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D. N. POENARU AND B. DOBRESCU
Horia Hulubei National Institute of Physics and Nuclear Engineering,
P.O. Box MG-6, RO-76900 Bucharest, Romania
E-mail: poenaru@ifin.nipne.ro

W. GREINER
Institut fir Theoretische Physik der Universitat, Postfach 111932,
D-60054 Frankfurt am Main, Germany
E-mail: greiner@th.physik.uni-frankfurt.de

A three-center phenomenological model able to explain, at least from a qualitative
point of view, the difference in the observed yield of a particle-accompanied fission
and that of binary fission was developed. It is derived from the liquid drop model
under the assumption that the aligned configuration, with the emitted particle
between the light and heavy fragment is obtained by increasing continuously the
separation distance, while the radii of the light fragment and of the light particle
are kept constant. During the first stage of the deformation one has a two-center
evolution until the neck radius becomes equal to the radius of the emitted parti-
cle. Then the three center starts developing by decreasing with the same amount
the two tip distances. In such a way a second minimum, typical for a cluster
molecule, appears in the deformation energy. Examples are presented for 240Pu
parent nucleus emitting a-particles and 4 C in a ternary process.

1 Introduction

Fission approachﬂ to the cluster radioactivitiesﬂ and a-decay has been system-
atically developed during the last two decades (see Ref. 1 and the references
therein) as an alternative to the many-body theoryH One has to stress the
quantum nature of these decay modes and of the fission process as well. The
three groups of binary phenomena are taking place by tunneling through a
potential barrier. Fisgion theory has also been extended toward extremely
large mass asymmetrytl to study the evaporation of light particles from aH}Eoﬁ
excited compound nucleus, going over the barrier. In a cold binary fissionkb:
the fragments and the parent are neither excited nor strongly deformed, hence
no neutron is evaporated; the total kinetic energy of the fragments equals the
released energy.

A more complex phenomenon, the particle-accompanied fission (or
ternary fission) WEE observed both in neutron-induced and spontaneous fission.
It was discoveredl’t in 1946. Several such processes, in which the charged par-
ticle is a proton, deuteron, triton, 3~68He, 6—11Lj, 7~14Be, 10-17B, 13-18C,
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15=20N  15=22() have been detected. Many other heavier isotopes of F, Ne,
Na, Mg, Al, Si, P, S, CI, Ar, and even Ca were mentioned.

A very powerful technique, based on the fragment identification by us-
ing triple v coincidences in the large arrays of Ge-detectors, like GAM-
MASPFﬁEE, was employed to discover new characteristics of the fission
process,tPH and new decay modestd (emission of an alpha particle and of
10Be, accompanying the cold fission of 2°2Cf, the double fine structure, and
the triple fine structure in binary and ternary fission, respectively).

The possibility of a whole family of nex@ ﬁcay modes, the multicluster
accompanied fission, was recently envisaged E'EA Besides the fission into two
or three fragments, a heavy or superheavy nucleus spontaneously breaks into
four, five or six nuclei of which two are asymmetric or symmetric heavy frag-
ments and the others are light clusters, e.g. a-particles, 1°Be, 4C, 2°0, or
combinations of them. Examples were presented for the two-, three- and four
cluster accompanied cold fission of 2°2Cf and 252Rf{, in which the emitted clus-
ters are: 2a, a+5He, a+1%Be, a+14C, 3, a+5He + 19Be, 2a+5He, 2a+°Be,
20+14C, and 4o

The strong shell effect corresponding to the doubly magic heavy frag-
ment 32Sn was emphasized. From the analysis of different configurations
of fragments in touch, we concluded that the most favorable mechanism of
such a decay mode should be the cluster emission from an elongated neck
formed between the two heavy fragments. The fact that the potential barrier
height is lower, suggests that in a competition between aligned and compact
configurations, the former should prevail.

This idea is further exploited in the following for ternary fission, by sug-
gesting a formation mechanism of the touching configuration, based on a
three-center phenomenological model, able to explain the difference in the
observed yield of a particle-accompanied fission and that of binary fission. It
is derived from the liquid drop model under the assumption that the aligned
configuration, with the emitted particle between the light and heavy fragment
is obtained by increasing continuously the separation distance, while the radii
of the heavy fragment and of the light particle are kept constant. During the
first stage of the deformation one has a two-center evolution until the neck
radius becomes equal to the radius of the emitted particle. Then the three
center starts developping by decreasing with the same amount the two tip
distances. We shall show that in such a way a second minimum, typical for a
cluster molecule, appears in the deformation energy.
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2 Shape Parametrization

The basic condition to be fulfilled in the ternary decay process, 4Z —
:{,Ai Z;, concerns the released energy (Q-value)

Q=M-> m; (1)

1

which should be positive and high enough in order to assure a relatively
potential barrier height. The hadron numbers are conserved. We tooktdi
the masses (in units of enerﬁ), entering in the above equation, from the
compilation of measurements.td4 We make the convention A; > Ay > As.

For the first stage of the process, we adopt the shape parametrization of
two intersected spheres with radii Ry and R,. By placing the origin in the
center of the large sphere, the surface equation can be written in a cylindrical
system of coordinates as:

2 _ pgl:R%_Z2 7_R1§Z§Zsl (2)
Ps =\ 02 =Ri—(:—R)? , za<z<R+R

in which z is the position of the separation plane, and R is the distance
between the two centers. This equation is valid as long as R < R,,3 defined
below. The fragment radius, R, is kept constant during the deformation, and
for a given separation distance, R, the radius R; is derived from the volume
conservation and matching conditions. The final fragments and the initial

OGO

Figure 1. The assumed sequence of aligned shapes for the ternary fission of 249Pu, leading
to MC accompanied cold fission with 32Sn and 23Sr fragments.

parent nucleus are assumed to posses spherical shapes with radii Ry, R2, R3,
and Ry, where R; = 1.2249AY3 fm (j =0,1,2,3). Within the range of R

J
from R, = Ryp — R1 up to R,,3 one has a configuration of two overlapping
spheres.

At R = Ryy3 (see the second position in Fig. 1) the neck radius ppeck1 =

R3; Rj3 is also kept constant. From that moment, the third fragment comes

poe99rab: submitted to World Scientific on September 10, 2005 3




into play and one has two necks and two separating planes instead of one,
hence:

p2 = RY — 22 , —R1 <2< 20
>, za <2< 20 (3)
por=R3—(:=R)? , z20<z<R+Re

In order to arrive safely at the final aligned configuration of fragments in
touch with a corresponding decrease of the neck radii ppeck1 and ppeckz, we
assume a further elongation with a corresponding decrease of the neck radii
Preckl and ppecke in a particular way, allowing to have the same (smaller and
smaller) tip distance between the (overlapping) fragments 13 and 32 when R
increases from Rg,3 to Ry = Ry + Raof + 2R3. In such a way the geometry is
perfectly determined by giving one independent shape parameter, R, and the
mass numbers of the parent and fragment nuclei.
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Figure 2. Deformation energy for the binary and ternary (accompanied by a emission)
fission of 249Pu. In both cases the heavy fragment is the double magic nucleus égQSngz.
The light fragments for binary- and ternary processes are 1°8Ru and 194Mo, respectively.

The region due to the devolopment of the light particle, from R,,3 to R: is emphasized.
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3 Deformation Energy

According to the liquid-drop model (LDM), by requesting zero energy for a
spherical shape, the deformation energy is defined as

Egep = (Es — EJ) + (B¢ — Eg) = EJ[B; — 1+ 2X(Bc — 1)) (4)

where E? = a4(1 —kI?)A?/3 and EY = ac.Z?A~1/3 are energies corresponding
to spherical shape. The relative surface and Coulomb energies By = Es/E?,
Bec = Ec¢/E2 are only functions of the nuclear shape. The dependence
on the neutron and proton numbers is contained in EY and in the fissility
parameter X = E2 /(2E?). The constants are a; = 17.9439 MeV, x = 1.7826,
ac = 3e2/(5rp), €2 = 1.44 MeV-fm, ro = 1.2249 fm.
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Figure 3. Deformation energy for the binary and ternary fission (accompanied by ' C emis-
sion) of 240Pu. In both cases the heavy fragment is the double magic nucleus ég2 Sngz. The
light fragments for binary- and ternary processes are '9Ru and 94Sr, respectively. The
region due to the devolopment of the light particle, from R,,3 to R: is emphasized.

To the deformation energy expressed in eq. (4), we add a small phe-
nomenological shell correction, allowing to reproduce, at R = R;, exactly the
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experimental @-value in a system in which the origin of energy is taken as the
sum of self energies of the fragments separated at infinity.

Erpm(R) = Eaep(R)+Qth+(Qeap — Qun)[1 — (R—Ri) /(Ri — Ri)| = Qeap (5)

which is Edef(R) + (ch — Qexp)(R — Rl)/(Rt — RZ), where ch = EO —
(EY + EY + E9) = E9 + E2 — S"3(EY% + EY%,). In this manner the barrier
height increases if Qeqp < Q+n and decreases if Qcyp > Qtn. The correction is
increased gradually with R up to R; and then remains constant for R > R;.
Apart this correction, after the touching point configuration, R > Ry, one
is left with the Coulomb interaction energies. For spherical fragments this
has the same expression as that would be obtained for points placed into the
fragment centers and carying their whole charge.

Both the surfacgﬁd Coulomb energies are calculated by performing nu-
merical integration The relative surface energy is proportional to surface
area. By expressing the nuclear surface equation in cylindrical coordinates

p = p(2, ), one has
1/2

1 ' 2 ap 2 109p 2
B, = —— d 1 — - d 6
AT R} / Z/o PItT (32) - (P3<P> v ©)

where 2/, 2" are the intersection points of the nuclear surface with Oz axis.
Generally speaking, the Coulomb energy, E¢, for a system of three fragments
with different charge densities, is defined by the following six fold integrals

3 p? d3r
EC:Z%/d%l a2,
; Vi

12

&>r
> p;epke/ d%/v : (7)
Vi

Jj#k ko T12

where the first three terms belong to individual fragments and the other three
represent their interaction. Here 715 = |r1 — ra|. The charge densities of the
compound nucleus and of the three fragments are denoted by poe, P1e, P2e
and ps. respectively. The six-fold integral is reduced to a four-fold one of the
following kind.

27 27 Zap2
ST le/ o), e (=55 -

(Z_Zl)a_P% 2

p? — 2pp1 cos(p — 1) + (2 — 21)?] 7 1/2 (8)

pp1 cos(p — s01)+pa—sm(s0 p1) +
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for a general shape without axial symmetry. One can get three-fold integrals
for shapes possesing a symmetry axis, as for example:

Ba zbc/ dx/ dr'F(z, ) 9)
-1 -1

where b, = 5d°/8m, d = (2" — 2')/2Ry, and z. is the position of separation
plane between fragments with -1, +1 intercepts on the symmetry axis (surface
equation y = y(z) or y; = y(z’)). In the integrand
F(z,2") = {yy[(K - 2D)/3] -
dyi  dy?

3
2 2\ _\2 e o el UL
2074 - - S (G0 - 2] 4
2,2 2_55_95/‘1_?/2 2_95—55/‘1_?/% -1
K{y y1/3+{y 5 deyl 5 7 | (1% (10)

K and K’ are the complete elliptic integrals of the first and second kind,
respectively:

/2
K(k) :/0 (1 — k2sin?t)~/2dt (11)

/2
K'(k) = / (1 — k2sint)Y/2dt (12)
0

and a2 = (y +y1)* + (x — '), k* = 4yy1/a’, D = (K — K')/k*. Tn our
computer program the elliptic integrals are calculated by using Chebyshev
polynomial approximation. For x = 2’ the function F is not determined. In
this case, after removing the indetermination, we get F(z, ") = 4y3/3.

4 Results

Two examples of deformation energies are presented in Figures 2 and 3. They
were obtained for the a-particle-(Fig. 2) and *C (Fig. 3) accompanied fission
of 240Pu, by assuming a double-magic heavy fragment 132Sngs. The corre-
sponding deformation energy for the binary cold fission of the same nucleus
is also shown.

We would like to stress two striking features of these plots. Besides the
first (ground state) minimum there is a second minimum, proving the nuclear
molecule character of the aligned configuration of three fragments in touch
[(132Sn, *He, %Mo) and (1328n, 14C, 94Sr), respectively].
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On the second hand, by comparing the surface areas under the deforma-
tion energy curve of the binary and ternary pocesses, one can see the difference
explaining at least qualitatively the increased yield of the binary relative to
that of the ternary cold fission.
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