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“ It is an old mazxim of mine that when you have excluded the impossible,

whatever remains, however improbable, must be the truth.”
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ABSTRACT

Mukundan, Vivek PhD, Purdue University, August 2016. Rees algebras and Iterated
Jacobian duals. Major Professor: Bernd Ulrich.

Consider the rational map ¥ : P41 Wzilmly pm-1 Ghere the fi’s are homogeneous
forms of the same degree in the homogeneous coordinate ring R = k[xy,..., 4] of
P4=1. Assume that I = (f1,..., f,n) is a height 2 perfect ideal in the polynomial
ring R. In this context, the coordinate ring of the graph of ¥ is the Rees algebra
of I and the co-ordinate ring of the image of W is the special fiber ring. We study
two settings. The first setting is when [ is almost linearly presented. Here we study
the ideal defining the graph and the image of ¥. Whenever possible, we also study
invariants such as the Castelnuovo-Mumford regularity and the relation type of the
graph of U. In the second setting we impose no constraints on the column degrees of
the presentation matrix of I, but the number of generators of I is restricted to d 4 1
(two more than the dimension of the source of W). For this configuration, we study
the image of W.

We also introduce a new method, namely “iterated” Jacobian duals, to study the
graph of W. This is a generalization of the usual Jacobian duals which are often used

to describe the graph of W.
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1. INTRODUCTION

The primary focus of this thesis is to find the defining ideal of Rees algebras of ideals
in a polynomial ring. As a consequence we also solve the implicitization problem
under some conditions.

The Rees algebra is one of the most often studied blow-up algebras. Rees algebras
provide an algebraic realization for the concept of blowing up a variety along a sub-
variety. The search for the implicit equations defining the Rees algebra is a classical
and fundamental problem which has been studied for many decades. In low dimen-
sions, the implicitization problem has often been referred to as the moving-curve and
moving-surface ideal problem and has significant applications in the area of computer
aided geometric design. For example, it can be used to draw a curve/surface near a
singularity, compute intersections with parametrized curves/surfaces etc.

Let I = (fi,...,fm) be an ideal of R. Then the Rees algebra of I is R(I) =
R[It] € RJt]. Since the Rees algebra is an R-algebra we define an epimorphism
® : R[Ty,...,T,,] — R(I) given by ®(T;) = fit. We are interested in finding a
complete generating set for the ideal, ker ®, “defining” R(I). The kernel ker & is
called the defining ideal (or defining equations) of R(I).

To describe the implicitization problem, consider the rational map

g pit Diidnl, pmet
where the f;’s are homogeneous forms of the same degree in the homogeneous co-
ordinate ring R = k[z1,...,z4] of Piil. The implicitization problem involves finding
the defining ideal of the image of W. A way to solve this problem is to study the
Rees algebra of the ideal I = (fy,..., f,n). This is because the Rees algebra gives the
bi-homogeneous co-ordinate ring of the graph of ¥ and the special fiber ring gives the

homogeneous co-ordinate ring of the image of W.



The primal nature of ker ® makes it harder to decipher. If one were to compute
the kernel directly, devoid of sophistry, the resulting equations may be quite hard to
read and the algebraic properties such as Cohen-Macaulayness, relation type etc. of
R(I) are harder to unravel. So the emphasis must be laid on finding forms of the
defining equations which help in the twin tasks of computing the defining equations
and also of studying various algebraic properties of R([), without much effort.

The symmetric algebra Sym(7) and the associated graded ring gr;(R) are other
blow-up algebras often studied in conjunction with the Rees algebra. An easy ob-
servation shows that the map ® factors through the symmetric algebra and hence to
study ker ®, we often study A = ker(Sym(I) - R([)). Let L C R[T3,...,T,,] denote
the defining ideal of Sym(7). When the symmetric algebra and the Rees algebra of an
ideal I are isomorphic, the ideal I is said to be of linear type. The study of ideals of
linear type has been very extensive ( [1-3]). The most general theorem characterizing
ideals of linear type is by using the theory of approximation complexes developed by
Herzog, Simis, Vasconcelos [4].

The starting point of our investigation is the following result of Herzog, Simis and
Vasconcelos. These authors show that when the ideal I is strongly Cohen-Macaulay
and satisfies

w(Ip) < ht P for all P € V(I) (1.1)

then the ideal I is of linear type. The class of strongly Cohen-Macaulay ideals is
reasonably large and includes licci ideals such as height two perfect and height three
Gorenstein ideals. In the course of proving these results the authors introduced
the notion of approximation complexes in [4]. These complexes turned out to be a
powerful tool in the study of ideals of linear type and also of Rees algebras in general.
The approximation complexes, M, and Z,, “approximate” the resolutions of Sym(7),
Sym(I/I%). The acyclicity of these complexes is equivalent, under some conditions, to
the ideal I being generated by a d-sequence or a proper sequence, respectively. These
complexes also provide information on the Cohen Macaulayness and Gorensteiness of

the Rees algebra R(I) and the associated graded ring gr;(R).



Ideals generated by more than dim R elements cannot be of linear type. To study
the Rees algebra of I in this case, Huckaba and Huneke in [5] used a reduction of [
that can be generated by dim R elements. A reduction J of I is closely related to
I, in that, R(I) is module finite over R(J). The reduction number r;(I) measures
how “closely” the two ideals are related. Even though [ is not of linear type, one
can hope to salvage algebraic properties of the Rees algebra R(I) by studying the
respective properties of R(J). So it is also very useful to study the properties of the
Rees algebra of the reduction J and then study the transfer of properties between
R(I) and R(J). When the reduction number is very small, Huneke and Huckaba
show that R(J) is Cohen Macaulay and the property does transfer to R(I).

Under suitable assumptions, the reduction number of strongly Cohen Macaulay
ideals is bounded by ¢(I) — g + 1, where ¢(I) and g are the analytic spread and
the height of the ideal. In fact (/) — g + 1 is the smallest positive number the
reduction number 7(/) can possibly attain [6]. Such a reduction number is called the
expected reduction number. Ulrich in [7] shows that the expected reduction number
characterizes the Cohen Macaulayness of R(I) in the case of grade 2 perfect ideals.
Morey and Ulrich in [8] extend the characterization, under suitable conditions, by
showing that the Rees algebra R(I) is Cohen Macaulay if and only if the defining
ideal of the Rees algebra is of the expected form. This description, as most traditional
descriptions of the defining ideal of R(I), revolves around the notion of Jacobian
Duals. The Jacobian dual is a matrix, B(y), which dualizes the presentation matrix
¢ with respect to I;(¢) = (a1, ...,a,). In general, it can be shown that the expected
form is the smallest possible ideal the defining ideal of R(I) can possibly be equal to,
when [ is not of linear type.

The expected form is one such form that supports the earlier emphasis on the
shape of the defining ideals and its twin uses. Morey and Ulrich show that when R

is a polynomial ring and I is grade 2 perfect ideal with a linear presentation matrix,



then the defining ideal of R(I) is of the expected form. One important assumption

which appears in this result is a weakening of condition (1.1), namely,
p(Ip) <ht Pforall PeV(I)withht P<d-1 (1.2)

In the literature, the above condition (1.2) is called the G4 condition. As a direct
consequence of [4, 2.6], this condition means that strongly Cohen Macaulay ideals
which satisfy the G4 condition are of linear type locally on the “punctured” spectrum.
The presentation matrix of I being linear is a noticeable constraint and hence natural
questions on the nature of the defining ideal of R(I) when the presentation matrix
is non-linear can be asked. Such questions bring the focus to the problems being
discussed in this thesis. Not all the grade 2 perfect ideals have the property that
the defining ideal of the Rees algebra is of the expected form. Thus we focus our
attention to the case of grade 2 perfect ideals generated by homogeneous elements of
the same degree.

Using the Hilbert-Burch theorem, such an ideal can be realized as the ideal gen-
erated by the maximal minors of a m x m — 1 matrix with homogeneous entries of
constant degree along each column. We first restrict the presentation matrix ¢ of
to be “almost linearly presented”, that is, all but the last column of ¢ are linear and
the last column consists of homogeneous entries of arbitrary degree n > 1.

When d = 2, Kustin, Polini, Ulrich in [9, 2.4] gave a description of the defining
ideals of the Rees algebra of grade 2 perfect almost linearly presented ideals. Their
work involves a construction of a “well-behaved” ring A mapping onto the Rees al-
gebra, so that the kernel of the map A — R([) is a height one prime ideal. The
ring A, is the homogeneous coordinate ring of a rational normal scroll built with the
presentation matrix ¢ of I. Describing explicit representatives of divisor classes on
rational normal scrolls, they constructed a new height one prime ideal K and prove
that ker ® 22,4 K (™. Recall that n is the degree of the entries in the last column of the
presentation matrix . This type of construction is very productive as they go on to

give a complete description of the generators of K. The latter form of the defining



equation was also useful in determining various properties of the Rees algebra like
the depth, analytic spread of I, the reduction number of I etc.

One of the problems this thesis discusses is the efforts taken extending the above
result to d > 2. We were able to construct a close enough ring A and also an
appropriate height one prime K to show that ker ® =2 K™ Using this result we also
show that ker® = £ : (z1,...,24)". Notice that when the presentation matrix ¢ is

linear (n = 1), the theory of residual intersections will immediately gives
ker® = L: (z1,...,2q) = L+ I;(B(p))

recovering the result of Morey and Ulrich. A complete generating set of K™, similar
to the one presented in [9, 3.6] resisted generalization to the case of d > 2" mainly
due to the uncharacterizable nature of the presentation matrix ¢.

The thesis introduces the notion of iterated Jacobian duals. It is an attempt to
study the generators of £ : (x1,...,x4)". This method extends the notion of Jacobian
duals, and helps in constructing generators for ker . For the presentation matrix ¢
with I1(¢) C (ay,...,a,), we set Bi(¢) = B(y) and we iteratively construct B;(y)
from B;_1(p) (we refer to Chapter 3 for details on the construction). By construction,
L+ 1.(Bi(¢)) € L+ I.(Bi+1(p)). Though B;(¢) may not be uniquely determined,
we prove that £ + I,(B;(¢)) is uniquely determined when a4, ...,a, is an R-regular

sequemnce.

Theorem 1.0.1 Let R be a Noetherian ring and ¢ be a presentation matriz of the
ideal I with entries in R. Suppose I;(¢) C (ai,...,a,) and ai,...,a, is a reqular
sequence. Then the ideal L+ 1.(B;(¢)) of R[T1,...,Ty] is uniquely determined by the

matriz ¢ and the reqular sequence aq,. .., a,.

One can also show that (£, I4(Bi(¢))) € L : (x1,...,24)". Thus it is interesting to
study when these two ideals are equal. We present a condition, namely the equality
K™ = K™ in the ring A, for when ker & coincides with the ideal of the iterated
Jacobian dual (£ + I;(B,(¢))).



Theorem 1.0.2 Let R = k[xy,...,x4) and I be a grade 2 perfect ideal. Suppose that
the presentation matrix ¢ of I is almost linear, that is, all but the last column of ¢ is

linear and the last column consists of homogeneous entries of arbitrary degree n > 1.

Further assume that the ideal I satisfies Gq. If K» = K™ thenker ® = L+14(B,()).

Next, under the above hypotheses, we study ideals which satisfy (/) = d + 1. Such
ideals are also known as ideals of second analytic deviation one. For such ideals one
has K™ = K™ in the ring A and hence ker ® = (£ + I;(B,(¢))). Furthermore, such
an explicit form of the defining ideal also helps to determine the relation type of I,

the Castelvnuovo-Mumford regularity and the Cohen-Macaulayness of R(I).

Theorem 1.0.3 Let R = k[z1,...,x4] and I be a grade 2 perfect ideal. Suppose
that the presentation matrixz of I is almost linear, that is, all but the last column of
w18 linear and the last column consists of homogeneous entries of arbitrary degree

n > 1.Further assume that the ideal I satisfies G4 and p(I) =d+ 1. Then
(a) the defining ideal of R(I) satisfies ker ® = L : (xq,...,24)" = L + I;(B,(p)).

(b) R(I) is almost Cohen-Macaulay (i.e., depth R(I) = dim R(I)—1) and the special
fiber ring F(I) is Cohen-Macaulay.

(c) the relation type satisfies 1t(I) = n(d — 1) + 1 where rt(I) is defined to be the

mazximum T-degree appearing in a homogeneous minimal generating set of ker ®.
(d) the Castelnuovo-Mumford regularity satisfies reg R(I) = n(d —1).

When restated, the above theorem gives explicit generators defining the graph of ¥
(and hence the image of ) when the presentation matrix is almost linear. Under
the hypotheses of the previous theorem we attempt to find the equations defining the
image of ¥ with no constraints on the presentation matrix. This is the next question
we study in this thesis. As a consequence, a method to check when the map WV is
birational onto its image was found.

The map ¥ is said to be birational onto its image when there exists a rational

map T : Im ¥ — P9 ! such that T o ¥ = id. The criteria for the rational map ¥ to



be birational on to its image is of interest to geometers. Much work has been done
on the problem in the case m = d in [10]. The technique of using the Rees algebras
as a means to check birationality was emphasized in [11,12].

Henceforth, we assume that the d+ 1 x d presentation matrix ¢ has homogeneous
columns of the same degree e;, where 1 < e; <--- <eyyq. The starting point of our
investigation for computing the image of W was the theorem of Jouanolou [13]. A
non-constructive proof of the same has been given by Kustin, Polini, Ulrich in [14].
This theorem provides a method to study A by considering the dual of the symmetric
algebra. The ring B = R[T1, -+ ,Ty11] = k[zy,...,z4)[T1, ..., Tys1] is a bigraded
algebra as it is naturally endowed with the bigrading degz; = (1,0),degT; = (0, 1).
Thus both A and Sym(7) become bigraded B-modules. This paves the way to define
modules A; = @;A(; jy and Sym([); = @;Sym(]) ) over the ring S = k[T, ..., Ty1].

The theorem of J.-P. Jouanaolou states that
A; = Homg (Sym(1);—;, S(—d))

where 6 = ) ;€ — d and Hom denotes the graded dual. With the hypotheses of
Theorem 1.0.3, it is well known that the image of W is a hypersurface. Since the
defining ideal of the image of W is Ay, we conclude that Ay is principally gener-
ated. By Jouanolou’s theorem, notice that 4y = Homg(Sym(7)s, S(—d)). We first
begin by finding a generator of Homg(Sym([)s, S(—d)). By computing the dimen-
sion of Sym([/), we first notice that Sym([) is a complete intersection ring. Thus
the Koszul complex K, gives a natural bi-homogeneous B-resolution for Sym([).
From this we extract an S-resolution (IF;, ¢;)o<i<n—1 for Sym(7)s. We use a theorem
of Buchsbaum-Eisenbud, to obtain an element in Homg(Sym(7)s,S). The element
in Homg(Sym(/)s, S(—d)) can then be easily recovered by shifting the T-degrees.
We first fix a basis for A"™*[F) and an orientation n € AUF; where ¢, = rank IFy.

The orientation 7 allows us to define an isomorphism A*Fy, = A%~*F;. The result



in [15, 3.1] now states that for each 1 < k < n—2, there exists unique homomorphism

ai : B — A™F;_; such that

(p_1 = N""1¢,_1 and

Nk

k
NkE, ———————— N"* F}
a1 @k
R

where 1, = rank ¢y. Since Ay is principally generated, Sym(/)s is an S-module of rank
one and hence A"'Fy = F§. For a; € A" F(, we denote aj € F{ for the image of a; un-
der the isomorphism A" Fy = Fj. Our candidate for an element in Homg(Sym(7)s, S)
arises from aj. To recover the element a; € Ay from af € Homg(Sym(7)s,S), we
use the method of Morley Forms developed by J.-P. Jouanolou. The degree of the

element a; can be compared to a known multiplicity.

Theorem 1.0.4 dega; = e(R/(g1,...,94-1) : 1) where g;’s are general k-linear

combination of the generators of I, namely the f;’s.

By a theorem of Kustin, Polini and Ulrich in [16, 3.7], one has

e(R/ (g1, - ga1) : 1) = e(F(I)) -

where « is the degree of the map W. Also, since the image of ¥ is a hypersurface,
notice that e(F(I)) gives the degree of the generator of Ay. From this we conclude
that a; generates A, if and only if the map ¥ is birational onto its image. As a
consequence, the constructive proof gives us a method to check whether the rational

map V is birational onto its image.

Theorem 1.0.5 Let U : P4} [f::f—d+i> P such that I = (fy,..., fi11) is a grade 2
perfect ideal generated by forms of the same degree. Also assume that I satisfies the

G4 condition. Then the following are equivalent:

1. U is birational onto its image.



2. grade I (ay) > 1.

3. ay generates Ay.

At the time of writing this thesis, a generalized method to compute A;,7 > 0 has
been found extending by the above methods.

This thesis is organized as follows. Basic facts on Commutative Algebra is covered
in Chapter 2. We study the defining ideal of Rees algebra of height two perfect
ideals which are almost linearly presented in chapter 3. We introduce the notion of
iterated Jacobian duals in Chapter 4. In Chapter 5, applying the technique of iterated
Jacobian duals, we present a complete generating set for the defining ideal of Rees
algebras whose second analytic deviation is one. Finally in Chapter 6, we solve the

implicitization problem for a certain class of ideals.
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2. PRELIMINARIES

In this chapter we give definitions, examples and results required to make the presen-
tation self contained. Throughout, R will be a Noetherian ring and I = (f1,..., fim)
an R-ideal.

2.1 Height two perfect ideals and Hilbert-Burch theorem

One of the important conditions we assume as a hypothesis in our results is that

the ideals are grade 2 perfect.

Definition 2.1.1 The grade of a proper ideal is the maximal length of an R-regular

sequence in 1.

In a Cohen-Macaulay ring, it can be shown that the notion of height and grade of an
ideal coincide. An equivalent definition for the grade of the ring R/ is grade R/I =
min {i | BExth(R/I,R) # 0}. Thus grade R/I < projdimp R/I for any proper ideal
I.

Definition 2.1.2 [ is said to be a perfect ideal when grade R/I = projdimg R/I.
Perfect ideals of height 2 are characterized by the Hilbert-Burch theorem.
Theorem 2.1.3 [17, 20.15], (Hilbert-Burch Theorem)

(a) If a complex
F:0—-F 2 F % R R/IT—0

is exact where Fy is free and Fy = R", then Fy = R" ! and there exists a non
zero divisor a such that I = al,_1(¢2). In fact, the ith entry of the matriz ¢, is
(—1)a times the minor obtained from ¢y by leaving out the ith row. The ideal

I,_1(¢2) has grade at least two.
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(b) Conversely, given any (n — 1) X n matriz ¢y such that grade I, 1(¢2) > 2 and a
non zero divisor a, the map ¢, obtained as in part (a) makes F a free resolution

Of R/[ with I = G[n,1<¢2).

2.2 Strongly Cohen-Macaulay Ideals

Definition 2.2.1 [18, 5.42] An ideal I in a Cohen-Macaulay ring R is said to be
strongly Cohen-Macaulay if the Koszul homology modules of I with respect to one

(and then to any) generating set are Cohen-Macaulay.

Consider a complete intersection ideal I in a Cohen-Macaulay ring R. Notice that
in this case, the Koszul homology modules (except the zeroth) of a regular sequence
generating [ are all zero and hence [ is strongly Cohen-Macaulay. The case of generic
complete intersections is discussed below

Recall that [ is said to be generically a complete intersection if Ip is generated by

a regular sequence for every prime ideal P which is minimal over I.

Proposition 2.2.2 [19, 2.2] Let R be a Cohen-Macaulay local ring, and I an ideal
of R such that

(a) R/I is Cohen-Macaulay

(b) I is generically a complete intersection
(¢) p(I)=ht I +1.

Then I is strongly Cohen-Macaulay.

Other standard examples of strongly Cohen-Macaulay ideals are grade two perfect
and grade three Gorenstein ideals. In fact an ideal in the linkage class of a complete
intersection (licci) is always strongly Cohen-Macaulay [20].

One of the important questions, commutative algebraist are interested in is the

equality of the ordinary and symbolic powers of ideals. A criterion we use to check
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this equality for strongly Cohen-Macaulay ideals is the following theorem of Simis
and Vasconcelos. Recall that for a prime ideal P, the symbolic power P®*) is defined
to be P*Rp N R. Similarly, for any ideal I, we define the k-th symbolic power of I to
be I'® = Npeasspr/n(I*Rp N R).

Theorem 2.2.3 [21, 3.4] Let I be an ideal of height g of a Cohen-Macaulay ring R.

Assume that I is generically a complete intersection and is strongly Cohen-Macaulay.
If
p(Ip) <ht P—1 forall P e V(I) with g+ 1 <ht P,

then I' = 19 for all .

2.3 Fitting Ideals and G-conditions

Fitting ideals of an ideal I are important invariants connected to the ideal I. Let

¢ be a presentation matrix of I i.e.,
RS R™ T —0.

For the m x s matrix ¢, let I;(¢) represent the R-ideal generated by all the t by ¢
minors of ¢. We set I;(¢) = R for t <0 and [;(¢) = 0 for t > min{m, s}.

Definition 2.3.1 Define Fitt;(I) = I,,,_;(p). This ideal is called the i-th Fitting ideal
of I.

It is well known that Fitt;(/) depends only on i and I and not on m, s, . Some of

the properties of the Fitting ideals are :

Observation 2.3.2 (a) (ann([/))™ C Fitte(/) C ann([).
(b) In case R is local, Fitt;(I) = R if and only if p(I) <.
(¢) V(Fitt;(I)) = {P € Spec(R) | pr,(Ip) > i}

One of the important conditions we use in this thesis concerns the G-conditions
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Definition 2.3.3 [ satisfies G; if u(Ip) < ht P for all P € V(I) with ht P < i.

We say [ satisfies G if I satisfies G; for all i. Using (b),(c) in Observation 2.3.2, we
obtain a practical method to verify the G; condition by rewriting it in terms of the

Fitting invariants
I satisfies G; if ht Fitt,(I) > k for all k < 1.

We will be using the condition G4 throughout this thesis, where dim R = d.

2.4 Rees Algebra of Ideals

Definition 2.4.1 The Rees algebra R(I) of an ideal I is defined to be the subring
R[It] = @ I't' C R[t].

i=0

It can be shown that R(I) = @ I'. To study Rees algebras one often considers their

=0
defining ideal. Let I = (f1,..., fm). There exists an R-epimorphism

O R[Ty, ..., Tn] - R()

T; — fit

Definition 2.4.2 The kernel, ker U of the epimorphism ¥ is called the defining ideal
of the Rees algebra R(I).

Let ¢ be a presentation matrix of I, i.e.,
RS R™ T —0.

We can generate some obvious relations in ker ® using the presentation matrix .
Let J, = ([T1---T,) - ¢) be the R[T,...,T,]-ideal generated by entries of the row
vector [T7 ---T,] - ¢. The generators of 7, are linear forms in ker ®. Such relations
are important in the study of the symmetric algebra Sym(/). The map ¢ factors
through Sym(7), and hence to study ker ®, it is enough to study A = ker(Sym(/) —
R(I))) = ker @.
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Remark 2.4.3 The symmetric algebra Sym(I) = R[Ty,...,T,|/L where L = T, for
a presentation matriz ¢ of I. The ideal L C R[T,...,T,] is called the defining ideal

of Sym([).

The dimensions of the algebras R([), Sym(I) can be easily computed.
Theorem 2.4.4 (a) Ifht [ >0, dimR(/) =dim R+ 1.

(b) [22, 2.6] dim Sym(/) = sup{u(Ip) +dim R/P | P € Spec(R)}

The relationship between R(/) and Sym(/) has been studied extensively. An inter-
esting class forms the ideals satisfying R([) = Sym(I).

Definition 2.4.5 When R(I) = Sym(I) via the map ®, then the ideal I is said to
be of linear type.

A classical theorem classifying ideals of linear type is the following theorem of Herzog,

Simis and Vasconcelos.

Theorem 2.4.6 [4, 2.6] Let R be a Cohen-Macaulay ring and let I be an ideal of

positive grade. Assume

(a) I satisfies the condition G .

(b) I is a strongly Cohen-Macaulay ideal.

Then ideal I is of linear type. Further, R(I) is Cohen-Macaulay.

Example 2.4.7 Let R = k[z,y] and I = (2%, y*). Then the ideal I satisfies both the

conditions of the above theorem. Thus [ is of linear type.

Often, to study ker ®, we study the minors of the Jacobian dual matrix.

Definition 2.4.8 Let ¢ be a m x s presentation matriz of I and I(p) = (a1, ...,a;)

be the ideal of entries of p. Write

where B(p) is a t X s matriz with linear entries in R[T,...,T,]. The matriz B(p)

15 called a Jacobian dual of .
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Let R = k[z1,...,x4) and I be an R-ideal. If the presentation matrix ¢ of I consists
of linear entries, [ay,...,a;] = [x1,...,24] then B(y) is a unique matrix. But the

matrix B(y) is not always uniquely determined as the following example show.

2

T T
Example 2.4.9 Let ¢ = | y xy+19y? | be a presentation matrix of an ideal I.
0 Ty
Then
Ty 2Ty +yly +yTs
T Ty T3] - p = [v y] -
I 15 y1s |
T1 I'Tl
= [z y]-
Tg yTQ + ITQ + l’Tg
T 217+ y1s + yT: T T}
Both the matrices ! S and ! ! are can-
T2 yT2 T2 yTg + iL‘TQ + l’Tg

didates for B(yp).

Recall that £ = ([T} ---T,,] - ¢) = ([a1 - - as] - B(p)) is the defining ideal of Sym([).
Even though there are two candidates By, By for B(y), we show, in Lemma 2.4.11,
that (£, [;(B1)) = (£, 1;(B2)) when ay,...,a; is an R-regular sequence. Thus in
Sym([I), we have [;(B;) = I;(Bs).

We first prove a general lemma which make use of Cramer’s Rule.

Lemma 2.4.10 Let [a;---as] be a 1 X t matriz and N be a t x t — 1 matriz with
entries in R. Now let N,, 1 <r <t, bethet—1xt—1 submatrix of N obtained by
removing the r-th row of N. Set m, = det N,. Then, in the ring R/([ay ---a;] - N)

@ -y = (—1)""Fa, -m,;, 1<r<t 1<k<t (2.1)
Proof Let N = (b;;) and

[a1 ot Qp—1 g4 "Clt] - Ny, = [91 e 'gt—l]
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We make use of Cramer’s Rule to see that a, - my = det Ny, r € {1,--- k —
1,k,--- ,t} where N, is a matrix obtained from Ny, by replacing the r-th row by
[g1- - g¢+—1]. But in the ring R/([ay - - - as] - N),

Gi = —rbri

Thus, in this ring, we have @, -my = det N, = —ay-m”, where m” is the determinant
of the matrix N” whose rows are equal to that of N, except for the r-th row which
is replaced by [bg1 - bre]. Also, after r — k — 1 row transposition of the r-th row

of N”, we get m” = (—1)""*"tm,, where m, is as described in the statement of

the lemma. Putting all these observations together, we get @, - myp = —ap - m” =
—ay (=1 = (1) *a - m;,. |
Proposition 2.4.11 Let ¢ be an mxs presentation matriz of I and I () = (a1, ..., a;)
such that ay,...,a; is an R-reqular sequence. Suppose By and By are two matrices

with t rows satisfying
([ax---a] - Bi) = ([a1-- - a] - Ba), (2.2)
then (L, I;(By)) = (L, I;(Bsy)) where L= ([ay---ai] - By) = ([ay - - - ai] - Ba).
Proof Let E = (ay,...,a;)/([a1---a] - By) and consider the free presentation
[0 | Bi]

FFL——F—>FE—0

where o represents the first differential of the Koszul complex I on the R-regular

sequence aq, ..., a;. Notice that
I,([0 | By]) = Fitto(E) = I,([0 | Bs]) (2.3)

as ([ay---ay] - By) = ([a1---a] - B2) and the Fitting ideals do not depend on the
presentation matrix.

Thus it suffices to show that

L+ 1L([0| Bi]) €L+ L(B) (2.4)
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as this would imply, using (2.3), that
LAL(B)=L+L([0|Bi)) =L+ L(0 ] Bs))

Using similar arguments we can also show £ + I,([0 | By]) = £ + I,(B2) proving that
L+ 1Li(By) = L+ Li(By).

Notice that ([ay - - - a¢]-[0 | B1]) = ([a1 - - - a¢]- B2) = L because [a; - - - a¢]-0 = 0. Now
to prove (2.4), it is enough show to that I,([0 | Bi]) C I,(B,) in the ring R = R/L.

Since ¢ is the first Koszul differential, we may assume the columns of § are of the
form aje, — are;, 1 < j,k <t, where {e;} form a basis of R'.

Now any element of I;([§ | B;]) involving a column of ¢ is of the form det[d’ | M]
where M is a t X t — 1 submatrix of [§ | By] and ¢’ is a column of §. Then det[d’ | M]
is of the form

(=1 (agmp — (=1)"Fapmy) (2.5)

where m,. is the determinant of the submatrix of M obtained by removing the r-th
row of M. Now in the ring R/L, using Lemma 2.4.10, we see that elements of the form
(2.5) are zero. Thus I,([6 | Bi]) C I,(B;) in the ring R and hence £ + I,([6 | Bi]) =
L+ I,(Bs). |

Thus, irrespective of the candidate By, By for B(yp), the ideal (£, I;(B(y))) is uniquely
determined when [;(y) is generated by an R regular sequence. We show in Lemma
2.4.13 that (£, [(B(p))) C L: (a1,...,a).

Another useful lemma which we use is the following

Lemma 2.4.12 Let ay,...,a; be elements in R. Let B be an t Xt matriz with entries
in R and [Ly--- L] = [a1---a] - B. Let my; be the minor of B obtained by deleting
the i-th row and j-th column. Then in the ring A/(Ly, ..., Li_1)

a; det B = (—1)i+tmitLt

Proof Using Cramer’s rule, a;det B is the determinant of a matrix C, obtained

by replacing the i-th row by [L;---L;]. To compute det C', we expand along the
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¢

i-th row to see that detC' = > (—1)"*m;.L;. But in the ring A/(Ly, ..., Li1),
j=1

a;det B = (=1)"my L. u

Lemma 2.4.13 Let B be at x s matriz with entries in R and [Ly -+ Lg] = [ay - - - ay] -

B. Then a; - I4(B) C (Ly,..., L) for all i.

Proof The proof is immediate from the Cramers rule or Lemma 2.4.12. [ |

2.5 Residual Intersection

Some of the proofs presented in this thesis use the theory of residual intersections.

Definition 2.5.1 [23, 1.1] Let R be a Cohen-Macaulay local ring and let a = (aq, . .., a;)
be an R-ideal and b = (by,...,bs) C a withb #a. Set J=b:a.

(a) If ht J > s > ht a, then J is said to be an s-residual intersection of a (with

respect to a).

(b) If furthermore, ap = bp for all P € V(a) with ht P < s, then we say J is a

geometric s-residual intersection of I.

The Cohen-Macaulayness of residual intersections are well documented. The following

is a result of Huneke, Ulrich .

Theorem 2.5.2 [23, 5.3] Let R be a local Gorenstein ring, I a strongly Cohen-
Macaulay ideal satisfying Go. Let J = (Ly,...,Ls) : I be any s-residual intersection
of I. Then R/J is Cohen-Macaulay.

When [ is a complete intersection, a complete generating set for J = (Ly,..., L) : [
can be found. Such a generating set can be found using the techniques of generic
residual intersection. In fact complete resolutions of J have been worked out by

Bruns, Kustin and Miller.
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Theorem 2.5.3 [24,4.8] Let R be a Cohen-Macaulay local ring and I = (ay, . .., a:),
with ay,...,a; a reqular sequence. Let (Ly,...,Ls) C I and v be at X s matriz with
entries in R so that [Ly--- Ls] = [ay---as] - . If (Ly,...,Ls) : I is an s-geometric
residual intersection of I, then (Ly, ..., Lg): I = (L1,..., Ls) + L;(1).

2.6 Relation type and Regularity of R(/)

We now define two important invariants namely relation type and regularity of

the Rees algebra.

Definition 2.6.1 The relation type rt(I) is defined to be the mazimum T-degree ap-
pearing in a homogeneous minimal generating set of the defining ideal of the Rees

algebra.

For the regularity, we use the definition as in [25]. Let S = €D, S, be a finitely
generated standard graded ring over a Noetherian commutative ring Sy. For any

graded S-module M we denote by M,,, the homogeneous component of degree n of
M, and define

max{n : M, #0} if M #0

a(M) =

—00 it M =0
Let S, be the ideal generated by the homogeneous elements of positive degree of S.
Definition 2.6.2 For i > 0, set a;(S) := a(Hg, (S)), where Hg (.) denotes the i-
th local cohomology functor with respect to the ideal S.. The Castelnuovo-Mumford
reqularity of S is defined as the number reg S = max{a;(S)+¢ : i >0}

We also make use of Castelnuovo-Mumford regularity on short exact sequences.

Theorem 2.6.3 [17,20.19] If0 - A — B — C — 0 is a short exact sequence of

finitely graded S-modules, then
(a) reg A < max{reg B,reg C + 1}.

(b) reg B < max{reg A,reg C}.
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(¢) reg C' < max{reg A — 1,reg B}.

(d) If A has finite length, then reg B = max{reg A,reg C'}.

2.7 Buchsbaum-Eisenbud Multipliers

The theorem we discuss in this section concerns the relationship between the ideals
of minors of the matrices appearing in a free resolution. We will be using this theorem
to a great effect in Chapter 6.

An oriented free module is by definition a free module F' with a fixed generator
n € AN"F where r = rank F'. 7 is called the orientation of F. The orientation of F'

determines an isomorphism AFF = A" *F for 0 < k < 7.

Theorem 2.7.1 [15, 3.1] Let (F,, ¢s) be the free resolution

D RN R NN NN N o8

where F; are oriented free modules of finite rank. Let r; = rank ¢;. Then

(a) for each k, 1 <k < n, there exists a unique homomorphism ay, : R — N'*Fj,_1 =
ARV EYE L such that
(1) ap =N"¢pp: R=N"F, — AN"F,_;.
(17) for each k < n, the diagram

A"k fi,

AL A

Fr—y

Tk

X
Apy1

commutes.

(b) For allk > 1, \/Ii(ax) = /I, (¢%).
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Example 2.7.2 Let R = k[z,y] and I = (22, vy,y?, 2%). Consider the resolution of

1

0 292 pp o, gt v v’ &

where

-y 0 —22 0 0

x —y 0 =22 0
¢1 =

0 z 0 0 —z°

P2

220
0 22
=|-y 0
r -y
0 =

Let r; = rank ¢;. Thus r; = 3,75 = 2. We use the following notation for an ordered

basis of A"F. For any R-free module F' and an ordered basis {ey,

B denote the basis {(—1)"T *r=le; Ao Ne |1 <4 < -

ey

en} of F, let

< i, < n}of N"F.

Further we arrange the set B by decreasing lexicographic order on the index set

{(i1, - .

Now by Theorem 2.7, .

i) | 1<ip < <i,<n}CN.

ag = N2y =

Thus using the identification A3R® 2 A?2R®, we have

*
ay = [—24 0 yz? —x2® —y2? x2?

-y

xy —x2]



Also
—x%2t 0 2y2? —ad2r —a?y2?
AP —zyzt 0 ay?2? —ay2? —ay?? 2Pyl?
1 pum—
2t 0 B —my?? PR
—25 0 gzt —xz* —yzt

3

2

Tz

xy? 22

Tz

4

o o o O

By Theorem 2.7, we have the following commutative diagram

’¢

MRS e

: ASRY

Yy
22y
Ty

TYZ

23

Thus a; can be computed considering a column (first column), and dividing its entries

by the corresponding column (first entry) of aj. Thus

a)p =

J,‘Q




24
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3. ALMOST LINEARLY PRESENTED IDEALS

In this chapter we study the defining ideal of the Rees algebra of height two perfect
ideals. Further we require the presentation matrix of the ideal to be almost linear.
The methods we discuss in this chapter are a generalization of the work presented
in [9]. This is joint work with Jacob A. Boswell.

We follow the following setting in this chapter

Setting 3.0.1 Let
(CL) R = k’[l’l, c. ,$d]

(b) I = (f1,---,fm) be a height two perfect ideal where fi,..., fm are homogeneous

polynomials of the same degree.

(c) I satisfies the G4 condition, that is,

u(Ip) <ht P for all P € V(I) withht P <d (3.1)

(d) Since I is height two perfect ideal, it can be generated by the maximal minors
of an m X m — 1 matriz @ with homogeneous entries of constant degree along
each column (Theorem 2.1.3). Further, assume that the presentation matriz ¢ is
almost linear, that is, all but the last column of ¢ s linear and the last column

consists of homogeneous entries of arbitrary degree n > 1.

Remark 3.0.2 Since [ satisfies the G4 condition, we assume p(/) = m > d. For,
if u(I) < d, then I satisfies the G, condition and hence I will be of linear type by
Theorem 2.4.6.

Let
¢:B=R[T,...,T, - R()

T; — fit
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We attempt to compute a generating set for ker @ (called the defining ideal of R([)).
Let £ = (L1,...,Ly—1) where [T1,...,T,,] - ¢ = [L1,..., Lyp—1]. This is the
defining ideal of the symmetric algebra Sym([/).

Remark 3.0.3 Setting degx; = (1,0) and deg T; = (0, 1), we see that B is a bigraded

ring. With respect to this grading, both ker ® and £ are bi-homogeneous.
Theorem 3.0.4 One hasker® = L: (xq,...,24)>.

Proof Let 0 # y € (x1,...,x4). Since [ satisfies the G4 condition, we first show
that I, satisfies G in R,. Since [ satisfies G4, ht Fitt;(I) > ¢ for i < d. Now
ht Fitty_1(I) > d—1 and Fitt,_1(7) is homogeneous. Hence Fitty (/) is an (z1,...,xq)-
primary ideal. Thus Fitt,_;(l,) = R,. Also ht Fitt;(,) > ¢ for i < d — 1.
Thus I, satisfies G in R,. Using Theorem 2.4.6 we have I, is of linear type
in R, (L, = ker®,). Thus y°L C ker® for some s. Since this is true for all
y € (x1,...,24) and B is Noetherian, ker® C L : (z1,...,24)" for some t >> 0.
Also, L : (xq,...,24)" C ker ® for all i as (z1,...,74)" ¢ ker ® and ker @ is a prime
ideal. Thus ker ® = L : (xy,...,24)%. u

At the end of this chapter we present the index of saturation of £ : (xq,...,24)>
in the setting of 3.0.1. We now follow the construction as in [9] to find a form of
ker @. We first construct a Cohen-Macaulay ring A close to R(I) such that R(I) is

A modulo a prime ideal of height one.

Notation 3.0.5 (a) Let ¢’ denote the matriz obtained by deleting the last column of

. Since p is an almost linear matriz, ¢’ is a linear matriz.

(b) J = (L1,...,Lin—2) + La(B(¢')) C B where [Ly -+ Ly—s] = |1+ x4] - B(¢') and

B(¢') is a matriz with linear entries in k[Ty,. .., T,).
(¢) Define A= B/J

(d) Let N be the matriz obtained by deleting the last row of B(¢')
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(e) Define K =J+ 1;_1(N) + (zq)
(f) Let m denote the ideal (z1,...,xq) in A.

Observation 3.0.6 If ¢ is almost linear and m > d, I1(¢") D Iy(¢) D Lm—as1(p) =
Fitty_1(). Recall that ¢’ is obtained from ¢ by removing the last column. Since
ht Fitty_1(I) > d by the G4 condition, I;(¢) = (z1,...,Z4).

Notice that B(p) is a d x m — 1 matrix and B(¢') is a d X m — 2 matrix.
We use the following two theorems to prove that the ring A is a Cohen-Macaulay

ring of dimension d + 2.

Theorem 3.0.7 [26, 2.2] The ideal (L1, ..., Ly—2) : (x1,...,24)>° = ([T1,...,24] -
B(¢) : (x1,...,24)% is a prime ideal in B, of height m — 2.

Theorem 3.0.8 [26, 2.4] The ideal I;(B(¢’))is a prime ideal in k[Ty,...,T,], of
height m—d—1 and (L1, ..., Ly_2) : (z1,...,24) is a geometric residual intersection

of the ideal (x1,...,x4) in B. Furthermore,
(Ll,. . .,Lm_2> . (ZL’l, Ce ’xd)oo = (Ll, Ce ,Lm_g) . (131,. .. ,$d>
= (Ly,..., Lim_o)+ 14(B(¥)).
Lemma 3.0.9 The following statements are true.

(a) The ring A is a Cohen-Macaulay domain of dimension d + 2.
(b) The ideals K and m are Cohen-Macaulay A-ideals of height one.

Proof (a) By Theorem 3.0.4, we have ker ® = L : (zq,...,24)° = (L1,..., Lpm_1) :
(1, ...,24)% and ker ® is a prime ideal of height m—1. By Theorem 3.0.7, (L1, ..., Ly o) :
(21,...,24)% is a prime ideal of height m — 2 and by Theorem 3.0.8

(Ll,...,Lm,Q) . (Z'l,...,l'd)oo: (Ll,...,Lm,Q) : (xl,...,:cd)

= (L., Lyn—a) + Li(B(¥))
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Further, since J is a geometric residual intersection of (xy,...,x4) in B (Theorem
3.0.8), A is a Cohen-Macaulay ring (Theorem 2.5.2). Also, since J is a prime ideal of
height m — 2, we have A is a Cohen-Macaulay domain of dimension d + 2.
(b) Notice that J + (x1,...,zq) = Io(B(¢')) + (21,...,24). Again using Theorem
3.0.8, I4(B(¢')) is a prime ideal of height m —d — 1. As m —d — 1 is of maximal
possible height, I;(B(¢’)) is Cohen-Macaulay. Notice that xy,...,z4 is a regular
sequence on I;(B(¢")) and hence I4(B(¢’))+ (21, . .., xq) is Cohen-Macaulay of height
m — 1. Now as J is a prime ideal that is homogeneous with respect to (x1,...,zq)
and (T1,...,T,,), it follows that J + (x1,...,24) is a prime ideal. But notice that
J 4 (x1,...,2q) = Ly(B(¢)) + (x1,...,24). Thus m is a height 1 prime ideal in A.
Recall that K = J + I;—1(N) + (z4). But notice that K can also be generated by
(Ly,..., L) + Ii_1(N) + (z4) where [Ly,... Ly_o] = [#1---24_1] - N. Since J is a
prime ideal of height m — 2 and z; € K\J, K has height at least m — 1. By Krull’s

Altitude Theorem (il, ooy Lyp—o) + I;_1(N) is of height at least m — 2. Notice that

(I~/1,. . .,fzm_2> +Id_1(N) Q (fjl,. . .,Lm_g) . (:L’l, Ce ,l’d_1>

Thus (INq, . fzm_2> : (x1,...,24-1) is aresidual intersection and hence ([:1, . ,Em_Q) :

(x1,...,24-1) is Cohen-Macaulay (Theorem 2.5.2). Using [8, 1.5,1.8] we get

(Ll, e ,Lm_g) . (1‘1, e ,l’d_l) = (Izl, e ,Lm_g) +[d_1<N)

Also, the generators (Zl, el Em_z) + I;-1(N) do not involve the variable z4. Thus

x4 is regular on (Ly, ..., Ly_s) + I;_1(N) and hence K is Cohen-Macaulay of height
m — 1. This shows that K is a height 1 prime ideal in A. [ ]

Lemma 3.0.10 The following statements are true
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Proof (a) Temporarily setting degz; = 1 and deg7; = 0, we get gr,,(4) = A, a
domain. Thus m* = m®,

(b) Using Lemma 2.4.13, we see that mK C (7). Thus miK" C (Tg)'. After localizing
at any prime P with ht P = 1, we see mOK " C (T4)". Thus

m® C (7) : K. (3.2)

We now show that m’ and F(i) do not share an associated prime. Recall that K =
(L, Lin—g) + Io(B) 4 (x4) and (Ly, ..., Ly o) : (21, @a-1) = (L1, ..., L) +
I4(B) is of height m—2. Now suppose I;(B) = 0, then (Z~L1, e f}m_g) (X, ) =

(il, ooy Lym—o) is of height m — 2. Thus (z1,..., 24 1) contains a regular element on
B/(Ly,...,Lm_3). This would imply m — 2 < d — 1 showing m < d, a contradic-
tion. Thus I;—1(N) # 0. By degree considerations, I;_1(N) ¢ J as the generators of
I;-1(N) have T-degree d — 1 in k[T},...,T,,). Thus K & (z1,...,24) + J. Since m is
the unique associated prime of m* and K ¢ m, m’ and F(i) do not share an associated
prime. Thus
(l,—d)i : F(i) c m®.
Hence K\ = (zq)" :q m®,

(c) The proof is analogous to that of (b). [

Since Ly,—1 € (x1,...,24)" (recall L,,_; is the form coming from the non-linear

column of ), L,,_; € m" = (T3)" : K™, Thus Lm,lK(n) C (Tq)". We are ready
g™ N

define the A-ideal D = % Also, D C ker® as L, 1 € ker ®, x4 ¢ ker & and

ker @ is a prime ideal.

Theorem 3.0.11 In the setting of 3.0.1, D = ker® in the ring A, where ker ®

denotes the image of ker ® in the ring A.
Proof A module M satisfies the Serre’s Condition Sq if
depth Mp > min{2, dim Mp}

for every P € Supp(M).
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It is well known, that in a Cohen-Macaulay ring, proper ideal of positive height is
unmixed of height one if and only if it satisfies the Sy condition. Since A is Cohen-
Macaulay, K™ is unmixed of height one and hence satisfies S,. Since D = K™ D
is also a height one unmixed ideal.

Since D C ker ® it suffices to show that these ideals are equal locally at the

associated primes of D. Recall that the associated primes of D are of height one.

As K ¢ m we have FS) = An. Also, ker ® ¢ m. Thus

my, = (@)n Koy
= (x_d)gm : An
= (Ta)m
As my = (24)m, the only m-primary ideals of A are m® (and hence m?). Thus

(Lyp—1)m =mi = (74) for some i. As L,, ; has T-degree n, i < n. Thus

— =)
D, = Lot (i iara,
Ldm (Td" )m

For a height one prime P # m,

Therefore

77"
L,,_1)pK
Dp = w = (L1)p = ker ®p
The last equality is due to the G4 condition (linear type in the punctured spectrum).

Thus Dp = Ap for all height one prime P € Spec(A). [ |

Corollary 3.0.12 In the setting of 3.0.1, ker ® = L : (xq,...,24)". Further, n is
the smallest possible integer for which this holds.
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Proof Notice that Dm™ C (L,,_;) in A. Thus D C £ : m”. Thus ker® C £ : m".
This shows ker® C (L + I4(B(¢))) : (x1,...,24)". Since (L + I4(B(¢))) is bi-
homogeneous and (x1,...,2q) - Io(B(¢')) C L it follows that

ker® C L: (z1,...,2q)".

As L:(z1,...,29)° =ker® C L: (z1,...,24)", we have ker ® = L : (zq,...,24)"

Assume there exists an i € N with ¢ < n so that ker® = £ : (z1,...,74)". Then in

the ring A, m'ker ® C (L,,_1). Localizing at the prime m, we obtain m’, C (L,,_1)n.
As Ly 1 € (21,...,24)" (i <n), we have m!, = (L,,_1)m. Similarly we can show that

(Ln—1)m € m2. Thus m’ = m® = (L,,_;)n € m" C m’, which is a contradiction. M

Notice that a generating set for ker ® can be completely determined, if a generating
set for K™ can be found. If d = 2, a generating set for K™ is given in [9]. In general,
it is hard to compute a generating set for K™ but for computational purposes, one
can use Lemma 3.0.10. We will present attempts to construct a generating set for

L:(x1,...,24)" in Chapter 4 and for the special case of K™ = K™ in Chapter 5.
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4. ITERATED JACOBIAN DUALS

In the previous section we proved that ker ® = L : (z1,...,24)" in the setting of 3.0.1.
An attempt to construct a generating set for £ : (x1,...,24)" led to the conception of
iterated Jacobian duals. This notion generalizes Jacobian dual matrices. The minors
of these matrices help us construct more generators for ker @, especially those which
are not of the expected form. This is joint work with Jacob Boswell.

First we define the iterated Jacobian dual of an arbitrary matrix ¢, in a Noetherian
ring R. We then apply the setting of 3.0.1 and present a condition for the equality of
the ideal arising from iterated Jacobian duals and the defining ideal of R(I).

4.1 Constructing the Iterated Jacobian dual
Let R be a Noetherian ring. Consider a presentation
RS R coker ¢ — 0.

Assume I1(¢) C (aq,...,a;). Then there exists a t X s matrix B(¢), called a Jaco-
bian dual of ¢, with linear entries in R[T7,...,T,,] such that the following condition
is satisfied

[Ty Tl - ¢ = lar-- - a - B(9)- (4.1)

The existence of B(¢) is clear, but it may not be uniquely determined. In a polynomial
ring, the uniqueness of B(¢) depends on the linearity of the matrix ¢.
Let £ denote the ideal defining the symmetric algebra Sym(coker ¢).

Definition 4.1.1 Set Bi(¢) = B(¢) and L, = L. Suppose (Bi(¢),L1),. ..,
(Bi—1(¢), Li—1) have been constructed inductively such that, for 1 < j < i —1,
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B;i(¢) are matrices with t rows having homogeneous entries of constant degree in
R[Ty,...,T,] along each column and L; = ([a1---a] - B;(¢)), 1 <j<i—1.
We now construct (B;(¢), L;). Let

Liov+ (I(Bica(9) N(ar,...,a)) = Lioy + (u1, ..., w)

where uy,...,u; are homogeneous in R[Ty,...,T,]. Then there exists a matriz C
having homogeneous entries of constant degree in R[Ty,...,T,] along each column
such that

[ug -y = ay---a) - C. (4.2)

Define B;(¢), an i-th iterated Jacobian dual of ¢, to be

Bi(¢) = [Bi-1(¢) | C] (4.3)
where | represents matriz concatenation. Now set L; = ([ay - - at] - Bi(¢)).

By construction, B;_1(¢) is a submatrix of B;(¢) and £;_ 1 C L;. As with the
Jacobian dual matrix B(¢), the iterated Jacobian dual matrices B;(¢) are also not
uniquely determined. Further, notice that the generating set (ug,...,u;) need not
be unique. Thus we can construct different candidates for B;(¢) of different sizes.

Suppose
‘Cifl + ([T(B’Lfl(¢>> N (ala s 7at)) = Eifl + (ula s 7ul) = Ei*l + (’01, e 7Up> (44)

and suppose B and B’ satisfy

-] = for+a) - Cand B = [Bia(9) | € (45)

[v1--vp] =[a1---a)-C" and B' = [B;_1(¢) | C']
For our purposes, we show in Theorem 4.1.2 that £+1,(B) = L+1;(B") when aq, .. ., a;
is a R-regular sequence. Thus the ideal of an iterated Jacobian dual, £+ I;(B;11(¢)),
depends only on the matrix ¢ and the regular sequence aq,...,a;. Also, in the
construction, we assume that ¢ should not be “too big”, otherwise the matrix B(¢)

(and hence B;(¢)) may have rows of zeros, which would trivialize the construction.
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Remark 4.1.1 £, = L is a well defined R[T,...,T,,]-ideal because it is the ideal
defining the symmetric algebra Sym(coker ¢). Assume that £;, 1 < j <i—1 are well
defined ideals. The candidates for B;(¢), namely B and B’, are constructed with the

generators, (u1,...,u;) and (vy,...,v,) respectively. Now (4.4) guarantees that
(lar---a-B) = (jai - a] - B
showing that £; is a well-defined R[Ty,--- ,T,,]-ideal.

Now using Lemma 2.4.11, proved in the preliminaries section, we show the unique-

ness of the ideal of an iterated Jacobian dual £+ I.(B;(¢)).

Theorem 4.1.2 Let R be a Noetherian ring and ¢ be a m X s matriz with entries in

R. Suppose I1(¢) C (a1,...,a,) and ay,...,a, is a reqular sequence. Then the ideal
L+ 1.(Bi(¢)) of R[Ty,...,T,] is uniquely determined by the matriz ¢ and the reqular

SEQUENCE A, - . ., Qy.

Proof Since the construction of the iterated Jacobian dual is inductive, we prove
this result using induction. Using Lemma 2.4.11, we see that £ + I,.(B;(¢)) is a well
defined ideal, proving the initial step of the induction hypothesis. Now suppose that
L+ 1,.(Bj(¢)), 1 <j <i—1 are well defined ideals. Now, if B, B’ are two matrices
which satisfies (4.5), then we show that

L+ 1.(B)=L+I.(B)

Since £ C L;, clearly £ + I,(B) C L; + I;(B). Also I;(B) 2 I;(B;-1(¢)). Now notice
that

L; € ([ar---ai - Bioa(e)) + (lar - ai] - C)
=L+ (ur,...,u)
C Li 1+ L(Bi_1(9))
C L1+ 1I(B)
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Since I(B) 2 Li(Bi—1(¢)) 2 I;(Bi—2(¢)) 2 -+ 2 I;(Bi(¢)), we show, successively,
that
L;CL 1+ L(B)CLi o+ Li(B)C---CL+1(B)
Thus £L; + [;(B) C L + I,(B) and hence £; + I,(B) = L + I;(B). Similarly we can
show that £; + [,(B) = L + I,(B’)
Now it is enough to show L; + I,(B) = L; + [,(B’). Since L; = ([a1---a;] - B) =
([ay - -ay) - B'), we now use Lemma 2.4.11 to show the result.

Now, since £+ I,.(B;(¢)) C L+ Li(B;11(¢)) and R[Ty,--- ,T,,] is Noetherian, the
procedure stops after a certain number of iterations. In fact, when R is a polynomial

ring and ¢ is linear, the procedure stops after the first iteration.

Remark 4.1.3 Using Lemma 2.4.13, we can see that L+I1;(B1(¢)) C L : (aq, ..., a;).
Notice that ([a1,--- ,ai] - Ba(¢)) C L+ I;(B1(¢)). Using Lemma 2.4.13 again,

(a1,...,a¢) Li(B2(@)) C L+ I(B(¢) C L: (ay,...,a).
Thus £ + I;(Bs(¢)) C L : (w1, ...,14)% Tteratively, we can show that
L + [7'<Bl(¢)) g L: (al, Ce ,at)i.

It is still unclear when the two ideals are equal or if their respective index of stabi-

lizations are related.

4.2 Ideals of Codimension two

In the previous section we showed that the ideal of an iterated Jacobian dual
L+ 1;(B;(¢)) are uniquely determined. We now apply the notion of iterated Jacobian
duals to the Setting of 3.0.1.

Let R = k[z1,...,24) and I, a grade 2 perfect ideal generated by forms of the

same degree. Further, I satisfies the GG; condition. Let ¢ be the presentation matrix
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of I. Assume p(I) = m > d. If ¢ is linear, then the defining ideal of the Rees algebra
R(I) has the expected form L+ 1,(B(p)) (see [8]). If ¢ is not linear, it is interesting to
study when the defining ideal of R(I) and £+ 14(B;(¢)) coincide. Such a form of the
defining ideals is easier to compute and has advantages when computing invariants
such as relation type, regularity etc.

In [27], the author presents a condition as to when ker ® equals the expected form.

An analogous condition is presented below for the ideal of an iterated Jacobian dual.

Remark 4.2.1 Let R = k[xy,...x4) be a polynomial ring with the homogeneous mazx-
imal ideal M and I be a grade 2 perfect ideal with presentation matrix ¢. Assume
I satisfies the G4 condition and let I,(¢) C (ai,...,aq) where ay,...,aq form an

R-reqular sequence. If
(a) ht (Io(Bn(p)) + M)/MR[TY,..., Ty] = m —d and
(b) L+ 14(Bn(p)) is unmized,

then ker ® = L + I;(B,(p)).

Proof The proof of the remark is identical to the one presented in [27, 3.1], but for
ease of reference we present the proof.

We have to show that £ = £+ I;(B,(¢)) is a prime ideal of height m — 1. Let P
be an associated prime of £ and p = PN R.

If M # p, then I, is of linear type and hence £, = m — 1. Since £, C £, C B,
we have ht P > m — 1.

Now suppose I = p, then 1;(B,(¢)) +9MM C £+ M C P. Further, using (a) in the
hypotheses and the fact that ay, ..., a4 is an R-regular sequence, ht (I;(B,(¢))+9MM) >
m. Thus ht P > m.

Therefore if P is a minimal prime of £, then ht P > m—1 and hence ht £ =m—1.
Further, if £ C P and 91 = PN R, then ht £ # ht P.

Using (b) in the hypothesis, all the minimal primes P of £ are of height m — 1.
In particular, 9t  P. Thus there exists an a € 9t which is regular modulo £. To
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show £ is a prime ideal we show £, is a prime ideal. But by the G, condition, I, is
of linear type and hence L, = ker ®,, a prime ideal. Thus £, = L, is a prime ideal.
|

Not much information is available on the unmixed nature of £ + I;(B,(y)), but its
believed to be strong enough for the above remark to be of practical use.

Now in the setting of 3.0.1, we put our efforts to search for a condition for the
equality of ker ® and £ + I,(B,(¢)). When d = 2, Kustin, Polini and Ulrich present
a complete generating set for ker ® in [9]. From this generating set we see that ker ®
and £+ I;(B,(y)) are not always equal. A search for a condition led us to Corollary
4.2.3.

Henceforth, we assume that (_) denote the image in the ring A.

Theorem 4.2.2 Let A, K be as defined in Notation 3.0.5. Then in the setting of
3.0.1, one has tm=tf_ 1K C L+ 1i(By(p)) in the ring A.

Proof Write D; = % and D) = m. Clearly D; € D,y and D] C
Dl

As in Notation 3.0.5, K = ([~4, R I; 1(B),z4) where B is a submatrix of
B(¢'). Now let B(p) = (b;;), 1 <i<d, 1<j<m-—1.

We prove the containment D; C D, 1 < i < n, by induction. Let i = 1. As
I € (Tg) in the ring A, it is clear that Lm 1Ll € (Ly_1) = L. Now let w be a
d—1 x d— 1 minor of B. For ease of notatlon, assume that w is the determinant
of the submatrix of B obtained from the first d — 1 rows and the first d — 1 columns
of B. Consider M, a submatrix of B(y) obtained from the first d rows and column
indices belonging to the set {1,...,d — 1,m — 1}. Using Lemma 2.4.12, we have
(=1)#m= 1L~ - w = det(M) - T4 in the ring A. Thus we have % = det(M) €
14(By(¢)) proving the initial step of induction Dy C D!,

Now assume that the result is true for 1 < ¢ < n. Consider % € D,, with

wy, ..., w, € K. It is enough to show that % eD..
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. ' ) Y — T W10
By induction hypothesis, we have =m=t2l"tn=l — o/ ¢ D! . Thus % =

Tdn—l

Wi If ' € £, then w' € (Lyy—1) in the ring A. Thus by induction hypothesis,

Tq

Wi & D, C D; C D,

Ifw € I4(B,-1(v)) and I4(B,_1(¢))N(z1, . .., x4) = (0), then w’ € I4(B(¢")) C J.

Thus w’ = 0 and in this case, ;%7 = 0 (recall that A is a domain and n > 2).

Now, assume w’' € I4(B,_1(¢)) N (x1,...,xq4) = (ug,...,w). It is enough to show
that % e D!, 1<p<I So,let w = u, for some p € {1,---,1}.

Recall that w, € K. Now, if @, € (¥3) C K, then %= € (w') C D}, , C D,
Thus assume that w,, € I;_1(B). Rewrite

d

w = Z zrw), for some w), € B. (4.6)
k=1
Now
d —
5> TR

—
WWy k=1

Tq Tq
For ease of notation assume that w, = det M where M is a d x d — 1 submatrix
consisting of the first d rows and the first d — 1 columns of B(¢). Hence in the ring A,
using Lemma 2.4.10, we have Zpw, = (—1)*"%Zzdet M;, where M;, is the submatrix
of M obtained by removing the k-th row. Thus,
d —
D TRwy Wy

—
w W, k=1

Tq T4

S (= 1)z gdet Myw),

=1

=

Xd

d
= Z(—l)k_ddet Myw;,
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Notice that det H € £ + I4(B,(p)) = D.,. The decomposition in (4.6) is not unique.
Thus a different decomposition in (4.6) leads to a different choice of H. But Theorem
4.1.2 shows that irrespective of the decomposition in (4.6), det H € D!,. [ |

Corollary 4.2.3 In the setting of 3.0.1, if K = K", then the defining ideal of the
Rees algebra satisfies ker @ = L + 1;(B,(¢)).

—n)  —n — (n) n
Proof If K" = K", then ker® = LotK " _ In K" « 7B 00)) Cher . m

zq" Tq

Interestingly, the above corollary states that, £ : (z1,...,24)" = L + I3(B,(¢)) and

the index of stabilization of the ideal of an iterated Jacobian dual is n.

Remark 4.2.4 In Theorem 4.2.2, the ideals D; and D) are actually equal. We

already showed the inclusion Dy C D). To show the reverse inequality D]} C Dy,

notice that x; € K and hence L,, 1 = M”z%;ﬁ € D; showing that L C D;y. Now let
w € 14(By(p)). Since I4(B(¢')) C J, we can assume that w & I;(B(¢’)). Now in the
ring A, Weq = Ly,_1w'. Thus w = gjwl e D.

A natural question is whether D; = D! for 1 <i < n 7. The answer is affirmative,
if a slight change is made in the construction of the iterated Jacobian duals. The
change is described as follows. Instead of considering all the minors of I,(B;(y)) N
(x1,...,24) to construct C' in (4.2), we consider a special subset of minors. These
minors are determinants of submatrices all but one of whose columns are columns

of B(¢') and the last column is that of B;_1(¢). This type of construction has been
independently studied by Cox,Hoffman and Wang [28] in the case of d =2, m = 3.

In the setting of 3.0.1, we showed that I1(p) = (z1,...,24) (Observation 3.0.6). But in
general, the iterated Jacobian dual is defined to be constructed with any generating
set containing I;(¢). The generating set need not even be homogeneous and this
feature was explored in the case of d = 2 by Hong, Simis and Vasconcelos in [29].

We now present some examples on how to construct the iterated Jacobian duals.
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Example 4.2.5 Consider a matrix

T 0 0
To T 0
Y= )
T3 To I7
0 x3 22
in a polynomial ring R = k[xy,xe,x3). Since grade I3(p) > 2, the converse of

the Hilbert-Burch Theorem, guarantees the existence of a grade 2 perfect ideal I
whose presentation matrix is ¢. Also, the G3 condition is satisfied as ht Fitts(/) =

ht I,(¢) = 3, Fitta(I) = ht Ir(p) > 3. We now construct candidates for iterated

Jacobian duals.

Tl T2 .Z'Tg
Bi(p)=Blp)=| T» T3 0
T3 T4 ZT4

To construct Bs(yp), we have to construct (det By(¢)) = I3(B(p)).

det B1<g0) = —l’T:;? — ZT22T4 + ZT1T3T4 + $T2T3T4
= SC(—T; + T2T3T4) + Z<—T22T4 + T1T3T4>

= 2(~T(T5 — o)) +y(0) + 2(Tu(~T3 + T T3))
We can construct By(p) using det By (¢).

T1 T2 .TT3 —Tg(T32 — T2T4)
Bolp)=| Ty Ty O 0
T3 T4 ZT4 T4(—T22 -+ Tng)

We already know that £ + I3(Ba(p)) C L : (21,72, 73)* = ker ® (Remark 4.1.3). In
the next section we will show that the defining ideal of the Rees algebra R([) satisfies
ker & = L + I3(Ba(p)).
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Example 4.2.6 Let R = k[z1,xs]. Let I be a grade 2 perfect ideal whose presenta-

tion matrix

Ty 0 x?
To T1 .T%
(p —=
0 =z r? + 72
2 2
0 0 a7+ x5+ 2129

One candidate for the first iterated Jacobian dual is

Tl TQ xlTl + $1T3 + .’E1T4 + $2T4
Bi(p) =
T2 T3 LEQTQ + $2T3 + .T2T4

Notice that Io(Bi(¢)) N (x1,22) = (di, d2) where

dy = (—TTy — ToTs — ToTy) + xo (Vs + TV T + Th Ty — T5TY)

d2 = ZEl(—TITg — T32 — T3T4) + 1’2(T22 + T2T3 + T2T4 — T3T4)

We construct Bs(y) using dy, dy to get

. T1 T2 IlTl + Ing + I1T4 + I2T4 7T1T2 — T2T3 — T2T4 *Tng — T32 — T3T4
TQ T5 (L‘QTQ + (L'QT;; + ZL'QT4 T1T2 + T1T3 + T1T4 — T2T4 T22 + TQTg + T2T4 — T5T4

Bs(p)
Using [9, 3.6], one can show that f = T3+ T\ To+ T2+ T Ts+T3Ty+T, Ty —T5T) € ker @,
but it is clear that f & £+ I5(B2(p)). Subsequent iterations of the Jacobian dual do

not produce an element of bi-degree (0,2) (we refer to Remark 3.0.3 for the grading
scheme on B). Thus £ + Ir(By(p)) # A.
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5. SECOND ANALYTIC DEVIATION ONE IDEALS

In this chapter we present a generating set for ker ® of ideals whose second analytic
deviation is one, in terms of iterated Jacobian duals. Further, properties like depth,
Cohen-Macaulayness and Castelnuovo-Mumford regularity of the Rees algebra are

also studied. This is joint work with Jacob Boswell.

5.1 The defining ideal of the Rees algebra R([) if u(/) =d+1

The rest of this chapter assumes the setting of 3.0.1. The special fiber ring F(I)
is defined as

F(I) =R/ (a1,. ... 2a)R(D).

The dimension of F([I) is called analytic spread and is denoted by ¢(I). It is known
that ht I < /(I) < dim R = d.
In this chapter we further assume that p(I) = d+1. Since [ is of maximal analytic

spread (¢(I) = d, see for example [30]), the second analytic deviation u(I)—£¢(I) is 1.

Remark 5.1.1 Since dimSym(/) = d + 1 [22], ht £ = d. Now the presentation
matrix ¢ of I is an d + 1 X d matrix and hence L is d-generated. Thus Sym(/) is a

complete intersection ring.

Observation 5.1.2 Let A, K be as defined in Notation 3.0.5. Then in the setting of
3.0.1, K is generically a complete intersection and strongly Cohen-Macaulay in the

ring A.

Proof Recall that the A-ideals K and m are Cohen-Macaulay of height one (Lemma
3.0.9). To prove K is generically a complete intersection, we localize K at height one

primes P € V(K) of A and then show Kp is a complete intersection in Ap. Now
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let P € V(K). Since m is not an associated prime of K, we have mp = Ap. Since
(Ta)p :ap Kp = mp = Ap (Lemma 3.0.10) showing that Kp = (Tg)p. Thus K is
generically a complete intersection.

Following Notation 6.0.2, notice that K = (w, %), where I;_;(N) = (w), is an
almost complete intersection ideal of height one in the Cohen-Macaulay ring A. Also,
A/K is Cohen-Macaulay (Lemma 3.0.9). Thus K is strongly Cohen-Macaulay (The-

orem 2.2.2). [

Lemma 5.1.3 Let B(y') be as defined in Setting 3.0.5 and u(I) = d + 1, then
ht I, 1B(¢') = 2.

Proof We know that A is a complete intersection domain (Remark 5.1.1) of dimen-
sion d+2. Since p(I) = d+1, we see that I;(B(¢')) = 0. Thus A = S/(Ly, ..., Ly—2).
Also, [Ly-++Lp_o] = [x1-+-24] - B(¢') and hence A can be viewed as a symmetric
algebra A = Symy ) (coker B(¢')) over the ring k[T, ..., Ta1]. Since A is a domain

we see that

d + 2 = dim A = dim Sym; (coker B(¢"))

= rank coker B(¢') + dim k[T].

Thus rank coker B(¢') = 1. Using [31, 6.8,6.6] we see that grade I;_1(B(¢’)) >
2.

2.
Since B(¢') is a d x d — 1 matrix, ht I, 1(B(¢’)) < 2. Thus ht I, 1(B(¢')) = [

Theorem 5.1.4 Let R = klxy, - ,xz4] be a polynomial ring and let I be a grade 2

perfect R-ideal whose presentation matriz ¢ is almost linear. If I satisfies G4 and

w(I) = d+ 1, then the defining ideal of R(I) satisfies
A=L+41;(Bn(p) =L: (x1, ,xq)"

where n is the degree of the entries of the last column of w. Furthermore, the special

fiber ring F(I) = k[Ty, ..., Tas1]/(f) where degf=n(d —1) + 1.
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Proof It suffices to show that K= = K(n) (Corollary 4.2.3). To prove this equality,
we use Theorem 2.2.3. Using Observation 5.1.2, K is strongly Cohen-Macaulay. So

we have to show
w(Kp) <ht P—1forall P € V(K), with ht P = 2. (5.1)
Let K = (w,74) and

(w) = lar(B) C a1 (B(¢)) = (w,wh, -+ wy_y).

Now let P € V(K) such that ht P =2. If P & V((z1,...,24)), then K p = (T3)p and
hence (5.1) is trivially satisfied.

Now suppose P € V((z1,...,24)). Observe that, since ht I;_1(B(¢')) = 2 (Ob-
servation 5.1.3), we have ht (xy,..., 24, 141 (B(¢')) = d + 2. Thus
ht (z1,..., 24, Ia1(B(¢)) = 3 in A and hence P % I;_1(B(¢')). Using Lemma

2.4.10, we have T; - W = (—1)" 9% - w]. Since W € K C P, we have w] ¢ P for some
1<i<d-1. Thus T; € (W)p in Ap and hence Kp = (w)p. This proves (5.1) in
this case too.

We now prove the statement on the special fiber ring. Notice that

(x1,...,xq) + ker ® = (xq,...,2q) + L+ I4(B,(p))
= (z1,...,2q) + (f)

where [’ € I;(B,(¢)). Notice that f’ is an element which has z-degree equals zero.
Any element in I;(B;(p)) has bidegree (n — 1,d). Subsequently, any element in
I;(B2(p)) having the least x-degree has bidegree (n — 2,2d — 1). Continuing like
this, the element in 1;(B,(y)) having the least z-degree (equal zero) has bi-degree
(0,n(d — 1) 4 1). Thus the degree of " is also (0,n(d — 1) +1). Now let f = f’ where
~ represents the image in the ring k[T1, ..., Tyi1].

Corollary 5.1.5 Let I be the ideal defining a set of 11 points in P2. Then for a
general choice of points, the defining equations of the Rees algebra satisfy ker & =
L+ I3(By(p)), where ¢ is a presentation matriz of I.
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Proof From the discussion in [32, 1.2], we see that for a general choice of 11 =

(4+1

5 ) + 1 points, the ideal I is a grade two perfect ideal satisfying the G3 condition.

Further, the 4 x 3 presentation matrix ¢ of I is almost linear with the last column
consisting of quadratic entries. Thus the defining ideal of the Rees algebra satisfies

ker & = L + I3(Ba(y)). u

Example 5.1.6 In Ezample 4.2.5, K = (T\T5 — T2, %), an almost complete inter-
section in the domain A. By the above theorem, A = L+I3(Ba(p)) = L : (z1, T2, 23)>.

5.2 Depth, Relation type and Regularity

We begin by constructing a series of short exact sequences which play an important
role in computing the invariants such as depth and regularity of the Rees algebra.

Recall that m denotes the ideal (z1,...,z4) and n, the homogeneous maximal
ideal of A. As in the above theorem, K = (w,Zg), where (w) = I;_1(B). Also K
is a Cohen-Macaulay ideal and mA = (7;) : K, which gives the exact sequence of

bi-graded A-modules
0 — mA(0,—(d—1)) = A(=1,0)® A0, —(d — 1)) = K — 0. (5.2)

Apply Sym( ) to the above short exact sequence and consider the n-th degree com-

ponent to obtain

mA(0, —(d — 1)) ® Sym,,_,(A(—1,0) ® A(0,—(d —1))) >
Sym,,(A(—1,0) ® A(0, —(d — 1))) — Sym,,(K) — 0.

Due to rank reasons ker o is torsion. But the source of o is a torsion-free module and

hence o is injective. Thus we have an exact sequence

0 — mA(0, —(d — 1)) ® Sym,,_;(A(—1,0) ® A(0,—(d —1))) —
Sym,,(A(—1,0) @ A(0, —(d — 1))) — Sym,,(K) = 0. (5.3)
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Notice that K is strongly Cohen-Macaulay (Observation 5.1.2). Also K satisfies
the G condition. Thus K is an A-ideal of linear type (Theorem 2.4.6). Therefore

Sym, (K) =2 K .

Thus sequence (5.3) now reads

0 — némA(—z’, —(n—i)(d—1)) — éA(—i, —(n—i)(d—-1)) > K" —=0. (5.4)

Recall that a Noetherian local ring § is said to be almost Cohen-Macaulay when

depth § =dim S — 1.

Theorem 5.2.1 Assume the setting of Theorem 5.1.4. Further, let n > 1. Then
depth F(I) = depth R(I) = d, i.e the Rees algebra R(I) is almost Cohen-Macaulay
and the special fiber ring F(I) is Cohen-Macaulay.

Proof From the short exact sequence,
0—-mA—A— A/mA—0 (5.5)
we have depth mA = d+2. Now from (5.4) we have depth K" > d+1. The sequence
0 —ker® — A— R(I)—0

and the isomorphism ker & = %ﬁ((n) >~ K™ now implies that depth R(I) > d. The
Rees algebra R(I) is not a Cohen-Macaulay ring unless A = L : (z1,...,x4) [33, 4.5].
Recall that the defining ideal of the Rees algebra is also of the form £ : (xq,...,z4)".
Also, n is minimal by Corollary 3.0.12. Thus when n > 1, the Rees algebra is not a
Cohen-Macaulay ring and hence we conclude depth R(I) = d.

Since F(I) = k[T\,...,T411]/(f) (Theorem 5.1.4), we have depth F(I) =d. ®

We compute the regularity of R(I) with respect to MM = (z1,...,xq),
N = (x1,...,2q,T1,...,Tys1) and (T1,...,T441). For convenience, we let (I') =
(T, ..., Tgr1). When computing reg o, R(I) we set degz; = 1, degT; = 0. Analo-
gously the grading scheme is set for reg 3 R(/) and reg 1)R(I).
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Theorem 5.2.2 In the setting of Theorem 5.1.4,
rt([) =reg F(I)+1=reg R(I)+1=n(d-1)+1

Furthermore, reg wR(I) <n —1 and reg yR(I) < (n+1)(d —1)

Proof Since ker ® = %(:) = gg: , the relation type, rt([), is easily computed by
considering the (T')-degrees of the generating set of K. Thus rt(I) = n(d — 1) + 1.
The statement reg F(I) = n(d — 1) is clear as F(I) = k[T, ..., Ty+1]/(f) where
deg f =n(d — 1)+ 1 (Theorem 5.1.4).
It is well known that 1t(I) — 1 < reg)R(I). Therefore, in order to show the
equality reg)R(I)+1 = n(d—1)+1, it is enough to show that reg .\ R(I) < n(d—1).
To compute the regularities we make use of exact sequences (5.4) and (5.5). Notice

that A/IMA = k[T}, ..., Tys1]. Since A is a complete intersection domain defined by

forms which are linear in both the x;,..., 24 and T1,..., T, variables, we have
reg A = reg A/MA =0
regmA = regy A/MA =0
regnA =d—1, regnA/MA =0
Thus from (5.5) we have,

regMA < 1, regyMA < 1, regyMMA =d — 1.

Let M — @ MA(—i, —(n — i)(d — 1)) and N — D A(~i,~(n —)(d ~ 1)). Thus

=0
reggM < n regg N =n
reggyM = (n+1)(d — 1) reggN = (n+1)(d —1).

Now using (5.4) we have
reg@)Fn <n(d—1) (5.6)
rengn <n

regn K < (n+1)(d —1).
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Next, consider the short exact sequence
0—kerd - A—R(I)—0.

We now use the bigraded isomorphism ker ® 2 K" (0, —1) and the inequalities in (5.6)

to show

regR(I) < n(d—1)

reggmR(I) <n—1

IN

regnR(1) < (n+1)(d—1).
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6. IMAGES OF CERTAIN RATIONAL MAPS

In this chapter we study the blow-up algebras associated to the rational map
g it Uil pm

where the f;’s are homogeneous forms of the same degree in the homogeneous co-
ordinate ring R = k[xy, ..., z4] of P21, The implicitization problem involves finding
the implicit equations defining the image of the rational map W. Recall that the
coordinate ring of the image of W is the special fiber ring F(I) = R(I)/mR(I)
where m = (1,...,24). We concern ourselves with the case when m = d + 1 and
I = (f1,..., far1) is a grade 2 perfect ideal satisfying the Gy condition in R =
klxy,...,24]. In low dimensions, the implicitization problem has been referred to as
the moving curve and moving surface ideal problem [34]. This is joint work with
Youngsu Kim.

We first present a condition when the map W is birational onto its image. It is
a constructive method that uses the Buchsbaum-Eisenbud Multipliers (we refer to
Section 2.7). We also find the defining ideal of the image of ¥ when the map W is
birational onto its image. These defining ideals have been computed before by J.-P.
Jouanolou [13], but the methods presented here are different from his. Jouanolou’s
method involves finding the MacRae invariant of a graded components of Sym(7),
whereas we find the Buchsbaum-Eisenbud multiplier of a different component of
Sym(I). Both methods uses the minors of the matrices in the respective resolu-
tions. But as the resolutions we consider are smaller, the ideal of minors we need are
smaller and hence, computationally simpler.

We now define the setting of the problem
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Setting 6.0.1 Let

(a) W :Pdt El:;:&+i> P? where f;’s are homogeneous forms of the same degree D in

the homogeneous coordinate ring R = klxy, ..., x4 of P!
() I =(f1,...,far1) 18 a grade two perfect ideal satisfying the G4 condition in R.
(¢) the homogeneous coordinate ring of P4 is S = k[Ty, ..., Tys1].

(d) the homogeneous coordinate ring of P4~1 x P4 is B = R[Ty, ..., Ty

As in the previous sections, the homogeneous d + 1 x d presentation matrix ¢ of [
consists of homogeneous entries of constant degree along each column. In this chapter
we do not impose any constraints on the degrees of the columns of ¢. Recall that
the defining ideal of the Rees algebra R(I) is the kernel ker & of the epimorphism
® : B — R(I) where ®(T};) = f;t. Since the map ® factors thorough the symmetric
algebra and the defining ideal of the symmetric algebra is well understood, it suffices
to find the kernel A = ker(Sym(I) - R(I)).

We use the following notation in this chapter

Notation 6.0.2 (a) Let the degrees of the entries of the i-th column of ¢ be d; and
1<0, < <0y,

(b) In B, set degz; = (1,0) and degT; = (0,1) making B a bi-graded algebra.

(c) The B-modules A and Sym(I) are also bi-graded. Let A jy and Sym(I) ;) rep-
resent the (i, j)-th bi-homogeneous component of A and Sym(I) respectively.

(d) Let Sym(I); = @, Sym(I)uj) and A = B; Aqj) which are also S-modules.

Recall that the defining ideal of Sym([/) is £ = (L1, ..., Ly) where [T} -+ Tyi1] - =
[L1,..., Lg]. In the setting of 6.0.1 we have dim Sym(/) = d+ 1, and hence ht £ = d.
Thus Sym(]) is a complete intersection ring. A natural choice of a B-free resolution

of Sym([) is the Koszul complex Kq(L1, ..., Ly; B) on the generating set Ly, ..., Lg.
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Since the co-ordinate ring of the image of W is F(I) = R(I)/mR(I) we attempt

to find the defining ideal of F(I). Consider the following commutative diagram

0—=J —=B=R[T1,...,Ty1] —=R() (6.1)
J J J
0—=R——=S5=k[Th,....,Tg1] —= F(I)
Thus the defining ideal of F(I) is a subset of the defining ideal of R(I). In fact, the
defining ideal of F(I) consists of homogeneous elements of the defining ideal of R(I)
that have x-degree zero. In the above diagram J is the defining ideal of R(I) and K
is the defining ideal of F (/). Thus J/L£ = A and Ay = Jp = R Thus we infer that
to study the defining ideal of F(I) it is enough to study .Aj.
The starting point of our investigation is the following result of J.-P.Jouanolou. He
used Morley forms to prove the theorem that will be presented in the next section. A
non-constructive proof of the same was given by Kustin, Polini and Ulrich in [14, 2.4],

whose generalization is what we discuss below.
Theorem 6.0.3 There is an isomorphism of bi-graded B modules

A= Homg(Sym([), 5)(—0, —d) (6.2)

where § = Zle 0; —d. Here Hom represents graded Hom.

Proof Since [ is a grade 2 perfect ideal satisfying G, [4, 3.6] shows that
A =0 igym(n m*™ = H(Sym(1)).

We now consider the Koszul complex Ko(Ly,..., Ly; B). Notice that the L;’s are

bi-homogeneous elements of bi-degree (9;,1). Now
Ko(Li,...,La;B) 10 = Ky B Ky — - — K — Ky

is a bi-graded B-free resolution of Sym(/). For the module of the right hand side of
(6.2) one has

Homg(Sym(I),S) = Homg(Ke(Ly, ..., Lg; B),S)
> Ku(Ly, ..., L Hom(B, 8))(D " 0;,d). (6.3)

i=1
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The second isomorphism is due to the self duality of the Koszul complex. We now
realize Hom(B, S) as the highest local cohomology of B using the following series of

isomorphisms.

HY(B) =~ H%(R ®r B)

~ HY(R) ®r B (B is R flat)

~ HY(R) ® S (B~ R®,;S)

= Homy (R, k)[d] @k S (Serre Duality)

= Homg(B, S)(d,0). (6.4)
Next we decompose the Koszul complex Ko(L1, . .., Lqg; B) into short exact sequences

0— Jo— Ko — Sym(l) = 0

O0—->J - K —>Jy—0

0> Jjo—>Kyo—>Ji_1—0

0 Kg— Kyg1— Ji—3— 0.
Applying the local cohomology functor to the above short exact sequences, we see

Hy, (Ko) — Hy (Sym(1)) — Hy,(Jo) — Hy, (Ko) = 0,

HL(K)) =0 — HL(Jy) = H(J)) — HA(K,) =0,

HI2(Ky_ o) = 0 — HE3(Jy2s) — HE Y (Jyoe) — HE YKy 5) = 0, and
HE YW (Kyy) =0 — HE N (Jy) — HE(KG) 5 HE (Ky_y).
The map p is the differential of the Koszul complex KCy(L1,. .., Lg, HL(B)). Notice

that H° (Ky) = H! (K;) = --- = HYY(K,_5) = 0 because the modules K; are free R

modules and grade m = d. Thus

H° (Sym(1)) = HL (Jo) = - 2 HEY(J_y) 2 Hy(Ko(Ly, . . ., Lg; HE(B)))
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But

Ho(KCu(Lr,- o L HA(B))) = Ha(Ku(Ly, ., L Hom(B, 8)(d,0))) by (6.4
=~ Hom(Sym(1), $)(~6. ~d).

]
Remark 6.0.4 From the above theorem, we conclude that Ay = Hom(Sym(7)s, S(—d)).

We compute Hom(Sym([)s,.S), but we can easily recover Hom(Sym([)s, S(—d)) by
shifting the T-degree.
Now notice the Koszul complex KCo(L1, ..., Lq; B) is

O—>B(—§d:bi,—d>—> @ B(diioij,—(d—l)) —

1<) <-<ig1<d

cee = EB B(—0;,—1) = B — Sym(I) — 0

1<i<d
From this B-resolution ICe(Ly1, ..., Lq; B) of Sym(I) we extract an S-resolution for
Sym([)(g

F:0—F "3 F o B 25 Fy 2% Sym(I)s — 0 (6.5)

— (0. . — o, 440 =1
= @ Uy @ s A )
1< 1 <jo<-+<ji<d 1<ky<ky<--<kq_;<d
and n < d.

Let

r; = rank ¢;

1
t; =rank F; = Z (akl " d+ ?kdz ) (6.6)

1<ky <ky<--<kg_;<d
Remark 6.0.5 Notice that from (6.5), if n <i < d — 1, then

Z ak1+..._}_akd_i_1 _0
d—1 -

1<ki<ko<--<kgq_;<d
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Remark 6.0.6 Since rank Sym(/)s = 1, notice that r; = rank ¢; = rank F — 1 =
n—1
to — 1. Also, >_(—1)’t; =1 and r; + 7,41 = rank F; [35].

7=0

Applying the functor Hom(-, S) to (6.5) we get
Hom(Sym(7)s, S) = ker ¢} (6.7)

where ¢} : Ff — FY. When pu(I) = d+ 1, it is well know that the image of VU is
a hypersurface (see for example [30, 2.4]). Thus Ay = (a) is principally generated.
Using Remark 6.0.4, this in turn shows that rank Sym(/)s = 1 and that ker ¢] is
generated by one element.

Before we explain the process of constructing an element in ker ¢, we define a
crucial isomorphism AFF; &2 Ai=FF* for k < t; which is used throughout the chapter.
And this isomorphism is explicitly defined by fixing an “orientation”. We briefly
mention the method below.

Basis for F; and orientation of A“F;: Let {ef,... e} } denote the ordered basis
for F;. For an ordered set v = {ji,...,5:} C {1,...,t;}, let ¢! denote the element
e5, N+ Nél,. Fix the orientation € A --- Ae; € A“F; for each F;, which defines an
isomorphism A% F; = R. Using this orientation we define the isomorphism AFF; =
AR E* for each k < t;. Consider an ordered subset v C {1,...,t;} of cardinality k
and let v¢ denote its complement in {1,...,t;}. Since A*F; @ AiFF; 22 AU E; every

element ¢! € APF; defines a map

ANiTFF 5 AV S R (6.8)
€he = el Nel, = (1) -ef A--- A,
eL — 0
where y is the number of permutations required to convert e'. A el into i A--- A ef‘:i
and p # v°is a subset of {1,...,¢;} of cardinality ¢; — k. This map is nothing but the

map ((—=1)X - el.)* € Ai=FF*. Thus for every element ¢!, € A*F;, we have a unique

element ((—1)X-el.)* € Ai"*F*and hence we have the isomorphism AFF; & AL=F
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We now explain the process of constructing an element in Homg(Sym(7)s,S) =
ker ¢7. First notice that ¢; : F; — Fj induces a map Fjy®F; — S, which by dualizing,

gives

S Fy® Fr.

Let
it NTHEy —» AMYTUR @ FY

be the composite map

ATy = AR @ § U2 At R @ By @ B 299G At @ Fr

where m : A" Fy® Fy — A" FHLE s the usual multiplication in the exterior algebra

N Fo.
Lemma 6.0.7 [15, 3.2] The following statements are true.

(a) The composition

m(id @A™ ¢1)
e

) ) Fidl .
N'Fy® N Fy ARy o AR @ F

18 zero.

(b) The following diagram commutes

$1
. df .
/\T‘1+ZF0 /\7‘1+Z+1F0 ® Fl*

j% |

/\to—m—iFo* (id ®¢1)"m* /\to—r1—i—1F6< ® Fl*

Proposition 6.0.8 The image of each column of A" ¢y under the isomorphism A" Fy =

Fy is in ker ¢7.
Proof In statement (b) of the Lemma 6.0.7, substituting ¢ = 0, we get

(id ®@¢y ) m* : N EF — AL @) B
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Since by Remark 6.0.6, we have r; =ty — 1, we get
(d@@ )*m* : AV FF 2 Ff — A°Fy @ Ff = S® Fy = FY,
which is nothing but the map ¢j. Similarly, we can show that
mAd®@ A™ ¢1) : NFy @ AFy = NP Fy @ ATy 2 ATF — AT Ry = AR,

is the map A" ¢;. Thus statement (a) of Lemma 6.0.7 now says that when ¢ = 0, the
image of each column of A" ¢; under the isomorphism A" Fy = Ao~ Fir = ANV = Fy

is in ker ¢7. |

Notice that this shows that each column of A" ¢; is a candidate for the element of
ker ¢7. But for each fixed column, the entries of the column may have a common
factor. Ome of the ways to wean out the common factors is to use the method of
Buchsbaum-Eisenbud multipliers. The theorem of Buchsbaum-Eisenbud (Theorem
2.7.1) guarantees the existence of unique homomorphisms a; : R — A"#F)_; for

1 <k <n—1 such that

(a) (p—1 = Arn71¢n—1
(b) for each k < n — 1, the diagram

ANk

L Y (6.9)
ag1 @k
S

commutes.

(c) Further, \/I1(a;) = v/I,(¢;) for 1 <i<n—1.
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How to implement Buchsbaum-Eisenbud multipliers: Notice that a,_; =
N1, 1. Thus a,_1 is a column matrix consisting of signed maximal minors of

¢n—_1. Next consider the diagram

N'=2¢,_o
A2 F e Nn=2F o

Using a,,_; we can construct the dual map

al i NTRE, g X AT R = AT Py G

n

Thus the entries of a;_; are still maximal minors of ¢,_; but in a different order.

Now let
ap—21
* _ * . * _
A1 = [an—l,l an—l,ln_l] and Ap—2 =
an72vln—2
Then the above commutative diagram says that
* * *
an—2,10p_11 an—2,10p_12 " ** an—2,14, 17, _,
a QQCL* a QQCL* s a QQCL*
Tr—2 o * o n—z,2%n—1,1 n—2a,2%n—1,2 n—z,2%n—1,l,_1
AT ¢n72 =Aan—2°Qy 1 =
* * .. *
| On=2ln20n 11 On—2l,_20n 12 An—2,ln 21, |

(6.10)

Not all the entries of a} , can be zero, as this would imply A" 2¢,_o is zero, a
contradiction to the fact that rank ¢,,_o = r,_5. Assume that the p-th entry of a)_;
is non zero. Now to recover a,,_, we consider the a nonzero column of A"~2¢,,_», say
the pth column, and divide it by a;,_, ,.

We iteratively keep using the commutative diagram in (6.9) to get a;. By abuse

of notation, we identify the map a; with the element a;(1) € A" Fy.
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Proposition 6.0.9 In the setting of 6.0.1, let a] € F denote the element under the

wsomorphism AN Fy = Fj. Then aj € ker ¢}

Proof Notice that a; is a column of A" ¢; with common factors (coming from a})
removed. And the image of each column of A" ¢; under the isomorphism A" Fj = Fj
is in ker ¢} (by Proposition 6.0.8). Thus a} € ker ¢} because aj # 0.

Alternate Proof: We showed in Proposition 6.0.8 that the composition of the maps

ARy D00 Anpy o O

is zero. If n : A" Fy = F, then ¢} o n(A"¢1) = 0. Combining this with Theorem

2.7.1 we get
ATL Fl A1y AT FO ~ Fék 1 Fl*
a3 /
S

Let J denote the image of a3 in S. Also, J Im(¢* o n(a;)) = 0. Since vJ = /1,,(¢2)
and grade I, (¢1) > 2, J contains a nonzero divisor in S. Now since J Im(¢ion(ay)) =
0 in a free module F}, we have ¢} o n(a;) = 0. By definition, a} = n(a;) and hence

aj € ker ¢7. [ ]

6.1 Birationality and Defining ideal of the image

Since ker ¢f = A, and a} € ker ¢ (Proposition 6.0.9), we can recover the cor-
responding element b € Ay = (a) using the method of Morley forms developed by
J.-P. Jouanolou. An explicit description of b is presented in Theorem 6.2.6 and the
method of Morley forms is explained in the next Section 6.2.

Recall the grading of B and Sym(7) in Notation 6.0.2. Since Sym([l)y = S, we
have F(I) = S/ Ay. Clearly, dega = e(F(I)) where e(_) represents the Hilbert-Samuel
multiplicity.

We can compute the multiplicity e(F (7)) using the following formula
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Theorem 6.1.1 [16, 2.4]

1 R
e(F(I)) = e 6.11
0 = i ) O
where g1, ...gq4-1 are general k-linear combinations of the generators fi,..., far1 of

1

)

Notice that k[fi,..., far1] = F(I) is the coordinate ring of the image of W. It

is well known that the map W is birational onto its image if and only if [k[R,] :

Elfi s fanl] = 1.
In an attempt to show that b generates Aj, we compare degb with e(F(I)) =

dega. Once we show that degb = dega, then b generates Ay. The degree of the

entries of a; and the degree of the element b are related by the formula
degree of the entries of a; +d = degb (6.12)

where the extra d comes from Morley forms (Observation 6.2.7).

Theorem 6.1.2 In the setting of 6.0.1,

R
degb =¢
& ((91,'--79(1—1)3[00)

where g1, ...,94-1 are general k-linear combinations of fi,..., far1-

Proof We first use (6.12) to compute degb. Recall that rank ¢; = r;, rank F; = ¢;
and that the entries of the matrices ¢; are linear. Note that the entries of a,,_; are
Tn_1 X Tp_1 minors of ¢, ;1 and hence the degree of the entries of a,_1 is r,_1. Now
to construct a,_» we considered a column of A"™~2¢,,_» and divided it by a non zero
entry of ay_,. Thus the degree of the entries of a,_ is the difference between the
degree of the entries of A"*~2¢,_5 and the degree of the entries of a;_,. The degree

of the entries of A"2¢,,_5 is r,,_5. Thus

degree of the entries of a,, o =1, o — 1,1



62

Iteratively, we can compute

n—1
degree of the entries of a; = Z(—l)i_lri (6.13)
i=1
n—1 o n—1 .
Since r; = > (—1)’7"t; and ) (—1)’t; = 1 (Remark 6.0.6), we have
j=i J=0
i—1
=0

Now using (6.13) we get

deg b = degree of the entries of a; + d

n—1
=> (-1 +d
i=1

— iz_: (=1)t; —1) +d

= ()" ket e+ (d—n) + 1 (6.14)

Il
—

Now we compute the multiplicity on the right hand side of the result. By the gen-
eral choice of g1, . .., gq—1 and since I satisfies the G, condition, the ideal (g1, ..., gq_1) :
I is a residual intersection of height d—1 [36]. Further (g¢i,...,94-1) : I+ I has height
d [36]. It is known that (g1,...,9a-1) : I = (g1,---,9a-1) : I [19, 3.1]. Recall that
u(I) = d+ 1 and consider the module M = I/(gy,...,ga-1). Let ¢ be the 2 x d
homogeneous presentation matrix of M.

Notice that \/Fitto(M) = vVann M = \/(g1,...,94-1) : I has height d — 1. Hence
ht I5(¢") = d — 1 and therefore Ir(¢") = ann M by [37]. Thus (g1,...,94-1) : [ =
LI (¢") (see also [19]).
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Now, the Eagon-Northcott complex gives a minimal free resolution for N =
R/((g1y---y9a-1) : I). We first construct the Eagon-Northcott complex EN(¢"”) where
¢" : R — R% The column degrees of ¢ and that of ¢” are the same. Then EN(y")
is

0= RN =@+ +) = @B R0+ +0,)) =
1<j1<<jg—1<d

= P R(=(0;,+0,) > R—0

1<j1<j2<d
Since the e(N) = e(N(—1)), we consider EN(¢”)(—1), which gives the resolution for
N(—1). Now the Hilbert series of N(—1) is

df
Zl(—l)i AT DI R
1=1 1<j1<<ji+1<d
(1—¢)
d—1 .
Let p(t) = S (=1)" i - 3 it =t 4= Then
i=1 1<j1<<git1<d
e(N) = e(N(-1))
— ( )d—l pdil(l)
(d—1)!
d=1 0.+ 402,  —1
_ (_1)d—1 Z(_l)z’ .- Z ( J1 i 1]i+1 ) + (_1)d—1
i=1 1<j1 < <jir1<d B
d—1
— (_1)d—l+i g Z (Djl + - d + 2]‘2‘4—1 - 1) +1
i=1 1<j1 <<jir1<d B
d—1
D, e 0 —1
=N (=) > ( ¥ p N o ) +1 (6.15)
i=1 1<j1 <<jir1<d B

Notice that for i < d— (n—1) and 1 < ji < -+ < jiyy < d, (V7™ = ¢

(Remark 6.0.5). Thus (6.15) becomes

d—1
. 0. R P — |
B(N) (_1>d—1—7, .7 § : ( n + + Jit+1 ) +1

. . d—1
i=d—(n—1) 1< < <jit1<d

= (D) ity + 1 (6.16)
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d—1
Notice that ~ >>  (=1)¥"'"; ;1 = 1 (Remark 6.0.6). Thus (6.16) becomes
i=d—(n—1)

e(N) = X_: (1)1 (i — (d = n)) - ta_is + (d —n) + 1 (6.17)

i=d—(n—1)

By a change of indices, we get

n—1
e(N) = (1" F ket g+ (d—mn) +1 (6.18)
k=1
Notice that (6.18) is exactly the same as (6.14). [

Now we present the main theorem of this section.

Theorem 6.1.3 In the setting of 6.0.1, the following statements are equivalent.
(a) U is birational onto its image.

(b) b is a principal generator of Ap.

(c) grade I1(ay) = grade I1(a}) > 1.

Proof (a) < (b) The rational map V¥ is birational onto its image, if and only if
[k[Ry] : k[fi,-.., far1]] = 1. Thus using Theorem 6.1.1 and Theorem 6.1.2, ¥ is
birational onto its image if and only if degb = e(F(1)).

(b) < (c) This is an immediate consequence of the fact that b generates A, if and only
if a} generates ker ¢;. Now use the Buchsbaum-Eisenbud criterion [35] for exactness

of complexes. [ |

Now we present an example which uses Theorem 6.1.3

ECEEEREIN

Example 6.1.4 Let ¥ : P2 IP3 such that

fo=a2*y* — atyz + 32 —y2° fi = 2%y — %2 + 22

fo = 2y + 2Py2® — xyP2? fo = =23y + xy® + %2 — 2°2°
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Let I = (fo, f1, f2, f3) be an ideal in R = k[z,y, 2] (coordinate ring of P?). Consider

a homogeneous presentation matrix ¢ of I

x 0 3
y oy
z z

0 22 2%

One can easily check that [ is a height two perfect ideal satisfying G3 in R. Let
S = k[T, T1, T, T3] (coordinate ring of P?) and B = R[Ty, T, Ty, T3] (coordinate ring
of P2 x P?). Let [Ly Ly L3] = [Ty Ty Ty T3] - . Notice that 6 = 1+2+3—3 = 3. Using
the Koszul complex K4(Ly, Lo, Ls; B) we can extract an S resolution of Sym([)s =
Sym(7)s.

O%S%SIOQSIO%Sym(I)gﬁo

where
7, 000 0 0 0 T, 0 0 T 7]
VT, 0 0 0 0 0T 0 Ty 0
T, 0 T, 0 0 0 0 0 T, 0 0
0T, 0T, 0 0T 0 0 0 T
0T, T, 0T, 0 0 0 0 0 0
b1 = by =
0 07 0 0 Ty T, 0 0 0 T
00 0T, 00 0T 0T T,
00 0T, T, 00 0T 0 -7
00 0 0T T 0T 0 0 T
(000 0 0 07, 00 T T 0
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Notice that, by Theorem 2.7, as = Al¢y. By construction, the entries of a3 and

¢9 are the same. We wish to construct at. Now, the first column of A%, is

_TOTS 4 3T2T2TY + TOTY — TITTy — TRTITRT, + TOToT, + TRTATIT, — TVTT, — 3TRTITSTE — 2TTITE — TOT, T3
SLVTITY — TITT] + Tyl T] + ToTSToTy + ToTTETs + 2T, TRTSTs + 2L TPTAT, + RT3 TP TLTE + T Ty Ty T2
2L TPTS — 2T TRTY — ToTRTS — ToTRTS — 3T IV T3 T — TETY TS Ty — 2TV T3 Ts + Ty IS Ts + T TV T — To TV TS + 2L TP TETS + Ty TP TS
TSTS — 3TRTTS — THTS — TRTPTYT, — TET?TET, — 2TRTITST, — 2TRT2TETy + TATST, — TATPTV T2 — 2TRTTLT? + TATET? + TRV TET2 + TRTP Ty TS
T+ TN+ T - TN - TR - TR + TTTT - BT - ITITTE - T T
TSTy + 2TRTPTE + TETPTS — TOTS + TRTPTE + 22T + 3TATI STy + TATPTETy + 2T2TATETy + TATAT, — TeTVTST + TOTYT? — TRTITIT2

2Ty TPTy + 2T3TPTS + To T Ty + ToTPTy + 2T TETIT + Ty TP TITs + 3Ty TRTS Ty — Ty TR TS Ty + ToT2T3 — TeTHTE + Ty TV 13T — Ty T TS TE + TeTETs
~ToTTTy — 2T3TTE — ToT TS — 2ToToTS — Ty T + TV TY — 23T To Ty — Ty T T Ty — STSTPTETy + 2Ty TRTS Ty + 2T3 T2 T3S
SToTTE — TSTPTS + ToTPTS — 3TSTTy — TSTPTs + ToT Ty — Te TR Ty + T T T Ty — 3Ty THTSTs + TV Ty Ty — ToTPT; — T T TS

The first entry of aj is the first entry of ¢o which equals 7;. Dividing the above

column by 7T} we get

—T{T3 + 3TYTNTS + TETS — TP Ty — TRTPTETs + TV TS T + T T3 Ty — T3 Ty — 3T, TS — 21313 T3 — TV LT3
STOTETY — TST3 + ToTy + ToTPToTs + ToTRTETs + 2L TETETs + 2Ty TR Ty Ts + 2T TR T + To T 1o Ts
QT THTS — 2T3TNTY — TyT2T) — Ty TS — 3Ty TATETs — TT TETs — 2Ty TAT3 Ty + ToTSTs + TETETE — TyTPT2 + 2Ty TR T3TE + ToTiT3
TPTS — 3TRTRTY — TPTS — TETV T Ty — Ty T\ T3Ts — 2T3TRT3Ty — 213N Ta Ty + TVISTy — Ty T Ib T3 — 2T3TPTLTE + TPTSTE + TRTaTE + TRT2 T3
—T$T? + ToT) + TT) — T3TS — TS Ty — ToT?T2 + TRTTE — TT3T3 — TRV TSTE — TRTPTS
TITy + 2T3T{TE + Ty TS — TPTS + TRTETY + 2013V T3 + STRTHTTs + Ty T3 Ty + 2T3TPT3Ts + TPTeTs — TRTS Ty + TPTo T3 — T3T2T3TS
3Ty TS + TP Ty — ToV TS + TRTTLTs + TOT2Ty — TyTAT3Ty — TPTETs + STSTATyTE — 2Ty TRT3TE — 213 T T3
QTG TYTE + 2T3TRTY + ToTPT) + ToTPTS + 2T3TRT3Ts + ToT T3 T + 3T TV TSTs — ToTh T

a; =

STy + TETVTE — TPTITE + Ty TPT2TE — TSTSTE + TOTTS
—TyTOTy — 2TETSTE — TTS — 2Ty THTS — TyTSTY + TET§ — 2TSTITY Ty — ToT3ToTy — 3TSTRTETy + 2Ty TRTATy + 2T T\ TT
STYTOTE — TPTRTS + TyTATE — 3TPTYTY — TSTITy + TyTSTy — TOTTYT + TET3TyTy — 3TyT3TTy + TETETy — TyTPT2 — TSTXTY T2

Macaulay2 computations show that the grade I1(a;) = grade I;(a}) = 2 and hence,

by Theorem 6.1.3 ¥’ is birational onto its image.

6.2 Morley Forms

The objective of Morley forms is to define an explicit isomorphism between A;
and Hom(Sym(/)s—;, S(—d)). Thus given an element in Hom(Sym(/)s_;, S(—d)), we
can recover the element in A; through this isomorphism. It was conceptualized by
J.-P.Jouanolou in [13,38].

Morley forms are graded component of the determinant of a matrix in Sym(/) ®g

Sym(7). We now proceed to define Morley forms. Throughout this section we assume
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the setting of 6.0.1. Recall that R = k[zy,...,24],S = k[T1,...,Tys1], B = R®; S.

The symmetric algebra has a presentation
Sym(l) = B/L where £ = (Ly,...,Lq)
and [Ly--- Lyl = [Th - Tyua] -

Consider BsBand Li® 1 -1 L; € (r11 01 -1 x,...,24®1—1® x4) for
1<i<d. Let D be a d x d matrix such that

Li®1—-1®L- Li®1 -1 Ll =111 -1®z- 2401 —-1®@ x4 - D
(6.19)

Notice that det D € B ®¢ B. Consider the natural epimorphisms

I':B — Sym([)

'l :B®g B — Sym(l) ®s Sym(/)
We set A = (I'@T")(det H). We now impose the grading scheme on Sym (/) ®gSym(/)

degz; ® 1 =(1,0,0) degl ® z; = (0,1,0)
degT; ®1=(0,0,1) degl®T; = (0,0,1)
We now rewrite
5
A= Z morl(; 5_; ) Where
i=0

morlg s—ia) € Sym(I),q) ® Sym(!)5-i.q)

The tri-homogeneous elements {morl;s_;q) | 0 < i < 0} are the Morley forms asso-
ciated to the regular sequence Ly, ..., Ly in B.

The Sylvester element syl is defined as det B(p) € Sym(I). Since Ly, ..., Lq is a
regular sequence, (Ly,..., L) : (z1,...,24) = (L1,..., Lq) + det B(¢). Thus syl is a
nonzero element of bi-degree (d,d) in Sym(/). Since As = Hom(Sym(7)y, S(—d)) =
S(—d), As is generated by syl. Thus this defines an isomorphism

Uyl S — As where pgp(a) = a - syl.
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If u € Hom(Sym(/)s—;, S) then (1&w)(morl; 5—;4)) € Sym(I) as the map v induces
Sym(I) ®g Sym(I)s_; —% Sym(I) ®g S = Sym(I).

In Theorem 6.2.2, it will be shown that the image (1 ® u)(morl;s-;q)) € A;. This

defines a homomorphism
v1 : Homg(Sym([)s_;, S) — A;

vi(u) = (1 ®u)(morl; s-;.q)) (6.20)

Due to the multiplication map A; ®s Sym([)s_; — As, every element a € A; defines
an element p, € Hom(Sym(7)s_;, As) where p,(b) = a-b. Thus we can define the

map
ve : A; — Homg(Sym(7)s_;, .S)
a(@) = 5} o e (6.21)
First we list a few facts about Morley forms.
Lemma 6.2.1 The following statements hold
(@) morlspq = g -syl® 1 € Sym([)s ®g Sym([)o, for some a; € k.
(b) morlgsq = 1® ay -syl € Sym(I)o ®g Sym([)s for some ay € k.

(c) If b € Sym(I)y, then (b® 1)morl;s_;q) = (1 ® b)morl ik s—i—ka) € Sym()irr ®g
Sym(1)s_;

The proof of the above lemma is analogous to the proof presented in [14, 4.1]. The

following theorem of Jouanolou shows that 14 and 1, are inverses of each other.
Theorem 6.2.2 [38, 3.11] Let 0 < i <. Then the following statements are true
(a) If u € Hom(Sym(I)s_;, S), then (1 ® u)(morly s5_;q)) € A;.

(b) The homomorphisms vy, vy defined in (6.20) and (6.21) are inverses of each other

(up to multiplication by a unit in k).
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5—i—Y 971 m;
Since Sym(])(;_i is minimally generated by z{™ -- -2} 'z, L™ here m; >0

and 2 “1m; <6 — i, there exist elements gp,..m, , € Sym(I); such that

m —i—>3 4"t m;
morl(i i) = Z Gmi-mgy @ T g0 T Y (6.22)
mi+-tmg_1<d—i

An explicit description of gy, ...m,_, for the ideals we consider is not available in the

literature. Once such a description is made available, then for u € Hom(Sym([);s_;, S),
m 6—i—>4"lm

vi(u) = (1®u)(morl s a) = Z Tmy-omg_y U (xl cxy ity = ])

mi+-+mg_1 <d—i
Recall that we are interested in recovering the element b € A, from a} € ker ¢}. So
let u, € Hom(Sym([)s,S) represent the element aj. Then

m m 6— Zd m

V1 (tq) = (1 ® ug)(morlgs.q)) = Z Gy gy * Ua (:cl Leexy ity ! ])

mi+-+mg_1<6

(6.23)
We are going to describe gy,,...m, , explicitly in Theorem 6.2.5.

d-1
Notation 6.2.3 For non negative integers t = tq,ta, ..., t4_1, let p(t,j) =0;— > tk.

k=1
Now write

A . 3
L; = > cY) ait et fxs ) where C’t

tita-ta—1
t1++tg_1<0;

eSandl1 <y <d.

1t2tg—1

Lemma 6.2.4 Let L; be as defined in Notation 6.2.3. Then

Li®l-1®L; =
t11—1
E (4) E t11—1—ay a t1g—1 _p(t1,5)
(1'1 ®1-1® l'1> ) Ot11t12'“t1d71 Ly ® Ly Ty Ty
ti1+Ft1g—1<0; a1=0
too—1
j to1, too—1— tog—1 _p(t2,5)
tmel-1em) [ Y b, Y a0 gl
to1+-Ftog_1<0; =0
td,]) 1
ta1 taz tdd—1 p(tidvj)flfad aq
+H(xg®@1—1®x4)- Z tdlt& tagn E oty x ®
tar+Htga—1<0; aqg=0

(6.24)
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Proof Notice that

tii—1

1 tii—1l—ay a tig—1 _p(ti,g) _

(z; @1 —1® ) E gt gl R R I e =
a; =0

tii—1 tzi_l
Z i — J) Z --—1 1 p(ti,J
I 2” (o7} ®xi xdzdllx ;. .T —ay ®$az+ "Idldllxd(i )
a;=0 a; =0
 ta Ll tiit1 p(ti,g) t1 tii—1 tii p(ti,5)
_xll.. “®xl+1...xd _‘/El".xi—l ®xi“...xd
Now use the right hand side of (6.24) and change of index to get
tl to pt] Pt,j
E Ct1t2 by 1(1®x2-- 1®$ g )
it +tg—1<0;
Dt,j t1 to Pt,j
+ E Ct1t2 tg 1(371 17 QT - cxgt =AY @ayexy)
t1++tg—1<0;
t1 Pt,j t1 tg—1 th
+ E Ctm ta 1($1"'xd Q1—ay 2,7 Quy )
tytettg—1<0;
=L;®1-1®L;
[ |

Recall that A = (I'®@ I')(det D) where D = (d,) is the matrix defined in (6.19). By

Lemma 6.2.4 the j-th column of the matrix, constructed with L;, is

t11—

ti1—1—a o tia—1 p(t1,5)
Z O Z ZEH 1 ®{L’ 1"'I x,—
tritiz-tig—1 1 d—1 *d
triteH1g-150; a;=0
. too—1 .
(4) to1 tan—l—ag s tag—1 _p(t2.5)
Z Ct21t22"'t2d—1 Z Ty Ty Q@ xy™ Tyl Ty
t21+"'+t2d_1§0j as=0
p(tdmj)_l .
j X tar .t taa—1 Pta.j)—1—aq
) DR D DI s CRERE e ® 2
[ tg1+-+taa—1<0; ag=0 ]
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Notice that morl 4 € Sym(/)o ® Sym([); and hence the entries of D which con-
tribute to morl (g 5,4y are entries which are in By® B;. Thus morl(gsq) = (I'®T")(det D’)

where the column j of D’ is

(4) ti1—1,t12 t1g—1 _p(t1,5)
Z Ot11t12-~~tld—1 1® Ty Lo~ Ty Ly
t11+At1g-1<0;
(7) taa—1, to3 toqg—1 P(t2.5)
> Cotygetay " L @ T g gy

too+-Atog_1<0;

(6.25)

(.7) td—1d—1 p(td—hj)
Z COO"'Otdfldfl 1® Tg—1 g
td—1d4—1<0;

C(()g)?--o 1® xildd_l

Theorem 6.2.5 Let L; be as defined in Notation 6.2.3. The description of Gmymy g, |
in (6.23) is

o o(2 o(d
qm1m2-~~md71 - Z Sgn(U) Z Cs(ll(sll)Q)...Sld71C(()SQ(Q')')'SQd71 e C((]O(g)

€Sy

where the second summation satisfies the following conditions

I
for1 <l <d-1, Zsrl:mmtl

r=1
d—1
Jor1<1<d—1, ) s <)
r=l
Proof To compute ¢m,my..m, ,» We compute the determinant of D' = (d,). If

dim R = d = 1, the the matrix D" is a 1 x 1 matrix and hence the result is clear. Now
assume that the above result is true for d — 1 x d — 1 matrix of the form D’.
We compute the determinant by expanding along the first row to get

d
det D' =Y (—1)"d, D},

v=1
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where D/, is the determinant of the submatrix of D’ obtained by deleting row 1 and
column v. In fact D7, is the determinant of the submatrix of D" involving exactly

d — 1 variables, namely, x5, x3,...,2x4. Thus by induction hypothesis, we have

my_ 0—0yp— d:I mg
D1, = g Qmymy_y - 1@y xy ey Zk=2"* and

mo—+--mg_1<5—0y

(1 T(v—1 T(v+1 7(d
Qm2"'md71 = Z Sgn(T) Z C(()tQ(Q')'?thfl T C(gogj_lv)zl---tv,ld,lc(()ogw---zzd,l e Céo(()))

TESX

where the second summation satisfies

X =A{1,...,d}\{v}
l/

for 2 gl’gd—l,sz :ml—l—l
r’'=2

d—1
for 2 < l/ < d— 1, Z tl/s’ < DT(Z’)

s'=l'

Using (6.25),

dllv _ Z C’t(z}l)tIQ"'tldfl 1® xtluflxglz . _x(til:l?xg(il,v) (6.26)

tii+Ft1g—1<0
Thus
morl(gsq = det D’

d
§—>41m;
mi mq—1 j=1"%9 _ v g/ /
§ : Gmy-mg_y @ Tq Ty Ly - § :<_1) dllev
v=1

mi+-Fmgq_1<6

Notice that x; does not appear in the description of D), and hence t; — 1 = m; in
(6.26). Hence

d

— E v E (v)
me-'md_l - <_1) Om1+1t12“'t1d—1 : Qm2_t12"'md—1_tld—1

v=1 P

where the second summation satisfies

fOI'QSZSd—l,OSIf”Sml—Fl
d—1

mi+1+4) ty <9, (6.27)
=2
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Thus

d

qmy--mg_1 — Z<_1)v ZC$1)+11512“¢1¢71 ) Z Sgﬂ(T)

v=1 TESX

7(1 T(v—1 7(v+1 7(d
SOCGW, oD Clr+) e

OOtvfl'ufl"'tv—ld—l OOtvv“'tvd—l

where the second summation satisfies (6.27) and the fourth summation satisfies

X ={1, .. d\{v}

l
for2§l§d—1,2trl:ml—tu+1

r=2
d—1
for 2<1<d—1,) ty <0 (6.28)
s=l
Combining the conditions in (6.27) and (6.28) we get the result. [

Theorem 6.2.6 Consider aj € ker ¢f and let u, € Homs(Sym([)s,S) represent the

element a;. Then the description of b € Aqy corresponding to the element aj is
mi mqg—1 5_2?;11 my
b= Z my--mg_y " Ua | L1 """ Tgq1 Ly
mi+-+mg_1<6

where G, ..m,_, 5 as described in Theorem 6.2.5.

-9 1m,
Proof Notice that Sym(I)s is minimally generated by 27" - - - 2" "z, i<t ™ G here

m;’s are non negative integers. Thus using Theorem 6.2.2, we have
b =11(ua) = (1 ® u,)(morlsq))

m ma_y 0—3971 m;
= (1 ®uq) E Gmy-omg_y @ Ty Tyl Ty

mi+-+mg_1<6

ma_1 0= 521 ™y
= E qmi--mq—1 "~ Ua (SE”{M cewgtytwy TN

mi+-+mg_1<6
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Observation 6.2.7 From Theorem 6.2.5, notice that gm,my..m, , € Sym(l)g is of

bi-degree (0, d). Thus using using the above proposition, we see that

deg b = degree of the entries of a] + d

= degree of the entries of a; + d
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