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Abstract

It is known that deterministic finite automata (DFAs) can be algorithmically
minimized, i.e., a DFA M can be converted to an equivalent DFA M’ which has
a minimal number of states. The minimization can be done efficiently [6]. On the
other hand, it is known that unambiguous finite automata (UFAs) and nondeter-
ministic finite automata (NFAs) can be algorithmically minimized too, but their
minimization problems turn out to be NP-complete and PSPACE-complete [8]. In
this paper, the time complexity of the minimization problem for two restricted
types of finite automata is investigated. These automata are nearly determin-
istic, since they only allew a small amount of nondeterminism to be used. On
the one hand, NFAs with a fixed finite branching are studied, i.e., the number
of nondeterministic moves within every accepting computation is bounded by a
fixed finite number. On the other hand, finite automata are investigated which
are essentially deterministic except that there is a fixed number of different ini-
tial states which can be chosen nondeterministically. The main result is that the
minimization problems for these models are computationally hard, namely NP-
complete. Hence, even the slightest extension of the deterministic model towards
a nondeterministic one, e.g., allowing at most one nondeterministic move in ev-

. ery accepting computation or allowing two initial states instead of one, results in
computationally intractable minimization problems.

1 Introduction

Finite automata are a well-investigated concept in theoretical computer science with
a wide range of applications such as lexical analysis, pattern matching, or protocol
specification in distributed systems. Due to time and space constraints it is often very
useful to provide minimal or at least succinct descriptions of such automata. Deter-
ministic finite automata (DFAs) and their corresponding language class, the set of
regular languages, possess many nice properties such as, for example, closure under
many language operations and many decidable questions. In addition, most of the
decidability questions for DFAs, such as membership, emptiness, or equivalence, are
efficiently solvable (cf. Section 5.2 in [15]). Furthermore, in [6] a minimization algo-
rithm for DFAs is provided working in time O(nlogn), where n denotes the number
of states of the given DFA.



It is known that both nondeterministic finite automata (NFAs) and DFAs accept the
set of regular languages, but NFAs can achieve exponentially savings in.size when com-
pared to DFAs [13]. Unfortunately, certain decidability questions, which are.solvable
in polynomial time for DFAs, are computationally hard for NFAs such as equivalence,
inclusion, or universality [14, 15]. Furthermore, minimization of NFAs is proven to be
PSPACE-complete in [8]. In the latter paper, it is additionally shown that unambiguous
finite automata (UFAs) have an NP-complete minimization problem.

Therefore, we can summarize that determinism permits efficient solutions whereas the
use of nondeterminism often makes solutions computationally intractable. Thus, one
might ask what amount of nondeterminism is necessary to make things computationally
hard, or, in other words, what amount of nondeterminism may be allowed so that
efficiency is preserved.

Measures of nondeterminism in finite automata were first considered in [12] and [2]
where the relation between the amount of nondeterminism of an NFA and the suc-
cinctness of its description is studied. Here, we look at computational complexity
aspects of NFAs with a fixed' finite amount of nondeterminism. In particular, these
NFAs are restricted such that within every accepting computation at most a fixed
- number of nondeterministic moves is allowed to be chosen. It is easily observed that
certain decidability questions then become solvable in polynomial time in contrast to
arbitrary NFAs. However, the minimization problem for such NFAs is proven to be
NP-complete.

We further investigate a model where the nondeterminism used is not only restricted
to a fixed finite number of nondeterministic moves, but additionally is cut down such
that only the first move is allowed to be a nondeterministic one. Hence we come to
DFAs with multiple initial states (MDFAs) which were introduced in [5] and recently
studied in [11] and [3]. The authors of the latter paper examine the minimization
problem for MDFAs and prove its PSPACE-completeness. Their proof is a reduction
from Finite State Automata Intersection [4] which states that it is PSPACE-complete
to answer the question whether there is a string z € £* accepted by each A;, where
DFAs Ay, A3, ..., Ap are given. As is remarked in [4], the problem becomes solvable in
polynomial time when the number of DFAs is fixed. We would like to point out that
the number of initial states is not part of the instance of the minimization problem for
MDFAs discussed in [3]. Thus, one might ask whether minimization of MDFAs with a
fixed number of initial states is possible in polynomial time. We will show in Section 3
that the minimization problem of such MDFAs is NP-complete even if only two initial
states are given. In analogy to NFAs with fixed finite branching, certain decidability
questions can be shown to be efficiently solvable.

The paper is organized as follows. In the next section we will provide and introduce
the necessary definitions and notations. Section 3 contains the proof that it is NP-
complete to minimize MDFAs with a fixed number of initial states. Some details of
this proof will be helpful to prove the NP-completeness of the minimization problem
for NFAs with fixed finite nondeterminism. A summary and short discussion of open
problems conclude the paper.




2 Preliminaries and Definitions

Let ©* denote the set of all strings over the finite alphabet ¥, e the empty string, and
ot = £*\ {¢}. By |w| we denote the length of a string w and by |S| the cardinality
of a set S. We assume that the reader is familiar with the common notions of formal
language theory as presented in [7] as well as with the common notions of computa-
tional complexity theory that can be found in [4]. Let L be a regular set; then size(L)
denotes the number of states of the minimal DFA accepting L. We say that two finite
automata are equivalent if both accept the same language. The size of an automaton
M, denoted by | M|, is defined to be the number of states. A state of a finite automaton
will be called trap state when no accepting state can be obtained on every input.

Concerning the definitions of NFAs with finite branching and MDFAs we follow the
notations introduced in [2] and [11].

A nondeterministic finite automaton over I is a tuple M = (Q, %, §, 0, F), with Q a
finite set of states, gp € @ the initial state, F' C Q the set of accepting states, and § a
function from @ x I to 29. A move of M is a triple 4 = (p,a,9) € @ x T x Q with
g € §(p,a). A computation for w = wyw,...w, € I* is a sequence of moves uyps ... liy
where p; = (¢i—1,w;, ;) with 1 <14 < n. It is an accepting computation if g, € F. The
language accepted by M is T(M) = {w € ¥*|§(qo,w)NF # 0}. M is an (incomplete)
deterministic finite automaton if |§(g, a)| < 1 for all pairs (g, a). The branching Bas (1)
~ of a move p = (g,a,p) is defined to be Bur (1) = [6(g,a)]. The branching is extended
to computations pipg ... tn, n > 0, by setting Bar(paps - .- un) = Bar(1) « Bar(pa) -

..+ Bu(pn). For each word w € T(M), let Byp(w) = minfBar(pipz ... pn) where
Hipa . - . lin Tanges over all accepting computations of M with input w. The branching
Bar of the automaton M is far = sup {Bm(w)|w € T(M)}.

A DFA with multiple initial states (MDFA) is a tuple M = (Q, %, 6, Qo, F) and M is
identical to a DFA except that there is a set of initial states Qp. The language accepted
by an MDFA M is T(M) = {w € *|§(Qo,w) N F # @}. An MDFA with k = |Qo|
initial states is denoted by k-MDFA.

3 Minimizing MDFAs is computationally hard

In this section we are going to show that the minimization problem for k-MDFAs is
NP-complete. Throughout this section, k£ > 2 denotes a constant integer.

PrROBLEM k-MDFA — k-MDFA
INSTANCE A k-MDFA M and an integer I.
QUESTION Is there an I-state k-MDFA M’ such that T(M') = T'(M)?

Theorem 1 k-MDFA — k-MDFA is NP-complete.

Proof: The problem is in NP, since a »-MDFA M’ with |M’| < | can be deter-
mined nondeterministically and the equality (M) = T(M') can be tested in poly-
nomial time as is shown below. At first M and M’ are converted to DFAs in the
fOHOWing manner. Let M = (Q) z, 65 {Q%$q§1 3QO} ‘F (sz’ 6) QO)F):MZ =



(Q,2,6,¢,F),... .My = (Q,%,5,¢5, F). Then T(M1)UT(Mz)U...UT(My) = T(M)
and we construct a DFA M as the Cartesian produgt of My, My, ..., M} accepting
T(Mi) U...UT(M) in the usual way. A DFA M’ can be constructed from M’
analogously. The time complexity of the inequivalence problem of two DFAs is in
NLOGSPACE C P [9]. Hence T'(M) = T(M") can be tested in polynomial time.

The NP-hardness of the problem will be shown by reduction from the Minimum Inferred
DFA problem. In [8] the NP-hardness of the Minimum Inferred DFA problem is used
to prove that the Minimum Union Generation problem is NP-complete. To obtain our
_result, we adapt the proof in [8] to our needs.

PROBLEM Minimum inferred DFA (1] :
INSTANCE  Finite alphabet &, two finite subsets 5,7 C T*, integer [.
QUESTION Is there an l-state DFA that accepts a language L such that
SCLandT C T\ L?
Such an [-state DFA will be called consistent with S and T

We follow the notations given in (8. W.lo.g. we may assume that SNT = - 0. Let
#,8 and £ be symbols not in £. Let &' = T U {#,8, £}, m =1 + size(T N 5), and
t = max(k, m).

Ly = T,

Ly = Tn&g,

Ly = {8, L}# L™ (£# Lot™)*,
Ly = $#tT#m’

Ly = L3zU L.

Following [8], it is easy to show the following lemma:
Lemma 1 Let L be regular and M' a DFA consistent with S and T.

(a) size(S#'LH#™) = size(($S#'L#™) ) = t+ m + 1 + size(L)
(b) size(L3) = t+m+ 1 + size(Ly)
(c) S#L1f™ = $#4(Ly UT(M"))#™

Proof: The claims (a) and (c) can be shown similarly to the Claims 4.1. and 4.2. in
(8]. Claim (b) can be shown similarly to (a). a

We now present the reduction. Let My = (Q1,%, 61,4}, 1), Ma = (Q2,%, 62,03, F2)
be two minimal DFAs such that T(M;) = L3 and T(Ms) = Ly. W.lo.g. we may
assume that ;1 NQ2 = . We choose k—2 additional states {ad,...,q5} notin QLUQs.
Then we can construct a k-MDFA M = (Q; U QyU {d},. .., a5},%", 6, {gt, 3, ..., qk),
Fy U Fy). For o € &' we define §(g,0) = 6,(q, o) if ¢ € Q1, 6(g,0) = b2(q,0) if ¢ € Qo,
and &(g}, 0) = &(gj, ) for i € {3,...,k}. Then T(M) = Ls. The instance S, T,! has
been transformed to M, 3m +2t+k. Let m' = |S|+|T|-+1 be the size of the instance of
the Minimum Inferred DFA problem, then it is easily seen that M can be constructed



from §,T,! in time bounded by a polynomial in m’. We next show the correctness of
the reduction.

Claim: There is an I-state DFA consistent with S and T if and only if T'(M) = Ls is
accepted by a k-MDFA M’ having at most 3m + 2t + k states.

“a .

Let M”" be a DFA consistent with S and T and |[M"| < I. Let M; and M, be the
minimal DFAs with T'(M;) = L3 and T(Mz) = $#T'(M")#™. Then we have | M| =
t+m+1+size(Ls) = t+2m+1—1, | Mz| < t+m-+1+1 and therefore [ M;|+|Ms| < 3m+
2t + 2. Considering the two symbols §, £ we can show analogously to [8] that T'(M;) U
T(Mz.) = Ls. Now we choose k —2 additional initial states {g§,. .. ,q’g} Z L UQ:2 and
construct a &-MDFA M’ = (Q1 U Q2 U {g},..., ¢}, =" 6,{d, ..., af}, AU F) in
the above-mentioned manner. We thus obtain a k-MDFA such that |M'| < 3m+2t+k
and T(M') = Ls. '

dan, : ‘ .

Let M = (Q,%,6,{¢},a,.--,9t}, F) be a k-MDFA such that T(M) = Ls and |M| <
3m+ 2t+ k. We may assume that M is minimal. We have to construct an [-state DFA
M’ consistent with .S and T'. To attain this goal we show that M can be decomposed
into two sub-DFA M; and M such that [M;| + |[Mz] £ 3m and T(M) UT(M;) =
T#™ U (T n'S#™)*. But this situation is exactly the situation of the “if’-part in
Claim 4.3 of [8]. Hence we can conclude that an I-state DFA M’ consistent with S and
T can be constructed.

(a) Wlo.g. S # 0. If S = @, then any DFA accepting the empty set is- a DFA
consistent with S and T. Hence there is a one-state DFA accepting the empty
set, and there is in particular an I-state DFA M’ consistent with S and T'.

(b) Let w = $wy with wy € FESH#™ and w' = wywh with wi,wh € £#tL2#m be two
words in Ls. Then there are initial states ¢j and g} such that (¢}, w) € F and
6(q3, ') € F. We remark that ¢b and ¢} may be identical. '

(c) M contains exactly one waist, one tail and two distinct cores.

According to [8] a waist is defined as a sequence of states g1, g2, ..., gm such that
0(gi, #) = qi41 for alli € {1,2,...,m — 1} and ¢y, is an accepting state and has
an outgoing £-edge. A tail is defined as a sequence of states ¢1,¢92,...,qm such
that 8(g;, #) = giy1 for all i € {1,2,...,m — 1} and g, is an accepting state and
has no outgoing edges. A core is defined as a sequence of states ¢;,42,..., g such
that 6(g;,#) = gi41 for all 7 € {1,2,...,t — 1} and ¢ is non-accepting and has
outgoing edges, but no outgoing £-edge.

‘Obviously, M contains at least one waist, one tail, and one core. We observe that
all initial states from which a word in L5 can be accepted have a $-edge or £-edge
or both to the first state of a core. Consider the above word w = $wq. If we have
exactly one core, then §(¢i, $) = d(g}, £) and hence (g}, Lw1) = 8(5(gh,8),w1) =
8(gh,w) € F which is a contradiction. If M contains two cores which are not
distinct, then there are initial states g, q}, a state ¢ € @, and = € S such that
5(qh, $#") =g = 8(q), £#9") with 1 < #,5' <t and d(g, #*~¥z#™) € F. Then
8(qh, £49 #4-7 o#m) € F — contradiction.
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If M contains more than two cores, more than one waist, or more than one tail,

then | M| exceeds 3m + 2t + k, since M requires at least 2m states for waist and

tail, 2¢ states for two cores, k initial states, and at least m < ¢ states for an

additional waist, tail, or core. Hence at least one addltlonal state is needed to
"realize Lz and Ly.

W.lo.g. we may assume that w will be accepted from q(’; passing through core;
and the tail and w' will be accepted from gf passing through core; and the waist.

Let ¢ = é(qo,'w) and gy = 6(q{,,w1) denote the last states in the tail and the
walSt Let q = 6(?0,3) q = 6 Q(J); ) By Qc = 5(Q07$#t) a'nd QG = 5(43;13# )
we denote the last states of core1 and corey. Since w is accepted passing through
core;, we can conclude that ¢? = §{gy, £) is the starting state of the loop.

(d) All initial states have no incoming edges.

Let ¢f with p € {1,2,...,k} be an initial state. We may assume that from ¢}
at least one word in Lz can be accepted, otherwise all incoming edges can be
removed without affecting the accepted language. Now, assume that g} has an
incoming edge. Then this must be a #-edge. We have to show that; q” # q
and ¢f # qu. If qf = ¢ or ¢} = qu, then ¢f € F by definition of ¢; and q,, and
therefore € € Ls — contradiction.

(e) We claim that 5(q FHESH™) CF and 6(q%, #1S#™) NF= 0.

By way of contradiction we assume that there is a strlng T € #1SH#™ such that
d(¢*,z) ¢ F. Since $z € Ly, we then know that 6(¢%,x) € F and therefore
6(q{), £2) = §(¢% z) € F which is a contradiction. To show the second claim
we assume that there is a string z € #'S#™ such that §(¢%,z) € F. Smce
8(a}, £) = ¢?, we have 8(gl, £2) € F — contradiction.

(f) We claim that §(¢?, #!Lo#™( £ Ly#™)*) C F.

For contradiction we assume that there is a word z € #th#m( # Lo#™)* such
tha,t 8(q*,z) ¢ F. Since £z € Ls, we then know that §(¢*,z) € F. §(q},w} £x) =
6(q% z) € F: then there must be an initial state g with &(g), w| £z) = §(¢*, ) €

F, in particular §(gp, w}£) = ¢*. Then we have J(qo,wlfwl) = 6(¢*,wi) € F
which is a contradiction.

(g) M can be modified to the form depicted in Figure 1. (The initial states qo, . q(’)“‘
are not included.)

core; /\/\/' tail ‘
’ $, £T i waist '_]-e

Figure 1: The modified k-MDFA M

At first we remove all edges from initial states to any other states. We choose two
different initial states g} and g% and then insert the following edges: gf S, g,
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it LA g2, and ¢} LI q? for i € {8,...,k}. We observe that due to (d), (e),
and (f) the modified automaton still recognizes Ls. In particular, L3 is accepted
from ¢3 and all words in $#:S#™ are accepted only from a-

(h) We now look at the two DFAs obtained when considering only one initial state

in M. We define the set of reachable states as follows: £(g}) = {g € Q| Iz,2' €
(ZN*: 6(gd,z) = qA8(g,z') € F}. £(q) is defined analogously.
We first claim that there is no edge from p € £(g3) to a state g from which ¢; can
be obtained. Assume by way of contradiction that there are p € £(g), ¢ € Q,
s € X', and u € (Z')* such that 6(p, s) = g and 6(g, 1) = g; € F. Since p € £(g?),
there are strings z,z’' € (Z')* such that d(¢é,z) = p and é(p,z') € F. Due
to (g), we may assume that = starts with £. We then know that (3, zsu) =
w; € F, but 6(gf, zsuzsu) ¢ F, because ¢ has no outgoing edges. Moreover,
6(q}, zsuzsu) & F, since ¢§ has no outgoing £-edge. Hence zsuzsu ¢ Ls which
is a contradiction, because zsu € L3 and therefore zsuzsu € Lz C Ls.

Furthermore, we observe that all edges from states in £(g}) to states in £(g?)
can be removed. If we have such an edge, all words passing this edge will be
accepted in the waist and therefore are in L3. Hence these words can already be
accepted from g3 due to (f) and (g). So, removing such edges does not affect the
accepted language. We observe that this modification yields £(g§) N&(gd) = 0.

(i) Since the sets of reachable states are distinct, we obtain two DFAs M{ = (Q}, %', -
1,4, Fy) and M; = (Q5,T, 8,45, F3) after having minimized the two DFAs
(£(ab), 35,43, F) and (£(3), 5,63, F). Due to (e) and (g), we know that
Ly D T(M{) 2 $#°S#™ and T(M}) = Ls. Furthermore, |Mj| + |Mj| < 3m +
2t + 2, since Q) N Q5 = 0.

(j) Starting from M| we define another DFA M; by removing gj, ¢* and the first
t — 1 states of core;. We define g} as new initial state and observe that T#™ D
T(M;) 2 S#™. Starting from M} we define another DFA M, by removing ¢2, ¢
and the first ¢ — 1 states of core. We define ¢ as new initial state. The £-edge
from g, to ¢? is replaced by the following edges: if d5(g2,0) = q for 0 € I, we
add a o-edge from gy, to ¢. It is easy to see that T'(Ms) = (T NS#™)*. Hence
we have T(M;) UT(M,) = T#™U (T N S#™)+. Moreover, | Mi| + | M| < 3m.

(k) We have | M| = size((T N S#H™)T) = 2m — I and therefore |M1] < 3m — | M| =

3m—2m+1 = m+1. Removing the tail in M; yields an l-state DFA M’ consistent
with § and T'.

O

Corollary 1 Let k,k' > 2 be two constant numbers. Then DFA — k-MDFA and
k-MDFA — k'-MDFA are NP-complete.

The following theorem is a simple observation of the fact that k-MDFAs can be effi-
ciently converted to DFAs whose size is bounded by a polynomial in &, and that the
below-mentioned decidability questions are efficiently solvable for DFAs.



Theorem 2 Let M be a k-MDFA and M' be a k'-MDFA. Then the following problems
are soluable in polynomial time. Is T(M) = T(M")? Is T(M) CT(M')? Is T(M) C
T(M")¢ IsT(M)=2*?

4 Minimizing NFAs with fixed finite branching is compu-
tationally hard

In this section we are going to show that the minimization problem for NFAs with
branching 8 = k (NFA(S = k)) is NP-complete for k > 3.

PROBLEM NFA(B =k) — NFA(8 =k)

INSTANCE An NFA M with branching 8 = k and an integer !.

QUESTION Is there an [-state NFA M’ with branching f = k such that
T(M') =T(M)? :

Lemma 2 Let M be an NFA and k > 2 be a constant integer. Then the problem
whether M has branching k can be solved in polynomial time.

Proof: We consider the language
Ti(M) = {w € &* | there is an accepting computation w of M of w with B(w) < i}.

In [2] it is shown that a DFA M; accepting Ti(M) can be effectively constructed. We
observe that the construction can be done in time polynomially bounded in | M| and the
resulting DFA has size O(|M|¥). A detailed discussion may be found in the appendix.

Since Tp(M) C T(M), we have: T(M)\ T (M) =0 & fum < k. Since My, is a DFA,
we can simply construct a DFA M accepting the complement X* \ Ty (M).

By Sk TM)\Tu(M) =0« T(M)NT (M) =0 & T(M)NT(ML) =0

Since M is an NFA and Mj, is a DFA, we can construct, in polynomial time, an NFA M
of size O(|M|-|M|*) as the Cartesian product of M and Mj, accepting T'(M) NT(M, )
The non-emptiness of T(M) can be tested in NLOGSPACE C P [10]. If (M) # 0,
then fa > k. If T(M) = 0, then we know that B4 < k. To find out whether B =k,
we construct Ti—;(M) if k — 1 > 1. This can be done in polynomial time as well as
the test for inequivalence of Ty_; (M) and T (M). If both sets are inequivalent, then
By = k; otherwise By < k. O

Theorem 3 NFA(B =k) — NFA(B = k) is NP-complete for k > 8.

Proof: We first show that the problem is in NP. To this end we determine nondeter-
ministically an NFA M’ with |M'| < . Due to Lemma 2, we can test whether M ! has
branching k in polynomial time. We next convert M and M’ to k-MDFAs M and M’
with at most k[M|+1 and k|M'|+1 states applying the construction presented in [11].
The equality of T'(3) and T(M?) can then be tested in polynomial time analogous to
the considerations of Theorem 1. Hence the above problem is in NP



The NP-hardness of the problem will be shown by reduction from the Minimum Inferred
DFA problem similar to the proof for MDFAs.

Let m = | + size(T N'S) and n = 5m + 1. In addition to the previous definitions we
define:

Ly = {8, L3 (# ™) Lot ™ (L™ (#™H) Lt ™)

Lft - $#m(#m+1)*zﬁ#m,
I o= {B# N (1<i<k-2),
Ii = L*ur?u...urLk?

Ly = LyUL,UL;.
Lemma 8 Let L be regular and M’ a DFA consistent with S and T.

(a) size(SHEM(HA™HVLHE™) = size(($H™ (FMH)* L#m)F) = 2m + 1 + size(L)
(b) size(Lfy) =2m + 1 + size(Ls)

(c) SFE™(HFH ™ Li#™ = S#™ (H#™H)* (Ly U T(M))#™

(d) size(L}) =ink +1

(e) size({$#™(F#MH)*}ULL) > nk +2nk§r.. A+ (k= 2)nk + (k —2)n* + 14 (m+1)

Proof: The claims (a), (b), and (c) can be shown analogously to those Qf Lemma 1.
Claim (d) is obvious. The proof of (e) is not difficult, but lengthy and will be shown
in the appendix. 0

We now present the reduction. Let My = (@4, %', 61, ¢§, F1), M2 = (Q2,%, 62,08, F)
be two minimal DFAs such that T'(M;) = L} and T(Me) = Lj. Furthermore, let
M; = (Q:,%,6:,¢b, F), 3 <i < k be k — 2 minimal DFAs accepting L', L?,..., L¥72.
W.l.o.g. we may assume that Qy, Qo, ..., and Qy are pairwise distinct. We observe
that for 3 < ¢ < k the states qf) have no incoming edges and only one outgoing edge to
a non-trap state, namely a $-edge. Moreover, g} has no incoming edges and only two
outgoing edges to non-trap states, namely a $-edge and a £-edge. We remove gy from
My and ¢} from M; for 3 <i < k and construct an NFA M = (@1 \{g6}) UQ2U(Qs\
{@Hu...u(@Qk\{g§}), 2,8, ¢3, IUFRU...UF,). For o € &' and 1 < i < k we define
8(g,0) = 8i(g,0) if ¢ € Q;. Furthermore, §(g3,$) = d1(q},$), 6(c%, £) = 81(g5 £), and
6(q?,8) = 0;(gh,$) for 3 <i < k. Then T(M) = L} and M is an NFA with branching
k. S

The instance S, T, | has been transformed to M, 5m+1+3"5=2 in*. Let m' = |S|+|T[+1
be the size of the instance of the Minimum Inferred DFA problem, then it is easily
seen that M can be constructed from §,T,{ in time bounded by a polynomial in m'
We next show the correctness of the reduction.

Claim: There is an I-state DFA consistent with S and T' if and only if T'(M) ?_glg i:
accepted by an NFA M’ with branching Bir = k that has at most 5m + 1+ 3257 in
states.
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Let M" be a DFA consistent with S and T and |M"| < 1. Let M; and M; be the
minimal DFAs with T(M;) = L}, T(Ma) = $#™(#™H)*T(M")#™. Furthermore,
Ms,..., My are minimal DFAs accepting L!,...,L¥~2. Analogous to the proof of
Theorem 1 and the above con31derat10ns we can construct an NFA M' with branching
By =k such that T(M') = L} and | M| < 5m + 1+ Y52 ink

l(<=” : )
Let M = (Q,%, 6 ,qo,F) be an NFA with branching fp = k such that T'(M) = L} and
|M| <bm+1+ Z,_l in*. We may assume that M is minimal. We have to construct
an l-state DFA M’ consistent with S and T'. Due to the definition of L}, we can show
that the nondeterministic moves of M have to start in ¢g. Then, M can be converted
to a 2-MDFA M" such that |M"| < 3m + 2t +2, setting £ = m, and T'(M") = Ls. Due
to the proof of Theorem 1, we then can conclude that an [-state DFA M’ consistent
with S and T can be constructed.

(a) Wlo.g S #0. Let w = §#™w#™ with w; € S and v’ = wjwy with w,w) €
LH#™ Loy#™ be two words in L.

(b) M contains exactly one waist, one ta11 two distinct loop-cores, and k — 2 $ #-
loops of length nk,2n%, ... (k - 2)nF

A loop-core is deﬁned as a sequence of states gi,¢2,...,qm,qm+1 such that
3(gs, #) = gip1 for all i € {1,2,...,m} and gm41 is non-accepting, has outgomg
edges, in particular a #-edge to ¢y, but no outgoing £-edge.

A $-#-loop of length jn* with 1 < j < k — 2 is defined as a sequence of states
41,92, -+ > Gjnr Such that 8(g;, #) = git1 for all i € {1,2,...,5nk — 1} and gj,» is
accepting and has an outgoing $-edge to g;. ‘
Obviously, M contains at least one waist, one tail, and one loop-core. Consider
the above word w € Ls. If we have exacily one loop-core, then there is a
state g € 6(qo, $) N d(qo, £) and &(q, #™ w1 #™) N F # 0. Hence we have that
3(go, £#™w1#™)NF 5 (@ which is a contradiction. If M contains two loop -cores
which are not distinct, then there is a state ¢ € 6(qo,$#‘) N é(go, £#7) with
1<4,5 <mand §(q, #™ w1 #™) N F # 0. Then §(qq, L FEm—iqy) FEmy
N F # @ — contradiction.
It is easy to see that the states of the tail and the waist are distinct from those of
a $-#-loop. Furthermore, the states of a loop-core and a $- # loop are distinct.
By way of contradlctlon we assume that there exist 1 <j < k—2andastateq €
(qo, $#’) N 6(go, $#™ "1$#7 ) and §(q, #" wi#™ N F #O0with1<i<m, 1<
7' < nF—1. Then &(qq, gin® TLgT iy 1#™)NF # 0 which is a contradiction.
We now show that $-#-loops of dlﬁ'erent: length have dlstmct states; hence M
contains k — 2 $-#-loops of length n¥,2n*, ... (k — 2)nk. Assume by way of
contradiction that there isastateq € 5(% $#"‘ "1$#‘ )n6 (o, $in*—~1g47" )# 0
with ¢ # §, i’ < ink —1 7' < jnk ~1, and §(q, #9n" 17 $#J"k"1)ﬂF # 0. Then
it follows that $zin* "1$#‘ +ink-1-j' $#7"k‘1 € Lg which is a contradiction.

If M contains more than two loop- -cores, more than one waist, more than one
tail, or more than one $-#-loop of the same length, then | M| exceeds 5m + 1 +
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, since M requires at least 2m states for waist and tail, 2m states for
t;wo loop-cores, }:,_ in¥ states for the §-#- loops, one initial state, and at least
m states for an additional waist, tail, loop-core, or $-#-loop. Hence at least one

additional state is needed to realize L' and Lj.

W.lo.g. we may assume that w will be accepted passing through loop-core, a.nd
the tail and w’ will be accepted passing through loop-core, and the waist.

Let ¢; € 6(q0,w) and g, € §(go, w}) denote the las9.t states in the tail and the
waist. By ¢* and ¢? we denote the states obtained after having read $§ and £
when M passes through the accepting computations of w and w). Since w is
accepted passing through loop-core;, we can conclude that {¢’} = d(qu, £) is
the starting state of the loop in Lj.

All computations starting in ¢*> € §(go, £) and leading to an accepting state,
thus computations of words in L#™(F#MH1)* o™ (L#™ (#™F1)* Lo#™)*, have
branching 1. This is obvious, since even one move with a branching greater than -
one would imply that M contains accepting computations with infinite branching
due to the £-edge from gy, to g°.

The loop-cores and the $-#-loops contain no moves with branching greater than
one, since due to their loops there would be computations with infinite branching,

All computations starting in §(go, $) and leading to an accepting state, t;hus com-
putations of words in §#™ (#MF1)*S'#™ with S C S’ C T, LY, and $4™ (#™+1)*
Lo#t™(£H™(#™H1)* Lo#£™)*, have branching 1.

Due to (c) and (d) the moves with branching greater than one have to be located
either in the states before entering the loop-core and the $-#-loops, or in the
states recognizing S'#™.

First of all, we assume that all moves with branching.greater than one start before
entering the loop-core and the $-#£-loops. Then we can shift the branching to go:
we remove any outgoing $-edges from g and insert k—2 $-edges to the first states
of the $-#-loops and two $-edges to loop-core; and loop-core,. It follows that
the modified automaton still recognizes Lf, but there is at least one unnecessary
state ¢ € 6(qo, 8). Hence M was not minimal which is a contradiction.

We now assume that there is at least one move with branching 2 within the states
recognizing S'#™. Then L = $#™(#™1)* U Ly must be recognized by an NFA
with a branchmg of at most |_2_| ‘Due to Lemma 3 we know that a DFA for L
needs at least n*4+-2nf+. . 4 (k—2)n*+ (k—2)n*F+ 1+ (m+1) states. Analogous
to the considerations in (b) one can see that every NFA accepting L with finite
branching contains k — 2 different $-#-loops of length nk, 2nF,..., (k — 2)n*, a
loop-core of length m + 1 and an initial state. In comparison with the minimal
DFA, an NFA with finite branching can therefore achieve savings in size only
through nondeterministic moves that start in states which are not part of a loop.
Subtracting the loop-states from n®+2n* 4., .+ (k=2)n*+ (k=2)n*+1+(m+1),
there remain (k—2)n*+1 states. In [2] it is shown that the best possible reduction
of states that an NFA with branching ¢ can achieve in comparison with the
corresponding minimal DFA is at most the i-th root of the size of the DFA.
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Hence an NFA accepting L with branching || has at least nk ~+; 2nF ...+ (k
2+ (1) + (k-2)mk +1) V4] states. Since ((k-2)nf+1)"/L5) 2 n?, we have
that | M| > 3°%-2 ink +-n? which is a contradiction to |[M| < 5m+1+3 ;5 in® =
n+ Lict ink.

It follows that |8(go,$)| > 1. From go we then have a $-edge to ¢* and the f2irst states
of the k — 2 $-#-loops. Furthermore, we can assume to have a $-edge to ¢“. If there
is no such edge, we can insert one without affecting the accepted language. We nenft
remove the k — 2 $-#-loops and reduce the two loop-cores to cores by removing their
#-loops. We then have an NFA with branching 2 with 3m + 2¢ + 1 states (t= m)
accepting Ls. Now, we remove the $-edge from gq to ¢ and we insert an additional
state gh which has an outgoing $-edge to g*. Thus, we have a 2-MDFA with 3m +2¢+2
states accepting Ls. Due to Theorem 1 we can construct an [-state DFA M' consistent
with S and 7. O

Clb $-#-loop _J$

j/_ tail

loop-core;

loop-core; OJ’#\/’ waist

_.®._ @._

Figure 2: The NFA(B8 = 3) M accepting L.

Corollary 2 Let k> 2 and k' > 3 be constant integers. Then DFA — NFA(B = k')
and NFA(B=k) — NFA(B=K') are NP-complete.

Theorem 4 The following problems, which are PSPACE-complete when arbitrary NFAs
are considered, are solvable in polynomial time. '

(a) Given two NFAs M, M’ with By =k and Bap = K'. Is T(M) = T(M')? Is
T(M) C T(M')? Is T(M) C T(M')? Is T(M) = =*?

(b) Given an arbitrary NFA M and an NFA M' with Bpp = k. Is T(M)CT(M"?
Proof: Claim (a) results from the fact that NFAs with branching &k can be ef-
ficiently converted to DFAs whose size is bounded by a polynomial in k, and that
the decidability questions are efficiently solvable for DFAs. To prove (b) we observe
that T(M) C T(M') & T(M)NT(M') = 0. M' can be converted to a DFA of size
O(|M'|) and a DFA accepting T(M") has then O(|M'|%) states as well. Analogous

to the construction of Lemma 2, we obtain an NFA M accepting T(M)NT(M') and

test its emptiness. We observe that the construction and the test can be performed in
polynomial time. O
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5 Conclusions

In this paper, we have shown that the minimization of finite automata equipped with a
very small and fixed amount of nondeterminism is computationally hard. In particular,
‘the minimization problems for DFAs with a fixed number of initial states as well as
for NFAs with fixed finite branching have been proven NP-complete. Hence, even the
slightest amount of nondeterminism makes minimization computationally intractable
whereas equivalence, inclusion, or universality questions preserve their efficient solu-
tions. Hence the question arises whether there are. extensions of the deterministic
model at all that preserve polynomial time minimization algorithms. Two candidates
~ result from our considerations. At first, the computational complexity of the problem
NFA (B ='k) — NFA(B = 2) remains open. Obviously, the problem is in NP, but NP-
hardness cannot be shown using the approach of Theorem 3. The two constructions
'in Theorem 1 and Theorem 3 present finite automata which are not unambiguous.
It is currently unknown whether unambiguous k-MDFAs or unambiguous NFAs with
branching &k provide efficient minimization algorithms.
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Appendix

Claim: Let M = (Q,X,d,q0,F) be an NFA. A DFA accepting T (M) can be con-
structed in time polynomially bounded in |M].

Proof: We reproduce the construction from [2] and observe that it can be performed
in polynomial time.

Let &7 = {[p,a,q] € @ X T X Q|q € §(p,a)} be the alphabet of triples corresponding
to moves of M. \

R = {{q0,01,q1][q1,02,92] - . . [¢n—1, 00, Gn] € ZF |0 2 1,40, € F} U {e|q € F}

is then the regular set of all accepting computations of M. Obviously, a DFA accepting
R is the “deterministic version” of M with size(R) = O(]M|) that can be constructed
in time O(IM| - |Zr]) = O(|M[?). Let f : &% — I* and g : T — {c,d}* be
homomorphisms such that f([p,a,q]) = a and g([p,a,q]) = € if |§(p,a)] = 1 and
9([p, a, q]) = cl*®a)d otherwise. Furthermore, ‘

S ={cd...c"*d|t > 1, each j; > 2,41 2+ ... js < k}U {e}.

Since k is a constant number, it follows that size(Sk) and size(g~2(S)) are in O(1) and
the corresponding DFAs can be constructed in constant time and O(|Z7|) = O(IM]?),
respectively. Constructing the Cartesian product of R and g~!(Sk), we obtain a DFA
accepting R N g71(Sk) of size O(|M]) in time O(|M|3). The construction of an NFA
M’ accepting f(R Mg~ 1(Sk)) can be done by relabeling of the edges of the DFA for
RNg~1(Sk), and can be performed in time O(|M[3). We observe that M’ has branching
b, |M'] = O(M)), and T(M') = F(RN g~N(S4)) = f({r € R|A(x) < K}) = Th(M).
Applying the construction presented in {11], we can convert M’ to a k-MDFA with at
most k|M'|+1 = O(|M]) states in time O(|M|). Then, this --MDFA can be converted
to a DFA with at most O(|M|*) states in time O(|M[*) analogous to the construction
of Theorem 1. o _ O

Claim: Let L = {$#™(#™1)*} U L§.

Then size(L) > n* +2n% 4+ ... 4+ (k= 2)nF + (k- 2)nF + 1+ (m +1).

Proof: We use the Nerode equivalence relation =y, on L and show that the index
index(=p) > nf+2nF 4+ ...+ (k= 2)nF + (k- 2)nfF+ 1+ (m+1). Forz,y € T*, =
is defined as: R '
=L y<>rzeLoyzel forallze DN

Let 1 €4 < k —2; we define the following sets of strings:

Ai = {ai0, @it )G ink 1} With ai; = g4in*=1gd and 0 < § < inF -1,
{b1,b2; -, b1} with bj = $#*~2¥ 1l and 1 < j S m+1,
{co,c1,--+ C(k_z)nk_l} with ¢j = $47 and 0< 5 < (k - 2)nk -1,
{e}- |

Obviously, |4;| = in*, |B| = m + 1, |C| = (k — 2)n¥, and |D| = 1. We have to show
that each two words from A; U AsU..: UAp_s UBUCUD are not =p-equivalent.

g aQw
i
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(a) Claim: Let z,y € A; such that z # y. Then z #1 y.

(b)

Let z = $#* =187 and y = $#*~1847" with 0 < &' < 5/ < in* — 1. We define
z= #i"k”l'j'$#i"k‘1 and obtain that zz ¢ L and yz € L.

Claim: Let z,y € B such that z # y. Then z # y.

Let o = $40=20" =14’ 4 ¢ = §lb-Dn*=17" with 1 < 7' < j/ < m+ L
Then j' = # +r with 1 < r < m. Let " > 0 be the minimal integer such
that (k — 2)n¥ — 144+ 4" — m is a multiple of m + 1. Then (k — Nnk — 1+
i +4' = m+t(m+1) with t > 1. We now set z = #° and observe that
2z = 3#(k—2)n"—-1#i'#i" — $#m+t(m+1) € L, but yz = $#(k—2)n “lad' i o 1
since m +t(m+1) = (k—2)n* =14+ +i" < (k—2)n’°— 14+5 +14" =
(k=2nF —1+i+r+i' =m+tm+1)+r<m+({t+1)(m+1)

Claim: Let 7,y € C such that  # y. Then z #r, y. |
Let s = $#% and y = $#7 with 0 < i/ < § < (k—2)n*F — 1. Weé set 2z =
F(k=2n*—1=4'g 4(k=2)n*-1 414 obtain that zz ¢ L and yz € L.

Claim: Let z € 4; and y € Aj with 1 <j < k—2andi#j. Thenz ¥ y.
Let z = $#n*~ 1847 and y = $4/7" 1847 with 0 < ¢/ <inF—1and 0< 5/ <

 jnF - 1. W.lo.g we may assume that i < j. We define z = #j"k—l"j'$#j"k‘1 _

(f)

(b)

and obtain that zz ¢ L and yz € L.

Claim: Let z € A; and y € B. Then z #1 v.

Let z = S 184 apd y = $E-Dn" 107" with 0 < ¢/ < in* — 1 and
1< <m+1. Weset z = #i"k"l’i'$#i“ =1 and obtain that zz € L and
yz & L.

Claim: Let x € A; and y € C. Then z #j, y.

Let 7 = $#m“~18#" and y = $49 with 0 < #/ < in* —1and 0 < 5/ <
(k—2)n*—1. Let 5" > 0 be the minimal integer such that /43" —m is a multiple of
m+1. Then j' +§" = m~+t(m+1) with ¢ > 0. We now set z = #J"+m+1)(in*-1)
and observe that yz = $g/' +"Hm+1)(in*-1) = gum+(mAl)(t+in®-1) ¢ 1yt
£z = §in 1948 i HmA1)(in* -1) & I since if + 3 + (m o+ 1) (in — 1) > inF — 1.

Claim: Let z € B and y € C. Then z #, y.

Let 7 = $#(F-2n* -1 and ¢ = $47' with 1 <i<m+land0 < j <
(k —2)nF — 1. We define z = #*k-2n*=1=4'gu(k~An* -1 44 obtain that zz ¢ L
and yz € L.

Claim: Let ¢ € A U...UA;_,UBUC andy € D. Thenz #1y.

Let £ € AjU...UAkgUBUC, y =¢ and z = $#m+Hm+1)((k=2)n* 1) pen
zz ¢ L, since m+ (m+1)((k-2)nF —~1) > (k—2)n*— 1, and yz = z € L. Hence,
T #L Y.

Thus, index(=1) > |A1| +. ..+ |Aj—2] +|B] + IC|+|D| =nF+2nk 4. +(k ;-Z)n’“ +

(k= 2)nF + (m+1) + 1 and the claim is proven. 0O
i )
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