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ABSTRACT

Perlmutter, Michael A. PhD, Purdue University, August 2016. Martingales, Singular
Integrals, and Fourier Multipliers. Major Professor: Rodrigo Banuelos.

Many probabilistic constructions have been created to study the LP-boundedness,
1 < p < o0, of singular integrals and Fourier multipliers. We will use a combination of
analytic and probabilistic methods to study analytic properties of these constructions
and obtain results which cannot be obtained using probability alone.

In particular, we will show that a large class of operators, including many that are
obtained as the projection of martingale transforms with respect to the background
radiation process of Gundy and Varapolous or with respect to space-time Brownian
motion, satisfy the assumptions of Calderén-Zygmund theory and therefore bound-
edly map L' to weak-L'.

We will also use a method of rotations to study the LP boundedness, 1 < p < oo,
of Fourier multipliers which are obtained as the projections of martingale transforms
with respect to symmetric a-stable processes, 0 < o < 2. Our proof does not use the
fact that 0 < a < 2 and therefore allows us to obtain a larger class of multipliers,
indexed by a parameter, 0 < r < oo, which are bounded on LP. As in the case of the
multipliers which arise as the projection of martingale transforms, these new multi-
pliers also have potential applications to the study of the Beurling-Ahlfors transform
and are related to the celebrated conjecture of T. Iwaniec concerning its exact L

norm.



1. Introduction
1.1 Overview

Martingale inequality methods provide a powerful tool to study the L? bounded-
ness, 1 < p < 00, of the basic Calderén-Zygmund singular integral operators and other
Fourier multipliers on R™. An advantage of these techniques is that they give very
good information on the size of these L” bounds and, in particular, provide constants
that are independent of the dimension. These same arguments can be used to extend
results from R™ to manifolds and to the Ornstein-Uhleneck case. For some applica-
tions of these methods we refer the reader to [3], [7], [11], [8], [6], [16], [25], [35], [24],
and the many references provided there. However, as powerful as these techniques are,
weak-type martingale inequalities cannot be directly transferred to singular integral
operators. For example, while Burkholder’s celebrated L” inequalities, 1 < p < oo,
for martingale transforms [18], with his famous bound “(p* — 1)”, gives the same
L? bound for many singular integral operators, his weak-type martingale transform
bound “2” provides no information for the weak-type inequalities of those operators.
This is due to the fact that the probabilistic representation of such operators involves
the use of conditional expectation which does not preserve weak-type inequalities.
When viewed as analytic objects, many of the operators which are obtained as the
projections of martingale transforms have natural generalizations which cannot be
studied by purely probabilistic methods. Therefore, in chapters 2 and 3 we will use
a combination of analytic and probabilistic techniques to study these operators.

The main result of chapter 2 is that a very general class of operators, including
many of the operators considered in [11] and [8], which arise as the projections of
martingale transforms, are in fact Calderéon-Zygmund operators. This class includes

operators which are not, in general, of convolution type. Once we know that these are



Calderén-Zygmund operators, they then satisfy all the properties of such operators,
including their weak-type boundedness. This does not, of course, answer an important
question that has been of interest to many people for many years, originally raised by
Stein in [40] in the case of the Riesz transforms: do these operators have weak-type
bounds independent of the dimension? An affirmative answer would in turn raise an
even more important question: do weak-type inequalities hold for Riesz transforms on
Wiener space? After nearly 35 years and the efforts of many, these questions remain
completely open. For a more precise formulation of these questions, see [4].

The purpose of chapter 3 is to study the LP boundedness of a class of Fourier
multipliers which are closely related to multipliers obtained as the projection of mar-
tingale transform of a-stable processes, 0 < a < 2, in [9] and [5]. Using analytic
methods, we are able to obtain a family of operators indexed by r, 0 < r < oo, that
are bounded on LP(R"™). When 0 < r < 2, these operators coincide with the operators
from [9] and [5]. However, for » > 2 these are a new family of operators whose L”
boundedness have not been previously studied (except in the trivial case that p = 2).
These problems are motivated by a celebrated 1982 conjecture of Tadeusz Iwaniec [29]
which asserts that the LP norm of the Beurling-Ahlfors operator is the same as the LP
norm of martingale transforms, namely (p* — 1). Although great progress has been

made on this conjecture, it too remains open.

1.2 Calderén-Zygmund Operators

Following standard terminology (see for example [26, p.175]), we will say that an
operator T acting on the Schwartz space of rapidly decreasing functions on R" is a
Calderén-Zygmund (CZ) operator if it admits a bounded extension to L?(R") and is
of the form

Tf(z) = lim K(x,7)f(2)di (1.1)

N0 lx—Z|>€



where the kernel K is defined on the set {x # Z} and satisfies the following conditions

- R

|K (2, 7)] < T (1.2)
~ K

V. K(z,7)| < —’1; i (1.3)
- K

ViK (2, 2)| < EEE T (1.4)

for some universal constant k. Integrals as in (1.1) are referred to as principal value
integrals. For the rest of this thesis, we will assume that all integrals, where the
integrand has an isolated singularity, are to be interpreted as principal value integrals.
If there exists a function K, defined on R™\ {0}, so that K(x — %) = K(x, %) for all
x # ¥, then we say that T is of convolution type. The Hilbert, Riesz, and Beurling-
Ahlfors transforms discussed below are basic examples of CZ operators of convolution
type which give rise to interesting Fourier multipliers. It is well known (see for
example [26, p.183]) that CZ operators are strong-type (p,p) for 1 < p < oo and are
weak-type (1,1). More precisely, there exists universal constants C,,, ., depending

only on p,n, and «, such that
ITfllp < Comunll fllp, 1 <p<oo (1.5)

and

C n,Kk
{z: |ITf(x)] > A} < %Ilth (1.6)

where here and below we use |A| to denote the Lebesgue measure of a set A.

We note that CZ operators do not, in general, map L'(R") into L!'(R"), nor do
they map L>(R™) into L=(R"™). They do, however, map the Hardy space H'(R"™), an
important subset of L'(R"), into L*(R") and map L*®(R") into the set of functions

with bounded mean oscillation. This topic will be discussed further in section 2.2.



1.2.1 The Hilbert Transform

The Hilbert transform is the prototypical example of a Calderén-Zygmund oper-
ator of convolution type. For a rapidly decreasing function, f : R — R, we define

_ 1 [ fw)

TJRT Y

Hf(x) dy.

In other words, the Hilbert transform is the operator given by convolving a function
with the singular kernel % It is important to note that this integral must be inter-
preted as a principal value integral since otherwise it may not converge. (Take, for
instance, z = 0 and f(y) = e7¥".) An interesting property of the Hilbert transform is
that if we let u(z,y) and v(x,y) be the extensions of f(z) and H f(x) to the upper
half-space by convolution against the Poisson kernel p,(x), then u(z,y) + iv(z,y) is

holomorphic on the upper half-space.

1.2.2 The Riesz Transforms

The natural generalizations of the Hilbert transform to higher dimensions are
known as the Riesz transforms. For f € LP(R™), we define the Riesz transform in
direction 7, 1 < j < n, by

(2L -
Ryf(@) = ~o2) /R g @)

When n = 1, this reduces to the Hilbert transform. R; is a Fourier multiplier with

RT(E) = % e).

In [40], Stein showed that we may take the constant, C,,, to be independent of n
in (1.5) for the Riesz transforms. Whether or not the constant in (1.6) can be taken
independent of n is unknown with the best known result being that the constant is
at worst O(y/n) as n — oo [31]. Gundy and Varopoulos showed in [27] that the
Riesz transforms could be interpreted probabilistically as projections of martingale

transforms, and from this it again follows that the constant may be taken to be



independent of dimension. See [4] for more on this topic. These techniques were

further explored by Banuelos and Wang in [8] to prove the sharp inequalities

1R fllp < Collfll, and  [((Rif)* + f2)2ll, < \/CE + 1l f Iy,

p*:max{p,p%l}, and C, = cot (27;*)

The first inequality had been proved earlier by Iwaniec and Martin in [30] using the

where

method of rotations.

1.2.3 The Beurling-Ahlfors Transfrom

For f € LP(C), we define the Beurling-Ahlfors operator by

Bf(z) = —l/(c(f&dw.

T z —w)?
B is a Fourier multiplier with

2 2 oy N
]

Therefore, we can decompose the Beurling-Ahlfors transform into a linear combina-

Bf(€) =

tion of second order Riesz transforms,
B =R;— R} +2iR\Ry. (1.7)

Because of its many connections to quasiconformal mappings and other topics in
complex analysis (see for example [2]) there has been a lot of interest for many years
in finding its operator norm on LP(C), 1 < p < oo, which we denote ||B||,. In [33],
Lehto showed that || B||, > (p* —1). A long standing conjecture of Iwaniec [29] is that
|Bll, = (p*—1). Despite the efforts of many researchers, Iwaniec’s conjecture remains
open. There are, however, many partial results, and the techniques developed in these
efforts have lead to many other interesting questions and applications. In particular,
there are a number of probabilistic constructions which provide upper bounds for

1B1l-



In [8], Banuelos and Wang showed that ||B||, < 4(p* — 1). This constant was
reduced to 2(p* — 1) by Nazarov and Volberg in [35] using a Littlewood-Paley in-
equality proved using Bellman functions techniques. The Bellman function in [35]
is itself constructed from Burkholder martingale inequalities. In [11] the martingale
techniques from [8] were applied to space-time Brownian motion to reproduce the
bound 2(p* — 1). The methods of [11] were refined in [10] to reduce this constant to
1.575(p* — 1), which is the best known bound as of now valid for all 1 < p < co. We
do point out that for 1000 < p < oo, this bound was improved to 1.4(p* — 1) in [16].

1.3 Multiplier Theorems

Two important tools for studying the LP(R™) boundedness of Fourier multipliers,
which we will use in chapter 3, are the Marcinkiewicz mutliplier theorem and the
Hormander-Mikhlin multiplier theorem which we state below for convenience. For

proofs of these results see [26] or [39].

Theorem 1.3.1 (Marcinkiewicz). Let m € L®(R™) with ||m|s < K for some 0 <
K < oco. Supposed that m(§) is n-times continuously differentiable on the subset
of R™ where none of the & are zero. For j € 7Z, let I; denote the dyadic interval
(=29t 27 U [27,29FY). Suppose that for all 1 < k < n, for all subsets {iy, ..., ix}

of {1,...,n} of order k, and for all integers l;,,...l; , we have that

)

/ / 05 Dy m(E)|des, . de, < K < 00 (1.8)
I, I,

whenever & # 0 for all j ¢ {i1,...,ix}. Then m(§) is a bounded Fourier multiplier
on LP(R™) for all 1 < p < 0o and

T fllp < CoE (" = D™ fll,  for all f € LP(R™),

where C,, is a constant depending only on n.



Theorem 1.3.2 (Hérmander-Mikhlin). Let ng = |2| 4+ 1, and let m(€) be no-times
differentiable on R™ \ {0}. Suppose there exists 0 < K < oo such that |mlls < K

and that also

sup R+ / 0P m(6)|2de < K® (1.9)
R>0 R<|¢|<2R

for all multi-indices such that |B| < ng. Then m(§) is a bounded Fourier multiplier

on LP(R™) for all 1 < p < oo and there exists C,, depending only on n such that

[T fllp < CoK(p™ = D[ fllp-

1.4 Lévy Processes

A Lévy process on R™ is an R™-valued stochastic process, (X;);>0, which almost
surely starts at the origin, has stationary, independent increments, and satisfies the
stochastic continuity condition limp o P(| X |; > €) = 0 for all e > 0. The famous Lévy-
Khintchine formula states that there exists a point b € R™, a non-negative symmetric
n X n matrix B, and a measure v such that v({0}) = 0 and

min{|z|?, 1}dv(z) < oo,
Rn
such that the characteristic function of X, is given by E(e®Xt) = e?(¢) where

pO) =ib-g~ 3BE €+ [ 65— 1= (e )laen)] vide)

n

(b, B, v) is referred to as the Lévy triple of X;. The triple (b,0,0) corresponds to a
drift process X; = bt; (0, B, 0) corresponds to a centered Gaussian process with whose
covariance is given by [X?, X/] = B;; min{s,t}; and (0,0,) corresponds to a “pure-
jump” process. If X; and Y; are independent Lévy processes with triples (bx, Bx, Vx)
and (by, By,vy), then X; + Y} is a Lévy process with the triple (bx + by, Bx +
By,vx + vy). Therefore, the Lévy-Khinchtine formula says that any Lévy process
can be decomposed into the sum of three independent Lévy processes, a drift process,
a centered Gaussian process, and a pure-jump process. For further background on

Lévy processes see [13], [14], and [38].



1.4.1 «-stable Processes

For 0 < a < 2, the symmetric a-stable process is a Lévy processes, (X;)i>o with
p(&) = —[&]*. In the case that a = 2, (b, B,v) = (0,1,0), (X};);>0 is Brownian motion
(running at twice the usual speed), and density of X; is given by the Gaussian heat

kernel

1
e (110
T n

For 0 < a < 2, we have that (b, B,v) = (0,0,dv(z) = C’mawﬁdz). If « =1, then
(X¢)t>0 is the Cauchy process and the density of X, is given by the Poisson kernel
NG t

2
m(n+1)/2 (’[L’|2 + t2)(n+1)/2 ’

(1.11)

Except for in the cases @ = 1 and o = 2, we do not have a simple analytic expression
for the density of X; as in (1.10) and (1.11). However, there are a number of integral

representations which are available for any a.

1.5 Martingale Transforms

The study of martingale transforms and their boundedness on L? dates back to D.
L. Burkholder’s 1966 paper [17]. Since that time, martingale transforms have been
extensively studied for both their theoretical importance in probability theory and
their applications to finance. As alluded to in subsection 1.1, they have also been

widely used to study the boundedness of singular integrals and Fourier multipliers.

1.5.1 Discrete Martingales

If (fn)n>o is a discrete-time martingale defined on a probability space (2, Fo., P),

with filtration F = (IF,,),>0, then we may define a difference sequence,

dy = fr — fr—1
for £ > 1, and dy = fy so that



If v, is a predictable sequence of random variables, in the sense that vy = 0 and
vp € Fy_y for k > 1, such that |vi| < 1 a.s. for all k, then the martingale transform
of f by v is defined by

n

(U * f)n = kadk

k=0

It is straight forward to check that (v f), is a martingale. The primary result of [17]
was that the mapping f — v* f is bounded on LP, 1 < p < oo, and weak-type (1, 1).
That is, there exists constants C}, and C; such that

1/p 1/p
(supE|(v * f)n|p> <G, (supE[fn|p)> (1.12)
and

C
P{sup |(v * f)a| > A} < 71||f||1, for all A > 0. (1.13)

Eighteen years later in [18], Burkholder was able to show that, for all 1 < p < oo,
the best possible value of C), in (1.12) is p* — 1 and that the best possible constant in
(1.13) is 2.

In [19], Burkholder introduced a condition called differential subordination, which
allows for a much simpler proof of the fact that (1.12) holds with constant p*—1. Fur-
thermore, this construction allows us to extend this result to martingale transforms
defined with respect to stochastic integrals. Let (f,,)n>0 and (g,)n>0 be martingales
taking values in a separable Hilbert space and let d; and e; be their difference se-
quences (so that f, = > p_,d and g, = Y _,_,ex). We say that g, is differentially
subordinate to f, if |ex| < |di| a.s. for all k. Burkholder showed that if g, is differ-

entially subordinate to f,, then

1/p

1/p
(swBia) < = 1) (swpELER)) (1.14)
Note that p* — 1 is the same as the constant that appears in Iwaniec’s conjecture

regarding the Beurling-Ahlfors transform.
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1.5.2 Stochastic Integrals and Continuous-Time Martingales

Let (Xt)i>0 and (Y;);>0 be martingales on a probability space (£2,F,P), with a
common filtration, F = (F;);>¢ that take values in a separable Hilbert space. Assume
that F is right continuous and [ contains all events of probability zero. Let [X]; and
[Y]; denote quadratic variations of X, and Y; respectively. Y; is said to be differentially
subordinate to X; if |Yy| < |Xo| and the process [X]; — [Y]; is non-decreasing. Note
that the quadratic variation of a discrete-time martingale f, = > ,dj is given
by [fln = Y p_o|dk|*. Therefore, this condition is the natural generalization of the
differential subordination condition for discrete martingales. In [8], Banuelos and
Wang, showed that if X; and Y; have continuous sample paths, and Y; is differentially
subordinate to Xy, then

1/p 1/p
(supE\Yt\p) <(p*—1) (supE]Xt|p) . (1.15)
¢ t

In the case that X; and Y; are orthogonal, in the sense that their quadratic covariation

is zero, the constant p* — 1 can be improved to cot <2;* ) We note that in [41], Wang
showed (1.15) holds even if the assumption of continuous sample paths is removed.
This fact will be important when we consider martingale transforms with respect to
general Lévy processes.

A particularly important class of examples are martingales of the form
t
X = / H, - dB,
0

where B; is n-dimensional Brownian motion and H, is a R"-valued predictable pro-
cess. If A, is a predictable, matrix-valued process such that for all s > 0, and all

v e R |Agw| < |vl|, then
¢
(A% X); :/ AH, - dB,
0

is called the martingale transform of X by A. Similarly to the discrete martingale
transforms in the previous subsection, (A * X)), is a martingale that is differentially
subordinate to X;. We remark that if for all s > 0 and all v € R"”, Av-v = 0, then
X; and (A * X); are orthogonal.



11

1.6 Martingales Transforms and Harmonic Analysis

As alluded to in section 1.1, there are several constructions which use martingale
transforms to study the LP boundedness of the classical Calderéon-Zygmund singular
integrals mentioned in section 1.2 and other Fourier multipliers. In many of these
constructions, the method is based on the same fundamental idea. For a function
f in LP(R™), we construct a martingale M(f); such that sup, | M(f):l, = | fll,-
Then we apply a martingale transform to get a new martingale, N(f);, such that
sup, [|N(f)ell, < Cpsup, [|M(f)¢l|l,- Finally, we project N(f); onto LP(R™) using
conditional expectation to get a new function which we denote by S f(z). Conditional
expectation is a contraction on LP(R™) so ||Sf]l, < sup, || N(f):l|,- Combining these
three inequalities yields ||Sf||, < C,l|/fll,- If appropriate choices are made at each
step, this operator will coincide with an operator of classical interest in analysis such

as the Riesz Transforms or Beurling-Ahlfors transform.

1.6.1 The Background Radiation Process

We first consider the construction developed by Gundy and Varopoulos in [27]
and used by Banuelos and Wang in [8]. The first step is to construct a martingale
corresponding to each function f € LP. Let

r(m) y

py(x) = T D72 (|]2 + ¢2)(n+1D)/2 (1.16)

be the Poisson kernel for the upper half-space, R, and for f(z) € C°(R™), let
(py * f)(x) = us(x,y) be the Poisson extension of f. (Note that by (1.11) p, is the
density of the Cauchy process at time y.) Background radiation is a “time-reversed
Brownian motion,” (B;):<o, taking values in RTI such that B_., has distribution
given by the Lebesgue measure on R" x {oo}, and By is distributed by the Lebesgue
measure on R" x {0}. We write B; = (X, Y;) with X, taking values in R” and Y; > 0.
The standard rules of stochastic calculus, in particular 1t6’s formula, hold for the

background radiation process. Therefore, us(X},Y;) is a martingale and
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0
F(Xo) = ug(Bo) = / Vuy(X.,Y,) - dB.,

where V = (0y,,...,04,,0,). If A(z,y)is an (n+1) x (n+ 1) matrix-valued function
such that

[ Al = || sup (|A(z, y)v])[| Lo ®r x[0,00)) < OO,

[v|<1

we define the martingale transform of f by A as

(e = [ AT, Y2 a8, (1.17)

—0o0

The random variable A x f is not a function of the endpoint, X,. This motivates
us to define a projection operator by averaging the integral in (1.17) over all paths

ending at x, that is,

0
Tuf(z (/ A(X,,Y,)Vup(X,,Y,) - dBy| Xo = x> .

It is known (see [4]) that E(|(f(Bo)|") = Jgn |f(x)[Pdz, which implies

sup [|ug (Bi)llp = [ fl»
t>0

since |us(By)[P is a submartingale. In other words, lifting f € LP(R") to the space of
martingales does not change its norm. Combining this with the fact that conditional
expectation is a contraction in LP(R™), we see that the operator norm of T} is the

same as the operator norm of the martingale transform X — A x X. Thus, we have

ITaf (@)l < (0" = DIANLAA-

It is known (see for example [18]) that martingale transforms are weak-type (1,1)

and in fact we have the sharp inequality

2| A
piaxx| > < A0 X,
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Unfortunately, this does not give us information about the weak-type behavior of
T4 because weak-type inequalities are not preserved under conditional expectation.
However, we can represent T4 analytically by finding a kernel K 4(x,Z) such that

Taf(z) = | Kalz,1)f(T)dz.

R

Let f,g € C3°(R™) and note that

o) = [ Vu(B.)-db,

—00
by Ito’s formula. Therefore, using basic facts about the covariation of stochastic
integrals and the occupation time formula for the background radiation process, (see

(23, p.31 and 57] and [27])

/n Tuf(x)g(x)de = /n E (/0 A(X,, Y Vus(X,,Ys) - dBy| Xy = x) g(z)da

—00

— (/O A(Xs, Yy) Vuy (X, Ys) - stg(Bo))

—00

0

—00 —00

:E(/O A(XS,YS)Vuf(XS,YS)-dBS/ Vug(Bs)-dBS>

_E (/0 A(Xs, Yy Vg (X, s - Vug(Bs)ds)

—00

— /OOO /n ZQA(QT, y)Vuf(g:, y) . Vug(x’ y)dgjdy, (1.18)

Using the fact that Vus(z,y) = ((Vp,) * f)(z) and applying Fubini’s theorem, we see

that we have

Ka(z,7) = /OOO / AT, y)Vpy (& — F) - Vp, (& — 2)dady.

This representation will be used in chapter 2 show that 7’4 is, under mild assumptions,
a Calderén-Zygmund operator.

If we define A; = (a{’m) by

1 I=n+1,m=y
a, =S -1 l=j,m=n+1 ¢,

0 otherwise
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then plugging into (1.18) and Fourier transforming shows that 74, = R;. Since A;

satisfies the orthogonality condition A;v-v = 0 for all v € R", it follows that
T

I < cot 57

We can also define A in such a way that T4 = R, ; and ||A| = 1. This implies,

) 1l 1<p< oo

[R:R;llp < (0" = Dl fllp, 1 <p<oo.

By (1.7), this also implies that ||B][, < 4(p* —1). If A is any matrix with constant
coefficients, T4 will be a linear combination of the identity and first and second order
Riesz transforms. Moreover, if A(z,y) = A(y) is independent of x and || A|| < oo,
then T4 is a Fourier multiplier. For more examples of multipliers corresponding to

various choices of A, see [8] and [4].

1.6.2 Space-Time Brownian Motion

The approach of [11] is similar to the construction discussed in the previous subsec-

tion, but uses space-time Brownian motion and the heat kernel for the half Laplacian,

1 e
ht(llﬁ') = WG ] /2t, (119)

instead of background radiation and the Poisson kernel. (We remark that h; is the
density of a standard Brownian motion at time ¢. Observe that this is, up to a simple
time change, t = 2s, the density of the stable process given in (1.10).) Fix 7" > 0, and
let Z; = (B, T —t) for 0 <t < T where B, is Brownian motion on R" with initial
distribution given by the Lebesgue measure. Letting u(z,t) denote the extension of
f to the upper half-space by convolution with A, It6’s formula shows that uf(Z;) is
a martingale and
s (Z) = / Vou By, T —s) - dB,.
0
For an n x n matrix-valued function, A(z,t), such that ||A|| < oo, we define a mar-

tingale transform and a projection operator by

T
Ax f= / A(B,, T — s)V,us(Bs, T — s) - dB,
0
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and

Saf(@) =E(Ax f|Zr = (z,0)).

It is shown in [11] that limp_,., S} = S4 exists in L?(R"). Moreover,

1Saf (@)l < (" = DIA[N - (1.20)
If AG9) is defined by
-1 Il=i,m=y
ofs) = e
0 otherwise

then S, is the second order Riesz transform, R;R;. By (1.7), this easily leads us to
the conclusion that || B||, < 2(p* —1). As with the operators arising from background
radiation, if A(z,y) = A(y) is independent of z, then S, is a Fourier multiplier.
Furthermore, we may again find a kernel so that
Saf(@)= | Ka(z,2)f(2)d,
R’ﬂ

where

/ / OVohi(Z — )V, hi(T — x)dzdt.

1.6.3 Martingale Transforms with respect to General Lévy Processes

In [9] and [5], the construction discussed in the previous subsection was generalized
by replacing Brownian motion with more general Lévy processes. This results in a
large class of Fourier multipliers, with formulas given in terms of the characteristics
of the Lévy process, which are bounded on LP(R"), 1 < p < oco. Let v be a Lévy
measure on R™, ¢ a complex-valued function on R” with |||« < 1, v a finite Borel

measure on S"!, and 1 a complex-valued function on S*~! with |1/, < 1. Define

M. (§) by
Jgn (cos(& - 2) = Dp(2)v(dz) + AL - €

My (§) = Jan(cos(& - 2) = Dv(dz) + BE - €

(1.21)
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where

A= (/ Oﬂjz/}(Q)d,u(H)) and B = (/ Hideu(6)> )
sn-1 1<4,j<n Sn-t 1<4,5<n

Note that (cos(§ - z) — 1) = R(e®* — 1 — i(€ - 2)[(|;<1)). Therefore, m,,, may be
interpreted as a “modulation” of the real part of the Lévy exponent of some process,
X, divided by the “unmodulated” real part of the Lévy exponent of X;. The primary
result of [5] is to show that m,, a bounded multiplier on LP(R") for all 1 < p < o0

and

[T, fllp < (0" = DIIf|lp for all f e LP(R™).

We will now give a brief summary of how this multiplier is obtained in the case
where ;4 = 0 and v is symmetric and finite, which corresponds to X; being a com-
pound Poisson process. (The general case can then be proved by symmetrization and
approximation arguments. See [5] for details.) Similarly to [11], we fix T" > 0, let
(Zi)o<i<r = (X1, T — t)o<i<r, and let Vi(z,t) = P,f(x) = BT (f(X; + z)). It is shown
in [9] that V;(Z;) is a martingale, with sup, |V;(Z;)]|, = || f||, for all 1 < p < oo, and

by the generalized It6’s formula (see for example [36])

t+ N
Viz) =itz = [ [ Wiz +2) = vzl N s dz),

where Z,_ = lim, », Z,, and N is the so-called compensator, defined for each fixed

t > 0 on Borel sets of R by
N(t,A) = N(t, A) — tv(A)
where N is the Poisson random measure that describes the jumps of X, i.e.
N(t,A) =|{s:0<s<t,X,— X, € A}|.

Therefore if ¢ : R" — C with ||¢|le < 1, we can define the martingale transform

of Vi(Z;) by ¢ as

t+ B
exVslZ) = [ [ W32 +2) = V2 plo) s, ).
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The quadratic variations of V¢(Z;) and ¢ * V¢(Z;) are given by

wwmh=Z; Vi (Zoe + 2) = Vy(Zo )N (ds, dz)

and
e Vi@li= [ [ Vi +2) = Vi) Ple) PN s, o),

Therefore, ¢ * V;(Z,;) is differentially subordinate to V;(Z;) and

sup lo* Vi(Zoll, < (0" = DI fllp-

A projection operator can be defined by
Sg f(x) =E" (¢ * V(Zr)| Zr = (2,0))

and we again have that
152 f(@)lp < (" = DI flp-

It is shown that as T" — 0o, a limiting operator, S, exists and satisfies the bound

16 f (@)l < (0" = DI -

Moreover, S, is a Fourier multiplier and @ (&) = m#,y(g)f(g).

A particularly interesting class of operators occurs when we take X; to be the
symmetric a-stable process with 0 < a < 2 and assume that ¢ is homogeneous of
order zero. In polar coordinates, we may write dv(z) = C,, o7~ ~*drdo(6) where C,,

is a constant chosen so that

)= [ (eos(e2) = Dav(z) = .

In this case, the numerator of (1.21) is given by

Cha /n(cos(g -z) = D(2)dv(z) = Cpq /n1 w(0) /000 cos(ré - 0)r~ " *drdo (6)

S

=Cha w(B)|€ - 0]¢ “1=2dsdo (6

, /Sn_l ( )]5 | /0 cos(s)s S ( )
= ©(0 -01%do(0).
n,o /S"—l ( )|§ | ( )
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Therefore, the corresponding multiplier is given by
’ Jon-s 1€ - 012dor(0)

If we set n = 2 and choose ¢(0) = e~28% then it is shown in [5] that m,(§) = %g

Therefore, for all 0 < a < 2 and all f € LP(R")

a—+ 2
[Bfll, <

@ = DI f -

Letting a * 2, we recover the bound ||B||, < 2(p* —1).
The condition 0 < a < 2 is natural from a probabilistic prospective. Otherwise,
the measure dv(z) = VC‘TL% is not a Lévy measure on R™. However, for any r» > 0, the

multiplier
Jon-1 1€ - 01"0(0)do (6)
Jn-1 1€ - 017 dor(6)

satisfies ||m,||«c < 1. Therefore, T,,, is a bounded operator on L*(R"). Furthermore,

m,(§) = (1.22)

for any 7 > 0, if we choose @(f) = e **2% the formula T,,, f(z) = ~5Bf(z) is
valid for all f € C§°(R"). Therefore, if we could prove conjecture (1), stated below,
then letting  — oo it would follow that || B||, < p* — 1, and therefore the celebrated
conjecture of Iwaniec would be proved. This motivated the following conjecture of

Banuelos which first appeared in [4].

Conjecture 1 Letn > 2, 0 < r < oo, p € L¥(S"™), |0l < 1, and let m, be
defined as in (1.22). Then the corresponding operator, T,., is bounded on LP(R™) for

all 1 < p < oo and

[T, fllo < (0° = DIl for all f € LP(R").

This is a very strong conjecture since it includes Iwaniec’s conjecture, which has

remained unproved for over thirty years, as a special case.
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1.7 Calderén-Zygmund Operators Arising from Martingale Transforms,

Statement of Results

The constructions used in [8] and [11] give very good constants for the LP(R")
boundedness, 1 < p < 0o, of the operators which are constructed there as the projec-
tion of martingale transforms. However, using purely probabilistic methods, we are
not able to get any information about the behavior of these operators on L'(R™). The
purpose of chapter 2 is to show that these operators are Calderén-Zygmund operators
and therefore are weak-type (1,1). Specifically, we prove the following theorem. In
the case that o = 1 or 2, these operators are the conditional expectations of martin-

gale transforms which were used in [8] and [11] respectively. (See subsections 1.6.1

and 1.6.2.)

Theorem 1.7.1 Let 0 < a < 2. Let (X})i~0 be a symmetric a-stable process on R”
and let ¢ denote the density of Xi. Fory >0, let p,(z) = y%ap(%) Let A(z,y) =

(a“(z,y)) be an (n+ 1) x (n + 1) matriz-valued function with

[A[] = 1l sup (JA(z, y)v]) ]| Loo < fo,00)) < 00 (1.23)

[v]<1
Further assume that a®(z,y) = a*(y) is independent of x whenever i or j =n + 1.

Consider the kernel

Ka(z,7) = /0 h / YA )V, (T~ 1)V, (7 — 2)drdy, (1.24)

where V = (Oyy, ..., 04,,0,). Then the operator

Taf(e) = | K(x,2)f(z)d

Rn

1s a CZ operator.

Remark 1 If we make the additional assumption that a*(y) = 0 whenever i or
J =n+1, we may also write our kernel in terms of the density of X;, which we denote
Y. Itis well known (see e.g. [13]) that iy obeys the scaling relation iy (x) = =1 (75=)

which implies @/0 = 1. Therefore, after a simple change of variables we see that

Ka(z,7) = /OOO / %ti_lfl(w, tY Ny (7 — )V (Z — x)dzdt. (1.25)
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The reason why we need the assumption that a™(y) = 0 whenever i or j = n + 1 is
because these entries correspond to “vertical” derivatives with respect to the dilation
parameter t, and the change of variables y = tY/* does not commute with the taking

of vertical derivatives.

1.8 A Method of Rotations for Lévy Multipliers, Statement of Results

The main results of chapter 3 are two theorems which are partial solutions to
Conjecture 1. The probabilistic methods used in [9] and [5] do not apply when r > 2.
Instead, we will study 7,,,. by analytic methods which make use of the Marcinkiewicz

mutliplier theorem and the Hormander-Mikhlin multiplier theorem (see section 1.3).

Theorem 1.8.1 Letn > 2,0 <r < oo, p € L®(S" ™), [|¢llec < 1, and let m,. be
defined as in (1.22). Then the corresponding operator, T, ., is bounded on LP(R™) for

all1 < p < o0 and

p1

T, fllp < Ca(p™ = 1)

(“5%)
220\ flly,  for all f € LP(R™),

()

where C,, is a constant which depends only on n.

Remark 2 Sterling’s formula implies that if a > 0

r
% =0(z") aszx — o0.
Therefore,
P(5?) = O>r" V2 asr — 0.
r()

2

In the case that r is sufficiently large, we can use the Hérmander-Mikhlin multiplier

theorem to obtain estimates on the LP bounds of 7}, that are linear in p as p — oo.

Theorem 1.8.2 Letn > 2 and define ng = [ 2] +1. Let ng < r < oo, p € L®(S"1),
|¢lloe < 1, and let m, be defined as in (1.22). Then the corresponding operator, T,,,.,
is bounded on LP(R™) for all 1 < p < oo and

[T, fllp < Crmax{r™, 1}(p* = V|| fllp, for all f € LP(R"),
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where C,, is a constant depending only on n. Furthermore, T, is weak-type (1,1)
and

T (@) > A} < Comaxfre, 1 I

Remark 3 Comparing the estimates in theorem 1.8.1 and theorem 1.8.2, we see
that each has some advantages over the other. The constants obtained in theorem
1.8.1 have slower growth as r — oo than those obtained in theorem 1.8.2 and have
the advantage of being valid for all v > 0. On the other hand, theorem 1.8.2 gives
estimates which are linear in p as p — oo and includes weak-type (1,1) estimates
which theorem 1.8.1 does not. This is because the proof of theorem 1.8.1 involves
the method of rotations and the Marcinkiewicz multiplier theorem, neither of which
give weak-type inequalities. We also remark that it is unknown if the operators which
are obtained in [9] and [5] satisfy weak-type (1,1) inequalities. While it is true that
martingale transforms do satisfy weak-type (1,1) estimates, these estimates are not

preserved under conditional expectation, as we already mentioned several times before.
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2. Calderén-Zygmund Operators Arising from Martingale

Transforms

2.1 The Proof of Theorem 1.7.1

Proof We need to verify that T4 is bounded on L*(R™) and that K4 satisfies the
estimates (1.2), (1.3), and (1.4). From the definition of T4, we observe that (1.3) and

(1.4) are equivalent.

Lemma 1 Ty is bounded on L*(R™). In particular, there exists a constant C,,,

depending only on n and «, such that for all f € C3°(R™)
ITafll2 < Crall AllILf]2- (2.1)
Proof Let f,g € C°(R™). We will show that

< CoallAllll fll2llgll2-

| Tas@gta)aa

Letting uy and u, denote ¢, x f and ¢, * g respectively,

[ Tas@g(yis

- / [ Kate,9)f(@)g(@)dads

_ / n /R /O h / A, Y) Vo, (7 — 3) - Vi (7 — ) (2)g(x)drdydida

_ /0 h / 2A@) [ Vee—af@- [ Vo,w- x)g(a:)da:dxdy‘

R

_ / / WA, y) Vs (T, ) - V(. y)dzdy
0 n

< 2| / / Y2 Vs (2, 9) |y 2 Vg (2, y) | dady.
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Now by the Cauchy-Schwartz inequality and Holder’s inequality,

/ / Y2 Vs (2, ) [y Vg (2, )| dedy
0 n

< /OO (/n y|Vug(z,y)l dm) v (/R y|Vuy(z,y)| da?)m dy
(/ /nylvw z,y)| dxdy>1/2 </ /nywug z,y)| dxdy> 2.

The proof will be complete once we show that

(/ y |Vuf<:c,y>|2d:cdy>son,anfuz.
0 Rn

Since ¢ is the density of X, which has characteristic function E(e*X1¢) = e7l¢I% | we
have that gp/(Z) = ¢~ 27D Therefore, we may apply Plancherel’s theorem, use the

scaling relation for the Fourier transform, and substitute ¢t = y|¢|, to see that
| o [ Veustepasdy = [Ty [ amiepim@Pifiordsa
—c "y [ PO rdsa
—c " [ ipeorifepaa
=C [ |f(¢ )\2 / h te 2™ dtde
R™ 0

< Cu | IFQ)PdE = Coal I

Likewise,
| v [ pastewbasdy= [y [ 08P ey
0 R 0 R™
_c /0 v | 10,8(E0)PIf(©)Pdedy
_¢ / |- Va(Ey)PIf() Pdedy

IN

¢ ["u [ krwaenrIfords
c [ e / 15y PIFE Py
—c [ 1R [ daenpade < c.f13

IN
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Now that we know T4 is bounded on L?*(R"), we will show that it is, in fact, a
CZ operator. It suffices to show that K% satisfies (1.2) and (1.3) for 1 <i,j,<n+1

where
0 n

The following lemma will be used to see that certain integrals converge.

Lemma 2 There exists a constant C,, o, depending only on n and o, such that for

allx e R", 1 <4,5 <n,

Cn,a

@] < (2.9
Cn7a|l’| Cn,a
0, 0(z)| < (1 + |z[2)t2ta)/2 < (1 + |z2)(+1+a)/2 (2.4)
and
OO ) ——_ 25)

(1 + ‘x|2)(n+2+a)/2'
Proof Inverting the characteristic function of X; we see
o(x) = / emm eIt gg. (2.6)

From this we readily see that ¢ € C*°(R"), so in order to show (2.4) it suffices to

show that there exists a constant C,, , so that

|02,0(x)| < Cral| (2.7)
and
On,a
|0z, 0()| < T (2.8)
Using the fact that
fie_madg = 07

R"
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we see that

|0n, ()] =

gie—ix-fe—lélo‘dg‘

R

gi(efir-ﬁ _ 1)e|£|ad§’
Rn

< | ¢ le ™t —1)e fIde
R'n

<2 [ [¢P|zle”*"de < Calal,

Rn

with the last inequality following because
le™s — 1| < |cos(x - &) — 1| + |sin(z - €)| < 2]z - £].

Therefore (2.7) holds.
To show (2.8), we express X; as a process subordinated to Brownian motion. A
subordinator is an a.s. increasing one-dimensional Lévy process. It is well known

(see [14] for details) that there exists a subordinator, T}, such that
Xt = BTta

where By is a standard Brownian motion (run at twice the usual speed). By condi-
tioning on T; we see that the density of X, is given by
i(z) = /OO L lePraser g g
! o (dms)n/? g » 565,
where 1%/2(t, -) is the density of T;. Since o = 1)1, we see that

& 1 i 2
Oy o) = / e e (L) ds
0

4ts)n/? s

) o© 2
= C’nx—ln/ wr teTun? (1, |m—| du.
z|™ Jo du

It is known (see e.g. [15]) that there exists a constant C,, depending only on «, such
that
n2(t,s) < Cots 172, (2.9)
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Therefore we have

+14a

Cy, o
|0z, 0(2)| < T/ utrr et du
z|" 0

so (2.8) holds. Similar computations show

Ca - n+oa— —u
|gp(w)|§|$|n+a/ vy
0

and

C > nr+—o —Uu
|00, 0, 0()| < Wﬁ/o w2 (4 1)e  du.

Moreover, since ¢ is smooth, it and all of its all of its partial derivatives are bounded

near the origin. Therefore ¢ satisfies (2.3) and (2.5). u

We are now poised to prove the theorem.
Case 1. Eitherior j =n+ 1:

The fact that o) (z,y) = a)(y) depends only on ¥ allows us to use the semi-
group property of 1,. Note that

Py * Py = @bya * ¢y“‘ = w2y“‘ = Pal/ay.
Therefore, substituting w = ¥ — & we see that
K aa)| = | [ ] 200 0)00,(w)0 0w (o - fv))dwdy]
0 n

= /O 2ya™9) (y) / Daipy (W) e, 9y (w = (v i))dwdy'

-|/ 2ya<2"f><y>amaxj@2my<x—fz)dy\
0

IA

0o [ 2010202, 0000z = Dl
0
Likewise,

|aka(i,j)(m7 CE>| -

/ / 2909 (4)D 0y (1), Dr 9 (w0 — (& — &) deody
0 n

< a9 / 210,00y ooy (0 — )| dy.
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Therefore, it suffices to show that there exists a constant C,, so that |K(z)| <

C’ma# and |K'(z)] < Cn,am++1 for all x # 0, where

K(x) = / 29101, o1 ()] dy

and
K'(2) = / 2101, 0, Do, P31/, () dy.
0
¢y is homogeneous of order —n, so its k-th order partial derivatives are homogeneous

of order —n — k. Therefore, if we make the substitution y = |z|t we have
K@) = [ 200,00 02 0)ldy
— [ al10n 00 el ol
= | 2l 100 0n ool

1 oo
0

||

where 1/ = =R Similarly,

1 o0
K,(I) = W/(; Qt‘aaiia.Tja.Tk(le/at(x/)|dt'

The lemma will be proved as soon as we bound the above integrals. We have assumed

that either ¢ or j = n + 1, so we need to bound the following four integrals for any

1<k 1 <n.
0 0
/ 2110400, Oy 1), / 21104040, ooy () .
0 0

We will show how to bound the first integral. The other three may be bounded by

the exact same method. Recalling that ¢y(z) = ¢ (%), we see that

CT(Ll) - n CT(LS) n o n T
0uOr 1o () = 2 ? (;) tn+3 Z«/Ez @i ( ) T nva Z inxia%aﬂfﬁp (;) ’
i=1 j=1

where C’T(Ll), C? and C are constants depending on n.
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Therefore, it suffices to bound

o0 t :LJ
Po =) dt

when a = 2,3, or 4 and § is a multi-index with |3| = a —2. By (2.3), (2.4), and (2.5),

we have
Cn,a

B
el < Gapymrarme

which implies
n+a+|g|
9 <§> < Ch,al ‘
t (t2 + ’x‘2)(n+a+\ﬁ|)/2

oy 2 ¢ grtat|Bl
8 il
/0 tn—i—aa ¥ < n > dt < /0 tnta (t2 4 1)(n+a+|ﬂ\)/2dt

oo tafl
- /0 (1+ t2)(n+a+|5\)/2dt < 0.

Therefore,

Case 2. 1 <i,5 <n:
Since a*’(x,y) depends on both x and y, we are unable to use the semi-group
property of 1,. We are, however, still able to pull out ||A| and use homogeneity.

This again allows us to bound our kernel by the product of iz L and an integral. As

_i|n

in case 1, we start out by substituting w = x — = to see

Imm@ﬁﬂﬁwm/.42W%%wM@Mﬂw—@—@Wm@am

0 n

10, K69 (2, 7)) < || Al / / 29101, 4 (0)]| Dy O, 0y (0 — (& — )| deody.
0 R”

Therefore, we need to show that there exists a constant C,, , so that | K (z)| < Cp.or

||
and |K'(x)| < Cn7a|m|++1 for all  # 0 where now

K(x) = / / 2910y, 0y ()10, 0 (10 — )| duwdy
0 n

and

K@) = [ [ 2l0np ) 0n,0,w ~ )l dudy.
0 n
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Using homogeneity and substituting y = ¢|x| and w = |z|z we see that

K@= [ [ 20000, e - o) dudy
0 n
- / [ 2Halloceunllell0, iz = Dl dzas
/ /2t|8$g0t 2)|[0, 04 (2 — 2")|dzdt. (2.10)

el

Similarly, we have

! 1 > !
|K'(x)| = W/o /R 2t[0p,01(2)]|0x),0n, 01 (2 — 2')|dzdt. (2.11)

Therefore, to complete the proof, we need to show that the integrals in (2.10) and
(2.11) are convergent. (Note that a simple rotation of coordinates shows they do not
depend on z’.) We will show that the integral in (2.11) converges. The proof that
the integral in (2.10) converges is similar.

By (2.4) and (2.5) we know that there exists a constant C,, , so

C
|0z, p(z)| < (1 + |z[2)(nt2+0)/2

(2.12)

and
On,a

(1+ |x|2)(n+2+5)/2’ (2.13)

|aziaxj§0(x)| <

where # = min{e, 1}. (The fact that 3 < 1 will be used to see that a certain integral

is convergent.) Therefore,

Ct?|x|
0w, 1()] < CEAPBITETE (2.14)
and
O t8

This allows us to see that
/ / 2t\8xj8xi<pt(z)|\8xj oi(z — ) |dzdt

|z — 2|t?
dtdz,
” |Z|2 +t2 (n+2+8)/2 (|ZE _ Z|2 +t2>(n+2+ﬁ/




30

so it suffices to show that g;(z) and go(z) are integrable over R™ for

1 |z’ — Z|

1
_ 1+28
91(z) _/0 t (|z|2+t2)(n+2+ﬁ)/2(|$/_Z|2+t2)(n+2+/3)/2dt and

e 1 |2 — z|
_ 1+28
92(2) - /1 t (|z]2 4 t2>(n+2+5)/2 (’x/ _ z[2 4 t2>(n+2+6)/2

dt.

If z, is a sequence converging to z, then

o0 1 |2 — 2|
) L 1428 -
lim g(z,) = lim 1 t (|2n]? + 82)P4B+2/2 (|2 — 2,2 + 2)(n5+2)/2 di

> 1 |z’ — z|
— 1+28 —
- /1 ¢ (|Z|2 + t2)(n+2+,3)/2 (|x _ z|2 + tz)(n+2+,3 dt 92( )
with the middle inequality justified by the dominating convergence theorem applied
to |2’ — 2| zrs. Thus go(2) is continuous on R™. Furthermore, for large z, substituting

t = |z| tan(#) allows us to see that

<Chp [ £72 I
g2(2) < ”8/1 (|22 + 2)n+b+2

/2 2|26 tan' 26 (9) | 2] | 2| sec?()
|2 |2 4+28 gocn+a+25 ()

< Chp do
0

1

w/2
ns e / sin' 727 (0) cos™ 1 (6)d#,
0
so go(2) is integrable.
Likewise, we can see that g;(z) is continuous on R™\ {0, 2’} using by applying the

dominating convergence theorem with t2#+1]z|™=#=2|3/ — 2|="=8=1 and for large 2

we have

w/2
q1(2) < C’n5| |21n+1 / sin'™2%(6) cos® 1 (6)db.
0

Therefore, it remains to show that g;(z) is integrable near 0 and a'.

If |2l <1/2 and 0 <t < 1, it is easy to see

|z’ — z| <C
(|2 _Z|2+t2)(n+2+5)/2 = Yn,Bs

so again substituting ¢ = |z| tan(f) we see

$1+28
< Cnﬁ/ |z|2+t2 (n+2—|—,3)/2d

<Cnpr—— |z|"— /o sin®? () cos™#7(0)d.
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Since 8 < %, the last integral is finite, so ¢;(z) is integrable near 0. A simple change
of variables and a nearly identical computation shows that g;(z) is integrable near a2/,
so therefore g;(z) is integrable on all of R™ which completes the proof.

We end this section by remarking that if i or j = n + 1, then the integral in (2.11) is

divergent. This is why we need the assumption that a™/(z,y) = a™(y) in that case.

2.2 Remarks

Examining the proof of theorem 1.7.1, we see that the only facts we used were the
homogeneity of ¢, (), the fact that ¢ is “small enough” to cause T4 to be bounded
on L*(R™), and the bounds (2.3), (2.4), and (2.5). This immediately gives us the

following corollary.

Corollary 1 Let ¢ € C*R"™) satisfy (2.3), (2.4), and (2.5), and for y > 0, let
Oy = yinqﬁ (g) . Assume that there exists a constant C' such that for all £ € S™~1
/ to(te)2dt < C. (2.16)
0

Let A(x,y) be as in theorem 1.7.1. Consider the kernel

Kaw.d) = [ [ 2A@.)V6,(0 ~ 5)Vo, (s~ o)dzdy,
0 n
where V = (Oyy, ..., 0y,,0y). Then the operator
Taf@) = [ K()/@3ds
R”

1s a CZ operator.

The key to proving lemma (2) was the fact that we could write the a-stable process
as Br, where T} is the a/2 stable subordinator and B, is an independent Brownian
motion (run at twice the usual speed). This motivates the following question. Let

T; be a subordinator, let B; be an independent Brownian motion, and let X; = Br,.
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Under what conditions on 7} does the density of X; satisfy the conditions of corollary
17

If Xy = By, is any such process, called subordinate Brownian motion in the
literature, it is well known (see for example [32]) that there exists a function ® :

[0, 00) — [0, 00), called the Laplace exponent of T3, such that
e M= 710 (2.17)
and that the Lévy symbol of X, is given by

pl€) =~ (1¢P).

Inspecting the proofs of lemma 1 and lemma 2, we see that in order for the density of
X to satisfy the conditions of corollary 1, it suffices to have a bound similar to (2.9)
on the density of T7, and for ®(\) to increase fast enough as A — oo for the integrals

in the proofs to converge. We summarize this in the following corollary.

Corollary 2 Let X, = By, where T} is a subordinator and B; is an independent
Brownian motion run at twice the usual speed. Let ¢ denote the density of X1, and
fory >0, let ¢, (z) = yingb <§> Let ® be the Laplace exponent of T, and assume that

there exists some § > 0 so that
d(N) > 0(N), as\ — oo. (2.18)

Further assume that there exist a constants C and v > 0 such that the density of T,

n(1,-), satisfies
n(1,s) < Cs™177/2 (2.19)

for all s > 0. Let A(x,y) be as in theorem 1.7.1 and consider the kernel
/‘/’wayV%< — #)V6,(7 — x)dzdy,

where V = (Oyy, ..., 0y,,0,). Then the operator

Taf(x) = | K(x,2)f(z)d

RTL

1s a CZ operator.
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An interesting example of subordinate Brownian motion is provided by the so
called relativistic a-stable processes. For 0 < a < 2, M > 0, there exists a Lévy

process, (X;);>o with symbol p(&) = (|¢|> + M?/*)*/2 — M and infinitesimal generator
M — (=A + M?/)/2,

When o = 1, this operator reduces to free-relativistic Hamiltonian which has been
intensely studied because of its applications to relativistic quantum mechanics. For
further background information on this process, we refer the reader to [20], [12], and
the references provided in therein.

In [37] it is shown that T}, the subordinator for X", has density
nm,a/2(t7 S) — emte_m2/asna/2(t78)’ (2‘20)

and Laplace exponent

D(N\) = (A +m¥*)2 —m. (2.21)

Therefore, we readily see that the conditions of corollary 2 are satisfied.

The motivation of this chapter was to answer questions left open in [11] and [8].
Are the operators considered in those papers weak-type (1,1) in addition to being
strong-type (p,p) for 1 < p < oo? Proving that these operators are CZ shows that
the answer to this question is, in fact, yes. However, CZ operators are also known to
satisfy a number of other desirable properties. For example, they boundedly map the
Hardy space H'(R™) to L'(R™) and L>=(R") to the space of functions with bounded
mean oscillation (BMO). More precisely, if T is any CZ operator, then there exist

universal constants C,, and C/,, which depend only on n, so that
||T||H1—>L1 < Cn(ﬁ + ||T||L2—>L2)

and

1Tl e~ Bro < Cp(k 4 [Tl 12— 12)

where £ is as in (1.2), (1.3) and (1.4). For details on this topic, see [26, ch. §].
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Another interesting property of CZ operators is that they are bounded on certain
weighted LP spaces. A weight is a function w € L (R") which is positive almost
everywhere. The associated space LF(w), 1 < p < o0, is the collection of functions f

on R" such that
112 = / (@) Pu(@)de < oo.

The Muckenhoupt characteristic of w is defined as

1 1 1/(p=1) !
wlla, =sup — | wdx - (—/ w P dx) ) 2.22
el Q ’Q|/Q Q1 Jo (2:22)

with the supremum taken over all cubes, (). Note that when p = 2 this becomes

ol 1/ d 1/ 1
wI| A :Sup— war « —— w
0 Q] Jo 1Ql Jo

w is said to be an A, weight if ||w||4, is finite. In this case, it is well known (see for
example [26, ch. 9]) that if T" is a CZ operator, then there exists a constant Cj, , 7.4,
depending on the n, p, T', and w, such that

1T fller(wy < Crprwll fll 2o w),

for all f € LP(w) when 1 < p < co. (A corresponding weak-type result holds when
p=1.)
Recently, in [28], Hytonen proved the so called “A; conjecture,” that C 27

depends linearly on ||w||s, i.e., there exists a constant C,, » 1 such that

NTfll 2wy < Cng,

for all f € L*(w). Combining this with a result of Dragicevi¢, Grafakos, Pereyra, and
Petermichl [21] shows that

max{1,-1-}
ITfllzrw) < Crprllwlly, " 11fllrw)

for all f € LP(w). For more information weighted L” spaces and the Ay conjecture,
see [26, ch. 9] and [28].
The operators considered in [11] are generalized in [1] by taking the projections of

martingales transforms involving more general Lévy processes in place of Brownian
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motion. These more general operators are shown in these papers to obey the same
“p* — 17 strong-type bound for 1 < p < oo as the operators from [11]. In the current
paper we have shown that the operators considered in [11] are CZ operators, and
therefore are also weak-type (1,1). It would be interesting to know if the same is true

of the operators studied in [1].
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3. A Method of Rotations for Lévy Multipliers
3.1 The proof of theorem 1.8.1

The main idea of the proof is to use a method of rotations to write 7, as the
weighted average of multipliers which can be studied using the Marcinkiewicz multi-

plier theorem.

Proof We first observe (see [26] Appendix D, p. 443) that

/ & - 0"do(9) = Anle]", (3.1)
sn—
where 4,,, = 2ﬂ(n1_1) 75 i((;:z::)) Therefore,
1 €0
m.(§) = A, T p(0)do(0). (3.2)

Now for 0 € S™ !, we let my(&) = |£‘;T|T. Using (3.2), we may write T,,,, as a

weighted average of the T,,,’s. More precisely, we shall prove the following lemma.

Lemma 3 For all f € C*(R"),

T @) = 433 [ Ty 1(@)pl0)d(0),

for almost every x.
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Proof Let f and g € C§°(R™). Then by Plancherel’s theorem, Fubini’s theorem,

and the Cauchy-Schwarz inequality,
A T s@gel0)o@(s
4.3 [ ol0) [ T s@ata)dado(s)
=Aup |00 | mel€)F(©F()dedo0)
a3 [ [ ml©e@asoF e
- [ Torese

- / T f(2)g(a)dr

We will also need to estimate the LP boundedness of the operators 7,,,. This is

accomplished by the following lemma.
Lemma 4 There exists 0 < C,, < oo such that

oo fllp < Cu(p™ = D™ (1 £ Iy

for all f € LP(R™). C, depends only on n and, in particular, does not depend on r

or 6.

Before proving lemma 4, we will first show how it is used to give a simple proof
of Theorem 1.8.1. By Minkowski’s integral inequality,

D 1/p
| T fl, = AL ( / da:)

1/p
<at [ (e, ri) o)

| #0Tuaf@)o(0)

1/p
[ 1e0n ([ maswpa) st
<A [ 1T o)

< A;}Cn(p* - 1)6nwn—1||f||p7
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where w,_; is the surface area of S*~!. Therefore, theorem 1.8.1 is proved. [ |
We shall now prove lemma 4

Proof For 6 in S"! let R be a rotation such that Rf = e; and for f € L let g(z) =
f(R™'x). Then a simple change for variables shows that T,,,f(z) = T, g(Rx).
Therefore, it suffices to show that

| Tone, fllp < Ca(p® = 1)*"[[f]l, for all f € LP(R™).

To prove this, we will show that m,, satisfies the assumptions of theorem 1.3.1 and
that we can take K to be independent of r in (1.8). Note that it follows from [39, p.
110] that for each fixed r, T}y, 1s a Marcinkiewicz multiplier, but it takes considerably
more work to show that K can be taken to be independent of r in (1.8). m, (§) is
even in each §; so it suffices to restrict attention to the region where all §; are positive.

Noting that for all Ay,..., A >0

2A; 24y 1 )
———d§;,, ... d&;, =1og(2)",
/Al /A,C §i15i2 .. fzk k 1 ( )

we see that it suffices to prove there exists C' independent of r such that

C

674 ...aik el -~ -
| mex ()] < §ir&i - - - &iy,

or equivalently that

&1&2 s €Zk|a'bl s aikmel <€)| <C. (33)

The left hand side of (3.3) is homogeneous of order zero, so it suffices to bound
this quantity on the portion of the unit sphere where all £ > 0. To do this, we will
make use of two elementary lemma’s which involve the use of Lagrange multipliers to

bound polynomials on ellipses.

Lemma 5 Let a,b,c,d > 0. The maximum value of

fla,y) =y’
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subject to the constraints cx® + dy?> = 1, x,y > 0, is given by
a/2 (p\b/2
(2" (3)
(a + D)2

Proof It is easy to check using the method of Lagrange multipliers to show that f

is maximized when

Tt = a and 1? = b
= o(a+b) Y "t

The result follows immediately. [ ]

Lemma 6 Let 1 < k < n, then the mazimum value of f(x,y,2) = (k — 1)x?*y" +
(n—k)x®*=2y"22 subject to the constraint that g(z,y, 2) = (k— 12>+ 3>+ (n—k)2* =

1,z,y,2 >0 1s

(Qk)k r r/2 1
(k— 1)1 \2k+r (2k + 1)k’
Proof If k£ = n then,
f<x7y7z) :f<x7y) = (n_l)x2nyT and g(xayaz):9<$,y):(N—1)$2+y2,

so the result follows from lemma 5. If 1 < k£ < n, the method of Lagrange multipliers
can be used to show that at any point at which f achieves a local maximum, z = 0.

Therefore, the result again follows from lemma 5. [ |
Now, in order to verify that m, satisfies (3.3), we consider three cases.
Case 1 1 ¢ {iy,... i} :

By direct computation,

S

10i ... Oj,me, (&) =7r(r+2)...(r+2k—2) |£[r+2k

Therefore, we need to bound

r(r+2)...(r+2k-2)e ...

- Sip
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on the portion of the unit sphere where all coordinates are non-negative. By sym-
metry, it is clear that this last term is maximized when &, = &, = ... = §, and
& = 0, whenever i ¢ {iy,...,ix,1}. Therefore, we are lead to the two-dimensional

optimization problem of maximizing

flz,y) =2y,

subject to the constraint that g(z,y) = kx?+y* = 1. By lemma 5, the maximal value

of f subject to this constraint is less than

1 \*
C <2k+r) '

Therefore, on the unit sphere

r(r+2)...(r+2k—2)

r(r+2)...(r+2k—2)¢& ... & < C Ok + 1) < C.
Case 2 k=1,i1=1:
Differentiating, we see
ST
|&101me, (§)] = Tmﬁ(fg +. &),

and (3.3) can be verified by repeating the arguments of case 1.
Case 3 k>1and 1€ {iy,...,ix}:

Without loss of generality, we may assume ¢, = 1. Carrying out the computations,

we see

|8i1 cee ik_181m(€)|
. T(T+2)(T+2]€—4>7’§“§zk71 I_l T(T+2)(7’+2]€—2)§“§Zk71 ;_H

|€|r+2k72 |€|r+2k
2) .. (r+2k—4)&, .. & &7
_r(r+2) <T+‘§’T+2k)§ §ir_1 81 M2+ 2+ .. +62) — (2k—2)&.

Therefore, it suffices to show that there exists C} such that

r(r+2)...(r+2k—4)& ...& &7 <Gy
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and

rr2). (4 2k — el 2 (@ ) < Cy,
whenever |£| = 1 and all § > 0. This can be done by using lemmas 5 and 6 in a
manner similar to cases 1 and 2. [ ]

Remark 4 In the case that r = 2k is an even integer, we have that T, = R3*¥,
the 2k-th order Riesz transform in direction 1. Dimension free estimates for this
operator were obtained by Iwaniec and Martin in [30] using a method that compared
polynomials of the Riesz transforms to polynomials of the complexr Riesz transforms
and then in turn estimated the compler Riesz transforms by comparing them to the
iterated Beurling-Ahlfors transform.

Identifying C™ with R* the complex Riesz transforms are defined by
Cj = Rj + iRn+j
for 1 < j <mn. For a polynomial p(x) = Z\,@\gm cgx®, p(R) and p(C) are defined by

p(R) = Z csR?  and p(C) = Z csCP,

|B|<m IB|<m

where R® = R o ... o R and CP = C" o ... o CP. Twaniec and Martin show that

if par 18 a homogeneous polynomial of degree 2k we have that

2r(r; ;—n iiif I /S |par(2)|do(2),

where || B, is the norm of the k-th iterated Beurling-Ahlfors transform on LP(C).

P2 (R) | e (&) Loy < [|P2£(C)|[ 1o ey 1r(cn) <

Picking p(x) = 2% and computing the integral on the right-hand side using the for-
mulas in Appendiz D of [26], we see

IR || o Ry Loqrny < || B |-

The LP boundedness of B*¥ was studied by Dragicevic, Petermichl, and Volberg in [22]
where they showed that

Cik'2/Pp* < || B¥||, < Cok' 27" p.
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Combining this with (4) gives
|’R%RHLP(R")—>LP(R71) < C'gklﬂ/p*p*.

Therefore,

D() py1=2/p7
HTm,«pr < Cn@ (5) p Hf”p

Like the bound obtained in theorem 1.8.2, this bound is linear in p. Futhermore, with
p fized it has order r"tD/2=2/P" g5 1 — oo, which is slightly better than the bound
obtained in theorem 1.8.2. However, this bound has the disadvantage of only being
valid when r is an even integer whereas the bound obtained in theorem 1.8.2 is valid

for all sufficiently large r.

3.2 The proof of theorem 1.8.2

Proof It is clear that ||m, |« <1, so by (1.9) it suffices to show that

1/2
(sup R_”+2B|/ |85mr(§)|2d§) < C,rlfl
R<|¢|<2R

R>0
for all multi-indexes with || < ng. But since m,. is homogeneous of order zero, we

can make a change of variables and then use polar coordinates to see that

sup R~ / 0P, (6)[2dE = 107 m, (¢)Pde
R<|¢|<2R

R>0 1<|€|<2

2
:/ t"_l/ |07 m, (t')[Pdo () dt
1 sn-1
2
:/ t”_1_26|dt/ |07 m, (€")dor(€)
1 S§n—1

<G [ 10PmOPdr(e),

where &' = % Therefore, it suffices to show that for all multi-indexes g with |5| < ny,

([ omopaso) Ceam (3.4

As in (3.1), we see that

P(rJrn

2

L)

~—

m,(§) = Cy

nT(§>7
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where

Codeer
nl©) = [ Egpe0)o(o)

We will show that

1/2 F(T—no-i-l)
( / |aﬁnr<s)|2da<s>) < D)
st P(=5=)

and so (3.4) will follow by observing that Sterling’s formula implies that there exists
C,, such that for all » > ng

For all § € S"!, let mg(¢) = 2

0"n,(§) = 0”my(€)p(0)do (0).

S§n—1

We note that it suffices to show that for all |5] < ng,

[07mg(§)] < Cur”l|g - 6] (3.5)

For then we see that

1/2

(/S |85nr(f)|2da(§)>1/2 < Cprl?! - /S |86m9<€)|d0(9>>2d0(€)>

| e e|f-"0do<e>)2da<s>>

1/2

Let go(§) = |€ - 0]" and h(&) = [£|7" so that my() = ge(€)h(§). By Leibniz’s rule

3 (f > a”ge<f>66h<£>|

v<B

< Co Y 107g0()O°R(E)],

v<B

107me(€)] =

where § = 5 — 7.
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Letting v = (71,...,7) and 6 = (dy,...,0;), we see that when 0| = |{| =1

0 90(&) =r(r—1) ... (r =i+ 1)€- 6] ]0,,...6,]

<rifg- g (3.6)

and
0sh(E)| =r(r+1)...(r+j =D&, ... &, | < Cur'. (3.7)
(3.5) follows immediately which completes the proof. [ |

Remark 5 If we inspect the proof of theorem 1.8.2, we will see that if r > n + 1, it
follows from (3.6) and (3.7), that m, is multiplier which satisfies the estimate

1€11710%m,.(€)] < C, (3.8)

for all multi-indexes with |5| < n+ 1. Therefore, by a result of McConnell [34], m.

may be obtained using martingale transforms with respect to a Cauchy process.

3.3 The Method of Rotation for other Lévy Multipliers

We have seen that the Lévy multipliers which arise from martingale transforms
with respect to a-stable processes can be studied analytically using the method of
rotations. This approach has the disadvantage that it does not allow us to obtain as
good of constants as those that are obtained through probabilistic methods. However,
it has the advantage of allowing us to remove the restriction that @ < 2 and thereby
obtain a larger class of operators which are bounded on LP(R™) for 1 < p < co. It is
natural to wonder if this method can be applied to study the multipliers which arise
from other Lévy processes and if so will it again let us remove restrictions on any
relevant parameters.

Let (Xt)i>0 be a Lévy process whose Lévy measure v is rotationally-symmetric
and absolutely continuous with respect to the Lebesgue measure. Write v in polar
coordinates as dv = v(r)drdo () for some function v(r). Let ¢ be a bounded function

on R” that is homogeneous of order zero, and consider the multiplier given by
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) = o) = D))
Y Jgn (cos(& - 2) — 1)dv(z)
Let p(&) be the Lévy exponent corresponding to the Lévy triple (0,0, ). Since the v

is symmetric, p(§) is real, and therefore

/ (cos(€ - 2) — Ddulz) = p(e). (3.9)

To examine the numerator define L : R — R by

L(z) = /Om(cos(ms) — D)ov(r)dr. (3.10)

Then, we have that

/n(cos(f c2) = Dp(2)dv(z) = /Snl L(&-0)p(0)do(0). (3.11)

Therefore, combining (3.9) and (3.11) we see that the multiplier which arises as the

projection of martingale transforms with respect to X; is given by

[ LED)
me) = [ 25 o(0)o(o)

Similarly to section 3.1, we set my(§) = L((S)) so that

m) = [ mol&)(0)do(o)

Then repeating the arguments of section 3.1, we see that if T,,,, is bounded on LP(R"),

then T,,, is bound on LP(R™).

More generally, we have the following corollary.

Corollary 3 For any function L : R — R, let AL(§) = [, L( - 0)do(6). If

e, (&) = &0 is an LP multiplier for some 1 < p < oo, then for all ¢ € L>®(S"Y).

AL(¢)
Jonr L(E - 0)p(6)dor(0)
fgn 1 é 0)do(0)

is also an LP multiplier. In particular, if for some C,,, > 0,

m(§) =

[ Tone, fllp < Cupll fllp  for all f € L7,

then
||TmLf||p < Wn—lon,prHp for all f € LP.
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Consider now, for 0 < 8 < a < 2, the so-called “mixed-stable” process defined
by, Z; = X; 4+ aY; where X; is a rotationally-symmetric a-stable process, Y; is an
independent rotationally symmetric S-stable process, and a > 0. Z; is a Lévy process

with exponent p(&) = —(|£|* + @®[£]?) and Lévy measure
dv(2) = (Cpor 7% + Cp ga’r = P)drda (6).

In this case, by an argument similar to the a-stable case, the corresponding multiplier

is given by

o 5(€) = Jona( na!§ 01 + Crp,al€ - 017)0(6)do (6)
- Jon1(Cral€ - 0] + Crgal§ - 017)do (0)
It is already known that m, g is an LP multiplier for 1 < p < oo by the results of [9]

and [5]. However, the method of rotations allows us to to remove the restriction that

0 < B < a < 2. More precisely, we can prove the following.

Corollary 4 Let 0 < r < s < o0, let C,,Cs > 0, and let ¢ € L>®(R"™). Then m, 4

defined by

e (€) = Jor 1 (CHE - 0" + Col€ - 0]°)p(0)do ()
Jon1 (Col€ - 0] + C[€ - 0])dor(0)

15 an LP multiplier, for all 1 < p < oo and

T fllp < Crrs (0" = D™ fllp for all f € LP(R™).

Proof As in the proof of theorem 1.8.1, the integral in the denominator can be

computed directly and

| (cile-or+Cle-o1yin(o) = i + Cllet

Therefore, in light of corollary 3 it suffices to show that

_Cl&|"+ Gl
me (&) = Gy arlel

is an Marcinkiewicz multiplier. As in the proof of lemma 4, we restrict attention

to the region where all §; are non-negative, and check that m,, satisfies (3.3). We

already know that 21 satisfies (3.3) so it suffices to show that

|€1"
14 alé, |
b+ c|&|t

n(§) =
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satisfies (3.3) for all a, b, c,t > 0 since it is easy to check using Leibniz’s rule that the
product of two multipliers which satisfy (3.3) is again a multiplier satisfying (3.3).
Applying Fad di Bruno’s formula to the function g(h(§)), where h(£) = |£]? and

g(x) = m, we see that 0;, ... 8ikﬁl‘§|t is a finite linear combination of terms of

the form ‘
t te .
( a )55 L o<i<k
btclglt) e b+ cleff
(3.3) then follows easily which completes the proof. [

Consider again the relativistic a-stable process which was introduced in section
2.2. Here we will show that the multipliers which arise from taking the projections of
martingale transforms with respect to this process can be studied using the method
of rotations. Unfortunately, unlike in the case of the mixed stable processes, the fact
that 0 < a < 2 will play a crucial role in the proof. Therefore, we will not be able to

remove that restriction and obtain a larger class of operators.

Corollary 5 Let 0 < a < 2, M > 0, and ¢ € L>*(R™) homogeneous of order
zero. Let dv(z) = r=1=%¢(r)drdf be the Lévy measure corresponding to the relativistic

a-stable process with mass M and let L be defined as in (3.10). Then % s a

Marcinkiewicz multiplier and therefore, by corollary 3

1 cos(e - 0)p(B)dn(2)
i Jgn (1 = cos(& - 0))dv(2)

18 an LP multiplier and

T, fllp < Croa(P™ = D™ (I f[lp-

This is of course a weaker version of results already proven in [9] and [5], but never-

theless, it is interesting to observe that this result can also be obtained analytically.

Proof In [20], it is shown that the Lévy measure corresponding to X; can be written

in polar coordinates by

dv(z) = 17170 ¢(r)drdo(6)
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where ¢(r) is a bounded positive function that that satisfies

o(r) < CeTpnta=1)/2 (3.12)

when r > 1.
Now, by Faa di Bruno’s formula, 0, ... aikﬁ is a finite linear combination of
terms with the form

& & (€2 + M) 5ik
((1€* + MQ/O‘)% — M)t

0<j<k. (3.13)

Therefore, we see that ﬁ is infinitely differentiable on R™\ {0} and

1 1

Near 0, each term in (3.13) is bounded above by

1
€+ M2/)E — My

OM,n,a
(

< CM,n,a as |£’ — 0.

<0 < ! )
(1€]2 + M)z —pr) = \ [
It is easy to check using the dominated convergence theorem, the mean value theo-

rem and the fact that r*~¢(r) is integrable on (0, c0) for all £ > 1, that L is infinitely

L&)
p(§)

differentiable on (0, 00). Therefore, in order to show that is a Marcinkiewicz mul-

tiplier it suffices to show that

|L(&)| < Comin{[¢]*, €7} (3.14)

and

IL'(€)] < Cominf[¢|*™, €]} (3.15)

For then it will follow that L(?)

o) satisfies (3.3) since

L(&)
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is a continuous function on R™\ {0} which is bounded near the origin and as |{| — oo.

Making a change of variables, we see that

| L(2)| =

/Ooo(cos(r:r) — D)r ¢ (r)dr

| Gwoste) = s (ﬂ) ds

where the last inequality uses the boundedness of ¢. On the other hand we can use

= || < Calz|",

the inequality |cos(x) — 1| < 22, along with (3.12) and the boundedness of ¢ to see
that

| L(z)| =

/Ooo(cos(m:) — D)r ") e(r)dr
/Oo = ¢(r)dr

0

<|z/® < Calaf”

This proves (3.14). Note that the fact that 0 < a < 2 is needed in order for this
integral to converge.

To prove (3.15) observe that

Using the fact that |sin(x)| < |z|, it follows that |L'(z)| < C,|x| by mimicing the
above arguments. To obtain the other part of (3.15) we make a change of variables,

and use the fact that ¢ is decreasing to see

[ s (£) df

S (n+1)m

—laf >

n=0 nm

/O " ()t (%) dt‘

< Cylz|*

L' ()] = |=[*

S ‘x’afl

This completes the proof of corollary (5). u
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