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Abstract. A three flavor linear sigma model with vector and axial-vector mesons is discussed. Preliminary
results concerning on the symmetry breaking pattern, the question of parameterization, as well as the resulting
meson masses are presented.

1 Introduction

Effective field theories play a very important role in the in-
vestigation of the strong interaction [1], since in the funda-
mental theory (QCD) lots of questions can not be answered
directly due to the complexity of the model. For instance
up to now it is still unknown how the mesons and hadrons
are built up from the basic degrees of freedom, namely
from quarks and gluons. However, in effective field the-
ories, which possesses the same global symmetries (chiral
symmetry) as QCD, the meson/hadron spectrum can be in-
vestigated thoroughly.

The meson vacuum phenomenology can be analyzed
very well in the framework of linear sigma model [2]. In
this model the global UL(3)×UR(3) symmetry of the mass-
less QCD is realized linearly. Since the UL(3)×UR(3) sym-
metry is broken due to the axial anomaly [3] to S UA(3) ×
UV (3), a UA(1) breaking term is introduced into the La-
grangian of the effective model (see [4] and references
therein). The meson fields of the model are placed in 3 × 3
matrices (nonets), which transforms according to the ad-
joint representation of UL(3) × UR(3). In the present in-
vestigation we use an extended version of the linear sigma
model, which includes besides the usual scalar and pseu-
doscalar nonets a vector and an axial-vector nonet as well.
thus we are taking into account all the low lying mesonic
degrees of freedom.

The experimental data on the majority of mesons are
well established [5], however there is still some open ques-
tions. For instance the structure of the scalar mesons is still
ambiguous [6]. In this paper we present in short our calcu-
lation in the extended linear sigma model concerning on
the meson spectrum. A more complete analysis will come
shortly [7].

The paper is organized as follows, in Sec. 2 the model
and the symmetry breaking pattern is presented. In Sec. 3

a e-mail: pkovacs@kfki.rmki.hu

the tree-level masses are presented with some remarks on
the parameterization. We conclude in Sec. 4.

2 The model

Our starting point is the UL(3) × UR(3) symmetric linear
sigma model with vector and axial-vector degrees of free-
dom, and determined by the following Lagrangian

L = Tr
[

(DµΦ)†(DµΦ)
]

− m2
0Tr(Φ†Φ) − λ1

[

Tr(Φ†Φ)
]2

− λ2Tr
[

(Φ†Φ)2
]

+ c(detΦ + detΦ†) + Tr
[

H(Φ +Φ†)
]

− 1
4

Tr
[

(Lµν)2 + (Rµν)2
]

+
m2

1

2
Tr

[

(Lµ)2 + (Rµ)2
]

+
ξ1

2
Tr(Φ†Φ)Tr[(Lµ)2 + (Rµ)2] + ξ2Tr[(ΦRµ)2 + (LµΦ)2]

+ 2ξ3Tr(ΦRµΦ
†Lµ) +L3 +L4, (1)

where

Φ =

8
∑

i=0

(σi + iπµi )Ti,

Rµ =
8

∑

i=0

(ρµi − bµi )Ti,

Lµ =
8

∑

i=0

(ρµi + bµi )Ti,

H =
8

∑

i=0

hiTi, (2)

DµΦ = ∂µΦ − ig1(LµΦ − ΦRµ) − ieAµ[T3, Φ],

Lµν = ∂µLν − ieAµ[T3, L
ν] − {∂νLµ − ieAν[T3, L

µ]} ,
Rµν = ∂µRν − ieAµ[T3,R

ν] − {∂νRµ − ieAν[T3,R
µ]} ,
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and Ti (i = 0 . . .8) are the generators of U(3). Moreover,
σi stands for the scalar, πi for the pseudoscalar, ρµi for the
vector, and bµi for the axial-vector mesons, while Aµ is the
electromagnetic field and hi are the constant external fields.
L3 and L4 in Eq. (1) contain three and four couplings of
the different fields, the explicit forms of which are irrele-
vant in our present investigation (see e.g. [6]).

In Eq. (1) there is two terms, which breaks the original
UL(3) × UR(3) symmetry, namely the fifth term (the de-
terminant term), and the sixth term (the explicit symmetry
breaking term). The first one breaks the UA(1) symmetry,
while the second one breaks the complete UA(3) if h0 , 0
and UV (3) → SUV (2) × UV (1) if h8 , 0 (for details see
e.g. [4]).

The meson fields (σi, πi, ρ
µ

i , b
µ

i ) do not have well de-
fined quantum numbers that can be obtained with a block
diagonal transformation of the form fA = BAi fi, f ∈ (σ, π,
ρµ, bµ), where

B = diag(1, τ, 1, τ, τ, 1), τ =
1
√

2

(

1 −i
1 i

)

. (3)

As A goes from 0 to 8 the components of the meson fields
goes through on the well known physical particles (for in-
stance in case of the pseudoscalars: π0, π

+, π−, π0, K+, K−,
K0, K̄0, π8), except in the 0 − 8 sector, where there is mix-
ing between the particles (in case of the pseudoscalars this
means that only a certain linear combination of π0 and π8
will be mass eigenstates). For our calculations it is more
suitable to choose another base in the 0−8 sector, which is
called the non strange - strange base, and it is given by the
following linear transformation,

fN =
√

2/3 f0 +
√

1/3 f8,

fS =
√

1/3 f0 −
√

2/3 f8, (4)

where f ∈ (σ, π, ρµ, bµ). To see more explicitly the struc-
ture of the Φ, Lµ, Rµ fields, we give their matrix form (see
[8]),

Φ =
1
√

2





























(σN+a0
0)+i(πN+π

0)
√

2
a+0 + iπ+ K+S + iK+

a−0 + iπ−
(σN−a0

0)+i(πN−π0)
√

2
K0

S + iK0

K−S + iK− K̄0
S + iK̄0 σS + iπS





























,

Lµ =
1
√

2





























ρN+ρ
0

√
2
+

a1N+a0
1√

2
ρ+ + a+1 K⋆+ + K+1

ρ− + a−1
ρN−ρ0
√

2
+

a1N−a0
1√

2
K⋆0 + K0

1

K⋆− + K−1 K̄⋆0 + K̄0
1 ρS + a1S





























µ

,(5)

Rµ =
1
√

2





























ρN+ρ
0

√
2
− a1N+a0

1√
2

ρ+ − a+1 K⋆+ − K+1

ρ− − a−1
ρN−ρ0
√

2
− a1N−a0

1√
2

K⋆0 − K0
1

K⋆− − K−1 K̄⋆0 − K̄0
1 ρS − a1S





























µ

.

The experimentally observed mesons can be assigned to
the above fields as follows, π±, π0 and K±,K0, K̄0 corre-
sponds to the well-known pion (π(138)) and kaon (K(496)),
respectively. The π0, π8 fields are mixture of the η(548)
and η′(958) particles. In the scalar sector the assignment

is not so obvious, since there are more than one candidate
for every scalar fields. In accordance with [6], where the
scalar states were found to be above 1 GeV, we can as-
sign K⋆±S ,K

⋆0
S , K̄

⋆0
S to the K⋆S (1430), while a±0 , a

0
0 possi-

bly to the a0(1450), respectively. In this sector the mixture
of σ0 and σ8 can form the f0(1370) and f0(1710) parti-
cles. Since this sector is the most uncertain, we would like
to use as few of them as it is possible for the parameteri-
zation (see Sec. 3), and treat them instead as predictions.
The ρµ±, ρµ 0 and K⋆±,K⋆0, K̄⋆0 fields represent the ρ(770)
and K⋆(892) vector mesons, respectively. The remaining
two vector meson fields ρµ0 and ρµ8 are the mixture of the
Φ(1020) andω(782) particles. Finally, the axial-vector me-
son fields aµ±1 , a

µ 0
1 and Kµ±1 ,K

µ 0
1 , K̄

µ 0
1 correspond to the

a1(1260) and K1(1270), respectively, while aµ1,0 and aµ1,8 are
mixture of f1(1285) and f1(1420).

2.1 Symmetry breaking

In this model the chiral symmetry is broken explicitly (the
sixth term of Eq. (1)) as well as spontaneously. In case
of spontaneous symmetry breaking the effective potential
has its minimum at a non-vanishing value, which corre-
sponds to a non-zero expectation value for some of the
fields. Since the vacuum has zero quantum numbers the
possible fields are the σ0 and σ8 scalar fields [4]. Let us
denote the expectation values for σ0 and σ8 as Φ0 and
Φ8, respectively. However, as in case of the fields, it is
more convenient to use the non strange - strange base (see
Eq. (4)).

According to the usual process, we shift σN and σS

by their vacuum expectation values ΦN and Φs and sub-
stitute into the Lagrangian. This will result in a technical
difficulty, namely that mixing terms appear among certain
fields in the Lagrangian.

3 Tree-level masses

In order to calculate the tree-level masses after the intro-
duction of the shifts, all the quadratic terms must be con-
sidered, which can be written as,

Lquad = −1
2
σA

(

δAB∂
2 + (m2

σ)AB

)

σB

− 1
2
πA

(

δAB∂
2 + (m2

π)AB

)

πB

− 1
2
ρAµ

(

(−gµν∂2 + ∂µ∂ν)δAB − gµν(m2
ρ)AB

)

ρBν

− 1
2

bAµ

(

(−gµν∂2 + ∂µ∂ν)δAB − gµν(m2
b)AB

)

bBν (6)

− 1
2
ρAµ (ig1 fABCΦC∂

µ)σB −
1
2
σA (ig1 fABCΦC∂

ν) ρBν

+
1
2

bAµ (g1dABCΦC∂
µ) πB −

1
2
πA (g1dABCΦC∂

ν) bBν,

where
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(m2
σ)AB = m2

0δAB − 6GABCΦC + 4FABCDΦCΦD (7)

(m2
π)AB = m2

0δAB + 6GABCΦC + 4HAB,CDΦCΦD (8)

(m2
ρ)AB = m2

1δAB + g
2
1 fACM fBDMΦCΦD + 2JAB,CDΦCΦD

(9)

(m2
b)AB = m2

1δAB + g
2
1dACMdBDMΦCΦD + 2J′AB,CDΦCΦD.

(10)

Here ΦA denotes the vector (ΦN , 0, 0, 0, 0, 0, 0, 0, ΦS),
while fABC and dABC are the antisymmetric and symmetric
group structure constants transformed by (3), viz. fABC =

fabcB−1
aAB−1

bBB−1
cC, and dABC = dabcB−1

aAB−1
bBB−1

cC. The GABC,
FABCD, HAB,CD, JAB,CD, and J′AB,CD coefficient tensors con-
tain only the group structure constants and the coupling
constants of the Lagrangian. The first two coefficient ten-
sors G and F are totally symmetric, while H, J, and J′ are
symmetric in the first two and in the second two indices.

The last four terms of Eq. (6) are mixing terms be-
tween different types of mesons. There are two-two terms
for the vector-scalar, and for the axial-vector-pseudoscalar
mixing. Using the explicit forms of fABC and dABC the fol-
lowing mixings are present,

πN − aµ1N : −g1φNaµ1N∂µπN ,

π − aµ1 : −g1φN(aµ1
+
∂µπ

− + aµ1
0
∂µπ

0) + h.c.,

πS − aµ1S : −
√

2g1φS aµ1S ∂µπS , (11)

KS − K⋆µ :
ig1

2
(
√

2φS − φN)(K̄⋆0
µ ∂

µK0
S + K⋆−µ ∂

µK+S ) + h.c.,

K − Kµ1 : −g1

2
(φN +

√
2φS )(Kµ01 ∂µK̄

0 + Kµ+1 ∂µK
−) + h.c..

These mixings can be resolved by appropriate transforma-
tions for the K⋆µ vector and the aµ1, aµ1S/N , and Kµ1 axial-
vector meson fields. The necessary transformations are the
following,

aµ1N/S −→ aµ1N/S + wa1N/S ∂
µπN/S ,

aµ1
±,0 −→ aµ1

±,0
+ wa1∂

µπ±,0,

Kµ1
±,0 −→ Kµ1

±,0
+ wK1∂

µK±,0,

K̄µ01 −→ K̄µ01 + wK1∂
µK̄0, (12)

K⋆µ+ −→ K⋆µ+ + wK⋆∂
µK+S ,

K⋆µ− −→ K⋆µ− + w⋆K⋆∂
µK−S ,

K⋆µ0 −→ K⋆µ0
+ wK⋆∂

µK0
S ,

K̄⋆µ0 −→ K̄⋆µ0 + w⋆K⋆∂
µK̄0

S .

After transforming the fields with (12) in (6), the wA coef-
ficients can be determined by requiring the disappearance
of the mixed terms. It is important to note that this trans-
formation leads to the appearance of multiplicative factors
in front of the kinetic terms of the π, πN , πS , K, and KS

fields, in oder words after the transformations they are not
canonically normalized anymore. The multiplicative fac-
tors are denoted as Zπ, ZπN , ZπS , ZK and ZKS . These fac-
tors are similar that of the wave function renormalization

constants, however, they can take larger values than 1 [6]
to the contrary of the usual wave function renormalization
constant (see e.g. [9]). Thus in order to get the canonical
scalar propagator form, these fields must be renormalized.
After a straightforward but lengthy calculation, the coeffi-
cients are found to be,

wa1N = wa1 =
g1φN

m2
a1

, (13)

wa1S =

√
2g1φS

m2
a1S

, (14)

wK⋆ =
ig1(φN −

√
2φS )

2m2
K⋆

, (15)

wK1 =
g1(φN +

√
2φS )

2m2
K1

, (16)

while the renormalization factors are,

Zπ ≡ ZπN =
ma1

√

m2
a1
− g2

1φ
2
N

, (17)

ZπS =
ma1S

√

m2
a1S
− 2g2

1φ
2
S

, (18)

ZK =
2mK1

√

4m2
K1
− g2

1(φN +
√

2φS )2
, (19)

ZKS =
2mK⋆

√

4m2
K⋆
− g2

1(φN −
√

2φS )2
. (20)

Using the following notations, ΛN ≡ λ1 + λ2/2, Λ′N ≡ λ1 +

3λ2/2, andΛS ≡ λ1+λ2, the tree-level pseudoscalar masses
are obtained as

m2
π = Z2

π

[

m2
0 + ΛNΦ

2
N + λ1Φ

2
S −

c
√

2
ΦS

]

, (21)

m2
K = Z2

K

[

m2
0 + ΛNΦ

2
N −
λ2√

2
ΦNΦS + ΛSΦ

2
S −

c
2
ΦN

]

,

(22)

m2
πN
= Z2

π

[

m2
0 + ΛNΦ

2
N + λ1Φ

2
S +

c
√

2
ΦS

]

, (23)

m2
πS
= Z2

πS

[

m2
0 + λ1Φ

2
N + ΛsΦ

2
S

]

, (24)

m2
πNS
= ZπZπS

c
√

2
ΦN , (25)

while the scalar masses are,

m2
a0
= m2

0 + Λ
′
NΦ

2
N + λ1Φ

2
S +

c
√

2
ΦS , (26)

m2
KS
= Z2

KS

[

m2
0 + ΛNΦ

2
N +
λ2√

2
ΦNΦS + ΛSΦ

2
S +

c
2
ΦN

]

,

(27)
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m2
σN
= m2

0 + 3ΛNΦ
2
N + λ1Φ

2
S −

c
√

2
ΦS , (28)

m2
σS
= m2

0 + λ1Φ
2
N + 3ΛsΦ

2
S , (29)

m2
σNS
= 2λ1ΦNΦS −

c
√

2
ΦN , (30)

where the m2
πNS

, and m2
σNS

are mixing terms in the non-
strange-strange sector. These mixings can be removed by
orthogonal transformations, and the resulting mass eigen-
states are found to be,

m2
f H
0 / f L

0
=

1
2

[

m2
σN
+ m2

σS
±

√

(m2
σN
− m2

σS
)2 + 4m2

σNS

]

,

(31)

m2
η′/η =

1
2

[

m2
πN
+ m2

πS
±

√

(m2
πN
− m2

πS
)2 + 4m2

πNS

]

.

(32)

Using the notations ΞN ≡ (g2
1/2+ ξ1 + ξ2/2)/2, ΞS ≡ (g2

1 +

ξ1 + ξ2)/2, the vector masses are found to be,

m2
ρ = m2

1 +
1
2

(ξ1 + ξ2 + ξ3)Φ2
N +
ξ1

2
Φ2

S , (33)

m2
K⋆ = m2

1 + ΞNΦ
2
N +

1
√

2
ΦNΦS (ξ3 − g2

1) + ΞSΦ
2
S , (34)

m2
ω = m2

ρ, (35)

m2
Φ = m2

1 +
ξ1

2
Φ2

N +

(

ξ1

2
+ ξ2 + ξ3

)

Φ2
S , (36)

and finally the axial-vector meson masses are given by,

m2
a1
= m2

1 +
1
2

(2g2
1 + ξ1 + ξ2 − ξ3)Φ2

N +
ξ1

2
Φ2

S , (37)

m2
K1
= m2

1 + ΞNΦ
2
N −

1
√

2
ΦNΦS (ξ3 − g2

1) + ΞSΦ
2
S , (38)

m2
f L
1
= m2

a1
, (39)

m2
f H
1
= m2

1 +
ξ1

2
Φ2

N +

(

2g2
1 +
ξ1

2
+ ξ2 − ξ3

)

Φ2
S . (40)

It is worth to note that in case of vectors and axial-vectors
there are no mixing terms in the non strange-strange sector.

3.1 Parameterization

In order to calculate the tree-level masses in physical units,
the unknown parameters of the model must be determined.
There are eleven unknown parameters, namely m2

0, m2
1, c,

g1, λ1, λ2, ξ1, ξ2, ξ3 and the two condensates ΦN , ΦS .
Since, there are 14 different masses in our model, and all of
them are expressed with these parameters, one can choose
an appropriate set the – experimentally well established –
masses, and treat them as a system of equations for the
parameters. The system of equations can be solved with
multi-parametric minimalization. This work is still ongo-
ing, however some preliminary results can be found in [10].

4 Conclusion

We have presented a three flavor linear sigma model with
vector and axial-vector degrees of freedom. Implementing
the spontaneous symmetry breaking in the model yields
not only the known πN-a1N and π±,0-a±,01 mixings [6] but
also the πS -a1S , KS -K⋆ and K-K1 mixings as well. By us-
ing the transformations Eq. (12), and subsequently bring-
ing the πN,S , π, KS and K derivatives to the canonical form,
the non-diagonal terms in the Lagrangian can be removed,
which leads to the introduction of the pion, kaon, scalar
kaon renormalization coefficients. Zπ, ZπN , ZπS , ZK , and
ZKS . The tree-level masses than can be expressed with the
eleven unknown parameters of the model, which can be de-
termined by using the experimentally well known particle
masses [5] and multi-parametric minimalization. Detailed
analysis of the different parameterizations and calculations
of the decay widths of the resonances in the Lagrangian (1)
will be presented in a separate work [7].
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