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Abstract. We show on an abstract level that contextual equivalence in
non-deterministic program calculi defined by may- and must-convergence
is maximal in the following sense. Using also all the test predicates gen-
erated by the Boolean, forall- and existential closure of may- and must-
convergence does not change the contextual equivalence. The situation
is different if may- and total must-convergence is used, where an ex-
pression totally must-converges if all reductions are finite and terminate
with a value: There is an infinite sequence of test-predicates generated
by the Boolean, forall- and existential closure of may- and total must-
convergence, which also leads to an infinite sequence of different contex-
tual equalities.

1 Introduction

We are interested in generalizations of may- and must-convergence predicates for
contextual equivalence of non-deterministic and concurrent programming lan-
guages. Contextual equivalence in Morris’ sense is based on termination, i.e. on
may-convergence: e| <= Jv : e — v where v is a value. This notion is success-
fully used for deterministic calculi (for instance [Abr90IPit97IMS99IPit02]). If the
investigation of contextual equivalence is applied to non-deterministic program
calculi, then besides may-convergence — “there is some reduction to a value” —
the branching structure of reduction sequences is also observed in the form of
must-convergence, since contextual equivalence based on may-convergence only
has insufficient discrimination power. E.g., bottom-avoiding choice can only be
distinguished from erratic choice if contextual equivalence also tests for must-
convergence [SSS08]. However, there are different versions of this test: One
variant is the total must-convergence, denoted e |}, that is true iff all reduc-
tions originating in e are finite and terminate in a value. The other variant
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is must-convergence, denoted e}, that is true iff every successor of e is may-
convergent. A conjunction of may- and total must-convergence is used in e.g.
[KSS98IMSC99], and a conjunction of may- and must-convergence is used in e.g.
[CHS05JSSS08INSSSSQ7]. The latter combination is called should testing in the
area of process algebras [RV07].

We will show in this paper that | generates a finite class of test predicates
using Boolean combinations and V and 3-generators, and that the corresponding
contextual equivalence defined by the conjunction of | and l}-testing already
covers the equivalence w.r.t. the closure of |. We also show that the closure of
|} generates at least | and || and in fact an infinite family of predicates leading
to an infinite family of contextual congruences.

This shows that the combination of | and |} has the nice property of generating a
contextual equivalence that it is invariant under closure of test predicates, which
complements the advantage that fairness is built-in [CHSO5SSSO8J/RV07]. This is
in contrast to the combinations with {} whose closure leads to an infinite family
of contextual equivalences, and, moreover is not useful for analyzing fairness.

2 May- and Must-Testing

The triple (F,V,—) is called a reduction structure, provided V C E # (), — C
Ex E,and e » ¢ = e & V. The reflexive transitive closure of — is denoted
as —. The idea is that E is the set of expressions of a programming calculus, —
the small-step reduction relation, and V' the (irreducible) values, i.e. successful
outcomes of reductions. Note that there may be irreducible elements e € E with
e € V, where e € E is called irreducible, iff there is no ¢/ € E with e — ¢’. We
will analyze unary predicates over E, which are always written in postfix. The
first predicate is eV, which holds iff e € V. Note that (eV A e = ¢/) implies
that e = €’. This predicate, however, will not be used for observations. We will
also use the predicates T and @), where T is always true, and ef) is always false.
For predicates P,Q we write P C @ if eP = e() for all reduction structures
(E,V,—) and for all e € F, and P = Q it P C @ and Q C P. We write
P # @, iff for some reduction structure (E,V,—) and some e € E, eP # eQ.
The notation P C @ means that P C @ but P # Q.

Definition 2.1. We define the following predicate-generators: Given predicates
P,Q, the following new predicates can be defined:

e(—~P) :=-eP
e(AP):=3¢' ;e e NP e(PAQ):=ePANeQ
e(VP):=Ve :e S ¢/ = ¢'P e(PVQ):=ePVeQ

Given a predicate (or a set of predicates) P, BY3(P) denotes the closure under
all predicate generators, NVY3(P) denotes the closure under ¥,3 and —, and
B(P) denotes the Boolean closure.

Note that the predicate closure corresponds to closing formulas in modal logic
S4 (see [HCI0]), where V(P) corresponds to the modal operator OP, and 3(P)
to the modal operator OP.
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It is obvious that the usual propositional laws hold for the Boolean combinations.
The proof of the following simple laws is left to the reader:

Lemma 2.2 (Simplification Rules). For all predicates P, Q:

1.-3P =Y-P 2. -YP =3-P 3. WP = VP
4.33P =3P 5.3(PvQ)=3PVv3IQ 6.Y(PAQ)=YPAYQ
V)= =0 8VT=3T=T 9.yPC PC3P

The predicates | := IV, {t := =], T := I, and || := =7 are called may-
convergence, must-divergence, may-divergence, and must-convergence, respec-
tively. Note that f = -3V =V=V, | = V=V = =vV3aV, and || = V3IV.

Since - is transitive and sV implies that s is irreducible, we obtain:

Lemma 2.3. The set of predicates {|, 1,1, {} is closed w.r.t. negation.
Also C |, tCT,VCl,and|VT]=T.

Proof. Using the representation above, the following is easy: =] = =3V = |,
-T= - WV=viV={|,-ft= —3IWV=IFV=|and= || = —-T=1.
The subset relationships | C |, f+ C 1 follow from Lemma [2:2] Hence the last
equality holds. The relation V' C |} follows from irreducibility of elements e with
eV and so the only reduction possibility is e = e.

The following picture shows the complete set of expressions as a set diagram:

L T

Theorem 2.4. NV3(]) ={[, T, J}.

Proof. We show by induction that constructing predicates cannot increase the
set {[,7,M,{}. Lemma shows that this holds for negation. It is sufficient to
consider V-constructions. Obvious reasoning shows V| = |}, ¥{t = f}, and V|| = |}.
The relation V| = 1 is proved as follows: Since 1C7, by monotonicity of V, we
obtain f = V 1€ V 1. To show the other direction, let eV T, and assume that
e ) is false. Then e - ¢’ with ¢'V. However, since €’ is irreducible, the predicate
e’ 1 is wrong, hence we have a contradiction. This shows that vV T C 1. a

Theorem 2.5. BYA(l) ={0, [, T," 4, | AT,4 Vv, TH

Proof. This is shown by induction on the construction of predicates. Lemmas
and Theorem [2.4] show that the claim holds for the construction —, Vv, A,
and for V-constructions with the exception of V(| A 1) and V(| V {}). It is
sufficient to check the V-construction. Lemma 2.2 and the proof of Theorem
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show V| AVI =y At = 0. For V({ V f), we have V( V 1) C | V f by
Lemma Since ell = eV(| V 1) and eff = eV¥({} V 1), we have proved
VU V) =4 v O
Definition 2.6. Given a set P of predicates, we define the following preorders
and equivalences on E:

e1<pey:<= VPeP:e;P = eyP

e1~pey:<= YPeEP:eg <peyNey <pe

The following considerations for these orderings are transferrable also to contex-
tually defined orderings and equivalences.

Lemma 2.7. Let e1,es be expressions with e; | <= es] and e1l} <= esl.
Thenei(J A7) < e2(l A1) and et(J V1) <= ex(U V).

The conclusion is that the equivalence corresponding to all test predicates is the
same as the equivalence defined by the two test predicates | and |.

Main Theorem 2.8 ~y| yy = ~pgy3(|) = ~Nv3(])-

This does not hold for respective preorders, since e.g. < y3 # <¢| 1}

3 Analyzing the Total-Must-Predicate

In this section we consider also the predicate that tests whether for an expression
all (maximal) reduction sequences end in a value in V.

Definition 3.1. Total must-convergence is defined as e |} iff every —-reduction
sequence of e is finite and for every irreducible ¢ with e = €, it is €'V. The
negation of | is defined as el := —(elll)

The following reduction structure R = (Eq, Vo, —¢) is used to provide examples:
The set Ey is inductively defined as {pg, T, L} U{e; @ea | e1,e3 € Ep}, Vo := {T},
and —g = {po — T,po = po, L — L,e1 Dea — e1,e1 Bea — ea}.

Lemma 3.2. The following equivalences and relations hold:
Vi = 4V =30 =1, 317 =1
Y cilcl,andft CTCTl.

Proof. This can be proved by standard reasoning. The example pgy of R satisfies

poll, but also pg]T, and thus shows that {} # |. a
Theorem 3.3. NV3({) = {[, 1,1, {, Y, 171}
Proof. Follows from Lemma [3.2] and Theorem [2:4] O

The Boolean closure of {[, 1,14, 4}, 1T} are the 16 predicates generated from
the mutually disjoint 4 predicates: {}, (1T A ), (J A 1), 1

Corollary 3.4. ~(j 4,43 = ~B{lL4u})
Corollary 3.5. <¢| yy3 # <{.u}
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3.1 Infinity of the Closure of Total Must-Convergence

We show below that the set BY3({}) is infinite. After having analyzed three levels
by alternating Boolean- and V-closure, we could construct an infinite sequence
of predicates, and an infinite sequence of elements of R:
A= ATAY(UVT) Ay == AL AV VALV )
A1 = l N T /\—\(V( M\/ T)) Ag = Al N _'(V(U, \/A1V ﬂ))
Ai = Ai—l /\V(U \/Ai—l vV Ai—2 V...V Al\/ 'ﬂ‘)
fL‘ = Ai—l A ﬁ(V(lL \/Ai—l vV Ai_Q V...V Al\/ ﬂ‘))
Leta; :==T® L,as := 1L ® pg, as := a1 & pg,and fori > 4,let a; := a;_o ® a;_3.

Some obvious properties of A;, A; are

Lemma 3.6. Foralli>1:A; C | AT and /L-_ CIAT.
Fori>1:A;NA; =0 and for alli>2: A; UA; = A;_1.
Foralli# j: AinAj = 0.

Lemma 3.7. For all i > 2: Ai = Ai,1 AN ﬁ(HAi,l) and A,L = AZ‘,]_ AN HAi,1

Proof. We compute an equivalent of ~(V({} VA; 1 V A; o V...V A1V 1})): The
first step produces 3(| A T A=A;_1 A =A;_o A... A —Aj): We have that | A T
A=A; = A;. By induction on j, we obtain that =A4; A A;_; = A;. Finally, we
obtain = A;_1 A A;_o = A;_1. Hence, A; = A;_1 AJA,;_;. Tt is easy to see that
this also implies A; = A;_1 A ~(3A;_1). a

Corollary 3.8. A4, = A AJAA...ANTFA,_1 which is equivalent to
UATAIUAM)ATAI Ao ATA 4.

Lemma 3.9. For alli: a;A; holds.

Proof. Inspection of the definitions shows ajA;. Since ag — py, we have az3(\
A 11). Since LT, pol and po(y A T7), we also have azA;. But then also asAs
holds. Similar arguments show asAs, and since A3 = Ay A Y} VAs V A1V 1)
and scanning the successors of a3, we see that as B a1 Ay, and that the second
part holds, hence a3 As.

By simultaneous induction on ¢ we show the following 4 claims:

1. foralli >2:a;4;. 3. Fori>1:a;A;_1.
2. Foralli>3,j=1,...,i—2: a;3A;. 4. For i > 1: a;A; holds.

Now we give the proofs for every item, where we can use the induction hypothesis
for all claims and for smaller .

1. For as, this can be seen by the same arguments. For i > 4: a;,_oA;, since
i—2 > 2 and by induction hypothesis, and hence also a;A;.

2. The base cases are i = 3,4. For as, claim , which is only azA;, follows
from the definition. For a4, we have ay4 5 ag and ay = a. By induction
hypothesis, the claims a;A; hold for j < ¢. Now the general case is a; 5oaig
and a; — a,_3, and by induction and transitivity of —, the claim is proved.

3. Fori>1:a;A;_1. Item shows a;A4;. Ttem shows that a;3A4; holds
forall j =1,...,7i— 2. By Corollary this shows a; A;_1.
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4. a;A; holds: The base cases i = 1,2,3 are already proved. Let ¢ > 4: we

already have shown that a; A; 1. Now it suffices to scan all successors. Either

the successors are in | V 1, or a;A;—1 or for j <i—2:1it is a;A;. This satisfies
the definition Az = Ai,1 A V(\U \/Ai,1 V Ai,Q V...V Al\/ ﬂ)

Theorem 3.10. The set BVA(Ul) is not finite.

Corollary 3.11. There is no finite set of predicates M’ C BY3I(}) such that
~MY =~ BYA(L)-

Acknowledgements We thank Jan Schwinghammer for his valuable comments.
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APPENDIX

A Analyzing the Closure for Total Must Testing

A.1 The First Level

The table [T] shows the predicates that correspond to VP for all Boolean combi-
nations P of the four basic sets {}, (1T A §),(l A 1), 1. It is sufficient to look
for the V-construction only. The only predicate that cannot be represented is
V(v 1): It is obvious that | V 1+ € V(v 1) € YV 1. We only have to show
that the inclusions are proper. The element | & T does not satisfy | V f, but
V(v 1). The element L @ pg satisfies IV T, but not V({}V 1), since py does
mot satisfy IV T.

vy

v

YT A L)

YA

v

VUV (LAT)

4v 1)
EAmvaamn)
ATV 1)

1

@V Aar)
dvm v

(QUAVAD a new test predicate
m =1

<
=

/-\,-\A/-\
o

SlEEmmReeEIESS e

CL LI

Fig. 1. Predicates using V on the first level

For convenience, we abbreviate two new components as follows:

A= ATAV(UV T)

A= AT AUV T))
Now the sets on this level can be illustrated in the following diagram. There are
now 5 basic sets:

A IAT i)
A A

U 0 0 0

i

Using the refined sets we have to check 32 combinations on the next level, among
them 16 new combinations, which are presented in the table
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< <C
NN

=

EEYD

A I N

VAV 1) see Lemma [A.]]
V1 see Lemma [A2]

Ry e
s T
< <
=> =

VAV see Lemma
new test predicate see Lemma [A4]

P -S-9-9-9-9-5-9-5-9-9-

==

Fig. 2. New cases using V on the second level

Lemma A.1. V(I VAV ) = VAV A

Proof. Tt is easy to see that {Iv + C V({ vV AV ). So assume that sA. We
have to show that for every s with s = s": s'({} V AV 9). Note that sA means
s(I AT AY(UV 1)). The condition sY({V T) shows that s'=(1T A ). So, it
remains to show that s’(] A 1) implies that s’A. Suppose that this is false. Then
s'(L AT A=YV 1)), which is equivalent to s'(| A T AI(IT A {}))). Then
there is some s” with s’ = s” and s”(]] A |). But this contradicts the facts
s 5 s 5 s and s(V({V 1)).

Lemma A.2. V(| VAV 1) = V1.

Proof. 1t is easy to see that YV # C V(U V AV 1). So assume that sA. Note
that sA means s(| A T A=(V({lV 1))), which in turn is equivalent to s(| A T
AJ(1T A |})). The condition s3(T A {})) contradicts s(V({} V AV 1})).

Lemma A.3. V({ VAV @) = | VAV {

Proof. Tt is easy to see that | V # C V(| VAV ). So assume that sA. We
have to show that for every s’ with s = s’ /(| VAV 1}). Note that sA means
s(I AT AY(LV 1)). The condition sV({}V T) shows that s'—(17 A {}). So, it
remains to show that s'(| A T) implies that s’ A.

Suppose that this is false. Then s'(] A T A=(V({}V T1))), which is equivalent to
s'"(L AT A3(1T A L))). Then there is some s” with s' = s” and s”(17 A |}). But
this contradicts the facts s = s’ = s and s(V({}V 1)).

Lemma A.4. |V C V(| VAV () C | VAV 1.
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Proof. Lemma shows that V(| VAV f) C || VAV 1. It is easy to see that
IV AC Yl VAV 7). Note that for a process s: sA means s(| A T A=(V(V 1)),
which is equivalent to s(| A T AT(TT A J))).

Now we construct the examples. The following process ps := (T @ L)®pg satisfies
p3A, but p3 = (T@® L) with (T® L)A. Hence V(| VAV ft) # | VAV 1.

For the element p = (L @py) it is obvious that p—({ V 1), but for every reduct s’
of p the test s’(|l VAV ) is true. Suppose that ({} V 1) fails for s’. Then s’ = p,
which satisfies p(| A T A3(TT A |})), and hence pA. Hence |} V { # V(I VAV 7).

If we use the abbreviation: B :== AAY({ VAV 1) and B := AA—(V({} VAV 1)),
then the following table illustrates the 6 basic sets on the next level:

4 AT 1)
A A A
B |B
U 0 0 0 0
T
Some properties of A, B are:
Lemma A.5.

1. V(I VAV ) = =(3A). Thus B = AN —(3A) and B = A A JA.
2. BCV(~(B)).

Proof. 1. We compute —~(V({} VAV 1)): Then (T A(=(A)A |)) = 3((T A |
JAMVIEVELV ) =3((TALAMNVEALAL VT ALAY(UY 1))
=3(TALAY(LV 1)) = 3(A).

2. Suppose there is some bB such that b = b’ with b’ B. The latter is equivalent
to A AV (Y( VAV 1)). In particular, there is some b = b with b”—(l}
VAV {). Transitivity of = shows that b = b”. However, bB implies that
bY( VAV 1)). Hence there is no such ¥'.

Some witnesses for the elements of A, A, B, B are in the following lemma:
Lemma A.6.

1. A contains T® L
contains p := L @ po.
A contains L & pg

2. A
5B cC A
4. B A contains (T@ L) & po

C
C

A.2 The Third Level

The abbreviations and an alternative formulation are:

A= ATAV(UVT)

A= ATAS(VUVT))
B:=AAV({} VAV () =AAN-(3A)
B:=AAN-(V{ VAV ) =AA3A
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Using the refined sets we have to check 64 combinations on the next level, among
them 32 new combinations, the combinations without A are presented in table

Bl

vB =0

VB =0

V(U Vv B) =4

V(U v B) =y

Y(mMAy)vB) =0

Y((mTAy)vB) =0

V(BV 1) =1

V(BV 1) =1

V(I vB) ={

V(I vB) =

V(U Vv BV 1) = V{1 see Lemmal[AT
Y(U v BV 1) = vV  see Lemma
VUAT) VBY =1

VIUATD) VBV =1

Y} VBV 1) = || VBV 1} see Lemma
Y} VBV 1) =}V see Lemma[AI0

Fig. 3. New cases without A using V on the third level

Lemma A.7. V(| VBV ) = V1.

Proof. 1t is easy to see that v # € V(I}V BV ) C [V BV {. We only have
to consider sB. Since B C A, the claim follows from Lemma

Lemma A.8. V(| vV BV {)) = {IV 1.

Proof. 1t is easy to see that vV {} C V(I V BV ). So assume that sB. Since
B C A, the claim follows from Lemma

Lemma A.9. V(| VBV {}) = VBV 1

Proof. 1t is easy to see that | V f# C V(| VBV ff) C | VBV 1. So assume
that sB. We have to show that for every s’ with s = s': s'(Il VBV {}). Note
that sB means s(A AY(| VAV 1)). The condition s(¥({} VAV 1)) shows that
s'( VAV 1). The case s'B is not possible due to Lemma[A.5] Hence s'({ VBV 1))
holds, and the lemma is proved.

Lemma A.10. V(| VBV ) = | V1.

Proof. The relations || V f# € V(| VBV 1) C |l VBV 1 follow easily. Note that

sB means sA A JA. Hence there is some s’ A with s = s'. Hence s=V({} VBV 1).
and the Lemma is proved.
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VBV A =0
VBV A =0
V(ivAvVB) =
V(UvBVA) =
Y(TAYVBVA) =0
V(TAWVBVA) =0
V(BV AV 1) — ¢
V(B V AV 1) =1
V(I VBV A) —
V(I VB Vv A) — |
V(U VBVAVY = v see Lemma [A_1]]
V(v BVAVY = VAV  see LemmalAT2
V(AT VBVAV =1
V(UAT)VBVAV =1
Y} VBV AV 1) = || VBV AV 1 see Lemma [A T3]
Y} VBV AV 1) O VAV 1 see Lemma [A_14]

Fig. 4. New cases with A using V on the third level

Now we present the new combinations with A in table [
Lemma A.11. V(| VBV AV {) = VAV 1.

Proof. 1t is easy to see that IV # C V(J} VBV AV () C VvBVAV.
Lemma [A.2)shows that {4V AV 4 € V(U}V BV AV ). We only have to consider
sB. Since B C A, the claim follows similar as in the proof of Lemma

Lemma A.12. V( VBV AV ) = VAV

Proof. 1t is easy to see that {} VAV C V({lV BV AV 1). So assume that sB.
Since B C A, the claim follows similar as in the proof of Lemma [A.2]

Lemma A.13. V({ VBV AV ) = | VBV AV {

Proof. Tt is easy to see that || VAV  C V({} vBV ff) C | VBV AV 1. The
claim now follows from Lemmas [A.3] and [AZ9]

Lemma A.14. = || VAV { C Yl VBV AV () C | VBV AV 1)

Proof. The relations |} VAV f# € V({} VBV AV f) C | VBV AV 1 follow easily
and from Lemma [A.3]

The element bz := ((choice T L) @ pg is in B C A, and it is b3 — (T@® 1)A.
Hence bY(l} VBV AV ). Let by := (T® L) @ (L @ pg). Then by A, since py is a
successor. Moreover, by(3A), since (T @ L) is a successor, and it has (T ® L) as
a successor in B. Thus by=V({| VBV AV 1)
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B Abstract Properties

Let us assume that the sets E have some structure like a programming language
as follows:

1. Given expressions eg, eo, the expression amb e; es is also an expression in F

/ /
. e — e €9 — € e W
with 1 —, 2 - , and
amb e eo — amb €] e’ amb e; eg — amb ey e, amb e; e; — €3
62W
amb e eg — €9
2. Given expressions eq, €3, €3, the expression if e; == w then ey else e3
. . wW
is in FE such that: - , and
if w == w then e else e3 — €5
wW,w'W,w # w'
if W/ == w then ey else e3 — e3’
3. There are at least two elements wy,ws,...in W.

4. There is an element 1 with L 1.

We say the relation ~ is a congruence, iff it is an equivalence relation and for all
contexts C' constructed from amb or if-then-else, and for all elements e, ea, the
relation e; ~ e implies Cle;] ~ Clez].

Lemma B.1. Assume that ~y and ~| are congruences. Then for all expressions
s,t: If s <y t, thent < s.

Proof. Let s <y t, t |, and assume for contradiction that s {}. Let w € W be an
element, such that for some w’ € W :w # v’ and t = w'.

Let C be the context C[ ] := if (amb [ ] w) == w then w else L. Then
Cls] ~y CTt] by the congruence assumption. We also have C[s] |}, which implies
C[t] {}. This, however, contradicts the fact that ¢ may reduce to a value w' # w.
Hence, s 1} is false, which means s | holds.

Corollary B.2. Assume that ~y and ~| are congruences. Then for all expres-
sions s,t: If s ~y t, then s ~ t.

Proof. Lemma applied twice shows that s ~ t.

Corollary B.3. Assume that ~y and ~| are congruences. Then for all expres-
sions s,t: If s <y | t, then s ~| t.

Proof. Lemma [B.1] applied once shows that ¢ <| s. Since the assumptions in-
cludes s <| t, this also shows s ~| t.

Note that the our method is too weak to show the corresponding theorems
for the non-deterministic higher-order language with amb (see [SSS08]) , since
lambda-abstractions cannot be compared in such a simple way.
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