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Abstract
The objective of this thesis is a survey of crisp and fuzzy sober topological spaces. We
begin by examining sobriety of crisp topological spaces. We then extend this to the L-
topological case and obtain analogous results and characterizations to those of the crisp
case. We then briefly examine semi-sobriety of (L, M)-topological spaces.
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PREFACE

The purpose of this present work is a survey of Sobriety, starting with the crisp case and
then extending it to the L-topological case and the (L, M)-topological case.

Chapter 1 is of an introductory nature, providing the reader with results concerning lat-
tice theory, ideals and filters, fuzzy sets, topologies and neighbourhoods.

Chapter 2 concerns crisp sobriety. We begin with the initial definition of crisp sobriety
of ordinary topological spaces and then characterize crisp sober spaces in three different
ways. The first characterization is in terms of completely prime filters. The second char-
acterisation is in terms of nets. The final characterization is in terms of irreducible closed
sets.

Chapter 3 is about the properties of crisp sober spaces, it is divided up into three sec-
tions. The first section deals with the relationship of sobriety to the seperation axioms and
we then go on to define a topology on pt7. The second section deals with sober spaces and
continuous maps. The third section is titled sobriety of partially ordered sets. In this section
we define a partial order on a T space, called the specialization ordering. We then proceed
to examine topologies on partially ordered sets (X, <) such that the specialization ordering
on the space is <. In this connection we have a look at the Alexandrov topology and the
upper interval topology. We then define the Scott topology and answer the question as to
whether the Scott topology on a directed set is always sober.

Chapter 4 deals with fuzzy sobriety or L-sobriety. We define sobriety of an L-topological
space in an analogous manner to sobriety of a crisp topological space. We then examine
sobriety for the case L = [0, 1]. In this section we follow the work of Singh and Srivastava
in [17] where we look at the definitions of a-sober spaces, strongly sober spaces and ultra-
sober spaces. The remainder of the section deals with how these different concepts relate to
one another.

Chapter 5 is titled properties of L-sober spaces and is analogous to Section 3.2 for the
ordinary topological case.

Chapter 6 is titled fuzzy sobriety, semi-sobriety and the Hausdorff properties. In the first
section we seek a counterpart to the characterization of sobriety of crisp topological spaces
in terms of irreducibly closed sets. In doing this we discuss the L-topological equivalent,
semi-sobriety due to Wesley Kotzé. We then go on to discuss the Hausdorff properties and
how these relate to semi-sobriety and sobriety. The next section is a characterization of
L-topological sober spaces, firstly in terms of completely prime filters and then in terms of
nets. These characterizations are analogous to those in chapter 2. The last section of chap-
ter 6 looks at how semi-sobriety is related to the concepts of Srivastava which we discussed
in section 4.2. Sections 6.3 and 6.4 are based on as yet unpublished work by Wesley Kotzé.

In Chapter 7 we follow Kotzé’s work in [13] this deals with the lifting of sobriety and
semi-sobriety.

In Chapter 8 we again follow [13] but this time in connection with semi-sobriety in (L, M)-
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topological spaces.

We are aware of at least two notable recent contributions about sober spaces which do
not, in our opinion, fit this discussion. These are :

P. Taylor, Sober spaces and continuations. Theory and applications of Categories 10(12)(2002),
248-300.

and

A. Pultr and S. E. Rodabaugh, Ezamples for different sobrieties in fized-basis topology.
Topological and Algebraic structures in fuzzy sets. Eds. S. E. Rodabaugh and E. P. Kle-
ment, Kluwer Academic Publishers (2003). ( [15])
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1.1.1

1.1.2

1.1.3

Chapter 1

Lattice Theory and Basic
Concepts

1.1 Introductory Concepts
The following are well known. See e.g. [8].

Definition
Let A be a set. A partial order on A is a binary relation < which is

1. reflexive: a <a Vaec A
2. transitive : if a < band b < c then a <c¢
3. antisymmetric : if a < b and b < a then a =0

A poset is a set equipped with a partial order.

Definition
Let A be a poset, S a subset of A. We say an element a € A is a join (least-upper bound)
for S and write a = \/ S if,

1. a is an upper bound for Sie. s<a VseS
2. if b satisfies Vs € S (s <b) then a <b

The antisymmetry axiom ensures that the join of S, if it exists, is unique. If S is a two-
element set {s,t} we write s V¢ for \/{s,t} and \/ @ = 0, should it exist; then 0 is clearly
the least element of A.

Proposition
Let A be a poset in which every finite subset has a join and with least element 0, then the
following are satisfied:

l.aVa=a Vac A

2. avb=bVa Va,be A
3.avV(bVve)=(aVb) Ve Va,bce A
4. av0=a VYae A

We say that (A, V,0) is a commutative monoid in which every element is idempotent.



1.1.4

1.1.5

1.1.6

1.1.7

1.1.8

Theorem

Let (A,V,0) be a commutative monoid in which every element is idempotent. Then there
exists a unique partial order on A such that a V b is the join of a and b and 0 is the least
element. i.e. a<biffavb=0>b

A set with the structure described in the theorem is called a semilattice (join semilattice).
The theorem shows that the notion of a join semilattice can be expressed equivalently either
in terms of the order relation or in terms of the join operation.

Definition
Let A be a poset, S a subset of A. We say an element a € A is a meet (greatest-lower bound)
for S and write a = A S if,

1. ais a lower bound for Sie. a<s Vse§
2. if b satisfies Vs € S (b < s) then b < a

If S is a two element set {s,¢}, we write s At for A{s,t} and A D = 1, if it exists, will be
the greatest element of A

Proposition
Let A be a poset in which every finite subset has a meet and with greatest element 1, then
the following are satisfied,

l.aNa=a Va€ A
2. aNb=bAa Va,be A
3.an(bAc)=(aNb)Ac Va,bce A
4. aNl=a Vac A
(A, A, 1) is a commutative monoid in which every element is idempotent.

Dually, the analogue of Theorem 1.1.4 applies. If (4, A, 1) is a commutative monoid in
which every element is idempotent, then there exits a unique partial order on A such that
a A'b is the meet of a and b and 1 is the greatest element i.e. a < biff a Ab=a. A set with
this structure is again a semilattice, in this case a meet semilattice.

Definition
A lattice is a poset A in which every finite subset has both a join and a meet.

By Theorem 1.1.4 we see that a lattice is a poset A equipped with two binary operations
V, A and two distinguished elements 0, 1 such that (A,V,0) and (A, A, 1) are semilattices
and the partial orders induced on A by the semilattice structures are opposite each other.

Proposition
Suppose (A4,V,0) and (A, A, 1) are semilattices. Then (A, V,A,0,1) is a lattice iff the ab-
sorptive laws,

l.an(aVb)=a VYa,be A
2. aV(aAb)=a Va,be A

are satisfied.



1.1.9

1.1.10

1.1.11

1.1.12

1.1.13

Proof. aVVb = b implies by (1) aAb=aA(aVb) =a and by (2), a Ab = a implies a Vb = b.
So the two partial orders on A agree.

The converse follows trivially.
O

Definition
A distributive lattice, is a lattice (A, V, A,0,1) which satisfies the additional identity, called
the distributive law,

aN(bVve)=(anb)V(aNc) Va,bce A

Lemma
If the distributive law holds in a lattice then so does its dual,

aVnre)=(aVb)A(aVe) Ya,bce A
Proof. Using the absorptive laws of Proposition 1.1.8
(avb)A(ave) = ((avbd)Aa)V ((aVd)Ac)

= aV((anc)V(bAc))
= (aV(ane))V(bAc)

= aV(bAc)
O
Definition
1. A join-semilattice A is said to be complete if it has arbitrary joins and not just finite
ones.
2. A meet-semilattice A is said to be complete if it has arbitrary meets and not just finite
ones.
3. A lattice A is said to be complete if it has arbitrary joins and meets and not just finite
ones.
Proposition

A poset is a complete join-semilattice iff it is a complete meet-semilattice.

Proof. Let A be a complete meet-semilattice, S C A. Consider the set T of all upper
bounds for S, and let a = AT. Since every s € S is a lower bound for T, we have s < a
and hence a is an upper bound for S. So a is the least element of T, i.e. a =\/S.

O

Definition
A frame is a lattice which is closed under arbitrary suprema (\/) and finite infima (A) and
satisfies the frame distributive law,

an(\/b:)=\/(anb)

A semi-frame is a lattice which is closed under arbitrary suprema (\/) and finite infima (A).



1.1.14

1.1.15

1.1.16

1.1.17

1.2.1

1.2.2

1.2.3

Definition
An order preserving map is a map f : (4,<) — (B, <) with the property that if a < b,
a,b € A then f(a) < f(b) in B.

Definition

A lattice morphism f: A — B between two lattices is a map preserving the distinguished
elements 1, 0 and the operations V and A.

A frame morphism between frames preserves arbitrary suprema and finite infima.

It should be noted that a lattice morphism is necessarily an order preserving map, but
an order preserving map between lattices is not necessarily a lattice morphism.

Definition
An order reversing involution on a poset A is a map ' : A — A satisfying a < b=V < d
for all a,b € A and a” = a for all a € A.

If A is a lattice with an order reversing involution it is easy to see that the de Morgan
laws are satisfied, viz. (aVb) =a’ AV and (a Ab) =a' VI, and 0’ =1 and 1’ = 0; and in
the case of a complete lattice (\ a;) = Aa} and (A a;) =V a}.

Definition
A poset A is said to be directed if

1. A#£0

2. every pair of elements of A has an upper bound in A.

We say A has directed joins if \/ S exists for every subset S C A.

1.2 Ideals and Filters

Definition
An ideal 7 in a lattice, A, is a subset of A such that,

1. 0€Z and a,b € 7 impliesaVbel
2. ZTisalowerset,ie.a€Zandb<a=bel

An ideal is prime if 1 ¢ Z andanbeTI =acZorbeI. Ifac A, then | (a)={be A:
b < a} is an ideal of A, called the principal ideal generated by a.

Definition
A filter F in a lattice A is a subset of A such that

l.1e Fanda,be F=aAbe F
2. Fis an upperset i.e. a € Fandb>a=be F

Clearly 1 (a) ={b€ A:b>a} is a filter in A. A filter is prime if 0 ¢ F and aVb € F =
a € Forbe F and completely prime if \/ a; € F = Ji,a; € F.

Proposition
1. F is a prime filter in A iff A\ F is a prime ideal in A.

2. F is a completely prime filter in A iff A\ F is a principal(prime) ideal in A.
Proof.



1.2.4

1.2.5

1.2.6

1.2.7

1. trivial

2. F completely prime is equivalent to,

Vi,a; € A\NF = \/a; € A\ F

which (since A\ F is an ideal by part (a)) is equivalent to saying,

ANF = {peA:b<\aja € A\F}
= L (\{a:acA\F})

So A\ F is a principal prime ideal in A

O
Definition
An element a € A is prime in A iff | (a) is a prime ideal. So a is prime iff bAc<a=b<a
orc<a.
Definition

An element a € A is irreducible (co-prime) in Aiff bVe>a=b>aorc>a.

Proposition
If A has an order reversing involution then a € A is prime in A iff a’ is irreducible in A’.

Theorem ( [11], [12])
1. If 7 is a prime ideal of a lattice A, then Z = {a € A : p(a) < a}(= ¢ [0, a]) where ¢

is a lattice morphism ¢ : A — L, where L is a lattice with 0 and 1 and « # 1.

. If 7 is a principal prime ideal of a frame A, then Z = ¢ [0, a] where ¢ is a lattice

morphism ¢ : A — L, where L is a lattice with 0 and 1 and « # 1.

. Conversely, if T = ¢ [0, o] with ¢ a lattice morphism ¢ : A — L, where L is a lattice

with 0 and 1 and « is a prime element of L, a # 1, then Z is a prime ideal of A.

Proof.
1. Define p: A — L as:

a ifael
@(“)—{ 1 ifagZ
Then it can easily be checked that ¢ is a lattice morphism, i.e. if a € Z and b € Z,
then aVb € Z and so p(a) = a = ¢(b) = p(aVb). Therefore p(aVb) = p(a)Vp(b). If
ac€ZandbgZ, thenaVb¢Zandsopla)=a, pb) =1and ¢(aVb) = 1. Therefore
wla) V) =plavd). fagZand b g T, then aVb ¢ T and so p(a) = ¢(b) =1 and
¢(aVb) = 1. Therefore p(aVb) = p(a) V). fae€Z andbeZ, thenaAbeT
and so g(a) = a = ¢(b) = p(a Ab). Therefore p(a Ab) = p(a) Ap(®). ffaeT
and b € 7 then a Ab € 7 and so p(a) = a,¢(b) = 1 and p(a A b) = a. Therefore
wlanb) =@(a) ANp(b). If a ¢ T and b ¢ T then a Ab & T since T is a prime ideal, and
so p(a) = p(b) = p(a A b) = 1. Therefore p(a A b) = ¢(a) A p(b).



1.2.8

1.3.1

1.3.2

2. If A is a frame we only have to add the following to the proof of (1):
If \/a; € Z, then a; € T for all i. So ¢(V a;) = a and ¢(a;) = a. Hence p(\ a;) =
Vela). IEVa; €T (so p(\a;) =1): Suppose all a; € Z. Then \/a; € T since
7 is a principal prime ideal. So there exists a; ¢ Z. Hence ¢(a;j) = 1 and thus

o(Va;) =V p(ai).

3. Given Z = ¢=[0,a], « # 1,  prime. Then 1 ¢ Z. If a Ab € Z, then ¢p(a Ab) < «,
hence ¢(a) A ¢(b) < . Since « is prime, this means that p(a) < a or ¢(b) < . Thus
a€ZorbeZ. Tis therefore a prime ideal.

O

Note
If L ={0,1}, then o = 0 and the ¢ in (1) and (2) above is unique and in (3), Z = ¢~ {0}.

1.3 Fuzzy sets and Zadeh’s extension principle

If L is a complete lattice with 0 and 1 then LX = {f : X — L} becomes a lattice under
the definition (u A v)(z) = u(x) Av(z) and (u V v)(z) = u(z) V v(x) for u,v € LX. 0 and 1
will indicate the functions identically 0 and 1 on X respectively. If L is distributive lattice
or a frame so is L* under these definitions. If L has an order reversing involution, so has
LX under u/(x) = u(x)’. The members of [0,1]% with these operations were called fuzzy
sets by Zadeh( [29]).

Given a function f : X — Y, Zadeh defined maps between L~ and LY (in both directions)
as follows (of course Zadeh had L = [0, 1] in mind) :

Definition (Zadeh’s extension principle [29])
If f is a map from a set X into a set Y, then for v € LY, f~(v) is defined by f~(v)(z) =
v(f(z)), and for u € LX, 7 (u) is defined by,

. Voeoyul@) it 1) £0
) = { e L

In the special case where L = {0,1}, this corresponds with the classical notions of image
and pre-image of “crisp” sets under a map.

The following summarizes the properties of f— and f“~. The proofs are routine and can
be found in [1], [24], [25] and [26].

Theorem

Let X,Y,Z besets, f: X — Y, g:Y — Z, u,(u;) € L¥, v, (v;) € LY, w € L?.
Then

L (gof)~(u) =g~ (" (u),
2. (9o f)~(w) = (g7 (w)),

3. fH(SUPjeJ”j) = SuijJfH(vj)v



1.3.3

1.3.4

1.3.5

4. f~(infje v;) = infjes f~ (v)),

5. f7(0) =(f"(v),

6. vj Svp = 7 (v;) < 7 (k)

7. f7(supje uy) = supje s [ (uy),

8. f(infje uy) < infjesf (uy),

9. f7 (W) = [T (u),
10. u; <up = 7 (uy) < 7 (ug),
11. f7(f~ (v)) < v with equality if f is surjective,
12. f=(f~(u)) > u with equality if f is injective,

18. f7(f~ () Au)=v A f7(u).

Definition
A fuzzy point u, on X is a member of L¥ with {z} as support, i.e.

J oo ify=2
pa(y) = { 0 otherwise

for some o € L\ {0}. Where the value of « plays a role as in Section 6.2 we also denote
such a point by (z, «).

If L has an order reversing involution, we say that a fuzzy point is quasi-coincident with
u € LX iff py(x) > u(x)" (equivalently u(z) > ps(z)’) (In the case L = [0,1] this means
that py(z) + u(z) > 1). We write p, gco u.

Proposition

1. py qeco u Ao iff pg geo v and py geo v

2. ug qco VjeJ u; iff 35 € J such that p, geo u;

Proof. trivial
O

Definition
Let o € LX we define the support of y, supppu, as follows,

suppp = {z € X : u(x) > 0}



1.4.1

1.4.2

1.4 Topologies

C.L. Chang [1] was the first to define a “fuzzy topology” extending the “crisp” concept in
the lattice {0,1}¥ to [0, 1]X.
More generally:

Definition
If L is a complete lattice with 0 and 1 then a subfamily 7 of LX is an L-topology (fuzzy
topology) on X if,

1.0,1€7T
2. u,v€eT =>uANveT

3. uieT,iEI:>\/ui€’T.

(X, L,T) is called an L-topological (fuzzy topological) space and the members of 7 are the
L-open (fuzzy open) sets.

In what follows, when considering L-topologies, we’ll assume L to be a frame so that
the frame distributive law of Definition 1.1.13 is also valid for LX. Furthermore, if L has
an order reversing involution then 7’ (the involutes of the members of 7) is a sublattice of
LX which is closed under arbitrary infima and finite suprema, the L-closed sets.

As in the crisp case we define,

Definition
Let (X, L,7;) and (Y, L, 73) be L-topological spaces and f : X — Y, then f is L-continuous
(fuzzy continuous) iff f(v) € 77 for all v € Ts.

In view of Theorem 1.3.2 this means that f is L-continuous iff f is a frame morphism
from 75 to 7;.

A topology (and hence an L-topology) can also be viewed as a mapping. This probably
goes back to [5].

1.4.1 Ordinary (crisp) topological case

If a topology 7 on a space X (i.e. a frame in P(X) with bottom @ and top X) is identified
with a map,
T :P(X)—{0,1} where T(A) =1 iff A is open, then

1L T0)=T(X)=1
2. T(UNV) > T(U)AT(V) for all U,V € P(X)
3. T(JU;) > NT(U;) for all U; € P(X)

(X, T) is called a topological space.

In emulation of this we could also define,



1.5.1

1.5.2

1.5.3

1.4.2 [L-topological case

(L is a frame with 0 and 1 and order reversing involution.)

If an L-topology 7 on X (i.e. a frame in LX with 0 and 1) is identified with a map
T : L* — {0,1} where T (a) = 1 if a is L-open, then also
1L T(0) = T(1) =1
2. T(uAv)>T(u) AT (v) for all u,v € L
3. T(Vu) > N7 (w;) for all u; € L

(X, L,T) is called an L-topological space.

In what follows we identify the operator 7 : LX — {0,1} with the frame F = {u €
LX : T(u) =1} in LY, and corresponding “closed sets” with the complements u'(x) = u(z)’
where the second ’ is the order reversing involution of L. If we write 7 C 7* for two L-
topologies on X, it is in the sense of the frame inclusion : F C F*.

The advantage of these viewpoints is that it allows for the following generalization.

1.4.3 (L, M)-topological case

(L is a frame with 0 and 1 and order reversing involution and M is a frame with 0 and 1.)

An (L, M)-topology is a map 7 : LX — M such that
L T(0)=T(1) =1
2. T(uAv)>T(u) AT (v) for all u,v € LX
3. T(Vwi) > AT (u;) for all u; € LX

(X,L,M,T) is called an (L, M)-topological space.

This concept is due to Sostak (see e.g. [18] and [19] in case L = M = [0, 1]) and Sostak and
Kubiak [14] where these spaces are referred to as “(L, M)-fuzzy topologies” (cf. Chapters 3
and 4 of [4]). Mingsheng Ying [28] called the case L = {0,1} and M = [0, 1] a “fuzzifying
topology”.

1.5 Neighbourhoods

Definition
In (X,L,7) an a-neighbourhood (o € L, o« # 1) of a point x € X is a u € 7 such that
u(z) > a

Definition
In (X, L,T), L with an order reversing involution ’ a quasi-neighbourhood of a fuzzy point
Uy is a u € T such that py geo u, ie. pg(x) > u(z)'.

Proposition
In (X,L,7T) (L with an order reversing involution) v € 7 is an « neighbourhood of z iff u
is a quasi-neighbourhood of p, = (z,a/).



Proof. Trivial.
O
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2.1.1

2.1.2

2.1.3

2.14

2.1.5

2.1.6

Chapter 2
Crisp Sobriety

In this chapter we define sobriety of a crisp topological space in four different ways and show
that the definitions are equivalent.

2.1 Initial definition and first characterization

Definition ( [8])
Given a topological space (X, T), ptT (or spectrum of 7)) will denote the collection of all
frame maps p from 7 into the frame {0, 1} (the topology on a singleton space).

Definition
Let
U:X — ptT

V() (u) = Xu(z)

be the characteristic function of u, for x € X and w € 7. Then (X,7T) is sober iff ¥ is a
bijection.

Proposition ( [8])
U is injective iff (X, 7) is Tp.

Proof. If z, y are distinct points of X then we have ¥(z) = U(y) iff z and y are contained
in exactly the same open sets of X iff the Tj axiom fails for the pair (z,y).
O

Corollary
(X,T) sober = (X,7T) Ty

Definition (see Definition 1.2.2)
Let (X,7) be a topological space. A filter F of open sets is completely prime if for every
family (Oi)iel with Uie[ 0; € F,dt € I with 0; e F.

Theorem
A topological space (X,7) is sober iff every completely prime filter F of open sets is the
filter of open neighbourhoods of a unique x € X.

Proof. Firstly observe that Vp € pt7, p= (1) is a completely prime filter in 7.
Filter :

11



2.
wvep (1) = pu)=1pw) =1
= p(unv) =pu) Ap(v) =1
= uNvep (1)
3.

uep (1),uCv = pv)=1since p(v) > p(u) (p(u) =p(unv)=p(u) Ap(v)=1)
= vep (1)

Completely Prime :

Uuwer (1) = p(Juw)=1
= \/p u;) =1
= Ju; st plug) =1
= Ju; st u; €p (1)

We need to show that all completely prime filters in 7 are of the form p~—(1) for some
p € ptT. Let F be a completely prime filter of open sets. Define,

p: T —{0,1}
as
(u) 1 fueF
PU=Y 0 ifugrF
Then p is a frame map as can be seen from,
1.
p(X)=1,p(0) =0
2.
1 ifuandveF
p(uﬂv)—{ 0 uorvgF
= p(u) Ap(v)
3.

1 if|Ju; € F
P(U“i):{ 0 ifHuing
=\ p(u

because if |Ju; € F, Ju; € F and so p(u;)

i)
=1 hence V p(u;) = 1. If Ju; € F then
no u; € F and so \/ p(u;) = 0. Thus F = p— (1) fo

or a frame map p € pt7.
Now, if (X,7) is sober then

p(1) = {ueT:plu)=1}
= {ueT:xu(z)=1 for some unique z € X}
= {u €T :z € u for some unique z € X}

12



2.2.1

2.2.2

2.2.3

2.2.4

Conversely, if F is a completely prime filter in 7 then
F={ueT:zecuforaunique z € X}
Thus for any p € pt7

p~(1) = {u€T:zcuforauniquex e X}
= {ueT:xulx)=1for a unique z € X}

so W is a bijection and (X, T) is sober.
O

2.2 Two other characterizations of sobriety

Sobriety can also be defined in terms of nets. Before doing this we need to introduce some
concepts concerning nets.

Definition ( [23])

Given a topological space (X,7). A net (xx)xea in X is observative if , given O € T and
x) € O for some A € A, then the net is eventually in O.

Thus a net is observative iff it converges to each of its points (it is “self converging”).

An observative net is said to strongly converge to x if it converges with respect to 7 and if
it additionally satisfies that = is an element of every open set which eventually contains the
net. In this case we write x) —™* x.

If (zx)xren is a net on some set and A € A, we denote the A-tail {x; : j > A} of the net by
]

Example

In R with the ordinary topology the constant nets (x) = r,V\) are observative.

In X = (—o0, k] with the topology {X,0, (a,k] : a € X}, zx = XA € X (with the usual < on
R) is an observative net which converges strongly to k.

In the logical approach to topology, open sets correspond to observable properties of
points and z € O means that = has the property O. Thus an observative net may be
thought of as a stepwise computation where every property established at some stage will
be satisfied eventually. In this setting, being the strong limit means having exactly all the
properties established during the computation.

Definition ( [23])
If (X,7) is a topological space then b — 7, its b-topology, has as a subbase of open sets the
family of all sets which are either 7-open or 7-closed.

Proposition ( [23])
If (xx)rea is an observative net in (X,7) then x) —* z iff )\ — z with respect to the
b-topology.

Proof. Suppose )y —* z and x € A for some 7 -closed set A. If the net is not eventually
contained in A, then it is frequently in the open set X \ A. The net is observative, hence
[#]>x C X \ A for some tail. But then € X \ A by strong convergence, a contradiction.
Hence strong convergence implies b-convergence. If on the other hand x) — x with respect
to b — 7T, then strong convergence follows immediately: An open set O which eventually
contains the net but does not contain x gives rise to a b-neighbourhood X \ O of x which is

13



2.2.5

2.2.6

2.2.7

2.2.8

missed by the net.
O

For a net (wx)xea in (X,7) we construct the derived filter of open sets F(,,) as follows,
.7‘-(“) ={0eT :3xeA, [1‘]2)\ C 0}

Proposition ( [23])
A filter derived from an observative net is completely prime.

Proof. Let (z))xea be observative and (J;c ; O; € Fuy)- So [z]>x- CJO;. Then Jjo € J
such that - € Oj,. Since the net is observative, this implies that some tail is contained in
Oj,. Thus by definition of F,,), Oj, is a member of it.

O

Lemma ( [23])
If (zx)rea is an observative net then z) —* x iff Flay) = Ny.

Proof. (x))xca converges strongly to z iff it is true that © € O € T is equivalent to the
existence of some A € A with [z]>x C O.

zy—"ziffze 0O INEAN[z]>2COiffx e 0 - 0 €cF,,

Proposition ( [23])
Suppose F is a filter of open subsets of the topological space (X, 7). Then F is completely
prime iff VO € F, 9z € O such that VP € T,z € P= P € F

Proof. In case F has this property and ;. ; O; € F, pick x € U, ; O; with (z € P =
P € F). Certainly we have x € O, for some jo € J. Hence O;, € F. Therefore, the filter
is completely prime.

Conversely, suppose that O € F does not have this property. This means that for each
x € O thereis P, € T withx € P, and P, € F. Set O, = P, N O. Then O, ¢ F for all
r €0 and O = J,.n O, € F. This contradicts complete primality of F.

O

Siinderhauf [23] constructs a net from a completely prime filter as follows.
For each O € F choose g € O with the property guaranteed by Proposition 2.2.7. Then
Ar ={(20,0) : O € F} is a directed set with respect to (xg,0) < (zg,S) iff S C O. Then
N :Ar — X, N(zg,0) = z9 is called the net derived from the completely prime filter F.

Lemma ( [23])
A net derived from a completely prime filter is observative.

Proof. Let (x¢) be the net derived from the completely prime filter and let 2o € O* for
O* € T. Then O* € F by the choice of z and hence (zg,0*) € Ar. If (x5,5) > (z9,0%)
then S C O* and xg € S C O* and the net is eventually in O*.

O
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2.2.9

2.2.10

2.2.11

2.2.12

Proposition ( [23])
Every completely prime filter F equals the derived filter of any of its derived nets.

Proof. If O € F and [z]>0 C O then O € F(,,,). Conversely, O € F,,, implies [z]>p C O
for some P € F. Hence, zp € O, and this implies O € F by the choice of zp.
O

The preceeding results concerning nets provide us with the following theorem, which
constitutes our second characterization of sobriety, now in terms of observative nets.

Theorem ( [23])
A topological space (X, 7) is sober iff every observative net strongly converges to a unique
point.

Proof. (X,7) sober implies by Theorem 2.1.6 that every completely prime filter of open
sets equals N, for a unique z € X. So given an observative net (zx)xea, then its derived
filter is completely prime (by Proposition 2.2.5) and is therefore A, for a unique x. Thus
by Lemma 2.2.6, zx —* x for a unique z.

Conversely : Suppose every observative net in X strongly converges to a unique =z € X.
Then by Lemma 2.2.6, N, is the derived filter of such a net, and by Proposition 2.2.5 is
completely prime. But by Proposition 2.2.9 every completely prime filter can be derived
from such an observative net, and hence equals NV,. So by Theorem 2.1.6, (X,7) is sober.
O

The third characterization of sobriety is in terms of irreducible closed sets.

Definition ( [8] see also Definition 1.2.5)

A subset F' of a topological space (X, 7) is said to be irreducible closed if it is closed and it
cannot be written as a union F' = F} U F» where both F; and F5 are proper closed subsets
of F.

Theorem ( [8])
A topological space is sober iff every non-empty irreducible closed set is the closure of a
unique singleton.

Proof. For each p € pt7, p~ (1) is a completely prime filter in 7 (see proof of Theorem
2.1.6), i.e. p=(0) =] \/{a € p~(0)} (p preserves arbitrary \/) is a principal prime ideal in
T (Proposition 1.2.3). So for each p € ptT, there exists a prime element (\/{a € p~(0)}) in
7T and hence (by Proposition 1.2.6) an irreducible closed set.

Conversely, given an irreducible closed set in X, then its complement in X is a prime
element in 7 which generates a principal prime ideal in 7. Its complement in 7 is therefore
a completely prime filter in 7. (Proposition 1.2.3). By the proof of Theorem 2.1.6, this is
of the form p~(1) for some p € pt7.

So there is a bijection between pt7 and the irreducible closed sets in (X, 7T) (i.e. a bijection
between pt7 and the prime elements in 7). Now if (X, 7)) is sober by Definition 2.1.2, there
is a bijection between X and the irreducible closed sets in X. Since for each x € X, its
closure cl{x} is irreducible closed, sobriety implies that every irreducible closed set in X is
the closure of a unique singleton.

Conversely suppose U is an irreducible closed set, therefore U = ¢l{z} for a unique z € X.
Then X \ U is a prime element in the lattice of open sets of X. Each prime element of 7
is associated bijectively with a point p € pt7, therefore we can associate the unique x € X
that generates X \ U with the p € pt7. Therefore v is a bijection.

O
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3.1.1

3.1.2

3.1.3

3.1.4

3.1.5

Chapter 3

Properties of Sober Spaces

3.1 Results concerning crisp sobriety

Proposition ( [8])
If (X, 7) is Hausdorff, then ¥ is a bijection.

Proof. If F' is a closed subset of a T space X containing two distinct points x and y, let U
and V be disjoint open neighbourhoods of z and y. Then F\ U and F'\ V are proper closed
subsets of F' whose union is F\ (UNV) = F i.e. F is reducible. So the only irreducible
closed sets of X are singletons. Therefore X is sober by Theorem 2.2.12.

O

This result (a Hausdorff space is sober) can also be deduced immediately from Theorem
2.1.6 or Theorem 2.2.10. Putting this together with Corollary 2.1.4, we get,

Corollary
(X,7T) Hausdorff = (X,T) sober = (X,7) Tj

Example

R with the ordinary topology, being Hausdorff, is sober whereas R with the cofinite topology,
is T1 but not sober since R itself is irreducibly closed but not the closure of a singleton.
X = {—o0, k] with the topology {X,0,{(a,k] : a € X}} is sober since every (irreducible)
closed set (—o0, a] is the closure of a € X.

Definition ( [8])
Define,
®:T — P(ptT)

O(u) = {peptT : p(u) =1}

Proposition ( [8])
® is a frame homomorphism 7 — P(pt7T ), in particular its image is a topology on pt7.

Proof.
O(X) = ptT since p(X) =1 for all p € ptT

O (0) = 0 since p(0) = 0 for all p € ptT
@ (u) N®(v) = ®(uNw) since p(uNv) =p(u) Ap(v) for all p € ptT

16



3.1.6

3.1.7

3.2.1

R

We can always consider pt7 as a topological space, with topology given by the image of
.

Proposition ( [8])
For any frame 7, the space pt7 is sober.

Proof. Let F' be an irreducibly closed subset of pt7. Its complement in pt7 is a prime
open set (Proposition 1.2.6), which we can write as ®(a) for some a € 7; this ¢ may not be
uniquely determined, since we are not assuming 7 is a topology, but since ® preserves joins
there is a unique largest a with ®(a) = pt7 \ F’, namely the join of all such a. It is now clear
that this a is a prime element of 7, since if bNe¢ C a then ®(b) NP (c) C P(a), whence either
®(b) C ®(a) or (c) C P(a) and so b C a or ¢ C a. Moreover, it is easy to see that the point
p of T defined by this prime element satisfies U(p) = pt7 \ ®(a) = F. So ¥ is surjective.
But if p, ¢ are distinct points of pt7, then there exists a € 7 with p(a) # ¢(a), so that the
open set ®(a) contains just one of p and ¢; thus pt7 is a T space. So ¥ is injective.

O

In view of this result pt7 with the topology {®(u) : u € T} is called the soberification of
(X, 7).

Note
1. {®(u) : uw € T} is a topology on pt7 under which ¥ becomes continuous and open
since ¥ (®(u)) = v and ¥~ (u) = ®(u). Thus if (X,7T) is sober, ¥ is a homeomor-
phism. Of course if (X, 7) is sober it is its own soberification.

2. Note that ®(u) as a subset of pt7 can also be considered as a map from pt7 into {0, 1}
where :

v ={ o 1=y =l

3.2 Sober spaces and continuous maps

A map f:(X,7T;) — (Y, T3) is continuous iff f is a frame morphism from 73 to 73.
In [2] it was proved that:

Theorem

If (X,7;) and (Y, 72) are two topological spaces with (Y, 73) Hausdorff, and p : 7o — T4
is a frame morphism, then there exists a unique continuous function f : X — Y such that
I~ =p

This result can be considerably generalized:
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3.2.2

3.2.3

3.2.4

3.3.1

3.3.2

3.3.3

3.3.4

Theorem

If (X,77) and (Y, 72) are two topological spaces with (Y, 73) sober and p: 7o — T is a
frame morphism, then there exists a unique continuous function f : X — Y such that
==

Sobriety of (Y, 73) is also necessary in the following sense,

Theorem
If (Y, 72) is Tp (e.g. ¥ of Definition 2.1.2 is injective) and for every (X, 77) and every frame
morphism p : 7o — 7 there exists an f : X — Y such that f< = p, then (Y, 73) is sober.

On the other hand the Ty requirement can be dropped in the case that f is unique :,

Theorem
If for every (X, 77) and every frame morphism p : 7o — 7 there exists a unique f : X — Y
such that f© = p, then (Y, 72) is sober.

These results are special cases of more general ones. See later in Chapter 5.
3.3 Sobriety of partially ordered sets

Definition ( [8])

Let X be a T space, we can define an order on X as follows x < y iff  is in the closure
of {y} (cl{z} C cl{y}). If this relation holds we say x is a specialization of y, this order is
called the specialization ordering.

The specialization ordering is reflexive, transitive and antisymmetric (antisymmetry is
the Ty axiom) so it is a partial ordering. This allows us to put a partial order on any Tj
space. Any continuous map between Ty spaces is necessarily order preserving and the order
is discrete iff X is a T} space.

Conversely, we want to ask the question, given a poset (X, <), can we find a T topology on
X for which < is the specialization ordering? The answer to this question is yes, as can be
seen by the following results.

Definition ( [8])
If (X, <) is a poset the Alexandrov topology Y (X, <), the collection of all upper sets of X,
is a maximal T topology on (X, <) for which < is the specialization ordering associated
with this topology.

Definition ( [8])

If (X,<) is a poset the upper interval topology ®(X, <), the smallest topology for which
sets of the form | (x) are closed, is the minimal topology on (X, <) whose specialization
ordering is <.

Proposition ( [8])
Let (X, <) be a poset, T a Ty topology on X. Then 7 induces the ordering < iff
B(X,<)C T CY(X,<)

Proof. Suppose 7 induces <. Then every 7-open set must be an upper set since if
c{y} =| (y) meets an open set U then y € U and so 7 C T (X, <). But since | (y) must
be 7 closed for every y we also have ®(X, <) C 7. Conversely if &(X,<) C 7 C T(X,<)
then | (y) is the smallest 7 closed set containing y and so x < y iff € cl{y} and 7 is T}
since it contains the Ty topology ®(X, <).
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3.3.5

3.3.6

3.3.7

Proposition ( [8])
If (X, 7T) is a sober space then the specialisation ordering on X has directed joins. Moreover

if U € 7 then U is not merely an upper set but also inaccessible by directed joins. ie. S C X
directed and \/ S € U imply SNU # 0

Proof. Let S be a directed subset of X. Then the family of subsets {cl{z} : z € S} is also
directed. Let T be the closure of its union. If T' = F} U F> where F; and F5 are closed,
then for each z € S we have either x € F; or z € F5 and by directedness we conclude either
S C Fy or S C Fy, since the F; are lower sets. Hence T = F or T = F5 i.e. T is irreducible.
So T is the closure of a unique point y, which is readily seen to be the join of S in (X, <).
Moreover if U is open and y € U, then U meets | J{cl{z} : © € S}, which implies that © € U
for some x € S. So U is inaccessible by directed joins.

O

Definition ( [8])
Let (X, <) be a poset with directed joins then the set ¥(X, <) of upper sets which are
inaccessible by directed joins is a topology on X called the Scott topology.

The sets X\ | (z) are inaccessible by directed joins and so ®(X,<) C 7 C 3(X, <). For
sober topologies we have improved the bounds of Proposition 3.3.4, a sober topology 7 on
X induces a given partial order < iff (X, <) C 7 C (X, <). This leads to the question,
is the Scott topology on a poset with directed joins always sober? Equivalently we can ask
two seperate questions,

1. If (X, <) has directed joins, is there a sober topology on X inducing <?
2. If (X, <) is induced by some sober topology, is the Scott topology on X sober?

In general the answer to both of these questions is no. The following example is a coun-
terexample to (1) and from it we can obtain a counterexample to (2).

Example ( [7])
Consider the set
X =Nx (NU{})

We define a partial order on X as follows,
(m,n) < (m',n') iff either m =m’ and n < n' (< o) or n' = oo and n < m/'.

Evidently the elements (m,c0) are all maximal in X, so if one of them is contained in a
directed set S C X, it must be the greatest member of S. Remarking that if m # m’ the
only upper bounds for (m,n) and (m’,n’) in X are elements of the form (m”,c0), we see
that the only directed subsets of X without greatest members are infinite and therefore
cofinal subsets of {m} x N for some m. Since any such subset has (m, o0) as its only upper
bound, we deduce that every directed subset of X has a least upper bound. On the other
hand, if U is a nonempty Scott-open subset of X, U cannot be contained in N x {co}, since
each point (m, 00), is a directed join of elements not in this set. Now U contains some (m,n)
with n < oo, but since it is an upper set it must also contain (m/, co) for all m’ > n. Any
two nonempty Scott-open subsets of X must therefore intersect, i.e. X is irreducible in the
Scott topology, but it has no greatest member. Lastly, suppose 7 is any sober topology
inducing the given partial order on X, since 7 is contained in the Scott topology, X must
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be irreducible (and closed) in it, and so no such topology can exist.

Determining the soberification of (X, (X, <)) is now not difficult: if F' is a proper Scott-
closed subset of X, then it contains only finitely many points of the “top row” N x {oc},
from which it follows that (J{cly : y € F,y € «} is closed for any maximal element x of
F, and hence, if F' is also irreducible, that is the closure of a singleton. Accordingly, the
soberification of (X, X(X, <)) has underlying poset (X T, <) obtained by adding a single top
element co to (X, <). Nevertheless, {oo} is open in the Scott topology on X T, since oo is
not expressible as a nontrivial directed join, so (X*,3(X, <)) contains (X,X(X, <)) as a
closed subspace and is therefore not sober, which provides our counterexample to (2).
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4.1.1

4.1.2

4.1.3

4.1.4

Chapter 4

Fuzzy Sobriety or L-Sobriety

4.1 Sobriety of L-topological spaces
The following comes from [10] and [16].

Definition
Let (X,L,7T) be an L-topological space with L as in 1.4.4 (i.e. L is a frame with 0 and 1
and an order reversing involution). Lpt7 is the set of all frame maps p from 7 into L.

Definition
Define,
V. X — LptT

U(r)(u) =ulx) Vee X,YVueT
U is an injection iff 21 # x5 implies there exists a u € 7 such that u(z) # u(ze).
We call this property Tp.
We say (X, L,T) is sober iff ¥ is a bijection.

Definition (see also Note 3.1.7(2))
Let u € T then ®(u) is a fuzzy subset of LptT defined as follows

O(u): LptT — L

Proposition
{®(u) : w € T} is an L-topology on Lpt7T under which ¥ becomes fuzzy continuous and
fuzzy open.

Proof. The proof that {®(u) : w € T} is an L-topology follows that of Proposition 3.1.5

We can see that ¥ is fuzzy continuous because,
U (R(w)(x) = D(u)(
= ¥Y(z)(u)
u(z) forallz € X and allu € 7.

u)(¥(x)) (Zadeh’s extension principle, Definition 1.3.1)
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4.1.5

4.1.6

4.1.7

4.2.1

4.2.2

4.2.3

Then U< (®(u)) =wu for all u e 7.
U is fuzzy open since

U~ (u)(p) = \/ u(z) (Zadeh’s extension priciple, Definition 1.3.1)
ze¥—(p)

= p(u)
= ®(u)(p) for all p € LptT

Thus ¥ (u) = ®(u)
O

Corollary
If (X, L,7) is sober then ¥ is a fuzzy homeomorphism.

We shall now provide examples of fuzzy L-topological spaces which are sober.

Example ( [6])
The fuzzy real line R(I) and the fuzzy unit interval [0, 1](1).

Example ( [20] [21])

The fuzzy Sierpinski space of Srivastava is (X,L,7) where X = [0,1], L = [0,1] and
T ={0,1,id}. T is clearly Ty, so ¥ : X — LptT is injective. To see the surjectivity of ¥,
pick any p € Lpt7T. Then p(0) =0, p(1) = 1 and p(id) = « for some « € L.

Also, by the definition of ¥,

U(a)(0) =0,¥(a)(id) = o, and ¥(a)(1) = 1.

Thus ¥(«) = p. So ¥ is bijective, which implies that the fuzzy Sierpinski space is sober.

4.2 Fuzzy Sobriety for the case L = [0, 1]

Here we follow the work of Singh and Srivastava as contained in [17]
Definition
Let (X, [0,1],7) be a fuzzy topological space and o € [0, 1), put to(7) = {u" (e, 1] 1w € T}.
Then 1,,(7) is a topology on X (usually called the a-level topology on X induced by 7).
Let ¢(7T) be the topology on X generated by the family {u~ (e, 1] :uw € T, € [0,1)}.
Definition

1. (X,[0,1],7) is a-sober (where o € [0,1)), iff (X,:0(7)) is sober.

2. (X,[0,1],7) is strongly sober, iff (X, 14(7)) is sober, Va € [0, 1).

3. (X,[0,1],7) is ultrasober ift (X, (7)) is sober.

Proposition
Every sober fuzzy topological space is ultrasober.
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Proof. Let (X,[0,1],7) be a sober fuzzy topological space. Then ¥y : X — LptT (of
Definition 4.1.2) is bijective. It follows that (X, [0,1],7) is Ty, whereby Ws : X — ptu(7)
(of Definition 2.1.2) is injective. It remains to be shown that U is surjective also. This we
show as follows.

For each p € ptT, let p* : L(T) — {0, 1} be defined, first on the subbasic open sets of +(T),

as
w e 1 ifp(u) >«

pru” (1)) = { 0 ifzgug <a
where u € 7 and a € [0,1). To complete the definition of p*, the image of an arbitrary ¢(7)-
open set U of the form U = UjeJ(mkeKj (ujg(@jk, 1]), where J is an arbitrary index set, for
each j € J, K; is a finite index set and for each k € K, u;, € 7, and o € [0,1), is defined
as p*(U) = Ujes(Miexk, P*(uji (i, 1])). It is tedious, but straightforward otherwise, to
verify that p* € ptu(7). Now define a map 7 : Lpt7T — pt(7) as n(p) = p*. We show
that (9o Uq)(x) = Wa(z) as follows. For xz € X, (no ¥1)(z) = (¥1(x))* and for u € 7 and
a€[0,1),

e = ) AN e

Wy () (u™ (a; 1])

Since both (¥ (x))* and ¥y (z) are frame maps, we have (¥4 (2))*(U) = (¥2(x))(U) VU €
(7). Hence no ¥y = Uy. In view of this, the surjectivity of ¥y will follow from the surjec-
tivity of 1, which we prove next. For each ¢ € ptu(T), define p, : T — [0,1] as

(1 if glu= (e, 1]) =1 VYa€[0,1)
pqe(u) = { int{B €[0,1): q(u—(8,1]) = 0} otl(']lerwise

We show that p, € LptT.

Assertion 1. p, preserves order.

Let for u,v € T,u < wv. Then v (a,1] C v~ (a,1] Va € [0,1). Hence ¢(
q(v—(a,1]) = 0 (as ¢ is a frame map). Thus, {8 € [0,1) : ¢(

a(v(8,1)) = 0}, whereby inf(8 € [0,1) : g(u™ (3, 1)
0}, ie., pg(u) < pg(v).

Il
jan)
—
IA
=)
=
—_
»
m
<
—
Q
—
T
—
=
=
I

Assertion 2. p, preserves finite infima, i.e., for u,v € T, py(u A v) = pg(u) A pg(v).
Case(1): When py(uAv) = 1.
We note that

pgunv)=1 & q((urv)” (a,1])=1 VYae[0,1)
< qu (o, 1]Nv " (o, 1)) =1 Va€[0,1)
< quT (1) AqlvT(a,1]) =1 Vae€[0,1)
< quT(o,1])=1land v (o, 1]) =1 Va€0,1)
< ¢u (1)) =1 Vael0,1)and q(v " (o,1]) =1 Vae€|0,1)
< pe(u) =1 and py(v) =
& pg(u) Apg(v) =1
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Case(2): when pg(u Av) # 1.
We note that

peunv) = nf{B€[0,1):q((unrv)™(8,1]) =0}
= inf{8 €[0,1): gq(u™ (8, 1] Nv"(B,1]) = 0}
= inf{g€[0,1):q(u"(3,1]) Agv™(5,1]) = 0}
= inf{g€[0,1):q(u"(8,1]) =0 or g(v™ (8,1]) = 0}
= inf{{B€[0,1):qu"(31])=0}u{B3€[0,1):
) - =

inf{inf{8 € [0,1) : ¢(u™(5,1])
inf{pg(u), pq(v)}
= pq(u) Apg(v)

Assertion 3. p, preserves arbitrary suprema, i.e.,

\/pq(uj) :pq(\/ 'UJj) V{Uj ZjEJ} cT

JjeJ jeJ

Case(1): When \/jerq(Uj) - 1.
We note that

\/ pe(u;) =1 < pg(u;) =1 for some j
i€t

& Vael0,1),q(uj (a,1]) =1 for some j

= \/ q(uj (a,1]) =1 Va €[0,1)
jes

& qJujes(a1)=1 Vael0,1)
jeJ

& q((\/ u)70,1)=1 Vae0,1)
jeJ

A pq(\/uj) =1

JjeJ

Case(2): When V,; pg(u;) # 1.
Let Vje,] pg(u;) =a o # 1. Then

(a) pg(u;) <a, VjeJand
(b) fore >0, 3j=jo with pg(uj,) > a—e.
From (a), it follows that inf{ € [0,1) : q(uj (8,1]) =0} <, Vj € J,

ie, q(uj (a,1]) =0 Vje J, ie. \/ q(u; (o, 1]) =0,
jed

ie., q(|Jus (1)) =0, ie, q((\/ u) (1)) =0. (1)

JjeJ JjeJ
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From (b) it follows that, for e > 0,35 = jo with g(uj (@ —¢,1]) =1,

ie, fore>0,\/ qu (@—e 1) =1, ie, q((\/ w) (a—c1])=1 (2
JjeJ jeJ

Combining (1) and (2), we get inf{g8 € [0,1) : q((\/jeJ u;)(6,1]) =0} = o Le. pq(\/jeJ uj) =
a. This proves the Assertion. Assertions (1), (2) and (3) together show that p, € LptT.

We now claim that n(p;) = p; = ¢q. To see this, it is easily seen that p}(u™(a,1]) =
q(u (e, 1]), for any subbasic open set u~ (a, 1] of +(7') and so, as p; and ¢ are frame maps,
we get p;(U) = q(U) for any (T )-open set U. Thus, n is surjective. Hence (X, (7)) turns
out to be sober, i.e., (X,[0,1],7) is ultrasober.

4.2.4 Proposition
Every strongly sober fuzzy topological space is ultrasober.

Proof. Let (X,[0,1],7) be a strongly sober fuzzy topological space. Then ¥¢ : X —
ptie(7T) is bijective, Vo € [0,1). Clearly, (X, (7)) is Ty as ta(7) C «(T), whereby ¥ : X —
pto(T) is injective. So, it remains to be proved that ¥ is surjective also. For o € [0, 1), define
No 2 PE(T)) — ptia(T) as ne(p) = p o, where p € pte(T), and i : 1o(7T) — «(T) is the
inclusion map. We show that 1, o ¥ = U* as follows.

Note that for x € X and v («a, 1] € 1o (T),

((a 0 W)(2))(u™ (a,1]) = [¥(x)]

Thus, ng o ¥ = ¥,

As U® is bijective and 1, o ¥ = ¥U® 75, is surjective. To prove the injectivity of 7,
suppose p1 # p2 for p1,p2 € pte(T). Then U € «(7T) such that p1(U) # p2(U). Let
U = UjeJ(mkeKj uiy(ajk, 1]), where J is an arbitrary index set, for each j € J, Kj
is a finite index set and for each k € Kj, ujr € 7 and aj € [0,1). Then p(U) =
Vjes(Arer, P1(ujp(ajr, 1])) and pa(U) = Ve, (Arek, P2(uj (e, 1])). As pr(U) # p2(U),
3 some ujy (ajk, 1] € ta,, (T) such that pr(ujy(ayk, 1]) # p2(ujy (i, 1)).
Then (p1 0 4)(uj (ajk, 1]) # (p2 0 9)(uj;(ajk, 1]), L., Na(p1) = Na(p2), which shows that 7,
is injective. Hence 1), is bijective and (X, (7)) is sober, i.e., (X,[0,1],7) is ultrasober.
O

We’ll now provide counterexamples to show that the converses of the previous theorems are
not necessarily true. The first example shows that sober # a-sober, sober #- strongly sober,
ultrasober # a-sober and ultrasober # strongly sober.

4.2.5 Example
Consider the fuzzy Sierpinski space (X,[0,1],7) of Srivastava, where X = [0,1], 7 =
{0,1,id} with id the identity map on [0, 1], which is known to be sober (see Example
6.1.6 later). Using Proposition 4.2.3, (X, [0,1],7) is ultrasober also. Now, it is clear that
ta(T) = {0,10,1], (o, 1]}. Evidently, ([0, 1], (7)) is not Ty and so (X, [0,1],7) cannot be
a-sober for any a € [0, 1), whence (X, [0, 1],7) is not strongly sober also.

The next example shows that a-sober # sober, strongly sober # sober and ultrasober
# sober.
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4.2.6 Example

Consider the fuzzy topological space (X, [0,1],7), where X = {a,b} and 7 = {0,1, (a, 1)},
where (a,1) the fuzzy point with value 1 at a (see Definition 1.3.3). Then t,(7) =
{0, X,{a}}, Ya € [0,1). Evidently, (X,ta(7)) is sober, Ya € [0,1) and so (X,[0,1],7)
is strongly sober too. As «(T) = {0, X,{a}} = 1a(7T), (X,[0,1],7) is ultrasober also.

Note, however, that the map ¥ : X — Lpt7 (Definition 4.1.2) cannot be onto. For exam-
ple if we fix @ € (0,1), then the function p : 7 — [0, 1], defined as p(0) = 0, p((a,1)) = «
and p(1) = 1, is clearly such that p € LptT and for no z € X, ¥(z) = p. Thus (X, [0,1],7)
cannot be sober.

The next example shows that a-sober #- strongly sober.

4.2.7 Example
Consider the fuzzy topological space (X, [0, 1], 7), where X = {a,b,c} and T = {0, 1,(0.7,0.6,0.1),
(0.8,0.3,0.2), (0.8,0.6,0.2), (0.7,0.3,0.1)}. Then for o € [0,0.1), 1o(7T) = {0, X}. Clearly,
(X, ta(T)) is not sober for a € [0,0.1). For a € [0.3,0.6), to(7) = {0, X, {a,b},{a}}. The
irreducible closed sets of (X, 1, (7)) are {c}, {b,c} and X. Clearly, {c} = ¢, {b,c} = b and
X =a. Thus, (X,[0,1],7) is a-sober, Va € [0.3,0.6) but is not strongly sober.

The following concepts and results from Wutys [27] are needed to provide a counterex-
ample showing that a-sober % ultrasober.

4.2.8 Definition
If {T, : « € [0,1)} is a family of topologies on X, « € [0,1), G € Ty, and x € G, then
{Gg : a < f < o <1} is said to be an (LT)-family for (z,G,a) relatively to the family
{T, : @ €]0,1)} if the following properties hold:

1. Vo e (o), Ggelg,xeGgCG

2. V@' € (o, 0),¥8" € (a,0), 8 < B, G C Ggr.

If {To : @ € 0,1)} is a family of topologies on X, we say that it has the (LT)-property if
for each « € [0,1), G € Ty, and x € G, there exists an (LT)-family for (z, G, «) relatively
to {To : v € [0,1)}.

If (X,[0,1],7) is a fuzzy topological space, the family {ta(7) : o € [0,1)} of its level
topologies turns out to have the (LT)-property.

4.2.9 Proposition ( [27])
If F={T,:a€[0,1)}is a family of topologies on a set X, then there exist fuzzy topologies
7 on X having F as their level topologies, i.e., such that Va € [0,1), 1,(7) = Ty, iff F has
the (LT)-property.

The following counterexample shows that a-sober # ultrasober.

4.2.10 Example

Let X = (—o00,t] C R be equipped with the topology T' = {X,0} U {(a,t] : a € X}. Clearly
(X,T) is sober. Enlarge T to the topology T* on X generated by T together with the
cofinite topology on X. Then the closed subsets of (X,T*) are (—o0, a] (where a € X), all
finite subsets, X, and (). Each (—o0,al, a € X, is easily seen to be irreducible T*-closed but
is not the T™-closure of any singleton.

Let us fix k € (0,1) and for each « € [0,1), let the topology T, on X be given by T, = T*
for all @ € [0,k) and T, = T for all & € [k,1). Then for each a € [0,k), G € Ty, and
x € G, there exists a family {Gg : Gg = G,VB € (o, k)} which is an (LT)-family relatively
to {To : @ € [0,1)}. Again, for each @ € [k, 1), G € T, and x € G, there exists a family

26



4.2.11

{Gp : Gg = G,¥B € (a,1)} which is an (LT)-family relatively to {To : @ € [0,1)}.

Thus for each a € [0,1), G € T,, and & € G, there exists an (LT)-family for (z,G,«)
relatively to {Ty : « € [0,1)}. Hence the family {T, : @ € [0,1)} has (LT)-property.

Thus, by Proposition 4.2.9, there exists a fuzzy topology 7 on X such that Vo € [0, 1),
ta(T) = T,. This (X, [0,1],7) is a-sober for a € [k, 1) but not ultrasober (since T* D T =
o(T) =T and T* is not sober).

Putting together the foregoing results and counterexamples, we now arrive at the following
conclusion.

Theorem
The following implications exist among the various sobriety concepts in fuzzy topology.
Moreover, no other implications exist between any of these concepts.

Strongly sober = Ultrasober

I f

a-sober Sober
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5.0.12

5.0.13

Chapter 5

Properties of L-sober spaces

In section 3.2 we referred to the following results. Here again L is as in 4.1.

Theorem ( [10])
(X,L,T7) and (Y, L,T3) are two L-topological spaces with (Y, L,73) sober. If p: 7o — Tg
is a frame map, there exists a unique L-continuous function f : X — Y such that f~ =

Proof. We have Ux : X — Lpt7T; and ¥y : Y — LptT, with the latter a bijection.
Define G : LptTy — LptT; as G(p) = po p for p € 77 and therefore define f: X — Y as
f=Vy oG oV¥x we need to check that f~ = pie. if v € 75 and z € X we need to show

that f=(v)(z) = u(v)(x).

7)) = v(f(z))
= vy
= v

Now if U5 (¢) = y (¢ € LptTs), then Uy (y) = ¢ i.e. for every v € T3, q(v) = Uy (y)(v) =
v(y) by definition of ¥y. So for y = ¥ (Ux(z) o u) we have v(y) = Ux(u(v)) =
w(v)(x). Hence f~(v)(z) = u(v)(x) for every v € T3 and every x € X. Thus f< = pu.
Uniqueness of f: Suppose we also have f : X — Y such that f “~ = pu. We must show that
f=f,orthat f = ¥, o GoUx. Now f(z) = Uy (G(¥x(x))) = ¥y (Ux(z) o). And
again Uy (Ux (z) o p) = y iff for every v € Tz, v(y) = p(v)(z) = f~(z) = v(f(z)). But this
implies, since Wy is injective that y = f(z). Hence f = f.

O

Theorem ( [10])
If (Y,L,7T5) is Ty and for every (X, L,77) and every frame map u : 7o — 77 there exists
f: X — Y such that f~ = p then (Y, L, 73) is sober.

Proof. Since (Y, L,73) is Ty, we have that Uy is an injection. We therefore only have to
prove that Uy is surjective (i.e. for every p € LptT; there exists a y € Y such that for every
v €Ty, pv) = u(y)). Now take X = {2} with 7; = L{#} and any p: 75 — 7;. Then by
hypothesis there exists an f : X — Y such that ¢= = p. Call f({z}) = f(z) = y. Then
for any v € 73,

p)(x) = [ @)(x)



5.0.14

Identify L{*} with L. Then the frame maps pu : 7o — 7, are identified with the p € LptTs,
and after that identification p(v)(z) = p(v). We therefore have that for every p € LptTs,

there exists a y € Y such that for every v € T3, p(v) = v(y). Thus ¥y is surjective.
O

We can drop the Ty requirement in Theorem 5.0.13 in the case f unique.

Theorem ( [10])
If for every (X, L,7;) and every frame map p : 7o — 77 there exists a unique f: X — Y
such that f< = p then (Y, L, 73) is sober.

Proof. If (Y,L,T5) is not Ty we can shuffle the points of Y with the same values for all

v € 75 around without any effect on the frame of the latter, but violating the uniqueness of f.
O
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6.1.1

Chapter 6

Fuzzy sobriety, Semi-Sobriety
and the Hausdorff properties

6.1 The relationship between fuzzy sobriety and semi-
sobriety

The following is contained in [12].

We are to seek a counterpart for Theorem 2.2.12 for fuzzy sobriety. Let (X,L,7) be an
L-topological space as in 4.1.
Choose a € L, prime and # 1. Then

1. for each p € LptT, there exists a prime element in 7, viz. \/{u € T : p(u) < a} (by
Theorem 1.2.7(3)), and conversely,

2. for each prime element w € 7 (i.e. | w is a principal prime ideal), there exists a
p € LptT (not necessarily unique. See the following example) such that | u = {v €
T :p(w) <a} =] \V{veT:p)<a} (by Theorem 1.2.7(2)). So the prime elements
of T are \/{u € T : p(u) < a} for p € LptT, a prime, o # 1.

Now if (X, L,T) is sober, then for each p € LptT, there exists a unique z7 € X such that
p=V(x)and {ue T :plu) <a} =]l V{ueT: : pu) <a}=lV{ueT: ¥()lu =
u(zy) < al.

So by (1) above, in the sober case, the prime element in 7 associated with p and « is
V{uv e T : u(x1) < a} for some z1 € X. Furthermore by (2) above, in the sober case, for
every prime element in 7, there exists a p € Lpt7, hence an z1 € X such that the prime
element is \/{u € T : u(z1) < a}.

Note
Given a prime element v € T, the corresponding p € Lpt7T of (2) above, in the general L
case is not necessarily unique as can be seen from the following example,

Let X = {z}, a singleton, L = [0,1], 7 = LX 2 L,a = %;u e T,u(x) =
p1 = idy, = id7 and po defined as

% (or u = %),



6.1.2

6.1.3

6.1.4

6.1.5

6.1.6

Then pi [0, a] = p57[0,a] =] u.

Soif (X, L, T) is sober, the corresponding x1 € X is not necessarily unique. See Example
6.1.6 below. The uniqueness of x; must therefore not be confused with the injectivity of ¥
in the general L case.

Definition

A fuzzy topological space (X, L,7T) is semi-sober iff the only non-zero irreducible members
of T’ are the (3)-T-closures of the singletons of X where 8 # 0 and irreducible in L.

A (B)-T-closure of a singleton x1 € X is the smallest member of 7' with at least the value
of B at x7.

Note

If L = {0,1}, o must be 0 and the p € LptT is unique (see Note 1.2.8) and so if (X, {0,1},7)
is sober then z; € X is unique. This is exactly in agreement with Theorem 2.2.12, where
sobriety of (X,{0,1},7) is “every irreducible closed set of X is the closure of a unique
singleton in X”.

Theorem
(X,L,T) sober = (X, L, T) semi-sober.

Proof.

(X,L,T) sober = the only prime elements in 7 are the largest members of 7
with value at most a (o € L, @ prime, o # 1) at an 27 € X.
<= the only non-zero irreducible elements in 7’ are the least
members of 7’ with at least the value 5 (8 € L,
irreducible, 8 # 0) at an z; € X.
<= the only non-zero irreducible members of 7’ are the

“B-closures of singletons of X7.

O

On the other hand, if (X, L,7) is semi-sober, i.e., the only prime elements of 7 are the
largest members of 7 with value at most o (o € L, « prime, o # 1) at an 27 € X, then
V{iweT :plu)<a}=\V{ueT ux)<alor{ueT : :pu)<al={ueT: ulx)<
a} ={ueT:¥(x)(u) <a}. Thus p(u) =k < aiff U(z1)(u) = k2 < «, which does not
necessarily mean that ¥(z;) = p (the case @ = 1 was excluded), unless L = {0, 1} in which
case p(u) =0 iff ¥(zq)(u) =0, hence p(u) = ¥(z1)(u), or ¥ is surjective.

But semi-sobriety of (X, {0,1},7) does not necessarily imply that ¥ is injective, e.g. If X
is an indiscrete topological space with more than one element, it is not sober (being not Tj)
but is semi-sober as its only non-empty irreducible closed set, viz. X, is the closure of every
zin X.

Theorem
In the crisp case (X,{0,1},7), sobriety is equivalent to semi-sobriety plus Tp.

A further notable difference in the general L case is the non-uniqueness of the point
x1 € X. This was pointed out in [21] through the first of the following examples :

Example
Let X = [0,1], L = [0,1] with 7 consisting of the following three functions from X into
[0,1] : the function O which is identically 0, the function 1 which is identically 1 and id,
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6.1.7

6.1.8

6.2.1

6.2.2

6.2.3

the identity map (the fuzzy Sierpinski space of Srivastava [21]). The non-zero irreducible
members of 7’ are then 1 and 1 — id. Now 1 — id is the 3 = 1 closure of 0 whereas 1 is
the 8 = 1 closure of any = € [0, 1]; or alternatively 1 — id is the 8 = 1 — x closure of any
x €10,1) and 1 is the 8 =1 closure of z = 1.

Note that this example is also sober as was shown in Example 4.1.7.

Example
Let X and L be as in the example above with 7 = {0,1, A}
where .
2x o<z <z
_ =¥ >3
A(x)_{ 2 -1) ifl<a<i
Then )
Ay ) -2z fo<z < 5
“(m)_A(x)_{ 20 —1 ifl<ae<1

is the S-closure of any point in [0, %) U (%, 1] whereas 1 is the § = 1 closure of % Thus
(X, L,T) is semi-sober, but not sober since it is not Ty, e.g. © = % and % cannot be separated
by a member of 7

Example ( [13])

X = (—o0, k] on the real line with the topology {X, 0, (a, k] : a € X} is sober and semi-sober
but not Ty (or T), whereas R with the cofinite topology is T1 but not sober because R itself
is irreducibly closed but not the closure of a singleton.

Thus in the general case, sobriety is definitely a stronger requirement than semi-sobriety.

6.2 Hausdorff Properties

Semi-sobriety seems to be useful in terms of the Hausdorff properties proposed for (X, L, 7).

Definition ( [22])

(X,L,T) is fuzzy Hausdorff iff for every pair of distinct “points” in LX, (z1,a), (z2,3),
Z1 # xo, there exist us and up from 7 which are disjoint (i.e. ua A up = 0) and such that
(21, ) belongs to ua and (x2, 8) belongs to up (i.e. a <wua(z1) and 5 < up(xz)).

Definition ( [9])
(X, L,T) is quasi fuzzy Hausdorff iff for every pair of distinct points (z1, @), (z2, ), 1 # X2,
there exist u4 and up from 7 which are disjoint , and such that o > v/, (1) and 5 > uz(22).

Corollary ( [12])
If (X, L,T) is fuzzy Hausdorff, then it is semi-sober.

Proof. If u, is a closed set in (X, L, 7) which is not a 3-7-closure of a singleton, then supp
U, must contain two distinct points x; and x2 say. (Otherwise u. is the fuzzy point (z1,3)
with ( reducible, in which case u. is reducible.)

Consider the fuzzy points (z1,uc(x1)) and (z2,uc(z2)). Since (X, L, T) is fuzzy Hausdorff
there exists u1, us open and disjoint such that uq(z1) > uc(z1) and ua(x2) > ue(xz). Then
up Vuh = (ur Auz) =1 and ue = [ue A uf] V [ue A ub] with the components containing
(x2,uc(z2)) and (21, uc(z1)) respectively. Thus w,. is reducible. So the only irreducible
closed sets are the (-7 -closures (3 irreducible) of the singletons. Hence (X, L,7) is semi-
sober.

O
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6.2.4 Corollary ( [12])

6.2.5

6.2.6

If (X, L,7) is quasi fuzzy Hausdorff, then it is semi-sober.

Proof. If u, is a closed set in (X, L, 7 ) which is not a 3-7-closure of a singleton, then supp
U, must contain two distinct points x; and a2 say. (Otherwise u. is the fuzzy point (z1,3)
with ( reducible, in which case u. is reducible.)

Consider the fuzzy points (x1, u.(x1)) and (22, uc(x2)). Since (X, L, 7T) is quasi fuzzy Haus-
dorff, there exist wuy, uz from 7 such that uc(z1) > wi(z1) and wuc(z2) > ub(z2) and
up Aug = 0. S0 ue = ue A (U] Vuh) = (ue Auh) V (ue A ub) and ue A uj(z2) = uc(xe)
and ue A uh(x1) = uc(z1). Thus u, is irreducible. So the only irreducible closed sets are the
B-T-closures (8 irreducible) of the singletons. Hence (X, L, 7T ) is semi-sober.

O

Note that Example 6.1.7 above is semi-sober but not fuzzy Hausdorff (e.g. the points
(%, %) and ( %, %) cannot be seperated by disjoint open sets). Likewise it is not quasi fuzzy
Hausdorff.

Theorem ( [12])
Provided 7 contains the constant functions (level sets),

1. (X, L,T) fuzzy Hausdorft = (X, L, T) is T} (singletons/points are closed).

2. (X, L, T) quasi fuzzy Hausdorff = (X, L, T) is T1. Here L = [0, 1], the unit interval.
For the relationship between fuzzy Hausdorff and quasi fuzzy Hausdorff see [9].
Proof.

1. Counsider the point (z1,«). Then since (X, L, T) is fuzzy Hausdorff, for every x # x4,
there exists an open set u, € 7 such that (z,1) € u, (ugz(x) = 1) and ugz(x1) = 0.

Then .
\/{uw:x;ﬁxl}z{(l) ifw 7 2, }2(961,1)/

if x =1

an open set. So (z1,1) is closed. Then a A(x1,1) = (x1,«) is closed since a, the
function which is identically o on X, is a member of 7.

2. Consider the point (z1,a) with 0 < o« < 1. Then since (X,L,7) is quasi fuzzy
Hausdorff, for every « # x; and every €, 0 < € < 1—a, there exist vz  and vz ¢, disjoint
open sets such that u}, (z) < eand v} (z1) <1—a—e Sou=\{ugc: 2 #x1,¢€}is
open and u'(z) = A u, (z) =0 for x # x1, i.e. u(x) =1 for x # z;.

Also v = N{vs,e : © # x1, €} is disjoint from u, so v(x) =0 for x # x; and v(z1) > a,
so u(z1) = 0. Thus v = (z1,1) is closed and so is /A a = (z1,«) since a € T’ by
assumption.

O

Summary
Some of the results above may be summarized as follows:

1. The Case L ={0,1}

semi-sober
T 1 +T%
Hausdorff — sober — Ty
N /!
T
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2. The General (X,L,T) case.

sober
l N\
fuzzy Hausdorff =~ —— semi-sober /— To
(7 with constants) /!
T

6.3 Characterizations of semi-sobriety for the case L =
[0, 1]

The question arises as to whether a counterpart to Theorem 2.1.6 for fuzzy sobriety or semi-

sobriety can be proved. Copying the arguments in the proof of Theorem 2.1.6 , we have the
following:

6.3.1 Theorem

If (X,L,7) is sober, then the only completely prime filters of L-open sets are the a-
neighbourhoods (a prime, o # 1) of an € X where an a-nbd. of z is a u € 7 with
u(z) > a (Definition 1.5.1).

Proof. We firstly observe that for every p € LptT and « prime, a < p(1), p~ (a, 1] is a
completely prime filter in 7:
(Note: p€ U(X) = p=¥(z) for some z € X
= p(u) =TV(z)(u) = u(z) for some z € X and all u € T
= p(1)=1(z) =1)

Filter:

1. 1 € p~ (e, 1] since p(1) > a.

2.
u,v €p (e, 1] = plu)>a, pb) >«
= pluAv)=plu)Ap(v) >a since « is prime
p(u) Ap(v) <a = pu)<a orpl) <aif «is prime
= uAve€p (a,1].
3.

uep (1], u<v = p)>plu) >«
= vep (a1l

Completely prime:

\/ui €p” (o, 1] p(\/ u;) > a

=
= \/p(uz) >«

= FJu; st plug) >«

= Ju; st u; € p~ (e 1]
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6.3.2

6.3.3

6.3.4

Conversely, every completely prime filter F of open sets is of the type p~(a, 1], @ prime and
a < p(l):
Define for § # 0

| B fueF
pﬁ(“)_{ 0 ifugF
Then

(wAv) = g ifunveF, ie ifuandveF
ppluAv) = 0 funvegF,ie. uorvgF

= pp(u) Aps(v)

ps(\/ w)

B if\u eF

\/pg(ui) since F is completely prime.

(If Vu; € F, then Ju; € F and so pg(u;) = 8 and hence \/ pg(u;) = B; and if \Ju; ¢ F
then no u; € F and so \/ pg(u;) = 0).

So F = p~(a, 1] for @ < p(1) and « prime, for any completely prime filter F (Note that
the p need not be unique). If (X, L,7) is sober (so p(1) = 1 for all p € LptT) then every
completely prime filter F of 7-open sets is of the type

p (a,1] = {ueT:p(u)>afora#1and «a prime.}
= {ueT:u(z)> aforaunique z € X}.

the filter of open “a-nbds” of x.
O

Corollary
(X,L,T) sober = (X, L,T) semi-sober.

Proof. By Proposition 1.2.3(2) we deduce that sobriety of (X, L,7T) implies that the only
principal prime ideals in 7 are {u € 7 : u(z) < a} for a prime, a # 1 and « € X. This
statement is equivalent to that of Theorem 6.1.4. In fact Theorem 6.3.1 could have been
deduced from Theorem 6.1.4 using Proposition 1.2.3.

O

Corollary
(X,[0,1],T) sober implies that the only completely prime filters of [0, 1]-open sets are the
quasi-neighbourhoods of a fuzzy point u, on X.

Proof. Follows from Proposition 1.5.3 and Theorem 6.3.1.
O

Corollary (First characterization of semi-sobriety)
(X,[0,1],7) is semi-sober iff the only completely prime filters of [0, 1]-open sets are the
quasi-neighbourhoods of a fuzzy point p, on X
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6.3.5

6.3.6

6.3.7

6.3.8

6.3.9

Proof. Follows from Definition 6.1.2 and Proposition 1.2.3
O

To find a counterpart for Theorem 2.2.10 at least for the case L = [0, 1], proceed as
follows in emulation of Section 2.2.

Definition

A net (pa)rea in (X, L, 7T) is a map (image of a map) from a directed set A to fuzzy points.
A net is eventually in u € T iff IN* € A such that A > A* = p, qco w.

A netin (X,L,T) converges to u, with respect to T iff it is eventually in every u € 7 which
is a quasi neighbourhood of .

A net (uy) in (X, L,7T) is observative if, given u € T and py gco u for some A, then the net
is eventually in u.

An observative net converges strongly to p, (ux —™ u.) if it converges with respect to 7
and it additionally satisfies that p, is quasi-coincident with every u € 7 which eventually
contains the net.

Definition
Given a net (ux)aea in (X, L,7T), its derived filter of L-open sets is

Fuy ={u €T : 3IN" € A,y geo u for A > X*}

Proposition
A filter derived from an observative net is completely prime

Proof. Let (yx)xea be observative and /¢ ; uj € Fuy). So pa geo \Vuj for A > A*. Then
= geco \/u; and hence by Proposition 1.3.4, Jjo € J with px- gco uj,. Since the net is
observative, this implies that some tail of (1) is gco with wuj,. So by definition of F(, ),
Ujo € F(jun)-

O

Lemma
If (ua) is an observative net, then pux —* p, iff 7, ) = QN,,,, the quasi-neighbourhoods
of .

Proof.
(1x) — pg iff for uw € T, p, geco w = AN € A, py gco u for A > \*.
() —* py iff for w € T, py geco uw < IXN* € A, py geo u for X > A*.
O
Proposition

Suppose F is a filter of L-open (L = [0,1]) subsets of (X,[0,1],7). Then F is completely
prime iff Vu € F, 3 a fuzzy point p, which is quasi-coincident with « and such that Vv € 7,
e qcov = v EF.

Proof.
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6.3.10

6.3.11

6.3.12

6.3.13

1. Suppose F has this property and consider u = \/ u; € F. Let u, be the point with the
property. Then 3j such that p, gco u; (Proposition 1.3.4) and u; € 7. So u; € F.
Thus F is completely prime.

2. Suppose the condition is not fulfilled. Thus Ju € F such that Vu, which is quasi-
coincident with u, we have Jv, € 7 such that u, qco v, and v, € F. Put w, = v, Au.
Then w, ¢ F. However w = \/Hz qco u We = U
Clearly w < w. So suppose Jx* such that w(z*) < wu(x*). Then choose ¢ > 0
so that w(z*) < u(z*) — e and consider the fuzzy point .« defined as pg«(z*) =
1—u(x*)+e. So - geo wand thus v, € T such that g+ geo vg-, hence pizx geo wys,
fe. wy(2*) > 1 — pg»(2*) = u(z*) — . This is a contradiction.

We conclude that F is not completely prime.

Construction of a net from a completely prime filter F:-

Definition

For each u € F completely prime choose the i, with the property guaranteed by Proposition
6.3.9. Then Ay = {(tz,u) : u € F} is directed with respect to (tz,u) < (py, w) iff w < w.
Then N, : Ax — X, N(uz,u) = p, is called the net derived from the completely prime
filter F.

Lemma
A net derived from a completely prime filter is observative.

Proof. Let (u,) be the net derived from the completely prime filter and let u, gco u* for
u* € 7. Then u* € F by the choice of y, and hence (pg,u*) € Ar. If (py, w) > (g, u*)
then w < u* and py gco u* and the net is eventually in u*.

O

Proposition
Every completely prime filter equals the derived filter of any of its derived nets.

Proof. If yu € F and py geo u, for A > X* then u € F,,).

Conversely, u € F(,,) implies px gco u for A > X\* = (., w), w € F. Hence px- gco u which
implies, since F is completely prime, that v € F (Proposition 6.3.9)

O

Theorem (Second characterization of semi-sobriety)
A (X,[0,1],7) topological space is semi-sober iff every observative net strongly converges
to a fuzzy point .

Proof. (X,]0,1],7) semi-sober implies by Corollary 6.3.4 that every completely prime filter
of [0, 1]-open sets are the quasi-neighbourhoods of a fuzzy point p, on X. So given an obser-
vative net (ux)rea then its derived filter is completely prime (by Proposition 6.3.7) and is
therefore the quasi-neighbourhoods of a fuzzy point p,.. Thus by Lemma 6.3.8 (uy) —* pg.
Conversely: Suppose every observative net in X converges strongly to a p; on X. Then by
Lemma 6.3.8, the derived filter of such a net is the quasi-neighbourhoods of the u, and by
Proposition 6.3.7 is completely prime. But by Proposition 6.3.12 every completely prime fil-
ter can be derived from such an observative net, and hence equals the quasi-neighbourhoods
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6.4.1

of piz. So by Corollary 6.3.4, (X, [0,1],7) is semi-sober.
O

6.4 The relationships of semi-sobriety towards the con-
cepts of Srivastava as in Section 4.2

Theorem
If (X,[0,1],7) is a-sober (o € [0,1)) and 7 contains the constant functions then it is
semi-sober.

Proof. By definition of a-sobriety (Definition 4.2.2), the crisp topological space (X, 1o (7))
is sober, and thus by Theorem 2.1.6, the only completely prime filters of ¢, (7 )-open sets
are N, for some z, € X.

Let F be a completely prime filter of [0, 1]-open sets in (X, [0,1], 7). Then

Fo = {u " (a,1]:ueF}
= {(uva) (o1 :uVaeF}

since a(xr) = aisin 7.
Fo is a completely prime filter of ¢, (7 )-open sets :-
Filter :

1. X € F, sincel € F

uver, = U = v (1] ,V=v"(a,1] ,u,v€F
= UNnV = u (a,1]Nv" (e, 1]
= (wAv) (a,1], uAveF
e Fa

UeFo,UCV = u (a,1] CV whereu e Fand V € 1,(7T)

= (wVa) (a,1l]Cv™(a,1] foraveT
= uVa<v ,uVa€eF

= veF

= VekF,

Completely prime :
Let JU; € Fu. So

Uv, = Uuy(@1] juerF
= (\/ uj)g(av 1]
Now \/ u; € F and since F is completely prime, 3jo such that u;, € F. Then u (o, 1] € Fq.
So by Theorem 2.1.6, F,, = N, for some z, € X. Thus Vu € F, u™ (o, 1] € N, or u is an
a-neighbourhood of z,. Thus by Proposition 1.5.3, u is a quasi-neighbourhood of the fuzzy

point (z4,1 — a). So F = QN,,,  and thus by Corollary 6.3.4, (X, [0,1],7) is semi-sober.
]
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6.4.2 Corollary
If (X, [0,1],T) is strongly sober and 7 contains the constant functions, then it is semi-sober.

Proof. Follows from Theorems 6.4.1 and 4.2.11.
O

6.4.3 Theorem
If (X,[0,1],7) is ultrasober and 7 contains the constant functions, then it is semi-sober

Proof. Follow the Proof of Theorem 6.4.1 so as to obtain that for each o € [0,1), F, =
{u=(a,1] : u € F} is the neighbourhood filter N, of a point 2, € X. Hence Vo € [0,1),
F = QN,,, . Thus by Corollary 6.3.4, (X, [0,1],7) is semi-sober.

(I

Reverse implications from semi-sober to ultrasober or strongly sober or a-sober do not
hold according to Section 4.2.
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7.1.1

7.1.2

7.1.3

7.1.4

7.1.5

Chapter 7

Lifting of Sobriety

7.1 Lifting of sobriety and semi-sobriety

A property P of a topological space (ordinary or L-valued) is said to lift if (X,7*) has
property P whenever (X,7) has property P for 7 C 7*. Clearly many seperation axioms
lift eg. Ty, T1 and Ts.

For ordinary (crisp) topological spaces (X,7T) = (X,{0,1},7) we have,

Theorem ( [13])
If a T, topological space (X,7T) is sober and 7 C 7%, and if H is irreducibly closed in
(X,T%), then H C cly (1) for some x1 € clr(H).

Proof. Firstly, cly(H) is irreducibly closed in (X, 7); because if not, ¢l (H) = Fy U Fy, F}
and Fy closed in (X,7) with ¢l7(H) not contained in either Fy or Fs.

Now H = (F1NH)U(F>,NH) with both F1NH and F>NH closed in (X,7*). So H C F;NH or
HC F,NH,ie. HC Fyor HC Fy. But then cly(H) C Fy or cly(H) C F,. Contradiction.
Since ¢l (H) is irreducibly closed in (X, 7) and (X, T) is sober, by Theorem 2.2.12, ¢l (H) =
cly{x1} for some x1 € cly(H). Thus H C clg{z1}.

]

Corollary ( [13])
Sobriety lifts for 77 topological spaces.

Example ( [13])
Here is a non-T; sober space where sobriety does not lift: Let X = (—o0,k] C R with the

sober topology,
T={X,0,(a,k]:a € X}

Enlarge this to the topology 7* on X generated by 7 together with the cofinite topology on
X. Then the closed sets are: (—00,a],a € X, all finite sets and X and @. The sets (—o0, a]
are again irreducible, but are not the closures of singletons since the space is now T7.

Corollary
Referring to Section 4.2, we observe that if 1o (7) is T1, then a-sober = ultrasober.

Definition ( [13])

An L-topological space (X, L, T) is T} iff the map 7 : LX — {0, 1} assigns to the comple-
ment of a fuzzy point the value 1. (L with an order reversing involution)
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7.1.6

7.1.7

7.1.8

We can extend Theorem 7.1.1 to the semi sober L-topological case so as to obtain,

Theorem ( [13])
If (X, L,T) is semi-sober and T7 and 7 C 7%, then (X, L, T*) is also semi-sober.

Proof. Here U,N and C in the proof of Theorem 7.1.1 should be read as V,A and <
respectively in LX. Then H < clz{z1}, where cl7{z1} denotes the S-closure of z1. Since
(X,L,T)is Ty, clr{z1} = (21, P) (the fuzzy point p,, (x1) = B see Definition 1.3.3). Since
H is irreducibly closed in (X, L, 7*), H is also a fuzzy point (21, 3*) where 3* is irreducible
and 0 < 8* < f3; hence H is the 8*-closure of a singleton, and so (X, L, 7*) is semi-sober.
O

The converse of the preceding Theorem, if (X, L, 7T) is semi-sober and if for any 7* D
T,(X,L,T*) is semi-sober, then (X,L,7) is not necessarily 77 as can be seen from the
following two counterexamples, the first a “crisp” case and the second an L-topological one,

Example ( [13])

Consider the two point Sierpinski space ({0,1},7) with 7 = {(,{0,1},{1}} is sober (hence
semi-sober), but all larger topologies on {0,1}, and there is only one such, namely the
discrete topology, are sober (semi-sober). However ({0,1},7) is not 74.

Example ( [13])

Take X = {0,1} and 7 = {0,+,1} where ¢ is the inclusion map of {0, 1} into [0, 1]. Denote
w: X =1{0,1} — [0,1], defined by p(0) = a, (1) = 8 by < a, 8 >. (So ¢t =< 0,1 >.)
The irreducibly non-zero L-closed sets are 1 and 1 — ¢ =< 1,0 > and 1 = ¢l7(1,1) while
1—v=clz(1,0). So (X, L,T) is semi-sober.

Now let 7* be another L-topology on X with 7 C 7% and let p =< «, 3 > be a non-zero
irreducibly 7* L-closed set. Then as < 0,1 > is 7-closed, hence 7 *-closed,

<oa,0>N<1,0>=<a,0> is T*-closed.

If =0, then < «, 8 >=< «,0 > is clearly cl7+ (0, @).

If 6#£0and a =0, then < o, 8 >=< 0,0 > is clearly clz«(1, 5).

If 3 # 0 and a # 0, then also < «, 8 >= clr-(1, ), for if not we could have an 7 *-closed
set < o/, > with o’ < «, which would mean that < «,8 >=< «,0 > V < o/,8 >,
contradicting the 7 *-irreducibility of < a, 8 >.

So again, (X, L, T*) is semi-sober.

But (X, L,7) is not T3 since the fuzzy point (1,1) = =< 0,1 > is not 7-closed.

7.2 Further Questions for the Crisp Case

The question as to whether we could find a converse to Theorem 7.1.6 was answered for
sobriety (but not semi-sobriety) in the crisp case by R-E. Hoffman in [3] where he showed
that the following two statements are equivalent,

1. (X,7T) is sober and Tp;

2. every space finer than (X, 7) is sober.

The Tp property is : every singleton is the intersection of an open and closed set, or
equivalently, for any A € P(X), derA is closed.
It is easy to see that 77 = Tp = Ty. This begs the question to come up with a Tp axiom
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for L-topological spaces, weaker than the 77 axiom, which will give an analogous result for
semi-sobriety.

A further interesting question in this connection is, can we have two (crisp) topologies
7 and 7* on X, T C T* with (X,7) sober, |pt7T| = |ptT*| but (X,7*) not sober? The
following example answers the question in the affirmative :
Consider X = ZN (—o0,k], k € Z (i.e. all integers up to and including k) with the topology
7 consisting of X, 0 and all (a,k] NZ, a € X (simply (a, k] in what follows).
(X,7) is sober since the irreducibly closed sets are (—oo,a] N Z (simply(—oo,a] in what
follows), each of which is the closure of {a} (see also Example 6.1.8). pt7 consists of, for
a€ X,

1 ifi<a

pa(l,k]:{ 0 ifi>a

Note that p,(0) = pa((k, k]) = 0 and

1 ifl<k
W@M:{Oiﬂ_a

So |ptT| = |X| = Ng. Furthermore ¥ : X — pt7T defined as ¥(z)(u) = xu(z) (Definition
2.1.2) gives

1 ifli<a
Pla)(,k] = {Oiﬂ>a
= pa(lvk]

Now define 7* on X as X; 0; (a,k], a € X; {k}. So the closed sets are 0, X, (—o0,al,
(=00, k). (X,T%) is not sober since (—o0, k) is irreducibly closed but is not the closure of a
singleton. Further pt7™* consists of the following :

1. forae X
1 ifi<a
%@@—{01ﬂ2a
pa{k} =0
2.
; 1 i<k
m“@_{Oiﬂza
Ptk =1

So |ptT*| = Rp + 1 = Ry.
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8.0.1

8.0.2

8.0.3

8.0.4

Chapter 8

Semi-sobriety in
(L, M )-Topological spaces

Let (X,L,M,T) be an (L, M)-topological space and put 7, = 7 {[a, 1]} where [a, 1] =
{B€ M :3>a}. T, is aframe in L* (an L-topology on X) for each o € M with 7y = L*
and o > 8 = T, C 13.

Definition

In a complete lattice L, x is way below y (x << y) iff for directed subsets D of L, the
relation y < supD implies the existence of a d € D such that x < d.

InhLr<<y=z<y.

Definition
A complete lattice L is a continuous lattice if for all x € L, x = sup{u € L : u << z}.

L a frame = L a continuous lattice = L a semi-frame, but these implications are not
reversible.

Proposition ( [13])
If M is a continuous lattice, then 7o, = (5, 73

Proof. Since a > 8 = T, C 73 it follows that 7, C ﬂ5<<a75. On the other hand, if
u € T3 for all § << «, then since a = sup{( : § << a} we have

[T(u)> g, forall B<<a]=T(u)>a=ueT,

Definition ( [13])
An (L, M)-topological space (X, L, M,7T) is Ty iff the map 7 : LX — M assigns to the
complement of a fuzzy point on X the value 1 in M.

If (X,L,M,T) is Ty, then all the complements of fuzzy points in LX are in 7,. This

means that for each o € M we get a Ty L-topological space (X, L, 7,) after identification of
the frame 7,, in LX with 7, : LX — {0, 1} through u € T, iff 7,,(u) = 1.
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8.0.5

8.0.6

8.0.7

8.0.8

Definition ( [13])
A Ty (L, M)-fuzzy topological space (X, L, M, T) is semi-sober of degree > m iff (X, L, T,,)
is semi-sober.

Then in view of Theorem 7.1.6 all the T, between 7,, and Ty = LX are semi-sober.

In the definition above we cannot specify (X,L,M,7) to be semi-sober of degree m if
m is the supremum of members of M for which (X, L, 7,,) is semi-sober, since the infimum
(intersection) of semi-sober topologies is not necessarily semi-sober, as can be seen through
the following example :

Example ( [13])

Consider R with the topology 7 = {R;0; (a,00) : a € R}. Then (R,7) is not semi-sober
(nor sober) since R is irreducibly closed but not the closure of a singleton. Now define 7,
on R as the topology which contains 7 as well as sets of the form {(—o0,b) : b > z}. The
non-empty closed sets are then R, {[b,00) : b >z}, {[b,b'] : b > z}, {(—00,a] : a € R}, and
{{b} : b > x}. The first three types are reducibly closed whereas the fourth is reducible for
a > x, but in the case a < x is both irreducibly closed and the closure of {a}. The fifth type
is irreducible and the closure of {b}. So 7 is semi-sober (and sober). But 7 = (1, . T
On the other hand, given L-topologies {7, : « € M} on X with a > = 7, C 73 and
To = LY, then T* : LX — M defined by

T (u) = \/{a cu € To}

is an (L, M)-topology on X. Now consider 7 = 7" {[a, 1]}, « € M. Then as in Proposi-
tion 8.0.3, if M is a continuous lattice, then

=17

B<<a

Proposition ( [13])
If M is a continuous lattice and 8 << «, then

N 7cTiamd () T ST

y<<a T<<a
Proof. Suppose there exists a u such that u € 7, for all v << a but u ¢ 7. Since
sup{y : v << a} = a and 8 << «, there exists a 79 << « such that v > 5. Hence

13 C Ty,. Now u € T, and so 7" (u) > 0. Hence u € T; and so u € 7. Contradiction.

The other case follows similarly.
O

Corollary ( [13])
If M is a continuous lattice, then 7, = 7.

Proof.
L-N%=-NT-T

B<<a <<«

So if all the 7, a € [0, m] are semi-sober (and the rest not), then (X, L, M, T*) obtained
is an (L, M)-topological space which is semi-sober of degree > m (= m).
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