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Abstract

For the case where L is an ecl-premonoid, we explore various characteriza-
tions of SL-topological spaces, in particular characterization in terms of a
convergence function lim: F2(X) — LX. We find we have to introduce a
new axiom , L® on the lim function in order to completely describe SL-
topological spaces, which is not required in the case where L is a frame. We
generalize the classical Kowalski and Fischer axioms to the lattice context
and examine their relationship to the convergence axioms. We define the
category of stratified L-generalized convergence spaces, as a generalization
of the classical convergence spaces and investigate conditions under which
it contains the category of stratified L-topological spaces as a reflective sub-
category. We investigate some subcategories of the category of stratified
L-generalized convergence spaces obtained by generalizing various classical
convergence axioms.
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Introduction

The purpose of the research conducted for this thesis was threefold. First,
we sought to extend the category theoretic results for stratified L-topological
spaces obtained by Jager [21, 22, 23, 24] for the case where L is a frame to the
more general case where L is an ecl-premonoid. Secondly we endeavoured
to characterize stratified L-topological spaces in terms of a limit function,
specifying filter convergence. Lastly we defined the category of stratified
L-generalized convergence spaces in the ecl-premonoid context and studied
the relationships between several of its subcategories.

In Chapter 1 we present the background set theory and category theory
necessary for understanding the rest of the text. We cover abstract and
concrete categories, cartesian closedness, reflective subcategories and what
it means for a category A to be topological over a category B. We also
present some theorems used in proofs in later chapters.

Chapter 2 begins with the definition of the category of classical topo-
logical spaces. We continue with characterizations of topological spaces in
terms of interior, neighbourhood filter and convergence function. As an
aid to developing intuition for the general ecl-premonoid case we examine
the relationship between alternative convergence axioms, in particular the
Kowalski and Fischer axioms, which play an important role later. Lastly we
define the category of convergence spaces, a cartesian closed supercategory
of the category of topological spaces.

Chapter 3 contains the lattice theory background necessary for under-
standing the main research. In the first section we cover properties of the
lattice L. Here we present an extension of a proof from Hohle ([18]), showing
that the underlying lattice of any GL-monoid is a frame. Next we look at
properties of L-sets, in particular, how their properties are influenced by the
properties of L, and properties of images and inverse images of L-sets. In the
final section we cover stratified L-filter theory, developing concepts of the
infimum of a family of stratified L-filters and the supremum of two stratified
L-filters, properties of image and inverse images of stratified L-filters and
the product of two stratified L-filters.

In Chapter 4 we begin by defining the category of stratified L-topological
spaces for the ecl-premonoid case (cf. [20]). We then obtain character-
izations for stratified L-topological spaces in terms of interior operators,



neighbourhood spaces and convergence functions, generalized to the lattice
context. In generalizing the characterization by convergence from the frame
case to the ecl-premonoid case we obtain what seems to be a new conver-
gence axiom, L®, related to whether the neighbourhood filter is actually a
stratified L filter or merely a function 4*: LX — L. L® is always satisfied
in the frame case. In the classical case one of the convergence axioms states
that the convergence function lim factors through infima of sets of stratified
L-filters. In the general ecl-premonoid case (indeed even in the frame case
[23]) this axiom is not quite sufficient in our scheme for characterization of
stratified L-topological spaces. We try to investigate why. We try to re-
place the condition guaranteeing idempotency of the interior operator with
generalizations of the Kowalski and Fischer iterated limit axioms. Here we
discover that the form of the axioms changes slightly from the frame case
to take into account that we are using the implication defined by the GL-
monoid operation.

In Chapter 5 we define the category of stratified L-generalized conver-
gence spaces and prove some of its categorical properties. We present a new
lemma showing that the requirement that all objects in the category satisfy
the L® axiom is equivalent a monotonicity condition M on the lattice L
is satisfied. This criterion sharpens a previously know result where it was
known that M implies that all stratified L-generalized convergence spaces
satisfy L®. The monotonicity condition is sufficiently general to cover the
important special cases of frames and GL-monoids with square roots. We
prove that the L® axiom is independent of several of the more basic conver-
gence axioms and is not satisfied by all stratified L-generalized convergence
spaces in the general ecl-premonoid case. In the final section of the chapter
we generalize the definitions of various subcategories of the category of strat-
ified L-generalized convergence spaces and investigate their properties. We
enter into a short discussion of the form of the axiom which defines stratified
L-limit spaces, as there are several possibilities for generalizing the axiom
from the frame to the ecl-premonoid case. We present a new proof that the
category of stratified L-principal convergence spaces is topological in the
ecl-premonoid case.

Lastly we summarize our progress and outline some open problems and
interesting directions for possible future research in Chapter 6.



Chapter 1

Category theory

Properties of topological spaces (and many other branches of mathematics)
can be placed conveniently within the framework of category theory [34].
Hence before the investigation of the spaces we are interested in, we here
present a summary of the category theoretic definitions and results needed
in the main text. A short discussion of the necessary set theory and nota-
tion conventions precedes the category theory. The main reference for this
chapter is Addmek et al. [1].

1.1 Set theory

A full discussion of the necessary set theory which provides a foundation for
category theory is beyond the scope of this text, however in order to facilitate
proofs later on a summary of some theory is appropriate. For further details
see e.g. [1, 17]. Briefly, a class is a collection of objects determined by a
logical condition. A class which is a member (i.e. an object) of another class
is called a set. We shall rarely if ever use the definition just given in proving
that some class is a set, instead we shall usually rely on the following axioms
given in Herrlich and Strecker [17].

1. For each set X and each property P, we can form the set {z €
X | P(z) } of members of X which possess the property P. Note that
this means that any subclass of a set is also a set.

2. For each set X we can form the set P(X) of all subsets of X.

3. For all sets X, Y we can form the usual {X, Y} (pair), (X,Y") (ordered
pair), X UY (union), X NY (intersection), X'\Y (complement), X xY
(cartesian product), and YX (set of all functions from Y to X), and
all of these constructions are sets.

4. For any set I and any family (X;);cs of sets, the following constructions



are also sets: { X; |7 € I} (the image set of the indexing function),

Uxi ()X GET#£0), [] X

icl icl icl
5. The classes of the natural numbers N, integers Z, rational numbers Q
and real numbers R are sets.

The usual conventions (see e.g. [16]) have been observed for set theoretic
notation throughout this text. In some examples properties of R and N are
used without explicit mention. Further details may be found in e.g. Suppes
[38]. The abbreviation ‘iff’ for ‘if and only if’ has been used throughout.

Relations

Because we will be dealing with lattices, we will need some definitions from
the theory of relations. These definitions are basic but they are included for
completeness.

Definition 1.1.1 [16]: Let X be a set. Then a relation on X is a subset
R C X x X. (x,y) € R is usually denoted z Ry.

Definition 1.1.2 [16]: A relation R on a set X is said to be
1. reflexive iff Vo € X, xRux.
2. transitive iff Vz,y,z2€ X, xRyand yRz= zRz.
3. symmetric iff Vz,y € X, zRy=yRux.

4. anti-symmetric iff Vz,y€ X, zRyandyRz=z=y.

Definition 1.1.3 [16, 38]: A relation R on a set X is said to be
1. a quasi-ordering iff it is reflexive and transitive.
2. a partial ordering iff it is reflexive, anti-symmetric and transitive.

3. an equivalence relation iff it is reflexive, symmetric and transitive.

Example 1.1.4 : The real numbers R with the usual order relation < form
a partially ordered set. A further example is given by the power set P(X)
of X, ordered by inclusion, ie. for A,B € P(X), A < B < A C B.
Equality,’=’, is an equivalence relation on R.



1.2 Abstract Categories

We begin with an informal definition in order to familiarize ourselves with
the concepts, and later sharpen this to a formal definition (Definition 1.2.1).
Loosely speaking, a category consists of:

1. A class of objects, in our case usually structured sets e.g. vector spaces.
2. A class of morphisms between objects obeying the rules

(a) For every object there is an identity morphism.

(b) Composition of morphisms is associative.

In our case morphisms will usually be functions between the struc-
tured sets which satisfy some axioms. For example for the category
VEC (the category of vector spaces and morphisms between them) the
morphisms are linear functions between vector spaces i.e. functions f
which satisfy the axiom

flax +by) = af(z) +bf(y)

for all vectors x,y and all scalars a,b. Note that for a vector space
(X, +, ), the identity function idx is a morphism (i.e. the identity
function is linear). Composition in the category VEC is the usual
composition of functions and is of course associative.

For the rest of this chapter, examples will usually relate to the following
categories:

SET The category whose objects are sets and morphisms the functions
between them. Composition is the usual function composition and
identity on a set X is the usual identity function.

VEC The category of vector spaces, already introduced. Objects are vector
spaces and morphisms are linear functions between vector spaces.

TOP The category of topological spaces. Objects are topological spaces i.e.
structures (X, 7) where X is a non-empty set and 7 is a topology. Mor-
phisms are continuous functions and composition is the usual function
composition.

Functors are functions between categories. An example is the forgetful
functor from TOP to SET, which maps topological spaces (X, 7) to their
underlying sets X and continuous functions ¢: (X,7x) — (Y, 7y) to the
corresponding set functions ¢: X — Y.

Although the categories described so far all consist of structured sets
and morphisms which are in some sense structure preserving functions, this



need not be the case. In fact these categories are all examples of concrete
categories which are a special case of the general definition of an abstract
category. Objects in a category need not be structured sets, morphisms need
not be functions and furthermore, even if the morphisms are functions, com-
position need not be the usual composition of functions. However, through-
out this text we will only really be dealing with “nice” concrete categories
whose objects are structured sets and in which morphisms are functions and
composition s function composition. We begin our discussion with abstract
categories and their properties.

Abstract Categories

Definition 1.2.1 is the formal expression of the rather vague definition of a
category given previously.

Definition 1.2.1 [1]: A category A = (O, hom, id, o) consists of
1. A class O of A-objects.

2. A function hom which associates with each pair (A, B) of A-objects
a set hom(A, B). The members of the set hom(A, B) are called A-
morphisms from A to B. The sets hom(A, B) are further required to
be pairwise disjoint.

3. A function id which associates with each A-object A a morphism
idsa € hom(A4, A).

4. A morphism composition o which satisfies the following conditions
(a) go f € hom(A,C) is defined wherever f € hom(A, B) and
g € hom(B, C).
(b) Wherever defined, ho (go f) = (hog)o f. (Associativity)
(c) If f € hom(A, B) then foidgy = f and idgo f = f.

Remark 1.2.2 : We often refer to the class O of A-objects as Ob (A).
Similarly we define Mor (A) = U{ hom(A, B) | A, B € Ob(A) }, the class of
A-morphisms. For f € hom(A, B) we usually write A ENys or f: A— B.
A is referred to as the domain of f, B is the codomain. The sets hom(A, B)
are required to be pairwise disjoint so that each morphism f € Mor (A) has
a unique domain and codomain. We define the functions

dom: Mor(A) — Ob(A) (AL B)— 4

cod: Mor (A) — Ob(A) (A ER B)— B



Forh: A—C, f: A— B and g: B — C we may express the statement
h = go f by saying that the triangle
f

—_—

commutes.

Example 1.2.3 : All of the categories mentioned so far (SET, VEC and
TOP) satisfy the requirements of Definition 1.2.1. We expand further on
TOP (see e.g. [1]), since it will be one of the most important examples in
the following discussion.

Objects Objects are topological spaces i.e. structures (X, 7) satisfying:

0 #£X, X is aset, 7 CP(X)

7 is called a topology on X.Members of 7 are called open sets and
must satisfy the following axioms:

01 ), Xer.

02 A,B €7 = AnNB € 7 (Finite intersections of open sets are
open).

03 A C 7= UA € 7 (Arbitrary unions of open sets are open).

Morphisms Morphisms between topological spaces (X, 7x) and (Y, 7y) are
continuous functions ¢: X — Y satisfying the axiom
VYV ery, ¢ (V)erx (Inverse images of open sets are open).

Identity The identity function idx: X — X is continuous between the
topological space (X, 7) and itself.

Composition Composition is the usual function composition.

Remark 1.2.4 : Consider the topological spaces (X, 1) and (X, 72) defined
by 71 = P(X) and 75 = {), X} (these are both easily verified to be topologies
on X). Then the identity function idx is continuous between (X, 71) and
(X, 7T9), as well as being continuous between (X, 71) and (X, 71). Since in
general 7| # 7o, it seems that we are violating the condition that hom-sets
must be pairwise disjoint. To get around this problem, we define a morphism
in TOP as a triple ((X,7x),¢: X — Y, (Y, 7y)). In other words, we regard
idx: (X, 71) — (X, ) as a different morphism to idx: (X, 7) — (X, 11).
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Subcategories

We often have situations where objects and morphisms of one category A
may be regarded as naturally belonging to a larger category B. The formal
definition of a subcategory (Definition 1.2.5) ensures that morphisms and
identities of the subcategory behave as expected (i.e. in the same way in
both categories A and B).

Definition 1.2.5 [1]: Let A, B be categories. A is a subcategory of B <
1. Ob(A) C Ob(B).
2. VA, A €0b(A), homa(A, A") Chomp(A, 4.

3. VA € Ob(A), idg in A is the same as id4 in B, i.e. the identity
function id in A is the restriction of the identity in B to Ob (A).

4. goa f = gom f wherever defined i.e. morphism composition in A is
the same as morphism composition in B.

A is a full subcategory of B <
1. A is a subcategory of B.
2. VA,A €0Ob(A), homp(A,A") =homp(4,A4).

Example 1.2.6 : Let SET; be the category consisting of objects all sets
and morphisms all injective functions between sets. Then SET; is easily
seen to be a category and SET; is a non-full subcategory of SET.

The concept of a subcategory is useful because it allows us to apply con-
cepts related to the supercategory without modification to the subcategory.
If we further restrict the concept of a subcategory we obtain special sub-
categories which have “nice” relationships to the categorical properties of
the supercategory. One such restricted definition which has proved useful is
that of a reflective subcategory.

Definition 1.2.7 [1]: Let A be a subcategory of B, B € Ob(B).
A € Ob(A) is an A-reflection for B <

3r € homp (B, A) VA" € Ob(A) V f € homg (B, A")
31 f € homp(A,A"), f=for
In other words, A is an A-reflection for B if there is an r : B — A such that

for every f from B to an A-object A’ there is a unique A-morphism f’ from
A to A’ such that the triangle

11



A/
commutes.
r may be referred to as an A-reflection arrow for B.
Definition 1.2.8 [1]: A is a reflective subcategory of B <
1. A is a subcategory of B.

2. YBeOb(B) 3Ap € Ob(A) such that Ap is an A-reflection for B.

Remark 1.2.9 : Examples of reflective subcategories will be given later in
the chapters on classical topological spaces and L-topological spaces.

Lemma 1.2.10 [1]: Let A be a reflective subcategory of B. Then
A is a full subcategory of B <

VAeOb(A), A ida, A is an A-reflection arrow.

Proof:

Assume A is a full subcategory of B. Let A, A" € Ob(A), f € homp(A, A").
Then f € homa(A4,A’) and f = foidsa. Now let f/ € homa(A4,A),
f = f'oida. Then f' = f, so 3!f' € homp(A, A"), f = f oids. Thus

ida . .
A —= A is an A-reflection arrow.

Now assume VA€ Ob(A), A ida, A is an A-reflection arrow. Let
f € homp(A, A’). Then 3!f’ € hompa(A,A") f = f'oidg = f. Thus
f € homa (A, A’). Therefore A is a full subcategory of B.

Functors

A functor F' from a category A to a category B is simply a function mapping
objects of A to objects of B and morphisms of A to morphisms of B. In order
to be useful, however, such a function must preserve some of the structure
of the category A. Hence we define a functor as a function between A
and B preserving composition and identities. Definition 1.2.11 is the formal
definition.

Definition 1.2.11 [1]: Let A, B be categories. F': A — B is a functor <
1. F assigns to each A € Ob(A) an object F'(A) € Ob (B).

12



2. F assigns to each f € homa (A, A’) a morphism
F(f) € homg(F(A), F(A’)) in such a way that:

(a) F(go f)=F(g)o F(f) wherever go f is defined.
(b) F(ida) = idp(a) for all A € Ob(A).

The action of a functor on a morphism is usually represented as

FAL a4y = reay 29 pan

We often leave out the brackets and write F'(A ER AY=FA I, pa.

Example 1.2.12 : Let A be a category. The identity functor ida defined
by

is a functor.

Lemma 1.2.13 [1]: Let F: A — B,G: B — C be functors. Define the
composite functor Go F': A — C by

(GoF) (AL A = cra)y CE gra

Then G o F' is a functor.
Definition 1.2.14 [1]: Let F': A — B be a functor. Then

1. Fis an embedding < F' is injective on morphisms.

2. F'is faithful < all hom-set restrictions

F': homy (A, B) — homg(F'A, FB)
are injective.

3. Fis full < all hom-set restrictions are surjective.

4. Fis an isomorphism <& 3G:B — A GoF =ida and FoG =idp.
A is isomorphic to B < there exists an isomorphism F: A — B.

Example 1.2.15 : The identity functor is an isomorphism ida: A — A.
Let U: TOP — SET be the forgetful functor which maps (X, 7x) s, (Y, 7vy)

to X 2y, Then U is faithful and full but is not an embedding since, with
reference to Remark 1.2.4, we can define two morphisms ¢, 1) € Mor (TOP)
such that cod ¢ = (X, 1) # (X, 72) = cod ) and

U((X, 1) % (X, 7)) = X 195, x — p((x, 1) 5 (X, )

so U is not injective on morphisms.
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Lemma 1.2.16 [1]: Let A be a subcategory of B. We define the inclusion
functor E: A< B by E(AL A= AL A" Then

1. E is an embedding.

2. F is a full functor & A is a full subcategory of B.

Lemma 1.2.17 [1]:
1. A composite of embeddings is an embedding.
2. F': A — B is an embedding < F is faithful and injective on objects.

3. F: A — B is an isomorphism < F is faithful, full and bijective on
objects.

Lemma 1.2.18 [1]: Let F' be a functor between categories A and B. If F'
is a full functor, or is injective on objects, then the image of A under F,
F(A), is a subcategory of B.

1.3 Concrete categories

The definition of an abstract category ignores the fact that objects in a
category may have a structure of their own. Concrete categories provide
a way to apply category theory to categories where the structures of the
objects in the category are of interest. Constructs are categories consisting
of structured sets and structure preserving functions between those sets, and
are the primary examples of concrete categories.

Concrete categories

Definition 1.3.1 [1]: A concrete category (A, U) over a base category X is
a category A together with a faithful functor U: A — X.
A concrete category over SET is called a construct.

Example 1.3.2 : Any category A can be regarded as a concrete category
(A,ida) over A. The category TOP cat be regarded via the forgetful
functor U: TOP — SET as a construct (TOP, U).

Remark 1.3.3 [1]: For a concrete category (A, U) over a category X, be-
cause U is faithful, we can regard homap (A, B) as a subset of homx (UA, UB)
in the following way: we define the convention that

¢: UA— UB chomy(A,B)< 3fchompa(A,B) Uf=¢

14



For f € homa (A, B) we say that f is identity carried if

UL B =valdes pp
Note that if f is identity carried then UA = UB but A is not necessarily
equal to B.

Example 1.3.4 : Consider the concrete category TOP. Let U be the
forgetful functor from TOP into SET. We know that when we say ¢: X —
Y is a morphism from (X, 7x) to (Y, 7y) we really mean that there is f =
((X,7x), ¢, (Y, 7y)) such that f € homrop((X,7x),(Y,7y)) and Uf = ¢.
Since U is faithful this morphism f is necessarily unique and we may simply
refer to it as ¢ as well, and we write ¢: (X, 7x) — (Y, 7v).

Definition 1.3.5 [1]: Let (A, U) be a concrete category over X. Let
X € Ob (X). The A-fibre of X is the class defined by

Fibrea(X)={A € Ob(A) |U(4A) =X }.
Ordering on the elements of Fibrea (X) is achieved by
A< B & idy € homy (A4, B).

This turns Fibrea (X) into a quasi-ordered class (i.e. < is reflexive and
transitive). (A,U) is said to be fibre-small if each A-fibre is a set (as
opposed to being a proper class). (A,U) is said to be amnestic if each
A-fibre is a partially ordered class.

Example 1.3.6 : Let X be a set. The TOP-fibre of X is the class
Fibrerop(X)={(Y,7) € Ob(TOP) | U(Y,7) = X }.

In other words, the class of all topological spaces over X. This is a set since
P(P(X))is a set and the class of all topologies over X can be considered as
a subset of P(P(X)). Hence TOP is fibre small. In this fibre,

(X, 7‘1) < (X, 7’2) &idy € hOInT()P((X, 7‘1), (X, 7’2))
S Cn

Now if (X, 7) < (X, 72) and (X, 72) < (X,71) then (X, 71) = (X, 72), so
TOP is amnestic.

15



Concrete subcategories

We now wish to have a mechanism which enables us to consider certain
concrete categories as sub-structures of other concrete categories. In other
words, subcategories of concrete categories which are in themselves concrete
and can therefore be expected to have the same concrete categorical prop-
erties as their supercategories.

The concept we are looking for is that of a concrete subcategory (Defini-
tion 1.3.7).

Definition 1.3.7 [1]: Let (A,U),(B,V) be concrete categories over X.
Then (A, U) is a concrete subcategory of (B, V) <

1. A is a subcategory of B.

2. U=V o FE, where F: A — B is the inclusion functor.

Remark 1.3.8 : The second condition of Definition 1.3.7 expresses the fact
that if (A, U) is a concrete subcategory of (B, V') (over X), then A-objects
must have the same underlying X-objects when regarded as B-objects.

Example 1.3.9 : A trivial example of a concrete subcategory is SET;
(defined in Example 1.2.6) considered as a concrete subcategory of SET.
SET; may be regarded as a construct via the inclusion functor E while
SET may be regarded as a construct via it’s identity functor idggr. Since
SET,; is a subcategory of SET and E = idggroE, we may regard (SET;, E)
as a concrete subcategory of (SET, idggT).

Another example is the category HAUS (see e.g. [5]), the category
of all Hausdorff spaces, whose objects are the Hausdorff topological spaces
and whose morphisms are the continuous functions between them. HAUS
can naturally be considered as a subcategory of TOP, so there is an in-
clusion functor £: HAUS — TOP. We know that (TOP,U), where U
is the forgetful functor into SET, is a construct. We can therefore regard
(HAUS, U o F) as a subconstruct of (TOP, U).

Definition 1.3.10 [1]: Let (A,U), (B, V) be concrete categories over X.
Then (A, U) is a concretely reflective subcategory of (B, V) <

1. (A,U) is a concrete subcategory of (B, V).
2. YVBeOb(B) 3Ap € Ob(A) Ir € homp(B, Ap),
(a) Vr = idVB.

(b) 7 is an A-reflection arrow for B (see Definition 1.2.7).

In other words, (A, U) is a concretely reflective subcategory of (B, V') iff for
every B-object B there is an identity-carried A-reflection arrow.

16



Remark 1.3.11 : Examples of concretely reflective subcategories will be
given later in the chapters on classical topological spaces and L-topological
spaces.

Concrete functors

Definition 1.3.12 [1]: Let (A, U), (B, V) be concrete categories over X.
F is a concrete functor between concrete categories (A, U) and (B, V) <

1. F': A — B is a functor.

2.U=VoPF.

Remark 1.3.13 : The second condition is easier to understand if one thinks
in terms of a functor mapping a construct to another construct, e.g. mapping
for example topological spaces to neighbourhood spaces. What the condition
says is that the underlying set does not change.

Note that since both U and V' are faithful, this implies that F' must be
faithful too. This means that every concrete functor is faithful [1].

Definition 1.3.14 [1]: Let (A,U), (B, V) be concrete categories over X.
Let F: (A,U) — (B,V), G: (A,U) — (B,V) be concrete functors. We
define

F<G& VAcOb(A) F(A) <G(A).

Note that U = Vo F = V o G so that V(F(A)) = V(G(A)) meaning that
F(A) and G(A) are always members of the same fibre of X.

Definition 1.3.15 [1]: Let (A, U), (B, V) be concrete categories over X.
F:(A,U)— (B,V) is a concrete isomorphism <

1. F'is a concrete functor between (A, U) and (B, V).

2. F: A — B is an isomorphism (see Definition 1.2.14).

Example 1.3.16 : Let (A, U) be a concrete category over X. Then ida is
a concrete isomorphism between (A, U) and (A, U).

1.4 Topological categories

Many of the useful properties of topological spaces and related construc-
tions such as neighbourhood spaces may be regarded as properties of the
corresponding categories. In this way notions such as topological spaces,
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limit spaces and uniform spaces may be drawn together and given a com-
mon framework through category theory [34]. Accordingly we define what
it means for a category to be topological.

Definition 1.4.1 [1]: Let A be a category. S is a source in A <

S = (A, (fi)ier)

where A € Ob (A) and (fi)ier € Mor (A)! is a class of morphisms indexed
by the class I with the property that Vi € I dom f; = A. Alternative

notation for S is (A f—1> A;j)ier. Ais referred to as the domain of the source
S while the A; are referred to as the codomain.

Definition 1.4.2 [1]: Let G : A — B be a functor. 7 is a G-structured
source in B <

1. 7 is a source in B.

2. the codomain of 7 is given by a family (GA;);c; where Vie I A; €
Ob (A).

Definition 1.4.3 [1]: Let A, U) be a concrete category over X. We recall
the convention (see Remark 1.3.3) that
Y € homa (A, A) & 3 f € hompa (A, A), Uf=1.
We define S is an initial source in (A,U) <
1. §=(4 LN i)ier is a source in A.
2. VA eOb(A)VyY: UA - UA

(Viel (Ufi)ot €homa(A,A;)) < 1 € homa (A, A).

Definition 1.4.4 [1]: Let (A, U) be a concrete category over X. (A, U) is
a topological category over X < every U-structured source (X %, UA;)r

has a unique initial lift (A LR A;)r i.e. there exists a unique initial source
(A ER A;)r such that

Viel UAZL A4)=x 2 UA4,.

Another way of saying this is that (A, U) has initial structures.
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Remark 1.4.5 : Throughout the following discussion we will be dealing
with constructs (concrete categories over SET) which are topological over
SET. Preuss ([34]) defines a construct (A, U) to be topological if it satisfies
the following three conditions:

1. (A, U) is topological over Set (in the sense already defined).
2. (A, U) is fibre small.

3. (A, U) satisfies the terminal separator property i.e. for any singleton
set {z} there exists exactly one A € Ob (A) such that UA = {x}.

We will use the definition given by Addmek et al. ([1]), but wherever possible
we will prove the extra properties needed for Preuss’s stronger definition as
well, in order that our results may apply more widely.

Adédmek et al. define a construct (A,U) to be well-fibred iff for all
X € Ob (SET) with |X| < 1 there exists a unique A € Ob (A) such that
UA = X. For us this is essentially the same as the terminal separator
property since we consider constructs where one of the conditions on the
objects is that the underlying sets are non-empty.

Example 1.4.6 : The category TOP satisfies the terminal separator prop-
erty. Consider a one point set X = {z}. Now both () and X must be mem-
bers of any topology 7 on X, but these are the only possible subsets of X,
so the only possible topology on X is P(X) = {0, X }.

Lemma 1.4.7 [1]: Let (A,U) be a concrete category which is amnestic
over its base category X. Then for any U-structured source (X %, UA;)ier

in X, if that source has an initial lift (A ELN A;)ier, that initial lift is unique.

Proof:
Let (X &4, UA;)ier be a U-structured source in X which has an initial lift

(A ELN i)ier and another initial lift (B EiR Aj)ier- Now A, B € Ob(A) and
idpa =idx € homx(UA, X). By definition

Viel ¢;oidx € homp (A, 4;).

Thus since both sources are initial, we have that idx € homg (A4, A), which
tells us nothing new, but also idx € homa (A, B). Thus we have that A < B.
Similarly B < A. Since (A, U) is amnestic, B = A.

For the morphisms, select ¢ € I. We have

UA LS A)=UB % A) =UA L Ay,
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Since U is faithful, f; = ¢;. So we have proved that

(A LN Dier = (B2 Aier.

Proving that a construct has initial structures

To prove that a construct (A, U) has initial structures (i.e. is topological
over Set) we need the following steps:

1. We define a U-structured source (X ki X;); in SET
where (X;,&;) € Ob(A) and ¢; : X — X, are functions.

2. We now need to find a structure £x on X such that (X,{x) € Ob(A)
and Viel ¢;¢€ homA((X, fX), (Xl,fl))

3. Next we need to prove that ((X,¢{x) %, (X;,&;))r is an initial source
in A. To do this, let (Y,&) € Ob(A) and ¢ : Y — X be a function.
We need to prove that

Viel ¢;ot e homgp((Y,Ey), (Xi,&))
= 9 € homa ((Y, &y), (X, €x)).

4. Lastly we need to prove that ((X,{x) %, (X5, &)1 is the unique lift
of (X %, Xi)r which is initial in (A,U). In this we are assisted
by the fact that this is automatic if we are considering an amnestic
construct (Lemma 1.4.7). All of the categories we will be considering
are amnestic constructs.

Examples will be given in later chapters and the procedure should become
clear.

1.5 Cartesian closed categories

Definition 1.5.1 [3]: Let A be a category. Then T' € Ob (A) is a terminal
object iff
VAeOb(A), 3!fechoma(AT).

Let A,B € Ob(A). Then a product diagram for A and B consists of an
object P € Ob (A) and morphisms p;: P — A, ps: P — B such that given
any X € Ob(A),z1: X — A, x9: X — B there exists a unique u: X — P
such that the following diagram commutes:
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T u €T

A P B
b1 D2

i.e. such that 1 = p; ou and x93 = py o u.

A is said to have all binary products iff a product diagram exists for every
A,B € Ob(A). A is said to have all finite products iff it has a terminal
object and all binary products.

Remark 1.5.2 : For the object P in Definition 1.5.1, we normally write
P = A x B. For the morphism u we normally write u = (z1, x2).

Example 1.5.3 : Any one element set {z} together with P({z}) = {0, {z}}
is a terminal object in the category TOP.

Example 1.5.4 : Let A, B € Ob(SET), i.e. A and B are sets. Let
AxB={(a,b)|lac Aandbe B}. Let m4y: AxB — A (a,b)— a and
mp: AXxB — B (a,b)—b. Then (A X B, w4, 7p) is a product diagram in
SET for A and B.

Any one-element set {z} is a terminal object for the category SET,
hence SET has all finite products.

Lemma 1.5.5 [3]: Products are unique up to isomorphism.

Definition 1.5.6 [3]: Let A be a category with binary products. Let
f: A— Band f': A — B’ be morphisms in A. We define the morphism
fxf: Ax A — B x B’ such that the following diagram commutes:

A b1 Ax B b2
f fxf f!
Al A’ x B’ B’
q1 q2

ie. fx ff={(fop1, [ opa).

Example 1.5.7 : Let ) # X,Y,U,V € Ob(SET) and let f: X — U,
g: Y — V be functions. Then we know that the normal cartesian products
X xY,U xV and projection functions 7wx, my, 7y, my form product diagrams
for X,Y and U,V, thus we can define f x g: X xY — U x V. Now
mu((f x g)(z,y)) = (forx)(z,y) = f(z) for (z,y) € X x Y and similarly
mv((f x g)(x,y)) = g(y), thus f x g(z,y) = (f(2), 9(v))-
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Definition 1.5.8 [3]: Let A be a category with binary products and let
A,B € Ob(A). Then an exponential of A and B consists of an object B4 €
Ob (A) (usually called an exponential object) and a morphism e: B4 x A —
B (usually called the evaluation mapping) such that

VZecOb(A)Vf:ZxA—B 3f:Z—-BA

such that € o (f xid4) = f, i.e. there exists a unique f (the transpose of f)
such that the diagram below commutes.

BA x A c B

indA f
Z x A

Example 1.5.9 : Let A, B € Ob(SET). Define
BA ={g| gis a function between A and B }.

Define e: BA x A — B (g,a) — g(a). Let Z € Ob(SET) and let f: Z x
A — B be a function. For z € Z, define f,: A — B by f.(a) = f(z,a).
Now f, € B4 by the definition. Define f: Z — B4 2z — f.. Now let
(2,a) € Z x A. Then f(z,a) = f.(a) = &(f.,a) = e o (f x ida)(z,a). Lastly
assume h: Z — B4 has the property that e o (b x id4) = f. Let z € Z.
Then Ya e A, h(z)(a) = f(2)(a) = f(z,a), thus h = f. We have proved
that (B4, ¢) is an exponential of A and B in the category SET.

Definition 1.5.10 [3]: A category A is cartesian closed iff
1. A has all finite products.

2. A has all exponentials, i.e. for every pair of objects A, B € Ob(A)
there exists an exponential of A and B.

Example 1.5.11 : By Examples 1.5.4 and 1.5.9, SET is cartesian closed.

1.6 Categorical theorems

In this section we present some useful theorems which are used later in
proving properties of different categories.

Theorem 1.6.1 [1]: Let (A,U) be a concrete subcategory of a concrete
category (B, V) over X. Let E : A < B be the inclusion functor. Then
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(A, U) is a full, concretely reflective subcategory of (B, V) <
There exists a functor G: (B, V) — (A, U) such that

GoFE =idpa and FEo(G >idg.

Proof':
Assume that (A, U) is a full, concretely reflective subcategory of (B, V). We
define the functor G as follows: we know that

VB € Ob(B) 3 an identity-carried A-reflection arrow, rg: B — Ap.

We define a selection function s: Ob (B) — Mor (B)

idp B e Ob(A)
B —
One of the rg’s otherwise

This is possible by the axiom of choice. Now we define the functor G by the
diagram below.

o)
!

We can do this since for each B > B’ € Mor (B), the morphism s(B’) o f
is uniquely defined. The morphism G(f) is defined as the unique morphism
such that s(B') o f = G(f) o s(B), which is possible since s(B) is an A-
reflection arrow,

Now let A L+ A’ € Mor (A). Then E(A L Ay = A L. A", We calculate
GoE(A EN A’) using the diagram below.

So we have that G o E = ida.
Let B € Ob(B). We know that s(B): B — G(B) is identity carried.
Hence B < G(B) = E o G(B) and we have that £ o G > idg.
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For the converse, assume that there exists a functor G: (B, V) — (A, U)
such that
GoE =ida EoG >idp

Let B € Ob (B). We define Ap = GB € Ob(A). Because E o G > idg we
have
dr € homp(B,Ap) Vr =idyp

so r isidentity carried. For each B € Ob (B) we select one rp € homp (B, Ap)
such that Vrg = idyg. This is possible by the axiom of choice. We now
prove that rp is an A-reflection arrow.

Let A € Ob(A), f € homg(B,A). Then Gf € homa(Ap, A) since
GA = A from Go E = ida. So (Gf)orp € homg(B,A). Now G is a
concrete functor, thus U o G = V. Also (A, U) is a concrete subcategory of
(B,V),soU=VoFE.Sowehave VoEoG=1V.

V((Gf)orp) =V(Gf)oV(rp) = V(Gf) oidyp
= V(Gf)=VoEoG(f)=V(/).

Since (Gf) orp, f € homp(B, A) and V is faithful we have (Gf)orp = f.
We need to prove that fforg = f = f' = Gf. Assume f'org = f. Then
V(f'org) = V((Gf) orp) and V(f') = V(Gf), so f' = Gf since V is
faithful.

Lastly we need to prove that (A, U) is a full subcategory of (B, V). Let
A, A€ Ob(A), f € homp (A4, A’). Then Gf € homp (A, A’) and

VoEoG(f)
e

VAl Ay =vorAaZl Ay=va vA' =vatlva.

Because V is faithful we have f = Gf, thus f € homga (4, A’).

Theorem 1.6.2 [1]: Let (A, U), (B, V) be concrete categories over a cate-
gory X. Then

(A, U) is isomorphic to a full, reflective subcategory of (B, V') < There exist
functors F': (A,U) — (B,V), G: (B,V) — (A, U) such that the following
conditions are satisfied:

1. F'is an embedding.

2. GoF =idp and F oG > idg.

Proof:
Assume that (A, U) is isomorphic to a full, reflective subcategory (C, W) of
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(B, V). Let E be the inclusion functor E: (C,W) — (B, V). By Theorem
1.6.1, there exists a functor K: (B, V) — (C, W) such that

KoFE=idg and FEoK >idg.

Since (A, U) is isomorphic to (C, W), there exists an isomorphism functor
H: (A, U) — (C,W) with inverse H~!. We define the functors F' and G by

F=FEoH and G=H 'oK.

Then F' is an embedding since H and F are both embeddings and a com-
posite of embeddings is an embedding (see Lemma 1.2.17). We calculate

GoF=H'oKoEoH=H 'oidgo H =ida,
FoG=FoHoH 'oK=FEoK >idg.

For the converse, assume that we have functors F': (A,U) — (B, V) and
G: (B,V)— (A,U) such that F' is an embedding and

GoF =idpa and FoG >idg.

Since F' is an embedding, it is injective on objects (see Lemma 1.2.17) and
hence F(A), the image of A under F, is a subcategory of B (see Lemma
1.2.18). Let E be the inclusion functor E: F(A) < B. Then with W =
V o E, we can regard (F'(A), W) as a concrete subcategory of (B, V).
Since F' is an embedding, (A, U) is isomorphic to (F(A), W). The iso-
morphism functor is simply F': (A,U) — (F(A), W). We define
K:(B,V) - (F(A),W)by K =FoG. Now Eo K = FoG > idg and
KoE=KoEoFoF ' =FoGoFoF ™! = FoidgoF ! =idpa). Thus by
Theorem 1.6.1, (F(A), W) is a full, reflective subcategory of (B, V'), which
is isomorphic to (A, U).

Theorem 1.6.3 [1]: Let (A, U) be a full concretely reflective subcategory
of an amnestic category (B, V), with base category X. Then

(B, V) is topological over X = (A, U) is topological over X.

Proof:

Since (A, U) is a full, concretely reflective subcategory of (B, V), by the
axiom of choice we can associate with each B € Ob (B) an identity carried
A-reflection arrow rp. Furthermore for those B € Ob (A), we can specify
(by Lemma 1.2.10), that this reflection arrow shall be the identity on B,
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namely idg. We define a functor G: (A,U) — (B, V) in such a way as to
make the diagram below commute.

! :
B rgrof =%
B) a0 G(B)

Now let (X ZN UA;)ier be a U-structured source in X. Then (X kZN

V' A;)icr is a V-structured source which has a unique initial lift (B ELN Apier
in B, since B is topological over X. We prove that (GB Gh, i)ier 1s an
initial lift of (X 25 UA,)ics in A.

Consider the diagram generated when we attempt to find G f;:

B

G(B) i

Gfi
From the diagram we have (Gf;) orp = f; so

V(Gfi) =V(Gfi)oidyp =V(Gfi)oV(rp) =V(Gfiorp) =V fi = ¢

Thus (GB Gh, Aj)ier is a lift of (X 2N UA;)icr in A. We now prove that
it is initial.

Let A€ Ob(A),? € homx(UA, X), Vie I ¢;01 € homa(A, A;). We
need to prove that ¢ € homy (A4, GB). We know that ¢ € homx(V A, X)
and also Vi € I ¢; 01 € homp(A, A;). Since (B ELN A;)ier is an initial
lift in B, we have that ¢ € homg(A4, B), i.e. 3g € homp(A,B) Vg =1.
Let’s look at the diagram of what happens when we map g to Mor (A) using
the functor G:

A g

idg rpog TB

=
A o GB
So we have Gg = rgogand U(Gg) = VoE(Gg) = V(rpog) = idypoVg =1
thus ¢ € homa (A4, GB).
Since (B, V) is amnestic, (A, U) is also amnestic and thus

(GB Gh, A;)ier is automatically a unique initial lift of (X kZN UA;)icr.

Thus (A, U) is topological over X.
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Chapter 2

Classical Topological Spaces

In this chapter we introduce the classical topological spaces and the corre-
sponding categories which we will later generalize to the lattice case. The
purpose is to provide us with some concrete examples which we may keep
in mind as we generalize in Chapters 4 and 5. In the first section we collect
some preliminary results which we will need later. Next, the category TOP
is defined and some of its categorical properties are stated. In the following
section we define the category TCS of topological convergence spaces and
show that it is isomorphic to TOP. We pay particular attention to the
classical Kowalski and Fischer axioms since they will play an important role
in later chapters. Lastly we weaken the TCS axioms to obtain a category
CONYV, which is topological over SET, cartesian closed, and contains TCS
as a reflective subcategory.

2.1 Filter Theory

One of the original strands in the study of topological spaces arose from
the study of open sets in metric spaces [39]. One very useful property of
such open sets is that they can be characterized by convergence of sequences
i.e. functions whose domain is N[36]. It was hoped initially that topological
spaces could be characterized by convergence of sequences as well, but this
turns out not to be true [39]. However, topological spaces can be character-
ized by the convergence of filters (see e.g. [29]), which are a generalized form
of sequence. In this section we will develop some filter theory to the point
where we can use it in Section 2.3 to formulate axioms which characterize
topological spaces. Although many proofs in Section 2.3 are not given, the
purpose of presenting the necessary filter theory in the classical case is to
make comparison with the general L-filter case easier and more intuitive.
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Definition 2.1.1 [5]: Let X be a non-empty set. Then F C P(X) is a
filter on X &

F1 F#0and 0 ¢ F.

F2 VA BCX, AcFand ACB= B¢ F.

F3 VA BCX, ABcF= ANBEcF.

The set of all filters on X is denoted F(X). We define an order on F(X) by

VF,Ge F(X), F<G&FCG.

Example 2.1.2 : Forz € X wedefine [z] ={AC X |z € A}. [z] € F(X)
is the point filter at x. The set {X} is a filter on X.

Remark 2.1.3 : For all F € F(X), X € F,since F # 0, thus 34 C X
in F and by F2, X € F.

Lemma 2.1.4 [5]: Let § # X € Ob(SET). Let (Fi)ier € F(X)! be a
collection of filters on X indexed by the class I. Then (,.; F; € F(X) and
furthermore ;o F; is the largest filter G on X such that Vie I, G C F;.

A mapping ¢: X — Y induces mappings ¢: P(X) — P(Y) and
¢~ : P(Y) — P(X) in the following way. We define, for AC X and BCY

p(A)={yeY | JzecA ¢é@) =y},
o7 (B)={z€ X |¢(x) € B}.

Lemma 2.1.5 [39]: Let ) # X,Y € Ob(SET),F € F(X). Let ¢: X - Y
be a function. We define

¢(F)={BCY |9~ (B)eF}
Then ¢(F) € F(Y). We call ¢(F) the image of F under ¢.

Remark 2.1.6 : Note that the definition of ¢(F) differs from the usual
definition of the image of a collection of subsets A of X under ¢. The
definition given in Lemma 2.1.5 is equivalent to

¢(F)={BCY | IFeF, oF)CB}
The latter is given by ¢(A) = {p(A) | A € A}. This should cause no

confusion provided that we are aware of it.
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Lemma 2.1.7 [5]: Let 0 # X,Y € Ob(SET),F € F(Y). Let ¢: X — Y
be a function. We define
P (F)={¢"(4) | Ae F}

Then (VA € F, ¢~ (A4) # 0) & ¢~ (F) € F(X). We call ¢~ (F) the
inverse image of F under ¢.

Lemma 2.1.8 [5]: Let ) # X € Ob(SET),F,G € F(X). We define F Vv
G C P(X) by

AeFVvGse dJA e F A eG, ATNACA

Then FVGe F(X)& VFe FVGe G, FNG#(. If this condition is
satisfied then F V G is the least upper bound of F and G in F(X).

Lemma 2.1.9 [5]: Let ) # X,Y € Ob(SET) and let 7x, 7y be the usual
projection functions from X x Y to X,Y. Let F € F(X),G € F(Y). Then
75 (F),my (G) € F(X xY), and furthermore 7% (F), my (G) satisfy the
condition of Lemma 2.1.8. Thus we can define

FxG=n5(F)Vri(9).

Lemma 2.1.10 [7,28]: Let @ # J, X € Ob(SET), G € F(J). Let (Fj)jes €
F(X)” be a collection of filters on X indexed by J. We define the compres-

sion operator K by
WG, (Fien) = U (7
Geg jel

Then (G, (Fj)jes) € F(X).
Proof:

F1 By Remark 2.1.3 and Lemma 2.1.4, J € G and ;¢ ; F; € F(X)
so 0 # k(G, (Fj)jes). Similarly since VG € G, ;e Fj € F(X), by
the definition 0 ¢ (G, (F;)je)-

F2 Let A,B C X, A € k(G,(Fj)jes),A € B. Then by the definition of
(G, (Fj)jes), 3GEGVjEG, AcF;. By F2,
1GeGVjeG, BeF; Thus B € k(G,(F))jer)-

F3 Let A, B € (G, (Fj)jes). Then by the definition of x(G, (Fj);jer),
3G He G, A€(jegFjand B € (eyFr Nowd#GNHEeG
by F1 and F3, we have Vj € G, A€ F;jand Vke€ H, BcF.
Thus Vie GNH, ABcZF. ByF3, ViceGNH, ANBEcF,
So we have AN B € (\;canu Fi and AN B € k(G, (Fj)jer)-
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2.2 Topological Spaces

Topological spaces and the category TOP have already been defined in
Chapter 1 (Example 1.2.3). We restate the definition formally.

Definition 2.2.1 [5, 39]: Let () # X € Ob (SET), 7 C P(X). Then (X, 7)
is a topological space <

01 ), Xer

02 A, Betr=ANBer

03 ACT=UAcrT

T is referred to as a topology on X.

Definition 2.2.2 [1]: We define the category TOP by
Objects Topological spaces (X, 7)

Morphisms Functions ¢: X — Y between topological spaces (X, 7x) and
(Y, 7y) which satisfy VV € 7y, ¢~ (V) € 7x. These are called
continuous functions.

Identity The identity morphism for a topological space (X, 7) is the usual
idx: (X, 7) — (X, 7).

Composition Morphism composition is the usual function composition.
Example 2.2.3 : In the TOP-fibre of X, i.e. the class of all topologies
on the fixed set X, topologies are ordered by 7 < 75 < 179 C 79, when the

order is defined as in definition 1.3.5. In this fibre, the smallest element is
(X, P(X)) and the largest element is (X, 79) where 79 = {0, X }.

Remark 2.2.4 : There is the obvious forgetful functor U: TOP — SET.
Thus (TOP,U) can be regarded as a concrete category over SET, ie. a
construct. Through abuse of notation we also refer to this category as TOP.

Lemma 2.2.5 [1]: The category TOP is fibre-small, amnestic and has the
terminal separator property.

Remark 2.2.6 : The fact that TOP is amnestic, fibre small and has the
terminal separator property was proved in Examples 1.3.6 and 1.4.6.

Theorem 2.2.7 (see e.g. [1]): The category TOP is topological over SET.

Theorem 2.2.8 [1, 2, 11]: The category TOP is not cartesian closed.
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2.3 Characterizations of Topological Spaces

It is well known (see e.g. [5, 39]) that classical topological spaces may be
viewed in several different but equivalent ways. The formulation is usually
chosen depending on the problem the topological machinery is being applied
to. In this section we explore the various standard axiom schemes which
describe topological spaces. It will be shown in Chapter 4 that these axiom
schemes can be translated into the more general setting of L-sets, where
they similarly suffice to characterize L-topological spaces.

Definition 2.3.1 [5, 39]: Let (X, 7) be a topological space. We define the
interior operator int by

10 int: P(X) 7 A—intA=|J{Ver|VCA}

In cases where no ambiguity can arise we will use the shortened notation A°
for intA.

Lemma 2.3.2 [5, 39]: Let (X, 7) be a topological space. Then the interior
operator int has the following properties for all A, B C X

I1 AeTt& A= A°
12 A° C A.

I3 X°=X.

I4 A°NB°=(ANB)°.
I5 ACB= A°C B°.
I6 (A°)° = A°.

Remark 2.3.3 : Note that property I5 follows from I4. We state it here
separately for comparison with the general ecl-premonoid case in chapter 4.

Definition 2.3.4 : Let X be a non-empty set and let int: P(X) — P(X)
be an operator satisfying the properties I2 to I6 of Lemma 2.3.2. Then
(X, int) is an interior space.

Lemma 2.3.5 [5, 39]: The properties of Lemma 2.3.2 characterize topo-
logical spaces, i.e. if (X,int) is an interior space then it can be mapped
uniquely to a topological space (X, 7) via I1, and the topological space so
defined can be mapped back to the same interior space (X, int) via 10. In
this way the topological axioms O1-03 describe essentially the same object
as the interior axioms I12-16.
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Remark 2.3.6 : Lemmas 2.3.2 and 2.3.5 are proved in the general ecl-
premonoid case as Lemmas 4.2.2 and 4.2.4 respectively.

Definition 2.3.7 [5, 39]: Let (X,int) be an interior space. We define the
neighbourhood filter U* at x € X by

NO U*={ACX |ze A}

Lemma 2.3.8 [5, 39]: The neighbourhood filter at € X has the following
properties:

N1l VACX, AcU® <= zxe A°

N2 VAelU® ze A

N3 X eU”.

N4 VA, BCX, A BelU®= ANBEeU".

N5 VA, BCX, ACBand AclU®= BeUr.

N6 VACX, AcU*= dBeclU*Vye B, AclUv.

Remark 2.3.9 : By the axioms N2, N3, N4 and N5, U* € F(X).

Definition 2.3.10 [5, 39]: Let X be a non-empty set and let (U*),cx be a
collection of filters on X indexed by X satisfying axioms N2-N6 of Lemma
2.3.8. Then (X, (U"),ecx) is a neighbourhood space.

Lemma 2.3.11 [5, 39]: The properties of Lemma 2.3.8 characterize interior
spaces, i.e. if (X, (U")zex) is a neighbourhood space then it can be mapped
uniquely to an interior space (X,int) via N1, and the interior space so
defined can be mapped back to the same neighbourhood space (X, (U*)zex)
via N1 again. In this way the interior axioms 12-16 describe essentially the
same object as the neighbourhood axioms N2-IN6.

Remark 2.3.12 : Lemmas 2.3.8 and 2.3.11 are proved in the general ecl-
premonoid case as Lemmas 4.2.6 and 4.2.9 respectively.

A convergence structure on a set X is defined by most authors (see e.g.
[9]) as a function 7X — P(F(X)). From this point of view, for z € A, 7(x)
is interpreted as the set of all filters on X which converge to z. We can
equivalently specify a function lim: F(X) — P(X) which specifies the set
of points lim F to which each filter F converges. This is the viewpoint we
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shall adopt as standard, since it is closely related to the concepts in later
chapters.

Definition 2.3.13 [9]: Let (X, (U*)rex) be a neighbourhood space. We
define the limit function

Lp lim: F(X) - P(X), lmF={zeX|U*CF}

Lemma 2.3.14 (see [21] for the frame case): The lim function satisfies the
following properties:

LO Ve e X, U =({FeFX)|zeclimF}.

Ll Vze X, z€lim[z].

Lp VFeF(X), limF={zeX|U*CF}

Lt VeeX, AclU*= dBeclU*Vye B, AclU’.

Remark 2.3.15 : The axiom scheme given above is a mixture of the stan-
dard axioms for neighbourhood spaces and the standard axioms for con-
vergence relations (see e.g. [7, 26]) translated into axioms in terms of the
lim function. The reason this approach has been adopted is to make more
clear the comparison between the classical case and the more general ecl-
premonoid case.

Definition 2.3.16 (see [21] for the frame case): Let X be a non-empty set
and let lim: F(X) — P(X) be a function satisfying axioms L1, Lp and
Lt of Lemma 2.3.14, with U defined by LO. Then (X, lim) is a topological

convergence space.

Lemma 2.3.17 (see [21] for the frame case): The properties of Lemma
2.3.14 characterize neighbourhood spaces, i.e. if (X,lim) is a topological
convergence space then it can be mapped uniquely to a neighbourhood
space (X, (U"),ex) via LO, and the neighbourhood space so obtained can
be mapped back to the same topological convergence space (X, lim) via Lp.
In this way the neighbourhood axioms N2-N6 describe essentially the same
object as the topological convergence axioms.

Remark 2.3.18 : Lemmas 2.3.14 and 2.3.17 are proved in the general ecl-
premonoid case as Lemmas 4.2.11 and 4.2.14 respectively.
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Remark 2.3.19 : From Lemmas 2.3.5, 2.3.11 and 2.3.17, we have that
topological spaces have at least four equivalent characterizations, hence in
the future when a topological space is defined it will be possible to use either
it’s ‘canonical’ axioms, or the interior operator, or the neighbourhood filter,
or the lim function in proofs.

Lemma 2.3.20 (see [21] for the frame case): Let (X, 7x), (Y, 7y) be topo-
logical spaces. Let ¢: X — Y be a function. Then

¢ is a continuous function & VV € 1y, ¢~ (V) € 7x
& VzeXVBCY, BeUl™ = ¢~ (B) ey
o VFeF(X), ¢(limyx F) C limy ¢(F).

Remark 2.3.21 : Lemma 2.3.20 is proved in the general ecl-premonoid
case as Lemma 4.3.2.

Definition 2.3.22 (see [21] for the frame case): We define the category
TCS of topological convergence spaces by

Objects Spaces (X,lim) which satisfy axioms L1, Lp and Lt, with U®
defined by LO.

Morphisms Functions ¢: (X, limy) — (Y, limy) which satisfy

VFeF(X), ¢(limy F) C limy ¢(F).

Identity The identity morphism for a topological convergence space (X, lim)
is the usual idx : (X, lim) — (X, lim).

Composition Morphism composition is the usual function composition.

Theorem 2.3.23 : The category TOP is isomorphic to the category TCS.

Proof:
We define functors

F:TOP — TCS
(X,7x) L (V1) = (X, limyy ) 2 (Y, limy,.).
G: TCS — TOP
(X, limy) 2, (Y, limy) — (X, Tlimy ) 2, (Y, Tlimy )-
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Then by Lemmas 2.3.5, 2.3.11, 2.3.17 and 2.3.20 we have
FoG=idprop and GoF =idpcs.

So TOP is isomorphic to TCS.

2.4 Alternatives to the Lp and Lt axioms

It is desirable, in Lemma 2.3.14, that for topological convergence spaces we
should express the Lp and Lt axioms entirely in terms of some simple (or at
least, simple-looking) axiom on the function lim, rather than as it is in the
Lemma, where we have to first define the neighbourhood filter 4% and only
then check if the filter satisfies the conditions. In fact, this is possible and
we can replace the Lp axiom with an equivalent condition on lim. We have
two different axioms which achieve the desired result for the Lt axiom, both
equivalent to each other, at least in the presence of the axioms L1 and Lp.
The first axiom K is due to Kowalski [28], the second, F, is due to Fischer
[7].

Lemma 2.4.1 : Let X be a non-empty set and let lim: F(X) — P(X) be
a function satisfying the axiom L1 of Lemma 2.3.14. Then axiom Lp of
Lemma 2.3.14 (with &* defined by LO) is equivalent to:

L2 VF,Ge F(X), FCG=IlimFClimg
and
LpW2
V0 # I € Ob(SET), ¥ (Fics € F(X)!, lim((|F)=[)limF;.
el el

i.e. Lp & L2 and LpW2, provided that L1 is satisfied.

Proof:

Assume that axiom Lp is satisfied, i.e.

Lp VFeF(X), IimF={zeX |U*CF}.
Define U”* by

LO U =({FeF(X)|zelimF}.

We need L1 so that this intersection is non-empty. We prove that Lp =
L2. Let F,G € F(X),FCG. Then

zelmMFoU* CF=U*CG & xclimgG.
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Next we prove that Lp = LpW2. Let I be a non-empty set indexing a
family of filters (F;);e;. Then

$Eﬂlim.7:i<:> Viel, ze€limF
iel
S Viel, UPCF

U C(Fierelim()F.
iel el

Now assume that axioms L2 and LpW2 are satisfied. We prove that
(L2 and LpW2) = Lp. Let x € X. We define &* via LO. Then it is clear
that z € imF = U* C F, for F € F(X). For the converse, assume that
U* C F. Then by L2, limU* C lim F. Now by LpW2

Emy® =lim( (] ¢)= [) (mg).

relim G rzelim G

So z € imU*. Thus = € lim F. We have proved that x € lim F < U* C F,
which is the axiom Lp.

Definition 2.4.2 : Let X be a non-empty set and let lim: F(X) — P(X)
be a function satisfying the axioms L1 and Lp of Lemma 2.3.14. Then
(X, lim) is a principal convergence space.

Remark 2.4.3 : Kent and Richardson ([26]) use a weaker axiom scheme
where a convergence space (their terminology) (X,lim) is defined as one
which satisfies the axioms L1, L2 and Kent:

Kent VFeF(X)Vere X, zelmF=zclim(FnN/z)

Under these conditions they are able to prove that the axiom F is equiva-
lent to (X, mim) being a topological space. Previously Kowalsky ([28]) had
proved that a pretopological space (again, Kent and Richardson’s terminol-
ogy) (X,lim) (i.e. one which satisfies L1, L2 and Vz € X, z € limU”)is
equivalent to a topological space (X, 7y, ) iff it satisfies the axiom K. Thus
all the results in this section are implied by the results previously obtained
by Kent and Richardson and Kowalsky. The reason that they are stated
here in this formulation is for comparison with results in Chapters 4 and
5, where we follow Jager’s development of convergence theory for the frame
case ([21, 23, 24, 22]).

Lemma 2.4.4 : In a principal convergence space (X, lim),
Vee X, U*e F(X). Furthermore Vz e X, =z € limU”.
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Proof:

Let x € X. Define 4* by LO. Then by L1, the intersection exists, hence by
Lemma 2.1.4, Y* € F(X). Now by Lp, imU* ={z € X | U* CU"}. But
U* CU*, so x € imU”*.

Lemma 2.4.5 : Let (X,lim) be a principal convergence space. Then the
axiom Lt of Lemma 2.3.14 is equivalent to:

K VGeF(X)V(F)yex € F(X)XVz € X,
relimGand Vye X, yeclimF,
= z € limk(G, (Fy)yex)

where £(G, (Fy)yex) = U ﬂ F. is the compression operator defined in

Geg zeG
Lemma 2.1.10.

Proof:

We prove that K = Lt. Assume the axiom K. Let z € X. Now by Lemma
244, x € imU® and Vy € X, y € limiY. Taking G = U* and F, = UY
in the statement of K, we deduce that € lim x(U”, (UY)yex). Therefore
by Lp, U* C s(U*, (UY)yex). Let U € U*. Then by the definition of
’{(gv (}—y)yGX)a

IVeurvyeVv, UeclU’.

Now we prove that Lt = K. Let § € F(X), Vy € X, F, € F(X).
Let x € X,z €limG and Vy € X, yeclimF,. Let U € U”. Then by Lt,
Veu*vyeV, UelU. NowlUU* C Gand VycV, UYC F, by Lp,
so U € ey U and thus U € Uy g ey UY € (G, (Fy)yex)-

Lemma 2.4.6 : Let (X,lim) be a principal convergence space. Then the
axiom K of Lemma 2.4.5 is equivalent to:

F V0#JeOb(SET)V¢: J— X, VG e F(J)
V(F)jes € F(X)' Vo € X,
z €limg(G) and VjeJ, ¢(j)€limF;
=z € limk(G, (Fj)jer)

where k(G, (Fj)jes) = U ﬂ F. is the compression operator defined in

Geg zeG
Lemma 2.1.10.
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Proof:

It is obvious, by taking J = X and ¢ = idx, that F implies K. We prove
the converse. Let 0 # J € Ob(SET), G € F(J), (F))jes € F(X)? and
x € X such that z € lim¢(G) and Vj € J, ¢(j) € limF;. Now by K
and Lp, and by Lemma 2.4.4, we have that U* C s(U”, (UY)yex). Let
A e kU, (UY)yex). We define the set A° by z € A° & A € U*. Now,
A € k(U", (UY)yex) implies that A € Upeyg)yepU?, since U C ¢(G)
by Lp. Thus there exists B € ¢(G) such that Vy € B, A € UY. By our
definition of A°, this implies that 3B € ¢(G) such that B C A°. ¢(G) is
a filter, thus A° € ¢(G), so by the definition of ¢(G) (2.1.5), ¢ (A°) € G.
Now j € ¢7(A%) = ¢(j) € A° = A € U C Fj, thus A € ;g (a0) Fi-
Thus A € UgegNjec Fi = (G, (Fj)jes). We have proved that

U* CrU*, (UY)yex) C K(G, (Fj)je)-

By Lemma 2.4.4, x € limU”, thus by L2, which is implied by Lp, we have
that € lim x(G, (F;)je).

2.5 Convergence Spaces

We now define a new category, the category of convergence spaces, CONV.
A major reason (see e.g. [35]) for the definition of CONYV was that the
category TOP is not cartesian closed [2, 11, 31]. However CONV s carte-
sian closed [33, 35] and contains TCS (isomorphic to TOP) as a reflective
subcategory [33].

Definition 2.5.1 [9, 28]: Let X be a non-empty set and let lim: F(X) —
P(X) be a function satisfying the axioms L1 (see Lemma 2.3.14) and L2
(see Lemma 2.4.1). Then (X, lim) is a convergence space.

Definition 2.5.2 (See e.g. [33, 35]): We define the category CONV of
convergence spaces by

Objects Convergence spaces (X, lim).
Morphisms Functions ¢: (X, limy) — (Y, limy) which satisfy

VF e F(X), ¢(limyF)C limy ¢(F).

Identity The identity morphism for a convergence space (X,lim) is the
usual idx: (X, lim) — (X, lim).

Composition Morphism composition is the usual function composition.
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Theorem 2.5.3 [9]: The category CONYV is topological over SET. Fur-
thermore it is amnestic, fibre small and has the terminal separator property.

Example 2.5.4 : Let () # X € Ob (SET) and let (X;, lim;);cr be a family
of convergence spaces indexed by the set I. Let ¢; be a function from X to
X; for each 7 € I. Define

lim: F(X)— P(X) F )¢5 (lim; ¢(F))
i€l
Then (X, lim) is an initial structure in TCS.

We now show the basic structures involved in the proof that CONV

is cartesian closed, i.e. we show how finite products and exponentials are
formed in CONYV.

Lemma 2.5.5 [33]: Let (X, limy), (Y,limy) € Ob (CONYV). Define
limy x limy: F(X xY) - P(X xY)
F — 7y (limx mx (F)) A my (limy 7y (F))
Then ((X x Y,limx x limy), mx, my) are a product diagram for the objects
(X,limx) and (Y, limy ) in CONV. For the one element set {z}, we define

lim: F({z}) — P({z}) F — {z}. Then the object ({x},lim) is a terminal
object in CONYV. Thus CONYV has all finite products.

Lemma 2.5.6 [6, 33]: Let (X, limy), (Y,limy) € Ob (CONYV). We define
C(X, Y) = homCONv((X, limX), (K limy)). We also define

e:C(X,)Y)x X =Y (g,2)— g(x)
Now define clim: F(C(X,Y)) — P(C(X,Y)) by

fecdimF e Vee X VG e F(X)
z €limx G = f(z) € limy e(F x G)

Then (C(X,Y),clim) € Ob (CONYV) and

e € homconv((C(X,Y),clim), (Y,limy)). Further, ((C(X,Y),clim),¢) is
an exponential in CONYV for the objects (X,limyx) and (Y,limy), in the
sense that if ¢ is a morphism between (Z x X, limy x limx) and (Y, limy)
then we can define a unique ¢ given by ¢(z) = ¢(z, —) such that ¢ €
homconv(Z,limy) — (C(X,Y), clim) and so that the diagram

3

(C(X,Y),clim) x (X, limx) (Y, limy)
¢ x idx ¢
(Z, limz) X (X, th)
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commutes.
Theorem 2.5.7 [33, 35]: The category CONV is cartesian closed.

Theorem 2.5.8 [33]: The category TCS is a full, reflective subcategory of
the category CONV.
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Chapter 3

Lattices, L-sets and L-filters

P(X), the power set of a set X, is usually defined as the set of all subsets
of X. We could also view it as the set of all characteristic functions over
X, since there is a bijective relationship between P(X) and {0, 1}¥ given

1 z€A
by A — where x4(z) = is the characteristic function of
y XA xa(z) 0 rex\A

ACX.
If we have A, B € P(X), then we can obtain y4np and yaup from

xanp(x) = min{xa(z), xz(z)}
Xaup(x) = max{xa(z), x5()}

L-sets over a base set X are simply the extension of the idea of character-
istic functions to a set L other than {0,1}. A functiona: X — L x — a(x)
is called an L-set. The value a(x) is interpreted as the degree of membership
of = in a. By analogy with the relationships between A N B, AU B and
their characteristic functions, we seek to define an analogue of union and
intersection for our L-sets. In order to do this we require that L satisfies
some properties. Most importantly, L must be a lattice.

The first section of this chapter details the lattice structure of the set L
which is used as the basis for L-sets throughout the rest of the text. The
following section explores properties of L-sets using the structure previously
defined, and the final section contains some definitions and results concern-
ing L-filters, the generalization of classical filters to the L-set case.

3.1 Lattice theory

The properties of the set L determine the logic that we have available to
us. The set {0,1} with 0 < 1 has a number of nice properties which mean
that when we translate statements back and forth between characteristic
functions and the subsets of X that they represent, the statements are made
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in terms of boolean logic. When we change {0, 1} to L, we are also switching
from boolean logic statements to many-valued logic.

We want to be able to define operations on L-sets which are general-
izations of union and intersection. In order to do this we require that L
is a complete lattice, so that we have sup (\/) and inf (/) operations (the
analogues of boolean or and and respectively) available to us. We will need
to have some form of implication operator on L (analogous to the boolean
implication) available to us. This leads us to define a frame. It turns out
that we can relax the axioms further and define an ecl-premonoid. This
is the framework for L which is used throughout the rest of this text. A
lattice is a partially ordered set which satisfys some additional axioms. We
begin by restating the definition of a partially ordered set from Chapter 1
(Definition 1.1.3).

Definition 3.1.1 [4]: (L, <) is a partially ordered set (a poset) <
L is a non-empty set and
< is a relation on L (i.e. a subset of L x L) which satisfies
POl VaeL, a<a. (reflexive)
PO2 Va,feLl, a<fand B<~vy=a<~. (transitive)
PO3 Va,0,v€eLl, a<pfand f<a=a=/f. (anti-symmetric)
If (L, <) satisfies the additional condition
POL Va,0€L, a<forf<a. (linearity)

then (L, <) is called a linearly ordered set or chain and < is called a linear
order on L.

Example 3.1.2 : Let X be a non-empty set. Then the subsethood rela-
tion on P(X) is reflexive, anti-symmetric and transitive. It is not linearly
ordered. Thus (P(X), C) is a poset which is not a chain. The real numbers
R and the natural numbers N are both posets under the usual ordering <.

Definition 3.1.3 [4]: Let (L, <) be a poset and let 8,y € L, A C L. Then
1. B is a lower bound of A & Vae A, [<a.
2. ~vis an upper bound of A & Vaec A, a<~.

3. (B 1is the greatest lower bound of A & (3 is a lower bound of A and
Vée L, 0 isalower bound of A = 4§ < (.

4. ~ is the least upper bound of A < ~ is an upper bound of A and
Vd e L, 0 isan upper bound of A = v < 4.
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Remark 3.1.4 : For a subset A of L, the greatest lower bound and the
least upper bound are unique if they exist [4]. The set of lower bounds for
A is denoted, in this text, by lb(A), similarly the set of upper bounds for
A is denoted ub(A). We denote the greatest lower bound of A by A A and
the least upper bound of A by \/ A. We refer to A A as the meet of A and
\/ A as the join of A. For a two element subset {a, 5} C L we write a A 3

for A{a, B} and a Vv 3 for \/{a, 5}.
Definition 3.1.5 [4]: (L, <) is a lattice <
1. (L, <) is a poset.

2. V{o, 8} C LINpue L, AX=aAf, pu=aVf ie every two
element subset of L has a meet and a join.

(L, <) is a complete lattice <
1. (L, <) is a poset.

2. VACLINpueL, X=NANA, pu=\A. ie. every subset of L has

a meet and a join.

In a complete lattice, /A L is denoted L, the smallest element, and \/ L by
T, the largest element. A complete lattice (L, <) which satisfies the frame
law

FL VaeLVYBCL, an(\/B) =\/(anrp)
peB

is called a frame or a complete Heyting algebra [25].

Remark 3.1.6 : For a complete lattice (L, <), we define A) = T and
\/ 0 = L. This is consistent with the given definition of A A and \/ A for a
given A C L, since Ib()) = L and ub(0) = L.

Example 3.1.7 : Let X be a non-empty set, then we already know that
(P(X),<Q) is a poset. Any collection A of subsets of X has a meet (N.A)
and a join (UA). Thus (P(X), <) is a complete lattice. In addition the
subsethood relation satisfies the frame law, thus (P(X), C) is a frame. The
smallest element is () and the largest element is X .

The interval [0, 1] together with the usual < relation on R is a frame
[36].

Definition 3.1.8 [20]: Let (L, <) be a frame. We may define an implication
operator — on L by

—LxL—L a—pg=\/{AeL|anr<p}
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Obviously we can define an implication operator for any complete lattice.
However, the frame law gives the implication operator some of the desirable
properties of the usual boolean implication. These will be explored further
after we have defined GL-monoids, which are a generalization of frames.

Lemma 3.1.9 : The A and \/ operations have the following properties:
1. Let AC L,y€ L. Then
(Vae A, 7§oz)<:>7§/\A
and (Va € A, a§7)<:>\/A<7.

2. Let o, B,y € L. Then

a<fB=>aANy< Ay and a<fG=>aVy<[GVny.
3. Let A, B C L. Then

AQB:>/\B§/\A and AQB:>\/A§\/B.

4. Let A={oy;|i€l,je J} be asubset of L indexed by sets I and

J. Then
V=V as=V V= ViV ay)
iel,jeJ jed iel i€l jeJ
and /\A: /\ aij:/\(/\aij):/\(/\aij).
iel,jed jedJ iel i€l jeJ
Proof:

1. Let ACL,y€ L. Then Va € A, ~ < « implies that v is a lower
bound for A, thus by the definition of A\ A (Definition 3.1.3), v < A A.
The converse follows from the transitivity of <. The proof for \/ A is
similar.

2. Let o, B,v€ L,a < 3. Then aAy < a, but a < 3, thus by transitivity
aNy <. Also a Ay <. Thus a A~y is a lower bound of {3, v} and
soaANB < [BAY.

3. Let AABC L,AC B. Then VB € B, AB < . Since A C B,
we have Ya € A, A B < a. Thus A B is a lower bound for A,
therefore A B < \ A. Also we have V3 € B, \/B > 3. Therefore
Vae A, VB > «. Thus \/ B is an upper bound for A and \/ A <

\/ B.
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4. Let A={oy;|i€l,jec J} be asubset of L indexed by sets I and
J. Let meI,neJ. Then ap,, < \/iel,jeJO‘ij' Thus

Vies @mn < Viel,jeJO‘ij' Finally V,,c/(Vypes @mn) < Viel,jeJO‘ij'
Now let i € I,j € J. Then ai; < V,cr@mi < Vier(Vines @mn)-
Therefore V¢ s jes @ij < Vimer(Vpes @mn). The proof for A is similar.

As mentioned before, we seek to relax the conditions on the set L in
order that our topological theory may apply as widely as possible. One of
the first definitions which relaxes the requirements of a frame is that of a
GL-monoid. The ‘GL’ is an abbreviation of ‘generalized logic’.

Definition 3.1.10 [18]: (L, <,x*) is a GL-monoid <
1. (L, <) is a complete lattice,
2. %: L x L — L is an operator satisfying:

GL1 VaeL, axT=a. (identity)

GL2 Va,8€ L, axf3=/xa. (commutativity)

GL3 Va,3,7ve€ L, ax(Bx*v)=(axf)x*~. (associativity)

GL4 Va,f€eL, a<p= 3d€L, a=[x0. (divisibility)

GL5 VB e LVYACL, Bx*(VA) = Vyoea(B*a). (x distributes
over \/)

For a GL-monoid, we can define an implication operator analogous to the
frame implication, given by

—LxL—L a—pg=\/{AeLlaxA<p}.
A GL-monoid is called a complete MV-algebra if the condition
MV VaeLl, (a—l1l)—1l=a«

holds [19].

Example 3.1.11 : Any frame (L, <) is an example of a GL-monoid, with
* = A. By Lemma 3.1.16, any continuous T-norm is an example of a GL-
Monoid operation on the set [0, 1]. The Lukasiewicz T-norm 77, (see Exam-
ple 3.1.13 below) is an example of an MV-algebra operation on [0, 1] where
the * operation is not A [20].

Definition 3.1.12 [37]: T": [0,1] x [0,1] — [0, 1] is a T-norm <
Tl Va,5€[0,1], T(a,B)=T(8,a). (commutativity)

T2 Va,8,7€[0,1], T(T(a,pB),7)="T(a,T(B,7))- (associativity)
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T3 Va,08,7€[0,1], B<~v=T(a,3) <T(a,7). (monotonicity)
T4 Vae|0,1], T(a,1)=a. (identity)

A T-norm is continuous iff it is continuous with respect to the usual topolo-
gies on [0, 1] x [0, 1] and [0, 1].

Example 3.1.13 : The most important examples of T-norms are the fol-
lowing;:

1. Thu(a, B) = a A B, the minimum T-norm.
2. Ty(o, B) = a - B, the product T-norm.

3. Tp(a, B) = (a+ B — 1) vV 0, the Lukasiewicz T-norm.

min o a=lorpg=1
0 p , the drastic product.

4. Tp(a, B) = {

0 otherwise

Of these, T}y, T}, and T, are continuous, while Tp is not [27].

We now prove that any continuous T-norm is a GL-monoid operation on
[0,1]. In order to do this we require two auxiliary lemmas before the main
proof.

Lemma 3.1.14 [27]: Let T be a T-norm. Then

Vae[0,1], T(0,a)=T(x,0)=0.

Proof:
By axiom T4, we have that 7(0,1) = 0. Let a € [0,1]. Then o < 1. Hence
T(0,0) <T(0,1) =0 by T3. Thus by T1, 7(0, ) = T'(«, 0) = 0.

Lemma 3.1.15 [36]: Let ) # A C R. Then if \/ A exists, M =\/ A &

1. M is an upper bound of A.

2. VeeRe>03dacA, aec(M-—-eM]CR.

Proof:

Let M = \/A,e > 0. Then by definition, M € ub(A). Assume fa € A
such that « € (M — ¢, M]. Then M — e < M and M — ¢ € ub(A), which is
a contradiction.
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Conversely, assume that M € ub(A) and Ve >0, (M —¢, M]3 a € A.
Assume that M # \/ A. Then IN <M, N =\/Asince M € ub(A). Let

€ =M — N. But then by assumption JFa € A such that

a€ (M —e, M) = (N, M], which is a contradiction. [ |

Lemma 3.1.16 [27]: Any continuous T-norm 7" is GL-monoid operation
on [0,1] i.e. ([0,1], <,T) is a GL-monoid.

Proof:

The properties GL1,GL2 and GL3 follow from the conditions T4, T1
and T2 respectively. For GL4 we note that for § € [0, 1], the function
T(-, ) defined by T(-,3)(«a) = T(«, 3) is continuous. Now T'(-,3)(0) = 0
and T'(-, 8)(1) = 8 by Lemma 3.1.14 and by axiom T4. Let a € [0, 1], < 3.
Then by the intermediate value Theorem [36] Iy € [0,1], a=T(,5)(y)=
(v, ).

We first prove GL5 for the empty set. In [0, 1], \/ @ = 0 as for any complete
lattice. Let 3 € [0,1]. Then

T(3,\/0) =T(3,0)=0=\/{T(B,0) | a €}

Now let ) # A C [0,1],5 € [0, 1].
If Ve>03daec A, ae(T(B,VA) —¢eT(3,\/A)],then by Lemma 3.1.15,
TB,NVA) =\V{TB,a)| ae A}. Let 0 =\/ A,e > 0. T is continuous, so

36>0Vye[0,1], [o—7<éd=[T(B,0)-T(B,7)<e
Let v € (0 — g, o]NA. This set is non-empty by Lemma 3.1.15. Then v < o,
so by T3, T(8,7) < T(8,0). Thus T'(8,7) € (T(8,0) — &, T(B,0)]. u

Lemma 3.1.17 : Let (L, <, %) be a GL-monoid. Then
1. Va,B,v€ L, a<pfB=axy<[x*x7.

2. Ya,B6€ L, axf<aANpf.

Proof:
Let a, 6 € L, < 3. Then aVB = 3. Thus v = yx(aV3) = (yxa)V(y*3)
by GL5. So v*a < vx* (.

Now let «, 3 be arbitrary members of L. < T soaxf8 < ax*xT = a by
what we have just proved and by GL1. Alsoa< T soax3<Tx0=/.
Therefore a * 3 € Ib({a, 8}) and ax 3 < a A (. |
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Lemma 3.1.18 [18]: Let (L, <,*) be a GL-monoid. Then the implication
operator defined by

—:LxL—L a—B=\/{AeL|laxr<p}

has the following properties:

1. Vo,B3,0€ L, i<a—pfsaxd<pf.

2. Ya,feL, ax(a—p) <p.

3. YVa,feL, a<(a—pf) —0.

4. Va,B,v€ L, ax(B—7) <B— (axy).

5. Va,B,v€L, a<f=y—-asy—p.

6. Va,Byvel, a<f=a—-~v>03—n1.

7. YaeL,BCL, a—(AB)=N\gepla—08).

9. YaeLl, a—-T=T, Toa=a L—oa=T.

10. Va,8€eLl, a<fsa—0=T.

Proof:

1. Let a, 3,0 € L,§ < o — (. Then by the definition,
§<V{A axX < B} Therefore axd < axV{A|ax\ <[} by
Lemma 3.1.17. Thus a*d < \/[{axA|ax A < g} < by GL5.
Now let a*d < 3. Then 6 € { X\ | a*x A < (}. Thus
S<V{A|axA<p}=a—p.

2. Let a, 8 € L. We have a — 3 < a — 3. Then by what we have just
proved in 1 above, a x (a« — () < 3.

3. Let a, 3 € L. We have a * (&« — (3) < 3. Then by 1 above,
a<(a—p)—p.

4. Let o, 3,7y € L. Then B3 — v <. Thusa*xfBx* (8 — ) < ax7.
Then by 1 above, a* (8 — ) <3 — (ax*x7).

5. Let a« < 8,7 € L. Then yx (y — a) < a, so vx* (v — a) < 3. Thus

by 1 above, v — a < v — (.
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6. Let « < 3,7 € L. Then 3% (8 — 7v) <. Now
ax(f—v)<Bx*(8— v) by Lemma 3.1.17, thus a * (8 — ) < 4.
Finally 8 — v < a — 7.

7. Let a,6 € L, B C L. Then

i<a—(\B) edi+a< /\B
& VBeB, oxas<f
& VBeEB, §<a—p
&0 < /\(Ox—>ﬁ)
BeB

8. Let o, € L, BC L. Then

53(\/B)—>a<:>5*(\/B)§a
&\ (@B <a

BeB
&S VBeB ixf<a
&S VBeB I<f—a

s5< N\ (B—a).

BeB

9. Let € L. Thena — T =\/{A|a*x A< T} ButaxT < T, thus
Te{AlaxX< T} Finally « — T > T and by anti-symmetry
a— T =T.

Next we have T ma=\V{A | TxA<a}l=\V{ | A<a}=qa
Finally L —a=V{A| LxA=1L<a}=T.

10. Let a, 8 € L. Assume a < 3. Then T xa < 3 and by what we proved
earlier, T < a — 3, i.e. a — 8 =T. Now assume a — 8 = T. Then
T <a— fand again T xa < 3, thus a < 3.

For any GL-monoid we can show that the underlying lattice is a frame.
We generalize a proof in Hohle ([18]).
Lemma 3.1.19 [18]: Let (L, <, %) be a GL-monoid. Then

Va,0€ L, ax(a—pF)=aAf.
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Proof:
Let o, 8 € L. From Lemma 3.1.18, we have a * (o« — ) < 3. We also have
a— [ <T=a— «a Thus by Lemma 3.1.18 again, a * (o« — (3) < .

Now a A f < a. By divisibility, v € L, a*x~v = a A 3. Then
y<a—(aAf)<a—f. ThusaAf=aAy<ax(a—[f). [ |

Lemma 3.1.20 (see [18] for the case of B finite): Let (L, <,*) be a GL-
monoid. Then

Vae LYBCL, an\/B=\/(aAp).
BeB

Proof:
Let a € L, B C L. Then by Lemmas 3.1.18 and 3.1.19, we have

an\/B=\/Bra=(\/B)=((\/B)—
=\ B+ ((\V/B) = a) <\ (B%(8— )

BeB BeB

=V (BAra).

BeB

On the other hand, we have V3 € B, aA\/ B> aAf. Thus aA\/ B >
Vep(a A B), and the result follows. [ |

Definition 3.1.21 [20]: Let (L, <,*) be a GL-monoid. Then (L, <, *) has
square roots iff there exists an operator S: L — L satisfying the conditions

Sql Vae L, a=S(a)*xS(a).
Sq2 Va,B€e L, BxB<a=fp<S(a).

If (L, <, *) has square roots then we may define the monoidal mean operator
® by
®: LxL—L a®pf=S8a)x*xS(P).

An additional condition satisfied by several useful GL-monoids with square
roots is

Sq3 Va,0€ L, S(axf)=(S(a)xS(B))VS(L).
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Example 3.1.22 : The T-norms T}, 1), and T}, all have square roots [20].
For Tp,, S(a) = «, for T, S(a) = /a and for Ty, S(a) = 2. The
associated monoidal mean operators are given by, for T,,, a ® 3 = a A 3, for
Ty, a® B =+/a- (3 and for 17, a@ﬁ:#.

Remark 3.1.23 : If a GL-monoid has square roots, then the square root
operator S is unique [20].

Another type of operation on L, which is a generalization of the concept
of GL-monoids, is a completely lattice ordered premonoid operation. Usually
this is simply abbreviated to cl-premonoid.

Definition 3.1.24 [20]: (L, <, ®) is a cl-premonoid <
1. (L, <) is a complete lattice.
2. ®: L x L — L is an operator satisfying;:

CLP1 Vael, a<a®Tanda<T®a.
CLP2 Va,8,v,6e L, a<fandy<d=a®v7<03J.
CLP3 Ve LVD#AACL,

s\ A=\ (Bea) and (\Aes=\/(az/p).

acA acA

Example 3.1.25 : Any GL-monoid (L, <, %) is a cl-premonoid, with ® = *.
The monoidal mean operator for a GL-monoid with square roots which
satisfies condition Sq3 is a cl-premonoid [20]. The T-norms T}, T}, and T},
all satisfy this condition [20].

Remark 3.1.26 : Note that in condition CLP3 of Definition 3.1.24, the ®
operation is only required to distribute over non-empty joins. Consider the
monoidal mean operator associated with 17, where we have a ® 0 = #
Taking 3 = 1,A = (), we have \/ A = 0. Then 8 ® (\VA) = i, while
Vaca(B®a) =\ 0 =0. The reason that CLP3 only refers to non-empty
sets is so that we can include examples such as this.

If L is a GL-monoid under an operation *, and a cl-premonoid under
an operation ®, then provided that the operations satisfy the domination
condition of Definition 3.1.27, the resultant structure is called an enriched
cl-premonoid, usually abbreviated ecl-premonoid.

Definition 3.1.27 [20]: (L, <, *,®) is an enriched cl-premonoid <

1. (L, <, %) is a GL-monoid.
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2. (L, <,®) is a cl-premonoid.

3. L satisfies the domination axiom. Vai,ae, 1,02 € L
(o1 ® az) * (b1 ® P2) < (o * az) @ (b1 * B2).

An ecl-premonoid (L, <, ®, %) has the pseudo-bisymmetry property iff
\v/ala ag, ﬁlv ﬁ2 €L

(a1 % ag) @ (B1# B2) = [(a1 ® B1) * (a2 ® Ba) |V
(a1 ®@ L)% (e @ T)]V[(L® B1)* (T @ B2)].

Example 3.1.28 : A frame is an example of an enriched cl-premonoid
which satisfies the pseudobisymmetry property, with x = ® = A. Fur-
ther examples of pseudobisymmetric ecl-premonoid structures are structures
(L, <, %, ®), where (L, <, *) is a GL-monoid with square roots which satisfies
condition Sqg3 and ® is the associated monoidal mean operator [20].

Remark 3.1.29 : The pseudobisymmetry condition is mainly used in situ-
ations where we need a least upper bound for two L-filters. We will explicitly
point out where the condition is used when it is necessary.

Lemma 3.1.30 : Let (L, <, *,®) be an ecl-premonoid. Then
1. Va,e L, axf<a®p.

2. Va,B,7,0€ L, (a—=pB)®(y—0)<(a®y)— (B®9I).

Proof:
Let a, 8 € L. Then by the domination axiom, CLP1 and CLP2,

ax < (a@T)*x(TRP) <(axT)R(Tx*xp)=a®pf.

Now let v,6 € L. We have ax (« — 3) < 3 and 7y x (v — §) < . Therefore
by CLP2,

[ax(a—=p)@hy*(y—d <.

But by domination

[ax(a—=p)ey*(y—=0d)]=(a®y)x[(a—pB)a(y— I



Thus

(a@y)xlla—=p)e(y—08]<pfR0
Then by Lemma 3.1.18, we have

(a=p)e(h—d)<(a®y)— (B09).

Throughout the rest of the text, L will be assumed to have the full ecl-
premonoid structure. References to the set L are hence references to the
ecl-premonoid (L, <, *,®). Also we will assume X to be a non-empty set,
unless explicitly mentioned otherwise.

3.2 L-sets

L-sets are a generalization of characteristic functions to a lattice L. In our
case we require the lattice to be an ecl-premonoid. [0, 1]-sets, or fuzzy sets,
were first defined and studied by Zadeh [40]. Later these were generalized
to lattices by Goguen [15]. Based on what has been said in the introduction
to this chapter, we define an L-set over X as a function from X to L. We
denote by LX the set of all such functions. We can extend the relation <
and the operations A, \/, *, ®, — to LX as shown in this section.

Definition 3.2.1 : Let a,b € LX,T' C LX. Then
a<be VeeX a(x)<b(z).

We may define the L-sets AT and \/T" by

(AD@) = A\ g@) and (\/D)(z)=\/ g(x).

gel gel

We may also define the L-sets a xb,a ® b and a — b by

Vee X, (axb)(z)=a(zx)*b(x),
Vee X, (a®b)(z)=a(r)®b(z),
Vee X, (a—b)(x)=a(x)— blx).

Let a« € L, A C X. We define the L-set acgq by

o (z) = a xc€A
AT reX\A
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Example 3.2.2 : Two special L-sets are T x and L x which have the prop-
erty
Vae LX 1x<a<Tx

Remark 3.2.3 : With Definition 3.2.1, we have that (L%, <, *, ®) forms an
ecl-premonoid, with smallest element | x and largest element T x. The only
possible problem is that the implication on L% induced by the % operation
on L might be different from the implication induced by the % operation on
L. However we have by Lemma 3.2.4 (below) that they are the same, so
that all the results of Section 3.1 apply to L. Note however though, that
only the ecl-premonoid properties of L are passed on to LX. In particular,
if L is a linearly ordered set then L¥ need not be linearly ordered. (For
example {0, 1} is linearly ordered but {0, 1}¥ is not, in general.)

Lemma 3.2.4 : Let a,b € LX. Define a — b and a ~ b by

Vo e X, (a—>b)(:n):a(m)—>b(:n):\/{/\6L|a(m)*/\gb(:n)}
a~b=\/[{leL*|axl<b}

Then a — b=a ~ b.

Proof:
Let x € X. Then

(a~b)(x) = \/{l(z) [ ax1<b}
:\/{l:p | Vye X a(y)xIl(y) <bly)}
< \/{l(x) «1(z) < b(z) }
g\/{)\|a:p*ASb(m)}Z(a—’b)(iﬂ)'

To prove that @ — b < a ~» b consider A € L such that a(z) * A < b(z).
Let I = Mgy Then Vy € X a(y) *(y) < b(y). Thus we have that
A=1l(x) € {l(z) | axl<b}. Therefore
{AeL|alx)«A<bz)} C{l(x)|axl<b}
thus  \/{A€L|a(x)+X<b@)}<\/{l(x)]|axl<b}
so finally (a — b)(z) < (a ~ b)(x).
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As we saw in Chapter 2, a mapping ¢: X — Y induces mappings
¢: P(X)— P(Y) and
= P(Y) = P(X)

VACX, ¢(A)={yecY| JzcA ¢@) =y}
VBCY, ¢ (B)={zeX|¢(z)e B}

We now wish to generalize this to the L-set case in such a way that when
we take L = {0, 1} we regain our previous definition.

Definition 3.2.5 [40]: Let ¢ be a function between non-empty sets X and
Y.Letace LX, be LY,z € X,y € Y. We define

¢(a)(y) = \/{a(z) | ¢(z) =y},
¢~ (0)(x) = b((x)) = (bo @) ().

We refer to ¢(a) as the image of the L-set a under ¢. ¢ (b) is referred to
as the inverse image of the L-set b under ¢.

The properties stated below of Lemmas 3.2.6 and 3.2.9 are not difficult
to prove. Some of them are described in [30]. We prove them anyway, to
make sure.

Lemma 3.2.6 : Let ¢: X — Y,¢:Y — Z be functions. Let a,d’ €
LX bt e LY c € L?. Then

1. ¢~ (¢(a)) > a. If ¢ is injective then ¢~ (p(a)) = a.
2. ¢(¢ (b)) < b. If ¢ is surjective then (¢ (b)) = b.
Y(¢(a)) = (Yo ¢)(a).

(Wog)™(c) =9~ (¥ (c)).

H(Tx)=Tyx)  ¢(lx)=Ly.

¢~ (Ty)=Tx ¢~ (Ly)= Lx.

a<d = ¢(a) < dd).

b<V = ¢ (b) < ¢~ (V).

= W

© N e o

Proof:

1. Let x € X. Then
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Assume ¢ is injective. Then {z € X | ¢(z) = ¢(z) } = {x}, so
¢~ (¢(a))(x) = a(x).

. Let y € Y. Then

- - b(y) v € P(X)
¢ (0))(y) = ¢~ (0)(x) = < b(y).
¢(>)/:y { L yé ¢(X)}

If ¢ is surjective then Vy €Y y € ¢(X), so ¢(¢ (b)) (y) = b(y).
. Let z € Z. Then

b(d(a)(2) =\ ¢la)(y) = \/ a(z)
Y(y)=z Y(y)=z ¢(x)=y
= a(x) = (Y o ¢)(a)(2)
(o) (z)==

- (Yog)T(c)=copogp=¢T(cotp) =¢~ (¥ (c)).
. Let y € Y. Then
T y€pX)

HTm = Y Txo)- {1 Vi) =Toww)

and ¢(Lx)(y) = \/ Lx(y)=1=1y(y).

. Let z € X. Then

o (Ty)(z) =Ty(d(x)) =T = Tx(x)
and¢™ (Ly)(z) = Ly (é(z)) = L = Lx(2).

. Leta<d,yeY. Then

. Let b< ¥,z € X. Then
¢ (b)(x) = b(p(x)) <V (p(x)) = o~ (V)().

Lemma 3.2.7 : Let ) # X € Ob(SET), a € L. Then

idx(a)=a and idx(a)=a.
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Proof:
Let x € X. Then idx(a)(x) = \/idx(z):m a(z) = a(x) and id% (a)(z) =
a(idx(z)) = a(z).

Definition 3.2.8 : Let ¢: X — Y be a function between non-empty sets

XandY. Let T C LX and A C LY. We define

o(I') =
¢~ (A) =

(a)[aeT}C LY,

{o
{o7(®) | beA}yC L

Lemma 3.2.9 : Let ¢: X — Y be a function between non-empty sets X
and Y. Let T C LX a,be LX, A C LY, ,¢,d € LY. Then

L o=(ANA) = No™ (D).

2. 9= (VA) = Vo (A)

3. ¢ (cxd) = ¢ (c) * ¢ (d).
(
(

Proof:

1. Let x € X. Then

¢ (A\A)@) = (\ D) (g) = ) b(e(x))

beA

= A 6 0)(@) = (A6~ () (@),

beA
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. Let z € X. Then

“(V ) @) = (V) () =\ bé(x)

beA

—\/ o~ )@) = (6~ (A)(@)

beA

. Let z € X. Then

¢~ (cxd)(z) = (cxd)(p(2)) = c(¢(x)) xd(¢(x)) = (97 (¢) ¥ ¢~ (d)) (2)-

. Let z € X. Then

¢~ (c@d)(z) = (c@d)(p(2)) = c(¢(z))@d(¢(x)) = (97 () ©¢™ (d))(2).

. Let z € X. Then

¢~ (¢ = d)(z) = (¢ — d)(¢(x))

. Let y € Y. Then

S(AT)(y) = (AD)@) < \/ alz)=éla)(y) Vaecl.
)

#(z)=y d(z)=y
Therefore ¢(/\I)(y) < \ ¢(a)(y) = (\ o(I)(»)
ael

. Let y € Y. Then

s\V/Dw =\ VD= \ Vae
)=y

$(x $(x)=y acl
=\ V = \/ (@) = (\/ 6(D)(w)
a€l ¢(z)= acl’

. Let y € Y. Then

$laxb)(y)=\/ a(z)*b(x)
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9. Let y € Y. Then

dla®b)(y)= \/ alz)®b)
d(z)=y
<V a@e \/ bz =(¢(a)®60)(y)-
#(x)=y #(2)=y

Lemma 3.2.10 (see e.g. [21] for the frame case): Let 0 # X,Y,U,V €
Ob (SET). Let f: X — U and g: Y — V be functions. Let m, my denote
the usual projections from X x Y to X,Y and let o1, 09 denote the usual
projections from U x V to U, V respectively. We have the function

[xg: XxY =UxV (z,y)~ (f(z),9())

Let a € LX,b € LY. We define a x b € LX*Y by a x b = 7j (a) * 75 (b).
Then
(f xg)(axb) =01 (f(a)) x5 (9(b)) = fla) x g(b).

Proof:
Let (u,v) € U x V. Then

FxPaxd)uo)= \/  axbay) =\ al) by

fxg(z,y)=(u,v) f(z)=u
g(y)=v
=V a@s V b=\ @)=\ b
f(z)=u f(z)=u f(z)=u g(y)=v
g(y)=v g(y)=v
= f(a)(u) * g(b)(v) = (o1 (f(a)) * o3 (9(b)))(u,v)
= (f(a) x g(b))(u,v).

3.3 L-filters

In classical topology, a topology over X may be described by convergence of
filters [39], which are special collections of subsets of X. It turns out that
stratified L-topological spaces can be similarly described by convergence of
stratified L-filters, which are a generalization of classical filters. This section
collects the stratified L-filter results used in later chapters.

Definition 3.3.1 [20]: Let F: LX — L. Then F is a stratified L-filter <
F1 F(Tx)=T,F(Lx)= L.
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F2 a <b= F(a) < F(b).
F3 F(a)® F(b) < F(a®Vb).
Fs axF(a) < F(ax *a).
We define
FP(X)={F e L' | Fis a stratified L-filter }.
Let F,G € F7(X). We define an order on F7(X) by

F<Ge YaeL® F(a)<Gla)

Example 3.3.2 : For x € X we define the point filter at x by
Vae LY, [z](a) = a(z)
Then [z] is a stratified L-filter.

Lemma 3.3.3 [20]: Let (F;)icr be a collection of stratified L-filters over
X, indexed by a non-empty set I. We define a function

(NF): LY=L, (N\F)a) = \Fa)

iel iel iel
Then \;c; Fi € F7(X) and furthermore \\;_; F; is greatest lower bound of
{.7'—1' | 1€ I}.

Proof:

F1 We have

(AF)Lx) = \Fillx)= ANL=1

i€l i€l i€l
and (A F)(Tx)= NF(Tx) = A\T=T.
i€l i€l i€l

F2 Let a,bELX,aSb. Then

(A Fi)a) = \ Fila) < Fj(a) < F;(b) for all j € I.

i€l i€l
Therefore (/\ 7i)(a) < A\ Zi(b) = (\ 73)(b).
el el el
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F3 Let a,b € L*. Then
(/\Ifi)(a) ® (/\Ifi)(b) < Fi(a) @ Fj(b) < Fjla®b) Vjel
Thleerefore (é\ly.-f)@) ® (é\l}"i)(b) < é\lﬂ(a@) b) = (é\lﬂ-)(a ®b).
Fs Let a € L,a € L. Then
o (/\I]:i)(a) <axFjla) < Filax+a) VYjel.
hence ZZ*(/\}})(&)S/\ﬂ(a@b):(/\ﬂ)(ax*a).

iel i€l il

Let G € FP(X), Viel, G<ZF. Letae L¥. Then

Viel, G(a) < Fi(a). Thus G(a) < A\ Fila) = (Nijer Fi)(a), so

G < Nier Fi- Since Vj €I, N, i Fi < Fj, we have that A, ; F; is the
greatest lower bound of the set { F; | i € I }.

Example 3.3.4 : Let A C X. We define [A] = A, c4[z]. The smallest
possible filter on X is given by Fo = A - FS(X) F. It is not difficult to show

(see [20]) that Fo(a) = A\,cx a(@) = Npyz, F-

Lemma 3.3.5 [13, 14]: Let (L, <, *, ®) be an ecl-premonoid which further
satisfies the pseudo-bisymmetry condition. Let F,G € F7(X). Define

H: LY — L ar—»\/{}"(al)*g(ag) | ap xas <a}.
Then

H is an upper bound in F7(X) for F and G <
Vai,ap € LY, a;*ay= Lx = F(a1) *G(az) = L.

If an upper bound for F and G exists in F7 (X), we define

Fvg=N{KeF(X)| F<KandG<K}.

Remark 3.3.6 : By Lemma 3.3.3, we have that F Vv G € F7(X).

Lemma 3.3.7 [20]: Let § # X,Y € Ob (SET),¢: X — Y, F € F7(X) We
define ¢(F) by
o(F)(a) = F(¢p~(a)) for a € LY.

Then ¢(F) € F2(Y).
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Proof:

F1 We have

F3 Let a,b € LY. Then

P(F)(a) ® ¢(F)(0) = F(¢™ (a)) @ F (o™ (b))

Fs Let a € L,a € LY. Then

Lemma 3.3.8 : Let F,G € FP(X),F<G. Let ¢: X =Y, ¢:Y — Z be

functions between non-empty sets X, Y, and Z. Then
L. ¢(F) < ¢(9)
2. P(¢(F)) = (Yo @) (F)

Proof:

1. Let a € LY. Then ¢(F)(a) = F(¢(a)) < G(¢(a)) = ¢(G)(a).

2. Let a € LZ. Then
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Lemma 3.3.9 [13]: Let § # X,Y € Ob(SET),¢: X — Y, F € ff(Y).
We define ¢~ (F): L* — L by

\/{.7-" | p(b) < a} for a € L¥.
Then

P (F)e FP(X)e Ybe LY, ¢~ (b)=_Lx = F(b) =

Proof:
Assume that ¢~ (F) € FP(X). Let b € LY such that ¢—(b) = Lx. Then
1L =¢—(F)(Lx) > F(b). Thus F(b) =

For the converse, assume that Vb € LY, ¢~ (b) = Ly = F(b) = L.
We prove the properties F1-F3 and Fs:

F1 By our assumption, ¢~ (F)(Llx) = L. Now ¢ (Ty) = Tx, so
¢ (F)(Tx) = F(Ty) =T.

F2 Let a,bELX,agb. Then

\V Flo< \ Flo)=¢(F)).

¢ (¢c)<a ¢H(C )<b

F3 Let a,b € LX. We calculate

¢~ (F)(a) ® = \{F@) @ F)| ¢~ (a) <aand ¢~ (V) <b}
<\/{]~' '@ ) |¢ (d@b)<axb}
< V{F(«) N<a®b}=¢" (F)la®b).

Fs Let a € L,a € LX. Then

ax ¢ (F)(a) = \[{axF@®)| ¢~ () <a} <\/{Flay*b) | ¢~ (b) <a}
<\/{,7:ay>kb)|¢(_(ay*b)<a)(*a}
<V{F(@) ¢ (c) <axxa}=¢" (F)(ax *a).
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Thus ¢~ (F) € FP(X).

Example 3.3.10 : Let § # X,Y € Ob(SET). Define 7x: X x Y —
X (z,y)+— z. Let b € L~ such that 75 (b) = Lxxy. Let z € X. Then
dy eV, (x,y) € nx{z}). Thus b(x) = bornx(x,y) = L. So b= Lx.
Thus by Lemma 3.3.9, V.F € FP(X), w5 (F)€F2 (X xY).

Lemma 3.3.11 : Let ) # X,Y € Ob(SET). Define m: X xY —
X (z,y)+ 2. Define m: X xY =Y (z,y)—y. Let F € F2(X),G €
F72(Y). Then

Vap,ag € LY a1 xay = Lxxy = 7 (F)(ay) w5 (G)(ag) = L.
Thus by Lemma 3.3.5, if L is pseudo-bisymmetric, we may define

FxG=n(F)Vmy(G).

Proof:
Let a1, a9 € LXXY,al x a9 = Lxxy. Then

T (F)a) x 75 (G)az) =\ F)x \/ G

w1 (b1)<a1 75 (b2)<as

= \ F(b1) * G(bo)
71 (b1)<a1,m5 (b2)<a2
< \/ F(b1) x G(ba).

71 (b1)xmy (b2)=Lxxv
Now let by € LX, by € LY such that w7 (b1) * w5 (b2) = Lxxy. Let
Fs
A =G(by). Then F(b1)*G(b2) = F(b1)* A < F(byxAx). Let x € X and let

F's
b1(z) = p. Then by x Ax(x) = b1(z)*G(b2) = uxG(ba) < G(uy *b3). Now let
y € Y. Then py xba(y) = bi(x) *ba(y) = (75 (b1) x 75 (b2))(x,y) = L. Thus
py * by = Ly, 80 G(uy *by) = L. Then by x Ax = Lx, so F(by xAx) = L.
Finally we have that F(b1) * G(b2) = L.

So we have proved that 77 (F)(a1) * 75 (G)(a2) = L. By Example
3.3.10, 7 (F), 75 (G) € FZ(X x Y). Then by Lemma 3.3.5, there exists
H € FP(X x Y) such that m; (F) < H and 75 (G) < H. Thus we may
define F x G as the least upper bound of 7 (F) and 75 ().

Remark 3.3.12 [21]: If L is a frame then for F € F7(X),G € F2(Y),a €
LX*Y we have

FxG(a)=\/{Fla1) AG(az) | a1 x az < a}.
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Also note that in the proof of Lemma 3.3.11, the stratification condition was
used to prove that F x G exists. Hence we are not sure if the product filter
F x G exists for L-filters which are not stratified.

Lemma 3.3.13 (see [21] for the frame case): Let X, Y, 7w, mo be defined as
in the statement of Lemma 3.3.11. Then

1. V}—G}—E(XXY), 7T1(.7'—)><7T2(.7'—)§.7'—.
2. VG € FP(X)VG € FP(Y), m(G1 xGo)>G; ,ie{l,2}
3. VFe fE(X X Y), 7TZ'(7T1(.7'—) X 7T2(.7'—)) = 7TZ(.7'—) , 1€ {1,2}.

Proof:

1. Let F € FP(X x Y),a € LX*Y. We calculate
(Mm@ =\ m@FE 0=\ Fai®)<F)

i (b)<a i (b)<a
Thus 7; (71 (F)) < F and similarly 75 (m2(F)) < F. Thus
T (m(F)) V my (ma(F)) = mi(F) x m(F) < F.
2. Let Gy € FP(X),G2 € F2(Y),a € LX. We calculate

m1(G1 x G2)(a) = (G1 x Ga)(71 (a))
> (G)(m@)=\/  Gib) = Gi(a).

- (0)<7i (a)
Thus 7T1(g1 X gg) > gl. Similarly 7T2(g1 X gg) > gg.
3. This is an immediate consequence of what we have just proved.
The diagonal filter G(F.)) of Definition 3.3.14 was first defined in con-

nection with convergence by Géahler ([12]). We follow Jéger’s notation and
definition.

Lemma 3.3.14 [24]: Let ) # X € Ob(SET),0) # J € Ob(SET),G €
FE(),
(Fj)jes € FL(X)X. For a € L we define the L-set F(,(a) € F7(J) by

Fola)(j) = Fj(a).
We define the diagonal filter G(F ) by
Vae LX, G(F,)(a) = G(F(a)).
Then g(j:()) € fE(X)
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Proof:
F1 f()(J_X)(]) = fJ(J_X) =1 so f()(J_X) = J_J. ThUS g(j:())(J_X) = 1.
Similarly G(F.)(Tx)=T.

F2 Let a,b € LX,a < b. Then F(,(a)(j) = Fj(a) < Fj(b) = F.,(b)(5).
Thus G(F,)(a) < G(F,))(b).

F3 Let a,b € LX. Then

(Foy(a) @ Fy (b)) (4)

G(Fy)(a) ® G(F(,)(b)

Fs Let a € L,a € LX. Then
oy x Fy(a)(j) = ax Fja) < Fjlax xa) = Fy(ax *a)(j).
So

a*xG(F))(a) =ax*xG(F(a) <G(ay® F,(a))
< G(F(ax *a)) = G(F,))(ax *a).
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Chapter 4

Stratified L-Topological
Spaces

In this chapter we define stratified L-topological spaces and explore some
of their properties. We prove that the category SL — TOP of stratified L-
topological spaces is topological. Next we prove that stratified L-topological
spaces can be characterized in terms of interior operators, neighbourhood
filters or limit functions in much the same way as their classical counterparts.
In characterizing them by neighbourhood filter or limit function, we find that
we have to introduce a new axiom, the L® axiom. This axiom is always
satisfied in the classical case. Next we prove that SL — TOP is isomorphic
to SL — TCS, the category of stratified L-topological convergence spaces.

Initially in our characterization by the limit function we use Lp and Lt
axioms based on the classical ones, which make use of the L-neighbourhood
filter, and the next section deals with the attempt to translate these to
something entirely in terms of the limit function, as in [23, 24] for the special
case where L is a frame. In this we are successful with the Fischer and
Kowalski axioms, however our attempt to translate the Lp axiom as was
done in Chapter 2 fails. The best we are able to do is show how the Lp
axiom splits into two axioms, LpW1 and LpW2, in the general case. We
can state LpW?2 entirely in terms of the limit function, but LpW1 still
requires the L-neighbourhood filter. In the classical case the LpW1 axiom
is always true, and hence the Lp axiom is equivalent to the LpW2 axiom
in this case.

4.1 Stratified L-topological spaces

Definition 4.1.1 [20]: Let (L, <,®, *) be an ecl-premonoid. Then (X, A)
is a stratified L-topological space <

§ # X € Ob(SET), A C L.
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LO1 1x,TxeA.

LO2 a,be A=a®becA.
LO3 TCA=\TeA.

LOs a€L,ace A= axx*xac A.

For (X, Ax), (Y, Ay) stratified L-topological spaces, ¢: X — Y is continu-
ous between (X, Ax) and (Y, Ay) &

o~ (Ay) C Ax.

We will abbreviate ‘stratified L-topological space’ as ‘SL-topological space’.

Example 4.1.2 : Let § # X € Ob(SET). Then (X,L%) is an SL-
topological space.

Lemma 4.1.3 : Let ¢: X — Y be continuous between SL-topological
spaces (X, Ax) and (Y, Ay). Let ¢: Y — Z be continuous between (Y, Ay)
and (Z,Az). Then ¢ o ¢: X — Z is continuous between (X, Ax) and
(Z,Ayz). Further idx is continuous between (X, Ax) and itself.

Proof:
Let ¢ € Az. Then ¢ (c) € Ay since 1 is continuous. So ¢~ (¥ (¢)) € Ax.
But ¢~ (v (c)) = (¢ o ¢) (c) (see Lemma 3.2.6) so we have

Vee Ay (¢ o (;5)(_(6) € Ax.

For the second part, we have that id5 (a) = a for all a € LX (see Lemma
3.2.7) thus idx is continuous between (X, Ax) and itself.

Lemma 4.1.4 : The class of all SL-topological spaces and continuous func-
tions between them forms a construct, the concrete category SL — TOP.

Proof:
Define a class O by

O={(X,A)|(X,A)is an SL-topological space }
Let (X, Ax), (Y,Ay) € O. Define

hom((X, Ax), (Y, Ay)) = {((X,Ax), ¢, (Y,Ay)) | 9" (Ay) C Ax }.
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Define
id(X,Ax) = (X, Ax),idx, (X, Ax)).

Finally define
(Y, Av) L (Z,82) 0 (X, Ax) L (V. Ay)) = (X, Ax) 2% (2,A7).

Then (O, hom,id, o) = SL — TOP is an abstract category in the sense of
Definition 1.2.1. Now we simply define a forgetful functor

U:SL—TOP — SET (X,Ax) % (Y,Ay)—X 2 Y.

Then (SL — TOP,U) is a concrete category over SET, i.e. a construct,
which we refer to by abuse of notation as S — TOP as well, since it should
be clear from the context as to whether we are referring to it as an abstract
or as a concrete category. |

We now prove that SL — TOP is topological over SET. In order to do
this we will need some preliminary groundwork.

Lemma 4.1.5 [20]: Let (X, A;);er be a non-empty collection of SL-topological
spaces with a common base set X indexed by the class I. Then A = [,.; A;
is a stratified L-topology on X.

Proof:

LO1 Viel J_X,TxéAi SO J_X,TxéA.

LO2 Let a,b € A. Then Viel a,be A;s0o Viel a®be A thus
a®beA.

LO3 Let I' C A. Then Vie I T C A;jso VielI VI €A, thus
VI eA.

LOs Let a € L,a€ A. Then Viel axxa€ A;soax*xa€ A.

Definition 4.1.6 [20]: Let (X, A) be an SL-topological space, I' C LX.
Then

I' is a sub-base for A &
A=({A|(X,A)€Ob(SL—-TOP)andT C A}.

We will denote the fact that I" is a sub-base for A by A = (T').
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Lemma 4.1.7 : Let ) # X € Ob(SET). Then
VI CLX3IAC LY (X,A)ec Ob(SL—TOP) and A = (T").

Proof:

Let I' C L. We know that (X, LX) € Ob(SL — TOP) and that I' C LX,
thus {A | (X,A) € Ob(SL—TOP) andI" C A} is non-empty and by
Lemma 4.1.5 we have that

A=A (X,A)€Ob(SL—-TOP)andT C A} = (I

is a stratified L-topology on X.

Lemma 4.1.8 [20]: Let (X, Ax), (Y, Ay) be SL-topological spaces. Let I'y
be a sub-base for Ay and let ¢ be a function from X to Y. Then

¢ is continuous from (X, Ax) to (Y,Ay) < ¢~ (I'y) C Ax.

Proof:
Let ¢ be continuous from (X, Ax) to (Y, Ay), i.e. ¢~ (Ay) C Ax. Then
I'y C Ay so ¢ (T'y) C Ay.

Now assume ¢ (I'y) € Ax. We shall prove that
Ay = {be LY | $—(b) € Ax} is an SL-topology on Y. Then I'y C Ay.
But Ay is the smallest stratified L-topological space on Y containing I'y,
thus Ay C Ay and we have that ¢~ (Ay) C Ax

It remains to prove that Ay = {b € LY | $—(b) € Ax } is a stratified
L-topology on Y. The proof makes use of Lemmas 3.2.6 and 3.2.9.

LO1 ¢<_(J_y) =1lx¢€ AX,QV_(Ty) =Tx € Ax so 1y, Ty € Ay.
LO2 Let a,b € Ay. Then Ax 3 ¢ (a) ¢ (b) = ¢ (a®b) soa®b € Ay.

LO3 Let X C Ay. Then ¢~ (%) C Ax. Thus Ay 3 V6~ (%) = o= (V%)
so /X € Ay.

LOs Let a € L,ya € Ay. Then Ax > ax * ¢~ (a) = ¢~ (ay *xa) so
ay *a € Ay.

Theorem 4.1.9 [20]: SL — TOP is topological over SET. Furthermore
SL — TOP is amnestic, fibre-small and has the terminal separator property.
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Proof:

First, we prove that S — TOP is amnestic. To thisend, let (X, Aq), (X, Ag)
be members of the same SL — TOP-fibre of X, and let the conditions

(X, A1) < (X,A2) and (X, A2) < (X, A;) hold. Then we have idy (A1) C
Ao, thus A1 C A,y. Similarly we have Ay C A;. Hence Ay = Aj.

Now we prove that SL — TOP is topological over SET, following the
procedure outlined in Chapter 1. Let § # X € Ob (SET). Let (X;, A)ics €
Ob (SL — TOP)! be a non-empty family of SL-topological spaces indexed
by the class I. Let (¢;: X — Xj;)ier be a corresponding family of set
functions. Define

Ax = <U o (D))
el
Then (X, Ax) is an SL-topological space by Lemma 4.1.7 and
Vi eI, ¢;is continuous between (X, Ax) and (X;, A;). Let (Y,Ay) be
an SL-topological space, ¥ : Y — X be a function. We seek to prove that

Viel ¢;o1)is continuous between (Y, Ay) and (X, A;) =
1 is continuous between (Y, Ay) and (X, Ax).

Assume that Vie I (¢;o9) (4A;) € Ay. Then, by Lemma 4.1.8

T (Ax) C Ay v (e (A)) € Ay
el
s ((Joi(Aa)) c Ay
el
© Viel ¢~ (¢; (Ai)) € Ay.
But ¢ (¢5 (A;)) = (¢; 0 ¥)~(A;). So we have, by our assumption, that
Y~ (Ax) C Ay. Hence

Viel ¢;o1)is continuous between (Y, Ay) and (X, A;) =
1 is continuous between (Y, Ay) and (X, Ax).

Since we have that SL — TOP is amnestic, we have proved that SL — TOP
is topological over SET.

Let X be a non-empty set. Let I' C L¥. Then (X,T) either is or is not
an SL-topological space. Thus

Fibresy,_rop(X) C (P(LX)){® € Ob (SET).

so SL — TOP is fibre small.

Lastly, let X = {z}, (X,A) € Ob(SL — TOP). Then by LO1 and LOs,
we have {ay |a € L} CA. But LX = {ax | a € L'}. Therefore A = L~
and there is only one stratified L-topology on the one point set {z}.
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4.2 Characterization of stratified L-topological spaces

In this section we explore the characterization of SL-topological spaces by
interior, neighbourhood filter and convergence function, analogous to the
classical characterization of topological spaces detailed in Chapter 2.

Definition 4.2.1 [8, 20]: Let (X, A) be a SL-topological space. We define
the interior operator on LX by

10 int: LX¥ — A, int(a) =\/{geA|g<a}.

We will usually denote the interior operator acting on an L-set a as a =
int(a), except where the expanded notation makes more sense.

Lemma 4.2.2 [20]: The interior operator has the following properties:
I1 VaGLX, acA<sa<a.

I2 VaeLX, a<a.

13 Tx = Tx.

I4 Va,beLX, a®b<a®b.

15 Va,bGLX, a<b=a<hb.
16 VacL®, a=a.

I7 VaELVaELX, ax *a < ax *a.

Proof:

Let (X, A) be an SL-topological space with the interior operation defined as
in Definition 4.2.1. From the definition and properties of the \/ operation
(Lemma 3.1.9), I2 is true. For I3 we note that by O1, Tx € A. Thus from
the definition, Ty > Tx. Note that Va € LX, a € A from O3. Taking
a,be LX, from O2 and I2 we have that A 3 a®b < a®b, hence 14 follows.
I5 is immediate from the definition and from properties of the \/ operation.
Now let @ € A. Then from the definition of a, a < a. For the converse let
a € LX, a < a. Then from I2, we have that a = a. But ¢ € A by O3. So
16 is true. Finally let « € L,a € LX. Then A 3 ax *a < ax *a by I2 and
Os. Thus by the definition ax *a > ax * a. |

Definition 4.2.3 : Let X be a non-empty set and let int: LX — LX be an
operator satisfying the properties I2 to I7 of Lemma 4.2.2. Then (X, int) is
a stratified L-interior space. We will abbreviate ‘stratified L-interior space’
as ‘SL-interior space’.
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Lemma 4.2.4 [20]: The properties of Lemma 4.2.2 characterize
SL-topological spaces, i.e. if (X,int) is an SL-interior space then it can
be mapped uniquely to a SL-topological space (X, A) via I1, and the SL-
topological space so defined can be mapped back to the same SL-interior
space (X,int) via I0. In this way the axioms O1-O3 describe essentially
the same object as the interior axioms I12-1I7.

Proof:
Let (X,int) be an SL-interior space. Define a € A < a < a (this is the I1
axiom). Then by definition, L x < Ly. From I3, Ty € A, so the O1 axiom
is satisfied. For O2, let a,b€ A. Then a® b <a® b < a®b from I4 and
I1. Let ' C A. Then \/T < Vgel“ﬂ < E by I1 and I5,s0 \/T < E and
03 is satisfied. Finally let o € L,a € A. Then ax xa < ax *xa < ax *xa,
by 17, so Os is satisfied.

Let an denote the interior operator defined by A via I0, i.e.
an = \V{be€ A|b<a}. Weseek to prove that ay = a for all a. Let
a € LX. Then from I6, a € A and from 12, a < a, thus ay > a. By
definition and by I5, an < a, thus a = an.

Definition 4.2.5 [20]: Let (X, int) be an SL-interior space. For z € X we
define the L-neighbourhood filter at x, U*, by

N1 Vae LY, U%(a)=a(z).

Lemma 4.2.6 [20]: The L-neighbourhood filter at z € X has the following
properties:

N1 Vae LX, a(z)=U*(a).

N2 Vac LX, U*(a)<a(z).

N3 U*(Tx)=T.

N4 Va,be LY, U*(a) @U*(b) <U(a®Db).

N5 Va,be LY, a<b=U*(a) <U D).

N6 VacLX, U*(a)<\V{U*®d)| YyeX bly) <U¥(a)}.

N7 VacLVac LY, axU*a)<U*(ax *a).
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Proof:

Let (X, int) be an SL-interior space. Let 2 € X, a,b € LX. Then

U*(a) = a(z) < a(z) from 12 so N2 is true. From I3,
U*(Tx)=Tx(x)=Tx(x) =T, so N3 is true. N4 and N5 similarly follow
directly from I4 and I5. For N6, note that Vy € X, a(y) =UY(a) > a(y).
Thusa € {be LX | Vy€ X, b(y) <UY(a)}. From I6, U*(a) < U*(a).
So we have U*(a) < \/{U*(b) | Vy € X, b(y) <UY(a)}. Finally for N7,
let « € L. Then axU*(a) = (ax xa)(r) < ax xa(r) = U (ax * a).

Remark 4.2.7 : By the axioms N2, N3, N4, N5 and N7, U* € F7(X).

Definition 4.2.8 : Let X be a non-empty set and let (U*),cx be a collec-
tion of filters on X indexed by X satisfying axioms N2-N7 of Lemma 4.2.6.
Then (X, (U*)zex) is a stratified L-neighbourhood space. We will abbreviate
‘stratified L-neighbourhood space’ as ‘SL-neighbourhood space’.

Lemma 4.2.9 [20]: The properties of Lemma 4.2.6 characterize SL-interior
spaces, i.e. if (X, (U*)zex) is an SL-neighbourhood space then it can be
mapped uniquely to an SL-interior space (X, int) via N1, and the SL-interior
space so defined can be mapped back to the same SL-neighbourhood space
(X, (U)zex) via N1 again. In this way the interior axioms I2-17 describe
essentially the same object as the neighbourhood axioms N2-IN7.

Proof:

Let (X, (U")zex) be an SL-neighbourhood space. For a € LX and for each

r € X, define int(a)(z) = a(r) = U*(a). Now let a € LX. From N2 we

have Vz € Xa(z) < a(z), hence a < a and I2 is satisfied. Similarly N3

implies I3. For 14, let a,b € LX,z € X. Then

(a®b)(x) =U"(a) U (D) KU (a®b) = a ®b(x) by N4. If a < b then

Vee X, a(z)<b(z)by N5, so I5 is satisfied. For I6, note that

{urd) | vye X bly) <U(a)} ={U*(b) | b<aj. If b < a then by IS5,

b <a. Nowa < g, thus U”(a) = \/{U*(b) | Vye€ X by) <UY(a)}. Thus

by N6, a(z) < a(x) for all z € X. Finally for 17, let a € L, a € LX zeX.

Then (ax *xa)(z) = axU*(a) < U (ax *xa) = ax * a(x), thus I7 is satisfied.
If we now define U, (a) = a(x) then from N1, U2, (a) = U"(a).

int

Definition 4.2.10 [20]: Let (X, (U*)zex) be an SL-neighbourhood space.
We define the limit function lim: F7(X) — LX by defining the value of
lim F at each z € X:

Lp Vee XVFeF(X), lmF(x)= N U (a)— Fla)).

acLX
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Lemma 4.2.11 (see [21] for the frame case): The lim function satisfies the
following properties:

L0 Vze X, U*(a) :/\]_-GJ_-E(X)(limf(:E)—nf(a)).

Ll VzeX, lim[z](z)=T.

Lo VzeXVabeL®, U (a)U*Db)<U(a®D).

Lp Vo€ XVF € FP(X), UmF(z)= AyepxU(a) — F(a)).

Lt Vee XVacL®, Ua)<V{U*b)| YyecX bly) <UYa)}.

Proof:

We prove first two minor results. Let z € X. Then

HmU*(x) = Nyepx (U (a) — U®(a)) = T. Secondly let F,G € F7(X), F <
G. Then by Lp and the fact that the implication is an increasing function
in the second argument (Lemma 3.1.18), lim F < limG. To prove LO, first
note that

/\ (lim F(x) — F(a)) < UmU*(x) — U (a) = U (a).
FeFZ(X)

Also

A (imF@) = F@)= A (N @ ®) — Fb) - Fa)
FeFZ(X) FeF$(X) belX
> A (W(a) = F(a)) = F(a)) > U (a).
FeFZ(X)

For L1, let z € X. Then lim[z|(z) = A cpx(U®(a) = a(x)) = T, by N2.
The L® axiom is simply the N4 axiom, Lp is the definition, and finally Lt
is simply the N6 axiom. |

Definition 4.2.12 : Let X be a non-empty set and let lim: F7(X) — L¥
be a function satisfying axioms L1, L&, Lp and Lt of Lemma 4.2.11, with
U* defined by LO. Then (X,lim) is a stratified L-topological convergence
space. We will abbreviate ‘stratified L-topological convergence space’ as
‘SL-topological convergence space’.

Remark 4.2.13 : The labels given to the axioms for SL-topological con-
vergence spaces are more or less traditional (see e.g. [21, 24, 22, 7]), hence
they have been retained although in later sections the labelling conventions
do tend to become slightly bewildering.
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Lemma 4.2.14 (see [21] for the frame case): The properties of Lemma
4.2.11 characterize SL-neighbourhood spaces, i.e. if (X,lim) is an SL-
topological convergence space then it can be mapped uniquely to an SL-
neighbourhood space (X, (U?),cx) via L0, and the SL-neighbourhood space
so obtained can be mapped back to the same SL-topological convergence
space (X,lim) via Lp. In this way the neighbourhood axioms N2-N7 de-
scribe essentially the same object as the topological convergence axioms.

Proof:

Let (X, lim) be an SL-topological convergence space. Define

U*(a) = /\];GJ;E(X)(lim}-(:E) — F(a)). This is axiom LO in Lemma 4.2.11.
From the definition, U (a) < lim[z|(xz) — [z](a) = a(z), thus by L1, N2 is
satisfied. For N3, we calculate U*(T x) = /\]_-GJ_-E(X)(Iim}"(:E) — F(Tx)) =
T. N4 is simply the L® axiom. For N5, let a,b € LX,a < b. Then for all
F € FJ(X), F(a) < F(b), and by Lemma 3.1.18,

U@= N (UmF(z)—Fa)< N (mF(z)— Fb)=U"(D).
FeFS (X) FeFF(X)

N6 is given by the Lt axiom. Finally let & € L,a € LX. Then by Lemma
3.1.18,

axU(a)=ax N (imF(z)—F@)< N (mF(z)— (a*xF(a))

FeFF(X) FeFi(X)
< /\ (lim F(z) — F(ax *a)) = U"(ax * a).
FeFZ(X)
If we now define limy F(z) = A e px (U (a) — F(a) for F € FP(X),z €
X, then by Lp, limy; = lim. |

4.3 Stratified L-topological convergence spaces

We now wish to define a category of SL-topological convergence spaces iso-
morphic to SL — TOP. Jager does this for the case where L is a frame
in [21]. In order achieve our goal we will have to find the condition on a
function ¢: X — Y between two such convergence spaces (X,limy) and
(Y, limy ') which is equivalent to ¢ being continuous between the correspond-
ing SL-topological spaces (X, Ax) and (Y, Ay). There is some background
to be filled in before we proceed with the main proof.

Lemma 4.3.1 : Let (X,limy), (Y,limy) be SL-convergence spaces. Let
¢: X — Y be a function. Then
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VFeFP(X) ¢(limy F) < limy ¢(F) <
VFeFR(X)VeeX, limyx F(z)<limy ¢(F)(o(z)).

Proof:

From Lemma 3.2.6 we have that Ya € LX, Vb € LY, ¢(a) < b e a <
¢ (b). Let F € FP(X),a=limyx F,b=limy ¢(F). Then immediately

¢(limx F) < limy ¢(F) < limx F < ¢~ (limy ¢(F)
& VeelX, limyxy F(z) <limy ¢(F)(o(z)).

Lemma 4.3.2 (see [21] for the frame case): Let (X,Ax), (Y, Ay) be SL-
topological spaces. Let (X, limy), (Y, limy) be the corresponding
SL-topological convergence spaces. Let ¢: X — Y be a function. Then

¢ is continuous < ¢~ (Ay) C Ax
x — o(z
& YeeXVbeL' Ug (67 (b)) >ul” )
& VFeFP(X) ¢(limy F) < limy ¢(F).

Proof:
We prove that

7 (Ay) CAx & Yoe X Vbe LY UL (67(b) > U (b).

Assume ¢~ (Ay) C Ax. Let z € X,b€ LY. Then

UBWe= \/ Vew)= \/ ¢ W)@

Y EAy b <b VEAy b <b

<\ d@=U, (67 0).

CLIGAX 7a/S¢H (b)

Now we assume Vo € X Vb € LY UR (97 (b)) > L{K(Yz)(b). Let b €
Ay,z € X. Then b < by. So

6= (0)(x) = b(o(2)) < by (d(x)) = UL (B) UK (67 (b)) = 6~ (b) ().

This is true for all z € X, thus ¢~ (b) € Ax and ¢~ (Ay) C Ax.
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Next we prove that

VeeXVbe LY UL (67 (b)) >U ()
& VFe FP(X) ¢(limx F) < limy ¢(F).

Assume Vo e XVbe LY UL (67 () > UR (D). Let o € X, F €
F(X
7 (X).

limy ¢(F)(d(x)) = A UL (6) — ¢(F) (b))

beLY

> N\ UR, (67 (b)) = F(67 (b))
beLY

> N\ UK (a) = F(a)) = lim F(z).
acLX

Thus by Lemma 4.3.1, V.F € F2(X) ¢(limx F) < limy ¢(F).
Now assume VF € FP(X) ¢(limx F) < limy ¢(F). Let x € X,b €
LY. Then

Ui (o= () = N\ (limx F(z) = F(¢(b)))

FeFZ(X)

> A (limy 6(F)(6(x)) — 6(F)(b))
FeFZ(X)

> A\ (imy G(é(x)) — G(b) = U (b).
GeFP(Y)

Theorem 4.3.3 (see [21] for the frame case): The category SL — TCS,
which has objects (X,lim) which are stratified L-topological convergence
spaces and morphisms all functions ¢ which satisfy ¢(limx F) < limy ¢(F)
for F € F2(X) and (X, limy), (Y, limy) SL-topological convergence spaces,
is isomorphic to the category SL — TOP. Hence it is topological over SET,
amnestic, fibre small and has the terminal separator property.

Proof:
We define functors

F:SL-TOP — SL — TCS

(X, Ax) & (V,Ay) = (X, lima ) S (V) lima, )
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and

G:SL-TCS — SL — TOP

(X, Jimy) > (¥, limy) = (X, Atmy) 2 (Y, Atimy )-
Then by 4.2.11, 4.2.14 and 4.3.2 we have
FoG =ids,_top and Go F =idg_Tcs.-

So SL — TOP is isomorphic to SL — TCS.

4.4 Alternatives to the Lp and Lt axioms

As we did in the classical case, we now attempt to translate our axioms for
topological convergence spaces into simple axioms entirely in terms of the
lim function. In this section we are basically generalizing the work of Jager
([21, 22, 23, 24]) from the frame case to the ecl-premonoid case. We begin
with Lp.

The Lp axiom

Definition 4.4.1 : Let X be a non-empty set and let lim: F9(X) — L¥
be a function. Then (X, lim) is a stratified L-preconvergence space. We will
abbreviate ‘stratified L-preconvergence space’ as ‘SL-preconvergence space’.

Lemma 4.4.2 : Let (X lim) be an SL-preconvergence space. We define the
axiom

L2 VF.Ge FP(X), F<G=limF <limg.

Then
lim satisfies Lp = lim satisfies L2.

Proof:
Let F,G € F2(X),F <G,z € X. Then

lim F(z) =2 N U(a) = Fla) < N\ U"(a) = G(a)) 2 limG(z).

acLX acLX
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Lemma 4.4.3 : Let (X,lim) be an SL-preconvergence space. Then the
following conditions are necessary and sufficient so that Vx € X, U* €
F?(X), when U* is defined by LO:

LB VzeX, U (Lx)=L.

L VzeX, Va,beLX, U*(a) @U (D) <U(a®b).

Proof:
If Vo € X, U® € F7(X), then LB and L® are automatically true. We
prove that together they imply the result. Assume LB and L®. Let x € X.

FL U (Tx) 2 Agers oo (imF(e) — F(Tx)) = T. U(Lx) 2 L.

F2 Let a,bELX,aSb. Then

u@= /N @UmF(z)— F(a))
FeFZ(X)

F3 This is simply the L® axiom.

Fs Let a € L,a € LX. Then by Lemma 3.1.18,

axU(a) = ax* /\ (lim F(z) — F(a))
FeFZ(X)

< A (ax(limF(z) - F(a)))
FeFZ(X)

< /\ (lim F(z) — (ax*x F(a)))
FeFZ(X)

< /\ (mF(z) — Flax *a)) =U"(ax *a).
FeFZ(X)

Remark 4.4.4 : Note that if an SL-preconvergence space (X, lim) satisfies
L1, then it automatically satisfies LB, since for z € X,
U*(Lx) = /\]—‘e]—‘f(x)(hmf(:ﬂ) — F(ly)) <lim[z](z) > L=T — 1L = 1.
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Lemma 4.4.5 : Let (X, lim) be an SL-preconvergence space satisfying L1,
L® and Lp. Then
Vee X, lmU*(z)=T.

Proof:
Let £ € X. LB and L® are satisfied, thus by Lemma 4.4.3, U* € ff(X),
so we can calculate imU*. Now

iml*(x) 2 A\ U (a) — U () = T.

acLX

Definition 4.4.6 [10, 23]: Let (X, lim) be an SL-preconvergence space. We
define the stratified a-level L-neighbourhood filter at x € X, U2, by

La Ui = N{F e F{(X) | a <lim F(z) }.

Lemma 4.4.7 : Let (X, lim) be an SL-preconvergence space. Then

lim satisfies Lp = Vae€ LVz e X, limU(x) > a.

Proof:
Assume Lp. Let x € X, a € L. We have:

imii(z) 2 A U(0) = Us@) = \ U@~ ( A Fla)

acLX acLX a<lim F(z)

- AN N @Ww-Fa)y= A N\ U —F)
a€LX a<lim F(z) a<lim F(z) ac LX

= /\ lim F(z) > o
a<lim F(z)

Lemma 4.4.8 (see [23] for the frame case): Let (X, lim) be an
SL-preconvergence space. Define U”(a) via LO (see Lemma 4.2.11) and UZ
via La. Then

Vae L*Vze X, U"(a)> N\ (a—Ui(a)).
a€l

If lim satisfies Lp then equality holds.
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Proof:

We begin by noting that o <limF(x) = UL < F,fora € L,z € X,

F € F2(X). Let aF = limF(x). Then Uy, <F. Let a € L. From LO
and Lemma 3.1.18 we have:

U @= N (imF(z) - Fla)

FeFZ(X)
> N (er—Ul(a) = N (a—U(a)).
FeFZ(X) Q€L

Now assume Lp. By Lemmas 3.1.18 and 4.4.7 we have
Lo
U (a) < limU;(x) — UL (a), VYaelL
<a—-U(a), VYaelL.

Thus U7(a) < Ager (o — Us(a)).

Lemma 4.4.9 (see [23] for the frame case): Let (X, lim) be an
SL-preconvergence space. Then

VFeFi(X)Vee X, lmF(z)<\/{acL|U<F)

If lim satisfies Lp then equality holds.

Proof:

We have a < lim F(z) = UZ < F. Thus limF(z) e {a € L |UZ < F} and
the result follows. Now assume Lp. Let F € F7(X),a € L,U% < F. Then
by L2 and Lemma 4.4.7, o < limUZ(x) < lim F(x). Thus

V{iae L |UZ <F} <limF(x).

Lemma 4.4.10 (see [23] for the frame case): Let (X, lim) be an
SL-preconvergence space. We define the axiom

LpW2 VFeF(X)VeeX, lmF(x)=\{acl |Ui<F}
Then if lim satisfies L2, the following are equivalent:

1. lim satisfies LpW2.

2. Vae LVFeFP(X)Vre X, a<limF(r)eUs <F.

3. YaeLVreX, a<limUi(x).
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4 Y (Fiier € FHX), lm(Ne; Fi) = Niey lim Fi.

Proof:

(1 = 2) It is always true that o < lim F(z) = U < F. Conversely assume
Uy <F.Thena € {B€ L |UF <F}, thus by (1), a <lim F(z).

(2=3) Forae L,z € X, we have UZ < UZ. Hence by (2), a < limUZ(z).

(3 =4) Let z € X, (Fi)ics € F(X)L. It is always true (by L2) that
im A;c; Fi(z) < Njerlim Fi(x). Let o = A\;c;lim F;(x). Then

(4 = 1) It is always true (see Lemma 4.4.9), that lim F(z) < \/[{a € L |UZ <
F}. Let U2 < F. Then by L2,

lim F(z) > lml2(z) =lim( A\ @@= A lmG()>a

a<limG(z) a<limG(z)

Thus imF(z) > \/{ae L | U < F}.

Lemma 4.4.11 (see [23] for the frame case): Let (X, lim) be an
SL-preconvergence space. We define the axiom

LpW2’ V(Fier € FL(X)', lim(/\ 7) = /\lim 7.
il el
Then
lim satisfies LpW2 < lim satisfies LpW2’.

Proof:

We prove that LpW2 = L2. Let x € X, F,G € }"f(X),}" < G. Then
IimF(z)=V{aec L | U< F}<\V{aecLl|U;<G}=I1lmG(xz). Hence
by Lemma 4.4.10, LpW2 = LpW2’. For the converse we simply need to
prove that LpW2’ = L2. Let F,G € F7(X), F <G. Then FAG = F and

limF = limF A G P2 lim F AlimG < limG. Thus LpW2’ = L2. Then
by Lemma 4.4.10, LpW2’ = LpW2.

We recognize the form of LpW2’ in Lemma 4.4.11 as being the same as

that of the classical LpW2 axiom, which turned out to be equivalent to the
classical Lp axiom. It would be quite nice if the generalized LpW2 axiom
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also turned out to be equivalent to the generalized Lp axiom, since if so, we
have achieved our goal of translating the Lp axiom into a simple condition
on the lim function. Unfortunately this generalization does not hold (shown
for the frame case in [23]), as the following chain of proofs shows.

Lemma 4.4.12 (see [23] for the frame case): Let (X, lim) be an
SL-preconvergence space. Then

lim satisfies Lp < lim satisfies Lp’,
where Lp’ is given by:

Lp> VaelLVze X,
{(FeFi(X)|a< N\ U*(a) = Fla)}

Proof:
Lp’ follows trivially from Lp. We prove the converse. Assume Lp’. Let
a=limG(z) for G € F7(X),z € X. Then
Ge{FeF(X)| limG(z) <limF(z)}
={FeF(X) | limG(z) < N U*(a) = F(a)) }.

acLX

Thus imG(z) < Aepx(U®(a) — G(a)). Now let o = A, cpx(U*(a) —
G(a)). Similarly it follows that A ., x(U*(a) — G(a)) < lim G(x). [ |

If we weaken Lp’, we obtain the axiom LpW1.

Definition 4.4.13 (see [23] for the frame case): Let (X,lim) be an SL-
preconvergence space. We say that lim satisfies the axiom LpW1 iff
LpW1l VaelLVzelX,

MNMFeFiX)a< N\ U*(a) = Fla)}

acLX

= N{F e FZ(X) | a <limF(z) }.
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Remark 4.4.14 : Let a € L, F € F7(X). Then

a< N\ U*(a) = Fa)) & Yae LY, a<U(a)— F(a)
acLX
& Yae LY, axU*(a) < F(a).

If we define [a U] = N{F € F2(X)| Ya € LX, axU*(a) < F(a)},
then we can state LpW1 succinctly as

Vae LVxe X, [axU"]=UZ.

«

Lemma 4.4.15 (see [23] for the frame case): Let (X, lim) be an
SL-preconvergence space. Then

lim satisfies Lp < lim satisfies LpW1 and LpW2.

Proof:

Lp obviously implies LpW1. We know from Lemma 4.4.9 that Lp implies
LpW2. Assume now that lim satisfies LpW1 and LpW2. Let x € X, F €
F?(X). Then

N @@ —F@)= N\ /\ (imG(x)— G(a) — F(a))
acLX a€LX GeFP(X)
> A\ ((imF(z) — F(a)) - F(a))
acLX

> lim F(z).

Now let o = A,cpx(U%(a) — F(a)). Then we have Va € LY o <
U*(a) — F(a), thus Va € LX a*xU(a) < F(a). Now [a * U*] < F from
the definition of [a * U*], and by LpW1, [a U] = UZ, so U < F. Since
LpW2 = L2, we have
L2 LpW2
limF(z) > limUi(z) > a= [\ U*(a)— F(a)).

acLX
Thus Lp is true.
The following example shows that in an S L-preconvergence space (X, lim)

satisfying axioms L1, L2 and L®, the LpW1 axiom does not imply the
LpW2 axiom.
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Example 4.4.16 [23]: Let ) # X € Ob (SET), | X| > 1. Define lim: F2(X) —
LX for F € FP(X),z € X by
1 =
lim F(z) = F=%
T F#F

where Fy = /\]-‘e]-‘f(X) F = Nrzr, F asin Example 3.3.4. Then it is easy to
see that lim satisfies L1 and L2. We show that lim does not satisfy LpW2:

N ImF(z)=T#L=lim A (2)=limFy(z).

F#Fo F#Fo

Thus by Lemma 4.4.10, LpW?2 is not satisfied.
Now we show that lim does satisfy LpW1. Let a € LX. Then

u@= /N @Um7F(z)— F(a))

FeFZ(X)

= (/\ (T = F(a)) A (L — Fo(a))
F+Fo

=( \ F(a) A Fola) = Fo(a).
F+Fo

We also have for o € L that

o = JN\rerpn o va=Ll o
Nrrry F ya> L

Thus Ya € LVa € LY, a*U%a) < a AU%(a) < U*(a) = U (a),
so [ax U] =UZ. So lim satisfies LpW1.

The following example shows that in an SL-preconvergence space (X, lim)

satisfying axioms L1, L2 and L®, the LpW2 axiom does not imply the
LpW1 axiom.

Example 4.4.17 [23]: Let L = {L,a, T} with L < o < T and let X =
{z,y}. For z € X, F € F?(X) we define the discrete stratified L-generalized
convergence on X by

T F>|[7

1 otherwise

limF(z) = {

Then lim satisfies L1 and L2. We show that lim satisfies LpW2. Let
(Fi)ier € ff(X)I with A,;c;limF;(2) = T. Then by definition, Vi €
I, F;>lz]. Thus A\,c; Fi > [2]. Finally

lim/\}"i(z) =T= /\lim}"i(z).

i€l il
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Now we show that lim does not satisfy LpW1. For z € X,a € L* we
calculate

U= N (mF(z) > F(a))

FeFZ(X)

=(N\ (T=F@)Ar( A\ (L— F(a)
F>[2] F2l2

=( N\ F@)AT =[Z(a).
F>[2]

Thus U* = [z]. We define

T a=Tx

G IX 5L am a a(z)=Tanda(y) # T
a a(r) =«
1 a(x)=1

Then it is easy to show that G € F7(X). Let a € LX be defined by
a(z) = T,a(y) = a. Then [z](a) = T > a = G(a). Thus G 2 [z], thus
limG(z) = L. But

N @) —G) = N (bx) — G(b))

beLX be LX
=(T=TAT=a)Ala=a)A(L—1)=a# L =lmG(z)

Thus lim does not satisfy Lp. Hence by Lemma 4.4.15, lim does not satisfy
LpW1.

Remark 4.4.18 : By Example 4.4.17, we have that even under the assump-
tion that L1, L2 and L® are satisfied, Lp ¥ LpW2. However we still have
the hope that perhaps by assuming other axioms (e.g. LK) in addition to
L1 and L2, Lp will prove to be equivalent to LpW2. However (see Remark
4.4.29), this is not true for LK or LF. This is still an open question as to
whether a formulation can be found to avoid the LpW1 axiom.

Lemma 4.4.19 [23]: Let (L, <,*,®) = ({0,1}, <, A, A). Let (X, lim) be an
SL-preconvergence space. Then the LpW1 axiom is always satisfied.
Proof:

Let x € X. We calculate

oAU = N{FeFi(X)| YaeL*, 0AU"(a) < Fla)}

87



=N{FeFix)}= N F=u4.
0<lim F(x)

LA = N(F e FEX) | YaeL¥, 1AU"() < F(a)}
~ N[FeFiX)| YaeL®, U(a)< Fla)}=U"

Let a € LX, then

U= N (UmF(z)— F(a))

FeFZ(X)

= A (O0=Fa)n AN 1-Fa)
FeFZ(X) FeFZ(X)
lim F(z)=0 lim F(z)=1

=1AU(a) = U (a).
Therefore
[LAUY) =UT.

Thus in the case L = {0,1} it is true that Va € L, [a*xU"] =UZ.

Remark 4.4.20 : Lemma 4.4.19 shows that in the classical case the Lp
axiom is equivalent to LpW2, as was shown in Chapter 2.

The Kowalski axiom

Definition 4.4.21 (see [23] for the frame case): Let (X,lim) be an SL-
preconvergence space. Then lim satisfies the Kowalski axiom <

LK VGeF (X)Vae XV (F)ex € FP (X)X

lmG(z)« [\ lim F,(y) < limG(F,)(x).
yeX

The LK axiom generalizes the K axiom in the following way. Let L =
{0,1} and let (X, lim) be an SL-preconvergence space. With each A C P(X)
we associate A7 € L via

rc A& AL(:L') =1
With each A C P(X) we associate Ar: LX — L via

Ae As AL(Ap) = 1.
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In this way we identify the sets F7(X) and F(X).
We define the limit function lim: F(X) — P(X) by

r €limF & lim Fp(x) = 1.
Then

lim satisfies the LK axiom < lim satisfies the K axiom.

Lemma 4.4.22 (see [23] for the frame case): Let (X, lim) be an
SL-preconvergence space. Then

lim satisfies Lt & Vo e X U” <U™(UV).

Proof:

Assume Lt. Let 2 € X,a € LX. Then by Lt,

Us(a) <\V{U*(b) | vy e X, bly) <UY)}. Let b e LX.

Now Vy e X, b(y) <UY(a) < b<UY(a) = U"(b) <U"(UY(a)). So by
Lt, U*(a) < U*(U)(a). For the converse, assume Lt’. Let 2 € X,a € L¥.
Then UV (a) € {b € L¥ | b < UY(a)}, thus U (U (a)) € {U*(D) | b <
U (a)}. Finally U(a) < UTUY)(a) < V{UT(D) | Vy € X, bly) <
Uv(a) }.

Lemma 4.4.23 (see [23] for the frame case): Let (X, lim) be an
SL-preconvergence space satisfying L1, Lp and L®. Then

lim satisfies Lt < lim satisfies LK.

Proof:
Assume LK. By Lemma 4.4.3, Vo € X, U® € F?(X). Thus we can
calculate limU*(x) = T for each x € X. By LK we have

T=TxT=lmU*(z)« [\ imU?(y) <Hm@U*UY))(x).
yeX
By Lp, T =lmU*(U")(x) = \gepx (U*(a) = U UY)(a)), thus
Vae LY, U*(a) <U*(UY)(a) and we have proved that LK = Lt.
Now assume Lt. Let x € X,G € F7(X), (Fy)yex € F2 (X)X,
Let 8 = )\ cx limFy(y). Then

VyeX f<lmF,(y) L A Ua)— Fyla)

acLX
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so VyeXVaelLX B <U(a) = Fy(a)
thus VyEXVaELX BxUY(a) < Fy(a)
therefore  Va € LY fx +UY(a) < F,(a)

finally VaeLX G(F.)(a)>G(Bx *U (a)) > B+ GUY)(a).

Hence

limg(}-@))(:ﬂ) = /\ U*(a) — g(}—t))(a))

acLX

> N\ MUY (a) = (B GUV)(a)))

acLX

> B\ UUO (@) — GU ()

acLX

>Bx N\ W) = G(b))

beLX

=1limG(z /\ lim 7, (y
yeX

Thus we have proved that Lt = LK.

We have proved with Lemma 4.4.23 that for SL-topological convergence
spaces we may replace the Lt axiom with the LK axiom. However all of
L1, Lp and L® are involved in the proof of Lemma 4.4.23, so we have no
guarantee that we can leave any of them out and still replace the Lt axiom.

The Fischer axiom

Definition 4.4.24 (see [24] for the frame case): Let (X, lim) be an
SL-preconvergence space. Then lim satisfies the Fischer axiom <

LF V0 #.JecOb(SET)Ve: JJ — X VG e FI(J)
J

VeeX V(}—')jeJ € FP(X)
lim ¢(G /\ lim F;(¢(j)) < lmG(F,)(x).

jeJ

Lemma 4.4.25 (see [24] for the frame case): Let (X, lim) be an
SL-preconvergence space. Then

1. lim satisfies LF =-lim satisfies LK.

2. lim satisfies L1, L2 and LF = lim satisfies LpW?2.
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Proof:
Let lim satisfy LF.

1. Let J = X, ¢ =idx. Then LK follows immediately.

2. Assume L1. Let z € X. Define ¢: J — X j +— z. Let G = [J].
Then for a € LX,

jeJ
So ¢(G) = [z]. Now for b € L7,
G(F)b) = NUIFL0) = \ Fib
jeJ jeJ
So G(F()) = N\jes Fj- Finally we have
lim[z /\ lim Fj(z /\ lim F(z) < lim( /\ Fi)(z)
jedJ jedJ jeJ

From L2, lim(A;c ; Fj)(z) < Aje, lim Fj(x). Thus LpW2 is satisfied.

The following example shows that in an S L-preconvergence space (X, lim)
satisfying axioms L1, L2 and L®, the LK axiom does not imply the LF
axiom.

Example 4.4.26 [24]: Let X € Ob(SET) be an infinite set. We define,
for z € X, F € FP(X),

T 3 finite A € Ob (SET) such that F > [A]

1 otherwise

lim F(z) = {

Then L1 and L2 follow immediately. We now show that LpW2 is not
satisfied. Let A be an infinite subset of X. Assume I B C A finite such
that [B] < [A]. Then

= A\ Ts@)=T>1L= A Tsl) =[A|(Ts).
z€B yeA

This contradicts our assumption. Thus there exists no finite B C A such
that [B] < [A]. Thus for x € X,

/\ lim[y =T # 1L =lim[A](x) = lim /\ [y](z)

yeA yeA
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and we have that LpW2 is not satisfied. Therefore by Lemma 4.4.25, LF
is not satisfied by lim.

Now we prove that lim satisfies LK. Let € X,G € F7(X), (Fy)yex €
F7P(X)X. Assume that

limG(z)« /\ lim 7, (y) =limG(z) A /\ lim Fy(y) = T.
yeX yeX

Then JA C X, (By)yex € P(X)¥ such that A is finite and Vy € X, B,
is finite and G > [A] and Vy € X, F, > [B,]. Hence we have G(F)) >
[A]([B)]). For a € L* we have

[Al([BoD(@) = [AI(By)(@) = A\ (1Bul(a)(y)

yeA
= ABJ@)= ACA a2))
yEA YEA 2€By
= AN\ a®=I[1 B).
z€Uyea By yeA

Now A is a finite set and so are all the Bys, thus | J
therefore lim G(F,)(x) = T. Thus LK is satisfied.

yeA B, is a finite set and

Lemma 4.4.27 (see [24] for the frame case): Let (X, lim) be an
SL-preconvergence space satisfying L1 and L2. Then

lim satisfies LK and LpW2 < lim satisfies LF.

Proof:

We have that LF = LpW2 and LK from Lemma 4.4.25. We prove the con-
verse. Let () # J € Ob(SET),¢: J — X,G € F7(J), (Fj)jes € FP(X)7.
We define (Hy)yex by

H, — {/\jew(y) Fi » yeo(J)
[] ¥ € X\o(J)
Then ¢(G)(H,,)(a) = G(é—(H,(a))). Let j € J. We calculate
¢~ (Hy(a) () = Hy(a)(d(4)) = Hyy(a) < Fila) = Fy(a)(F)-
Thus ¢ (H(,(a)) < Fy(a), so ¢(G)(H)) < G(F()-

Now we calculate

N\ limH,(y) = (N limH,W))A (N limHy(y))
)

yeX yEB(J yEX\¢(J)
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A lim A Fw)a( A\ limly)

yeP(J)  jEI(y) yEX\&(J)
ez /\ /\ lim F;(¢(4))) A
y€¢>(J)J€¢H(y)
= /\ lim F5(6(5))
jeJ

Let £ € X. From LK we have

lim ¢(G /\ limH, (y) < lim¢(G)(Hy)(z).

yeX

Thus by what we have just proved,

lim ¢(G /\hm}" )) < UmG(F(,)(z).
jeJ

so the LF axiom is satisfied.

The following example shows that in an SL-preconvergence space (X, lim)
satisfying axioms L1, L2 and L®, the LF axiom does not imply the LpW1
axiom.

Example 4.4.28 [24]: Let L = {L,a, T} with L < o < T and let X =
{z,y}. As in Example 4.4.17, for z € X, F € F2(X) we define the discrete
stratified L-generalized convergence on X by

T F>|[7

1 otherwise

limF(z) = {

Then we know that (X, lim) satisfies LpW2 and not LpW1. We show that
lim satisfies LK. Let € X,G € F7(X), (Fy)yex € F2(X)X. Assume that

lim G(x /\ lim 7, (y

yeX

Then)g > [z] and Yy € X, F, > [y]. Thus G(F,) > [z]([]). Now for
a€L

[z]([]))(a) = [z]([](a)) = [](a)(z) = [z](a).
thus G(F,) > [z], so imG(F,)(x) = T. Thus LK is satisfied. By Lemma
4.4.27, LF is satisfied.

Remark 4.4.29 : By Example 4.4.28and by Lemma 4.4.27, there exists an
SL-preconvergence space which satisfies all of L1, L2, LpW2, LK but does
not satisfy LpW1 and hence does not satisfy Lp. Thus we must include
the LpW1 axiom in order to obtain an SL-topological convergence space.
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Lemma 4.4.30 (see [24] for the frame case): Let (X, lim) be an
SL-preconvergence space satisfying L1, L2 and L®. Then

lim satisfies LF and LpW1 < lim satisfies Lt and Lp.

Proof:

If lim satisfies LF and LpW1, then by Lemma 4.4.27, lim also satisfies
LpW2 and LK. Thus by Lemmas 4.4.15 and 4.4.23, lim satisfies Lp and
Lt. Conversely, assume lim satisfies Lt and Lp. Then by Lemmas 4.4.15
and 4.4.23, lim satisfies LK, LpW1, and LpW2. Therefore by Lemma
4.4.27, lim satisfies LF as well.
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Chapter 5

Stratified L-convergence
spaces

From Chapter 2 we know that TCS, isomorphic to the category TOP, is
contained as a full, reflective subcategory in CONYV, the category of clas-
sical convergence spaces. CONYV is both Cartesian closed and topological
over SET. In [21], Jager proved that for the case where L is a frame, the
generalization of CONYV, SL — GCS, is topological, Cartesian closed and
contains SL — TCS as a full, reflective subcategory. In this chapter we look
at extending SL — GCS and various of its subcategories to the case where
L is an ecl-premonoid, in the hope that a similar situation will apply.

5.1 Generalized convergence spaces

The objects of the category CONYV are defined (see e.g. [28]) as those
classical preconvergence spaces which satisfy the classical L1l and L2 axioms.
Similarly, in [21], objects of the category SL — GCS are defined as those
L-preconvergence spaces which satisfy L1 and L2, in the case where L is a
frame. Our initial generalization is simply to extend this definition to the
ecl premonoid case.

Definition 5.1.1 (see [21, 22] for the frame case): We define the category
SL — GCS by

Objects stratified L-generalized convergence spaces (X, lim).

Morphisms Functions ¢ : X — Y between spaces (X, limy) and (Y, limy)
which satisfy

VF e FP(X) o¢(limyx F) < limy ¢(F).

The identity function idx is a morphism from (X, lim) to itself. Morphism
composition is the usual function composition.
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Definition 5.1.2 : Let (X,lim), (X,1lim) € Ob (SL — GCS). We define
lim <lim& VF € F(X) limF <limF.

Remark 5.1.3 : Both (X, lim) and (X, lim) are members of the X-fibre of
SL — GCS. In terms of the ordering on the fibre defined in Definition 1.3.5,
we have
(X, lim) <(X,lim)
& idx € homgr_ges((X, lim), (X, lim))
& VF e FP(X)limF =idy(lim F) < limidy (F) = im F
< lim < lim.

Theorem 5.1.4 (see [21] for the frame case): SL — GCS is topological
over SET. Furthermore it is amnestic, fibre-small and has the terminal
separator property.

Proof:

Let ) # X € Ob (SET) and let ((Xj;,lim;));es be a family of SL-generalized
convergence spaces indexed by the class I. Let (¢;: X — X;);es be a corre-
sponding family of functions. For F € F7(X) we define

limy F = /\@_(hmi ®i(F))

el
We prove that limy satisfies L1 and L2. Let z € X. Then
limy [z /\ o5 (lim; ¢;([x /\hmZ oi(x)] (s )) L
i€l i€l

Thus limy satisfies L1. Now let F,G € 75()(),.7-’ < G. Then
Viel, ¢i(F)<di(9)
hence by L2 Vie I, lim; ¢z( ) < lim; ¢Z(g)
< ¢; (lim; ¢4(G))

by Lemma 3.2.6 Vi € I, qS;-_(limZ- oi(F))
finally limyx F = /\ o; (lim; ¢; (F /\ o; (lim; ¢;(G)) = limx G.
el i€l

Thus limy satisfies L2. We have proved that (X, limy) is an SL-generalized
convergence space, i.e. (X,limx) € Ob(SL — GCS). Now from Lemma
3.2.6, Ya € LY, ¢i(¢: (a)) < a, thus

Viel, VFeFL(X), ¢(limxyF) < ¢i(¢; (lim; ¢i(F))) < lim; ¢;(F).
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Thus all of the functions ¢; are continuous between (X, limy ) and (X;, lim;).

Next we prove that the source S = ((X, limy) %, (X5, lim;) )¢ is initial.
Let (Y,limy) be an SL-generalized convergence space and let ¢: Y — X be
a function. We seek to prove that

Viel, ¢;o1 is continuous between (Y, limy) and (X, lim;)
= 1) is continuous between (Y, limy) and (X, limy).

Assume that Vi € IVF € F2(Y), (¢io¢)(limy F) < lim;(¢; o 1)(F).
Now (¢; 0 ¥)(limy F) = ¢;(¢(limy F)), and (¢; 0 ¥)(F) = ¢;(¥(F)). Thus

Viel, ¢(limyF) < ¢ ((¢io¢)(limy F)) < ¢; (lim; ¢i(¢(F))).

Thus ¢ (limy F) < A;cp &5 (limy ¢ (¢ (F))) = limx o (F). B

We now prove that SL — GCS is amnestic. Let (X, lim), (X,lim) be
SL-generalized convergence spaces and let (X, lim) < (X, lim), (X,lim) <
(X,lim). Then from Remark 5.1.3 and Definition 5.1.2, we have that
VF € F2(X), lmF = limF, thus lim = lim and (X,lim) = (X, lim).
Since S is initial in SL — GCS and SL — GCS is amnestic, we have proved
that SL — GCS is topological over SET.

Let lim7 (X) = {lim | (X,lim) € Ob (SL — GCS) }. Then
lim? (X) C F5(X)LY). Now FF(X) € Ob(SET) since F§(X) C LEY),
thus lim? (X) € Ob (SET). Now Fibregy,_gcs(X) = {X} x lim? (X) and
SL — GCS is fibre small.

Lastly let X = {z}. Now L* = {ax | a€ L}. Let F € F7(X),
a € L. Then F(ax) > axF(Tx) =a = [z](ax), thus
VF e FP(X), [z] <F. Then if (X,lim) is an SL-generalized convergence

L2
space, VF € FP(X), limF(x) > lim[z](z) YT Thus imF = Ty for
F € F?(X). Thus there is only one object in the SL — GCS-fibre of X. So
SL — GCS satisfies the terminal separator property.

Cartesian closedness in SL — GCS

The material of this subsection is a little sketchy, as it was not a focus of the
thesis. Only preliminary definitions have been made and no new results have
been obtained. Nevertheless it seems logical to present the the definitions
here, since some of the motivation for the definition of SL — GCS was the
hope that it would turn out to be cartesian closed. It is known that in the
frame case (which covers the classical case as well), SL — GCS is cartesian
closed [21].

Lemma 5.1.5 (see [21] for the frame case): Let
(X, limy), (Y,limy) € Ob (SL — GCS). Let 7x,my denote the usual pro-
jections from X x Y to X, Y respectively. We define
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limy x limy : F7 (X x V) — LY
F — 7y (limx 7x (F)) A my (limy 7y (F)).

Then (X x Y,limx x limy) € Ob (SL — GCS) and
((X x Y,limx x limy), mx, my) forms a product (in the sense of Definition
1.5.1) for (X, limx), (Y, limy) in SL — GCS.

Proof:
This is a corollary of Theorem 5.1.4.

Corollary 5.1.6 : SL — GCS has all finite products.

Lemma 5.1.7 [21]: Let L satisfy the pseudo-bisymmetry condition. Let
(X,limx), (Y,limy) € Ob (SL — GCS). We define

C(X,Y) = homsr,—gcs((X, limy), (Y, limy)).

We define
ev: C(X,)Y)x X =Y (g9,2)— g(z).

For F € FP(C(X,Y)),g € C(X,Y), we define

dimF(g)= /N (limx G(x) — limy ev(F x G)(g())).

geFs(X)zeX

Then if L is a frame, (C(X,Y), clim) € Ob (SL — GCS) and ev is continuous
between (C(X,Y), clim) and (Y, limy ).

Lemma 5.1.8 [21]: Let L satisfy the pseudo-bisymmetry condition. Let
(X,limx), (Y,limy) € Ob(SL — GCS). Let ¢: (Z x X,limz x limx) —
(Y,limy) € Mor (SL — GCS). For z € Z, we define ¢,: X — Y by ¢,(x) =
@(z,x). We define

b:Z Y5 z ¢,

Then if L is a frame, Vz € Z, ¢, € C(X,Y) and
¢ € homSL—GCS((Za limz), (C(X, Y), clim)).

Lemma 5.1.9 [21]: Let L satisfy the pseudo-bisymmetry condition. Let
(X,limx), (Y,limy) € Ob (SL — GCS). Then if L is a frame, the evaluation
mapping ev together with the structure (C'(X,Y), clim) form an exponential
in SL — GCS for the objects (X, limy) and (Y, limy). Thus if L is a frame
the category SL — GCS is cartesian closed.
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SL — TCS as a subcategory of SL — GCS

In the frame case (see [21]), we have that SL — TCS is contained as a
reflective subcategory in SL — GCS. We attempt to prove that this is true
in the ecl-premonoid case.

Lemma 5.1.10 : SL — TCS is a full subcategory of SL — GCS.

Proof:

We know that Ob(SL — TCS) C Ob(SL — GCS), since all objects in
SL — TCS satisfy L1 and L2. Let (X, limy), (Y, limy) € Ob (SL — TCS).
Then from the definition of SL — TCS in Theorem 4.3.3 and from Definition
5.1.1,

¢ € homSL_Tcs((X, limX), (K limy))
=4 ¢ S homSL_Gcs((X, limX), (K limy)).
Thus SL — TCS is a full subcategory of SL — GCS.

Lemma 5.1.11 : Let (X, lim) be an SL-generalized convergence space. De-
fine

LO VeeXVael®, UW,(a)= N (@mF()— F(a)).
FeFZ(X)
N1 VeeXVaeL®, ay,(z)=UE(a).
I1 Aim ={ae LX | a<ay,}.
Then
lim satisfies L& = (X, Aji) is an SL-topological space.

Proof:
We prove that Ay, satisfies LO1-LOs. Note that U € 7-"5()() forxe X
by Lemma 4.4.3.

LO1 Llx < Ly, by definition of Lx. Let z € X. By N1 and LO,
T_Xhm(l") =Ui (Tx)=T. Thus Tx € Ajim.

L02 Let a,b € Ajm,r € X. Then
Il
(a®b)(z) = a(z) ®b(x) < @iy () @ bjjy ()
L®
= Ui (@) @ Ui, (0) < Uiy, (a®b) = a @by, ().

Thus a ® b € Ajjp.
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L03 We prove that a < b = a;;,, < by, Let a,b € LX,a < b. Let z € X.
Then by LO, U (a) <UE (b). Now let I' C Ay Then

\/FS \/QnmSE

geT lim
Thus \/T' € Ajin.
LOs Let a € L,a € Ajjm,z € X. Then

ax xa(r) < axayy,(r) = ax Uy, (a) < Uy, (ax xa) = ax xay (2).

Thus ax *a € Ajm.

Lemma 5.1.12 was proved previously as Lemma 4.2.11.
Lemma 5.1.12 : Let (X, A) be an SL-topological space. Define lima by
10 VaeL*, an=\/[{beA|b<a}.

N1 Vae L Ve X, Ui(a)=an(z).
Lp VFeF(X)VzeX, limaF(z)= /\ UX(a)— Fla)).

acLX

Then (X,lima) is an SL-topological convergence space, and hence an SL-
generalized convergence space.

Lemma 5.1.13 : Let (X,A) € Ob(SL — TOP) and let
(X,lim) € Ob (SL — GCS). Then

1. A(limA) — A

2. lim(p,,,,) = lim.

Proof:
1. This is an obvious implication of Lemma 4.2.14.

2. Let x € X,a € LX. Then

UEEAlim)(a) = QAlim(l') = \/{ b(z) | b€ Alim,b<a}
= \/{b(@) [ b< by, b <a} < \/{bym(@) | b<a}

= Qlim(‘r) = ulfm(a)
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So we have that Vz € X, Uzlim < Ui
Now let z € X, F € F7(X). Then
lima, ) F@) = N\ UR, (@) = Fla) > N\ Uf,(a) = Fla))

acLX acLX

= A ( A\ (@mG() — G(a) - F(a))

FeFZ(X) GeFF(X)

> A ((imF(z) = F(a) = F(a) > lim F(z).
FeFZ(X)

Thus we have proved that lima, ) > lim. Note that this is true
regardless of whether Ay, is an SL-topology on X or not.

Lemma 5.1.14 : Let (X, limx), (Y, limy) € Ob (SL — GCS) and let
¢ € homSL_Gcs((X, limX), (K limy)). Then

(X, Alimx)a (K Ahmy) € Ob (SL — TOP) =
¢ € homsp_1opP (X, Alimy ), (Y, Alimy ))-

Proof:
We know that ¢ € homgy,—gcs((X, limy), (Y, limy)) <

VF e F(X), ¢(limyx F) < limy ¢(F).

Let b € Ajimy . Then b < by, and Vy €Y, b(y) < L{ﬁ’my
We calculate:

¢~ (0)(z) =b(d(x)) <\ (limy G(¢(x)) — G(b))

(b). Let z € X.

GEFP(Y)
< A (imy ¢(F)(6(x)) = ¢(F)(b))
FeFZ(X)
< N\ (@llimy F)((x) — F(& (1))
FeFZ(X)
< N Qimx F) = FOT0) = Uiy (67 (0)).
FeFZ(X)

Thus ¢~ (b) € Ajimy. So we have that ¢~ (Alimy ) C Ajimy . Thus if
(X, Alimy ), (Y, Ajimy ) are SL-topological spaces, then
¢ € homgr_top ((X; Alimy ), (Y, Alimy))-
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Theorem 5.1.15 (see [21] for the frame case): If the L® axiom is satisfied
by all (X, lim) € Ob (SL — GCS) then SL — TCS is a reflective subcategory
of SL — GCS.

Proof:

If the L® axiom is satisfied by all (X,lim) € Ob(SL — GCS) then by
Lemma 5.1.11, V (X, lim) € Ob (SL — GCS), (X, Ajm) € Ob(SL — TOP).
Thus by Lemmas 5.1.11, 5.1.12 and 5.1.14, we can define functors:

F:SL - GCS —-SL — TOP

F((X,limy) 2 (V;limy)) = (X, Aty ) 2 (¥, Atiy),
G:SL —TOP —SL — GCS

G((X,Ax) S (Y, Ay)) = (X, lima, ) & (¥, lima, ).

Let (X, Ax), (Y, Ay) be SL-topological spaces. Then by Lemma 5.1.13,

(FoG)((X,Ax) & (Y, Ay)) = F((X,lima, ) % (¥,lima, )
= (X, Atima ) 2 (Y, Aty )
= (X,Ax) & (Y, Ay)
— idgt_Top (X, Ax) & (Y, Ay)).

Thus FoG = idsy,—Top. Now let (X, 1lim) be an SL-generalized convergence
space. Then by Lemma 5.1.13,

(Go F)(X,lim) = G(X, Ajlim) = (X, lima,, ) > (X, lim).

Thus F oG > idSL—GCS'
Finally by Theorem 4.3.3, we have that SL — TOP is isomorphic to
a reflective subcategory of SL — GCS. Since SL — TOP is isomorphic to
SL — TCS, we have that SL — TCS is a reflective subcategory of SL — GCS.
|

Given that the L® axiom is a requirement of Theorem 5.1.15, it would be
quite convenient if every SL-generalized convergence space satisfied L®. Un-
fortunately this is not the case, as shown by the following counter-example,
originated by Lu and Yao ([32]) in connection with proving that !  is not
always a stratified L-filter.

Example 5.1.16 [32]: Let L = {1, a, T}, with L < o < T. Define the x
operation by Table 5.1 (a). Then (L, <, ) is a GL-monoid. We consider an
ecl-premonoid (L, <, *,*). The implication operator defined by * is shown
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i
Q - H|e
=42 |-
—o K[|
e -
e - H|e
= = |-

H o H|x

(a) (b)

Table 5.1: * and — operations on L

in Table 5.1 (b). Let X = {x,y}. For p,v € L, define (i1,v) = pigz) V vy
Now define the lim function by

F(T,a) z==x

VFeFP(X)Vze X, limF(z)= .
L(X)Vz im F(z) {H%T) iy

lim obviously satisfies L1 and L2. The lim function induces the neighbour-
hood filter at z € X:

Vae L™, Ufy(a)= /\ (limF(z) — F(a)).
FeFZ(X)
Let a be the L-set (T,a). Then a*a = (T, L). Now UZ (a) = T, trivially.
We calculate
Uin(axa)= /\ (limF(z) — F(a))
FeFZ(X)
= N (F(T.a)— F(T, 1))
FeFZ(X)
<W(T, ) = l(T,)=a— L=a
Z TxT = ulfm(a) * ulfm(a)

Thus lim does not satisfy the L® axiom.

For the case where L is a frame, we have that for all SL-generalized
convergence spaces (X,lim), Yz € X, UE € FP(X) ([21]). In other
words, the L® axiom is satisfied. When we examine the proof that U €
F7(X), it turns out to depend on the condition that Va € L, «a < aAaq,
which is of course satisfied for L being a frame. The corresponding condition
for L an ecl-premonoid is Va € L, a<a® a.

Definition 5.1.17 : Let (L, <,#,®) be an ecl-premonoid. We say that L
satisfies the monotonicity condition iff

M VaeLl, a<a®a.
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Lemma 5.1.18 : The ecl-premonoid L satisfies the monotonicity condition
M iff
V(X,lim) € Ob (SL — GCS), lim satisfies L®.

Proof:
Let L satisfy the monotonicity condition M and (X, lim) be an SL-generalized
convergence space. Let € X, a,b € LX. Then by Lemma 3.1.30 and F3,

U@eu'd = AN (mF@) -Fa)e N (UnmGz) - G(h)
FeFS (X) GeFF(X)
< A (imF(z) - F(a) @ (lim F(z) — F(b))
FeFZ(X)
< A ((imF(z) @limF(z) — Fla® b))
FeFZ(X)

M
< A\ (imF@) - Fla®b) =U"(a@D)
FeFZ(X)

Thus lim satisfies L.

Next, assume that L does not satisfy M. Then Ja € L, o £ a®Ra. We
note that if « — (a®a) = T then a < a®a, so we know that « — (a®a) <
T. We now construct an SL-generalized convergence space which does not
satisfy L®. Let X = {z,y}. For yu,v € L we define (u, ) = pig5) Vvyyy. For
F € FP(X) we define

F(T,a) z==x

lim F(z) = {.7-"((1, T aey

Then (X, lim) € Ob (SL — GCS). Let a = (T,a). Thena®a = (T,a® «a)
and U*(a) = T. We calculate

U@ea= N (nF(z)—Flewa)= N (Fla)—Fla®a)
FeFS(X) FEF} (X)
<(T,a) = YT, a®a)=a - (a®a) <U*(a) ®U(a)

Thus lim does not satisfy L®.

Remark 5.1.19 : Lemma 5.1.18 tells us that SL — TCS is a reflective
subcategory of SL — GCS in the important special cases of the frame where
* = ® = A, and of GL-monoids (L, <, *) with monoidal mean operators
where ® = ®. It does not apply to the general situation, e.g. where ® = x,
since if @ < a x « for all o, then x = A.
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Difficulties with the L& axiom

In view of Theorem 5.1.15, it seems reasonable to change the definition of
objects in SL — GCS to those SL-preconvergence spaces which satisfy L1,
L2 and L®. We experiment with this definition.

Definition 5.1.20 : We define the category SL — GCS® by

Objects SL-generalized convergence spaces (X, lim) additionally satisfying
L®.

Morphisms Functions ¢ : X — Y between spaces (X, limy) and (Y, limy)
which satisfy

VF e FP(X) o¢(limyx F) < limy ¢(F).

The identity function idx is a morphism from (X, lim) to itself. Morphism
composition is the usual function composition.

Theorem 5.1.21 : SL — TCS is a reflective subcategory of SL — GCS®.

Proof:
The proof is the same as the proof of Theorem 5.1.15, only now we have
that every object in SL — GCS® satisfies L.

Conjecture 5.1.22 : SL — GCS® is not topological over SET in general.

Motivation:
Let ) # X € Ob (SET), (X, lim;)ser € Ob (SL — GCS®)! and let (¢;: X —
X;)ier be a set of functions indexed by I. As previously we define limy by

limy F = /\@_(hmi ®i(F))-
iel

If (X,lim) € Ob (SL — GCS®) then for a,b € L*,x € X, we should have
that
Ui (@) @ Uiy, () < Uiy, (@ @ D).

We attempt to prove this:
Uiy (@) @ Uiy, (D)
= A\ (inxF@)—Fa)e A (limxG(z) — (b))

FeFS (X) GeFF(X)
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< A ((limx F(z) = F(a)) @ (limx F(z) — F(b)))
FeFZ(X)

< /\ ((limy F(r) ® limx F(z)) — (F(a) ® F(b)))
FeFZ(X)

< A ((limx Flz) @ limy F(z)) - Fla®b)).
FeFZ(X)

At this point, if we knew that limy F(x)®limx F(z) > limy F(x) (as would
be implied for example by the monotonicity condition M), then we would
be able to say that

U (@ eUs, 0 < N\ (i;x F(z) » Fa®b) = U, (a®b).
]—‘e]—‘f(X)

Possibly a different method of proof other than the naive approach used here
might work but as it stands at the moment we are not sure that SL — GCS®
is topological over SET.

Remark 5.1.23 : We are not sure that SL — GCS® is topological over
SET. Because the L® axiom seems so difficult to work with, and we know
that restricting the lattice via the monotonicity condition M can guarantee
that all SL-generalized convergence spaces satisfy L&, we have preferred to
instead work with the category SL — GCS where spaces are only required
to satisfy L1 and L2. Together with IM , this captures the important special
cases of frames (L, <, A, A) and GL-monoids with monoidal mean operators
(L, <, ,®).

5.2 Subcategories of SL — GCS

Kent convergence spaces

Definition 5.2.1 (see [22] for the frame case): Let (X,lim) be an SL-
preconvergence space. Then lim satisfies the L3w axiom <

L3w VFe FP(X)Vaze X, limF(z)<lim(FA [z])(z).

If lim additionally satisfies L1 and L2, then (X, lim) is a stratified L-Kent
convergence space. We abbreviate ‘stratified L-Kent convergence space’ as
SL-Kent convergence space.

Definition 5.2.2 (see [22] for the frame case): We define the category
SL — KCS by

Objects SL-Kent convergence spaces (X, lim).
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Morphisms Functions ¢ : X — Y between spaces (X, limy) and (Y, limy)
which satisfy

VF e FP(X) o¢(limyx F) < limy ¢(F).

The identity function idx is a morphism from (X, lim) to itself. Morphism
composition is the usual function composition.

Lemma 5.2.3 : SL — KCS is a full subcategory of SL — GCS.

Proof:
It is obvious that Ob (SL — KCS) C Ob (SL — GCS) and that for
(X,limx), (Y,limy) in Ob (SL — KCS),

homgy,—kcs (X, limy), (Y, limy)) = homgr,_gcs (X, limy ), (Y, limy)).

Identity and morphism composition are the same in both categories. Thus
SL — KCS is a full subcategory of SL — GCS. |

Lemma 5.2.4 : Let (X,lim) € Ob (SL — GCS). We define

mF(z)= \/ lmG(z).

GA[z|<F

Then (X, lim) € Ob (SL — KCS) and lim > lim.

Proof:
Let x € X. Then

lmfz](z) = \/ limG(z)>limfz](z)=T.
A lz]<[a]

Thus L1 is satisfied. Now let F,G € F?(X),F <G. Then
mF@)= \/ lmHx) < \/ limH(z)=1lngG().
HA[z]<F HA[z]<G
Thus L2 is satisfied. Next we note that for G € F7(X), GA[z] < F =
G A [x] < F A [x], thus

mF) = \/ lmgGx)< \/ limG(z)="lm(F A z])(x).
GA[z|<F GA[z]<FA[z]

So L3w is satisfied. We have proved that (X,lim) € Ob(SL — KCS).
Finally, lim F(x) > lim F(z) for all z € X, since F A [z] < F. [ |
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Lemma 5.2.5 : Let (X,1lim) € Ob (SL — GCS) and
(X,lim) € Ob (SL — KCS). Then

lim < lim = lim < lim.

Proof: s
Assume that lim < lim. Let z € X, F € F7(X). Then

mF(z)= \/ lmG=) < \/ lmG(x)

GA[z]<F GA[z]<F

L3w —~ —

<\ lim(G A fz])(2) < lim F(x).
GA[z|<F

Thus lim < lim.

Remark 5.2.6 : It is obvious that ﬁ — lim since lim < lim.
Lemma 5.2.7 : Let ¢: (X,limx) — (Y, limy) € Mor (SL — GCS). Then

¢: (X, limy) — (Y,limy) € Mor (SL — KCS).

Proof:
We have
VF e F2(X), ¢(limyx F) < limy ¢(F).

Let z € X, F € F7(X). We calculate
Iy ¢(F)(e(x) =  \/  limy H(¢(x))
HA[$()]<p(F)

>\ iy 9(0)(6(x)
d(G)Nd([z]) <S(F)

> \/ limy G(x) = limy F(z).
GA[z|<F

Let y € Y. Then

¢(limx F)(y) = \/ Mmx F(z)< \/ lmy ¢(F)(g(x)) < limy ¢(F)(y).
d(z)=y d(z)=y
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Thus ¢ € homSL_Kcs((X, IEX), (K lﬁy))

Theorem 5.2.8 (see [22] for the frame case): SL — KCS is a full reflective
subcategory of SL — GCS.

Proof':
We know from Lemma 5.2.3 that SL — KCS is a full subcategory of
SL — GCS. We define a functor

F:SL - GCS — SL — KCS

(X, limy) 2 (Y, limy) — (X, limyx) 2 (Y, limy).

This is possible by Lemmas 5.2.4 and 5.2.7. We also have the inclusion
functor

E:SL — KCS — SL — GCS

(X, limy) 2 (V, limy) — (X, limx) 2 (Y, limy).
Let (X, limy) € Ob (SL — GCS). Then E o F(X, limy) = (X, limy) >
(X,limx) by Lemma 5.2.5. Now let (X, limx), (Y,limy) € Ob (SL — KCS).
Let ¢ € homsr,—kcs((X, limy) 2, (Y,limy)). Then by Remark 5.2.6 and
Lemma 5.2.3, Fo E((X, limx) 2, (Y, limy)) = (X, limy) 2, (Y,limy ). Thus

we have FoFE =idgr,_kcs and EFoF' > idsy,_gcs. Then by Theorem 1.6.2,
SL — KCS is a reflective subcategory of SL — GCS.

Limit spaces

Definition 5.2.9 (see [22] for the frame case):
Let (X, lim) be an SL-preconvergence space. Then lim satisfies the L3 axiom
=

L3 VF,Ge FP(X) limF«limG < lim(F A G).

If lim additionally satisfies L1 and L2, then (X, 1lim) is a stratified L-limit
space. We abbreviate ‘stratified L-limit space’ as SL-limit space.

Definition 5.2.10 (see [22] for the frame case): We define the category
SL — LIM by

Objects SL-limit spaces (X, lim).

109



Morphisms Functions ¢ : X — Y between spaces (X, limy) and (Y, limy)
which satisfy

VF e FP(X) o¢(limyx F) < limy ¢(F).

The identity function idx is a morphism from (X, lim) to itself. Morphism
composition is the usual function composition.

Lemma 5.2.11 : SL — LIM is a full subcategory of SL — KCS.

Proof:

We need to prove that Ob (SL — LIM) C Ob (SL — KCS). If this is the
case then it is obvious that SL — LIM is a full subcategory of SL — KCS.
Let (X,lim) € Ob (SL — LIM). Let F € F7(X),z € X. Then

. L1 .. . L3 .
lim F(z) = lim F(z) * lim[z](z) < Um(F A [z])(z).

Thus L3w is satisfied and (X, lim) € Ob (SL — KCS).

Lemma 5.2.12 : Let (X,lim) € Ob (SL — KCS). We define

mF =\/{ % limF, N S x\[n) <
i = V{2 7 | € N (Feer € FEQOM, A Fi< 7).

Then (X, lim) € Ob (SL — LIM). Furthermore lim > lim.

Proof:
We prove that lim satisfies L1, L2 and L3. Let x € X. Then lim[z] €
{2 limF; | n € NyAL, F < [2]}. Thus lim[z](z) > lim[z](z) = T, so
L1 is satisfied. Now let F,G € F?(X),F < G. Then it is obvious that
lim F < lim G, so L2 is satisfied.

For L3, let 7,G € F7(X). Then

limF % im G = \/{Elhmﬂ- A F S}“}*\/{nglimgj | NG <6}

i=1 j=1

= \/A (El lim ;) * (ﬁlnmgj) | /:\1 F; < F and j/:\l G, <G}

p
< \/{kﬁlhmm | AHe <FAG)=Tm(FAQ).
- k=1
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ap

Note in the step marked ‘!’, that we have used the property of the * operator,
that it distributes over arbitrary joins. (Property GL5 in Chapter 3). We
have proved that (X,lim) is an SL-Limit space.

Finally, let F € F?(X). Then imF € {+" limF; | n € N\l F; <
F}. So lim > lim. [ |

Lemma 5.2.13 : Let (X, lim) € Ob (SL — KCS),
(X,lim) € Ob (SL — LIM). Then

lim < lim = lim < lim.

Proof: s
Assume that lim < lim. Let F € F7(X). Then

mF =\/{ * lim 7 | /Z\lf <Fy < \/{ # limF | /i\lf <F}

?\/{h’a;\fi | /n\}"ig}"} < lim F.
=1 =1

Thus lim < lim. [}

Remark 5.2.14 : Obviously, ﬁ = lim since lim < lim.
Lemma 5.2.15 : Let (X, limy) 2, (Y,limy) € Mor (SL — KCS). Then

(X, limy) 2 (Y, limy) € Mor (SL — LIM).

Proof':
Let F € FP(X),z € X. Then

limy ¢(F)(d(x)) = \/{ * limy Gi(#()) | )\ Gi < 6(F)}
i=1

n

> V{3 limy ¢(H:) (6(2) | [\ (i) < () }

i=1

> \/{ z’glth Hi(x) | /_\le <F}= limy F(x).
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Thus VF € F;(X), ¢(limy F) <limy ¢(F). Therefore
¢ € hOInSL_LIM((X, limX), (K limy)).

Theorem 5.2.16 (see [22] for the frame case): SL — LIM is a full reflective
subcategory of SL — KCS.

Proof:
We know from Lemma 5.2.11 that SL — LIM is a full subcategory of
SL — KCS. We define a functor

F:SL - KCS — SL — LIM

(X, limy) 2 (Y, limy) — (X, limyx) 2 (Y, limy).

This is possible by Lemmas 5.2.12 and 5.2.15. Since SL — LIM is a sub-
category of SL — KCS, we also have the inclusion functor

E:SL — LIM — SL — KCS

(X, limyx) 2 (Y, limy) — (X, limx) 2 (Y, limy).

Let (X,lim) € Ob (SL — KCS). Then F o F(X,lim) = (X,lim) > (X, lim).
Now let (X, limy) 2 (Y, limy) € Mor (SL — LIM). Then FoE((X, limy) %
(Y, limy)) = (X, limy) 2, (Y,limy). Thus F o E = idgt,—rivm and Eo F' >
ids,_kcs. By Theorem 1.6.2, SL — LIM is a reflective subcategory of
SL — KCS.

Discussion: The form of the L3 axiom

The classical L3 axiom (see e.g. [26]) has the form
L3 VF.Ge F(X), lmFnlmG C lim(FNQ).

In [22], Jéger extends this to the case where L is a frame, resulting in the
axiom

L3 VF,Ge F(X), limFAlimG < lLim(F AG).

In extending to the ecl-premonoid case, we have available to us three possible
generalizations of the A operation, namely the A, x and ® operations, all
of which coincide in the frame case. It is not immediately clear which of
these should be used in the generalized L3 axiom. We bear some principles
in mind as we investigate. Firstly, we will try to choose our L3 so that the
category SL — LIM (with objects those spaces (X,lim) satisfying L1, L2
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and L3) is a reflective subcategory of SL — KCS, as it is in the frame case
([22]). Ideally we should be able to extend Jéger’s proofs almost without
modification. Secondly, if possible in our proofs we should not require L to
have properties beyond the usual ecl-premonoid properties. Lastly we should
try to avoid strange constructions such as F*G and F®G for F,G € ff(X),
since these will usually only be stratified L-filters if (L, <, %, ®) satisfies extra
conditions.

We thus have three possible candidates for our generalized L3 axiom
which we shall initially consider:

L3A VF,Ge FP(X), lmF AlimG < lim(F AGQ).
L3x VF,Ge FP(X), limFxlimG <lim(FAG).
L3® VF,Ge FP(X), limF®limG < lim(FAGQ).

As we have already seen, L3x results in SL — LIM being a reflective
subcategory of SL — KCS and also does not require L to satisfy extra con-
ditions when proving this. Thus L3x* satisfies our criteria. We now show
why the other axioms were rejected.

Firstly, by induction we may restate the axioms as

=
a

L3A VneN, V(F)Fe FP(x)m, /\hm}" <hm(
i=1

s
I
—_

.>3
a

s
I
—_

L3x VneN, V(FE)eF (X)), ¥ limF < lim(

=1

L3® VneN, V(F)T e FP(x)M, ®hm.7-" <hm(

=1

=
a

s
I
—_

Where we define (%ai =4, Q-1 Q...0aq.
1

Let (X,lim) € Ob (SL — KCS). We need to define lim such that
(X,lim) € Ob(SL — LIM) (i.e. satisfies L1, L2 and L3) and lim > lim.
Furthermore, we need that if (X, lim) € Ob (SL — LIM) and lim < lim then
lim < lim.

If we are to use Jiger’s proofs we need to define our lim to be a gener-
alization of the one used in his paper [22]. With this in mind we have three

possibilities for lim which are immediately obvious. Let F € F7(X). We
define:

lim, F = {/\hm}" | n €N, /\}' <F).

=1

lim, F = {:flim}"i |ne N,/\fi <F}.
=1
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limg F = {(%lim}"i IneN, \F<F}
i=1
If ©,® € {A,*,®} then we can restate the axiom and the definition of
lim F as:
S lim 7 < lim( A\ 7).
91 imF; < 1m(Z:/\1 )

L3G VneN, V(F)F e FP (X)),

(2

lime F = { 6111mﬂ- IneN, N7 <F}.
= i=1
Now let (X,lim) satisfy L1 and L2. Let (X, lim) satisfy L1, L2 and
L3 and let lim < lim. We want lﬁ@ < lim. We have

limg F = { 6 limF; | n€ N,/\.FZ- <F}
i=1
i=1

<{GlmF |neN,\F<F
_{igllm | n Z:/\1 <F}

? . n n
<{limA\F|neN, \F<F}
=1 =1

< lim F.

The step labelled ‘7’ obviously follows if lim satisfies the L3® axiom, i.e. if
L3® = L3®. Hence whichever of lim,, lim, or limg we use, we must use
the corresponding axiom (L3A, L3 or L3® respectively). In particular,
we cannot have a situation where our SL-limit spaces satisfy L3* and lim
is defined as lim = lim,, since in this case the proof we have just been
examining doesn’t work. Remember, we are trying for a quick fix here by
generalizing Jager’s frame proofs and hoping that they work in the ecl-
premonoid case.
Now let’s look at the proof that limg satisfies the L3® axiom. Let

F,G e FP(X). Then

lime F® limg G

— \/{;Cgllimfi | /\.7'-1' SJ’}@\/{ch;lhmgj | /\ Gi<G}
i=1

j=1

= V(o limF)© (& limg;) | N\Fi<Fand \G <G}

i=1 j=1

! P p
< limH Hi < FA .
_\/{121 imHy, | /\ E < G}

k=1
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For the step labelled ‘?’, we have to assume that © distributes over
arbitrary joins. This is true in the general ecl-premonoid case for A, * but
not for ® (® does not distribute over empty joins in general). For the
step labelled ‘I, we need to assume that ©® is commutative, since otherwise
we are unjustified in assuming that (a,, ©® ... ® a1) ® (b, ® ... ® by) =
U @ ...a1 ©Ob,®...by for a;,b; € LX. This rules out the ® operation since
in the general case it is not commutative. If a space satisfies the L3A axiom,
then it also satisfies the L3* axiom by Lemma 3.1.17, thus the L3A axiom
is stronger than the L3% axiom and the category of limit spaces defined
by L3x includes those defined by L3A. For the L3% axiom, the category
SL — LIM so defined is a reflective subcategory of SL — KCS, as proved
previously. This is the reason that we take L3x as the generalization of L3
to the ecl-premonoid case. We can define a category SL — LIMS of strong
SL-limit spaces which satisfy the axiom L3A.

Principal convergence spaces

Definition 5.2.17 (see [21, 22| for the frame case): Let (X,lim) be an
SL-preconvergence space. Then lim satisfies the Lp axiom <

Lp VFeF(X)VzeX, limF(z)= /N U,la) — Fla)),

acLX

Where for z € X,a € L*, U%_(a) = /\]—‘e]—‘f(x)(hm}—(if) — F(a)). If lim
additionally satisfies L1 and L2, then (X,lim) is a stratified L-principal
convergence space. We abbreviate ‘stratified L-principal convergence space’
as SL-principal convergence space.

Definition 5.2.18 (see [21, 22] for the frame case): We define the category
SL — PCS by

Objects SL-principal convergence spaces (X, lim).

Morphisms Functions ¢ : X — Y between spaces (X, limy) and (Y, limy)
which satisfy

VF e FP(X) o¢(limyx F) < limy ¢(F).

The identity function idx is a morphism from (X, lim) to itself. Morphism
composition is the usual function composition.

Lemma 5.2.19 : SL — PCS is a full subcategory of SL — LIM.

Proof:
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We prove that Lp implies L3. Let (X, lim) be an SL-principal convergence
space. Let F,G € FP(X),r € X. Then

lim F ()« imG(z) 2 A Ut (@) = F(0))+ J\ Uta(b) = G())

acLX beLX

< N\ (Uia(a) = F(a) * U (a) = G(a)))
acLX

< N\ (Uia(a) = F(a) A Uy (a) = G(a)))
acLX

= N\ Unle) — (F AG)(@)) = lim F A G(z).
acLX

Thus Ob (SL — PCS) C Ob (SL — LIM).
Now for (X, limy), (Y,limy) € Ob (SL — PCS), obviously

homgy,—pcs (X, limy), (Y, limy)) = homgy,_piv ((X, limy ), (Y, limy)).

Since composition and identity are defined to be the same for both cate-
gories, we have proved that SL — PCS is a full subcategory of SL — LIM.
|

Lemma 5.2.20 (see [21, 22] for the frame case): Let
(X,lim) € Ob (SL — LIM). For F € F7(X),z € X we define

TmF@) = J\ Ua(a) = Fla)).

acLX

Then (X, lim) € Ob (SL — PCS) if lim satisfies the L® axiom. Furthermore
lim > lim (regardless of whether lim satisfies L®).

Proof:
We prove that lim satisfies L1 and Lp. We know from Lemma 4.4.2 that
Lp implies L2. Let € X,a € LX. Then

Ufn(a) = N\ (lim F(x) — F(a)) < lim[z](z) — [z](a) £ [z](a).
FeFZ(X)

So lim[z](z) = Aepx(U(a) — [z](a))
Thus lim satisfies L1.
Again, let x € X,a € LX. Now

Ui(a)= \ (imF(z)— F(a))
FeFZ(X)

AV
>
s}

m
h

>
—~
8,
—
&
)
—
&

I
_|
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= A (A Ui 0) = Fb) = Fla)

FeFg(X) beLX
> N (Ua(e) = F(a) = F(a) = Uty (a).
FeF?(X)
Since lim satisfies L1, we have that
lim satisfies L® < Yz e X, UL, € F2(X).

(see Lemma 4.4.3). Thus, assuming that lim does satisfy L®, for x € X we
can calculate

() = N\ Ufn(a) = Uf(a) = T.
acLX
Then Ui—(a) < ImU*(x) — U*(a) = U(a). Thus if lim satisfies L®,
Uy, = Uz for all z € X. Then lim F(z) = /\]-‘e]-‘f(X)(uﬁ%(a) — F(a) for
all z € X, F € F7(X), so lim satisfies the Lp axiom.
Finally, let F € F?(X),r € X. Then

mF(x) =\ Ui(a) = F(a))

acLX

= A A\ (imG(z) = G(a)) — F(a))
a€LX GeFP(X)

> A ((imF(z) = F(a)) - F(a)) > lim F(z).
acLX

Thus lim > lim. Note that this is true regardless of whether lim satisfies
L® or not. |

Lemma 5.2.21 : Let (X,lim) € Ob (SL — GCS). Then
lim satisfies Lp #- lim satisfies L®.

Proof:
We prove that (X, lim) from our previous example (Example 5.1.16) satisfies
the Lp axiom. Hence, since we have already proved that it does not satisfy
the L® axiom, we will have proved that Lp A L®.

We know from Lemma 5.2.20 that lim > lim always. Now lim satisfies
Lp iff lim = lim. Assume that lim does not satisfy Lp. Then 3IF ¢
FP(X)3Ize X, limF(z)>limF(z). Now

lim F(z) > im F(z) & \ Uin(a) = F(a)) > im F(2)

acLX
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= Yae LY, U (a)— F(a)>limF(z).

Assume z = . Then U (T,a) = T and limF(z) = F(a), thus Ja €
LX, U2 (a) — F(a) # lim F(z). But if we assume z = y then similarly

Ul (o, T) = T and lim F(y) = F(o, T) and thus 3a € LX, U, (a) —
F(a) # lim F(y). Thus we have that lim = lim, and lim satisfies Lp. |

Lemma 5.2.22 : Let (X,lim) € Ob (SL — LIM),
(X,lim) € Ob (SL — PCS). Then

lim < lim = lim < lim.

Proof: s
Assume that lim < lim. Let z € X,a € LX. Then

Uin(a) =\ (imF(z) - F(a))
FeFZ(X)

> N\ (mF(z) = F(a) = UL (a).
FeFZ(X)

Now let F € F2(X). Then

T F(r) = N Ui(e) = F@) <\ U (0) = Fla) 2 limF().

acLX acLX

Thus lim < lim. [}

Remark 5.2.23 : Obviously, ﬁ = lim since lim < lim.
Lemma 5.2.24 : Let (X, limy) s, (Y,limy) € Mor (SL — LIM). Then

(X, limy), (Y, limy) € Ob (SL — PCS)
= (X, limy) 2 (Y, limy) € Mor (SL — PCS).

Proof:
Let z € X,be LY. We calculate

Uy = N\ (limy H(o(x)) — H(b)
HEFS(Y)
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< A\ (imy ¢(G)(¢(x)) — $(G) (b))

GeFP(X)
< A (limxG(x) = G(¢™ (0) = Uik (67 ().
GEF?P(X)

Now let F € F2(X). Then

iy ¢(F)(6(2)) =\ W) (b) — ¢(F)())

beLY

> N Uy (67 (D) = F (67 (1))
beLY

> N\ Uity (@) = F(a) = limx F(x).
aceLX

Thus we have that ¢ € hOInSL_LIM((X, IEX), (K lﬁy)) Thus

(X, Timy), (Y, limy) € Ob (SL — PCS) =
¢ € homgr_pcs ((X, limy), (Y, limy )).

Theorem 5.2.25 (see [21, 22| for the frame case): If L satisfies condition
M, then SL — PCS is a full reflective subcategory of SL — LIM

Proof:

Assume that L satisfies M. By Lemma 5.1.18, this is equivalent to the
condition that all (X,lim) € Ob(SL — GCS) satisfy L®. We know from
Lemma 5.2.19 that SL — PCS is a full subcategory of S — LIM. We define
a functor

F:SL - LIM — SL — PCS

(X, limy) 2 (Y, limy) — (X, limyx) 2 (Y, limy).

This is possible by Lemmas 5.2.20 and 5.2.24. Note that

(X,lim) € Ob (SL — PCS) is guaranteed by the fact that lim satisfies the
L® axiom. Since SL — PCS is a subcategory of SL — LIM, we also have
the inclusion functor

E:SL -PCS — SL — LIM

(X, limyx) 2 (Y, limy) — (X, limyx) 2 (Y, limy).
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Let (X,lim) € Ob (SL — LIM). Then E o F(X,lim) = (X, lim) > (X, lim).
Now let (X, limx) 2, (Y,limy) € Mor (SL — PCS). Then FoE((X, limy) 2,

(Y, limy)) = (X, limx) 2, (Y,limy). Thus F o E =idsy,—pcs and Eo F >
ids,_rtim. By Theorem 1.6.2, SL — PCS is a reflective subcategory of
SL — LIM.

We know that if L satisfies M, then SL — PCS is topological over SET,
since it is a full reflective subcategory of SL — GCS. However it is inter-
esting to note that we can prove that SL — PCS is topological over SET
without invoking the L® axiom or M. This raises the hope that SL — PCS
can be proved to be a reflective subcategory of SL — GCS in general.

Theorem 5.2.26 : SL — PCS is topological over SET. Furthermore it is
amnestic, fibre small and has the terminal separator property.

Proof:
SL — PCS is a full subcategory of SL — GCS (Lemma 5.2.19), hence it
is amnestic and fibre small. Since SL — GCS has the terminal separator
property, we need to prove that the unique generalized convergence structure
on the one point set {x} is also a principal convergence structure, in other
words, satisfies the Lp axiom. Let X = {z}. From Theorem 5.1.4, the
only convergence structure on X is given by lim F(z) = T for F € F7(X).
Now for a € LY, U, (a) = /\]—'e]—'f(X)(hm}—(:E) — Fl(a)) = /\fe]—‘f(X) F(a).
Thus
mF(z) = J\ Uia(a) = F(a)) =T = lim F(x).
acLX

Thus lim satisfies Lp.

Let ) #£ X € Ob (SET) and let ((X;, lim;));cs be a family of SL-principal
convergence spaces indexed by the class I. Let (¢;: X — X;);es be a corre-
sponding family of functions. For F € F7(X) we define

limy F = /\@_(hmi ®i(F))-

i€l

Then we know from the proof of Theorem 5.1.4 that limx satisfies L1 and
L2 and further that all of the functions ¢; are continuous (in the category
SL — GCS) between (X,limyx) and (X, lim;). If we can prove that limx
satisfies Lp, then (X, limy) € Ob (SL — PCS) and all of the ¢;s are con-
tinuous in SL — PCS.

Let F € FP(X),z € X,i € I. Then

limx F(z) = N\ Uiy (@) = Fla) <\ Uy (67 (1) = F (67 (1))

acLX be LXi
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Let b € LXi. Then
Ui (05 () =\ (imx G(x) — G(¢; (b))
GeFP(X)

— /\ (/\QS}_(hijSj(g))(l')_)¢i(g)(b))

GeFrP(X) jel

> /\ (lim; ¢;(G)(¢i(z)) — ¢i(G)(b))

GeFP(X)
> N\ (i Hi(6i(x) — M) = U ().
HEF? (X;)
Thus
iy F(z) < N\ U, (07 () — Flo; (b))
be LXi
< N\ UE9 1) — 6:(F)(b)
be LXi
— 1im; s (F) (¢i()) 22 Tim, 3(F) (¢i())
= ¢; (lim; ¢;(F))(z).
Finally

limy F(z) < N ¢ (lim; ¢3(F) (2) = limy F ()
el
From Lemma 5.2.20, we know that limx > limy, thus limy = limy. Thus
limy satisfies Lp.
We know from Theorem 5.1.4 that the source
S = ((X,limy) %, (X, limy))ier is initial. Since SL — PCS is amnestic we
have proved that SL — PCS is topological over SET.

Discussion: Changing the definition of SL — PCS

Examining the proof of Theorem 5.2.26, we see that initial structures in
SL — PCS are formed in exactly the same way as in SL — GCS. This
leads us to suspect that SL — PCS could in fact be a reflective subcategory
of SL — LIM, and possibly the proof of Theorem 5.2.25 can be improved to
remove the dependence on the L& axiom. In the final part of this section
we look at an attempted approach which initially seems as if it might be
successful, but ultimately fails.

We seek to find a functor F' which maps objects and functors of SL — LIM
to SL — PCS in such a way that F(X,lim) > (X, lim). As a candidate for
F(X,lim) we suggest (X,1im) where lim is defined as in Lemma 5.2.27.
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Lemma 5.2.27 : Let (X, lim) be an SL-generalized convergence space. As
in Lemma 4.2.11, we define

LO VeeXVael¥, U,(a)= N (mF()— F(a)).

FeFZ(X)
We further define
NF VeeX, Ni,=N\{GeF(X)| Ui, <G}
Then Vz € X, U, <|[z]and NV € FP(X).

Proof:

Let a € L*X. Then Y% (a) < lim[z](z) — [7](a) = T — [z](a) = [7](a).
Thus U, < [z]. The set {G € F2(X) | U, < G} is non-empty, thus

¢ € FP(X). [ |

lim

Lemma 5.2.28 : Let (X, lim) € Ob (SL — GCS). Define lim as in Lemma
5.2.27. Then
Uz = NZ

lim lim*

Proof:
Let a € LX. Then
U(a)= \ (imF(z) - F(a))
FeFZ(X)

= A (A Wi () = Fb) = Fla)

FeFZ(X) beLX

> N\ (Wiu(@) = Fla) — Fla) 2 Min(a)

FeFZ(X)
Thus L{ﬁ% > Nji,,- Also we have
A, (2) = N\ (Mi(a) = Mi(a) =T
acLX
Thus U—(a) < T — N=(a) = Ni(a). So UL = N . [ |

Lemma 5.2.29 : Let (X,lim) € Ob (SL — GCS). Define lim as in Lemma
5.2.27. Then
lim = lim < lim satisfies L® and Lp.

122



Proof:

Assume lim = lim. Then /\/lfm = L{I‘.”— = Uj,. Thus lim satisfies L®.
1m

Furthermore for F € F7(X),z € X,

limF(z) = imF(z) = [\ Minla) = Fla))= N\ Uiala) = F(a)).

acLX acLX

Thus lim satisfies Lp.
For the converse, assume that lim satisfies L& and Lp. Then U €
F2(X). Thus Ug, = MNE . So for F € F{(X),z € X,
mF(z) = J\ Min(a) = Fla) = )\ Ua(a) — F(a)) 2 lim F(x).

acLX acLX

Thus lim = lim.

Lemma 5.2.30 : Let (X,lim) € Ob (SL — GCS). Define lim as in Lemma

5.2.27. Then (X, lim) € Ob (SL — PCS).

Proof:
By Lemma 5.2.28, Uz = Njj, € FP(X). Thus Ni= = Uz = N, Let
F e FP(X),r € X. Then

ImF(r) = A\ Wigle) = F@) = N\ Miule) = Fla)) = lim F(z).

lim
acLX acLX

Thus by Lemma 5.2.29, lim satisfies Lp and L®. It is obvious that lim
satisfies L1 and L2, hence (X,lim) € Ob (SL — PCS).

Lemma 5.2.31 : Let (X,lim) € Ob (SL — GCS). Define lim as in Lemma
5.2.27. Then
lim > lim = lim satisfies L®.

Proof:
By definition (see Lemma 5.2.27), Vz € X, U < NZ . Assume lim >
lim. Let z € X,a € LX then by Lemma 5.2.28,

Uin(@) = N\ (limF(z) — F(a))
FeFZ(X)
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> N (mF(2) - Fla) = Uiz (a) = M, (a).
FeFZ(X)
Thus U = € F7(X), thus lim satisfies L®.

T
lim

Remark 5.2.32 : We know by Lemmas 5.2.19 and 5.2.21 that we have an
example of an SL-limit space (X,lim) which does not satisfy L®. Thus for
this limit space by Lemma 5.2.31, lim # lim. Thus (X,lim) »# (X,lim).
Hence our proposed functor F' fails to have the required properties and we
cannot use this functor to prove that SL — PCS is a reflective subcategory
of SL — LIM.

Topological convergence spaces

Objects of SL — TCS satisfy the axioms L® and Lt in addition to the L1,
L2 and Lp axioms. Hence Ob (SL — TCS) C Ob (SL — PCS). Again, we
have that

¢ € homSL_Tcs((X, limX), (K limy)) =
¢ € homgr,—pcs ((X, limy), (Y, limy)).

Thus SL — TCS is a full subcategory of SL — PCS.

We know that if we structure L so that the L& axiom is satisfied for all
SL-generalized convergence spaces over L, in other words, if L satisfies con-
dition M, then SL — TCS is a full, reflective subcategory of SL — GCS and
there exist functors F' : SL — GCS — SL — TCS and G : SL— TCS —
SL — GCS such that G is the inclusion functor and

GoF >ids,_gcs and F oG =idsL_Tcs.
If we now restrict F' to the objects of SL — PCS, then we obtain
GoF >idsp,_pcs and F oG =idsy_Tcs.

so SL — TCS is a full, reflective subcategory of SL — PCS if L is structured
so that the L& axiom is satisfied by all L-convergence spaces.
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Chapter 6

Conclusion

In summary, we have successfully characterized stratified L-topological
spaces (X, A) by axioms on a convergence function lim: F7(X) — L¥. In
particular, we found that such a function must satisfy the axioms L1, Lp,
Lt and L®. The L® axiom is a new requirement which is always satisfied
by lim in the previously known case where L is a frame. We showed that
the L® axiom is not always satisfied and is not implied by L1, L2 or Lp.
We showed in the category SL — GCS whose objects satisfy L1 and L2,
that all such objects satisfy L® if and only if the monotonicity condition
M is satisfied. The monotonicity condition includes the important special
cases of frames and those ecl-premonoids defined by a GL-monoid and the
associated monoidal mean operator.

We have formulated the generalizations to the ecl-premonoid case of the
Kowalski and Fischer axioms, LK and LF and investigated their relationship
to the generalized Lp and Lt axioms. Also we have generalized Jager’s
previous results ([23, 24]) and shown that the Lp axiom is equivalent to the
requirement that two simpler, independent axioms are satisfied, LpW1 and
LpW2.

We have defined the category SL — GCS of SL-convergence spaces, and
shown that it is topological over SET and contains a reflective subcate-
gory SL — TCS, isomorphic to SL — TOP, if the monotonicity condition
is satisfied by L. Although strictly speaking outside the scope of the thesis,
as a first step towards investigating cartesian closedness of SL — GCS we
have made some definitions based on the structures used to prove cartesian
closedness in the frame case. We have left as an open problem the question
as to whether the category SL — GCS® whose objects satisfy L1, L2 and
L® is topological over SET.

We have investigated some subcategories of SL — GCS, defined by re-
stricting the objects of SL — GCS with axioms which are generalizations of
axioms which have proved important in the classical case (see e.g. [26]).
In particular we have shown that SL — KCS, the category of SL-Kent
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convergence spaces, is a reflective subcategory of SL — GCS. Similarly
SL — LIM, the category of SL-limit spaces, is a reflective subcategory of
SL — KCS. The L3 axiom which defines SL — LIM required some care to
generalize. We have shown that SL — PCS, the category of SL-principal
convergence spaces, is a reflective subcategory of SL — LIM if all spaces in
Ob (SL — LIM) satisfy L®. However we managed to prove that SL — PCS
is topological over SET, with initial stuctures formed in the same way as
for SL — LIM. This leads us to speculate that perhaps SL — PCS is a re-
flective subcategory of SL — LIM in general, although we have left this as
an open problem.

Probably the most useful issue which could be addressed by future re-
search is a search for a simpler formulation of the L® axiom. Although many
of the important special cases are covered by restricting the lattice with the
monotonicity condition, the fact remains that examples of SL-topological
spaces exist even when L does not satisfy M. A simpler formulation of L®
would enable us for example to investigate conditions under which categories
are topological over SET when the objects are required to satisfy L®.
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