z)|0k]) + > ¥a(61)}.
12k 12k

Therefore to minimize 4.4, 0, has to satisfy that sign(6) = sign(z). If we denote
K = {1<k<K: z #0} and Oy, as the open interval between zj and 0, i.e.

(O,Zk), Zf zr >0
@k = )

(Zk,O), Zf 2 < 0

then optimization problem (2) is equivalent to

. 0 )

min = » (2 —0)” +log{l + O

0,€0,U{0} kK 2 Z< K k) g{ Z UA(Ok)}
keK kek

2. To simplify the notation, we rewrite z = (2, ..., z;,, ) € R® and 0 = (0;,,...,0;, ) €
R as with K = {1,192, ..., e, } and ¢y = card(f(). Define L : R® — R as

L(8) = Slle = 0ul? + log{1 + > (6}

k=1
We expend O to the whole half plane as
~ (O, OO), if zp >0
O = .
(—O0,0), if 2 <0
If we can show that L is convex in (:)1 X ... X (:)CO, this will imply that L is convex
over [[;2, ©, U {0}, asL is continuous all over R®.
To show that the optimization problem within x° = ©; X ... X écO is convex, we

are going to verify the inequality
L((1 = t)a +ty) < (1— ) L(2) + tL(y), te 0,1,

for any x,y € ©°. This is trivial for z = y, and for x # y, we consider the following
cases.

Case 1: x,y € xX{ ={x € x°:|z;| ¢ {\,cA} for any 1 < i < ¢p}. Therefore only
a finite number of points in set {tz + (1 —t)y : t € [0,1]} such that L does not have
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a second-order derivative. Let v = = — y. Define ¢(t) = L(z + tv),t € [0,1]. If we
can show that ¢/(t) is continuous on [0, 1], and ¢”(t) > 0 except at a finite number
of points, therefore ¢'(t) is non-decreasing. Furthermore ¢(t) is convex on [0, 1]. By

definition, for any ¢ € [0, 1],
L((1 =t)z +ty) = L(z + tv) = p(t) < tp(1) + (1 = )p(0) = tL(y) + (1 — ) L(x).

Therefore f is convex.
Now we are going to show that ¢’(¢) is continuous and ¢”(t) > 0 except at a finite

number of points, where ¢”(t) does not exist. Taking derivative of L, we get

%\(%)

L= o+ T2 B g e

L+ a(mr) {1+ 2, Ualzn) 12

"o ZD,\(JEZ)IDA(%) ol s N
inxj - {1+ka)\($k>}2’ | 1’?‘ J| ¢ {/\7 >‘}

where

(
A - sign(z;), if o] <A

. . —ﬁ, if A< |£L‘,| <cA
Ya(w;) = CE\C%%Z' csign(z;), if A<z <eh  and  a(x) = :

0, if |z > e

0, 0.W.

\

Since L;i is continuous for all 1 < i < ¢y and = € x°,

. oL
gp(t)zzgm(ﬁtv).vi
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is continuous. Except a finite number of ¢ € [0, 1], such that Ly, does not exist at

T + tv, we have

= > T, x + tv)vv;

=Yt i )vf—{1+wa<xk>}*{zwxi>w}2

L+
co w (l‘l) , » co . )
:Z{ + W%) WAT) e

P TS e {1+ ta(m)?

Let ) )

Ua(a)  codR(w)
L2 20a(b) {14224 ()}*
To show that ¢”(t) > 0, we only need to show that f;(z;) > 0. Since f;(z;) = fi(—x;),

filw)) =0+ 1<i<c.

without loss of generality, we are only going to show that f;(z;) > 0, for z; > 0.
Take derivative of f;,

Da(xa)da(es) 20093 (@)dha (@) Y ED)

IEDYTNCHEER LS DPENCH ISRt S DWTNCH I

Since 9y (z;) < 0 and 15 (z;) > 0, we have f/(z;) > 0 for all 2; € ©,\{\, cA}. Observe

that f;(x;) is continuous on (0, 00). For z; € (0, \),

fi(z) = — x; & {\, cA}L.

CQ)\2
e 2 Jim Sia) = 0= e

For z; € (A, c)

ZQ—C())\QZO.

filzy) = lim fi(x;)

T;— AT
_ 1 coN?
Tl DI R @) (TN S (@)
1 coN?
> 0—

(c—D)(1+X2) (14 A2)?
o(c—1)(1+X%)% — (1 4+ A?) — cp(c — 1)\?
(c— 1)(1+ A2)2

> 0.
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For z; € (cA, 00),

filz;) > lim  fi(z;) = 0> 0.

zi—eAt
Therefore f;(x;) > 0, for z; > 0. Furthermore, we show that ¢"(t) > 0 except a finite
number of ¢ € [0, 1] and finish the proof of case 1.
Case 2: x € xJory € x§, where x§ = x°\x§ = {z € x°:|z;| € {\, cA} for some 1 <

i < co}. Without loss of generality, we assume that the last co — &k, 1 < k < n ele-
ments of x and y are the same, and the rest are not, i.e. x; # y; for 1 <7 < k and

x; =y for k+1<i<cp Let x* = (x1,...,2%), ¥* = (y1,...,yx) and v* = y* — z*.
Therefore only a finite number of ¢ € [0, 1] such that point (1 —¢)z* + ty* belongs to
DF={zx€©; x..x0, :|z]e€{\ec)\} for some 1 <i<k}.

Let w = (wy, ..., wy), and define g : ©;, x ... x C:),k — R, as

g(w) = L((w, Tt1, - ey ) )-
Define ¢*(t) = g(z* + tv*),t € [0,1]. Then similar to Case 1, we can show that

d_i - aj’f‘(x ) vy = Z@x.((x V", T, ey Tn)) - 0]
i i i=1 '

is continuous, and

d290* an
= * 1ttt
dt? T Ox; 0z} (@7 + 0 Joiy;
k
0%’L
= * 4 to*, sy Ty) JUSVE
2 s (2" + to*, Tpqa, ooy ) )05 0]
>0

except a finite number of ¢ € [0, 1]. Therefore dy*/dt is non-decreasing, and further

©*(t) is convex on [0, 1]. By definition, for any ¢ € [0, 1],

L((1 —t)x + ty) = L(z + tv) = g(x* + tv¥)

= @"(t) < t"(1) + (1 = 1)@™(0) = tL(y) + (1 — ) L(x)
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