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ABSTRACT

Yim, Arnold H. PhD, Purdue University, May 2016. Homological Properties of De-
terminantal Arrangements. Major Professor: Hans U. Walther.

We study a certain family of hypersurface arrangements known as determinantal
arrangements. Determinantal arrangements are a union of varieties defined by minors
of a matrix of indeterminates. In particular, we investigate determinantal arrange-
ments using the 2-minors of a 2 xn generic matrix (which can be thought of as natural
extensions of braid arrangements), and prove certain statements about their freeness.

We also study the topology of these objects. We construct a fibration for the com-
plement of free determinantal arrangements, and use this fibration to prove statements
about their homotopy groups. Furthermore, we show that the Poincaré polynomial

of the complement factors nicely.



1. Introduction

An important aspect of a divisor D in a complex manifold X is its singular locus.
While near a typical smooth point of a divisor, an appropriate coordinate system
makes the pair (X, D) look like the pair (C", Var(z; = 0)); the singular locus of D
is the set of points where this is not so. This thesis explores a family of divisors
known as determinantal arrangements (which are unions of determinantal varieties)
and furthers our understanding of their singular locus.

The singularities of D are the points where the tangent space to D is the same as
the tangent space to X, in which case there is no well-defined normal direction to D
in X. Concretely, if a di4+ 36visor D is defined by the equation f = 0 for a reduced
holomorphic f, then the singular locus is exactly the set of points where the gradient
of f is zero. This allows one to study the singular locus of D using algebraic methods
by looking at the behavior of the gradient of f.

Our goal is to determine whether or not the singular locus of a divisor is “well-
behaved,” and in particular, whether or not the singular loci of determinantal ar-
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rangements are “well-behaved.” While there are different ways to characterize the
behavior of the singular locus, we take an algebraic approach. Using this approach
we say that a divisor is “well-behaved” or free if its singular locus has the shortest
possible free resolution. That is, the linear dependencies of the entries of the gradient

have no relations between themselves and hence form a free module. Normal crossing

divisors are examples of free divisors.

Example 1.0.1 Consider a normal crossing divisor D in C3. Locally, D behaves
like Var(zyz) = {(z,y,2) € C*|ayz = 0}. The gradient of zyz is (yz,zz,xy), which
has linear dependencies generated by v; = (z,0,—z), vo = (0,y, —z). Note also that

(x,—y,0) is also a relation between the entries of the gradient, but this relation is



can be realized as v; — v, so we will not include it in the generating set. Now, v; and

v9 have no relations between themselves, hence D is a free divisor.

One can study divisors using flows (or vector fields) on X. A logarithmic flow
along D on X is a vector field that is tangent to D. Near a smooth point of D, any
point of D can flow to any other point of D in a logarithmic flow, but this may not
be the case near singularities. Algebraically, a logarithmic flow is a vector field that
is perpendicular at each point of D to the gradient, and thus gives us a formula in
terms of derivations. The module of logarithmic derivations Dery(—log D) := {0 €
Derx|0(Ox(—D)) € Ox(—D)}. If Derx(—log D) is locally free, then D is called a
free divisor. Note that this notion of free divisors coincide with the description given
earlier.

Free divisors were first introduced by Saito [1], and were motivated by his study
of the discriminants of versal deformations of isolated hypersurface singularities. The
study of free divisors arising from discriminants of versal deformations has since been
the source of many advances in the theory of singularities (see [2-6]).

Aside from versal deformations, free divisors show up naturally in many different
settings. The theory of free divisors has been looked at extensively in the setting of
hyperplane arrangements. In fact, many of the well-known hyperplane arrangements
(such as braid arrangements and all Coxeter arrangements) are free (see [7]).

Interestingly, freeness can also give us topological information. In particular,
Terao proves in [8] that for a free hyperplane arrangement, the Poincaré polynomial
of its complement is determined by the degrees of the vector fields in the basis of the
module of logarithmic derivations.

It seemed natural to wonder how freeness is connected to the topology of more
complicated divisors. This motivated the study of free divisors in arrangements of
more general hypersurfaces. For example, Schenck and Tohaneanu [9] give conditions
for when an arrangement of lines and conics on P? is free.

The focus of this thesis is on determinantal arrangements, which are unions of

hypersurfaces defined by the minors of generic matrices. These hypersurfaces are par-



ticularly interesting to us because they have nice combinatorial structures. Buchweitz
and Mond [10] showed that the arrangement defined by the product of the maximal
minors of a n X (n + 1) matrix of indeterminates is free. More recently, Damon and
Pike [11] showed that certain determinantal arrangements coming from symmetric,
skew-symmetric and square generic matrices are free and have complements that are
K(m,1). In both of these cases, the arrangements turn out to be linear free divisors
(i.e. the basis for Derx(—log D) is generated by linear vector fields). The vector
fields arising in these situations correspond to matrix group actions on the generic
matrix which stabilize the divisor D. Many interesting determinantal arrangements,

however, are not linear free divisors as our next example shows.

Example 1.0.2 Let M be the 2 x 4 matrix of indeterminates

T1 X9 T3 X4
M =

Y Y2 Y3 UYa

and for @ < j, let A;; be the 2-minor of M using the i-th and j-th columns, A;; =

z;y; — x;y;. Let f be the product f = HAij' Then Dery(—log f) is free with
i<j

basis consisting of 7 linear derivations (coming from SL(2, C)-action, column and row

scaling actions on M), and one derivation of degree 5: 6 = AgyAgy (xla;fm + 11 8%4).

In this thesis, we study the determinantal arrangement analog of the braid ar-
rangement. These arrangements are defined by the maximal minors of 2 x n generic
matrices. In Chapter 3, we examine the freeness of certain families of determinantal
arrangements. In particular, we prove in Theorem 3.1.4, that our analog of the braid
arrangement is indeed free. In Chapter 4, study the topology of free determinantal
arrangements, and show that the Poincaré polynomials of their complements factors

over Q.






2. Background

In this chapter, we introduce some basic notations and definitions for the objects we
will be studying, and for the tools we will be using. We also look at some basic results

and examples which motivated our study of determinantal arrangements.

2.1 Logarithmic Derivations

Let D be a divisor in a complex manifold X. Our goal is to understand the
behavior of the singular locus of D, so we look locally at the singularities. Therefore,
we will assume that X = C* and D = Var(f) for some f € S := Clzy,...,z,]. In
most cases that we are interested in, f will be a homogeneous polynomial.

Recall that a derivation # on S over C is a C-linear map 6 : S — S satisfying
Leibniz’s rule: 0(fg) = 0(f)g+ f0(g). Let Derc(S) denote the collection of all deriva-
tions on S over C. Note that Derc(S) is a free S-module with a basis {6%1, ce %},

and can be thought of as the collection of holomorphic vector fields on X.

We are interested in vector fields on X tangent along the divisor D.

Definition 2.1.1 The module of logarithmic derivations along D = Var(f) is the

S-module

Derx(—log f) := {0 € Derc(5)[6(f) € (f)}-
We may also write this module as Dery(—log D).
Note that Derx(—log f) is a submodule of Derc(S).

Since D is often a union of hypersurfaces, the following proposition will allows us

to consider logarithmic derivations on the different components.



Proposition 2.1.1 (i) If D is a union of two hypersurfaces Var(f) and Var(g)

where f,g € S are relatively prime, then

0 € Derx(—log D) < 6 € Derx(—log f) N Derx(—logg).

(ii) Suppose D = Var(f?), then 6 € Derx(—log D) < 6 € Derx(—log f).

(iii) Suppose D = Var(f*--- ,:,’“), where f; € S are pairwise relatively prime and
k

i; € Nyg forj=1,...k, then § € Derx(—logD) < 6 € ﬂ Derx (—log f;).

j=1

Proof (i) If § € Derx(—log f) N Dery(—logg), then by Leibniz’s rule, §(fg) =
0(f)g + fO(g). Since both summands on the right are divisible by fg, 0 €
Derx(—log fg).

On the other hand, if € Derx(—log fg), then

0(fg) = afg for some o € S
0(flg+f0(9) = afyg

If we divide both sides by f, we can write the above as @g = ag — 0(g).
Since f and g are relatively prime, f must divide 6(f) so 6(f) € Derx(— log f).

Similarly, 6(g) € Derx(—logg).

(ii) For any 6 € Derc(S), we have 6(f%) = 2f60(f). Thus f divides 6(f) if and only
if f2 divides 0(f?).

(iii) This is a consequence of (i) and (ii).

2.2 Freeness

We say that the divisor D = Var(f) in X is free if its singular locus is well-behaved
in an algebraic sense. Let J = (af O > be the Jacobian ideal of f. We say

ox1’ ) Oxn



that the singular locus of D is well-behaved if its coordinate ring S/(J + (f)) has the

shortest possible free resolution:

04 S/(J+(f)) < S« S"™™ <« Syz(J + (f)) « 0.

- 0
Note that for any 6 = Zai € Derx(—log f) where a; € S, we have 0(f) = 5f

of
0x;
Similarly, each syzygy on J —i— ( f) gives us an element in Dery(—log f) so these

for some g € S. Therefore Zaz = Bf, which gives us a syzygy on J + (f).

modules are in 1-to-1 correspondence. Thus we use the following definition for free

divisor:

Definition 2.2.1 A divisor D = Var(f) in X is free if Derx(—log f) is a free S-

module.

To determine whether or not a divisor is free, one can try to find a basis for
Derx(—log f). Given elements in Derx(—log f), one can check whether or not they

form a basis using Saito’s criterion [1]:

Theorem 2.2.1 (Saito) A divisor D = Var(f) is free if and only if there exists n

elements
- 0
9]' = ZCMU% € DerX(— IOg f)
i=1 v

such that det((ay;)) = ¢+ f for some non-zero c € C.

2.3 Examples from Hyperplane Arrangements

The theory of logarithmic derivations and free divisors has been studied exten-
sively for hyperplane arrangements (see [7]). While not all hyperplane arrangements
are free divisors, many of the classically arising arrangements are indeed free. Since
the determinantal arrangements we will be studying are natural extensions of the

braid arrangements, we use braid arrangements as a motivating example.



Example 2.3.1 The braid arrangement in C", defined by f = H (a — xp),
1<a<b<n
is free. To show this, we simply find n elements in Derx(—log f) and use Saito’s

criterion (Theorem 2.2.1) to show that they form a basis.

Consider the derivations

n

Qj:ngaxi j=0,...,n—1.

=1

For 1 < a < b < n, we have that 0;(x, — ;) = 2J — az{) is divisible by (x, — x3), so by
Proposition 2.1.1, we know that 6; € Derx(—log f).

To check that these logarithmic derivations form a basis, we calculate the deter-

minant of
n—1
1z - 2]
n—1
1 To - x2
n—1
1 xn PR l‘n

which is precisely f. By Theorem 2.2.1, the braid arrangement is a free divisor in C".

Freeness is often tied to the topology and combinatorics of the object. A landmark
result of Terao relates the freeness of a central hyperplane arrangement (i.e. an
arrangement such that each hyperplane passes through the origin) to the Poincaré

polynomial of the complement of that arrangement [8]:

Theorem 2.3.2 (Terao) Let .A C C™ be a free central hyperplane arrangement and
suppose that Dercn(—log A) = @S , then

n

Poin(C" \ A, t) = [J(1 + bit).

i=1
Example 2.3.3 Using Theorem 2.3.2, we can compute the Poincaré polynomial for
the complement of the braid arrangement that was described in Example 2.3.1. Since

Derx(—log f) is generated in degrees 0,...,n — 1,

Poin(C" \ Var(f)) = (1+t)(1+2t)--- (1 + (n — 1)t).



A famous open problem in the study of hyperplane arrangements is Terao’s con-

jecture relating the freeness of a hyperplane arrangement to its combinatorics:

Conjecture 2.3.4 (Terao) The freeness of a hyperplane arrangement A depends

only on its lattice of interesection L 4.

Graphic arrangements are examples where Terao’s conjecture is true. These ar-
rangements are a union of a subcollection of the hyperplanes in the braid arrangement.
As their name suggests, one can associate a graph to each graphic arrangement.

Let A C C™ be a graphic arrangement, then the graph associated to A has n
vertices labeled 1, ..., z,. For each hyperplane Var(x, — z;,) C A, we have an edge

between vertices x, and xy.

Definition 2.3.1 Let G be a graph with vertex set V' and edge set E, and let W be
a subset of V. The induced subgraph on W is the subgraph of GG consisting of every
edge in E whose endpoints lie in W.

We say that a graph is chordal if every cycle of length 4 or greater has chord
(i.e. an edge between two nonconsecutive vertices). While this description is easy to
visualize, it will be more helpful to use the following characterization of chordal due

to Fulkerson and Gross [12]:

Definition 2.3.2 A graph G is chordal if and only if there exists an ordering of
vertices, such that for each vertex v, the induced subgraph on v and its neighbors
that occur before it in the sequence is a complete graph. This ordering of vertices is

called the reverse perfect elimination ordering.

For each graphic arrangement A, its lattice of intersections L4 is exactly the
lattice of contractions of the graph associated to A. Since chordal graphs have a
supersolvable lattice of contractions [13] and since hyperplane arrangements with
supersolvable lattice of intersections is free [7], we know that a graphic arrangements

associated to chordal graphs are free. In fact, one can prove the following [14]:
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Theorem 2.3.5 (Kung-Schenck) Let A C C" be a graphic arrangement, then A
1s free if and only if its associated graph is chordal. Moreover, if k is the length of
the longest chord-free induced cycle, then the projective dimension of Dercn(—log.A)
s bounded below:

pdimg(Dercn(—log A)) > k — 3.

Using Theorem 2.3.5 we can quickly determine whether or not a graphic arrange-

ment is free.

Example 2.3.6 Consider the graphic arrangement in C* defined by f = (z; —
x9)(xy — x3)(x3 — x4)(x1 — x4). Since the graph associated to this arrangement is
the cyclic graph on four vertices, it is not free.

On the other hand, the graphic arrangement in C* defined by g = (21 — ) (22 —

x3) (w3 — x4) (1 — x4) (1 — x3) is free, because the associated graph is chordal.

2.4 Determinantal Arrangements

While hyperplane arrangements have been studied extensively, not much is known
for arrangements of more general hypersurfaces. The focus of this thesis is on deter-

minantal arrangements.

Definition 2.4.1 Let M be an m X n matrix of indeterminates. A determinantal

arrangement on M is a union of hypersurfaces defined by the minors of M.

This thesis examines determinantal arrangements on a 2 X n generic matrix:

xl xz ... xn
M =
Y Y2 - Yn
These arrangements are natural extensions of braid arrangements and graphic ar-

rangements. When looking at the arrangement using every minor of M, i.e. the

arrangement defined by

f= H (ziy; — =391),

1<i<j<n



11

one can consider points on this arrangement as a selection of n vectors in C? such
that two of these vectors are linearly dependent. Whereas the braid arrangement can
be thought of as a selection of n points in C such that two of these points are the
same.

As with graphic arrangements, we can associate these determinantal arrangements

to graphs:

Definition 2.4.2 Let G be a graph on n vertices {v1,...,v,}. The determinantal
arrangement Ag associated to G is a union of hypersurfaces Var(x;y; — x;y;) for each

edge in G between vertices v; and v;.
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3. Freeness of Determinantal Arrangements

In this chapter, we prove statements about the freeness of determinantal arrangements
on a 2 X n generic matrix. In Theorem 3.1.4, we show that our analog of the braid
arrangement is a free divisor in C*" for n > 3. We provide elements of the module
of logarithmic derivations and show that these elements form a basis using Saito’s
criterion. In Theorem 3.2.1, we prove that free determinantal arrangements must
come from chordal graphs and we give bounds on the projective dimension of the
module of logarithmic derivations for non-chordal arrangements.

Note that when n = 2, the determinantal variety Var(z;ys — zoy1) is not a free
divisor in C*. The singular locus consists of the origin which is codimension 4, so S/.J
cannot possibly have projective dimension 2. For n > 3, we are able to take union of
hypersurfaces which gives us singular loci of codimension 2, in which case we might

have a free divisor.

3.1 Determinantal Braid Arrangement

In this section we prove that the determinantal arrangement on

M= xT1 Tg - Tn
Y Y2 - Yn
using every 2-minor is free. Let A;; denote the minor of M using the i-th and j-th
column with ¢ < 7. With this notation, we can write our determinantal arrangement
as the vanishing of
f= 11 @y-zw)= 1] A

1<i<j<n 1<i<j<n

Since this is a natural extension of the braid arrangement, we refer to this divisor in

C?" as the determinantal braid arrangement.
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To prove that the determinantal braid arrangement is free, we will use the following

two lemmas.

A A
Lemma 3.1.1 Let A be a block matriz A = b with blocks of size n x n
Ag A4
with entries in C(zq, ..., z,). If Ay and As are diagonal matrices with nonzero entries,
then det(A) = det(A1A4 — A3A2).
. . At 0
Proof Consider the block matrix B = , then
0 Al
I, AT'A
BA = Lo
I, A3'A,
Using elementary row operations, we find
I, AT A,

det(BA) = det
0 Ay'A,— AT'A,

I, 0
Now, let C' be the block matrix C' = , then
0 A A3
I, ATt A,
det(C’BA) = det = det(A1A4 — A3A2).
0 AjAy— A3A,
Since det(CBA) = det(A), we have det(A) = det(A; Ay — A3A,). [
Lemma 3.1.2 For each n € Zy, let s; i, € Clz, ..., 2,] be a degree k symmetric
polynomial on the variables z;, . .., z, that is degree one in each variable omitting the

variable zj, given by

Si,j,k = E Za12a2 T ZO%?

Um 7 J
1< <o <ap,<n

and let s; jo = 1.
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Let A; denote the (n+1—1) x (n+ 1 — 1) matriz (s, ), where the row index j
ranges from 1 to n, and the column index k ranges from 0 ton — 1. Then
det(Az) = ( H (Zi — Zs>> det(AHl).
i<s<n

Proof We start by explicitly writing A;:

I (zig1+zipa+ o+ 20) 0 (Zi1Zig2 o 2n)
A_ 1 (Zi+zi+2+"'+zn) (Zizi+2"'zn)
I (zitzip+ o +201) 0 (2%i1 0 Zn1)

Subtracting the first row from all other rows gives us the following matrix:

1 (zigr +zigo + .. 4 2n)  (Zig12i42 + Zig12Zig3 + -+ Zn_12n) - (zig12iq2 """ 2n)

0 (zi — zit1) (2i — 2i41)(Zit2 + Zig3 + - + 2n) wo (7= zip1) (Zig2%its - 2n)
0 (20 — ziy2) (2 — zig2)(Zit1 + zigz + -+ 20) - (2 — Zig2)(Zit12i43 - 20)
0 (i — 2n) (# —2n) (i1 + Zig2 + -+ 2mm1) 0 (2 — ) (Zip12ig2 o 2nm1)

We factor the lower right (n — i) x (n — ¢) submatrix as

(zi — zig1) 1 (zig2tzigz+--+zm) - (zig2zita - 2n)
(zi — Zit2) L (miptzips+o+20) 0 (Zis12igs - 2n)
(2 — 2n) U (21t 2ipe + o+ 2am1) o (Zit12ik2 o Znm1)
(zi — ziy1)
(zi — 2it2)
= _ Aip1.
(2 — 2n)

Since our elementary row operations do not change the determinant, we have that

det(4;) = ( I] = - zs)> det(A;y1). m

1<s<n
Remark 3.1.3 We can compute the determinant of A; in Lemma 3.1.2 inductively

to find
det(A)) = [ (2 —2).

1<i<j<n



16

We now prove the main result of this section:

Theorem 3.1.4 Let G be the complete graph on n vertices for n > 3. The determi-

nantal arrangement Ag is a free divisor in X = C*".

Proof Ag is the determinantal braid arrangement defined by the vanishing of
f= H Aij-
1<i<j<n
We explicitly list elements of Dery(—log f), and use Saito’s criterion to show that
this list forms a basis for Derx (—log f).

We first consider the following linear derivations:

- 0
o = Zxk—
—1 Oy,
- 0
p= Zyka_xk
k=1
u 0
v = Zyk_
—1 Y

To show that these derivations are actually elements of Derx (—log f), by Proposition

2.1.1, it is enough to show that these derivation sends each A;; to the ideal (A;;):

a(By) = <; xk%) (ziy; — ;)
= (xz‘a% + 1’]’3%) (ziy; — =;4:)
= —Xx; +x;x;
= 0.
Since « stabilizes each (A;;), o € Derx(—log f).

Similarly,
- 0
Ay) = = iYi — TjY;
B(Ay) <k§:1 yk@xk> (z3y; — 2;Y;)
= (yi—aii + Y —32j> (z3y; — 5Y:)

= YiY; — YjYi
= 0,
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and
- 0
A) = E — | (z3y; — z5v;
ol J) (k:1ykayk)( Yj ]y)

= <yia%. + ?/j%) (ziy; — 5yi)
= —YiTj + Y;T;

Ajj,
thus 3,y € Derx(—log f).

We also have n linear derivations of the form

0
Yk
for k =1,2...,n. When we apply 0 to Ay;, we get

0
O = Ik— + Yrs—

Or(Ak;) = <$k% + yk%) (Try; — 25Yk)
= TrY; — YTy
== Akja

Similarly, 0;(A) = Ay. When i,j # k, 0,(A;;) = 0, thus 6, stabilizes each (A;;).
This shows that 0 € Derx(—log f).
Finally, we have n — 3 elements of degree n + 1. For k = 4,5,...n, let 7, be a

bijection of sets from {1,...,n —4} to {4,...,k — 1,k + 1,...n}, and let S,_4 be

the symmetric group acting on the numbers {1,...,n —4}. Form =0,1,...,n —4,
define
Gk = Y T(ro0)(1) " Trgon)m)Y(roo)(om 1) Y(roo)(n—4)-

ml(n — 4 m)
UESn 4

We now define the degree n + 1 derivations:

" 0 0
= Z A 1 Do A, <9€1a—k + % 8yk)

k=4
To check that ¢, € Derx(—log f), we must consider several cases of ¢,,(A;;). If

i,7 <4, then ¢,,(A;;) = 0. Now, suppose that i < 4 and j > 4, then

- 0 0
om(Ai) = E JARTAN —_ A — s
(Aij) <k24 Am, kRA2k 3k ($1 D + 1 5yk)> (xiy; — zv;)

R RIACITAYY (351% + ?Jla—yj> (ziy; — 75:)
= Um A2 Az (—11Y; + Y175) -
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When i = 2,3, ¢,,(A;;) € (Ay;), and when i = 1, ¢,,(A;;) = 0.
Finally, if 7,5 > 4,

“ 0 0
om(Aij) = (Z U, Do Ay, (xlc’?—xk + yla_yk>) (Ay)

k=4
= (am,iA2iA3i (%% + ?ﬂ%) R RTACIVALY (351% + yl%)) (Ay)
= Ui Do Asi (T1Y; — Y125) + A ;D2 Asj (—21Y; + 112;)
= am,iAQiA&'Alj - am,jA2jA3jA1i-

Note that the terms of a,,; and a,, ; are nearly identical except the factors of z;
are replaced with factors of z;, and the factors of y, are replaced with factors of y;.
Thus if we match up the terms in a,,; and a,,; and remove the common factors, we
only need to show that ;A9 Ag;A1; — 2;A9;As;A1; and y; A AgiAyj — y:AgjAgj Ay,

are divisible by A;;. Using Pliicker relations, we can write:

i A9 Agi Ay — ;09 A5, = fl?jA?n'(Alezi) — 2;A9;Az;Ay;
= 2;03i(A1 005 — DN1pl\ij) — 20005, A;
= AN (xjAs; — 1 As;) — ;8310120
= AyDAgj(xjasy; — Tj0ys — 223y + TiT;Ys3)
NN
= Auly(zmsy; — 2iw3y;) — 2851814
= Auloi(—r38y) — 2058120 € (Ay),

and similarly,

yjAQz‘ASiAlj - yiAQjABjAli = yjA?;i(AleQi) - yz‘A%A?’jAli
= y;jAz(A1 Ay — A1) — 4; M0 A Ay,
= AulAgj(y;Asi — yilds;) — YAz A1y
= Ayloi(Y;3yi — YjTiYs — i3y + YiT;y3)
S TACHASEYAVY
= Aulgi(—yixiys + yirjys) — 1 AziD 1Ay
= Auloi(—ysAy) — YAzl € (Ay).

Since ¢, stabilizes each (A;;), ¢, € Derx(—log f).
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It remains to show that the collection {«, 3,7,01,...,0,, 0, .., pn_4a} form a
basis. By Theorem 2.2.1, these derivations form a basis if and only if the determinant
of the coefficient matrix is a nonzero constant multiple of f. With our elements, we

have the coefficient matrix:

hn T
Y2 T2
Ys T3
Ya Ty ao,4A24A34$1 T Gn—4,4A24A34$1
Yn Tn aO,nA2nA3nx1 e an—4,nA2nA3nx1
1 Y1 Y
T2 Y2 Y2
T3 Y3 Ys
Ta Ya Ya ao,4A24A34y1 T anf4,4A24A343/1
Tn Yn Yn aO,nA2nA3ny1 T an—4,nA2nA3ny1

By swapping rows of this matrix, we can write our matrix as a triangular block matrix
(note that while swapping rows might change the sign of the determinant, that will

not matter in checking Saito’s criterion):
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n T
Y2 T2
Ys T3
T Y1 Y1
T2 Y2 Y2
T3 Ys Ys
Ya T4 Clo,4A24A349€1 anf4,4A24A34$1
Yn Tn, aO,nAQnASnxl an—4,nA2nA3nxl
Ty Ya Yy Cl074A24A34§Ul Cln—4,4A24A34y1
Tn Yn Yn aO,nAQnA?myl e an—4,nA2nA3ny1
. . : AlO . .
Denote the previous matrix by N, with blocks N = . Since N is a
C|D

triangular block matrix, det(N) = det(A) det(D). One can compute
det(A) = A12A13A23. (31)

To find the determinant of D, we organize the matrix into more blocks:

Ly a0,4A24A34iU1 Tt Cln—4,4A24A34131
Dl D2 T, a'O,nAQnA?mxl e a'n—4,nA2nA3nx1
Ds | Dy Ys a0,4A24A34y1 T an—4,4A24A34y1

Yn aO,nA2nA3ny1 e an—4,nA2nA3ny1
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Using Lemma 3.1.1, we know that det(D) and det(D; D4 — D3D5) agree over the
field of fractions C(x1, ..., Tn, y1, - . ., Ys) but since these determinants are polynomials

we must have det(D) = det(Dy Dy — D3D5). Now,

ao,4A24A34(yl-’L‘4 - -’131'.9'4) T 0'7174,4A24A34(y1$4 - 1’1?;4)
DDy —D3Dy = . . .
a(},nAZn,ASn(yltTn - fElyn) T anfél,nAZn,A.’in(ylxn - $1yn)
aﬂ,4A24A34A14 Tt (ln—4,4A24A34A14
a{),nAZnAfinAln tre an—ﬁl,nAQnAf:’mAln
ACYVACYVAS Y g - QAp—44
AQnAfSnAln agm " Up—4n
=. *D5D6.

Observe that

therefore it remains to show that det(Dg) is a nonzero constant multiple of the product
of all minors using the last n — 3 columns of M.

We show that each A;; for 4,7 > 4 divides det(Ds) by showing that det(Dsg)
vanishes on Var(A;;). Now, A;; vanishes when columns i and j of M are scalar
multiples of each other. Write z; = cx; and y; = cy;. In rows 7 and j of Dg, we have
Um,j = Cp;. Since these rows are scalar multiples of each other, det(Dg) vanishes

here which implies that each A;; divides det(Dg). The degree of the product of the

n—3
minors, 2 = (n — 3)(n —4), is the same as the degree of det(Ds), hence
2

det(Ds) is a constant multiple of the product of the minors. To check that det(Dg)
is not identically zero, we substitute y, = 1 for k = 4,...,n into Dg to get the
matrix in Lemma 3.1.2 on the variables x4, ..., x,. Using Remark 3.1.3, we see that
if x4 # x5 # -+ # x,, then det(Dg) # 0.

With equations (3.1) and (3.2), we find det(N) = (—1)""3 det(A) det(Ds) det(Dsg)

is a constant multiple of the product of all of the minors of M. By Saito’s criterion,
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{a,8,7,61,...,0n,¢0,--.,0n_4} form a basis for Derx(—log f), hence our determi-

nantal arrangement is free. [ |

We believe that our work with determinantal arrangements on 2 x n generic matri-
ces only scratches the surface of a broader class of free divisors. For example, suppose
that M is an m x n matrix of indeterminates. In the case where m = 3 and n = 4, one
knows that the arrangement is a linear free divisor (see [10], [15]). However, in the
next case, m = 3 and n = 5, we already do not know whether or not the arrangement

is free. More generally, one can ask:

Question 3.1.5 Let M be the m x n matrix of indeterminates with n > m > 2, and
let f be the product of all maximal minors of M. Is the arrangement defined by f

free?

3.2 Free Determinantal Arrangements and Chordal Graphs

One can also consider determinantal arrangements defined by subgraphs of the
complete graph. Much like hyperplane arrangements, we find that the freeness of the

determinantal arrangement is related to whether or not the graph is chordal.

Theorem 3.2.1 If a determinantal arrangement Ag is free, then G is chordal. More-

over, if G has a chord-free induced cycle of length k, then
pdim(Derx(—log Ag)) > k — 3.

Proof Suppose that G is not chordal, then G has an chord-free induced cycle of
length k& where 4 < k < n. We can reorganize the columns of M so that this chord-

free induced cycle occurs on the first k vertices of Ag. To show that A is not free,

1 .- 111 --- 1
we localize to a neighborhood of the point p =

O - 012 -+ n—kFk
We will consider our divisor in the local ring Clx1,...,2n, Y1, - .., Yn|m, Where m,, is

the maximal ideal associated to the point p. In this local ring, A;; is a unit if 7 or j
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is greater than k. Thus, around p, Ag looks like Var(Ai2As3 -+ - Ag_1)rA1x) whose
associated graph is the cyclic graph on k vertices.

We show that p is in the non-free locus of Var(A12As3 - - Agp—1)cA1). In our local
ring, z; is a unit for all 4, thus

2.2
ToXg "+ Tp_q

oh=2,k=2
Var(A12A23 T A(k—l)kAlk) = Var (l—szmA% T A(k—l)kA1k> .

= W(ﬂflw — Toy1 ) (T2y3 — T3y2) - (Th—1Uk — TYr—1)(T1Yk — TrY1)

_ (%yz E :cky1> (ﬁﬁ’“ vs — %ya) E (fvlyk — nn yk—l) (T19% — 2r1)-

Tk—1

Now, making a change of coordinates

z21 = Trl

1T}
29 e —;g—yg

1T
Tp—1

Zk—1 <7

Yr—1

Zk T1Yk
we have that Var(Ai2Ags - - Ag—1)plix) = Var((ze — 21)(23 — 22) - - (2 — 2—1) (26 —
z1)). Since our point p corresponds to z; = 0 for the cyclic graphic arrangement
Var((ze — 21)(2z3 — 22) - - - (2 — 2k—1) (2, — 21) ), we know that p is in the non-free locus
of Var(Ai2Ags -+ Aj—1)rA1x), and thus Ag is not free. Moreover, this is a generic

hyperplane arrangement so by Rose and Terao [16],
pdim(DerX(— IOg(AlgAgg e A(kfl)kAlk)» = k‘ — 3
Since localization is an exact functor, pdim(Deryx(—log (A)g)) > k — 3. u

Remark 3.2.2 The converse of Theorem 3.2.1 is not true. For example, for any
chordal graph with a vertex v of degree 2, if the induced subgraph v with its neighbors

is not a cycle then the corresponding determinantal arrangement is not free. In this
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case, the arrangement locally behaves like f = Aj5A3, and one can check that this
arrangement is not free. However, evidence suggests that many of the arrangements
with chordal graphs are indeed free. For example, direct computations of small cases
suggest that arrangements corresponding to doubly-connected (graphs that remain

connected after removing any single vertex) chordal graphs are free.
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4. Topology of Determinantal Arrangements

In this chapter, we investigate the topology of the complements of free determinantal
arrangements. We exploit the combinatorial structure of free determinantal arrange-
ments to construct a fibration for the complement. In Theorem 4.1.2, we use this
fibration to show that the higher homotopy groups of the complement behave like the
homotopy groups of S3. In Theorems 4.2.2 and 4.2.3, we show that the Poincaré poly-
nomial factors over Q and give the explicit Poincaré polynomial for the complement

of the determinantal braid arrangement.

4.1 Fibration of the Complement

Let A, = Var ( H Aij> denote the determinantal braid arrangement on a
1<i<j<n
2 x n generic matrix. Now, consider the arrangement in the ambient space of 2 x

n matrices with coefficients in C. Let U, = C**\ A be the complement of the
arrangement. To study the topology of U,, consider the fibration p : U, — U,_1,
where p is the projection onto the first (n — 1) columns. This map is well defined
because the columns of U,, are pairwise linearly independent, and so the first (n — 1)
columns is also pairwise linearly independent. The fiber of this map is a selection of
a last column that is linearly independent from the first (n — 1) columns. Thus the
fibers are homotopy equivalent to C? minus (n — 1) lines through the origin.

This fibration can also be generalized to any free determinantal arrangement on
a 2 x n generic matrix M. From Theorem 3.2.1, we know that the graph associated
to the arrangement is chordal. From Definition 2.3.2, we can order the vertices such
that for each vertex v, the induced subgraph on v and its neighbors that occur before
it in the sequence is a complete graph. Without loss of generality, assume that our

free determinantal arrangement is associated to a graph G with vertices {vy,...,v,}
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labeled according to the reverse perfect elimination ordering. Let Gj denote the
induced subgraph on {vy, ..., v}, then for k = 2,...,n, let U, = C*\ Ag,. Now, for
each k = 3,...,n, we have a fibration p;, : Uy — Ui_1 where p;, is the projection onto
the first (k—1) columns. This map is well defined because for each Var(A;;) C Ag,_,,
we must have Var(4A;;) C Ag, from the way the arrangements are defined. Suppose
that induced subgraph on v, and its neighbors in Gy is the complete graph on m
vertices, then the fibers, F},, of pp are homotopy equivalent to C? minus (m — 1) lines
through the origin. We also have a fibration py : Uy — C*\ {0} with fibers homotopy
equivalent to C? \ C.

Note that py is only a fibration when the graph associated to the arrangement is

chordal. If the graph is not chordal, the fibers are not homotopy equivalent.

Example 4.1.1 Consider the cyclic arrangement on 4 vertices: f = A19093A34A14,
we can follow our procedure of projecting the complement onto the first three columns,
however, some fibers look like C? minus 2 lines (when the first and third column are
linearly independent) and other fibers look like C? minus 1 line (when the first and

third column are linearly dependent).

When the graph is a chordal, this is no longer an issue since all of the relevant
columns are guaranteed to be linearly independent. We now use this fibration to

prove statements about the topology of U,.

Theorem 4.1.2 Let G be a chordal graph on n vertices labeled according to the re-
verse perfect elimination ordering. Let Gy denote the induced subgraph of G on the

first k wertices, let U, = C* \ Ag,, and let py be the fibration described above with

fibers Fy,. Then for k =2,...,n the following sequence is exact:
0— 7T1(Fk) — 7T1(Uk) — 7T1(Uk_1) — 0.

Furthermore, 7;(Uy) = m;(S®) fori > 2.
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Proof Denote U; = C?\ 0, then for each fibration py, : Uy — Uy for k = 2,...n,
consider the homotopy long exact sequence (note that our spaces are path-connected,

so the reduced homotopy 7y is zero):
cee —> 7T2(Fk) — WQ(Uk> — 7T2(Uk,1) — 7T1(Fk) — 7T1(Uk) — 7T1(Uk,1) — 0. (41)

By Proposition 5.6 in [7], every central line arrangement is K (7, 1), so since each
F}, is a central line arrangement m;(F}),) = 0 for ¢ > 2 for each k. From (4.1), m;(Uy) =
7;(Uy_1) for i > 3. Since Uy = C?\ {0} = 53, for each k, m;(Uy,) = m;(S®) for ¢ > 3.

Furthermore, consider the segment
Ogﬂ'g(Fk) %WQ(U]{) —>7T2(Uk,1>. (42)

When k = 2, the group on the right in (4.2) is m2(S%) = 0, which implies that
mo(Uz) = 0. By induction on k, my(Uy) = 0 for all k.
Plugging in my(Ux—1) = 0 into (4.1) we get the short exact sequence

0— 7T1(Fk) — ’/Tl(Uk) — 7T1(Uk,1) — 0.

4.2 Poincaré Polynomial of the Complement

Inspired by Theorem 2.3.2 we attempted to find a connection between the gen-
erators of the module of logarithmic derivations and the Poincaré polynomial of the
complement of a free determinantal arrangement. Unfortunately, there is not a nice
relation like the one given by Terao, but we are still able to calculate the Poincaré
polynomial nonetheless.

To calculate the Poincaré polynomial, we will be using the cohomology Serre
spectral sequence for the fibration described in this chapter. Since the terms on the
E5 page are calculated using with local coefficients, we show that the fundamental

group on the base space induces the trivial monodromy action on the cohomology of
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the fiber. This allows us to use constant coefficients to describe the terms on the FE,
page of the spectral sequence.
As a first step, we will try to understand the fundamental group of our determi-

nantal arrangement complements.

Lemma 4.2.1 Let G be the complete graph on n vertices and let U, = C*"\ Ag,
then m (U,) is generated by loops v : [0, 2w — U, given by

6 : 10,27 — U, given by

et 11 -+ 1
et 2.3 -~ n

and loops constructed by permuting the columns of v and o.

Proof We will proceed by induction on n. For the base case n = 2, we know that
Us is GL(2,C), and we know that 7 (GL(2,C)) = Z and is generated by 7(t) =
e 0
0 1
Assume that the lemma is true for m;(U,). To find the generators for m;(Upy1),

(which can also be continuously deformed into 6(t)).

we use Theorem 4.1.2. The short exact sequence
0— m(Fry1) = m(Upyr) = m(U,) — 0

tells us that m1(U,41) is generated by lifts of generators in m;(U,,) and the images of
generators from 7y (Fy41).

To lift the generators from m1(U,,), we simply add a last column to v, 0, and their

1
permutations. For v and its permutations, we add on the column . For

1 —it

1
0 and its permutations, we add on the column

n—+1
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It remains to look at the images of generators from m(F,,41). Recall that F, 4
is the complement of a central line arrangement. Pick a coordinate system so that
one of the lines is Var(z;). Consider the Hopf bundle h : C?* — CP! with fiber C*.
Note that the h restricted to the C? \ Var(z;) has image isomorphic to C, therefore
h : C*\ Var(z;) — C is a trivial bundle. Now, if we restrict h further to F, 1, we
see that its image is isomorphic to C with n — 1 points removed. So we have that

F,.41 is homotopy equivalent to (C\ (n — 1) points) x C* which has homotopy type

\/ St ] x S, Therefore 71 (Fry1) is generated by the meridians around n — 1 lines,
n—1
and a loop around the origin.

The image of the meridian around the line generated by the first column is homo-

topic to the loop:

for ¢ € [0,27]. The (1,n + 1)-minor of this loop is €, thus it is a meridian to the
subvariety Z1yn11 — Tnr1y1 = 0. For 2 < j < n, the (j,n + 1)-minor is %e“ — 1, and
all other minors are constant, thus this loop contracts to a point in the complements
of the subvarieties z;y, — xy; = 0 for j, k # 1, (n+1).

The images of the meridians around other lines are simply the loop above with
its columns permuted, so these loops are permutations of v in C2(*+1)

The image of a loop around the origin is homotopic to the loop:

11 --- 1 et
2 3 -+~ n+1 €
for ¢ € [0,27], so this loop is a permutation of § in C2"+1), u

Theorem 4.2.2 Let G be the complete graph on n vertices. Let U, = C**\ Ag, then

n—2

Poin(Uy,, t) = (1+£*)(L+ )" ] (1 + kt).
k=1
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Proof We proceed by induction on n. For the base case n = 2, the complement U,
is GL(2,C). The fibration p, : Uy — C*\ {0}, where p, is the projection onto the
first column of a matrix in GL(2, C), with fibers homotopy equivalent to C* minus a
line. The base space C?\ {0} is homotopy equivalent to S3, and the fiber is homotopy

equivalent to S*. Considering the cohomology Serre spectral sequence,
Byt = HP(SP, HY(S")),

we do not have to worry about local coefficients, because S is simply connected.
Since the target for d, : EPY — EPT4"t1 ig always zero for r > 2, the spectral

sequence collapses at the Es-page. Thus,
Poin(Us, t) = Poin(S?,t) - Poin(S*, ) = (1 +¢*)(1 +¢).

Similarly, the fibration p, : U,+1 — U,, where p, is the projection onto the first
n columns, with fiber £}, homotopy equivalent to C? minus n lines. The cohomology

Serre spectral sequence gives us
EY1 >~ HP(U,, HI(F,)) = H""(Up,y1). (4.3)

To show that we can use constant coefficients again, we show that the action
of the fundamental group of the base on the homology of the fiber is the identity.
Consider the loops v and 0 as defined in Lemma 4.2.1. We can permute the columns
of v and § to get all of the generators of m(U,), thus it is enough to understand how
these two loops act on the cohomology of the fiber. Since our fiber is the complement
of a central arrangement of lines, elements of H'(F) generate H?*(F) via the cup

product [17]. Hence it is enough to understand how ~ acts on H'(F).

Now, denote the columns of v by v; for j = 1,...,n. Our fiber is C?\ U span(v; ).

j=1
: : . 0
We can consider the loops in the fiber given by a; = v; + ¢ y and o; =
eZ
o0
v +¢€ for 7 > 2 and 0 < 0 < 2m. For ¢ sufficiently small, the loops «; are

0
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meridians to the lines Cv;. These meridians can be contracted in the complements
C?\ Cuy, for k # j, therefore they generate H'.

Since 7 and ¢ are globally defined on U,, and since «; at the start and end points
of the loops are the same, the action of v on H'(F) is the identity. Thus, in equation
(4.3), X" = HP(U,, HY(F)).

n+1 n+1

Since Var(f) has components, dim(H(U,;1)) = — nlnth)
2 2

ow,
n(n+1)
5

Note that, EM0 is not the target of d, for any r, therefore Ey° = E§’0 ~...x o

dim(EL?) + dim(E%!) = dim H' (U,.41) =

Using the induction hypothesis, we can calculate dim(EL?) to be the coefficient of ¢

in Poin(U,,t), thus
dm(EX)=n -1+ Y k= (n=1n

To compute the Poincaré polynomial for F', we use Theorem 2.3.2. Note that the
module of logarithmic derivations for a central line arrangement is free with a basis
consisting of the Euler vector field (which has degree 1), and another of vector field
of degree n — 1 (by Saito’s criterion). Thus Poin(F,t) = (1 +¢)(1 + (n — 1)t), which
implies that dim(Ey") = n.

Now,
(n+1 i v
”(”;) = dim(E)+dim(ER!) < dim(EL)+dim(Ey") = (”2)”+n - ”(”;)

thus we must have dim(E%') = dim(E3y"), and hence d,(E%') = 0, for all r > 2.
Since elements of H'(F') generate H*(F') and differentials on cup products are

derivations, d,.(E%?) = 0 for all r > 2. Any element of F5? can be written as a linear
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combination of products of a € E5? and 8 € ES?, hence dy(aB) = Bdy(a) +ady(f) =

0. Inductively, d, = 0 for r > 2, thus EY? = EP%. Furthermore,
Poin(U,41,t) = Poin(U,,t) - Poin(F,t)

= ((1 + ) (1 + )"t h(l + kt)) (1+t)(1+ (n—1)))

k=1
n—1

= (L+2) A+ [+ k).

Following the same proof as in Theorem 4.2.2 and using the fibration described

earlier in this chapter we have the following result:

Theorem 4.2.3 Let G be a chordal graph, then Poincaré polynomial of U = C**\ Ag

factors over Q into a product of a cubic with 2| Ag| — 3 linear terms.
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