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Chapter 1

Introduction

1.1 Quark matter and strong interactions

In contrast to philosophers who search for meaning in nature, physicists investigate the properties
of nature and search for the laws that inanimate nature obeys. Apparently, the properties of
any given piece of (known) matter depend on its temperature and its density. It is therefore
not at all a naive question to ask: “What happens to some piece of matter if I heat and squeeze
it. .. further and further?” One correct answer could be: “You may use QCD to describe it.”
At least this applies to “normal” matter made of atoms. Atoms have a nucleus, which is
composed of neutrons and protons, which in turn consist of quarks. Quarks are fermions and
interact with each other by exchanging gluons, which mediate the strong interaction. The charge
corresponding to the strong interaction is called color and the quantum field theory describing
this interaction Quantum Chromodynamics (QCD). Generally, all particles that interact strongly
are composed of quarks and called hadrons. Those hadrons, which are composed of a quark and
an antiquark, are called mesons and those composed of three quarks, as the neutrons and protons
mentioned above, baryons. While all quarks carry color charge, all hadrons are in total color
neutral.

As long as the temperature and density of the considered system are not too large, i.e.
below the scale Agcp =~ 200 MeV, quarks are strongly coupled and always confined into these
color neutral hadrons. As a consequence of this strong coupling perturbative approaches are
impossible. The quarks are deconfined at temperatures or densities above Aqcp. Well above
this scale the strong interaction exhibits the phenomenon of asymptotic freedom [1], where QCD
becomes weakly coupled. In this regime all hadrons vanish and quarks and gluons form a state
called the quark-gluon plasma or simply quark matter [2].

Quarks also feel the electroweak and the gravitational force. The first one is described by a
quantum field theory, which comprises electromagnetic and weak interactions. The theory for
the latter, general relativity, describes gravitation in terms of the curvature of space-time and
is a classical field theory. Due to their relative weakness as compared to the strong force it is
often justified to neglect the gravitional and the electroweak against the strong interaction and
describe the considered matter by QCD only. As a counter example related to this work, where
QCD alone is not sufficient, one may allude to neutron stars. These are the compact remnants
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10 Chapter 1. Introduction

of supernova explosions of type II [3, 4, 5]. They have extremely large masses comparable to the
mass of our sun, but only very small radii of several kilometers. The density in their inner cores
are possibly sufficient to deconfine the quarks. Since these stellar objects have to be electrically
neutral and S—equilibrated, electroweak processes have to be considered. Furthermore, neutron
stars are held together gravitationally. In order to describe their bulk properties adequately, one
therefore has to account for gravity as well.

In the present work, however, only the strong interaction will be accounted for and, more-
over, only its weak coupling regime will be considered. The aim is to derive an effective action
for strongly interacting matter in the deconfined phase, i.e. for quark matter [6]. This moti-
vated by the occurence of several well seperated momentum scales at high temperatures and/or
baryonic densities, cf. Sec. 1.3. The derivation is performed in Sec. 2.1. The field of application
comprises low energy phenomena in weakly coupled quark matter. By construction this action
will only contain low energy quark and gluon modes as explicit degrees of freedom. At large
temperatures such modes are, e.g., long wave-length collective excitations [7, 8, 9]. At large
quark densities and low temperatures only those quarks, which are located close to the Fermi
surface, are relevant degrees of freedom. The derived action can be adjusted to different high
temperature and /or density regimes by a suitable choice of the projection operators, which sep-
arate high energy from low energy quark and gluon modes. These projection operators contain
two independent cutoff parameters, Ay for quarks and Ag for gluons. In Sec. 2.2 it is shown that
well-known effective theories for strongly interacting quark matter can be assigned to special
choices of these cutoff parameters in this general effective action. In chapter 3 the phenomenon
of color superconductivity in quark matter will serve as a physical application to demonstrate
the usefulness of the derived action in a semi-perturbative context.

Before going into more details, however, it is first necessary to provide an introductory
overview of the basic principles of QCD and its phase diagram. This will be done in the remainder
of this section. In Sec. 1.2 the phenomenon of color superconductivity will be introduced. In
Sec. 1.3 the general concepts of effective theories are explained and some caveats with respect to
quark matter are pointed out. Finally, the specific features of the effective approach developed
in this work are discussed.

QCD: Asymptotic freedom, symmetries, and the phase diagram

QCD is a non-Abelian gauge theory with the gauge group SU(N,.)., where the index c refers
to color and N, is the number of quark colors. The quarks correspond to the fundamental
representation of SU(N.)., whereas the gluons are the gauge bosons and belong to the adjoint
representation of SU(N.).. Apart from the color index, 1 < ¢ < N, quarks also carry a flavor
quantum number, 1 < f < Ny. Suppressing all quark indices for simplicity the Lagrange density
for QCD reads [10, 11, 12, 13]

— 1
‘CQCD — w (Z")/MDH — m) ¢ — Z Féu/ ng + ﬁgf + Eghost . (11)

Since quarks are fermions with spin 1/2 their wave functions 1) are 4N.Ny-dimensional spinors.
The Dirac conjugate spinor is defined by 1 = ¢f~g, where v* are the Dirac matrices and m is
the current quark mass, which is a diagonal matrix in flavor space, m = m;; d;;. The six known
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flavors are called up (u), down (d), strange (s), charmed (c), bottom (b), and top (¢). Their
masses are ordered as m, ~ mg <K ms <K m, < mp < my. Explicitly, the current quark masses
appearing in Lqcp for the three lightest quark flavors are m, ~ 5 MeV, my ~ 10 MeV, and
ms ~ 100 MeV [14]. The masses for the three remaining quark flavors are so much larger that
these flavors will not play any role in the following.

The covariant derivative is defined as D), = 9, — igAj, Ty, with the strong coupling constant
g. The vector fields A¥ represent the gluons, where the adjoint color index a runs from 1 to
N2 — 1. The N, x N. matrices T, are the generators of the local SU(N,). gauge symmetry.
Throughout this work I use the representation T, = \,/2, where )\, are the Gell-Mann matrices.
The gluonic field strength tensor is defined as

Fi = 0" AG — 0" AG + gfave Ay AL (1.2)

where fgp. are the structure constants of SU(N,).. They are defined through ifp.Te = [Ty, T3
In the non-linear terms in Eq. (1.2) proportional to fu. the non-Abelian character of QCD
manifests itself: the gluons carry color charge and couple to themselves. This ultimately gives
rise to the numerous non-trivial features of this theory. The terms Ly and Lghost in Eq. (1.1)
contain gauge fixing terms and the contribution of the Faddeev-Popov ghosts. Since they are of
no further relevance for this work I will not specify them here.

The QCD Lagrange density given in Eq. (1.1) is needed to calculate the grand canonical
partition function of QCD [9, 15]

Z(T.V.p) = [ DIDYDAL exp(Sqenlh, v, A} (1.3)

with the tree-level action of QCD at quark chemical potential

Sacolb. v A1 = | [ (4| | (1.4)

The quark chemical potential is associated with the net quark number conservation. The number
density operator of the conserved net quark number is N' = 1)p1). From Eq. (1.3) one can derive
thermodynamical quantities such as pressure, p(T, u), entropy density, s(T,u), and particle
number density, n(T, 1),

Op(T, p)

Oln Z(T, )
il St N 4 T y) = 2P
W lp, s(T' ) 5T

o =258 g

pT? =T
(T, p) o

I

In particular, the quark number density n(T, u) for massless quarks and at T' < p is proportional
to the third power of y, n ~ u®. Note that in the thermodynamical limit, V — oo, In Z(T, 1)
becomes an extensive quantity and as such is simply proportional to V. Therefore, the depen-
dence of the pressure on the volume cancels out. In order to calculate the expectation value
of any given operator O in the grand canonical ensemble one employs the following averaging
prescription

(0) = %/D& DY DA O expl{Saonld, v, A]} . (1.6)

Since QCD is a quantum field theory the vacuum is treated as a polarizable medium. Con-
sequently, the result of any experiment that measures the effective color charge in the coupling
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constant as = g2 /47 of two strongly interacting quarks will depend on the energy scale of the
experiment. This dependence on the scale @ is expressed by the f—function of QCD [10, 11, 12].
In the so called MS-scheme at the three loop level one finds for the scale Q [16]

Jos Bo o B1 3 B2 g4
-9 = 2?2 - ot — — ... 1.
where
2 19 5033 325
=11-=N =51 - —N = 2857 — ——N ZENZ. 1.8
Bo 3 Vs B 5 Vs B2 9 F+ o7 Vi (1.8)

Since in nature the number of quark flavors is Ny = 6 it follows that 3 < 0 and QCD is indeed
an asymptotically free theory as already mentioned above, cf. left diagram in Fig. 1.1. For a

"o liAverage ' | '
i

+ 1 1 Hadronic Jets
] 1 1 e'erales
03 | W i + +_ Photo-production
N . :Fragmentation
——C—
1 Z width
= I D i ep event shapes, |
UUO-E é o p p i
E G 1 Polarized DIS]
¢! = " ] Deep Inelastic Scatteriipg EDIS)
0= g ! itdecays
Spectroscopy (Latiicij‘
Ydecay 1
——

01 F

L L | | L L ' ‘-I |
0.1 0.12 0.14

2
1 13 S 10 (M)

0 Il | L ]| | | L] ] |
Figure 1.1: The experimental and theoretical dependence of a(Q) on the considered energy scale Q =
(left figure). Experimental values for as(Mz) (right figure), [14].

more quantitative analysis one has to solve the renormalization group equations. At three-loop
order one finds [16]

) i 26, log [log(Q*/Adcp)] A%
QS(Q) - ,80 log(QQ/AéCD) [1 5(2] 1Og(Q2/A%2CD) + ,83 IOgQ(QQ/AéCD) (19)
1\? 5
X <(log [log(QQ/A%QCD)] - §> + 5827%] - Z)] ’ (1.10)

This solution may be used to compare the values of a(Q) and Aqcp from different experiments.
With Eq. (1.10) one may first calculate the scale Aqcp by matching it to the measured o (Q)
and then use it to extrapolate ag to one standard reference scale, say to the mass of the Z
boson, Mz = 91.1876 4+ 0.0021 GeV. This of course depends on the number of flavors used in
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Eq. (1.10). For energies not much larger than M7 one may restrict oneself to Ny = 5 active
flavors and finds for Aqcp the value [14]

AT = 21713 MeV . (1.11)
For a4(My) one obtains [14]
as(Mz) = 0.1187 £ 0.002 , (1.12)

cf. right diagram in Fig. 1.1. Decreasing the scale Q, the coupling as(Q) grows very large for
@ — Aqcp. Such a divergency of the coupling is sometimes called a Landau pole. In the case of
quantum electrodynamics (QED) the Landau pole appears at very large energy scales, whereas
the coupling is perturbatively small at low energies.

Turning to the symmetries of the QCD Lagrangian given in Eq. (1.1) one observes that
Lqcp is invariant under Lorentz transformations and translations in space-time. Furthermore,
it respects charge conjugation, parity and time-reversal invariance. Another symmetry is its
invariance under gauge transformations, which are generally local, i.e. dependent of space-time,
U(z) € SU(N).

Y(x) = Ux)p(z),  AMaz) — Ux) A (2)UT (2) + iU (2)0"U T (z) , (1.13)

where A* = A!T,. A further symmetry is the global (i.e. independent on space-time) quark
flavor symmetry of Lgcp. To elaborate this, one may decompose the quark fields with respect

to their chirality
14 s
Y=Y+, Y =Prptb , Py = 27 :

where P, , are the chirality projectors. One observes that in Locp only the mass term mixes
quarks with different chirality

(1.14)

Prm ! = Phmyg ?Z)g + g mi ] (1.15)

where use was made of the orthogonality of P, and P, and of P, ;o = YoPs,-. Hence, assuming
zero quark masses for all flavors, m = 0, Locp becomes chirally symmetric, i.e. invariant under
global chiral U(N¢), ® U(N¢), transformations given by

N2-1
f
¢r,f - Ur,f wr,é 5 Ur,é =exp |1 Z Oé?,g T, | € U(Nf)r,f . (116)
a=0

Here, the ay, are the parameters and 7;, the generators of U (N¢)re with Ty ~ 1. While the
kinetic and interaction parts of Lqocp are generally invariant under arbitrary transformations
of U(N¢), ® U(Ny)¢, the mass term is only invariant in the case that the parameters of and
aj of the given transformations U, and Uy are equal, aff = «af. One therefore introduces the
vectorial group U(N¢)y C U(Ny), ® U(Ny), with elements that fulfill U, = U, which is often
denoted as U(Ny)y = U(Ny)r4e. These vectorial transformations leave Lqcp invariant if all
masses are equal. In nature, however, only the two lightest quarks have approximately equal
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masses, which reduces the vector symmetry to an approximative U(2)y symmetry. Analogously
one recovers an approximative U(3)y symmetry, if one considers energies much larger than m.
The subset U(Ny¢)a = U(Ny)/U(N¢)y comprises all transformations fulfilling U, = U g . Hence,
the symmetry of these so-called axial transformations is always explicitly broken by the quark
masses.

Since any unitary transformation can be decomposed into the product of a special unitary
transformation and a complex phase one may finally write U(Ny), ® U(Nyf)e as SU(N¢), ®
SU(Ny)e®@U(1)y @ U(1)4. The phase factors due to U(1)y correspond to an exact symmetry
(independent of the quark masses) of QCD, corresponding to the conservation of baryonic charge,
i.e. of quark numbers, and is often denoted as U(1)p. The U(1)4 symmetry is explicitly broken
by an anomaly at the quantum level of QCD [17]. In hot and/or dense matter the instantons
corresponding to this anomaly are screened [18] so that the U(1)4 symmetry may become
effectively restored again in matter.

Below some critical density and temperature of the order of magnitude of Aqcp the true
ground state of the vacuum is populated by the so called chiral condensate. In Fig. 1.2 the
corresponding region is labelled by xSB. Often it is also referred to as the hadronic phase. It is
described by the order parameter

O ~ (Ppahd) +hic. #£0 . (1.17)

Its structure in flavor space connects right and left handed quarks. In the chiral limit of zero
quark masses the difference among the quark flavors vanishes and ® = §7®, i.e. the order
parameter of the chiral condensate becomes diagonal in flavor space just as the mass matrix
discussed above. It follows analogosly that the chiral condensate spontaneously breaks the (ap-
proximate) axial part of the chiral symmetry. Since the broken symmetry is global, Goldstone’s
theorem [10, 11, 12] applies and massless Goldstone bosons are created. Their number is given
by the number of broken generators. Since in the considered case the chiral condensate breaks
the SU(N¢)a symmetry, NJ% — 1 Goldstone bosons are generated. In the case of Ny = 2 (con-
sidering only up and down quarks) this corresponds to the generation of the three pseudoscalar
pions. These are not exactly massless, since the symmetry was already explicitly broken by the
up and down quark masses and therefore it was only an approximate symmetry. Generally, one
calls the massive Goldstone bosons corresponding to the breaking of approximate global sym-
metries pseudo-Goldstone bosons. For Ny = 3 also the heavier strange quark is involved, which
makes the spontaneously broken symmetry even more approximate as in the case of Ny = 2.
Consequently, the created pseudo-Goldstone bosons are more massive. They correspond to the
pseudoscalar meson octet made of pions, kaons, and the eta meson. Since all these mesons
consist of a quark-antiquark pair, the quark number symmetry U(1)y and the gauge symmetry
of electromagnetism U(1),, remain intact,

XSB: SU3).®@SUB)y @U(1)g@U(1)em - (1.18)

Inside this hadronic phase the ground state of (infinite) nuclear matter with baryonic density
no ~ 0.15 fm=3 is located at 7' = 0 and p = 308 MeV. The value of the chemical potential is
given by the mass of the neutron, my = 939 MeV, reduced by the average binding energy per
nucleon in nuclear matter, By = 16 MeV/A [19]. One obtains pup = 939 MeV — 16 MeV = 923
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160 MeV

8slBAIUN Axeq

10MeV -~
.\ Neutron stars

308 MeV u

Figure 1.2: The phase diagram of strongly interacting matter.

MeV = 3u. The factor 3 arises from the fact that a nucleon is a baryon with baryonic charge 1
and as such consists of three (up and down) quarks each carrying baryonic charge 1/3. These
quarks are dressed by their strong interaction with the chiral condensate, so that the quark
masses become proportional to the expectation value of the chiral condensate. This effectively
gives them much larger constituent masses as compared to the respective current quark masses
m in LqcD.

The line emerging from the point of infinite nuclear matter separates the gaseous from the
liquid phase of hadronic matter and corresponds to a first order phase transition [20, 21]. At its
endpoint at 7"~ 10 MeV it becomes of second order exhibiting critical phenomena similarly to
normal water [22, 23, 24, 25, 26, 27].

The evolution of strongly interacting matter in the early universe corresponds to the red
line at zero net baryonic density, 4 = 0, in Fig. 1.2. For small values of y the numerical
lattice simulations of QCD [28, 29] predict that the transition from the quark-gluon phase to
the hadronic phase is a crossover [30, 31]. These analyses fail so far in the regime pu > T
lattice simulations are based on Monte Carlo importance sampling and rely on the probabilistic
interpretation of the weight in the path integral. For p > 0 the fermion determinant becomes
complex, which causes the famous sign problem [28, 29]. For small values of ;1 a Taylor expansion
technique has been proposed to investigate the critical endpoint of the chiral phase transition
[32]. For recent experimental and theoretical progress on the properties of the confined and
deconfined phases and the transitions among them see [33, 34]. As this field is not yet settled,
the location of the line of the chiral phase transition and its critical endpoint in Fig. 1.2 are
only approximate.

Also the boundaries around the color superconducting regime [13, 35, 36, 37| labelled by CSC
are essentially unknown. Only in the limit of asymptotically large quark chemical potentials
where QCD becomes weakly coupled it can be rigorously proven that the true ground state
is color superconducting at sufficiently low temperatures. In this limit even the specific color
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superconducting phase is known. It is the so-called CFL phase, which breaks again the chiral
symmetry, cf. Sec. 1.2. At chemical potentials and densities of physical relevance, however, the
the situation becomes less transparent. The densities inside neutron stars are bounded by the
condition of hydrostatic stability to be n < 10ng [37]. This corresponds to xS 500 MeV, cf. the
green line in Fig. 1.2 where QCD is not weakly coupled anymore. It is believed, however, that
inside the cores of some neutron stars color superconductivity might occur and have observable
effects on their properties [38, 39, 40]. The critical temperature and density for the onset of
color superconductivity can only be estimated to be roughly of the order p. = 400 and T, < 50
MeV. Furthermore, the search for the most dominant color superconducting phase for given T'
and p is still ongoing wherefore the presumably complex structure inside the CSC region in Fig.
1.2 is essentially unknown. These issues will be elaborated further in the following section.

1.2 Color superconductivity

The discovery of color superconductivity goes back to the late 1970’s [35]. However, wider
interest in the phenomenon of color superconductivity has only recently been generated by the
observation that, within a simple Nambu-Jona-Lasinio (NJL) — type model [41] for the quark
interaction, the so-called color-superconducting gap parameter ¢ assumes values of the order
of 100 MeV [42]. The gap parameter ¢ appears in the dispersion relation of the gapped, i.e.
Cooper paired quarks in the color superconducting medium

€k = \/(k — W2+ A9? (1.19)

where k is the modulus of the 3-momentum of the quark. The index r specifies the color and
the flavor of the considered quark. In the special case that A, = 0 the quark is ungapped. It
follows that gapped quarks carry a non-zero amount of energy ¢, , = VAr ¢ even on the Fermi
surface, k = pu. Therefore, to excite (generate) a pair of gapped quarks costs at least the energy
2v/ A\ ¢. Such an excitation process can be interpreted as the break-up of a Cooper pair and the
required energy as the Cooper pair binding energy [43, 44, 45, 46, 47].

Gap parameters of ~ 100 MeV would have important phenomenological consequences for
the physics of neutron stars [38, 39, 40]. It is therefore of paramount importance to put the
estimates from NJL-type models [48, 49, 50, 51, 52] on solid ground and obtain a more reliable
result for the magnitude of the gap parameter based on first principles. To this end, the color-
superconducting gap parameter was also computed in QCD [53, 54, 55, 56, 57]. In this section a
short review on color superconductivity is given including the mechanism of Cooper pairing in
QCD, the different symmetry breaking patterns for various color superconducting phases, and
some implications on the observables of neutron stars. At the end of this section a schematic
version of the QCD gap equation in the weak coupling limit will be presented. It is suitable to
identify and power-count the various terms that arise from the different gluon sectors.

As already explained, at high densities the quarks are deconfined and free to move individ-
ually. Since quarks are fermions, Pauli blocking forces them to build up a Fermi sea, where
only quarks at the Fermi surface with Fermi momentum kp = /u? — m? are able to interact
and exchange momenta. For y > m the typical momentum scale of these quarks is given by u.
Hence, for ;1 > Aqcp the strong interaction becomes weakly coupled and single gluon exchange,
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cf. Fig. 1.3, becomes dominant. The quark-quark scattering amplitude for one-gluon exchange
is proportional to [13, 37]

N2-1
c N +1 N, —1
;:1: TTly =~ Wiwdiyr = 0igr0ig) + == (B djyr + i di) - (1.20)

The indices 4, j are the fundamental colors of the two quarks in the incoming channel, and 7', 5/
the respective colors in the outgoing channel. If one interchanges two color indices in the incom-
ing or in the outgoing channel the sign of the first term changes while the second term remains
intact. The minus sign in front of the first, antisymmetric term indicates that this channel is
attractive, whereas the other, symmetric term is repulsive. In terms of representation theory,
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Figure 1.3: Feynman diagram for one gluon exchange among two quarks.

Eq. (1.20) corresponds to the coupling of two fundamental color triplets to the antisymmetric
color antitriplet and the symmetric color sextet

[3]c @ [3]e = [3]¢ @ [6]2 - (1.21)

Hereby, the 9-dimensional direct product of two 3-dimensional representations of SU(3). has
been uniquely decomposed into a direct sum of one 3-dimensional and one 6-dimensional repre-
sentation. The term [3]% corresponds to the first term in Eq. (1.20) and [6]% to the second.

The presence of an attraction among quarks is crucial. According to Cooper’s theorem [43]
any attractive interaction destabilizes the Fermi surface in favor of the formation of Cooper pairs
[44, 45, 46, 47]. Also for p ~ 400 — 500 MeV, where the theory is not yet in its weak coupling
limit, as(p) ~ 1, one expects the anti-triplet channel to be attractive. However, then it would
be mediated by instantons [42] rather than by one-gluon exchange.

As in the case of the chiral condensate, the Cooper pairs spontaneously reduce the symmetry
of the system. Normal quark matter without any condensate is invariant under arbitrary

NQ: SU(3).®SU(Ns)y @ SU(22); @ U(1)p @ U()em (1.22)

transformations, where also the global spin group SU(2); is included with the total quark
spin J = S+ L. Ny is the number of quark flavors with approximately equal masses. The
residual symmetry of the system in the presence of a Cooper pair condensate is given by the
symmetry of the order parameter ®, i.e. that of the Cooper pair wave function. Already from
the symmetry breaking pattern of a specific color superconducting phase one can draw some
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important conclusions for its key properties. In this context, however, it is necessary to remember
the Anderson-Higgs mechanism [58, 59]. It is roughly speaking the transfer of Goldstone’s
theorem onto gauge symmetries: if a gauge symmetry is spontaneously broken then those gauge
bosons, which correspond to the broken generators, acquire masses. In this way they absorb
the degrees of freedom, which would have been occupied by the Goldstone bosons if the broken
symmetries had been global. One jargonizes this by saying that these gauge bosons “eat up
the would-be-Goldstone-bosons and therefore become massive.” (Strictly speaking, a gauge
symmetry must first be fixed before it can be broken [60]. After its fixing the gauge the symmetry
has become global and the occurring breaking is explicit. The corresponding Goldstone bosons
depend on the choosen gauge and are therefore non-physical. The masses of the gauge bosons,
however, are independent of the gauge and are physical.)

One canonical example for the Anderson-Higgs mechanism is the Weinberg-Salam model for
the electroweak interactions [61], which has a SU(2); ® U(1)y gauge symmetry. The index I
stands for the isospin and Y for the hypercharge of the left-handed leptons and quarks. One
introduces the so-called Higgs field [59], which spontaneously breaks the gauge symmetries to
a residual U(1)74y. Physically one interprets this residual group as the gauge group U(1)em
of electromagnetism with one massless gauge boson A, the photon. The three massive gauge
bosons that emerge are identified with the W+ and the Z boson of the weak interaction. Since
the remaining gauge group U(1);1y consists of joint rotations in isospin and hypercharge space,
the Z and the A bosons must be generated by a “rotation” in the space of the gauge boson of the
original U(1)y group with one of the gauge bosons of the original U(1); group. Those “original”
gauge bosons on the other hand become meaningless in the phase of the broken symmetries, for
details see e.g. [10, 11, 12].

In the case of color superconductivity the Cooper pairs always carry color charge. Depending
on the considered colorsperconducting phase, they therefore reduce the color gauge symmetry
to either SU(2). and give masses to five gluons, or break the color gauge symmetry completely.
Then all eight gluons become massive. The respective gluon masses are called color Meissner
masses and lead to the color Meissner effect: the respective magnetic gluon fields are expelled
from the color superconducting medium. This is analogous to the more familiar electromag-
netic Meissner effect, which occurs in electric superconductors. In that case the U(1).,, gauge
symmetry is spontaneously broken and the photons attain a Meissner mass. Since Cooper pairs
of quarks are also electrically charged, a color superconductor may also be an electromagnetic
superconductor depending on the breaking of the electromagnetic gauge symmetry in the con-
sidered phase [72]. Analogously, the baryon number symmetry may be broken, since Cooper
pairs have nonzero baryonic charge. A breaking of this symmetry is connected to the onset of
superfluidity.

In the following, the requirement of antisymmetry of the Cooper pair wave function will be
used to analyze different symmetry breaking patterns. This approach, however, cannot give any
information on the breaking of the U(1)p and U(1)¢y, symmetries. This as well as the values
of the Meissner masses require more intensive calculations, which shall not be presented here.
As shown above, the order parameter is an element of the representation [3]¢ of SU(3). and is
therefore antisymmetric in color space. In the case that the Cooper pair is a spin singlet, J = 0,
the wave function must be an element of the antisymmetric representation [1]4 of SU(2);. If,
however, it is a spin triplet, J = 1, the corresponding representation of SU(2); is [3]%, which



1.2. Color superconductivity 19

is symmetric. Therefore, its representation with respect to SU(Ny)y must be antisymmetric if
J =0, and symmetric if J = 1.

Starting with J = 0 it follows that the Cooper pairs have to consist of two quarks with
different flavors in order to fulfill antisymmetry. Assuming that only two flavors, i.e. up and
down, participate in the pairing, Ny = 2, one finds [1]‘} as the corresponding antisymmetric
representation, since analogosly to the spin one has in flavor space

2lv @ 2lv =1} @ [3]} - (1.23)
In color and flavor the most general ansatz for the order parameter reads

(I)ijg — eyrel9 By, (1.24)

where the indices 7, j are the color and f, g the flavor indices of the two quarks and the quantities
€35k and /9 are totally antisymmetric tensors of rank 3 in color and and of rank 2 in flavor space,
respectively. It follows that the order parameter is a (complex) 3-vector in the fundamental color
space. By a global color rotation one may transform the order parameter ®; to point into the
(anti-)3 direction in color space. Then only those quarks carrying (transformed) colors 1 and
2 participate in the pairing. This demonstrates that in this phase the SU(3). gauge symmetry
is broken down to SU(2).. It follows that five of the eight gluons acquire a Meissner mass in
this phase. The remaining three gluons do not interact with the anti-triplett Cooper pairs and
remain massless. One finally finds that for this phase, which is called the 2SC phase (indicating
that only two quark flavors participate in the pairing), the residual symmetry is given by

2SC: SU(2)e ® SU2)y @ U(1)pre ® U(1)emse (1.25)

Here, from the outset only the isospin symmetry SU(2)y was assumed, which is found unbroken.
Furthermore, the condensate is invariant under joint rotations of U(1)p and U(1).,, as well as
under joint rotations of SU(2). and U (1), [62, 63]. Since the latter two are both gauge groups
this implies that, as in the Weinberg-Salam model, the photon is only rotated but remains
massless [66]. Therefore the 2SC phase is no electromagnetic superconductor. The presence of
the symmetry group U(1)p4. suggests that this phase exhibits nontrivial features concerning
superfluidity. In helium-3 one encounters similar symmetry breaking patterns where the particle
number conservation group is locked with rotations in spin or angular momentum space [47].

Assuming quark chemical potentials much larger than the strange quark mass one may
consider the case that up, down, and strange quarks equally participate in the pairing. Then,
for Ny =3, it is

Blv @ Blv = 3]y @ [6]% (1.26)

wherefore the desired antisymmetric representation of SU(3)y is [3]%. Consequently, in Dirac

and flavor space the ansatz for the condensate reads
Ol7 = ¢jjuel D) (1.27)

It has a similar structure as the order parameter of superfluid helium-3 with spin S = 1 and
angular momentum L = 1, which breaks the global SO(3)s and SO(3) symmetries. There
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one encounters a multitude of different phases [47]. In the present case of SU(3). and SU(3)y
symmetry breaking, however, it turns out that the following ansatz for <I>Z is dominant [64, 65]

Ph =61 . (1.28)

This ansatz is similar to the order parameter of the chiral condensate, cf. Eq. (1.17), in the chiral
limit of zero quark masses, where the different flavors have identical properties and consequently
®¥ = §7®. This order parameter simultaneously breaks the two global flavor symmetries
SU(3), ® SU(3), to the one global vectorial symmetry SU(3)y. In the present case the global
vectorial symmetry SU(3)y and the local symmetry SU(3). are simultaneously broken to one
global SU(3).+v symmetry. Accordingly, the system is invariant under “locked” rotations in
color and flavor space. This phase is therefore called the color-flavor-locked or CFL phase. All
in all, it is invariant under

CFL: SU@3)erv ® SU2)s @ U(1)ctem - (1.29)

In contrast to the 2SC phase all three colors and flavors participate in the pairing and one
therefore expects all gluons to interact with the Cooper pair condensate and attain a Meissner
mass. This is in fact true, since the remaining color symmetry is only global. Furthermore,
since U(1)cyem is a gauge group the photon remains massless. However, it is mixed with one
of the gluons. Therefore, the CFL phase is no electromagnetic superconductor, i.e. the Cooper
pairs are neutral with respect to the rotated electric charge [66]. Due to the broken U(1)p
it is a superfluid. In rotating systems as neutron stars superfluidity may result in vortices,
through which magnetic fields can enter the superconducting phase in so called flux-tubes [67].
These vortices stick to the star’s crust and and carry some amount of the stars total angular
momentum. When the rotational velocity of the star gradually decreases due to electromagnetic
radiation these vortices eventually rearrange and transfer some of the angular momentum to
the star. As a consequence the rotational frequency is expected to suddenly increase leading to
observable “glitches” [68].

As mentioned above, the CFL phase is physically significant only for p > mg. For such
large chemical potentials one could in principle neglect all masses and assume invariance under
chiral symmetry rotations, SU(3), ® SU(3), instead of the vectorial SU(3)y . In the CFL phase
left and right handed quarks separately form Cooper pair condensates, which corresponds to
the breaking pattern SU(3),1c ® SU(3)p4c=SU(3);4¢4+c. Therefore, also in the limit of very
large densities the chiral symmetry is broken, however, not by the quark masses or the chiral
condensate but by the CFL phase [69].

In the case that the Cooper pair carries spin 1, J = 1, it may consist of two quarks of
the same flavor [35, 70, 71, 72, 73, 74]. For simplicity one first considers the case that there
is only one quark flavor in the system, Ny = 1. As an element of [3]5 the order parameter is
a 3-vector in momentum space with components a = x,¥, 2. The most general ansatz for the
order parameter reads in spin and color space [35, 55, 75, 76]

q)?j = Eijk: (I)% , (130)

which generally breaks the SU(3), ® SU(2); symmetry and allows for a multitude of possible
phases [73, 74]. Here, only two special phases shall be analyzed, which are interesting due to
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their analogy to the 2SC and the CFL phases of spin-0 color superconductors. These are the
color-spin-locked or CSL phase
L =01, (1.31)

and the polar phase, where
OF = G307 D . (1.32)

In the first the color gauge group SU(3). and the global spin group SU(3); are simultaneously
broken to the global SU(3).4.; group, which “locks” color and spin rotations. One has in total

CSL: SU@B)ets @ U(1)y . (1.33)

As in the CFL phase all gluons and the photon become massive. In contrast to the CFL
phase, however, the U(1)p and the U(1).y, symmetry are broken. Hence, the CSL phase is
a superfluid and a electromagnetic superconductor. The implications of the electromagnetic
superconductivity on the observables of a neutron star are discussed in [72].

The polar phase is similar to the 2SC phase with SU(3).®SU(2) ; breaking down to SU(2).®
U(1). One finds for the residual symmetry group

polar: SU(2). ® U(1)s ® Uy & U()pse ® UL)emse - (1.34)

Consequently, in the polar phase five gluons become massive. The condensate leaves rotational
invariance in momentum space only with respect to one fixed axis. Indeed, the color supercon-
ducting gap parameter, see below, exhibits only an axial symmetry [76]. The U(1).,, remains
unbroken, wherefore the polar phase is no electromagnetic superconductor. However, a many
flavor system, where each flavor separately forms a polar spin-1 gap, can be shown to be elec-
tromagnetically superconducting [76].

The physical significance of one-flavor color superconductors is that in neutron stars the
Fermi momenta of quarks with different flavors may become sufficiently different to rule out
the normal BCS pairing mechanism, which requires exactly opposite quark momenta. Such a
mismatch of Fermi surfaces indeed occurs in neutron stars if one respects its electrical neutrality
and [S—equilibrium [37, 77, 78, 79, 80, 81, 82]. Total electric and color charge neutrality has to
be fulfilled in order to allow for the gravitational binding of the star. Electrical charge neutrality
for a two flavor system neglecting electrons, e.g., requires ng =~ 2n,,, since the electrical charge
of an up quark is Q, = 2/3, whereas Q4 = —1/3 for a down quark. With n, 4 ~ ,uz,d it
therefore follows pg &~ 2'/31, ~ 1.26p,. In this simple case of two flavors, the requirement of
B—equilibrium will not change this estimate much, cf. [37].

In spin-1 color superconductors quarks of the same flavor may pair, wherefore the BCS-
pairing mechanism remains always intact. Alternatively, other color superconducting phases are
proposed with different pairing mechanisms. In the so-called interior gap or breached pairing
the quarks with the smaller Fermi momentum are excited to a higher energy state in order to
form Cooper pairs with the quarks with larger Fermi momentum [83, 84]. Also displacements
[85, 86] (LOFF phases) and deformations of the Fermi surfaces [87] are discussed to allow for
Cooper pairing. The breached pairing mechanism has been shown to lead to Cooper pairs with
gapless spectra [88, 89, 90, 91], which however appear to be unstable [92, 93, 94, 95, 96].
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To decide which of the many possible phases is favorable at given 7" and p one has to
determine the phase with the largest pressure. Generally, the pressure grows with the gain of
condensation energy of the Cooper pairs. This in turn depends on the number of quark degrees
of freedom, which participate in the Cooper pairing, and on the magnitude of the respective
color superconducting gap parameters. The gap parameter is determined from the gap equation.
For a general derivation see [13] and references therein. In Sec. 3.1 the gap equation is rederived
within the new effective formalism. In the following it is sufficient to concentrate on the gap
equation in the schematic form

6=g20 {g In? (ﬁ> +4n (ﬁ> + a] (1.35)
¢ ¢

to discuss the various contributions from different gluon sectors and their respective orders of

magnitude. To derive it one has to assume zero temperature, 7' = 0, weak coupling, g < 1, and

apply the mean-field approximation. The solution is

6= 2bp exp (-3) 14 0(g)] . (1.36)

The first term in Eq. (1.35) is of leading order since, according to Eq. (1.36), ¢%In%(u/¢) ~ 1.
It originates from the exchange of almost static, long-range, Landau-damped magnetic gluons
[53]. One factor In(u/¢) is the standard BCS logarithm, which arises when integrating over
quasiparticle modes from the bottom to the surface of the Fermi sea, [dg/e; ~ In(n/¢). (In
fact, as will be shown in Sec. 3.2.2, integrating over quasiparticle modes inside a layer around
the Fermi surface of an “intermediate” width is sufficient to build up a BCS log.) The second
factor In(p/¢) comes from a collinear enhancement ~ In(u/¢,) in the exchange of almost static
magnetic gluons. The coefficient ¢ determines the constant ¢ in the exponent in Eq. (1.36). As
was first shown by Son [53],
372

CEW.

The second term in Eq. (1.35) is of subleading order, g?In(u/¢) ~ g < 1. It originates from
two sources. The first is the exchange of electric and non-static magnetic gluons [54, 55, 56, 57].
In this case, the single factor In(u/¢) is the standard BCS logarithm. The second source is
the quark wave-function renormalization factor in dense quark matter [97, 98]. Here, the BCS
logarithm does not arise, but the wave-function renormalization contains an additional In(z/€;)
which generates a In(u/¢). The coefficient 3 determines the prefactor b of the exponent in Eq.
(1.36). For a two-flavor color superconductor,

5/2 9
2 ™+ 4
b= 25671 — 1.
56 <Nf92> exp< 3 >, (1.38)

where Ny is the number of (massless) quark flavors participating in screening the gluon exchange
interaction. The third term in Eq. (1.35) is of sub-subleading order, ~ g*. The coefficient «
determines the O(g) correction to the prefactor of the color-superconducting gap parameter in
Eq. (1.36). Since « has not yet been determined, the gap parameter can be reliably computed
only in weak coupling, i.e., when the O(g) corrections to the prefactor are small.

(1.37)
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Weak coupling, g < 1, however, requires asymptotically large quark chemical potentials,
i > Aqcp. The range of p values of phenomenological importance is, however, <1 GeV.
Although the quark density n is already quite large at such values of i, n ~ 10 times the nuclear
matter ground state density, the coupling constant is still not very small, g ~ 1. It is therefore
of interest to determine the coefficient of g in the O(g) corrections to the prefactor in Eq. (1.36).
If it turns out to be small, one gains more confidence in the extrapolation of the weak-coupling
result (1.36) to chemical potentials of order ~ 1 GeV.

It is worthwhile mentioning that an extrapolation of the weak-coupling result (1.36) for a
two-flavor color superconductor, neglecting sub-subleading terms altogether and assuming the
standard running of g with the chemical potential p, yields values of ¢ of the order of ~ 10 MeV
at chemical potentials of order ~ 1 GeV, cf. Ref. [13]. This is within one order of magnitude of
the predictions based on NJL-type models and thus might lead one to conjecture that the true
value of ¢ will lie somewhere in the range ~ 10 — 100 MeV.

However, in order to confirm this and to obtain a more reliable estimate of ¢ at values of p
of relevance in nature, one ultimately has to compute all terms contributing to sub-subleading
order. In the following section the approach to this problem by an effective theory will be
motivated.

1.3 Search for an effective approach

Although possible in principle, the task to calculate the sub-subleading order contributions to
the color superconducting gap parameter is prohibitively difficult within the standard solution of
the QCD gap equation in weak coupling. So far, in the course of this solution terms contributing
at leading and subleading order have been identified, cf. discussion after Eq. (1.36). However,
up to date it remained unclear which terms one would have to keep at sub-subleading order.
Moreover, additional contributions could in principle arise at any order from diagrams neglected
in the mean-field approximation [97, 99]. Therefore, it would be ideal to have a computational
scheme, which allows one to determine a priori, i.e., at the outset of the calculation, which
terms contribute to the gap equation at a given order.

As a first step towards this goal, note that there are several scales in the problem. Besides
the chemical potential p, there is the inverse gluon screening length, which is of the order of the
gluon mass parameter mg. At zero temperature and for Ny massless quark flavors [9],

m2 = Ny = (1.39)

i.e., mg ~ gu. Finally, there is the color-superconducting gap parameter ¢, cf. Eq. (1.36). In
weak coupling, g < 1, these three scales are naturally ordered, ¢ < gu < p. This ordering
of scales implies that the modes near the Fermi surface, which participate in the formation of
Cooper pairs and are therefore of primary relevance in the gap equation, can be considered to
be independent of the detailed dynamics of the modes deep in the Fermi sea. This suggests that
the most efficient way to compute properties such as the color-superconducting gap parameter
is via an effective theory for quark modes near the Fermi surface. Such an effective theory has
been originally proposed by Hong [100, 101] and was subsequently refined by others [102, 103,
104, 105].
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At this point it is worthwhile reviewing the standard approach to derive an effective theory
[107, 108, 109]. In the most simple case, one has a single scalar field, ¢, and a single momentum
scale, A, which separates relevant modes, ¢, from irrelevant modes, 1, ¢ = ¢ + 1. The relevant
modes live on spatial scales L > 1/A, while the irrelevant modes live on scales | < 1/A < L, cf.
Fig. 1.4. In the derivation of the effective action, one is supposed to integrate out the microscopic,

"relevant" modes --— separation —» “irrelevant” modes
) Y
E<<A A E.k

Figure 1.4: The separation of scales.

irrelevant modes. Usually, however, this is not done explicitly. Instead, one constructs all
possible operators O; composed of powers of the field ¢ and its derivatives, which are consistent
with the symmetries of the underlying theory, and writes the effective action as [108]

Serlel = [ 3 00i(0). (1.40

The coefficients, or vertices, g; determine the interactions of the relevant modes ¢. A priori, they
are unknown functions of the single scale A, g; = ¢;(A). All information about the microscopic
scale [ is contained in these vertices. Since the microscopic scale | < L, the operators O; are
assumed to be local on the scale L.

The effective action (1.40) contains infinitely many terms. In order to calculate physical
observables within the effective theory, one has to truncate the expansion after a finite number
of terms. One can determine the order of magnitude of various terms in the expansion (1.40) via
a dimensional scaling analysis, which allows to classify the operators as relevant (they become
increasingly more important as the scale L increases), marginal (they do not change under
scale transformations), and irrelevant (they become increasingly less important as the scale L
increases). To this end, one determines the naive scaling dimension of the fields, dim(¢) = 4,
from the free term in the effective action. Then, if the operator O; consists of M fields ¢ and N
derivatives, its scaling dimension is dim(Q;) = §; = M + N. The operator O; is then of order
~ L% For dimensional reasons the constant coefficients g; must then be of order ~ A%=%,
where d denotes the dimensionality of space-time. Including the integration over space-time, the
terms in the expansion (1.40) are then of order ~ (LA)*~%. Consequently, relevant operators
must have d; < d, marginal operators §; = d, and irrelevant operators §; > d. At a given
scale L, one has to take into account only relevant, or relevant and marginal, or all three types
of operators, depending on the desired accuracy of the calculation. To calculate a process at
energy F = sA with s < 1 and error of order s"*! one only needs operators O; with dimension
d; < D + n. The final result still depends on A through the coefficients g;(A). This dependence
is eliminated by computing a physical observable in the effective theory and in the underlying
microscopic theory, and matching the result at the scale A.



1.3. Search for an effective approach 25

There are, however, cases where this naive dimensional scaling analysis fails to identify the
correct order of magnitude, and thus the relevance, of terms contributing to the effective action.
In the following, three examples shall be discussed briefly. For the first example, consider
effective theories where, in contrast to the above assumption, the vertices g; are in fact non-local
functions. Such theories are, for instance, given by the “Hard Thermal Loop” (HTL) or “Hard
Dense Loop” (HDL) effective actions [7, 9]. In these effective theories, valid at length scales
L ~ 1/(gT) or ~ 1/(gu), respectively, there are terms g, A™ in the effective action, which are
constructed from a quark or gluon (or ghost) loop with n external gluon legs; A is the external
gluon field with § = 1. The coefficients g,, are non-local and do not only depend on the scale
A ST, or < p, but also on the relevant momentum scale 1/L ~ ¢T', or ~ gu. Naively, one
would expect g, to belong to a local n-gluon operator and to scale like A*~". Instead, it scales
like L"=* [7]. For arbitrary n, the corresponding term g,, A" in the effective action then scales
like L*, independent of the number n of external gluon legs.

The second example pertains to the situation when there is more than one single momentum
scale A. As explained above, for a single scale A and a given length scale L, the naive dimensional
scaling analysis unambiguously determines the order of magnitude of the terms in the expansion
(1.40). Now suppose that there are two scales, A; and As. Then, the vertices g; may no longer
be functions of a single scale, say Aj, but could also depend on the ratio of Ay/A;. Two scenarios
are possible: (a) two terms in the expansion (1.40), say g, O, and ¢,,O,,, with the same scaling
behavior may still be of a different order of magnitude, or (b) the two terms can have a different
scaling behavior, but may still be of the same order of magnitude. In case (a), all that is required
is that the operators O, and O,, scale in the same manner, say L%, and that g, ~ Ag*k , but
Jm ~ A‘f‘k . If Ay < Ag, g > gn, and thus the two terms are of different order of magnitude.
In case (b), assume 1/L < A; < Ag, with Aj/As ~ 1/(A1L) ~ e < 1 and let take the fields ¢
to have naive scaling dimension § = 1. Then, at a given length scale L, a term ¢,¢", with a
coefficient g,, of order Ag_”, can be of the same order of magnitude as a term g,,,©™, m # n,
if the coefficient g, ~ AY"™(Ag/A;)¥ with k = d +m — 2n. Although the scaling behavior of
the two terms is quite different as L increases, they can be of the same order of magnitude, if
the interesting scale L happens to be ~ As/A?. In both cases (a) and (b) the naive dimensional
scaling analysis fails to correctly sort the operators O; with respect to their order of magnitude.

The third example where the naive dimensional scaling analysis fails concerns quantities,
which have to be calculated self-consistently. Such a quantity is, for instance, the color-
superconducting gap parameter, which is computed from a Dyson-Schwinger equation within a
given many-body approximation scheme. In this case, the self-consistent solution scheme leads
to large logarithms, like the BCS logarithm in Eq. (1.35). These logarithms cannot be identified
a priori on the level of the effective action, but only emerge in the course of the calculation [55].

In order to avoid these failures of the standard approach, in this work I pursue a different
venue to construct an effective theory. I introduce cut-offs in momentum space for quarks, A,
and gluons, Ag. These cut-offs separate relevant from irrelevant quark modes and soft from
hard gluon modes. I then explicitly integrate out irrelevant quark and hard gluon modes and
derive a general effective action for hot and/or dense quark-gluon matter. One advantage of this
approach is that I do not have to guess the form of the possible operators O; consistent with
the symmetries of the underlying theory. Instead, they are exactly derived from first principles.
Simultaneously, the vertices g; are no longer unknown, but are completely determined. Moreover,
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in this way I construct all possible operators and thus do not run into the danger of missing a
potentially important one.

I shall show that the standard HTL and HDL effective actions are contained in the general
effective action for a certain choice of the quark and gluon cut-offs Ay, Ag. Therefore, the
new approach naturally generates non-local terms in the effective action, including their correct
scaling behavior, which, as mentioned above, does not follow the rules of the naive dimensional
scaling analysis. I also show that the action of the high-density effective theory derived by Hong
and others [100, 101, 102, 103, 104, 105] is a special case of the general effective action. In this
case, relevant quark modes are located within a layer of width 2A, around the Fermi surface.

The two cut-offs, Ay and Ay, introduced in the present approach are in principle different,
Ay # Ag. The situation is then as in the second example mentioned above, where the naive
dimensional scaling analysis fails to unambiguously estimate the order of magnitude of the
various terms in the effective action. Within the present approach, this problem does not occur,
since all terms, which may occur in the effective action, are automatically generated and can be
explicitly kept in the further consideration. I shall show that in order to produce the correct
result for the color-superconducting gap parameter to subleading order in weak coupling, one
has to demand Ay S g < Agl S 1, so that Aq/Ag ~ g < 1. Only in this case, the dominant
contribution to the QCD gap equation arises from almost static magnetic gluon exchange, while
subleading contributions are due to electric and non-static magnetic gluon exchange. The fact
that Ay < Ag is not entirely unexpected: at asymptotically large densities, where the scale
hierarchy is ¢ < gu ~ my < p, the dominant contribution in the QCD gap equation arises
from gluons with momenta of order ~ (mgqb)l/ 3 [53, 54, 55|, while typical quark momenta lie in
a shell of thickness ~ 2¢ < (mgqb)l/ 3 around the Fermi surface.

The color-superconducting gap parameter is computed from a Dyson-Schwinger equation for
the quark propagator. In general, this equation corresponds to a self-consistent resummation of
all one-particle irreducible (1PI) diagrams for the quark self-energy. A particularly convenient
way to derive Dyson-Schwinger equations is via the Cornwall-Jackiw-Tomboulis (CJT) formal-
ism [106]. In this formalism, one constructs the set of all two-particle irreducible (2PI) vacuum
diagrams from the vertices of a given tree-level action. The functional derivative of this set with
respect to the full propagator then defines the 1PI self-energy entering the Dyson-Schwinger
equation. Since it is technically not feasible to include all possible diagrams, and thus to solve
the Dyson-Schwinger equation exactly, one has to resort to a many-body approximation scheme,
which takes into account only particular classes of diagrams. The advantage of the CJT for-
malism is that such an approximation scheme is simply defined by a truncation of the set of
2PI diagrams. However, in principle there is no parameter, which controls the accuracy of this
truncation procedure.

The standard QCD gap equation in mean-field approximation studied in Refs. [54, 55, 56]
follows from this approach by including just the sunset-type diagram, which is constructed from
two quark-gluon vertices of the QCD tree-level action (see, for instance, Fig. 3.1 in Sec. 3.1.1).
I also employ the CJT formalism to derive the gap equation for the color-superconducting gap
parameter. However, I construct all diagrams of sunset topology from the vertices of the general
effective action derived in this work. The resulting gap equation is equivalent to the gap equation
in QCD, and the result for the gap parameter to subleading order in weak coupling is identical
to that in QCD, provided Aq S g < Agl S p. The advantage of using the effective theory is
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that the appearance of the two scales Aq and Ay considerably facilitates the power counting
of various contributions to the gap equation as compared to full QCD. I explicitly demonstrate
this in the course of the calculation and suggest that, within this approach, it should be possible
to identify the terms, which contribute beyond subleading order to the gap equation. Of course,
for a complete sub-subleading order result one cannot restrict oneself to the sunset diagram,
but would have to investigate other 2PI diagrams as well. This again shows that an a prior:
estimate of the relevance of different contributions on the level of the effective action does not
appear to be feasible for quantities, which have to be computed self-consistently.

This work is organized as follows. In Sec. 2.1 I derive the general effective action by explicitly
integrating out irrelevant quark and hard gluon modes. In Sec. 2.2 I show that the well-known
HTL/HDL effective action, as well as the high-density effective theory proposed by Hong and
others, are special cases of this general effective action for particular choices of the quark and
gluon cut-offs Ay and Ay, respectively. Furthermore, I power count one special subset of dia-
grams, loops of irrelevant quark modes, analogously to the HTL power counting scheme [7] for
the choice ¢ < Aq < g < Agl S p.

Section 3.1 contains the application of the general effective action to the computation of
the real part of the color-superconducting gap parameter. In Sec. 3.2 I consider the energy
dependence of the gap function within the effective theory and compute its imaginary part for
quarks near the Fermi surface. In Sec. 4 I conclude this work with a summary of the results and
an outlook.

The units I use are h = ¢ = kg = 1. 4-vectors are denoted by capital letters, K* =
(ko,k), with k being a 3-vector of modulus |[k| = k and direction k = k/k. For the sum-
mation over Lorentz indices, I use a notation familiar from Minkowski space, with metric
g = diag(+, —, —, —), although I exclusively work in compact Euclidean space-time with vol-
ume V/T, where V is the 3-volume and T the temperature of the system. Space-time integrals
are denoted as fol/ Tar v d3x = Jx- Since space-time is compact, energy-momentum space is
discretized, with sums (T/V) >, = T3, (1/V) Y. For a large 3-volume V', the sum over
3-momenta can be approximated by an integral, (1/V) Y, ~ [d®k/(27)3. For bosons, the sum
over n runs over the bosonic Matsubara frequencies wB = 2n7T, while for fermions, it runs over
the fermionic Matsubara frequencies w! = (2n + 1)7T. In a Minkowski-like notation for four-

vectors, xg =t = —iT, kg = —iwg f The 4-dimensional delta-function is conveniently defined
as 6 (X) = 6(7) 60 (x) = —i 6(x0) 6 (x).
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Chapter 2

A general effective action for quark
matter

2.1 Deriving the effective action

In this section, I derive a general effective action for hot and/or dense quark matter. I start
from the QCD partition function in the functional integral representation (Sec. 2.1.1). T first
integrate out irrelevant fermion degrees of freedom (Sec. 2.1.2) and then hard gluon degrees of
freedom (Sec. 2.1.3). The final result is Eq. (2.46) in Sec. 2.1.4. I remark that the same result
could have been obtained by first integrating out hard gluon modes and then irrelevant fermion
modes, but the intermediate steps leading to the final result are less transparent.

2.1.1 Setting the stage

As discussed in the introduction, cf. Eq. (1.1-1.4), the partition function for QCD in the absence
of external sources may be written as

Z= /DA exp {SA[A]} Z,]A] | 2.1)

where for convenience the pure (gauge-fixed) gluon action has been introduced

Sald) = [ |-G GO FL 00| + SlA]l + SyponlA] (2.2)

The partition function for quarks in the presence of gluon fields is
2,41 = [ DIDY exp {814 0.0} (2.3
where the quark action is
SalA D0 = [ B0 (@ + 0 —m) ¥(X) 24)

29
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In fermionic systems at nonzero density, it is advantageous to additionally introduce charge-
conjugate fermionic degrees of freedom,

Yo(X)=CPT(X) , do(X)=9"(X)C , ¢(X)=C¢b(X) , $(X)=¢i(X)C
(2.5)
where C' = iy2yp is the charge-conjugation matrix, C~' = ¢t =CT = —C, C~ 1'yTC' =~ a
superscript 1" denotes transposition. I may then rewrite the quark action in the form

1

Syl B = o [ B(x) go_l(X,Y)\I/(Y)Jrg/X\TJ(X) PrAY(X)U(X),  (26)

where I defined the Nambu-Gor’kov quark spinors

\Ifz< v ) LU= (o) (2.7)

Yo
and the free inverse quark propagator in the Nambu-Gor’kov basis
_ GII7Y(X,Y) 0
g 1 X, Y) = [ 0 ’ L , 2.8
o (Y) ( 0 GlY) 28)

with the free inverse propagator for quarks and charge-conjugate quarks
(GENXLY) = (i £ 0 —m) 6D (X —Y) . (2.9)

The quark-gluon vertex in the Nambu-Gor’kov basis is defined as

. p 0
w— [ 7 Ha
[w = < I ) . (2.10)

As I shall derive the effective action in momentum space, I Fourier-transform all fields, as well
as the free inverse quark propagator,

U(X) = \/_Ze*ZKX\II K), (2.11a)
1

T, _ KX .
U(X) = \/V; U(K), (2.11b)
Gl(X,Y) = T72 2T Q) (2.11¢)
K,
_ 1 efiP-X
AM(X) = —\/WEP: AH(P) . (2.11d)

The normalization factors are chosen such that the Fourier-transformed fields are dimensionless
quantities. The Fourier-transformed free inverse quark propagator is diagonal in momentum
space, too,
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where [GE] 1K) = K + pyo —m

Due to the relations (2.5), the Fourier-transformed charge-conjugate quark fields are re-
lated to the original fields via 9o (K) = CyT(—K), ¥c(K) = T (—K)C. The measure of the
functional integration over quark fields can then be rewritten in the form

DYDY = [[d(E)de(K) =N ][] db(K)dy(K)dd(~K)dy(-K)
K

(Kv_K)

= N I do(K)dp(K) de(K) dye(K) =N" ] d¥(K)d¥(K)

(K,—K) (K,—K)
= DYDY, (2.13)

with the constant normalization factors N, N/, N”. The last identity has to be considered as a
definition for the expression on the right-hand side.
Inserting Egs. (2.11) — (2.13) into Eq. (2.3), the partition function for quarks becomes

z,[A / D\I/D\I/exp[ ¥ (G5! +9A) \I/} . (2.14)

Here, T employ a compact matrix notation,

v (951 +9“4) Z‘I’ [ (K, Q) + gA(K, Q)} Q) , (2.15)

with the definition

A(K, Q) = \/% PrAYK — Q) . (2.16)

The next step is to integrate out irrelevant quark modes.

2.1.2 Integrating out irrelevant quark modes

Since I work in a finite volume V', the 3-momentum k is discretized. Let us for the moment
also assume that there is an ultraviolet cut-off (such as in a lattice regularization) on the 3-
momentum, i.e., the space of modes labelled by 3-momentum has dimension D < oco. I define
projection operators Pp, Ps for relevant and irrelevant quark modes, respectively,

U =PV, U=P0 , U =Uy%Piy, Ys=TyPp - (2.17)

The subspace of relevant quark modes has dimension N7 in the space of 3-momentum modes,
the one for irrelevant modes dimension No, with N1 + Ny = D.

At this point, it is instructive to give an explicit example for the projectors P;». In the
effective theory for cold, dense quark matter, which contains the high-density effective theory
[100, 101, 102, 103, 104, 105] discussed in Sec. 2.2.2 as special case and which I shall apply in
Sec. 3.1 to the computation of the gap parameter, the projectors are chosen as

A0
PiUK, Q) = < 0 Ak) O(Aq — [k — krl) 3y (2.182)
_( AgH AL Ok — kp| - Ag) 0 @
Po(K,Q) = < 0 A+ AL Ok — kp| — Ay) LCh

(2.18b)
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Here,

Af = [Ex + ey (v -k+m)] (2.19)

2E

are projection operators onto states with positive (e = +) or negative (e = —) energy, where
Ex = vk? 4+ m? is the relativistic single-particle energy. The momentum cut-off A, controls
how many quark modes (with positive energy) are integrated out. Thus, all quark modes within
a layer of width 2A, around the Fermi surface are considered as relevant, while all antiquark
modes and quark modes outside this layer are considered as irrelevant. Note that, for the Nambu-
Gor’kov components corresponding to charge-conjugate particles, the role of the projectors onto
positive and negative energy states is reversed with respect to the Nambu-Gor’kov components
corresponding to particles. The reason is that, loosely speaking, a particle is actually a charge-
conjugate antiparticle. For a more rigorous proof compute, for instance, ¢c1(K) = C PI(—K)
using 1 (—K) = P(—K) AT,y (for |k — kp| < Aq) and 4 C[AT,]TC™ 1 v9 = A. In Sec. 2.2
I shall discuss other choices for the projectors P; 2, pertaining to other effective theories of hot
and/or dense quark matter. The following discussion in this section, however, will be completely
general and is not restricted to any particular choice for these projectors.
Employing Eq. (2.17), the partition function (2.14) becomes

n=1,2 n,m=1,2

/ I[ pv. DY, exp( Y UG U ) : (2.20)

From now on, W5, Wy 9 are considered as vectors restricted to the Ny o-dimensional subspace

of relevant /irrelevant 3-momentum modes. The matrices G,.1, n = 1,2, are defined as

G (K, Q) = Gg (K, Q) + 9 A (K, Q) (2.21)

where the indices indicate that, for a given pair of quark energies kg, qo, the 3-momenta k, q
belong to the subspace of relevant (n = 1) or irrelevant (n = 2) quark modes, i.e., G, ! is an

(N, x N,)-dimensional matrix in 3-momentum space. The matrices G,,,}, n # m, reduce to

Grom (K, Q) = g Apm (K, Q) (2.22)

since G Lig diagonal in 3-momentum space, i.e. G rle = 0 for n # m. For a given pair of quark
energies ko, qo, Gy is a (N, X Ny, )-dimensional matrix in 3-momentum space.

The Grassmann integration over the irrelevant quark fields Wy, ¥y can be done exactly, if
one redefines them such that the mixed terms ~ G-l n # m, are eliminated. To this end,
substitute

nm?

T=Uyp+GGol Uy, T=Us+ VG5 G, (2.23)

where Gos is the inverse of 92_21, defined on the subspace of irrelevant quark modes. The result
is

_ 1o oy B 1 _
Z,]A] = / DI, DU, exp {5 Uy (01! = 03 G 0o ) W1 + 5 TranGzy'| (2.24)

The trace in the last term runs over all irrelevant quark momenta K, and not only over pairs
(K,—K), as prescribed by the integration measure, Eq. (2.13). This requires an additional
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factor 1/2 in front of the trace. A more intuitive way of saying this is that this factor accounts
for the doubling of the quark degrees of freedom in the Nambu-Gor’kov basis. Of course, the
trace runs not only over 4-momenta, but also over other quark indices, such as Nambu-Gor’kov,

[P

fundamental color, flavor, and Dirac indices. I indicated this by the subscript “q”.
For a diagrammatic interpretation it is advantageous to rewrite

G — G5 G226 =G 11 + 9B (2.25)

where
9B = gA1n — gA12 G2 g Ao - (2.26)

The propagator for irrelevant quark modes, Goo, has an expansion in powers of g times the gluon
field,

Gaa = Go22 > (—1)"g" [A22 Go22]" - (2.27)
n=0

This expansion is graphically depicted in Fig. 2.1.

ST BV B R

Figure 2.1: The full propagator for irrelevant quarks. The right-hand side symbolizes the expansion
(2.27). The free irrelevant quark propagators Gy 22 are denoted by double lines, the gluon fields Asz by

VSIS ERPEEE

Figure 2.2: The diagrammatic symbol for the factor (1 4+ g.A 90,22)_1.

L

Figure 2.3: The term ¥, gB¥;. A relevant quark field is denoted by a single solid line.

Using this expansion, and suppressing the indices on A, Eq. (2.26) can be symbolically
written as

gB=(1+gAGo2) "gA, (2.28)

which suggests the interpretation of the field B as a “modified” (non-local) gluon field. In the
diagrams to be discussed below, the factor (1 + g.A 90,22)71 will be denoted by the diagrammat-
ical symbol shown in Fig. 2.2. With this symbol, the expression Wi gB¥; can be graphically
depicted as shown in Fig. 2.3.
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Figure 2.4: The graphical representation of the term Tr,In g;; in Eq. (2.24).

Since

— — - (_1)71 n
InGy' =Gy — > - g" [Go,22 A22]" (2.29)
n=1
the last term in the exponent in Eq. (2.24) also has a graphical interpretation, shown in Fig.
2.4.

This concludes the integration over irrelevant quark modes. Note that the present treatment
is (i) exact in the sense that no approximations have been made and (ii) completely general,
since it is independent of the specific choice (2.18) for the projection operators. The next step
is to integrate out hard gluon modes.

2.1.3 Integrating out hard gluon modes

Combining Eqgs. (2.1), (2.24), and (2.26), the partition function of QCD for relevant quark modes
and gluons reads

Z = /’D\Ifl D\Ifl DA eXp{S[A,\Ill,\Ill]} (230&)
_ 1- 1
S[A W1, W1] = SalA]+ 5 ¥ {Go +9BlAL} 0y + 5 Tr G (4], (2:300)

where DA = [[p dA(P). For the sake of clarity, I restored the functional dependence of the
“modified” gluon field B and the inverse irrelevant quark propagator 92_21 on the gluon field A.
The gluon action in momentum space is

Suld] = —= Z Al (Py) [ I}ZZ(P1,P2)A2(P2)
P1,P2

WV (Pr, Py, P3) A2(P)AD (Py) AY(P
3 \/V—Tp1%:p3 B Part oo Vol (PL, Pa, Pa) AS (P A (Po) AY(Py)

1 ( g )2 T 4 bed 5 5
-0 Op/ 1+ Pyt Pyt Py0 Yoy Aa (P1) Ay (P2) AL (P3) Ag(Py)
4! /VT3 - 12+ r3+10 0

+Trg In W™, (2.31)

Here, Ay 1(P1, P,) is the gauge-fixed inverse free gluon propagator. To be specific, in general
Coulomb gauge it reads

[AOILb (PLPy) = 75 [Aol}ab (P1) oy _p, (2.32a)
1

2] P) = (P2guz/ _ pupr g_cpupu> 7 (2.32b)
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where £¢ is the Coulomb gauge parameter and P* = (0, p). The vertex functions are

)
Vb (Py, Py, P3) = T F NP = Pa)y gap + (P2 — P3)agsy + (Ps — Pl)ggay] ,  (2.33a)
Vabed = fo el (gangas — Gasgay) + £ (9aBYrs — Jas9sy)

+fadefebc (gaﬁg'yé - ga'ygﬁé) . (2.33b)

The last term in Eq. (2.31) is the trace of the logarithm of the Faddeev-Popov determinant,
with the full inverse ghost propagator WW~!. The trace runs over ghost 4-momenta and adjoint
color indices.

Similar to the treatment of fermions in Sec. 2.1.2 I now define projectors Q1, Qs for soft and
hard gluon modes, respectively,

Al=01A, Ay=05A, (2.34)

where
Qi(PL,Py) = O(Ng—p1)os p, , (2.35a)
(P, P) = O(p1— Agl)5§;11),p2 : (2.35b)

The gluon cut-off momentum Ay defines which gluons are considered to be soft or hard, respec-
tively.

I now insert A = A; + Ay into Eq. (2.30). The integration measure simply factorizes,
DA = DA; DAy. The action S[A, ¥, ¥;] can be sorted with respect to powers of the hard
gluon field,

_ _ _ 1 _ _
S[Av\ljla\:[jl] - S[Alv\ljla\ljl] +A2j[A17\I/17\Ill] - §A2 AQ_QI[Ala\I/la\I/l] A2 +SI[A17A27\1117\111] .

(2.36)
The first term in this expansion, containing no hard gluon fields at all, is simply the action
(2.30b), with A replaced by the relevant gluon field A;. The second term, As7, contains a
single power of the hard gluon field, where

_ 0S[A, Uy, ¥ =
j[Al, \Ifl, ‘1’1] = [TQII] = jB[Ah \Ijlp \Ijl] + s7100p[A1] + jV[Al] . (237)
Aa=0
The first contribution,
- 1- oB
JIslA1, ¥, 0] = =W < —) vy, 2.38
BlA1L, V1, W] 5 V1 \95, o 1 (2.38)

arises from the coupling of the relevant fermions to the “modified” gluon field B, i.e., from the
second term in Eq. (2.30b). With the notation of Fig. 2.2, all diagrams corresponding to A2 75
can be summarized into a single one, cf. Fig. 2.5. It contains precisely two relevant fermion fields,
U, and ¥;. The second contribution, Joop- arises from the terms Tr, In 92_21 and Trgp, In W=lin
Egs. (2.30b), (2.31). The loop consisting of irrelevant quark modes as internal lines, coupled to a
single hard and arbitrarily many soft gluons, is shown in Fig. 2.6. Finally, the third contribution,
Jv, arises from the non-Abelian vertices, cf. Fig. 2.7.
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J 1N S N

Figure 2.5: The term AsJ 5. The hard gluon field is denoted by a dashed line, the soft gluon fields by
wavy lines.

Figure 2.6: The fermionic contribution to the term A Jioop. There is an additional contribution from
ghosts with similar topology.

The third term in Eq. (2.36) is quadratic in Ay, where

_ 0°S[A, 0y, Ty

A;;[Al,\f/l,\l/l] = (5A2 5A2

= Aa%Q —|—H22[A1,\I/1,\I/1] . (239)
Az=0

Here, Aa %2 is the free inverse propagator for hard gluons. Similar to the “current” J, cf. Eq.
(2.37), the “self-energy” Iy of hard gluons consists of three different contributions,

Moo[A1, Uy, ¥q] = Hp[A1, U1, U1] + Hieep A1] + IV [A4] (2.40)

which has a diagrammatic representation as shown in Fig. 2.8. The first two contributions on
the right-hand side of Eq. (2.40) can be expanded as shown in Figs. 2.9 and 2.10. Figure 2.11
depicts the three- and four-gluon vertices contained in the last term in Eq. (2.40). For further
use, I explicitly give the first term,

- 1= 6B
HB[Alu‘Illu‘lll] = —§ \Ifl <g (5A2(5A2> ‘1/1 . (241)
Ax=0

Finally, I collect all terms with more than two hard gluon fields As in Eq. (2.36) in the
“interaction action” for hard gluons, S;[A1, A2, ¥q, ¥1]. I then perform the functional integration
over the hard gluon fields A,. Since functional integrals must be of Gaussian type in order to be
exactly solvable, I resort to a method well known from perturbation theory. I add the source term
AsJs to the action (2.30b) and may then replace the fields Ay in S7 by functional differentiation
with respect to Jo, at Jy = 0. I then move the factor exp{S;[A1,d/6J2, U1, ¥1]} in front of the
functional As-integral. Then, this functional integral is Gaussian and can be readily performed
(after a suitable shift of Ay), with the result

_ - 1
Zz = /D\Ile\IqDAl exp{S[Al,\Ill,\Ill]—ETrglnAml}

X exp {SI [Al, LA \pl} } exp E (T + J2) Aas (T + JQ)} (2.42)

0.J2

J2=0
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Figure 2.7: The term A7y .

Figure 2.8: The term AjllsgAs according to Eq. (2.40). The first diagram on the right-hand side
corresponds to the term AsIlgAs. The second diagram is the fermion-loop contribution to AsllioepAs;
there is an analogous one from a ghost loop. The last two diagrams correspond to AsIly As.

The trace over In Ay, runs over gluon 4-momenta, as well as adjoint color and Lorentz indices.
I indicate this with a subscript “g”. Note that this result is still exact and completely general,
since so far the manipulations of the partition function were independent of the specific choice
(2.35) for the projection operators Q; 2. The next step is to derive the tree-level action for the
effective theory of relevant quark modes and soft gluons.

2.1.4 Tree-level effective action

In order to derive the tree-level effective action, I shall employ two approximations. The first
is based on the principal assumption in the construction of any effective theory, namely that
soft and hard modes are well separated in momentum space. Consequently, momentum conser-
vation does not allow a hard gluon to couple to any (finite) number of soft gluons. Under this
assumption, the diagrams generated by As(Jieop + Jv), cf. Fig. 2.6, 2.7, will not occur in the
effective theory. In the following, I shall therefore omit these terms, so that J = Jg. Note that
similar arguments cannot be applied to the diagrams generated by Ag(Iliep + IIy)As, cf. Fig.
2.10, 2.11, since now there are two hard gluon legs which take care of momentum conservation.

My second approximation is that in the “perturbative” expansion of the partition function
(2.42) with respect to powers of the interaction action Sy, I only take the first term, i.e., I
approximate 57 ~ 1. At this point, this is simply a matter of convenience, since I do not need
the higher-order terms in the expansion of e% for the effective theories to be discussed in Sec.
2.2 or for the calculation of the gap parameter in Sec. 3.1. However, one can easily reinstall
them if required by the particular problem at hand. I note in passing that the approximation
e ~ 1 becomes exact in the derivation of the exact renormalization group [117], where one
only integrates out modes in a shell of infinitesimal thickness.

Diagrams generated by the higher-order terms in the expansion of ¢! are those with more
than one resummed hard gluon line. Even with the approximation e ~ 1, Eq. (2.42) still
contains diagrams with arbitrarily many bare hard gluon lines, arising from the expansion of

o _1n

n=1

(AQQQ Hgg)n s (2.43)
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Figure 2.10: The fermionic contribution to the term AaIljoopAa.

and from the term JpA9Jp in Eq. (2.42), when expanding

AQQ = A0722 Z(—l)n (Hgg A0722)n . (2.44)
n=0

With these approximations, the partition function reads

Z= /DiflmleAl exp{Seg[A1, U1, ¥1]}, (2.45)
where the effective action is defined as
_ 1 - _ 1 _
Seff[Al, \111, \Ifl] = SA[Al] + 5 \Ifl {90,111 + gB[Al]} \Ill + 5 Tl“q In 9221 [Al]
1

—5 Tl“g In A2—21 [Al, \Ill, \Ifl]

1 - _ _
+3 TIBlAL, W1, U] Ago[Ar, Wy, U] Tp[A1, Wi, ¥q] . (2.46)

This is the desired action for the effective theory describing the interaction of relevant quark
modes, ¥y, ¥y, and soft gluons, A;. The functional dependence of the various terms on the
right-hand side on the fields A;, U1, ¥U; has been restored in order to facilitate the following
discussion of all possible interaction vertices occurring in this effective theory.

The diagrams corresponding to these vertices are shown in Figs. 2.12-2.16. The three- and
four-gluon vertices contained in S4[A;] are displayed in Fig. 2.12. In addition, S4[A;] contains
ghost loops with an arbitrary number of attached soft gluon legs. The topology is equivalent
to that of the quark loops in Fig. 2.14 and is therefore not shown explicitly. The interaction
between two relevant quarks and the “modified” soft gluon field, corresponding to W1 gB[A;] ¥y,
is depicted in Fig. 2.13. This is similar to Fig. 2.3, except that now all gluon legs are soft.
Diagrams where an arbitrary number of soft gluon legs is attached to an irrelevant quark loop
are generated by Tr,In 92_21, cf. Fig. 2.14. This is similar to Fig. 2.4, but now only soft gluon
legs are attached to the fermion loop. The diagrams generated by the loop of a full hard gluon
propagator, Try In AQ_QI, are shown in Fig. 2.15. The first line in this figure features the generic
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A,

Figure 2.12: The three- and four-gluon vertices in S4[A;], describing the self-interaction of soft gluons
in Eq. (2.46).

Figure 2.11: The term AsIly As.

7

expansion of this term according to Eq. (2.43), where the hard gluon “self-energy” insertion
II99, cf. Eq. (2.40), is shown in Fig. 2.8. The second line shows examples of diagrams generated
by explicitly inserting Il in the generic expansion. Besides an arbitrary number of soft gluon
legs, these diagrams also feature an arbitrary number of relevant quark legs. If there are only
two relevant quark legs, but no soft gluon leg, one obtains the one-loop self-energy for relevant
quarks, cf. the second diagram in the second line of Fig. 2.15. The next two diagrams are
obtained by adding a soft gluon leg, resulting in vertex corrections for the bare vertex between
relevant quarks and soft gluons. The first of these two diagrams arises from the n = 1 term in
Eq. (2.43), while the second originates from the n = 2 term. Four relevant quark legs and no
soft gluon leg give rise to the scattering of two relevant quarks via exchange of two hard gluons,
contained in the n = 2 term in Eq. (2.43), cf. the last diagram in Fig. 2.15. This diagram was
also discussed in the context of the effective theory presented in Refs. [100, 101], cf. discussion in
Sec. 2.2.2. Finally, the “current-current” interaction mediated by a full hard gluon propagator,
I Ao Ji, Fig. 2.16, contains also a multitude of quark-gluon vertices. The simplest one is the
first on the right-hand side in Fig. 2.16, corresponding to scattering of two relevant fermions via
exchange of a single hard gluon.

An important question is whether the introduction of the momentum cut-offs Ay, Ag could
possibly spoil the gauge invariance of the effective action (2.46). This is not the case, since
gauge invariance is already explicitly broken from the very beginning by the choice of gauge in
the gauge-fixed gluon action (2.2). I do not perceive this to be a disadvantage of my approach,
since the computation of a physical quantity requires to fix the gauge anyway. The final result
should, of course, neither depend on the choice of gauge, nor on A4 and Ag. Note that, up to
this point, I was not required to specify the gauge in the effective action (2.46).

The effective action (2.46) is formally of the form (1.40). The difference is that Eq. (2.46)
contains more than one relevant field: besides relevant quarks there are also soft gluons. It
is obvious that in this case there are many more possibilities to construct operators O; which
occur in the expansion (1.40). As pointed out in the introduction, it is therefore advantageous
to derive the effective action (2.46) by explicitly integrating out irrelevant quark and hard gluon
modes, and not by simply guessing the form of the operators O;, since then one is certain that
one has constructed all possible operators occurring in the expansion (1.40).

As mentioned in the introduction, the standard approach to derive an effective theory, namely
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A A A

Figure 2.13: The term ¥, gB[A;] ¥; in the effective action (2.46).

ON O OO

Figure 2.14: The term Tr, In Gy,'[A;] in the effective action (2.46).

guessing the form of the operators O; and performing a naive dimensional scaling analysis to
estimate their order of magnitude, fails precisely when (a) there are non-local operators, or when
(b) there is more than one momentum scale. Both (a) and (b) apply here. As I shall show below,
the HTL/HDL effective action is one limiting case of Eq. (2.46), and it is well known that this
action is non-local. Moreover, as is obvious from the above derivation, there are indeed several
momentum scales occurring in Eq. (2.46). Let us focus on the case of zero temperature, 7' = 0,
and, for the sake of simplicity, assume massless quarks, m = 0, u = krp. To be explicit, I employ
the choice (2.18) for the projectors P; 2. In this case, the first momentum scale is defined by the
Fermi energy p. The propagator of antiquarks is ~ 1/(ko 4+ p + k). If Aq, Ay S p, the exchange
of an antiquark can be approximated by a contact interaction with strength ~ 1/u, on the scale
of the relevant quarks, Ly > 1/Aq 2 1/p, or of the soft gluons, Ly > 1/Ay 2 1/p.

The second momentum scale is defined by the quark cut-off momentum A,. The propagator
of irrelevant quark modes is ~ 1/(kg + p — k). On the scale Ly of the relevant quarks, not only
the exchange of an antiquark, but also that of an irrelevant quark with momentum k satisfying
|k — p| > Aq is local, with strength ~ 1/A,. However, suppose that the quark cut-off scale
happens to be much smaller than the chemical potential, Ay < p. In this case, antiquark
exchange is “much more localized” than the exchange of an irrelevant quark, 1/p < 1/A.

The third momentum scale is defined by the gluon cut-off momentum Ag. The propagator
of a hard gluon is ~ 1/P2. On the scale Ly of a soft gluon, the exchange of a hard gluon with
momentum p > Ag can be considered local, with strength ~ 1 /Aél. As 1 shall show below,
in order to derive the value of the QCD gap parameter in weak coupling and to subleading
order, the ordering of the scales turns out to be Ay < g < Agl S p. Thus, antiquark exchange
happens on a length scale of the same order as hard gluon exchange, which in turn happens on
a much smaller length scale than the exchange of an irrelevant quark, 1/ < 1/Ag < 1/A,.
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Figure 2.15: The term Tr,In A, [A1, ¥y, ¥4] in the effective action (2.46). The first line corresponds
to the generic expansion (2.43), with “self-energy” insertions Ilas, as shown in Fig. 2.8. The second line
contains some examples for diagrams generated when explicitly inserting the expression for ITss.

! = + @ + I + w + +
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Figure 2.16: The term JgA22Jp in the effective action (2.46). The thick dashed line is a full hard
gluon propagator, i.e., it has the expansion (2.43). The first diagram on the right-hand side of this figure
results from the n = 0 term of this expansion, while the next three diagrams originate from the n = 1
term. Even a single insertion of a hard gluon “self-energy” Ilso gives rise to a variety of diagrams. Here,
I only show the contributions corresponding to the first diagrams in Figs. 2.9, 2.10, and the three-gluon
vertex. The last diagram arises from the second term of the expansion shown in Fig. 2.2.
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2.2 Recovery of known effective theories

In this section I show that, for particular choices of the projectors P2 in Eq. (2.17), several
well-known and at first sight unrelated effective theories for hot and/or dense quark matter are
in fact nothing but special cases of the general effective theory defined by the action (2.46).
These are the HTL/HDL effective action for quarks and gluons, and the high-density effective
theory for cold, dense quark matter.

2.2.1 HTL/HDL effective action

Let us first focus on the HTL/HDL effective action. This action defines an effective theory for
massless quarks and gluons with small momenta in a system at high temperature 7' (HTL), or
large chemical potential u (HDL). Consequently, the projectors Py o for quarks are given by

PIK,Q) = O(Aq—k)0y (2.47a)
Po(K,Q) = O(k—Aq)dily (2.47b)

while the projectors for gluons are given by Eq. (2.35). (Note that, strictly speaking, the quarks
and gluons of the HTL/HDL effective action should also have small energies in real time. Since
the present effective action is defined in imaginary time, one should constrain the energy only
at the end of a calculation, after analytically continuing the result to Minkowski space.)

The essential assumption to derive the HTL/HDL effective action is that there is a single
momentum scale, Ay = Ag = A, which separates hard modes with momenta ~ T', or ~ p, from
soft modes with momenta ~ ¢7T', or ~ gu. In the presence of an additional energy scale T, or
1, naive perturbation theory in terms of powers of the coupling constant fails. It was shown by
Braaten and Pisarski [7] that, for the n-gluon scattering amplitude the one-loop term, where n
soft gluon legs are attached to a quark or gluon loop, is as important as the tree-level diagram.
The same holds for the scattering of n — 2 gluons and 2 quarks. At high T" and small u, the
momenta of the quarks and gluons in the loop are of the order of the hard scale, ~ T'. This gives
rise to the name “Hard Thermal Loop” effective action, and allows to simplify the calculation of
the respective diagrams. At large p and small T, i.e., for the HDL effective action, the situation
is somewhat more involved. As gluons do not have a Fermi surface, the only physical scale which
determines the order of magnitude of a loop consisting exclusively of gluon propagators is the
temperature. Therefore, at small T" and large p, such pure gluon loops are negligible. On the
other hand, the momenta of quarks in the loop are ~ p. Thus, only loops with at least one
quark line need to be considered in the HDL effective action.

In order to show that the HTL/HDL effective action is contained in the effective action (2.46),
first note that a soft particle cannot become hard by interacting with another soft particle. This
has the consequence that a soft quark cannot turn into a hard one by soft-gluon scattering.
Therefore,

gB[A1] = gAi . (2.48)

Another consequence is that the last term in Eq. (2.46), JpA22J5, vanishes since Jp is identical
to a vertex between a soft quark and a hard gluon, which is kinematically forbidden. The
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resulting action then reads

- 1- _ 1 _
Starger/ulAr U1, 1] = SalAi] 5 W1 (Gody +9An) W1+ 5 TrgIn Gy'[A4]

1 _ —
—5 Trgn A AL, Uy, 0] (2.49)

Using the expansion (2.29) one realizes that the term Tr, In gg; generates all one-loop diagrams,
where n soft gluon legs are attached to a hard quark loop. This is precisely the quark-loop
contribution to the HTL/HDL effective action.

For hard gluons with momentum ~ 7" or ~ pu, the free inverse gluon propagator is Aa %2 ~T?
or ~ p2, while the contribution Ijoep to the hard gluon “self-energy” (2.40) is at most of the
order ~ ¢g?>T? or ~ g?u®. Consequently, ITo0p can be neglected and Ilo only contains tree-level
diagrams, Iy = Il + IIy. Using the expansion (2.43) of Tr,In Ay, the terms which contain
only insertions of IIy, correspond to one-loop diagrams where n soft gluon legs are attached to
a hard gluon loop. As was shown in Ref. [7], with the exception of the two-gluon amplitude,
the loops with four-gluon vertices are suppressed. Neglecting these, one is precisely left with
the pure gluon loop contribution to the HTL effective action. As discussed above, for the HDL
effective action, this contribution is negligible.

The “self-energy” Ilg contains only two soft quark legs attached to a hard quark propa-
gator (via emission and absorption of hard gluons). Consequently, in the expansion (2.43) of
TryIn AQ_QI, the terms which contain insertions of IIy, and Ilz correspond to one-loop diagrams
where an arbitrary number of soft quark and gluon legs is attached to the loop. It was shown
in Ref. [7] that among these diagrams, only the ones with two soft quark legs and no four-gluon
vertices are kinematically important and thus contribute to the HTL/HDL effective action. I
have thus shown that this effective action, Syrr,/mpr, is contained in the effective action (2.49),
and constitutes its leading contribution,

SlargeT/y = SHTL/HDL + higher orders . (2.50)

For the sake of completeness, let us briefly comment on possible ghost contributions. Ghost loops
arise from the term Try, InW™! in S4[A;]. Their topology and consequently their properties
are completely analogous to those of the pure gluon loops discussed above.

I conclude with a remark regarding the HDL effective action. According to Eq. (2.47), at zero
temperature and large chemical potential, a soft quark or antiquark has a momentum k ~ gu,
i.e., it lies at the bottom of the Fermi sea, or at the top of the Dirac sea, respectively. These
modes are, however, not that important in degenerate Fermi systems, because it requires a large
amount of energy ko ~ p to excite them. The truly relevant modes are quark modes with large
momenta, k ~ u, close to the Fermi surface, because it costs little energy to excite them. A
physically reasonable effective theory for cold, dense quark matter should therefore feature no
antiquark modes at all, and only quark modes near the Fermi surface. Such a theory will be
discussed in Sec. 2.2.2.

2.2.2 High-density effective theory

An effective theory for high-density quark matter was first proposed by Hong [100] and was
further refined by Schéfer and others [102, 103, 104, 105]. In the construction of this effective
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theory, one first proceeds similarly to the discussion in Sec. 2.1 and integrates out antiquark
modes. (From a technical point of view, this is not done as in Sec. 2.1 by functional integration,
but by employing the equations of motion for antiquarks. The result is equivalent.) On the
other hand, at first all quark modes in the Fermi sea are considered as relevant. Consequently,
in the notation of Sec. 2.1, the choice for the projectors P; 2 would be

AP0

PK,Q) = < iy A1:>5%’)Q’ (2.51a)
AL 0

P(K,Q) = < iy Alt)ag?}@. (2.51D)

Also, at first gluons are not separated into soft and hard modes either. After this step, the
partition function of the theory assumes the form (2.1) with Z, given by Eq. (2.24).

In the next step, one departs from the rigorous approach of integrating out modes, as done
in Sec. 2.1, and follows the standard way of constructing an effective theory, as explained in the
introduction. One focusses exclusively on quark modes close to the Fermi surface as well as on
soft gluons. However, since quark modes far from the Fermi surface and hard gluons are not
explicitly integrated out, the effective action does not automatically contain the terms which
reflect the influence of these modes on the relevant quark and soft gluon degrees of freedom.
Instead, the corresponding terms have to be written down “by hand” and the effective vertices
have to be determined via matching to the underlying microscopic theory, i.e., QCD.

In order to further organize the terms occurring in the effective action, one covers the Fermi
surface with “patches”. Each patch is labelled according to the local Fermi velocity, vy = kkp /1
at its center. A patch is supposed to have a typical size A in radial (R) direction, and a size A |
tangential to the Fermi surface. The momentum of quark modes inside a patch is decomposed
into a large component in the direction of vg, the particular Fermi velocity labelling the patch
under consideration, and a small residual component, 1, residing exclusively inside the patch,

k=puvp+1. (2.52)

The residual component is further decomposed into a component pointing in radial direction,
= vr(vr -1), and the orthogonal one, tangential to the Fermi surface, 1, =1— 1. The actual
covering of the Fermi surface with such patches is not unique. One should, however, make sure
that neighbouring patches do not overlap, in order to avoid double-counting of modes near the
Fermi surface. In this case the total number of patches on the Fermi surface is ~ p?/A3 .

In the following, I shall show that the action of the high-density effective theory as discussed
in Refs. [100, 101, 102, 103, 104, 105] is contained in the effective action (2.46). To this end,
however, I shall employ the choice (2.18) and (2.35) for the projectors for quark and gluon
modes, and not Eq. (2.51) for the quark projectors. As in Refs. [100, 101, 102, 103, 104, 105],
the quark mass will be set to zero, m = 0. One also has to clarify how the patches covering the
Fermi surfaces introduced in Refs. [100, 101, 102, 103, 104, 105] arise within the effective action
Eq. (2.46). It is obvious that the radial dimension A of a patch is related to the quark cut-off
Aq. One simply chooses A = Aq. Similarly, since soft-gluon exchange is not supposed to move
a fermion from a particular patch to another, the dimension A | tangential to the Fermi surface
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must be related to the gluon cut-off Ay. Again, one adheres to the most simple choice A | = Ag.
Since Ay < p, this is consistent with the matching procedure discussed in Ref. [102], where the
matching scale is chosen as A = v/2u (which is only slightly larger than u). The different
scales Aq, Ay, and p are illustrated in Fig. 2.17. The modulus of the residual momentum 1 in
Eq. (2.52) is constrained to | < max (Aq, Agl).

2Aq

2Aq

Figure 2.17: A particular patch covering the Fermi surface. The tangential dimension, A, is given
by the maximum momentum transferred via a soft gluon, Ay, while the radial dimension, A is defined
by the maximum distance of relevant quark modes from the Fermi surface, Aq. Also shown is a typical
momentum transfer 1 via a soft gluon.

In Nambu-Gor’kov space, the leading, kinetic term in the Lagrangian of the high-density
effective theory reads
1 - iV -D 0
Liin = 5 gF:‘I’l(X, VE)Y0 < 0 iV-De ) Vi(X,vF), (2.53)
cf. for instance Eq. (1) of Ref. [103]. Here, the 4-vectors
V= (1,vp) , VF=(,-vp) (2.54)
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are introduced. The covariant derivative for charge-conjugate fields is defined as D}, = 0" +
igAPTT . The contribution (2.53) arises from the term Wy (Q(Illl + g.An) Uy in Eq. (2.46). In

order to see this, use P = Py to write

1. 1. _
ot Got1 U1 = 5 Y170P170 Go1 P1 ¥
1 1 ko+p—k 0 (4)
a 2; < 0 ko—,u-i-k)deQ\Ijl(Q)
1 - 1 V.-L 0
~ 52\1/ (L, vE) 70T< 0 V.L>\I/1(L,VF). (2.55)
F

In the last step, I have approximated k ~ y+vp -1, which holds up to terms of order O(1%/p), cf.
Eq. (2.52). This is a good approximation if the modulus of a typical residual quark momentum
in the effective theory is I < max (Aq, Ag) S p. I have also introduced the 4-vector L* = (ko,1)
and, applying the decomposition (2.52), I have written the sum over k as a double sum over vp
and 1. The latter sum runs over all residual momenta 1 inside a given patch, while the former
runs over all patches. With this decomposition, the spinors ¥, W, are defined locally on a
given patch (labelled by the Fermi velocity vp), and depend on the 4-momentum L. Note that
a Fourier transformation to coordinate space converts V - L — iV - 0.

Now consider the term ¥;g.A;1¥;. Since Aj; is not diagonal in momentum space, cf. Eq.
(2.16), in principle the two quark spinors Wy, ¥; can belong to different patches. However, I
have chosen the tangential dimension of a patch such that a (typical) soft gluon can by definition
never move a fermion across the border of a particular patch, [k — q| < Ag. Therefore, both
spinors reside in the same patch and, to leading order, k ~ q ~ vp. With these assumptions one
may write Ay A, (K — Q)AE ~ V- Ag(K — Q)0 A, AL 4, (K — QA ~ V- A(K — Q) A
Then, introducing the residual momentum 1’ corresponding to the quark 3-momentum q and
defining L'* = (qo,1'), the respective term in the effective action becomes

3 Uy gA1 Uy ~
1 g - V-AJL—-LNT, 0 ,
5 e VFXL:L/\III(LavF)PYO < 0 —V-A (L L/)T \IJI(L 7VF) :

(2.56)

In coordinate space, the sum of Egs. (2.55) and (2.56) becomes Eq. (2.53).
Subleading terms of order O(1/u) in the high-density effective theory are of the form

Loa/p =
1 - 1 ( D? —$o"F¢ T, 0
—=) Uy (X — L U (X
B < 1( 7VF)70 20 ( 0 _D%J__ﬁauyFJa_p,yTaT ) 1( 7VF)7
(2.57)

cf. Eq. (2) of Ref. [103]. Here, D} = {0, (1—vpvp)-D}, and similarly for DZ | . The commutator
of two gamma matrices is defined as usual, o = (1/2)[v",7"], and I, To = (i/9)[D1y, D1y]-
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As one will see in the following, this contribution arises from the term —g¢? ¥ A9 Gao A21 ¥y in
Eq. (2.46).

First, note that, with the projectors (2.18), the irrelevant quark propagator Gss contains
quark as well as antiquark modes. In order to derive Eq. (2.57), however, one has to discard
the quark and keep only the antiquark modes. In essence, this is a consequence of the simpler
choice (2.51) for the projectors P; o in the high-density effective theory of Refs. [100, 101, 102,
103, 104, 105]. In this case the propagator Goo may be simplified. A calculation quite similar to
that of Egs. (2.55) and (2.56) now leads (in coordinate space) to

_ _ 2u +14V - D 0
Gy = Goao + 9 A2 ~ 07 < 0 2 — iV - D ) ; (2.58)
where 73 acts in Nambu-Gor’kov space. This result may be readily inverted to yield
1 1 (—iv.D 0 \"
~ — —_— . . 2.59
G2 7073 o nzz:o ) < 0 iV - De ) (2.59)

Utilizing the projectors (2.51), one may also derive a simpler form for g4, and g.A2;. Consider,
for instance, the term W g.A12 U5. One follows the same steps that led to Egs. (2.55), i.e., one
assumes that the spinors Uy and ¥, reside in the same patch, such that k ~ q ~ vp. This allows
to derive the identity Aff A"(K — Q)A§ ~ Af 4% (K — Q), where A" = {0,(1 — vpvp) - A%}
Now introduce the 4-vectors L*, L'"  as in Eq. (2.56), which leads to

_ 1 g - Aa (L—L/)T 0 /
Ui gAa Wy ~ — Uy (L,v 1 e a Uy (L', vE) .
19A12 ¥2 5 \/WVF,XL:,L' 1( F) < 0 _AJ_(L . L’) T(;f 2( F)

N —

(2.60)
One may add a term [/, to the diagonal Nambu-Gor’kov components, which trivially vanishes
between spinors W; and Ws. This has the advantage that, in coordinate space,

gA12 ~ ( “ﬁl iIrDOCL ) , (2.61)

i.e., this term transforms covariantly under gauge transformations, and no longer as a gauge field.
A similar calculation for g.49; gives the result g.421 = g.A12. Combining Egs. (2.59) and (2.61),
the term —g? Uy A Goo A9y ¥y corresponds to the following contribution in the Lagrangian,

1 /) 0 1 1 (—-iveD 0 \'(p, o0
srueen(B 5 ) a0 et ) (8 )
X\Ill(X, VF) . (262)

Taking only the n = 0 term, and utilizing y*4” = g"* — ioc*”, one arrives at Eq. (2.57). Note
that my definition for transverse quantities, e.g. A" = {0, (1 — vpvp)- A}, slightly differs from
that of Refs. [100, 101], where A/] = A* — V#V - A. However, both definitions agree when
sandwiched between spinors @1,2 and Wq .
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At order O(1/p?), besides the n = 1 term in Eq. (2.62), there are also four-fermion interaction
terms, cf. Egs. (3-5) of Ref. [103]. In the effective action (2.46), these contributions arise from
the term JpAgeJp which originates from integrating out hard gluons. (Since this is not done
explicitly in the construction of the high-density effective theory in Refs. [100, 101, 102, 103,
104, 105], this term is not automatically generated, but has to be added “by hand”.) To leading
order, this term corresponds to the exchange of a hard gluon between two quarks, cf. the first
diagram on the right-hand side of Fig. 2.16. If the quarks are close to the Fermi surface, the
energy in the hard gluon propagator can be neglected, and Agge S 1/ Aé. Since 1/ Aél >1/u?,
the contribution from hard-gluon exchange is of order O(1/u?). Four-fermion interactions also
receive corrections at one-loop order, cf. Fig. 5 of Ref. [101]. In Eq. (2.46), they are contained
in the term Trln A5, see the last diagram in Fig. 2.15.

Besides the quark terms in the Lagrangian of the high-density effective theory [100, 101, 102,
103, 104, 105], there are also contributions from gluons. The first is the standard Yang-Mills
Lagrangian —(1/4)Fy, F", cf. Eq. (1) of Ref. [103]. This part is contained in the term Sa[A1]
in Eq. (2.46), cf. Eq. (2.2). The second contribution is a mass term for magnetic gluons,

m2
L, = ——~ A"~ A, (2.63)

cf. Eq. (19) of Ref. [118], Eq. (18) of Ref. [101], or Eq. (27) of Ref. [102], where m, is the gluon
mass parameter (1.39). This term has to be added “by hand” in order to obtain the correct value
for the HDL gluon polarization tensor within the high-density effective theory. In Eq. (2.46)
this contribution arises from the n = 2 term of the expansion (2.29) of TrlnGy,'. The gluon
polarization tensor has contributions from particle-hole and particle-antiparticle excitations.
The latter give rise to £,,,. While this term arises naturally within my derivation of the effective
theory, it does not in the high-density effective theory of Refs. [100, 101, 102, 103, 104, 105]
because only antiquarks, but not irrelevant quark modes, are explicitly integrated out. Irrelevant
quark modes can then only be taken into account by adding the appropriate counter terms.

Sometimes, the full HDL action is added to the Lagrangian of the high-density effective
theory, cf. Eq. (8) of Ref. [103]. This procedure requires a word of caution. For instance,
an important contribution to the HDL polarization tensor arises from particle-hole excitations
around the Fermi surface. Such excitations are still relevant degrees of freedom in the effective
theory. However, in order for them to appear in the gluon polarization tensor they would
first have to be integrated out. Therefore, strictly speaking such contributions cannot occur
in the tree-level effective action. Of course, in an effective theory one is free to add whatever
contributions one deems necessary. However, one has to be careful to avoid double counting.
As will be shown in Sec. 3.1, the full HDL polarization tensor will appear quite naturally in an
approximate solution to the Dyson-Schwinger equation for the gluon propagator, however, not
at tree-, but only at (one-)loop level.

It was claimed in Refs. [101, 102, 103] that a consistent power-counting scheme within the
high-density effective theory requires A; = Aj. In contrast, I shall show in Sec. 3.1 that a
computation of the gap parameter to subleading order requires Ay = Ay < A; = Ag. This
means that irrelevant quark modes become local on a scale I, > 1/A,, while antiquark modes
become local already on a much smaller scale, l; > 1/p, cf. discussion at the end of Sec.
2.1. As mentioned in the introduction, for two different scales power counting of terms in the
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effective action becomes a non-trivial problem. While the high-density effective theory of Refs.
[100, 101, 102, 103, 104, 105] contains effects from integrating out antiquarks, i.e., from the scale
1/, the effective action (2.46) in addition keeps track of the influence of irrelevant quark modes,
i.e., from physics on the scale 1/Aq > 1/p. Since all terms in the effective action (2.46) are kept,
one can be certain not to miss any important contribution just because the naive dimensional
power-counting scheme is invalidated by the occurrence of two vastly different length scales.

2.3 Towards a general effective Theory

As explained in Sec. 1.3, the calculation of any physical quantity within the framework of an
effective theory requires the knowledge of the orders of magnitude of the operators in the action of
the effective theory. Only after having determined all operators needed for the desired accuracy
the actual calculation can be performed [107, 108, 109]. Therefore, in principle, all operators
in the general effective action (2.42) yet await to be power-counted. This complete analysis is
beyond the scope of this work and remains a formidable future project.

In the following, however, I take a first step towards this goal and begin with the class of
quark loops that appear in the effective action after integrating out irrelevant quarks in the case
of large v and small T', cf. Eq. (2.46) and Fig. 2.14.

2.3.1 Power counting quark loops at large ;1 and small T

In [7] the power-counting rules for HTL/HDL were generally derived. Following this analysis,
analogous rules are set up for loops of irrelevant quark modes at large p and small T'. However,
I choose the projection operators (2.18) instead to the HTL/HDL projection operators (2.47).
Consequently, the internal irrelevant quark modes in the considered loops are antiquarks and
quarks far from the Fermi surface with |k — | > Aq. The typical momenta of relevant quark
modes are located much closer to the Fermi surface, |k — pu ~ A§ < Aq < p, where the upper
index n abbreviates near to the Fermi surface. These near modes can be considered as the
natural choice for the relevant degrees of freedom of a low-energy effective theory at large p and
small T (in contrast to the low-momentum modes of the HDL theory, cf. the short discussion at
the end of Sec. 2.2.1). Therefore, a careful analysis of such loops seems worthwhile.

The cutoff for hard gluons may be choosen as Ag S p, while the soft gluon modes in the
effective action have typical momenta of order Ag < Agy, cf. Fig. 2.17. It is clear from the outset
that for Agl S gp and Aq — 0 the considered loops must reproduce the corresponding HDLs
discussed in Sec. 2.2.1. Then, however, all quarks are integrated out and one ends up with a pure
gauge theory for gluons. It would be more intriguing to keep a thin layer of quark modes around
the Fermi surface as explicit degrees of freedom. If one chooses A4 sufficiently smaller than Ag
the difference between the considered loops and the HDLs will become arbitrarily small.

An interesting ordering for all these scales could be

P~ Ay <Ay =MV <A < Ay S (2.64)

where 1 2y > g and M? = (37/4) mg, cf. Sec. 3.2.2. Soft gluons being exchanged among

relevant quarks would then have energies of order ¢. For the momentum scale Agl = ¢'/3M2/3
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these gluons would feel the effect of Landau damping [7, 9]. For the choice y = 2/3 the condition
Ay < Ag is fulfilled. Then the considered loops of irrelevant quark modes would contain Landau
damping already on the tree-level of the effective action. On the other hand, the effect of the
Meissner masses would be suppressed by a factor ¢/p ~ (¢/M)?/3 <« 1 compared to the non-
colorsuperconducting contributions in the loops (at least in the case of two external gluons)
[63, 110].

For T' 2 T, one could use this theory for the investigation of precursory effects before the
actual onset of Cooper pairing. In the strong coupling regime at p < 500 MeV numerical
calculations based on the NJL-model (all gluons integrated out) showed the occurrence of low-
energy collective modes in the form of strong diquark fluctuations with momenta close to the
Fermi surface [111, 112]. This is in agreement with the weak coupling analysis in [113] where,
after extrapolating down to p < 500 MeV, it was argued that color superconductivity could be
a type-1I superconductor with a second-order phase transition and strong pair fluctuations at
intermediate baryonic densities. On the other hand, at asymptotically large densities in weak
coupling gauge field fluctuations are found to dominate and drive the CSC transition first-order
[35, 114, 115, 116]. The effective theory with the two different cutoffs proposed above might
be useful in describing these fluctuations and estimating the relative order of magnitude of the
diquark and the gauge field fluctuations.

The effect of the gap in the loops of irrelevant quarks certainly would have to be incorpo-
rated for Agl ~ ¢. This would require the introduction of a bilocal source term for irrelevant
quark modes, cf. Sec. 3.1.1, leading to non-trivial off-diagonal entries in Nambu-Gor’kov space
and mixing quarks with charge-conjugate quarks. In the following, however, charge-conjugated
quarks will not be used for simplicity.

The quark propagator in the mixed representation

The free propagator of massless quarks at chemical potential ; and temperature T is given by
[124]

~ ko — (1 — ek
Go(K) = Z Ai%% (2.65)
e—+ 0~ [Ek]
where €, = |1 — ek| and the projectors on positive (e = +) and negative (e = —) energy states

defined as A} = % (1 + ey R) Furthermore, kg = —iw, with the fermionic Matsubara fre-

quency wy, = (2n + 1)7T. For the evaluation of the Matsubara sum in the loop it is advantageous
[119] to use the propagators in their mixed representation

Go(r,k) =T Y e ™M7Gy(K) . (2.66)
ko

After performing the Matsubara sum in Eq. (2.66) in terms of a contour integral in the complex
ko—plane, one obtains for the range 0 < 7 < 3 [124]

Go(rk) = = 3~ Ajwo {Oek — ) [1 = N(e] ™7 + O — ek) N(ef)e ™} (2.67)
e=%

= — > MwO(slek — u)) fole)e >, (2.68)

e,s=+
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where N(z) = (e*/T + 1)~ is the thermal distribution function for fermions. For the actual
power counting the replacement

O(slk — u]) — O(slk — p] — Aq) = O34 (2.69)

will be necessary. Before that, however, the form given by Eq. (2.68) may be kept to simplify the
comparison with known results. Moreover, for the following calculations it is very convenient to
introduce

fs(2) = O(s) — sN(ef) , s=+. (2.70)

In the following, the more compact notations

e = foeg), (2.71a)
€ = 6?1_ = ’/L - eiki\ (2.71b)
0% = O(slek —pu)) (2.71c)

are used. The fse ’s obey the following relations

ferfe, =1, (2.72)

foo = feead, (2.73)

o, = %, = 2N - saN () (2.71)
—s1J s2 s1d—s0 9 1 €1 S92 €) . .

While e discriminates positive from negative energy states (quarks from antiquarks), the sign s
defines the direction of the evolution in imaginary time 7 (appearing in the exponent e™*%7 in
the propagator): s = + denotes propagation forward and s = — backwards in imaginary time.
Simultaneously, for modes with positive energies (e = +), s also splits the momentum space
in one part above (s = +) and one below (s = —) the Fermi surface via O = O(s[k — p]).
Hence, positive energy modes above the Fermi surface always propagate forward in imaginary

time, whereas those below always propagate backwards. For antiquarks, however, one finds
O; =0(-s), (2.75)

which means that negative energy modes always propagate backwards in imaginary time inde-
pendently of their momentum.

Furthermore, f+ = N (¢,) is the minimum of the thermal distribution functions of quarks and
quark-holes, whereas f7 = exp(|k— pu|8) N(¢) corresponds to their mazimum. Moreover, f= =
N(ey) =~ exp[—(k + p)B] is the thermal distribution of antiquarks (exponentially suppressed)
and f; = exp[—(k+ u)B]N (¢ ) ~ 1 that of anti-quarkholes (abundant), respectively. Eq. (2.72)
reflects the normalisation of fi, i.e. every state with positive (negative) energy and momentum
k is occupied, either by a(n) (anti-)quark or a(n) (anti-)quarkhole.

In the range —3 < 7 < 0 one obtains similarly

Go(r.k) = Y Afy00ifee s, (2.76)
e,s==+
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and therefore, for the whole range —3 <7< 3

Go(t,k) = —sign(r Z Ak’y()@ef:gn(T)se_seiT. (2.77)
e,s==+

—f<1t<fBand -0 <7+ <[ are fulfilled, it follows with sign(r + ) = £ = —sign(7)

Colr £0.K) = sign(r£5) 3 ManO:fiyragee )
e,s=%

= —sign(rT Z Ag008 f—slgn(Ts esien(T)es o —segT

e,s==%
= —sign(7 Z Ai700% f:gn e 5T
e,s==+
= —Go(r,k) . (2.78)

Hence, as generally required, the mixed quark propagator éo(T, k) is antiperiodic with period
(G within its range of definition.
The 4-momentum dependent part of the considered quark loops has the general form

T - 5 _
JH(PL,---, Px) = (—1)N+1VZTYSV’”GO(Kl)’Y“QGo(Kﬂ""Y“NGO(KN)

- (- >N+1/

where pu = (u1,- - pun) and K; = K + P;. The prefactor (—1)V*! comes from the Feynman rule
to take —Gj as the internal quark propagator and to write an overall (—1) in front of each quark
loop. The momenta of the external gluons are given by P41 — P; with Py4+q = P;. With the
inverse form of Eq. (2.66)

H Y Go(K. (2.79)

caxff)::j/dfe“”(;xf,k) (2.80)
it follows
Bk N 7 0
N+1 i k2T A
TPy, Py) = (DT /WT%:TrSi]'[IW O/dnez Go(Ti, ks)

— (-

B
AN 0r, & YN o
Tr H’y“’/dT-e”iT’Go(T- ki) TY e 2=t (2.81)
3 S 7 1y "Vt
2m) =1} k0
With the relation [9]

TZexp <k0 Zﬂ) = f: (—1)™o <mﬂ - if) (2.82)

m=—00 i=1
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one can perform the integral over one of the 7’s trivially, say over 7. The fact that in the
integrals 0 < 7; < (3 leads to

N—
0<Tv=mf—> m<p (2.83)

and consequently the sum over m runs from 1 to N — 1 only. Using e?™? = 1 the integration
over Ty yields

jlld(pl’...’pN) =
Bk N-1 s
= o f B T e fanettrn]
(2) e
N-1 N-1 N-1 N-1
X (—=1)"Gp [ mp — ZTj,kN ©|mg— 7 | © Zq—(m—l)ﬁ
m=1 j=1 j=1 j=1
Bk N-1 N-1| B
— - [ G e X (- [T | [ anfuedthosen
(2 ) e,s m=1 =1 1)
 even(mBy Ve N-1 N-1
X foN v (95 6 g - 7| O > T (m=1)8
j=1 j=1
g
= / =y ey (- /dn CipfhiTi |
(2 ) e,s m=1 =1 1)
B N-1 N-1
stejjv\fe_SNeNm,@G mﬁ _ Tj Q) Z Tj — (m — 1)5 5 (284)
Jj=1 j=1
where s = (s1,---,sy) and e = (e1,---,en), as well as
N
THEN = H ’YWAIZ'YO ) (2.85)
j=1
Q= p)—pl — si€i + snen (2.86)
N
o: = [Jes (2.87)

are introduced. In the simplest case of two external gluons one has only m = 1 and therefore

3
T (P, Py) = / - 72, 703 / dri fi e fpeme?

d3k 4 re QT
= / 27r32711u2@e/d7_ —252 171
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d3k f 1 fex _ fep ~32

— / TMI,UQ@G S1J52 S1 S2
(2m)? Z o

_ / Pk e 27 + 91N (e1) = 52N (e2) -
(2m)? Py © P} — Py — s1€1 + 5262

The above Eq. (2.88) is in accordance with the standard result for two external gluon fields
Eq.(40) in [124]. In order to simplify power counting arguments the energy with respect to the
Fermi surface is introduced

E=k—eu (2.89)

Since ©F = O(s[ek — p]) = O(seE®) one has s = sign(eE£°) . Furthermore, e, = |u — ek| = |e£°|
and therefore se = e ¢ = ek — p. So, in the denominators one can substitute

—81€1 + S9€9 = —e1k1 + egko (2.90)

and obtains a form, which is suitable for a power-counting analysis

A’k 82_81 + SlN(El) — SQN(EQ)

JHrz (P, Py) / THH2Qe 2 . 2.91
(P, P Z Py — Y — erk1 + ek (2:91)

To recover a more familiar form one rewrites the numerators as
% +s1N(e1) — 52N (e2) = 2L | ] N(E®) — eaN(E°2) (2.92)

and finds after performing the sum over s
A3k Q26 + ey N(E) — eaN(E®?)

JHH2 (P Py) = Thakz 2 , 2.93
(P, P2) (27)3 Z Py —pY — erky + ek (2:93)

which is in accordance with the standard result Eq.(44) in [124]. It is also in agreement with
Eq.(5.77) in [9]. Moreover, in the limit ¢ — 0 it reproduces the corresponding formular (A.11)
in [7] using

hm Of = bse = H Osire; - (2.94)
=1

In the cases of N = 3 and 4 one obtains after rather lengthy calculations, cf. Sec. A, Eqgs. (A.4)
and (A.8)

1
X
Py — p§ — eaka + esks
X [83281' + 81N(€1) —s3lN(es) 5%+ s1lV(er) — saN(eo)

3k .
JHEs (P, Py, Ps) = —/( 27“1“2“3@

P — pY — erky + szks Py — pY — erks + ezkso
(2.95)
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and

jul'"m(pl’ - ’p4) —

_ / ¢’k DR ZEREICK 1 x
(27T)3 e € 8 pg — pg — egks + eqky
1 255+ 51N (e1) — s2N(e2)  #5°2 + 51 N(e1) — 54N (e4)
P9 — p — exka + esky pY —pY — erk1 + ek pY —pi — erk1 + esky
1 83581 + SlN(El) — 83N(63) 82581 + SlN(El) — SQN(EQ)
Py — P — so€r + szes pY — P — ek + egks Py —pY — erky + e2ks '
(2.96)
Power counting of quark loops at large p and small T
In the case of two external gluons one has Eq. (2.91)
3 —
JHE2(Q) = / d’k THhzge 25t +silN(e) — 52N (e2) (2.97)
@2m)? o2 ° P —q" — ek + ek ’
where ©F = 02102 and T2 = Tr, [VMAE Yoy AP 70}, which is
7;00 = 1+ €1€9 1;1 . 1;2 : (298&)
7;0i = 720 = 61'12:?[ + 62]%% ) 1= x,Y,z, (298b)
’ZZj = Y (1 — e1ea kK - Rg) + eqeq (l%iff% + I%{l%é) , Lj=xz9,2. (2.98¢)

First note that after the replacement given in Eq. (2.69) with 7" < Aq < p one can estimate
an upper boundary for the thermal distribution functions N(e;). In the case e; = + one has
N(e;) < exp(—Aqy/T) and for e; = — it is N(¢;) < exp(—p/T). Hence, all terms proportional to
N(¢;) are exponentially suppressed compared to those proportional to s;, and will therefore be
neglected. Then, only terms with s; = —s9 contribute, where one mode in the loop propagates
forward and one backwards in imaginary time. Making use of Eq. (2.75) one finds that all
possible combinations are

s =—=s1=—=s=+=e=+ (G/q")
eei =+, s51=+=>s0=—=e=+ (¢ /qg")or ea=— (q/q")
cei=+, sS1=—=so=+=es=+ (¢ /q"),

where ¢ denotes an antiquark and ¢® a quark above (s = +) or below (s = —) the Fermi surface.
After having neglected thermal excitations for irrelevant quarks, the latter two can be identified
with quark and quarkhole modes, respectively. Hence, one has

Q) =
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_ / d’k {Tumz O(k1 —p—Aq) s O(k2 — 1 — Ag)
@r)3 U 04k + ko 04k + ko
Ly Ok = 1 = Aq)O(p = Aq — k1) = Ok1 — 1 = Aq)O (i = Aq — k) }
A —qY — k1 + ko
_ / d’k {Tumz Ok —p—Aq) THkz Ok —p—Aq)
@) U O +k+k+a T "+ k+[k—d
R O(k+al —p—Ag)O(—Ag—k) —O(k —p—Ag)O(n — Aq — [k + q) } '
i —¢" —k+[k+q

(2.99)

The first two terms correspond to the quark/antiquark loop. After writing ©(ky — p — Aq) =
1-0O(u—Ay—ks2) the 1is identified as the ultraviolet-divergent vacuum contribution and has to be
removed by renormalization. Since Aq < p one has ©(u—Aq—k;) ~ O(p—k;), which effectively
restricts the integration region to the Fermi sphere with the volume p3. In the considered case
of soft external gluons, ¢%,q ~ Agl < 1, one can approximate 1/(+¢° + k + |k + q|) ~ 1/2k.
Furthermore, one may expand 7" in powers of { yielding

2
q
7:300 = 20¢1e, + O <ﬁ) ) (2'100)
A A . N ¢
7;OZ = 7:320 = 2(5@162kl + 261561,_62 (5” - kzkj)ﬁ + © <ﬁ> ’ L= z,Y,z, (2101)
.. .. A A q2
17 = 2(5”5617—62 +erek'k? + O <ﬁ> ;o L]=,Y, 2. (2102)
For e; = —ey the dominant contribution arises from ’]ij_ = T_”+ ~ 2(69 — kiki ), whereas all

others are suppressed by at least one power of g/k. Then the considered integral is of order
w3/~ p?. After multiplication with g2 from the vertices it is ~ g?u2. Choosing Ay ~gp < p
this would be of the order of the tree-level propagator, which is Q? ~ (Agl)Q. For smaller values of
Agl, however, the considered term would be above tree-level, since its magnitude is independent
of the cutoff Agl. E.g. for Agl ~ g2 this term would be one power of 1/g above tree-level.

The third term in Eq. (2.99) contains the particle/particle-hole excitations. Considering

again the choice of cutoffs given in Eq. (2.64) with Ay < A3y one may approximate

k+ql-k ~ q-k, (2.103)
O(k+al —p—Aq)O(1 — Aqg — k)
—O(k —p—A)O(—Ag—|k+q]) ~ dk—p)q-k. (2.104)

To obtain this estimate note that the two quark modes in the loop must be located on opposite
sides of the Fermi surface (above and below the Fermi surface) and they must be situated within
a shell of width Agl around the Fermi surface since their relative momentum is given by the
soft gluon momentum. Hence, k ~ > ¢ ~ Aj. In Eq. (2.104) additionally use was made of
tha fact that due to Ag > Aq the cutoff Aq in the ©-functions on the Lh.s. can be neglected,
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[k LS

Figure 2.18: The integration region in the quark-quarkhole contribution in Eq. (2.99) is the dark shaded
area for 1 > g ~ A3 > Aq. The approximation in Eq. (2.104) is equivalent to including the light shaded
areas corresponding to relevant quark modes with |k — p| < Aq.

cf. Fig. 2.18. Note that in this way one will not recover the full result because the distribution
functions N(¢;) as well as the gap ¢ have been dropped from the outset. Furthermore, for the
choice Ag 2 Aq the approximation in Eq. (2.104) would become invalid and the calculation of
the quark-quarkhole loop more complicated (but still feasible). Using Egs. (2.103,2.104) the
quark/quarkhole excitation in Eq. (2.99) reads

o q-k
2 1 2
7. ~ 2.1
H / (27‘(‘)3 ++ qo “q k ) ( 05)

which is of order p? for all u1, o. i.e. it is at the same order as the quark-antiquark loop and
as the tree-level gluon propagator. In fact, Eq. (2.64) has turned out to be the right choice
for the cutoffs to reproduce the HDL gluon self-energy, for details cf. [124]. For the choice
> Ay~ gp 2 A the result would nontrivially depend on the fraction = = Aq/Agl and
converge to the HDL result in the limit x — 0.

Turning to the cases of three and four external gluons one first notes that, if not all internal
lines correspond to particle and particle-hole modes the loop will be beyond tree-level. To show
this one investigates the corresponding formulae Egs. (2.95) and (2.96). As in the two-gluon
case the thermal distribution functions may be neglected. Assume that the line with label 1
is an antiparticle (s; = —) and all other lines are particles (s; = 4+, j > 1). Then, using the
approximation Eq. (2.103) all energy denominators are of order Ag) except for those inside the
angular brackets, which are of order u. Combining the latter, the energy denominators standing
directly in front of the angular brackets are canceled. Then in the case of three external gluons

the integral multiplied by g3 is of order ¢®u3/u? ~ g2A§1, which is suppressed by g compared
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to the tree-level, which is gAgl. In the case of 4 external gluons the integral multiplied by g¢*
is of order g*u3/ (,uQAgl) ~ ¢3 and thus is also suppressed by g compared to tree-level, which is
g%. Analogously one verifies that also all other integrals containing antiparticles are suppressed
by at least one power of g in comparison to tree-level. So, even though the integral region is
of order ;3 in the case that one mode corresponds to an antiparticle and all others are quarks
above the Fermi surface no HDLs are produced.

In this context it seems worth mentioning that in [7] it was claimed that loops with N external
gluons are HTLs if all but one of the N — 1 occurring energy denominators carry energies with
opposite sign (and therefore are of order Ag ~gT ). It was argued there that in this special case
the distribution functions appear as a sum which is of order 1 in comparison to the difference
of two distribution functions, which is only of order g, appearing when all energy denominators
are of order g7'. This does indeed compensate the one energy denominator which is of the order
of the hard scale T'. If one, however, sums up all terms of this type systematically as it has been
done above in the present treatment, one finds that these terms will cancel, up to a remaining
part which is suppressed by a factor of g compared to tree-level. Hence, also in the regime of
high temperatures all energy denominators must be of order of the soft scale Ag in order to
produce a HTL.

The loops containing only quark and quarkhole modes can simplified in virtue of approxi-
mations Egs. (2.103) and (2.104) to

jNIIQHS (Q17 QQ) ~

dQ) 1
~ 2
N~ / OE T

Q2'1; Q1~E

(q9+qg)—(q1+q2)'f< [qg—(h'k @ —ai-k

and
THTHEY(Q1, Q2,Q3) &

—u/ ik T : ~ X
)? B+ +d¢)— (a1 +az+a3)-k

+

X{ L l ak @k
B+ad—(a+a) k| —ar-k ¢§—aqrk
1 & @
(a2 +a3) Q2 } (2.107)

+ % 0 0 % 0 2
—az3- k|3 +g3—(2+a3) k ¢ —a-k

After multiplying the expression for the loop of three external gluons with ¢% it is of order
gu?/ A ~ gAgl, which is of the order of the corresponding tree-level diagram. Although in the
angular brackets differences appear, no cancellations happen that effectively reduce the overall
order of magnitude. E.g. the difference in the brackets in Eq. (2.106) vanishes for Q2 — —Q1 .
In that case the energy denominator in front of the brackets disappears as well as preserving
the overall order of magnitude of the loop.

Analogously, one finds for the loop with 4 external gluons g*%/ (Agl)2 ~ g%, i.e. it contributes
also at tree-level. Again the various terms cannot cancel each other for any configuration of
external gluon momenta (Q1,---,Q4). If, e.g., again Q2 — —Q1 , the term in front of the first
angular bracket will keep the order of magnitude of the term.
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One may conjecture as in [7] how the above discussions of quark loops with 3 and 4 external
gluons can be generalized to loops with any number NV > 3 of external gluons. Quark loops with
N external gluon legs with all internal lines corresponding to particle or particle-hole modes get
support from a thin layer around the Fermi surface with volume proportional of /ﬂAél. The
integrand consists of N — 1 energy denominators which are all of order 1/ Agl and the trace over

Dirac space TH which is dimensionless. Multiplying the loop with ¢%V it is of order

A3 2 ( )2 2
N__ ‘gl N—2/rs\4—N [ GH gH
gV —E— = g T (AY) | =treelevel x ( | . (2.108)
(Agl)N ! . Agl Agl

Hence, if Agl ~ gy the loop is at the order of the corresponding tree-level diagrams, g™ *Q(Agl)‘l*N )
and therefore has to be resummed into the free gluon propagator or into a gluon vertex, respec-
tively. Therefore, at this scale the free gluon propagation and the propagation via particle/hole
and particle/antiparticle excitations are of equal importance. At scales Agl < gp these loop

2
diagrams even dominate the corresponding tree diagrams by a factor ~ (g,u/ Agl) . Gluons at

scales Agl < gp prefer to propagate as quark/antiquark or as quark/quarkhole pair rather than
to propagate freely. In other words, decreasing the scale Agl sufficiently below gu the free prop-
agation becomes a small correction to the “loop propagation” and the tree-level gluon vertices
become a small correction to the dominant 3 and 4 gluon loops. This is important when con-
sidering the static limit P — 0 for gluons, for example. These loops of irrelevant quark modes
are therefore relevant operators in the effective action, cf. Sec. 1.3.

At harder scales Ag > gu quark loops are small corrections to the free propagation and the
3 and 4 gluon vertices as in vacuum perturbation theory. Note that in the case of hot quark
matter with negligible chemical potential one has analogously HTL ~ tree-level x (gT/ Agl)Q.

All other types of quark loops will be suppressed by powers of Ag /. If A3 > g they are
below tree-level and therefore part of the perturbative expansion. For Agl < gu, however, those
terms which are suppressed by Agl /v still dominate the corresponding tree diagram by a factor
of order gu/ A3 They are therefore still relevant. Those terms which are suppressed by (Ag1 /)?
scale as tree-level and consequently are marginal. Diagrams, which are suppressed by (Ag1 /)3
are always beyond tree-level and therefore perturbative.

Before applying the effective action Eq. (2.46) to some perturbative quantity one first has
to extend this analysis to all the remaining diagrams contained in the effective action. In the
following Chapter 3, however, it will be demonstrated how the effective action can be combined
with the CJT-formalism [106] in order to facilitate the calculation of the non-perturbative color-
superconducting gap-parameter.
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Chapter 3

Application to
Color superconductivity

3.1 Calculation of the QCD gap parameter

In this section, I demonstrate how the effective action Eq. (2.46) derived in Sec. 2.1 can be applied
to compute the gap parameter of color-superconducting quark matter to subleading order. To
this end this effective action is combined with the CJT-formalism, which will be introduced
below. The resulting subleading order gap equation, Eq. (3.64) is well-known. However, as
will be explicitly shown, the derivation given here is substantially more rigorous as the known
derivations in full QCD. One of the most important advantages is that the self-consistency is
required only for relevant fields and propagators. Furthermore, the expansion of the various
terms in the gap equation in powers of Aq/Ag ~ g emerges as a powerful tool to rigorously
identify leading, subleading and sub-subleading order contributions to the gap parameter.

3.1.1 CJT formalism for the effective theory

The gap parameter in superconducting systems is not accessible by means of perturbation the-
ory; one has to apply non-perturbative, self-consistent, many-body resummation techniques to
calculate it. For this purpose it is convenient to employ the CJT formalism [106]. The first step
is to add source terms to the effective action (2.46),

_ _ 1 1 - _ _
Seff[Al,‘Ill,\Ifl] — eﬁ[Al,‘I’l,\Ifl]+J1A1+§ A1K1A1+§ (‘I’1H1+H1\I/1+\I/1’C1\I/1) , (31)

where I employed the compact matrix notation defined in Eq. (2.15). Ji, Hy, and H; are local
source terms for the soft gluon and relevant quark fields, respectively, while Ky and Iy are bilocal
source terms. The bilocal source Ky for quarks is also a matrix in Nambu-Gor’kov space. Its
diagonal components are source terms which couple quarks to antiquarks, while its off-diagonal
components couple quarks to quarks. The latter have to be introduced for systems which can
become superconducting, i.e., where the ground state has a non-vanishing diquark expectation

value, (Y191) # 0.
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One then performs a Legendre transformation with respect to all sources and arrives at the
CJT effective action [106, 120]

T[AT,0,A,G] = Se[AT,0] - %Trg InA~l — % Tr, (D*A - 1)
1 1 _
+ 5 Trglng "+ 5 T (GG —1)+ 15 [A,0,0,A,6] . (32)

Here, Sg[A, W, ¥] is the tree-level action defined in Eq. (2.46), which now depends on the
expectation values A = (A1), ¥ = (¥;), and ¥ = (¥;) for the one-point functions of soft
gluon and relevant quark fields. In a slight abuse of notation, I use the same symbols for the
expectation values as for the original fields, prior to integrating out modes. This should not lead
to confusion, as the original fields no longer occur in any of the following expressions.

The quantities D~! and G~! in Eq. (3.2) are the inverse tree-level propagators for soft gluons
and relevant quarks, respectively, which are determined from the effective action S, see below.
The quantities A and G are the expectation values for the two-point functions, i.e., the full
propagators, of soft gluons and relevant quarks. The functional I's is the sum of all two-particle
irreducible (2PI) diagrams. These diagrams are vacuum diagrams, i.e., they have no external
legs. They are constructed from the vertices defined by the interaction part of Seg, linked by
full propagators A, G. The expectation values for the one- and two-point functions of the theory
are determined from the stationarity conditions

gT 6T o 6T 4T

0= 5450~ 50 ~ A~ oG (3:3)

The first condition yields the Yang-Mills equation for the expectation value A of the soft gluon
field. The second and third condition correspond to the Dirac equation for ¥ and ¥, respectively.
The effective action (2.46) contains a multitude of terms which depend on A, ¥, ¥, and thus
the Yang-Mills and Dirac equations are rather complex, wherefore I refrain from explicitly
presenting them here. Nevertheless, for the Dirac equation the solution is trivial, since ¥y, ¥y
are Grassmann-valued fields, and their expectation values must vanish identically, ¥ = (¥;) =
U = (V) = 0. On the other hand, for the Yang-Mills equation, the solution A is in general
non-zero but, at least for the two-flavor color superconductor considered here, it was shown
[121, 122] to be parametrically small, A ~ ¢2/(g?u), where ¢ is the color-superconducting gap
parameter. Therefore, to subleading order in the gap equation it can be neglected.

The fourth and fifth condition (3.3) are Dyson-Schwinger equations for the soft gluon and
relevant quark propagator, respectively,

Al = D7ty (3.4a)
Gt = ¢+, (3.4b)
where
_ 6Ty
6T
Y = 2 (3.5b)

6G7T
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are the gluon and quark self-energies, respectively. The Dyson-Schwinger equation for the rele-
vant quark propagator is a 2 X 2 matrix equation in Nambu-Gor’kov space,

G1— ( [G+0]1 [GP]—l ) + ( éi g: ) , (3.6)

where X7 is the regular self-energy for quarks and X~ the corresponding one for charge-conjugate
quarks. The off-diagonal self-energies ®*, the so-called gap matrices, connect regular with
charge-conjugate quark degrees of freedom. A non-zero ®* corresponds to the condensation of
quark Cooper pairs. Only two of the four components of this matrix equation are independent,
say [GT]7'4+X% and @7, the other two can be obtained via [G~] 71 +X~ = C{[GH] ' +=H}T O,
®~ = 9[®T]Ty. Equation (3.6) can be formally solved for G [123],

gt =-
QE<E+ g>, (3.7)

Gt = {[Gi]—l I U (GRS I @i}l (3.8)

where

is the propagator describing normal propagation of quasiparticles and their charge-conjugate
counterpart, while

=t =— ([Gﬂ—l + 24[)_1 drg*t (3.9)

describes anomalous propagation of quasiparticles, which is possible if the ground state is a
color-superconducting quark-quark condensate, for details, see Ref. [13].
The tree-level gluon propagator is defined as

 8*Seq[A, U, V]

-1 _
b= 0AGA

(3.10)
Since I_ultimately evaluate the tree-level propagator at the stationary point of T, Eq. (3.3),
where ¥ = ¥ = 0, I may omit all terms in Seg, Eq. (2.46), which are proportional to the quark
fields. The only terms which contribute to the tree-level gluon propagator are therefore

6

_ 1
AGA

2

1
(SA + = Tr,InGoy' — 3 TryIn A2_21> . (3.11)

Using the expansions (2.27), (2.29), (2.43), and (2.44), and exploiting the cyclic property of the
trace, one finds

D! =

T SASA 2 A A SA oA TS25a5a (3.12)

528 6Gao 0 1 §Ag9 611 5211

A g q< Ga2 A22> +§Trg< 22 02 | 22)
In order to proceed, note that the Dyson-Schwinger equations (3.4) are evaluated at the sta-
tionary point of the effective action, where ¥ = ¥ =0, A ~ 0. For A = 0, the first term yields
the free inverse propagator for soft gluons, Ag h, cf. Eq. (2.31), plus a contribution from the
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Faddeev-Popov determinant, (6?Tr,, In W™ /6A5A) 4. The contributions from the three- and
four-gluon vertex vanish for A = 0. Furthermore, according to Eq. (2.16),
0A2 (K, Q) 1

_ SOOI .
AP~ T D040, p=T(K,Q;P). (3.13)

This is a matrix in fundamental color, flavor, and Nambu-Gor’kov space, as well as in the space
of quark 4-momenta K, Q. It is a vector in Minkowski and adjoint color space (f‘ carries a
Lorentz-vector and a gluon color index), as well as in the space of gluon 4-momenta P. One
evaluates (0Ga2/dA)a—o using the expansion (2.27). Only the term for n = 1 survives when
taking A = 0. For U = ¥ = 0, I have IIg = 0, cf. Fig. 2.9, and I only need to consider
IIyy = ITjoep + IIy. Then, the term V) = (511, /0A) a—o corresponds to a triple-gluon vertex,
cf. Fig. 2.11, where two hard gluons couple to one soft gluon. The term (6Iljpop/dA)a—0 is a
correction to this vertex: it couples two hard gluons to a soft one through an (irrelevant) quark
loop, cf. Fig. 2.10. According to arguments well known from the HTL/HDL effective theory,
this vertex correction can never be of the same order as the tree-level vertex V&), since the
two incoming gluons are hard. I therefore neglect (6Iljoop/0A)a—o in the following. Similarly,
V@) = (§%I1y, /6 ASA) o—g is a four-gluon vertex, cf. Fig. 2.11, where two hard gluons couple to
two soft ones, and (6?I1jo0p/0 A6 A) a—o is the one-(quark-)loop correction to this vertex, cf. Fig.
2.10. Applying the same arguments as above I only keep V(). Arguments from the HTL /HDL
effective theory also show that to leading order one may approximate Aoy ~ Ag 2. Finally,
utilizing the same arguments I approximate 0Agg/0A ~ —AO,QQV(?))AO722. Then, the inverse
tree-level gluon propagator of Eq. (3.12) becomes

1 g Fo )] ®) @), L )
D = Agp + 5 Tr, (g0,22 I'Go 22 F) —3 Tr, (Ao,m V¥ Agaa V ) +3 Try (A0,22 1% )

82 Tryp In W1

SAGA (3.14)

A=0

The second term represents an (irrelevant) quark-loop, while the third term is a hard gluon loop.
The fourth term is a hard gluon tadpole. Finally, the last term in Eq. (3.14) corresponds to
a ghost loop necessary to cancel loop contributions from unphysical gluon degrees of freedom.
Note that in the effective theory loop contributions involving irrelevant quarks and hard gluons
occur already in the tree-level action (2.46). Therefore, such loops also arise in the inverse tree-
level propagator (3.14) for the soft gluons of the effective theory. For the projection operators
(2.35) and (2.47) the inverse tree-level propagator (3.14) is precisely the HTL/HDL-resummed
inverse gluon propagator. For small temperatures, 7' < pu, the contribution from the gluon and
ghost loops is negligible as compared to that from the quark loop,

2 ~ ~
D'~ AL+ % Trg (Go22 T GoaT) - (3.15)
The inverse tree-level quark propagator is defined as

62S.g[A, U, V]

-1 _ L
Gr=-2 oV 6w

(3.16)
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For ¥ = ¥ = 0, the last term in Eq. (2.46) does not contribute to G~! because it has at least
four external quark legs, and the two functional derivatives §/dV, ) /0¥ amputate only two of
them. The first and the third term in Eq. (2.46) do not depend on W, ¥ at all, therefore

6%Try In Ay

1 _ -1
= Go11 + 9BlA] + RS

(3.17)

Using the expansion formulae (2.43) and (2.44) and the fact that Iy depends on ¥, ¥ only

through Ilg, I obtain
6%TryIn A5y 82Tl
SUow Aasrsy ) (3.18)

I have exploited the fact that this expression is evaluated at ¥ = ¥ = 0, i.e., terms with external
quark legs will eventually vanish. The trace runs only over adjoint colors, Lorentz indices, and
(hard) gluon 4-momenta. Since Agy is a hard gluon propagator, the contribution from Iy to
Ay may be neglected to the order I are computing, and I may set Agy ~ A 2o. Furthermore,
(0°Tg/6WEW) g—g = —g> f‘g0722 T, cf. Fig. 2.9. At U = ¥ =0, A ~ 0 I are left with

=G — 9 Ty (A0,22 I Go 22 f) . (3.19)

As was the case for the tree-level gluon propagator, also the tree-level quark propagator receives
a loop contribution; here it arises from a loop involving an irrelevant quark and a hard gluon line.
The term fgo,mf under the gluon trace remains a matrix in the quark indices, i.e., fundamental
color, flavor, Dirac, and quark 4-momenta.

I now proceed to solve the Dyson-Schwinger equations (3.4) for the soft gluon and relevant
quark propagator. To this end I have to determine I's. Of course it is not feasible to consider all
possible 2PI diagrams. The advantage of the CJT formalism is that any truncation of I's defines
a meaningful, self-consistent many-body approximation for which one can solve the Dyson-
Schwinger equations (3.4). In the truncation of I's I only take into account 2-loop diagrams
which are 2PI with respect to the soft gluon and relevant quark propagators A, G,

Iy = —‘Z—Q Trg.q (g rgr A) — g; Try g (g r Go,22 r A) - % Trqq (g rgr AO?Q) : (3.20)

The traces now run over quark as well as over gluon indices. Consider, for instance, the term
GTGT. It is a matrix in the space of fundamental color, flavor, Dirac and quark 4-momenta, of
which the trace is taken through Tr,. In addition, due to the two factors [ it carries two Lorentz-
vector, adjoint-color, and gluon-4-momenta indices. The trace Tr, contracts these indices with
the corresponding ones from the gluon propagator A.

s 2 O

Figure 3.1: Diagrammatic representation of I's, Eq. (3.20).
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The diagrams corresponding to Eq. (3.20) are shown in Fig. 3.1. The first two terms are
constructed from the quark-gluon coupling ~ ¥ gB¥. Using Eq. (2.26), one may either obtain
an ordinary quark-gluon vertex ~ g U A ¥, involving one soft gluon and two relevant quark legs,
or a vertex ~ g% ¥ A Gay AW, with (at least) two soft gluon legs and two relevant quark legs. To
lowest order, I approximate Goo =~ Gp 22, which neglects vertices with more than two soft gluon
legs. Taking two ordinary quark-gluon vertices and tying them together to obtain a 2PI 2-loop
diagram, I arrive at the first term in Eq. (3.20), or the first diagram in Fig. 3.1. Taking one
of the two-gluon-two-quark vertices and tying the legs together, one obtains the second term
in Eq. (3.20), or the second diagram in Fig. 3.1, respectively. Finally, the third term/diagram
arises from the last term in Eq. (2.46). To lowest order, this corresponds to a four-quark vertex
~@2UTU A0722\I/f U. Tying the quark legs together to form a 2PI diagram, one obtains the
corresponding term/diagram in Eq. (3.20)/Fig. 3.1.

The combinatorial factors in front of the various terms in Eq. (3.20) are explained as follows.
In the first diagram, there are two ordinary quark-gluon vertices. According to Eq. (2.46), each
diagram comes with a factor 1/2. Moreover, since there are two vertices, the diagram is, in
the perturbative sense, a diagram of second order, which causes an additional factor 1/2 [15].
Finally, there are two possibilities to connect the quark lines between the two vertices. In total,
I then have a prefactor —(1/2)? x 1/2 x 2 = —1/4, where the minus sign arises from the fermion
loop. The second diagram arises from the two-quark-two-gluon vertex, which already comes
with a prefactor —1/2 in Eq. (2.46). It is perturbatively of first order, and there is only one
possibility to tie the quark and gluon lines together, so there is no additional combinatorial
factor (and no additional minus sign) for this diagram. Finally, the third diagram arises from
the four-quark vertex, (1/2)J8002275, in Eq. (2.46). This vertex comes with a factor 1/2 and
is perturbatively of first order. However, there are two additional factors 1/2 residing in 7z,
since Jg ~ (1/2)¥ T W, cf. Eq. (2.38). Again, there are two possibilities to tie the quark lines
together, so that, in total, I have a prefactor —1/2 x (1/2)? x 2 = —1/4, where the minus sign
again stands for the quark loop.

I“ZQCD:@ +2@+ +2+'+

Figure 3.2: Diagrammatic representation of F(QQCD, after decomposing quark lines into relevant and
irrelevant, as well as gluon propagators into soft and hard contributions.

At this point, it is instructive to compare I'y, Eq. (3.20), in the effective theory with F;‘QCD
which one would have written down in QCD at the same loop level. FQQCD would be equivalent to
the first diagram of Fig. 3.1, but now the quark and gluon lines represent the full propagators for
all momentum modes, relevant and irrelevant as well as soft and hard. In order to compare with
I's of the effective theory, I decompose the quark propagators into relevant and irrelevant modes,
and the gluon propagator into soft and hard modes. One obtains the six diagrams shown in
Fig. 3.2. The first three are precisely the same that occur in I'y of the effective theory, including
the combinatorial prefactors. The last three diagrams do not occur in I's of the effective theory,
because they are not 2PI with respect to the relevant quark propagator G and the soft gluon
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propagator A. Nevertheless, they are still included in the CJT effective action of the effective
theory, Eq. (3.2): opening the relevant quark line of the fourth diagram, I recognize the loop
contribution to the tree-level quark propagator G, cf. Eq. (3.19). Now consider the fifth term
in Eq. (3.2): here, this loop contribution to G~! is multiplied by G and traced over, which
yields the fourth diagram in FQQCD. Similarly, opening the soft gluon line of the fifth diagram, I
identify this diagram as the irrelevant quark-loop contribution to the tree-level gluon propagator
D!, cf. Eq. (3.15). The third term in Eq. (3.2%, where this contribution is multiplied by A and
traced over, then yields the fifth diagram of F2Q b, Finally, the sixth diagram resides in the term
~ TryIn A2_21 of the tree-level effective action Seg, cf. Fig. 2.15. Therefore, in principle, the CJT
effective action (3.2) for the effective theory contains the same information as the corresponding
one for QCD. However, while in QCD self-consistency is maintained for all momentum modes
via the solution of the stationarity condition (3.3), in the effective theory self-consistency is only
required for the relevant quark and soft gluon modes. These are the only dynamical degrees
of freedom in the CJT effective action; the irrelevant fermion and hard gluon modes, which
were integrated out, only appear in the vertices of the tree-level action (2.46). In this sense the
effective theory provides a simplification of the full problem.

3.1.2 Dyson-Schwinger equations for relevant quarks and soft gluons

After having specified T's in Eq. (3.20) I am now in the position to write down the Dyson-
Schwinger equations (3.4) explicitly. For the full inverse propagator of soft gluons I obtain with
Egs. (3.4a), (3.5a), (3.15), and (3.20)

Al = A(ﬁl + % [TYq (g0,22 1290,22 f) +2Tx, (Qfgo,m f) + Tr, (gfgf)} . (3.21)

The first term in square brackets takes into account the effect of quark-antiquark excitations
as well as quark-hole excitations far from the Fermi surface. The second term is the contri-
bution from excitations where one quark is close to the Fermi surface (a relevant quark) while
the second is far from the Fermi surface or an antiquark (an irrelevant quark). The relevant
quark propagator G can have diagonal elements in Nambu-Gor’kov space, corresponding to nor-
mal propagation of quasiparticles, as well as off-diagonal elements, corresponding to anomalous
propagation of quasiparticles, cf. Eq. (3.7). However, in the second term in square brackets the
latter contribution is absent, because Gg 22 is purely diagonal in Nambu-Gor’kov space, cf. Eq.
(2.12). This is different for the last term in square brackets, which corresponds to quark-hole
excitations close to the Fermi surface. Both quark propagators have to be determined self-
consistently and may have off-diagonal elements in Nambu-Gor’kov space. Consequently, the
trace over Nambu-Gor’kov space gives two contributions, a loop where both quarks propagate
normally, and another one where they propagate anomalously. Diagrams of this type have been
evaluated in Ref. [124] and lead to the Meissner effect for gluons in a color superconductor.

For the full inverse propagator of relevant quarks I obtain with Egs. (3.4b), (3.5b), (3.19),
and (3.20)

G =
g(;,lll — 92 [Tl‘g (AO’QQ f g0722 f) + TI‘g (A f go,gg f) + TI‘g (Aogg f g f) + TI‘g (A f g f)] .
(3.22)
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The first two terms in square brackets do not have off-diagonal components in Nambu-Gor’kov
space. They contribute only to the regular quark self-energy. The other two terms in square
brackets have both diagonal and off-diagonal components in Nambu-Gor’kov space. The diagonal
components contribute to the regular quark self-energy, in particular, the fourth term leads to
the quark wave-function renormalization factor computed first in Ref. [125]. It gives rise to
non-Fermi liquid behavior [97]. The off-diagonal components enter the gap equation for the
color-superconducting gap parameter.

The system of Egs. (3.21) and (3.22) has to be solved self-consistently for the full prop-
agators of quarks and gluons. However, as was shown in Ref. [126], in order to extract the
color-superconducting gap parameter to subleading order it is sufficient to consider the gluon
propagator in HDL approximation; corrections arising from the color-superconducting gap in
the quasiparticle spectrum are of sub-subleading order in the gap equation. For the present
purpose this means that it is not necessary to self-consistently solve Eq. (3.21) together with
Eq. (3.22); one may approximate G on the right-hand side of Eq. (3.21) by Go 11. In essence, this
is equivalent to considering only the first term on the right-hand side of Eq. (3.22) when solving
Eq. (3.21). Of course, under this approximation the effect of the regular quark self-energy (lead-
ing to wave-function renormalization) and of the anomalous quark self-energy (which accounts
for the gap in the quasiparticle excitation spectrum) are neglected.

With this approximation, and using Go = Go,11 © Go,22, one may combine the terms in Eq.
(3.21) to give

Aleat 4 Coy (g I'g f) (3.23)
- 0,11 2 q 0 0 . .

Taking the gluon cut-off scale Ay to fulfill g < Ag1 S 1, soft gluons are defined to have momenta
of order gu. I compute the fermion loop in Eq. (3.23) under this assumption (taking the soft gluon
energy to be of the same order of magnitude as the gluon momentum). I then realize that the soft
gluon propagator determined by Eq. (3.23) is just the gluon propagator in HDL approximation.
I indicate this fact in the following by a subscript, A = Appr,. Armed with this (approximate)
solution of the Dyson-Schwinger equation (3.21) I now proceed to solve Eq. (3.22). I consider
the two independent components [GF]™! + X and ®* in Nambu-Gor’kov space separately.
Due to translational invariance it is convenient to define [GF]71(K, Q) = (1/T)[GT]~Y(K) 5%,)(9,
YHK,Q)=(1/T)SH(K) 5%7)62 and using Egs. (2.10), (2.12), (2.32), (3.13), I obtain the Dyson-
Schwinger equation for [GT]! 4+ ¥+

(G (K) + SF(K) =

[G(J)r,n]fl(K) —- g % > { [Ao22]ty (K — Q) + [AnpLlh, (K — Q)} YT Go22(Q) 7, T°
Q
—g? % > { [Ao,22)ly (K — Q) + [AupLlyy, (K — Q)} WG (Q) %I . (3.24)
Q

Note that the first sum over @ runs over irrelevant quark momenta, 0 < ¢ < pu — Ay and
1+ Ay < g < oo, while the second sum runs over relevant quark momenta, p1—Aq < ¢ < p+ Aq.
There is no double counting of gluon exchange contributions, since the hard gluon propagator
Ag,22 has support only for gluon momenta |k —q| > Ay, while the HDL propagator is restricted
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to gluon momenta |k — q| < Ag. To subleading order in the gap equation, I do not have to
solve this Dyson-Schwinger equation self-consistently. It is sufficient to use the approximation
Gt ~ GSCH on the right-hand side of Eq. (3.24) and to keep only the last term which, as discussed
above, is responsible for non-Fermi liquid behavior in cold, dense quark matter. The net result
is then simply a wave-function renormalization for the free quark propagator G(J{’ 11 [125],

2

(GHHE) + ZH(K) =[G ] (K) + 87 koo In ]‘lf— = (27 ko) ko + 1] 0 — vk, (3.25)
0

where § = g/(3v/27) and M? = (3m/4)m}, with the gluon mass parameter mg defined in Eq.
(1.39). Neglecting effects from the finite life-time of quasi-particles [123], which are of sub-

subleading order in the gap equation, the wave-function renormalization factor is

-1

M2

Z (ko) = (1 + g ln?> : (3.26)
0

Due to translational invariance, it is convenient to define ®*(K,Q) = (1/T) ™ (K) 5%,)(52 and
EHK,Q)=TE="(K) 5%,)(52, and the Dyson-Schwinger equation for ®(K) becomes

2T

() = g 1 3 { [Boaalty (K - Q)+ [Buwnliy (6 = Q) (1) 2@ (327
Q

Here, the sum runs only over relevant quark momenta, y — Ay < ¢ < p+ Aq. This is the
gap equation for the color-superconducting gap parameter within my effective theory. There is
no contribution from irrelevant fermions, since their propagator is diagonal in Nambu-Gor’kov
space.

While the gluon cut-off was taken to be Ay < g, so that soft gluons have typical momenta
of order gu, so far I have not specified the magnitude of Aq. In weak coupling, the color-
superconducting gap function is strongly peaked around the Fermi surface [53, 55, 54]. For a
subleading-order calculation of the gap parameter, it is therefore sufficient to consider as relevant
quark modes those within a thin layer of width 2A, around the Fermi surface. For the following,
my principal assumption is Ay S gu < Agi S p. As I shall see below, this assumption is crucial
to identify sub-subleading corrections to the gap equation (3.27), which arise, for instance, from
the pole of the gluon propagator. Note that this assumption is different from that of Refs.
[101, 103], where it is assumed that Aq ~ Ag.

For a two-flavor color superconductor, the color-flavor-spin structure of the gap matrix is
[13]

OH(K) = J3mays AL O(Ag — [k — p]) 9(K) (3.28)

where (J3);; = —ie;3 and (12) 5y = —i€s, represent the fact that quark pairs condense in the
color-antitriplet, flavor-singlet channel. The Dirac matrix -5 restricts quark pairing to the
even-parity channel (which is the preferred one due to the U(1)4 anomaly of QCD). In the
effective action (2.46), antiquark and irrelevant quark degrees of freedom are integrated out.
The condensation of antiquark or irrelevant quark pairs, while in principle possible, is thus not
taken into account; the bilocal source terms in Eq. (3.1) only allow for the condensation of
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relevant quark degrees of freedom. The condensation of antiquarks or irrelevant quarks could
also be accounted for, if one introduces bilocal source terms already in Eq. (2.6), i.e., prior to
integrating out any of the quark degrees of freedom. While there is in principle no obstacle
in following this course of action, it is, however, not really necessary if one is interested in a
calculation of the color-superconducting gap parameter to subleading order in weak coupling:
antiquarks contribute to the gap equation beyond subleading order [127], and the gap function for
quarks falls off rapidly away from the Fermi surface, i.e., in the region of irrelevant quark modes,
and thus also contributes at most to sub-subleading order to the gap equation. Consequently,
the Dirac structure of the gap matrix (3.27) contains only the projector AI onto positive energy
states. The theta function accounts for the fact that the gap function ¢(K) pertains only to
relevant quark modes.

Inserting Eq. (3.25) and the corresponding one for [G™]~! + X7, as well as Eq. (3.28), into
the definition (3.9) for the anomalous quark propagator, one obtains

?(Q)
) [90/Z(q0)]2 — 2

One now plugs this expression into the gap equation (3.27), multiplies both sides with J3m2y5A;,
and traces over color, flavor, and Dirac degrees of freedom. These traces simplify considerably
since both hard and HDL gluon propagators are diagonal in adjoint color space, [Ag 2]y =
Sab A&VQQ, [AnpLlly = dap Aljpy- The result is an integral equation for the gap function ¢(K),

$(Q)
[90/Z(q0)]* — €5
(3.30)
The sum over () runs only over relevant quark momenta, |¢ — | < Aq. Also, the 3-momentum
k is relevant, |k — p| < Aq.

[1]

T(Q) = Jamays Ag O(Aq — Ig (3.29)

P(K) = g % %: [ASZQ(K Q) + AHDL( Q)} Trs ( k’YMA;’YV)

3.1.3 Solution of the gap equation to sub-leading order
In pure Coulomb gauge, both the hard gluon and the HDL propagators have the form
AY(P)y=AYP) , AY%P)=0 , AY(P)= (37 -p'p)AY(P), (3.31)

where A®! are the propagators for longitudinal and transverse gluon degrees of freedom. For
hard gluons

Ag,m(P) = T (3.32a)

1
Abge(P) = ~p2o (3.32b)

while for soft, HDL-resummed gluons

1

Afipr,(P) BTSN (3.33a)
p? = Mgy, (P)

1

(3.33b)

Alpr(P) = — sy
ton (7 P? — iy, (P)
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with the HDL self-energies [9]

Po Po+p
fip (po,p) = —3m [1 % In <p0 _pﬂ ) (3.34a)
3 PR i\ po Po + P
ot I L S A (_) 3.34b
upL(Po, P) 5 My P2 + ( 2] 2p n o — P ( )

The HDL propagators (3.33) have quasiparticle poles at py = Fwy(p), and a cut between
po = —p and pg = p [9]. The gluon energy on the quasiparticle mass-shell is always larger than
the gluon mass parameter, wy;(p) > mg, where the equality holds for zero momentum, p = 0.

9, i )T

(@ (b)

Figure 3.3: (a) The contour C in Eq. (3.35) encloses the poles of tanh[gy/(27)] on the imaginary go
axis. (b) Deforming the contour C and adding semicircles at infinity to enclose the poles of the quark
propagator on the real gy axis.

I first perform the Matsubara sum, using the method of contour integration in the complex
qgo plane [9, 15],

T fla) = 5 fdan s tanh (9 Flao) (3:35)

where the contour C consists of circles running around the poles w!, = (2n+1)7T of tanh[qo/((2T)]
on the imaginary qo axis, cf. Fig. 3.3 (a). Inserting the propagators (3.32) and (3.33) into Eq.
(3.30), I have to compute four distinct terms. The first one arises from the exchange of static
electric hard gluons. Since A&QQ(P) does not depend on py = kg — qo, only the quark propagator
gives rise to a pole of f(qo), cf. Fig. 3.3 (b). After deforming the contour and closing it at infinity
as shown in Fig. 3.3 (b), one employs the residue theorem to pick up the poles of the quark
propagator,

€ 2(€
DI /Zf’;g]é — — — tann (52 Z4(gqq) (660 @)+ 6(—E@)] ,  (3.30)



72 Chapter 3. Application to color superconductivity

with €, = ¢, Z(€,). Here, I have used the fact that the quark wave-function renormalization factor
is an even function of its argument, Z(qo) = Z(—qo), cf. Eq. (3.26). An essential assumption
in order to derive Eq. (3.36) is that the gap function ¢(Q) is analytic in the complex gy plane.
This assumption will also be made in all subsequent considerations.

9o of=@n+1) o T
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Figure 3.4: Same as in Fig. 3.3, but for magnetic hard gluon exchange. Now also the gluon propagator
has poles at kg & p in the complex ¢y plane. These are further away from the imaginary axis than the
poles €, of the quark propagator, because for my choice of quark and gluon cut-offs, Ay < Ag, I have
€ SAg <Ay <p.

By the same method one computes the second term in Eq. (3.30), corresponding to magnetic
hard gluon exchange. This is slightly more complicated, since not only the quark propagator
but also A6722(P) has poles in the complex ¢y plane. The latter are located at pg = =£p,
ie., qo = ko £ p , cf. Fig. 3.4. The external quark energy kg is fixed and, prior to analytic
continuation ky — € + in to the quasiparticle mass-shell, is equal to one particular fermionic
Matsubara frequency, cf. Fig. 3.4. The residue theorem now yields four contributions, two
from the quark and two from the gluon poles. Using tanh[(ko £ p)/(2T")] = =+ coth(p/2T") and
analytically continuing kg — € + in I find

T2 Bon(P) [qo/zfq(g]é —a =

tanh <€_q> Z2(&) l $(ég,q) $(—Zq, Q) ]

2T) 4é; |(&—éE+in)?—p* (& + & +in)® — p?
1 Z2(p+¢ ¢ Z2(p — &) o(ér, —
+ coth (ﬁ) L ~(p + €k2) ¢(p2+ 2€k, q) _ + ~(p ‘ekQ) ¢(€]; 2p7 q) _ ) (337)
2T) 4p |(p+é&+in)? —e2Z2(p+ &)  (p—é —in)? — e2Z2%(p — &)

Since the gluon momentum is hard, p > A, and thus much larger than the quasiparticle energies
€y, €, which are at most of the order of the quark cut-off Ay < Ay, to order O(Aq/Ag1) one may
neglect the terms (& & &, + in)? in the energy denominators of the first term. Furthermore, in
the second term one may approximate Z(p £ &) ~ Z(p) = 1+ O(g?) and é(p & &,q) =~ é(p,q).
Note that the gap function is far off-shell for p > Ag > Aq > | —¢|. Then, to order O(Aq/Ag1),
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one may also neglect €, €, in the energy denominators of the second term. I obtain

Tzn:Af),m(P) [qo/Z?q(g])Q —e =
U () 26 : 5
_F tanh (ﬁ) 4€q [¢(€q7q) + ¢(_€qv Q)] 1+0 (A_é>‘|
A2
+ coth <%) ¢(2p1’);1) 1+ 0 (A—glﬂ . (3.38)

As a next step one estimates to which order the two remaining terms contribute to the gap
equation (3.30). At T'= 0, one may set the hyperbolic functions to one. I shall also ignore the
difference between the on-shell and off-shell gap functions, and take ¢(p,q) ~ ¢(£é;,q) = ¢ =
const.. For the purpose of power counting, one may restrict oneself to the leading contribution
of the Dirac traces in Eq. (3.30), which is of order one, cf. Egs. (3.55) below. In order to obtain
the leading contribution of the first term in Eq. (3.38), one may also set Z2(&;) ~ 1. The integral
over the absolute magnitude of the quark momentum is [ dg¢?, while the angular integration is
Jdcos® = [dpp/(kq). Then, the first term in Eq. (3.38) leads to the following contribution in
the gap equation

¢ [Htha q [*Tadp 2A, 2 1
2 gt —:g%ﬂn(—‘*) W) v@ol=gs,  (339)
kJu-ng €qlay D o Agl g

where I approximated k ~ ¢ ~ p and employed the weak-coupling solution (1.36) to estimate
In(2Aq/¢) ~ 1/g. Furthermore, for Ag S g, the angular logarithm is In(2u/Ag) ~ O(1). Ac-
cording to the discussion presented in the introduction, the contribution from hard magnetic
gluon exchange is thus of subleading order in the gap equation. Note that the term arising from
hard electric gluon exchange, Eq. (3.36), is of the same order as the first term in Eq. (3.38), and
thus also contributes to subleading order. The way I estimated the first term on the right-hand
side of Eq. (3.38) is equivalent to just taking the hard magnetic gluon propagator in the static
limit, Af9o(P) = 1/p*, which is correct up to terms of order O(A2/AZ)). To this order, the
propagator for hard magnetic gluons is thus (up to a sign) identical to the one for hard electric
gluons. Since the ratio Ay/Ag ~ gp/p = g, this approximation introduces corrections at order
O(g®) in the gap equation, which is beyond sub-subleading order, O(g%¢).
Similarly, I estimate the contribution of the second term in Eq. (3.38) to the gap equation
(3.30),
+A k+
92% ' qdqq/ Qd—§~92¢%~93¢7 (3.40)
p—Aq g P gl
i.e., for my choice Aq/Ag ~ g, this term contributes beyond sub-subleading order. Note that
this estimate is conservative, as I assumed the off-shell gap function to be of the same order
as the gap at the Fermi surface, ¢(p,q) ~ ¢. However, I know [55] that, for energies far from
the Fermi surface, €, ~ Aq S gu, even the on-shell gap function is suppressed by one power
of g compared to the value of the gap at the Fermi surface, ¢(Aq,q) ~ g¢. The off-shell gap
function at go = p 2 Agl > Aq may be even smaller. In order to decide this issue, one would
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have to perform a computation of the gap function for arbitrary values of the energy ¢g, and
not just on the quasiparticle mass-shell, gy = €,. I note that for the choice Ay ~ Ay for the
cut-offs [101, 103], the ratio Aq/Ag is of order one and cannot be used as a parameter to sort the
various contributions according to their order of magnitude. The expansion of the denominators
in powers of Ay/Ag as seen on the right-hand side of Eq. (3.38) is then inapplicable.
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Figure 3.5: Evaluating the Matsubara sum for HDL-resummed gluon propagators. (a) The original
contour C in Eq. (3.35). There is no circle around the point kg = go, where the corresponding term in
the Matsubara sum has a cut arising from the HDL gluon propagator. (b) Deforming the contour C. (c)
The contour Cey, running around the cut. (d) The contour C; = C 4 Ceyt which is closed at infinity.

The third and fourth terms in the gap equation (3.30) arise from soft, HDL-resummed electric
and magnetic gluon exchange. Evaluating the Matsubara sum via contour integration in the
complex ¢o plane is considerably more difficult than in the previous cases, because the HDL
gluon propagators Afﬁ)L do not only have poles but also cuts. The analytic structure is shown
in Fig. 3.5 (a). Besides the poles of the quark propagator at gy = €, there are also those from
the gluon propagator at o = ko +we+(p). The cut of the gluon propagator between —p < py < p
translates into a cut between kg — p < qo < kg + p. Prior to analytic continuation, the gluon
poles and the cut are shifted away from the real axis and located at the (imaginary) external
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Matsubara frequency k.

The Matsubara sum over ¢q is evaluated in the standard way, cf. Eq. (3.35), with the caveat
that the contribution at gy = kg, where the cut of the gluon propagator is located, has to be
omitted. This is similar to the zero-temperature case where the Matsubara sum becomes a
continuous integral along the imaginary q¢ axis and where one has to avoid integrating over the
cut. Alternatively, the term gy = kg can be included in the Matsubara sum if one shifts the cut
by some small amount +ie along the imaginary ¢y axis. The final result will be the same, as
one still has to circumvent the cut by a proper choice of the integration contour.

I now deform the contour as shown in Fig. 3.5 (b), and add and subtract a contour integral
running around the cut, Fig. 3.5 (c). The integral over the contour C + C.y can be closed at
infinity, yielding the contour C; shown in Fig. 3.5 (d). One obtains

¢ ?(Q)
TZ AiIDL ) [QO/Z(C]())] 2 =
0 ?(Q)

Evaluating the integral over C; is rather similar to the case of hard gluon exchange: one just
picks up the poles of the quark and gluon propagators inside the contour C;. After analytic
continuation ky — € + i1 one obtains

1 ?(Q)

1 0t
— d — tanh A P ~
omi Jo, ‘02 " <2T> HpL( )[qo/Z(qo>]2—e?,

€ Z%(& - _ . .
— tanh <ﬁ> 4(€ Q) [Aiﬁ)L(ek — €q 1, p) ¢(€qu q) + Aiﬁ)L(sz +€q + 11, p) ¢(_€q7 q)}
q

Wy 1 ~ -
— coth ( ’t) 3 [¢(wz,t + €, q) Zf,t(_wf,tap) — (€ — Wets q) Zf,t(wf,tap)]
2T ) 2wy,
2

1+0<6 )] . (3.42)
w“

Here, I approximated the quark wave-function renormalization factor Z(wp;+¢é) ~ 1+0(g?). 1
also expanded the denominators of the quark propagator (€,£wy,+in)*—ez ~ wit [14+0(e2/ wit)].

For my choice of the cut-off Ay S gu ~ mg, I may estimate wpy > my 2 Aq > €, ie., the
corrections of order O(eg /Wzg,t) are small everywhere except for a small region of phase space
where p ~ 0 and €; ~ Aq. (In principle, in the expansion of the denominators there are also
linear terms, ~ £€/wy+, but these are very small everywhere for external momenta close to the
Fermi surface, k ~ p.) Note that the gap function is again off-shell at the gluon pole, although
not as far as in the case of hard gluon exchange, cf. Eq. (3.38). The residues of the HDL gluon
propagators at the respective poles are [9]

B we(wp — p?)

ZZ(Wbp) — pQ(p2+3m3_W%) ’ (343&)
wr(w? — 2

Zy(wr,p) = ;“ 2 ) . (3.43b)

3mgwi — (wif —p?)?
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To very good approximation, one finds that Z;(w,p) ~ 1/(2w;) for all momenta p. In the
longitudinal case, the residue is very well approximated by Z;(w;,p) ~ w;/(2p?) for small mo-
menta p S my, while for large momenta, my < p, Zj(wi,p) ~ exp[—2p2/(3m§)]/p, ie., it is
exponentially suppressed [128].

These approximate forms allow for a simple power counting of the gluon-pole contribution
in Eq. (3.42) to the gap equation (3.30). To this end, I approximate the gap function by its
value at the Fermi surface, ¢(fwps + €;,q) ~ ¢, and consider the limiting case 7" = 0 where
cothlwe/(2T)] = 1. Then, the contribution from the longitudinal gluon pole is

50 / KA J /mg dp /Agl dp 2p? 9 Aq 9
T % “Aq 14 k—q| 2DwWe  Jm, WP P75z g ¢mg 99 (344)

g

In the first p integral, which only runs up to the scale mg,, one may approximate w, ~ mg, while
in the second p integral, which runs from my to Ay < p1, one may take w, ~ p. To obtain the
right-hand side of Eq. (3.44) I have set k ~ ¢ ~ p, and I have employed my choice Aq S gu
for the quark cut-off. This also allowed me to approximate logarithms of Aq/my by numbers of
order O(1). With this choice for the quark cut-off, the contribution (3.44) is of sub-subleading
order, ~ O(g%¢), to the gap equation.

With a more careful evaluation of the integrals, one could extract the precise numerical
prefactor of the sub-subleading contribution (3.44). Note, however, that further suppression
factors may arise from the off-shellness of the gap function at ¢(£wy ¢+€g, q), which consequently
would render this contribution beyond sub-subleading order. As noted previously, this issue can
only be decided if ¢(qg,q) is known also off the quasiparticle mass-shell, and not only on-shell.
I also note that the 1/p? factor in the residue Z; is an artifact of the Coulomb gauge [128],
and does not appear in e.g. covariant gauge. One would have to collect all other terms of sub-
subleading order to make sure that the complete sub-subleading contribution is gauge invariant
and the term (3.44) is not cancelled by some other terms.

Similarly, I estimate the contribution from the transverse gluon pole

¢ N“I‘Aq Agl dpp Aq gl dw
92—/ dqq/ 2¢/ df/ e 2¢ Lo, (349)
kJu | wf

—Aq k—q| 2wt
where I defined £ = ¢— p. I approximated dp p ~ dw; w; since, for the purpose of power counting,
to very good approximation one may take the dispersion relation of the transverse gluon equal to
that of a relativistic particle with mass mg, w(p) ~ (p2+m3)1/2. I also used Aq S my < Agl and
k ~ q ~ p. In conclusion, also the transverse gluon pole possibly contributes to sub-subleading
order in the gap equation, with the same caveats concerning the off-shellness of the gap function
as mentioned previously.

Let us now focus on the integral around the cut of the gluon propagator in Eq. (3.41). I
substitute gg by po = ko — g0 = w and use the fact that tanh[gg/(27)] = — coth|w/(2T")]. Since
the gluon propagator is the only part of the integrand which is discontinuous across the cut, 1
obtain after analytic continuation kg — € + in

RS 1 - 04 »(Q)
27 Jeu, 109 0 (57) ibP [0/ Z(q0) — &2
P lco w ZQ(k—UJW(k—W,Q) o
/p o (57 G ot )P~ (26— w) et PP (340)
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where pﬁ;ft (w,p) = ImAﬁﬁ)L(w +in,p)/m is the spectral density of the HDL propagator arising
from the cut. Explicitly,

-1
2M? w w p+w\1? w2
‘ 2 2 2
Pent (W, P) = p— {[p + 3my (1_2p ln‘p—w)} —|—(2M p) , (3.47a)

-1
M2 P2 3 p—l—w w2
t _ 2 2 V2

T p p?—w?
(3.47b)
In order to power count the contribution from the cut of A%DL to the gap equation, it is sufficient
to approximate the spectral density by [55]

2M? w 1
m p (p?+3m2)?

pgut(wv p) = (348)

This form reproduces the correct behavior for w < p. For w < p, it overestimates the spectral
density when p < my, while it slightly underestimates it for p 2 my. For the gap equation,
however, this region is unimportant, since the respective contribution is suppressed by the large
energy denominator (& — w + in)% — [Z(& — w) €,]® ~ p* in Eq. (3.46). To leading order, one
may set Z(€ —w) ~ 1. I also approximate ¢(€x — w,q) ~ ¢. Then, the w integral can be
performed analytically. (One may compute this integral with the principal value prescription;
the contribution from the complex pole contributes to the imaginary part of the gap function,
which I neglect throughout this computation to subleading order, cf. Sec. 3.2.) This produces
at most logarithmic singularities, which are integrable. I therefore simply approximate the w
integral by a number of order O(1). Consequently, the contribution from Eq. (3.46) to the gap
equation is of order

2

2O [ /Agl Mg 2 /Aq /m dp /Agl dp
d dp ——2—— ~ d — +m —
k T p(p2+3m§)2 g0 0 ¢ e mZ Um, pt

g

A
~ 9o ~g0, (3.49)
Mg
where I approximated the p integral by a method similar to the one employed in Eq. (3.44). For
my choice Aq S g, Eq. (3.49) constitutes another (potential) contribution of sub-subleading
order to the gap equation.

Finally, I estimate the contribution from the cut of the transverse gluon propagator. For
all momenta p and energies —p < w < p, a very good approximation for the spectral density
(3.47b) is given by the formula

M? wp

t
~— 3.50
pcut(wap) T p@ + (M2 w)g ( )

This approximate result constitutes an upper bound for the full result (3.47b). The advantage of
using this approximate form is that, interchanging the order of the p and w integration in the gap
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equation, the former may immediately be performed. Approximating Z (€ —w) ~ 1, neglecting
the dependence of the gap function on the direction of q, and defining A = max(|k — ¢|,w), at
T = 0 the contribution to the gap equation is

. 3 ,
o [Htha g [Aa d(€x — ow, q) Agl i\
g A dgq E/ dw Z G — o) - & arctan el e arctan e

o=%

/Aq d¢ / o 01 ¢(€ — 02w, q) (3.51)

Ek — 02w — O01€¢

01(72 +

Here, I have used the fact that the particular combination of arctan’s in the first line effectively
cuts off the w integral at the scale w ~ M. As usual, I have set k >~ q¢ >~ u. After estimating
(€ £ w, q) ~ ¢ one first performs the integral over w

9 Aq% M o1
g¢/0 dw Y <

€q JO oLoa=+ €k—02w—016q
q df — 0165 — o9 M
= —92¢/ > o109 1H d (3.52)
€ € — O1€
4 g1,00=% q

The denominator under the logarithm in Eq. (3.52) does not contribute because of the sum over
o2. In the region & > ¢ one may neglect é; in the numerator under the logarithm and obtains

€q+ M 9
M g

A
2g2q§/q%ln
¢ € |€q—

where the estimate on the r.h.s results after expanding the logarithm in powers of ¢;,/M. In the
region £ < ¢ one has

(3.53)
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1—oy ~ ¢ % . (3.54)
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Consequently, the contribution (3.51) is at most of sub-subleading order.

The remaining term from the evaluation of the Matsubara sum in Eq. (3.41) is the contri-
bution from the quark pole, i.e., the first line of Eq. (3.42). This has to be combined with the
subleading-order terms from hard-gluon exchange, i.e., from Eq. (3.36) and from the first line of
Eq. (3.38), in order to obtain the gap equation which contains all contributions of leading and
subleading order. Before doing so, however, I also evaluate the Dirac traces in Eq. (3.30). In
pure Coulomb gauge, I only require

(k+q)? —p?

Jr —
Tr, (A 70Aq70) TR (3.55a)
2 2 2\2
g > (K —q)
59— iA = —2- , 3.55b
(67 = ) Trs (Afitg ;) 5k 2kap? (3.55b)

where T used p? = (k—q)? = k*+¢*—2kgq k- q to eliminate k- q in favor of p?. Let us estimate
the order of magnitude of the terms arising from the traces at the Fermi surface, k = p. Setting
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q=p+E, where —Ay <& < Ay, one obtains

2 2
£oAn) = 2o P &
Tr, (Afr0Aq0) = 2 2kq+0<u2>, (3.562)
iy P> £2
1] i = 92 -
(09 = pp7) Try (Afvihgy) = —2 qu+0<ﬂ2> (3.56b)

As shown above, the contribution from hard-gluon exchange is at most of subleading order.
Thus, for this contribution it is sufficient to keep only the leading terms in Eq. (3.56), i.e
one may safely neglect terms of order O(£2/u?) < O(A(QJl /Agl) ~ O(g?) or higher. Note that,
since for hard gluon exchange p ~ p 2 Ay, the terms p?/(2kq) cannot be omitted. However,
since the magnetic gluon propagator is effectively ~ 1/p?, cf. Eq. (3.38), i.e., (up to a sign)
identical to the electric propagator, these terms will ultimately cancel between the electric and
the magnetic contribution. This cancellation is well known, see for instance Ref. [76], and is
special to the spin-zero case. It does not occur in spin-one color superconductors where there is
an additional exponential prefactor which suppresses the magnitude of the spin-one gap relative
to the spin-zero case [76].

As is well known, electric soft-gluon exchange also contributes to subleading order in the
gap equation. Thus, as in the case of hard-gluon exchange, one may drop the terms of order
O(€2/u?) in Eq. (3.56a). On the other hand, magnetic soft-gluon exchange constitutes the
leading order contribution to the gap equation. I therefore would have to keep all terms up to
subleading order, i.e., ~ O(&/u). Fortunately, the corrections to the result (3.56b) are of order
O(&2/u?) ~ O(g?), i.e., they are of sub-subleading order and thus can also be omitted.

I combine Egs. (3.36), (3.38), and the first line of Eq. (3.42), and assume that the gap function
is even in its energy argument, ¢(—€;,q) = ¢(é;,q), and isotropic, ¢(€;,q) = ¢(&;,q9) = ¢4
Then, on the quasiparticle mass-shell ko = €, the gap equation (3.30) becomes

2 nt+Aq Z2 e € k+q 4
b = 9 / dq g M tanh (ﬁ) ¢q/ dpp {@(P —Ag) F + O(Ag — p)

2472 Ju-nq €q k—q|
V4 p2 t p2
Xz; [AHDL(gk — 8€q + i1, p) ( 1+ 4—]“]) + Aypr(€x — ség + i, p) <1 + 4—]“])] }
(3.57)

The next step is to divide the integration region in the p — g plane into two parts, separated by
the gluon “light cone” |€; — sé,| = p. For my choice Ay < Ag the region, where |€, — sé,| < p, is
very large, while its complement is rather small. In order to estimate the contribution from the
latter to the gap equation, one may approximate the HDL gluon propagators by their limiting
forms for large gluon energies, cf. Egs. (3.33), (3.34),
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Following the power-counting scheme employed previously, the contribution from the electric
sector is of order
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This is a contribution of sub-subleading order, as long as one adheres to the choice Ay S gp.
Analogously, I estimate the contribution from the magnetic sector to be

pt+Aq |€x—séq| Aq A2
P gL e Y i = ENV.T SR
p=Aq  €q Jlk—q| my mg Jo € Mg
Consequently, all contributions from the region |€; — sé;| > p are of sub-subleading order, and
the further analysis can be restricted to the region |, — sé;| < p. In this region, it is permissible
to use the low-energy limit of the HDL gluon propagator, which follows from Egs. (3.33), (3.34)
keeping only the leading terms in the gluon energy,

1 p4

- A ~— 3.61
p2+3m3 HDL( ) p6+M4p(2) ( )

Here, I only retained the real part of the transverse gluon propagator, since the imaginary part
contributes to the imaginary part of the gap function, which is usually ignored. (In Ref. [55] it
was argued that, at least close to the Fermi surface, the contribution of the imaginary part is
of sub-subleading order in the gap equation.) With the approximation (3.61), the gap equation
(3.57) becomes
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(3.62)

where I already performed the integration over hard gluon momenta p > Ag4. The integration
over soft gluon momenta can also be performed analytically. Formally, the terms ~ p?/(4kq)
give rise to subleading-order contributions, ~ Aé /(8kq), but they ultimately cancel, since they
come with different signs in the electric and the magnetic part. Other contributions from these
terms are at most of sub-subleading order. Exploiting the symmetry of the integrand around
the Fermi surface and setting k ~ u, I arrive at

oL =

2 A 2(z 2 A2 A6
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gl
(3.63)

Here, I have neglected terms ~ €, — s€, against Smf7 under the logarithm arising from soft
electric gluons, and terms ~ (&, — s¢,)% against M*(¢, — sé,)? under the logarithm from soft
magnetic gluons.

Now observe that the gluon cut-off Ay cancels in the final result,

P M 72(2,) b2 2
b = @/0 d(qg — ) T tanh( ) g = 5 (W) ) (3.64)
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where b = 2567%[2/(N;¢%)]%/?. This is Eq. (19) of Ref. [98], since §*> = ¢?/(187?), with the
upper limit of the (¢ — p1) integration, ¢, replaced by the quark cut-off Aq.

The solution of the gap equation (3.64) is well known, and given by Eq. (1.36). As was
shown in Ref. [55], the dependence on the cut-off A, enters only at sub-subleading order, i.e., it
constitutes an O(g) correction to the prefactor in Eq. (1.36). Therefore, to subleading order I
do not need a matching calculation to eliminate A.

The result (3.64) shows that the standard gap equation of QCD can be obtained from the
effective action (2.46). The above, rather elaborate derivation of Eq. (3.64) demonstrates that,
in order to obtain this result, it is mandatory to choose Aq < Ag. This also enabled me to
identify potential sub-subleading order contributions. However, I argued that, at this order, the
off-shell behavior of the gap function has to be taken into account. This requires a complex
ansatz for the gap function, which will be considered in the following Sec. 3.2.
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3.2 The imaginary part of the gap function

The scalar gap function ¢(K) contains the energy and momentum dependence of the (25SC) gap
matrix ®T(K) = J3my5 AL O(Aq — |k — p]) ¢(K), which solves the gap equation Eq. (3.30)

oK ZA (K = Q) (T 2N Q)T . (3.65)

Due to the dependence of the gluon propagator A(K — @) on the external energy kg = —w,, =
—i(2n+1)7T the solution ¢(K') must be energy-dependent itself. Hence, solving the gap equation
self-consistently requires an energy dependent ansatz for the gap function.

The function ¢(K) solving Eq. (3.65) for some Matsubara frequency kg can be considered as
the analytic continuation of the gap function ¢(w,k) of physical and therefore real frequencies
w. Then the physical gap function ¢(w, k) has to have singularities along the real w-axis so that
the analytic continuation ¢(K) is, as required, not a constant in complex energy ko. To see this
write without loss of generality

O(K) = ¢(K) + do(k) , (3.66)

where the energy dependence of ¢(K) is contained in gZ;(K ). It is physical to assume, and it
will be confirmed when solving the gap equation, that ¢(K) becomes local, i.e. independent of
energy, for asymptotically large energies, i.e. that ¢(K) — 0 and ¢(K) — ¢o(k) for kg — oo.
Cauchy’s theorem gives for any kg off the real axis

dz ¢(z.k)
ko k) = ¢ — 2
¢ (ko, k) ]{2m‘z—k0
[ ¢ +ink) — o —ink) | [ dz é(z,k)
= J i oo om0 B

where the contour C circumvents all non-analyticities of ¢(K) on the real ky—axis as depicted
in Fig. 3.6 and C’ is a circle whose radius tends to infinity. I define the spectral density of ¢(K)
by

polwK) = 5 0w +ink) — oo —in k] (3:68)

which contains all non-analyticities of ¢(w,k). Using ¢(z,k)|.ec = ¢o(k) one obtains
P¢
Olko. k / o + (k) (3.69)

where the first term is identified as ¢(K). Eq. (3.69) holds for all ky surrounded by contour C,
in particular for frequencies infinitesimally close to the real axis, kg = w + ie with € > n > 0.
For such frequencies one can employ the Dirac identity 1/(z — i€) = P(1/z) + imd(x) to obtain

d(w +ie, k) =

w —w — 1€

_ /d Lo K) Ly p / du 'W’ +¢o( )+ impp(w k) . (3.70)

—0o0
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ko

Figure 3.6: The contour C circumvents all non-analyticities of ¢(K) on the real ky—axis in the shaded
area. The dots indicate the fermionic Matsubara frequencies, kg = —i(2n + 1)7T.

Hence, for real ¢o(k) and pg(w, k)

Reg(w +ie, k) = P/dw’%/’;uqﬁo(k), (3.71)

Imop(w+ie, k) = 7pg(w, k). (3.72)

Combining Eq. (3.68) with Eq. (3.72) yields the identity
1
Im¢(w + ie, k) = % [p(w + i€, k) — p(w — i€, k)] , (3.73)
i

l.e. non-analyticitis along the real ko-axis are equivalent to a nonzero imaginary part of the gap
function. Furthermore, one finds the dispersion relations for ¢(w + in, k)

- 1T, Im(w +iek
Red(w +iek) = =P / d’ m¢(°‘,’ tiek) (3.74a)
T w —w
. 1.7 b(w' +ie k
Im (w + ie, k) = ——P/dw’ Rw(“f Fiek) (3.74b)
Y w —w

ie. Tm d(w + ie, k) and Re d(w + i, k) are Hilbert transforms of each other, Re ¢ = H[Im qg] It
follows that g?) # 0 only if both Rqu and Imqg are nonzero. Consequently, the gap function ¢
is energy-dependent only if it has a nonzero imaginary part, Im ¢ = Im ¢ # 0, which in turn is
generated by its non-analyticities along the real kg axis, cf. Eq. (3.73).
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This investigation accounts for the energy dependence of the gap function by including the
non-analyticities of ¢ in the solution of the gap equation. This finally leads to a complex gap
equation, whose real and imaginary parts are coupled integral equations

Re¢p =Red[p, A, Y], (3.75a)
Imé = Imo[p,A,Y], (3.75b)

which have to be solved self-consistently. Of course, there are analogous DSEs for A and X, which
in principle would have to be solved self-consistently simultaneously with Eqgs. (3.75). However,
it has been shown [126] that to subleading order one may replace A = Appy, in Eq. (3.75a). (This
can be refined by taking A = Apypy, for soft gluon momenta and the free propagator A = Ag 2o
for hard momenta [26].) Also ¥ may be replaced by its one-loop approximation in Eq. (3.75a)
to subleading order [125, 98]. Furthermore, the contribution of Im ¥ to Re ¢ in Eq. (3.75a) has
been shown to be of sub-subleading order [125] and therefore will be neglected in the following.
However, the contribution of Im ¢ to Re ¢ in Eq. (3.75a) has not been systematically accounted
for, yet. In the following it will be checked if Im ¢ contributes leading or subleading order
corrections to the real part of the gap function or not, i.e. whether the common simplification
of Eq. (3.75a)

Re¢p =Re¢ [Re g, A, X] (3.76)

is justified to subleading order or not. To this end it is admissible to make the same approxi-
mations in Eq. (3.75b) as in Eq. (3.75a) yielding

Re ¢ = Re ¢ [¢, AnupL, No22, Re Ei100p] (3.77a)
Im ¢ = Im ¢ [p, AupL, Ao,22, Re X1 100p) - (3.77b)

This can be justified when considering Im ¢ = Img?) as the Hilbert transform of Reg?) in its
subleading order approximation. As such it must be insensitive to any sub-subleading order
corrections to Re qB In other words, one assumes that contributions, which do not enter Re ¢
directly via Eq. (3.75a) do not enter Re ¢ indirectly via Eq. (3.75b). As stated in the beginning
the main contributions to Im ¢ are expected to arise from the energy dependence of the gluon
propagator A(K — Q).

The gap in the quasiparticle excitation spectrum is given by the modulus of the complex gap
function

6] = /(Re §)2 + (Im )2 . (3.78)

Hence, there are two possibilities how the physical quantity || is affected by Im ¢ to subleading
order. The first is that Im ¢ enters Re¢ to subleading order through Eq. (3.77a) as already
discussed. The second is that Im ¢ appearing on the r.h.s. of Eq. (3.78) is of order Re¢. In
[55] it is estimated that Im ¢ = 0 on the Fermi surface and Im ¢ ~ g Re ¢ exponentially close to
the Fermi surface. This will be confirmed in the following. It follows that in these momentum
regimes Im ¢ contributes at most at order g?Re ¢ to |¢|, i.e. at sub-subleading order. Hence,
the second of the two possibilities mentioned above can be discarded in this momentum regime.
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However, at momenta |k — pu| ~ g u it is Im ¢ ~ Re ¢ and both the real and the imaginary part
contribute at the same order of magnitude to |¢|. Also this will be confirmed in the following.
The modulus appears in the complex gap equation only in the on-shell energy dispersion relation

g =/ (k—p)*+ 1. (3.79)

In the region ¢ = |k — p| ~ g p1, where Im¢ ~ Reg, it is ( > ¢ and therefore ¢, ~ (. Hence, in
the gap equation it is self-consistent to subleading-order to approximate |¢| ~ Re ¢ and write

¢g = \/(k = 11)? + (Re )2 | (3.80)

Consequently, in contrast to |¢| the on-shell energy ¢, can be affected by Im ¢, only through
Re ¢, for all ¢.

Before actually solving the complex gap equation it is worthwhile investigate how the sym-
metry properties of the gap matrix ®*(K) affect the gap function ¢(K). Remembering ¢c(K) =
CYT(—K), ¥c(K) = T (~K)C, and C = —C~' = —C7 it follows from the antisymmetry of
the quark fields that

;%(K)W(KW(K) = —<ch(K)<I>+(K)¢(K)>T
= —Zw ()] G4 (K)
= ;% et (-K)] Cu(K) . (3.81)
Hence, the gap matrix must fulfill
CoH(K)C! = [ot(—K)]" . (3.82)

Since C’W5A+C’ 1 ['yg)AJr ]7 and in the 2SC case [J372]T = J37o it follows for the gap function

p(K) = o(-K). (3.83)

Assuming that the gap function is symmetric under reflection of 3-momentum k, ¢(ko,k) =
¢(ko, —k) one obtains with Eqs. (3.71,3.72)

Red(w +in, k) = Reop(—w +in k), (3.84a)
Imo(w+in, k) = —Ime(—w+in k), (3.84b)
po(w, k) = —ps(—w,k) . (3.84c)

Hence, one found that Re ¢ is an even function in w while Im ¢ and py4 are odd.

Furthermore, one introduces the spectral representations for the gluon propagators. In the
case of soft, HDL-resummed electric and magnetic gluon propagators, cf. Egs. (3.33), one has
[9, 128]

pee(w,p) = Ppe(w,p) {0[w—wie(p)] — 8 [w — wee(P)]} + pf¥ (w, P)O(p — [w]) . (3.85)
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where p§i* are the contributions from the cut of the logarithm in the HDL self-energies Hﬁﬁ)L,
cf. (3.34), and already given in Eqgs. (3.47). The contributions from the gluon poles at w = *wy,
are given by the respective residues of the propagator, pgile(w,p) = Zypi(w,p), cf. Egs. (3.43).
For the respective hard gluon propagators, cf. Egs. (3.32), one has Aéﬂ(w + in,p) = —1/p?
and A y(w % in, p) = —1/[(w £ in)? — p?| and therefore with pyhy(w, ) = [Aghy(w + in, p) —

Ah(w —in, p)]/(2mi)

o2, p) = 0, (3.86a)
Po22(w,p) = sign(w)d(w? —p?). (3.86b)

With these spectral densitis, pﬁ%L and pg’tm, one may express the respective gluon propagators
in their spectral representations

1 o0 V4 o0 t
N(P)_——2+/Ci<JJM AP = [ awleP) (3.87)
P’ w—po w = o

—0o0

3.2.1 Solving the complex gap equation

In the following solution of the complex gap equation (3.77) it will be shown that its imaginary
part, Eq. (3.77b), can be decomposed as

Im¢=A+B, (3.88)

where A contains only contributions, where the gap function is on the quasi-particle mass-shell,
and B contains the rest. Then all contributions in the imaginary part of the gap function,
which are generated by the energy dependence, i.e. by the non-analyticities of ¢, are collected
in B. Therefore, all terms in B have not been considered so far and neglecting B must lead
to the known subleading order result for Re¢(€;,q). In the following it will checked, whether
this result is self-consistent. Self-consistency is fulfilled only if the contributions contained in
B enter Re¢(€,, q) beyond subeading order, i.e. at sub-subleading order. To this end it is first
assumed that self-consistency is indeed fulfilled and then analyzed, if BB really contributes beyond
subleading order. This procedure comprises of the following steps.

In order to obtain A and B, first the Matsubara sum over the internal frequency qq is per-
fomed, cf. Sec. 3.2.1, and then all imaginary contributions are extracted and organised according
to Eq. (3.88), cf. Sec. 3.2.1. In the first part of Sec. 3.2.2 the order of magnitude of Im ¢ will
be determined by inserting the known leading order result for Re ¢(€q, q) into A, while the yet
unknown term B has to be neglected first. Of course, this estimate for Im ¢ can be self-consistent
only if reinserting it into B in Eq. (3.88) only yields sufficiently small corrections to Im ¢, i.e. if

Im¢p~ A . (3.89)

This will be analyzed in the second part of Sec. 3.2.2, where this estimate for Im ¢ is used to
determine the order of magnitude of B. It will be shown that Eq. (3.89) is indeed fulfilled,
i.e. that B constitutes a small correction to .A. With these results the order of magnitude of
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Re ¢(ey, k) is estimated in Sec. 3.2.3 via the dispersion relation Eq. (3.74a), i.e. by Hilbert
transforming A and B. It is found that Re ¢(ex, k) ~ H[A] ~ ¢ for momenta k close to the
Fermi surface, while H[B] ~ g%¢, i.e. Im ¢ contributes beyond subleading order to Re g?)(ek, k) or
according to Eq. (3.76)

Rep = Re ¢ [Re ¢] . (3.90)

In Sec. 3.2.3 it is shown that also ¢g(k) ~ ¢ and that the imaginary part of the gap function
contributes to ¢g(k) at g?¢, i.e. beyond subleading order. Consequently,

Po = po[Re ¢] (3.91)

to subleading order. Hereby it is shown that to subleading order Eq. (3.77a) becomes Eq. (3.76),
which means that the imaginary part of the gap function does not enter the real part at this
accuracy. In other words, the real part of the gap equation is decoupled from its imaginary part.
On the other hand, the imaginary part of the gap equation is not decoupled from the real part
of the gap equation, cf. Eq. (3.89). It turns out that for momenta close to the Fermi surface
Im ¢ can be calculated self-consistently from Re ¢ alone, which is performed in Sec. 3.2.5.

Performing the Matsubara sum

The complex gap equation (3.65) reads to subleading order, cf. Eq. (3.41),

9(Q)
[90/Z(q0))* — €2~

2
O(K) = T =D Ty (ALvuhg ) A™(K - Q) (3.92)
Q

where the quark wave-function renormalization factor Z(qg) = [1+g?In(M?/¢3)]~! contains the
effect of the normal quark self-energy 3(Q). As explained before, only its real part contributes
at subleading order and therefore will be accounted for in the following, while its imaginary part
will be neglected. Physically this is equivalent to assume the (normal) quasi-particle excitations
to be infinitely long-lived, i.e. ignoring their decay due to scattering processes with quarks
inside the Fermi sea. Mathematically it amounts to neglecting the cut of the logarithm when
performing the Matsubara sum over gg. Consequently, at subleading order the only effect of
Z(qo) in Eq. (3.92) is a shift of the poles of the propagator

A(Q) — Z2(QO) _ 1 O-ZQ(qO)

_ (o) _ 1 3.93
Z 2P 2% 2= q0— 0Z(a)eq (3.93)

to qo = £Z(eq) €q = *éq.
The Matsubara sum over gg in Eq. (3.65) is performed via contour integration, cf. Fig. 3.7,

M ko,pa) = T Y AQ - K)AQ)¢(Q)

qo#ko
dago 1 ry
= [0 ] (2?_10,) AYHQ — K)YAQ)(Q)
C
_ [ 990

c
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Figure 3.7: The contour C in Eq. (3.94) encloses the poles of tanh[gy/(27)] on the imaginary go axis.
The additional poles and the cut at gy = ko arise from the the gluon propagator, while the two poles on
the real axis are due to the quasiquarks. The undetermined singularities of the gap function on the real
go—axis are indicated by the shaded area.

In order to introduce the spectral densities of the gap function and of the magnetic and longitu-
dinal gluon propagators, the contour C in Eq. (3.94) is deformed as shown in Fig. 3.8, yielding

d ,
M (ko.poa) = [ 5K (o) + / 90 [k go +im) — K" (a0 — i)

Coo
d ; '
+ / % (K (g0 + ko + in) — K" (g0 + ko — in)]
e
= Ioo+ 1o+ 1y, . (3:95)

The explicit form of the integral I, reads

/ gt <2T)A“<Q K)AQ)$(Q) - (3.96)

For the integration along the contour Cs, one parametrizes dgy = i|qo|e??df and find for |gg| —
00

do0 A 1
1 1
S —K)— ——.
FECEAR 7

AQ-K)— — (3.97)
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Figure 3.8: Deforming the contour C to introduce the spectral densities of A%* and ¢, cf. Eq. (3.95).

Consequently,

1 1
dgo K (q0) ~ — , dgo K (qo) ~ — (3.98)
q0 qO

and I, vanishes, I, = 0. Using Eq. (3.93) the integral Iy can be decomposed

e (§)se e

x [A<qo i a)olan +in.a) - Algo — in, a)¢(ao — in, q)|

_ D 7 dgo 1 conty [0 ¢(go +in,a) — #(q0 — in, Q)
- 2e 2 oPa ﬂ g tanh (o — ¢
q. do — 0€q
Téq+n

ANQ — K)Z%(a0)

@ lt nh (2) Af,t(Q _ K)Z2(q0) ¢(QO + inv q)

2€q 7i 2 2 2 qo — 0€q + 17
oéq—1
—n
1 .
2 990 L o (@> AHQ — ) 72(qp) Ll =1 9) (3.99)
€q =1 2T qo — 0€q — i1
oéq+n

where the notation Py, refers to the principal value prescription for the quark pole at qo = +ég.
In the first term on the r.h.s. of Eq. (3.99) the difference of the retarded and advanced gap
function may be replaced by the spectral density of the gap function, cf. Eq. (3.68). In the
second term one may substitute gy = go — 0€q and deform the contour of integration into an
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infinitesimally small semicircle around the quark pole at ¢ = 0. With dg = i1 e??df this term
becomes

0 .
1 ine?dd 1 1 é
— 3 0/ mmemdd 11 (ﬁ) A 02y — ko, p)Z2(Eq) dloeq + in, q)
+

2eq 2 2 me? 2 2T
= > o tanh (U—gq) A (oEq — ko, p) 27 (éq) D(0Eq + in,q) - (3.100)
déq ;= 2 2T a ’ a q ’

The third term in Eq. (3.99) can be evaluated analogously to the second. The result will differ
from the second term only by containing the advanced instead of the retarded gap function.
Collecting all three terms one obtains using ¢(w + in) + ¢(w — in) = 2Re ¢(w + in)

1
Iy = % 0 Poéq / dqos taﬂh( )A“(QO — ko, P)Z*(q )M
Eq o—F qo — O'Gq
—iltanh( >Z2(e )Re ¢(€ ZN (0éq — ko, ) . (3.101)
26q 2 2T q a9 a” " '

The first term arises from the non-analyticities of the gap function, #(Q), and the second from
the poles of the quark propagator A(Q), cf. Eq. (3.93), at go = £€q. The last integral I, reads

Iy, =
o0 dqo ]- qO ~ Z,t ) e’t .
Po 35 3 coth (ﬁ) A(go + ko, a)$(qo + ko, a) {A (qo +1in,p) — A (qo — in, p)}
/ dgo 1 qo +in
0 0 é,t . ~
27‘(2 2 coth ( 2T ) A (qo + o, p)A(qO + kOa q)¢(Q0 + k‘o, q)
-1
-
7 -
S S coth <q0 n) A" (qo — in, P)A(go + ko, a)d(qo + ko, q) - (3.102)
2711 2 2T
n

In the first term the difference of the retarded and advanced gluon propagator, A% (qg %+ in, p),
may be replaced by the gluon spectral density. In the second and third term the integrals over
qo can be performed after taking the limit coth(qo/27")/2 — T'/qp for n — 0 and parametrize
the contour as dgo = i1 €'?df. One obtains for the second term

ineds 1 - T , .
T/ e neng“(Oer, P)A(ko, @) (ko, @) = =5 A (0 + in, p)A(ko, @) é(ko, a) -

(3.103)

For the third term the result differs only in the occurence of the advanced gluon propagator
instead of the retarded. Combining all three terms in Eq. (3.102) yields

1

T q0 ) 2
I = — dgo— coth | — k Z k
ko %, 2 oPo / Qo5 <0 <2T #(qo + ko, d) Z=(qo + ko)

p"'(q0, P)
qo — ng + ko
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—~TRe A (0 + in, p) A(ko, ) (Ko, q) - (3.104)

The first term is due to the non-analyticities of the longitudinal and magnetic gluon propagators,
A%t The second arises from the pole of coth(go /2T) at go = 0 corresponding to the large
occupation number density of gluons in the classical limit, gy < T'. The latter contribution has
been shown to be beyond subleading order [55] and will be discarded in the following.

The imaginary part of the gap equation

After having performed the Matsubara sum one considers energies kg close to the real axis,
ko = w +in in order to employ the Dirac identity to split the complex gap equation (3.92) into
its real and imaginary part. To this end one extracts the imaginary parts of the contributions
Iy and I, cf. Egs. (3.101,3.104). For the imaginary part of Eq. (3.92) one finds using that Re¢
and Z? are even in ¢

Im ¢(w +in, k) =
g [ dPq 1o , _ . t |
?/—(2@3 {Trs(k,pa q) ImM"(w +in, p,q) + Try(k, p, ¢) ImM* (w +zn,p,q)} . (3.105)
where

ImMg’t(erin,p, ):
™ p/dq (w—qo,p)@(qo,q)zg( )[tanh(QT)Jrcoth( _QO>:|

4éq o=+ ’ e qo — O€q 5T
(éq:q) Z2(€q) ;Upg’t(w — 0€q, P) [tanh <%> + coth <w ;;6‘1)}

Note, that in the above Eq. (3.105) w + in appears with a minus sign in the argument of the
gluon propagators. The traces over Dirac space Tr(k, p,¢) are introduced in Egs. (3.55) The
first term on the r.h.s of Eq. (3.106), Im/\/lé’t, is due to the non-analyticities of ¢(K) and has
been neglected in all previous treatments. Inserted into Eq. (3.105) it constitutes the term
B[Im ¢] introduced in Eq. (3.88). The second term, Im/\/li"t, contains all contributions to ¢(K)
that have been considered so far to subleading order. Inserted into Eq. (3.105) it constitutes the
term A[Re ¢]. As already announced it contains the real part of the gap function always on the
quasiparticle mass-shell. It is instructive to shortly analyze this issue before proceeding further.
The anomalous propagator Z(Q) = Z%(qo) #(Q)/(q2 — ég) has the spectral density

E (w+1in,q) — E(w —in,q)]

,OE(CU, q)

[ w+ﬂ7 (wﬂmq) 22w —in) g(w —in,q)
2 +sign(w)in w? — [Z(w)eq)? — sign(w)in

{ W+“77Q)—€5(W_i77a00

w? — [Z(w)eq]?

“\ “\
S|—= |~

12

] \
_
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—imsign(w) Z2(&q) 6 (w2 - E(Ql) [¢(w +in,q) + ¢(w — in, q)] }

— 2 w)P % — sign(w) 22 (Zq) Re d(w + in, @) 6 (w? — &) ,

(3.107)

where the cut of Z(w) has been neglected. It follows that ps(w, q) # 0 leads to additional support
of p=(w,q) around the quasiparticle pole w = €,. Furthermore, neglecting Im ¢ is equivalent to
approximating

p=(w, q) =~ —sign(w) Re ¢(éq + in, q) Z%(&q) 5(w2 - %) (3.108)

as it has been done in [55], cf. Eq. (41). As a consequence, the gap function on the r.h.s. of the
gap equation is always forced onto the quasiparticle mass-shell and the gap equation takes the
standard form, cf. Eq. (3.64). The occurrence of the external energy € on the r.h.s. due to the
energy-dependent gluon propagators indicates that the solution still would possess some energy
dependence although not provided in the ansatz Eq. (3.108). This demonstrates explicitly the
inherent inconsistency of this ansatz.

It is interesting to note that in Eq. (3.107) Im ¢ # 0 does not shift the quasiparticle pole into
complex go— plane, since ¢, = \/(q — p)? + |¢|%. Therefore, no damping of Z is caused. In order
to restore the effect of damping due to Im ¢ one would have to include Im X, which is beyond
the scope of this work.

In the limit of small temperatures, T'— 0, the hyperbolic functions in Eq. (3.106) simplify,
yielding for w > 0

™

© 0t
. W — ) 9
ImM7Lo(w + in,p,a) = > JP/dqo P~ 40, P)oldn 9) g2y

2€q qo — O€q

o=% 0

— Z%(éq) Re ¢(éq, q) p"'(w — éq, P) O(w — &q)

V4 . V4 .
= Ilif;fT:O(w +in,p,q) + ImMAfTZO(w +in,p,q) -
(3.109)

Here, use was made of the oddness of py in w, cf. Eq. (3.84c).

3.2.2 Estimating the order of magnitude of A and B

Following the strategy explained in Sec. 3.2.1 it is necessary to know the order of magnitude of
the real part of the on-shell gap function Re ¢(€q,q) in order to estimate the magnitude of the
parts A and B of Im ¢, cf. Eq. (3.88). It is known that ¢ = Re ¢(ek, k) is momentum dependent
[13]

o) = ¢6°C Fla) , (3.110)

25C is the value of the gap for momenta on the Fermi surface

where ¢

$25C = 2D b, 1 exp (—%) (3.111)
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with § = ¢/(3v/27) and the constants (subleading and therefore in principle irrelevant for the

present purposes)
5/2 )
) 9 4
b= 256 7 ( ) . b =exp <—7T + ) . (3.112)

8
The variable x is a exponential measure for the distance of k from the Fermi surface
21~)u
r=gln|—| . 3.113

g < —— €k> ( )
For |k — p| ~ ¢ one finds z = 7/2 4+ O(g), while for |k — pu| ~ M it is  ~ O(g). The function
F(z) is to leading order given by F(z) = sin(z). Hence, for momenta exponentially close to the
Fermi surface, |k — 1| ~ ¢, the on-shell gap function is ¢(ey, k) = #25C[1 + O(g?)], i.e. constant
to leading order. For momenta |k — u| ~ M, one has ¢(ey, k) = g ¢2°C. Hence, the real part of
the on-shell gap function is sharply peaked around the Fermi surface. This exponential decay

off the Fermi surface becomes apparent when considering intermediate distances from the Fermi
surface (between ¢ and M) defined by the variable scale

Ay =M (3.114)

with 0 <y < 1. For |k — pu| ~ A, one has x = y7/2 4+ O(g) and F(y) ~ sin(y7/2) ~ y. Hence,
decreasing y (i.e. exponentially admixing the scale M to A, and exponentially receding from the
Fermi surface) decreases the magnitude of the gap approximately linearly. For y ~ g the gap
function has decreased to gqbgsc. The intermediate scales may be also used to investigate the
generation of the so-called BCS-log. Denoting A1 = ¢ and Ag = M and exploiting A1 < Az S Ag
one may write

M Aq

Ag Ao
2 [ 48 _ 2 [ o [ d€ o [ d€
g/ ¢q = g~0/€q¢q+g/§{€q¢q+g/§{€q¢q
2A; A
P In(vV2+1) ¢ + ¢* {m (A—lv"> —In(vV2 + 1)} $o + ¢*In <A—> g%0

0
g
2M19 M9
o'hn (W) o+ () o0

~ 990 (3.115)

where use was made of Eq. (3.111) yielding the BCS-log, In(M/¢) ~ 1/g. It is shown that
the BCS-log arises from integrating over intermediate scales, Ay < { < Az. In the region
Ay < & < M the BCS-log does not occur due to the exponential g under the logarithm. In
addition the contribution from this region is suppressed by an extra factor g from ¢, ~ g¢o.
In the QCD gap-equation the gluon propagator has to be added to the integrand. (Then the
region A; < £ < A is enhanced by an additional large logarithm due to almost static, Landau-
damped magnetic gluons.) However, the above observation that the BCS-log is generated by
intermediate scales Ajsy~g remains valid in the full gap equation.

12

12
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Landau-damped gluons contributing to A

For the purpose of power counting the various terms in Eq. (3.105) one may restrict oneself to
the leading contribution of the Dirac traces Eqs. (3.55), which is of order one. The integral
over the absolute magnitude of the quark momentum is [ dqq?, while the angular integration
is [dcosf = [dpp/(kq). Furthermore, only the zero-temperature limit, 7" = 0 is considered,
allowing for the estimate Z2(éq) ~ 1. The contribution of ./\/I%T:O in Eq. (3.109) arising from

0.t .
pcut(w — €q> p) to Ais
Agl

)
d *
A0 ~ ¢ [ EReoleqa) [ dpp ot p). (3110
q
A

where w* = w — ¢q < w, § = min(w, Aq) and A = max(|¢{ — (|,w*) with ( = |k — p|. Due to the
condition A < p < Ay it immediately follows that Aﬁﬁt =0 for w > Ag + Ay ~ p. Inserting the
approximative forms

2M? w* 1

M? w*p ¢ .
—_— o~ — 3.117
T p6 n (M2 w*)2 ) pcut(w 7p) T p (pg —|—3m§)2 ( )

pZut (w*v p) =

the integration over p can be performed analytically. For energies w < Ag one finds for the
transverse part

[d A3 A3
Al (w, k)~ 92/€—§Re #(eq- Q) [arctan <M2gi)*> — arctan (M%u*ﬂ . (3.118)

0 q

For all ( < Aq and w < Ag it is Agl /M?w* > 1 and the first arctan in the squared brackets may
be set equal to 7/2. Considering ¢,w < M the argument of the second arctan is A3/M?2w* <
1 and the combination of both arctans is ~ 1. Increasing the energy to w ~ M one finds
A3 /M?w* ~ M/(M — €), which becomes large only for ¢ — M. However, since the integration
over £ stops here anyway this case does not have to be analyzed further. Consequently, also for
w ~ M one may estimate the arctans to be ~ 1. For w > M one has A\3/M2w* > 1 and the
arctans finally cancel. Considering ¢ < M one finds for w < M that \3/M?w* ~ M/w* > 1
and the arctans cancel. The same is true for w > M since then \3/M?w* ~ (w/M)? > 1. Only
in the region w ~ M it is \3/M?w* ~ M /w* ~ 1 and the arctans do not cancel.

One first considers ( < M and w ~ ¢. Because in this special case the integral over ¢ does
not yield the BCS-log one finds

Al (0,K) ~ g% (3.119)

For larger energies w ~ A, with 0 < y < 1 and { < M one substitutes {(y') = Ay, d§/§ =
In(¢/M) dy’, one finds with Eq. (3.110)

Al (k) ~ ¢*In (%) ¢/ydy sin (%) ~ g ¢ cos (%) ) (3.120)

1
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Following the discussion after Eq. (3.118) the limit y — 0 of Eq. (3.120) is valid also for { ~ M.
Hence for w ~ M and all ¢ < Aq it is AL (w,k) ~ g¢. For all other values of w and ¢ the
contribution Af , (w, k) is strongly suppressed.
In the longitudinal sector one finds for the integral over the gluon momentum p

Agl

dp 1 Ag A A
— 2 g

I()\) = M / m ~ X [arctan (y) — arctan (y)] — m
A

1/X, for A< X
{ 1/A, forA>X (3.121)
where it is abbreviated X? = 3m§. Since ¢ < Aq ~ X, solely the magnitude of w decides
whether A\ < X or A > X is realized. It follows that in contrast to the transversal case the
order of magnitude of A%, is not dependent on the choice of ¢. Energies w ~ Ay with0 <y <1
correspond to A < X, where the r.h.s. of Eq. (3.121) is ~ 1/X. Beginning with the special case
w ~ A one finds

(3.122)

. ) [ dE v, ¢
Acut(w’k) g O/EQ Re¢(EQ7q) M g qu .

For w ~ A, with 0 <y < 1 one has similarly
y o y , y y
. (TY\ w [Ty é b
Ao k)~ g0 [af sin (%) §p ~ 00 [y sin (7)) l(M) ~(3) ]
1 1

~ g¢ cos (%) (%)y . (3.123)

Hence, in the considered energy regime A’ . is suppressed by the factor M)Y as compared to
gy reg cut

Al e, e ALy < AL, For energies w ~ M the longitudinal and the transversal cut contribute
at the same order, A%, ~ Al ~ gé. For much larger energies, M < w < p, (¢ is bounded
by Aq) it is A = w* ~ w > X and the r.h.s. of Eq. (3.121) is ~ 1/A ~ 1/w. It follows with
d=A7Aq~ A

0 0
Al (w, k)~ gd)/dy sin (%) % ~ g¢/dy sin (%) ~gé (3.124)
1 1

and one found that A% . > At _in this large-energy regime. The results for A% are summarized
cut cut g gy g cut

in Tables 3.1 and 3.2.

Undamped gluons contributing to A

The contributions from the undamped gluon excitations to A read analogously to Eq. (3.116)

1) 2u
d * *
A1) ~ ¢ [ S Reoleqa) [ dppohu Pl —wip)] . (3125)
o 4 =)
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|« ] ¢ | Ai>y>0 | M| M<w<y |
T | 70 | oo o] 0
Al 92¢% go (%)ycos (%) g g
Acut ) g ¢ cos () go g

Table 3.1: Estimates for A%, and Aew = AL, + AL, at different energy scales and ¢ < M.

(o T o [ h [ W Weo=i]
Af}ut 0 0 g¢ 0
Ay | Pof | 90(5) cos(B) | g0 g9
Ao | 0% | 90(§) cos(B) | 99 9¢

Table 3.2: Estimates for A%, and A, = A’

cut

+ At at different energy scales and ¢ < M.

Due to the d—function and w4(p) > my this contribution will be nonzero only for energies
w > mg ~ M. The upper boundary ~ 2u in the integral over p is due to the constraint on
relevant quark momenta near the Fermi surface in the effective theory, £ < Ay, where Aq ~ gu
is the quark cutoff, cf. Fig. 3.9. Due to this kinematic limitation it immediately follows that
.Af)’(t)le =0 for w > 2u + Agq ~ 2y, since then w* = w — & > wy; always and the 6—function on the
r.h.s. of Eq. (3.125) is identically zero.

For the transverse sector one may approximate for all momenta p

1
2wt(P) ’

pgole(wt(p)7p) = (3126)

and wi(p) =~ {/p? +m32. One finds after substituting dpp ~ dw;w; and assuming ¢ < M

Aqd5 21
A;ole(wﬂ k) ~ 92 / E_ Re ¢(€Cl7 q) / dwt (5[&)* — wt]
Emax
d
g / 6—5 Re¢(eq,a) ~ g ¢, (3.127)
q
0

where £ = minf(w?

- mg)/(2w),Aq]. In Fig. 3.10 the integration regions for £ and w; are
visualized. For § > &uax it is w* = w — & < (/m2+ &2 < w; and the d—function under the

integral over wy is always zero. The last estimate on the r.h.s. of Eq. (3.127) is valid for energies,
which are at least w > mgy + A, with y < 1, because then .y is at least A, and the BCS-
log is generated cancelling one power of g. For ¢ S M one has p > | — (| and therefore
wp > \/m2+[§ —¢J2 For Ay <€ < Agitisw o~ /m2+(22 V2m,, while for Ay < £ < Ag it
is wy > my (independent of the signs of ¢ and (). It turns out that for w exponentially close to
myg, i.e. for energies of the form w ~ my + Ay with y > 0, w* = w — { = w; cannot be fulfilled
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2Aq

Figure 3.9: Hard gluon exchange with momentum p > Az ~ p. The quark has to remain within the

layer of width 2A4 ~ gu around the Fermi-surface. This effectively restricts the hard gluon momentum,
<

pSpt2Ag

in the whole integration region Ay < £ < Ag. Consequently, Af)ole = 0 in this energy domain.
Only for energies w > |/m2 + (% 2 V2m,, one finds again Al e ~ 9 ¢, which remains valid up
tow < 2u.

In the longitudinal gluon sector one may approximate for gluon momenta p < my

péole(wé(p)v p) = - P (3128)

and wy(p) ~ /p? + mg. For w = my + Ay with 0 < y < 1 one finds after substituting dpp ~
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(0)) t |

Emax Aq &

Figure 3.10: The integration regions of £ and w; in Eq. (3.127). Only those values of £ contribute, for
which the integral along w;, starting at w; = mg + £2 and ending at w; ~ 2u, has a point of intersection

with w* = w — &, wy = w*. Only for w > my + Ay with y < 1 the integration region is sufficiently large
to generate the BCS-log. The dotted lines correspond to different values of w.

dwy wy and assuming ¢ < M

Aq 5 V2my
Aok~ g [ CReoleqa) [ don g ol
o 4 m2+§2
(0~ o)
—_— 12
0/ — Re ¢(eq, )(w e (3.129)
2

where the upper limit &pax = (W — mg) /(2w) ~ A, is obtained analogously to the transversal
case. Since {max < w and w 2 my one may approximate the energy fraction under the integral
by w?/(w? —m2) ~ w/(w — my). Then the integral over £ may be readily performed yielding

g
~gd (%)y , (3.130)

where the BCS-log has cancelled one power of g. Analogously to the transversal case, for
¢ < M one finds Apole = 0 if w is exponentially close to my. For w > \/m2+(? Z V2my it

Apole(w k) ~ g¢
g
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‘ w H <mg+ A ‘ ~ Mg+ Ai>y>0 ‘ 2 \/§mg ‘ myg K w < 2p ‘
’Apole 0 g go go
M\ 2w?
Apole 0 gcb(g) gé g ¢ exp (—ﬁ)
7
Apole 0 g0 (2) 90 g0
Table 3.3: Estimates for Af)’gle and Apole = .Apole + Al . at different energy scales and ¢ < M.
| w [ <mgt A ~mgt+Aisyso | 2V2my | mg<w<2p |
’Apole 0 0 g ¢ g ¢
’Apole 0 0 g ¢ g ¢ €xp ( 3m2)
Apole 0 0 g ¢ g ¢
Table 3.4: Estimates for Apole and Apole = Apole + Apole at different energy scales and ¢ < M.

follows Apole ~ g ¢ again. For much larger energies, w > my, gluon momenta p > m, have
to be considered in the estimate of Apole, cf. upper dotted lines in Fig. 3.10. For those the
longitudinal gluon spectral density becomes exponentially suppressed

2 2
exp (——3;%)

Ppole(@i(P), P) ~ > (3.131)
and one has for my < w < 2p with wi(p) ~p
2w§
Apole(w k) ~ g / Re ¢( €q>4d / dwy exp 32 5[&) — wyl
V2my g
Tae [ 2o 2.2
2 w — w
~ = exp |~ |~ - 3.132
9 ¢/ : exp[ 32 ] 90 eXp< 3m3> : (3.132)

which is the continuation of the estimate given in Eq. (3.130) to large energies w > my, and is
valid for all ¢ < Aq. The results for .Af)’éle are summarized in Tables 3.3 and 3.4.

Landau-damped gluons contributing to B

In the Landau-damped gluon sector M%?T:O in Eq. (3.109) contributes to B as

Aq w Agl
BY (w,k) ~ ¢? % [ ag (g0,q) | dppp’l (', p) (3.133)
cut ~4g B oe — P¢\q0,4 PP Pcut\W,P) .
o 20 "_i 4~ ¢ A

where W' = w — ¢o < w and A = max(|{ — ¢|,w’). Substituting the estimates of A(qo,q) for
Pe(qo, q) one estimates Bcut (w, k) for different domains of w and ¢. Due to the condition A < Ag
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in Eq. (3.133) and A(go,q) = 0 for go > 2u it immediately follows that Bﬁlft(w k) = 0 for
w > Mgl + 21 ~ 3p. Inserting the approximative forms (3.117) for pﬁﬁt into Eq. (3.133) the
integration over p can be performed analogously to Eqgs. (3.118,3.121). In the transverse case

one finds

JA QO7 Agl A3
B (w, k) / / Z pr—— [arctan <M2w’ — arctan el (3.134)

0

The analysis of the domains of w, ¢ and £ where the arctans in the squared brackets in Eq.
(3.134) do not cancel is analogous the one after Eq. (3.118). For all £, ( < Ay and w < 3p it is
Agl /M?w' > 1 and the first arctan in the squared brackets may be set equal to 7/2. Considering
¢,w < M the argument of the second arctan is \3/M?2w’ ~ €3 /M?w'. Aslong as & < (M?2w')'/3,
this is not > 1 and the combination of both arctans is ~ 1. Increasing the energy to w ~ M one
finds that A3 /M?2w’ becomes large only for gg — w, because then A3 /M?2w' ~ &3 /M?(w—qg) > 1.
However, since the integration over gy stops here anyway this case does not have to be analyzed
further. Consequently, also for w ~ M one may estimate the arctans to be ~ 1. For w > M one
has A3 /M2w' ~ [(w—qo)/M]? whichis < 1 only for w—M < go < w. For values of w outside this
range, the arctans cancel. Considering ( < M one finds for w < M that \3/M2W ~ M/w' > 1
and the arctans cancel. (In the region where |{ — (| is sufficienty small the arctans do not cancel.
However, since this requires £ < M, the BCS-log cannot be generated. Therefore, this special
case can always be neglected.) In the region w ~ M it is A\3/M?w’ ~ M/w' ~ 1 and the arctans
do not cancel. For w > M the respective analysis as made for { < M applies.

Before proceeding further one proves that the generation of the BCS-log can be prevented if
additional logarithmic dependences appear under the integral over £ in the following form

Ao Ay
d§ . |E+ Ay [dE §+ Ay d¢ §+ Ay
A/lfln‘f_/\y _/[fln</\y—§>+/\/f n(5 A)’ (3.135)

where 0 < y < 1. Introducing the dilogarithm [129]

0
Lis(z) = / % (1 —¢) , (3.136)

2 = Lip(—1) < Lig(2) < Lip (1) = in? for —1 < x < 1, one may

which has the values —-L 6

il
express the first term on the r.h.s. of Eq. (3.135) as

Ay 1

Al Al/Ay

7'1'2 A A1
= — 4 Li Li . 1
1 + Lo ( Ay> 12 <Ay> (3 37)
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Since 0 < A1/Ay < 1 this term is of order 1 and no BCS-log has been generated in this term.
The second term on the r.h.s. of Eq. (3.135) is

Ao

[eu(en) = TEn(E) =T ()
& \E-A, IR Joox T \Lx -1

Ay
1
dx 1+x> : . : ( Ay> . <Ay>
= X (—2) =Liy(1) = Lip (=1) + Lip (—=% ) — Liy ( =
/ X n<1—X 2 (1) =Lz (1) + Liz Ao 24

Ay /Ao

72 . Ay . (A

In the second step one substituted x = 1/¢ with dx/x = —d§/€. Similarly to Eq. (3.137) it is
0 < Ay/Ag < 1. Hence, also this term is of order 1 and no BCS-log has been generated here,
either, proving the above statement.

Beginning with energies w ~ ¢ one may use Eq. (3.119) to estimate A ~ AL, ~ g¢%¢.
Assuming ¢ << M one has

Aq o] 3
df o A 1 )\3
Bzut(¢7 k) ~ g%ﬁ/;/dﬁm zim [arctan <M2gw’> — arctan (m
0 0 o=
A1ys

4 %1
gcbO/Eqn

The arctans in the squared brackets cancel for A> > M?¢, which leads to the upper boundary
Ay /3 in the inegral over §. As discussed before the generation of the BCS-log was prevented by
the additional logarithm under the integral. For { < M the arctans in Eq. (3.139) would have
cancelled yielding B, (¢, k) ~ 0.

For w ~ A, with 0 < y < 1 one conservatively estimates A ~ AL ~ g, cf. Eq. (3.120),
and obtain similarly to Eq. (3.139), assuming ¢ < M

¢

€q — 4
~ , 3.139
p— g o ( )

Ang Ay A3 )\3
Bt (A, k) ~ 3/—/d — 7 larct gl ) _ arctan | ——
cut( y ) g ¢O e / QOOZ;[ P arctan 2 arctan U2
Ay/3
—A
9’0 / % n|a=t) | g3, (3.140)
/ €q eq—i—Ay

where again no BCS-log was generated. Here, the arctans cancel for A > M 2Ay, leading to the
constraint £ < A, 3. Again, for  $ M the arctans in Eq. (3.139) would have cancelled yielding
Bl (Ay, k) >~ 0.

For energies w ~ my + A, with 0 <y < 1 the combination of the arctangents in Eq. (3.134)
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is ~ 1 for all ¢ < A4. Integrating over go from 0 to mgy one finds similarly to Eq. (3.140)

3¢/

The dominant contribution, however, is generated when integrating over go from mg to mg+ A,
where one has A ~ A’ |~ g¢ (M/¢)Y, cf. Eq. (3.130),

O

3
~ g0 . 3.141
eq + AO g9 (3.141)

pole
mg+Ay
Bzut(mg + Ayv k) ~ 3¢/ / dQO ? 1
AL o—t 90 — 0€q o — My
mg
d¢ om

~ 2¢/ ST /dy~g¢/d£
i oeq —

~ g b . (3.142)

For energies w 2 mg, but not exponentially close to m,, the integration over g from 2m, to w
may be performed after estimating A ~ g ¢, cf. Egs. (3.124,3.129), yielding

Aq
¢/ /d(JO — ~ 93¢/%[ln<w_€q>—1n<7w_M+€q)
=1 q0—o€q J €q €+ w w—M —¢

2m

~ 9. (3.143)
Hence, one found that generally for energies w 2 my it is
Bly(w, k) ~ ¢*¢. (3.144)

In the limit of very large energies, w > M, it is A\3/(M3W') = (v — qo)?/M? < 1 only for
w—M S qo S w. For values of gy outside this range the arctans in Eq. (3.134) cancel. Inside
this range one may estimate A ~ g ¢ and find B, to be strongly suppressed

Ag w
o d M\ ?
Bey (w, k) ~ 93¢/ / dgo > ——— ~ gg¢/d£ / L g (—) . (3.145)
wf o= :I:qO Ay WM q90 w
In the case of longitudinal gluons one obtains
Aq d w A
Beuy(w,k) ~ 92/ /d Z oA 7y (3.146)
€q / —  qo — aeq

where Z(\) is defined in Eq. (3.121). Analogously to the analysis of A%, one finds for w ~ ¢

¢ L
Bcut( ¢/ /d(JoU “ 0 — Ueq M/

~ g4¢

6q+¢

o7 (3.147)
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L w [ ¢ | Ao | Zmy | my<w<3pu |
Bl g'e g0 7o G (%)2
Bl | ' | a*o(sr)” | o0 | o(d)
Beus g'¢ 9’0 9’0 7 (2)

Table 3.5: Estimates for Bf{ft and By = B

cut

+ B, at different energy scales and ¢ < M.

‘ d H ¢ ‘ Ai>y>0 ‘ 2 My ‘ my < w < 3u ‘
Bl | o 0 o | go ()
Bl | d'of | ¢o(%) | o g (2)
B || g’ | Po(%) | o0 g% (1)

Table 3.6: Estimates for Bﬁ{ft and Bey, = BY

cut

+ BL,; at different energy scales and ¢ < M.

and similarly for w ~ A, with 0 <y <1

Ay

A, a | Jeq—A

Blu(Ay k) ~ g3 / /d ~ / y

cut( g'¢ qOUiQO—UEqM 9¢M0 & Gq—I—A

3. (¢
~ . 3.148
z (M) (3.145)
For w ~mg+ Ay with 0 <y < 1itis w Z(A) ~ 1 and one finds as in Eq. (3.142)

Blui(mg + Ay k) ~ g°¢. (3.149)

Also for energies w 2 M the analysis is very similar to the transversal case since w'Z(\) ~ 1,
and one finds again

Bcut(w k) ~g ¢ (3150)

In the limit of very large energies, w > Ag ~ p, only the range w — Ay < go < w contributes, cf.
Eq. (3.133). As soon as w — Ag > 2m, one may estimate A ~ g ¢ and obtain with w’ Z(\) ~ 1

Aqd o A w
dqo
Busw k) ~ g% € / 440 q — 0€q g3¢>/d§ / @
0 qw Agl U_i 4 0 w— Agl 0
MAy
~ go—E s (3.151)
w w

Hence, also B.,, becomes small in the limit of large energies, cf. Eq. (3.145).

cut
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Undamped gluons contributing to 5

In the undamped gluon sector the term /\/lé’tT:O in Eq. (3.109) gives the contribution

0 Pgyld0,d
Bl k) ~ g / / iy Y T2 D / App e P) 8w —wealp)], (3.152)

which is nonzero only for energies w > mg. Due to the restriction p < 2 in Eq. (3.152) it follows

with similar arguments as for Bcut that B2 (w, k) = 0 for w > 4u. For transversal gluons one

pole
finds using the same approximations as for .Apole beginning with energies w ~ my + Aj<y<o and

assuming ¢ < M

Ao w
d o Al(qo,
Béole(ka) ~ f/f/d% q0 / th W' —Wt]
A1 0

o=t 07 Ueq
£2+m2

T g g i [ ]
! Ay ¢ 0 " 05 ¢ w = /mg+ & +¢

~ 9’9, (3.153)

where to guarantee w — /&2 + mg > 0 the upper boundary of the integral over £ is reduced

from Ay ~ Ag to the scale \/myA, ~ A, 5. Furthermore, one estimated A ~ g ¢, which is valid
since go < Ay < my for the considered energies. For w > 2m, the integral over gg also runs over
values gy > my receiving contributions from ‘Aﬁole’ cf. Eq. (3.130). As a consequence one finds

Bpole(wa k) ~ g2¢ (3.154)
analogously to Eq. (3.142). For w > my, the additional contributions from 2m, < gy < w are
only ~ ¢3¢ as can be seen in the same way as in Eq. (3.143) and Bpol ~ g?¢. However, for
w 2 2p+2myg the condition w’ = wy can be fulfilled only for gy > w—2u 2 2m,, where A ~ g ¢,
and one may estimate

w Ao w
£ dg
Blelwk) ~ g% [F [ dw ~g'o [ [ R
f o—t 40 — 0€q 0
A1 w—2p A1 w—2p
M2 M
~ Pt P (3.155)
w w

For ¢ $ M and w ~ my + A1<y<o the condition w — \/m2 +[§ — (]2 > 0 leads to |(| — A,y <

§ < [¢] + Ay/2. Then the integral over ¢ finally yields Bpole ~ gPp Ny /M) ~ G (p/M)Y/2.
For w > 2my and w > my, the same analyses as in the case of ¢ < M apply.
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In the longitudinal sector starting with energies w = my + A, with 0 < y < 1 and momenta
p S mg one may employ Eq. (3.128). Assuming ( < M one obtains

Ao
dg a A(qo, w2
Bf)ole(ka) ~ QQ/z/ q0 Z qO—(O)'E / dw ——t 2 (S[WI—WK]
A1 0 o=+ 4 §2+m2 Mg

Ays2 vV §2+m2

g2 / % / dqo Z o Algo,q) (w — o) (3.156)
5 o=+

§ qo — 0€q (w—qo)* —m2’
A1

where upper boundaries of the integrals over ¢ and ¢ are analogous to the transversal case, cf.
Eq. (3.153). Since go < w — 4/§? +m2 is much smaller than w ~ mg, + Ay, one may neglect go
against w on the r.h.s of Eq. (3.156). Therefore, one may estimate A ~ g ¢ and finally obtain

9 y/2 . 2 + 52 _5
d w m
Bpole(w,k) ~ ¢3¢ ————> Y 5 < In g
wem g Y § w—/mZ+E2+§
3 w 3 MNY
~ _— ~ —_— . .].
g ¢(u__7ng 9°¢ < 5 > (3.157)

For larger energies w 2 2my, the upper boundary of the integral over gy will just exceed my,
where it is A ~ A’ cf. Eq. (3.130). One finds analogously to Bf)ole that this gives the main
contribution

d Algo, r ? :
Bloelw k) ~ /5 / o 3 ZAED g s

o=+ 40 = 0¢€q
/§2+m2

pole’

@

g Y (= )
(o2 w —
~fﬂgt/m2 a0 " o

= 90 —0€q G0 — My (W — qo) ;

Mg
~ ¢, (3.158)

where one exploited (w — qo)?/[(w — g0)*> —mZ] ~ 1 (since always w — go ~ m,) and estimated
the integral over qq as in Eq. (3.142). For energies w > 2my one finds analogously to Eq. (3.132)
for the contribution from the integration region 2m, < ¢o < w, where one may approximate

A~ g2,

21

¢/ /d% /dwem< %Q>ﬂd—wd
a0 ocq
2myg

2(w —qp)?
~ 3¢/ /QO 7 exp _(720)
=1 90 —0€q 3mg

2myg
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| w | <mgt+ A | ~mgtAise | 22mg | my<w<dp |
B 0 7o 9’ R
Boie 0 o (4)° 9’0 9°¢ (%)2
Biole 0 7o (4)’ 90 9oL

Table 3.7: Estimates for Bﬁ’ile and Bpole at different energy scales and ¢ < M.

‘ w H < mg+ Aq ‘ ~ Mg + A1>y20 ‘ pe 2mg ‘ mg <w < 4u ‘
y/2
Boe 0 70 (&) g°¢ 7o
M\Y/? M\?
Bpole 0 93¢ (?) 92¢ gg¢ (U)
y/2
Bpole 0 93¢ (%) 92¢ gg¢ %
Table 3.8: Estimates for Bf;’;le and Bpole = Bpole + Bpole at different energy scales and ¢ < M.
[ d 2 M2
~ 3¢/d£ U 2\ o (—) . (3.159)
3m2 w
Hence, in the considered large energy regime, w > 2m, the main contribution to Bpole comes

from Eq. (3.158), and it is Bpole ~ g?¢. Similarly to the transversal case, this holds up to
energies w > 24 + 2my since then it is always qo > 2m, leading to

Biore (@, k) ~ g° ¢ (M>2 : (3.160)

Analogously to the transversal case one finds that for ¢ $ M and w ~ mg+Aj<y<o the condition

w —/m2+ £ — (2 > 0 leads to |[¢| — Ay < & < [¢] +Ayjp. Then the integral over § finally

yields Bpole ~ GO (M]P)Y (Nyjo/M) ~ @3¢ (M/p)¥/2. For w > 2m, and w > m, the same
analyses as in the case of ( < M apply. The results of this subsection are summarized in Tables
3.7 and 3.8.

3.2.3 Estimating H[A| and H[B] and ¢,
Hilbert transforming A and 5

Having determined the order of magnitude of Im ¢ at various characteristic energy scales one is
now in the position to (qualitatively) Hilbert-transform Im ¢ for ( < M and to find the order
of magnitude of Re ¢ and the corrections due to B. To this end one splits the integral over w in
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the dispersion relation Eq. (3.74a) as

Re d(a, k) = P/d Po(w.K) P/d ZW’

w — €k | w— o€k

g 2myg 2p

P /1+/+/ / / /d Zpd’_o_ez. (3.161)

0 A mg+A1 2myg

Since the integral is additive, one may choose for each region the leading contribution. At the
first scale 0 < w < Ay it is py ~ ALy, ~ g°¢, cf. Eq. (3.119), and one has the contribution

P/dw L) ¢ln<¢>~g¢) (3.162)

w — €k

At the scale Ay < w < Ag one has py ~ AL, ~ g, cf. Eq. (3.120). With the substitution
dw/w = In(¢p/M) dy one finds

P/dw > ;ui o ¢/_ ~géln (%)jdy~¢. (3.163)

The contribution from A%, ~ g (¢/M)Y at the same scale, cf. Eq. (3.123), can be shown to
be much smaller. One has

P/dw Lﬂ(k) ~g¢n (%)/gdy (%)y~g¢%. (3.164)
1

At the scale Ay < w < Ag one has py ~ Al ~ AL ~ g, cf. Eq. (3.120, 3.123), and finds

cut ™
P/dw L“’k g¢/ ¢/Ody~g¢. (3.165)
g

For energies w > m, + A, with 0 < y < 1 one has ps ~ A’ ¢ (M/p)Y, cf. Eq. (3.130), and

finds with dw = ln(qb/M) Ay dy

pole ™7 g

mg+Ag (@,k) p 5 0 M\ é 0
L ~ 92 (2 al %
P / dw Y i i Mln(M)/dyAy(¢> M/ dy M ~ ¢ .(3.166)
mg+Aq 7= 1 1

Integrating over 2my < w < 2p with py ~ AL |~ g, cf. Eq. (3.127), one obtains

pole

P/dw L~g¢/—~ggbln( >~g¢. (3.167)

— J€k
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Finally, integrating over 2y < w < 4p with pg ~ Bf)ole ~ ¢3¢ (M/w), cf. Egs. (3.151,3.155), one
obtains

Em L
Bt (w, k d M
P/dw meg?’qﬁM/—“;’wg%—wg%. (3.168)
5 = w—oe 5 w I

As expected, Reg?) ~ ¢. Furthermore, I find several potential sources for sub-subleading order
correction from to H[B] to Re¢. The first comes from Bf,, which is ~ g? AL, for w ~ A,
with 0 < y < 1, cf. Eq. (3.140). After Hilbert transformation it yields a contribution of order
g% to Re g, cf. Eq. (3.163), and is therefore of sub-subleading order. At this point, also from

Bf;ole ~ gQAfgole a sub-subleading order contribution seems possible, since the corresponding

contribution from Af;ole is ~ ¢, cf. (3.166). As the latter, however, combines with ¢y to a

subleading order term, cf. Sec. 3.2.4, it would be interesting to investigate if also Bf;ole finds
an analogous partner to cancel similarly. If not, it would contribute at sub-subleading order to
Re ¢. Furthermore, one found that B ~ gA ~ ¢2¢ for w > M, cf. Egs. (3.144,3.150,3.154,3.158).
From the estimate in Eq. (3.167) one deduces that the corresponding contribution of H[B] to
Re ¢ is of sub-subleading order. In the next section it will be analyzed at which order Im ¢

contributes to the local part of the gab function, ¢y.

The contribution of Im ¢ to ¢

The gap equation for ¢g(k) is obtained by considering the integrals Iy and I, , cf. Egs. (3.101,3.104),
in the limit kg — oo. Since p < 2 the gluon spectral densities p®*(qo, p) are nonzero only for
qo S 2p. Consequently, the integral over gg in Eq. (3.104) is effectively bounded by +2u. Then,
due to the energy denominator under the integral, Iy, tends to zero as ky — oo. In the sec-
ond term on the r.h.s. of Eq. (3.101) one has € < Aq ~ gu. Therefore, one may neglect the
imaginary part of the gluon propagator Ag’t(:l:Eq — ko, p), cf. Egs. (3.33), for kg >2u>p . In
the transverse case the gluon propagator becomes A! ~ 1/k2 and the respective contribution
vanishes in the limit kg — oo. In the longitudinal sector one has A — —1/p%. Hence, the
longitudinal contribution of the considered term does not vanish. In the first term on the r.h.s.
of Eq. (3.101) the integral over go only runs to values gy ~ p due to the presence of pg. In the
limit kg — oo again only the contribution from the static electric gluon propagator Af — —1/p?
remains. Consequently, one finds for ¢y(k) to subleading order

Ao 2u
2 de fd < - €
do(k) = _3(;]”)2/\/?55 ;pTrﬁ(hp,q){[cbo(Q)JrRe@f’(eq*m’ ‘1)} Z° (&) tanh <2€_;)

—PZ dw % Z?(w) tanh <%) } . (3.169)
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In the limit 7" — 0 the hyperbolic functions simplify, yielding after performing the integral over
p and with Tr(k,p,q) ~ 1

po(k) ~ 9/

1

o
P [do Y polwna)
0 o—+ O€q —

ds | (2_u

s n (% ) {[$0(@) + Re é(éq + in,q)]

w} . (3.170)

Using Re qg(€q +in,q) ~ ¢ one finds for the respective contribution in Eq. (3.170)

¢/d§ (2“> ~ ¢, (3.171)

and hence ¢g(k) ~ ¢. Consequently, the integration over the first term in the squared brackets,
®0(q), also gives a contribution of order ¢ to ¢g(k). The remaining term is the contribution
from pg and is identical to Eq. (3.161) up to an extra sign o arising from the hyperbolic tangent.
One can conservatively estimate this term by appoximating py ~ g¢ for 0 < w < 4p and all
Ay <€ < Apand adding py ~ g ¢ (M/¢)Y in the range w ~ mg+A,, 1 >y > 0and Ay <& < Ag.
One obtains

Ao i Ao
o [ (2)0 , eE(2) ()
Ao
~do A/ a6 (%) ~ g% o~ g (3.172)
and
[ () [ 2 vy faem(2) [, (4)
~g—/d51n< £~ oo (3.173)

where one has estimated Y, o/(w — 0f) ~ /M, since £ < w ~ M. It follows that the
contributions from pg to ¢g are of order g%*¢ and hence of sub-subleading order, cf. discussion
after Eq. (3.168).

Finally, one has found that the contribution of Im ¢ to Re ¢(ex, k) = Re b(ex, k) + ¢o(k) are
in total beyond subleading order.
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3.2.4 Reproducing Re ¢(e + in, k) to subleading order

Although pg(w, k) and ¢g(k) have not been calculated (in principle possible) but only estimated
in magnitude, the main goal of this analysis has been achieved. The imaginary part of the gap
function is shown to be at most of order gRe ¢(ex, k) for ex < Ay ~ gu (then it is |¢| = Re ¢,
cf. Eq. (3.78)) and it enters Re ¢(ex, k) beyond subleading order.

Neglecting all terms that have been identified to originate from pg, namely Im Mpg(w +
in,q,p) in Eq. (3.106), and Hilbert transfoming the remaining term Im M 4(w + in, q, p) gives
the gap equation for Re ¢(ex, k) to subleading order

N 2 d3 72(¢
Red(e +ink) = —L [49 2 ()

Re ¢(€q + i1, q)

3 (2m)3  2€q
i o | TrS(k, p, @)p' (w, p) + Trl(k, p, ¢)p' (w, P)
<P [ o ¥ | : }
I ot W — €k + O€q
1 Oéq w
X35 {tanh (ﬁ) + coth <ﬁ>} . (3.174)
Adding
2 3 2(= ~
9 [ d’a Z°(éq) 4 ( 2 ) 2o, ] (€q>
k)= -—=— Tr —— —tanh [ — 1
¢0( ) 3 (271')3 2€q s(kvpv Q) p2 Re ¢(€q + ), q) 2 tan 2T (3 75)

to Eq. (3.174) one reproduces the well known gap equation for Re ¢(ex, k) to subleading order, cf.
[65]. To see explicitly how ¢y ~ ¢ and H[Af;ole] ~ ¢ combine to a subleading order contribution,
one first notes that all terms ~ coth are at most of sub-subleading order, cf. Sec. 3.2.1. Then

Eq. (3.174) simplifies to

2 3 2(=

- . g d°q Z-(€
Re¢(ex +in, k) = 3 np 2 a)

q

. B}
Re ¢(éq + i1, q) 5 tanh (;—%)

P / s Tri(k, p, ¢)p" (w, p) + Tri(k, p, 9)p' (w, P)
o—t w— € + 0€q

Aq
2 2(~ ~
g Z*(éq) ~ . ( €q )
_ h
3(2m)2 0/ df—5z = Red(éq + i, q) tanh | 57

q
Ag
<3 | [ dop {1l |5+ M (e~ ot )| + Tol (kb ) Al (e 070,P) |
7=+ lie= !
2p
+ /dppTrg(k:,p, q) A os(ex — 0éq,P) |, (3.176)
Ag

where one used p‘(w,p) = 0 for p > Ay in the effective theory, cf. Eq. (3.86a). Adding Egs.
(3.175,3.176), the 1/p>-term from the soft electric gluon propagator in Eq. (3.176) effectively
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restricts the p—integral in ¢¢ from Ag to 2u. After aproximating the hard magnetic gluon
propagator as Af s (ex — UEq,p) = 1/p* + O(Aq/Ag), one can combine it with the remaining
contribution from ¢q. Using Tr’(k, p, q) — Trl(k,p, q) = 4+ O(Ay/Ag1), one finally arrives at Eq.

(124) of [98]. Hence, indeed ¢y + H[Apole] ~ g ¢, i.e. contribute at subleading order to Re ¢.

3.2.5 Calculating Im ¢(ex + in, k) near the Fermi surface

In Sec. 3.2.2 the contributions A and B to Im ¢ have been estimated for different regimes of
w and ¢, cf. Tab. 3.1-3.8. In the case that both w and ¢ are ~ A, with some y satisfying
0 <y < 1 one found AL, to be the dominant contribution to Im ¢, while in all other regimes
of w and ( different gluon sectors contribute at the respective leading order and therefore mix.
Furthermore, for w < 2m, also the contributions from B have to be considered, since there B is
suppressed relative to A only by one power of g.

In the following the imaginary part of the on-shell gap function Im ¢(ex + in, k) near the
Fermi surface, ¢ ~ A, with 1 <y < 0, at zero temperature, T' = 0, is calculated. It follows

N
tm b(e +in k) = f”) df Z2(e) Re bl + n.a) / App ot () T 0. p,0)
g’ df T »’
* s 2*(eq) Re 6(éq + in, q / dp e
g df

12

( ) 5 ( ) Re ¢(€q + ”77 q)

i) o[ () (- 47)
= —15; In <%) ¢ cos <%y> +0(7%)

— §o g cos (%) +O(F), (3.177)

12

where one substituted e, = A, and d¢/¢ = dy’ In(¢/M) and used In(¢p/M) = —37%/(v/29)
and § = ¢g/(3v2m). Furthermore, it was sufficient to approximate Tr'(k,p,q) ~ —2. The
corrections due to the term —p?/2u? are easily shown to be suppressed by a factor ~ (M/u)?
g% compared to the final result in Eq. (3.177). To estimate the contributions from the term
—(k2—¢*)?/(2k qp?) ~ —2(£ —()?/p? one first conservatively sets ( = 0. At the lower boundary
of the p—integral, p > A, this term is ~ 1. One finds for the integral over p

Agl

]\42 w* 52 Agy/5 b ¢) Al%
d < ~ | = . 3.178
/\/ PO T (022 < Ayss (M) (3.178)
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The integral over £ then can be estimated to be at most of order

[ () (2)* < [ (2)% . (zﬁ>:(¢(jﬁ)“ (2

M

Hence, also this contribution is suppressed by a factor of g compared to the result given in Eq.
(3.177).



Chapter 4

Summary and Outlook

In this work I have presented a formal derivation of a general effective action for non-Abelian
gauge theories, Eq. (2.46). This was motivated by the occurence of well-separated momentum
scales in hot and/or dense quark matter. To this end I first introduced cut-offs in momentum
space for quarks, Ay, and gluons, Ag. These cut-offs separate relevant from irrelevant quark
modes and soft from hard gluon modes. I then explicitly integrated out irrelevant quark and
hard gluon modes. The effective action (2.46) is completely general and, as shown explicitly in
Sec. 2.2.1, after appropriately choosing Ay and Ay, it comprises well-known effective actions as
special cases, for instance, the “Hard Thermal Loop” (HTL) and “Hard Dense Loop” (HDL)
effective actions. I also demonstrated, cf. Sec. 2.2.2, that the high-density effective theory
introduced by Hong and others [100, 101, 102, 103, 104, 105] is contained in the effective action
(2.46).

In Sec. 2.3 it is argued that in order to obtain a complete effective theory, in principle, all
diagrams appearing in the effective action (2.46) have to be power-counted. This remains as a
future project. A first step towards this goal, however, is performed for the special case of an
effective theory for cold and dense quark matter, i.e. for quarks with momenta |k —u| ~ ¢ around
the Fermi surface and soft gluons with momenta of order Agl <& p. To this end, one specific class
of diagrams occurring in the effective action (2.46), loops of irrelevant quarks with N external
soft gluon legs, is power-counted for the cutoff parameters fulfilling ¢ < Aq < Ag ~ p and
the projection operators given in Egs. (2.18) and (2.35). It is shown that for the considered
momentum regime these loops are of the order of the corresponding bare vertices (bare gluon
propagator and gluon vertices) times the factor (gu)?/( 21)2. They are therefore “relevant”
operators in the effective action, as their magnitude increases when the soft gluon scale Agl
decreases. They contain Debye screening and Landau damping (as known from HDLs), whereas
the Meissner effect for the magnetic gluons is negligible as long as Agl > ¢. A possible field
of application could be the precursory effects to color superconductivity at temperatures above
the (non-perturbative) onset of Cooper pairing, T 2 T ~ ¢.

As it is known from the HTL/HDL power-counting scheme there is another important class of
diagrams, i.e. those with 2 external quark and N — 2 external gluon legs. It would be interesting
to analyze how their orders of magnitude change as the cutoffs are shifted. Especially the 1-loop
corrections to the quark-gluon vertex could contribute to the gap parameter at sub-subleading

113



114 Chapter 4. Summary and Outlook

order.

In Sec. 3.1 I showed how the QCD gap equation can be derived from the effective action
(2.46). The gap equation is a Dyson-Schwinger equation for the anomalous part of the quark
self-energy. It has to be solved self-consistently, which is feasible only after truncating the set
of all possible diagrams contributing to the Dyson-Schwinger equation. Such truncations can
be derived in a systematic way within the general Cornwall-Jackiw-Tomboulis (CJT) formalism
[106]. Here, I only include diagrams of the sunset-type, cf. Fig. 3.1, in the CJT effective ac-
tion, which gives rise to one-loop diagrams (with self-consistently determined quark and gluon
propagators) in the quark and gluon self-energies.

In principle, the CJT effective action (3.2) for the effective theory contains the same in-
formation as the corresponding one for QCD. However, while in full QCD self-consistency is
maintained for all momentum modes via the solution of the stationarity condition (3.3), in the
effective theory self-consistency is only required for the relevant quark and soft gluon modes.
These are the only dynamical degrees of freedom in the CJT effective action; the irrelevant
fermion and hard gluon modes, which were integrated out, only appear in the vertices of the
tree-level action (2.46). In this sense, the effective theory provides a simplification of any phys-
ical problem that has to be solved self-consistently. How this facilitates the actual computation
is exemplified explicitly with the solution of the color-superconducting gap equation.

Usually, the advantage of an effective theory is that the degree of importance of various
operators can be estimated (via power counting) at the level of the effective action, i.e., prior
to the actual calculation of a physical quantity. This tremendously simplifies the computation
of quantities which are accessible within a perturbative framework. On the other hand, the
requirement of self-consistency for the solution of the Dyson-Schwinger equation invalidates any
such power-counting scheme on the level of the effective action. For instance, perturbatively,
the right-hand side of the gap equation (1.35) is proportional to g?. However, self-consistency
generates additional large logarithms ~ In(u/¢) ~ 1/g which cancel powers of g.

Nevertheless, it turns out that there is still a distinct advantage in using the CJT effective ac-
tion (3.2) of the effective theory for the derivation and the solution of Dyson-Schwinger equations
for quantities which have to be determined self-consistently, such as the color-superconducting
gap function in QCD. This advantage originates from the introduction of the cut-offs which
separate various regions in momentum space. Choosing Ay < Ay they allow for a rigorous
power counting of different contributions to the Dyson-Schwinger equation after expanding in
Ay/Ag < 1. T explicitly demonstrated this in Sec. 3.1, where I reviewed the calculation of the
color-superconducting gap parameter to subleading order and in Sec. 3.2, where I considered
the imaginary part of the gap function.

In order to obtain the standard result (1.36), it was mandatory to choose Ay S gu < Agl S i,
cf. Fig. 4.1. This is in contrast to previous statements in the literature [101, 102, 103] that a
consistent power-counting scheme requires Aq ~ Ag. In particular, the choice Ay < Ay has
the consequence that the gluon energy in the QCD gap equation is restricted to values py S Ag,
while the gluon momentum can be much larger, p < Ag. This naturally explains why it is
permissible to use the low-energy limit (3.61) of the HDL gluon propagators in order to extract
the dominant contribution to the gap equation (which arises from soft magnetic gluons). In
previous calculations of the gap within the framework of an effective theory [101, 102, 103], the
low-energy limit for the HDL propagators was used without further justification, even though
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2Aq

Figure 4.1: Momentum regime of quarks near the Fermi surface, |k — | < Aq, and soft gluons, p < Ag.

for the choice Ay ~ Ay the gluon energy can be of the same order as the gluon momentum.
The physical picture which arises from the choice Ay S g < Ag < p is summarized in Fig.
4.1. Relevant quarks are located within a thin layer of width ~ A, around the Fermi surface.
Soft gluon exchange mediates between quarks within a “patch” of size ~ Ay inside this layer.
The area of the patch is much larger than its thickness. Hard gluon exchange mediates between
quark states inside and outside of the patch.

Obviously, this picture, as well as all power-counting arguments, are rigorously valid only
at asymptotically large values of the quark chemical potential, where ¢ < 1. In the physically
relevant region, ;1 S 1 GeV and g ~ 1, the scale hierarchy Aq S gn < Ay S p breaks down.
When all scales are of the same order, the patch on the Fermi surface becomes a sphere of the
size of the Fermi sphere.

In the course of the calculation, I was able to identify various potential contributions of
sub-subleading order. However, I argued that, at this order, a self-consistent solution of the
gap equation must take into account the off-shell behavior of the gap function. To this end,
I investigated the imaginary part of the gap function, which (loosely speaking) generates the
energy dependence of the gap function. Due to the energy dependent gluon propagator in the
gap equation a self-consistent solution requires a energy dependent and therefore complex ansatz.
Consequently, I considered a complex gap equation, which is pair of two coupled gap equations,
one for the real and one for the imaginary part of the gap function.
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To solve it self-consistently, I first inserted the known leading order result of the real part of
the gap function into the imaginary gap equation. In this way I estimated the order of magnitude
of the imaginary part of the gap function for various energy and momentum regimes, cf. Tables
I-II1. The self-consistency of this approach was controlled by reinserting these estimates into the
imaginary gap equation, cf. Tables IV-VI. Using these results it was checked at which order the
imaginary part contributes to the real part of the gap function. It was found that it enters at
sub-subleading order. Furthermore, several sub-subleading order terms in the real part of the
gap equation arising from the imaginary part of the gap function have been identified.

Finally, I calculated the imaginary part of the on-shell gap function for momenta exponen-
tially close to the Fermi surface, cf. Eq. (3.177). In this regime only Landau damped transversal
gluons had to be considered. Also for the complex gap equation the two momentum cutoffs A,
and Ag proved to be a powerful means for the rigorous power counting of innumerable terms.

For a complete sub-subleading order calculation it also appears to be necessary to include
2PI diagrams beyond those of sunset topology in I'e, cf. Eq. (3.20) and Fig. 3.1. As a first step
it would be interesting to include the vertex corrections into the gap equation.

The general effective action (2.46) derived in this work puts the known effective theories
for hot and dense matter on a more formal basis and gives better insight and control over
the different approximations made. It connects previous results and puts them on a common
footing. Thereby, it has the potential to provide a framework for systematic studies of various
problems in the field of hot and dense systems. Besides an improvement of the result for the
color-superconducting gap parameter beyond subleading order, I believe that it can serve as
a convenient starting point to investigate other interesting problems pertaining to hot and/or
dense quark matter.



Appendix A

Matsubara sums in quark loops

In the following the Matsubara sum and the T—integrals in quark loops with three and four
external gluon fields is performed, always starting from the general Eq. (2.84).

Three external glouns
For three external glouns (/N = 3) one has m = 1,2 and Eq. (2.84) becomes

JHHEs (P, Py, Py) =

2

B
d3k 2 -
- -/ G o Rer Y11 [dnfeem | x
i=1 [p
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Using Eqgs. (2.73) and (2.72) one finds

ffsefs?’e?’ﬁ@ (B—11—T2) — f‘fge*%?’e?’ﬁ@ (11 + 7 —0)
= ffi?)@ (B—71—72)+ {ffi;g - 673363% ©(r +m—0)
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—s83

117



118 Appendix A. Matsubara sums in quark loops

which leads to
JHs (P, Py, P3) =
A3k
_ THH2i3 QS
/ (2m)3 £ Z
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- fe1 S fea 2 fFei S0t | f
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0 B-m =110
After having performed the integral over 7o one can combine three of the four remaining
71—integrals by using f_52 - f . =[5, = =[5, and obtains
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In the limit g — 0 and after using Eq. (2.94) this reproduces the corresoponding formula (A.17)
in [7].

Four external Gluons

In the case of four external gluons one has m = 1,2,3 and Eq. (2.84) becomes

jlil"'lm (Plu . P4) —

3 IB
& et faner]

m=1 i=1 |}

3
fe4 —saeamfBg (mﬂ ZTJ> © (Z 7 —(m—-1)8

J=1
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=1

3 3
+ fesem2saalg (25 -> r]e (Z i — ﬁ) — feaemducafg (Z T — 25) } . (AB)
j=1 Jj=1 j=1

Using Eqgs.

d k 3 - 3
:—/(2 327M1 CH | /dn CiehT {—f;;eS4€4ﬁ@ (ﬂ—ZTj) +
j=1

(2.73) and (2.72) and respecting 0 < 7; < [ one finds

3 3
O (ﬁ zn) fige e (w - z) o (z - ﬁ) -

7j=1
oo (S 31) -

J=1

3
— it4+6_s464ﬁ {@(Tl—I—TQ—ﬁ)-F@ (ZTj—ﬁ) @(ﬁ—Tl—TQ)} —
j=1

3
—e 2sacaPg (Z Tj — 25) : (A.6)
j=1

Hence, we have the following 7-integrals

B
_H /de €i Qﬂ 754+f ;i 63 *8464ﬁ/d7.1 / dTQ/d7_3691716927269373 +
=1

0

+f Se e 7S4G4ﬂ/d7_1 / dT2 / dT 6Q1T1 Qa1o Q37'3 _

B—T1—T2
2s4e4ﬁ/d7_1 / dry / drs 6917’16927'26937'3 (A.7)
T1 2B—T1—T2

Performing the 7-integrals one by one and using Eqs. (2.73) and (2.72) after each integration to
combine the corresponding terms one finally obtains the result

j#l"'#4(P1 e ’P4) =

3
— / ;iﬂkngz'ul u4@e
i i ffsl 522 - sell E252 B fil&j ~Sef_ ~§11fft4 +
Qs | Q9 Q1 — Q9 04

1 e1 fes _ fey fe3 fe1 fes _ fel f€2
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- — / d3_k ZTHl"'/M@e 1 %
(2m)3 e e ® pd —pl — s3€3 + s4€e4
1 255 4 51N (€1) — s2N(e2) #4524+ 51N (e1) — 54N (e4)
{P(Q)—Pg—82€2+8464 [ =13 —sier +s2e2 pd—p — sie1 + sued ] "
— 1 [%; - séN(el) — 53N (es) %; - s(l)N(el) — SQN(EQ)] }
Dy — P3 — S2€2 + S3€3 Di — D3 — S1€1 + 53€3 Di — Py — S1€1 + S2€2

(A.8)

In the limit g — 0 and after using Eq. (2.94) this reproduces the corresoponding formula (A.19)
in [7].



Anhang B

Zusammenfassung

In dieser Arbeit wird eine allgemeine effektive Wirkung fiir Quarkmaterie abgeleitet und auf
den Effekt der Farbsupraleitung angewendet [6]. Motiviert wird dieser Zugang durch das Auf-
treten wohl separierter Impulsskalen in dichter und/oder heiler Quarkmaterie. Als Ausgangs-
punkt dient die Theorie der starken Wechselwirkung, die Quantenchromodynamik (QCD), bei
nichtverschwindenden Temperaturen 7' und quarkchemischen Potentialen p [9, 10]. Die QCD
ist eine nicht-Abelsche SU(3).-Eichtheorie. Die Quarks, die elementaren Grundbausteine der
hadronischen Materie, gehoren zur fundamentalen Darstellung der SU(3)., wiahrend die Eichbo-
sonen, die Gluonen, der adjungierten Darstellung entsprechen. Die QCD ist eine asymptotisch
freie Theorie [1], d.h. dass die Kopplungskonstante g auf groflen Impulsskalen @ klein wird,
9(Q) ~ 1/In(Q/Aqcp), wobei Aqcp ~ 200 MeV. In dieser Arbeit werden asymptotisch hohe
Temperaturen, T' > Aqcp, und/oder asymptotisch hohe quarkchemische Potentiale, ;1 > Aqcp,
angenommen, so dass immer g < 1 gilt und somit (semi-)perturbative Techniken anwendbar
sind.

Im Fall kalter, dichter Quarkmaterie treten mehrere Impulsskalen auf, die weit voneinander
getrennt sind. Es sind diese p > gu > ¢. Die erste ist realisiert durch den Fermi-Impuls der

Quarks, kp = /p? —m2 ~ p. Hier wurde der ultrarelativistische Limes angewendet, indem

die Quarkmasse m, gegeniiber der Fermi-Energie e = u vernachlissigt wurde. Die Skala gpu ist
wegen g < 1 viel kleiner als g und manifestiert sich als Debye-Masse der (elektrischen) Gluonen,
Mp = guy/Ny/(2m) [9]. Diese Gluonen besitzen damit nur eine endliche Reichweite der Ord-
nung ~ 1/Mp. Ny ist die Zahl der Quarkflavors, die an der Abschirmung der Gluonen beteiligt
sind. Schliefilich ist ¢ ~ pu/g° exp(—c/g) die Liicke im Energiespektrum der (Quasi-)Quarks,
er = v/ (k — n)? + ¢?, die zur Farbsupraleitung fiihrt [53]. Sie wird hervorgerufen durch ein Kon-
densat von Cooper-Paaren, welches sich bei T' < ¢ aus den Quarks nahe der Fermi-Fléiche bildet.
Ursache ist der attraktive [3]?-Kanal im Ein-Gluon-Austausch zwischen zwei Quarks [13]. Diese
Cooper-Paare sind nicht farbneutral und brechen somit die lokale Eichsymmetrie SU(3).. Dies
fithrt zu Meissner-Massen der (magnetischen) Gluonen durch den Anderson-Higgs-Mechanismus
[13]. Analog treten im Fall heifler Quarkmaterie, T' > Aqcp, die zwei weit getrennten Skalen
T > ¢T auf [9]. Hiufig bezeichnet man grofle Skalen als “hart” und kleine als “weich”. Das
Auftreten harter und weicher Skalen in heifler und/oder dichter Quarkmaterie motiviert die
Konstruktion einer effektiven Theorie.
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Allgemein sind effektive Theorien [107] fiir die Situation konzipiert, in der man an einer
weichen Impulsskala Aj, bzw. groflen Liangenskala 1/A; interessiert ist, die zugrundeliegende,
mikroskopische Quantenfeldtheorie aber eine viel hirtere Impulsskala, bzw. kleinere Langenska-
la 1/Ao, beinhaltet, Ag > Aj, bzw. 1/Ag < 1/A;. Man nimmt an, dass die Dynamik auf der
weichen Skala unabhéingig von den Details der Dynamik auf der harten Skala ist, und eliminiert
deswegen die harten, mikroskopischen Moden aus der Theorie. Diese sind dann nicht mehr als
explizite Freiheitsgrade, sondern nur noch implizit in den Vertices der effektiven Theorie ent-
halten. Diese Vertices mit internen mikroskopischen Moden werden als “lokal” auf der grofien
Léngenskala 1/A; angenommen, also als unabhéngig von den externen weichen Impulsen. Thre
Form versucht man meistens aufgrund von Symmetrieiiberlegungen zu erraten. Ihre Gréflenord-
nung schitzt man anschlieBend durch Bestimmung ihrer Energiedimension ab. Wenn man sich
dann auf eine bestimmte Genauigkeit in den zu berechnenden Gréfien beschrénkt, braucht man
nur Operatoren bestimmter Relevanzklassen zu beriicksichtigen, was die Rechnungen wesentlich
vereinfacht.

Als kurzes Beispiel betrachte man eine Theorie mit nur einem skalaren Feld ¢ und einer
intrinsischen harten Skala A. Um die fiir die Physik der weichen Skala E < A irrelevanten
Details der harten Skala A zu eliminieren, spaltet man das Feld ¢ in einen harten und einen
weichen Anteil auf, ¢ = ¢ + 1, vgl. Fig. B.1. Der Ansatz fiir eine effektive Wirkung lautet dann

"relevant" modes --— separation —» "irrelevant” modes
@ Yy
E<<A A E,k

Abbildung B.1: Trennung der Skalen E und A.

unter Beriicksichtigung aller Symmetrien der zugrundeliegenden Theorie [108]
Seft[] = /dezgiOi(W) ) (B.1)
i

wobei die Operatoren O;(p) die Vertices und g; = g;(A) die zugehorigen Kopplungskonstanten
der effektiven Theorie sind. Sei 6 nun die Energiedimension des Feldes ¢, ¢ ~ E°, und der
i-te Operator in Eq. (B.1) zusammengesetzt gemi O; ~ VoM, dann ist O; ~ EN+TMO =
E%. Da die Wirkung S.g dimensionslos ist, folgt g;(A) ~ AP~%. Somit hat man insgesamt
fiir den i-ten Term gefunden: [dxPg;0; ~ (E/A)%~P. Fiir §; < D wird dieser Term immer
grofer, wenn & — 0, fiir 9; = D bleibt er unverdndert und fiir 9; > D wird er immer kleiner.
Dementsprechend bezeichnet man ihn als “relevant”, “marginal” oder “irrelevant”. Um mit Hilfe
der Wirkung (B.1) auf der Energieskala E = sA eine physikalische Grofle mit einer Genauigkeit
s"1 perturbativ auszurechnen, benétigt man nun lediglich die Operatoren O; mit §; < D + n.
Fiir den Fall, dass s < 1, dass die Skalen E und A also weit voneinander separiert sind, sind
fiir eine gegebene Genauigkeit nur wenige Operatoren notwendig, was letztlich die Rechnung
wesentlich vereinfacht.
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Diese Vorgehensweise ist allerdings im Falle heiler und/oder dichter Quarkmaterie nicht
praktikabel. Erstens entstehen hier “nicht-lokale” Vertices, z.B. die sog. Hard Thermal/Dense
Loops (HTL/HDL) [9]. Ihre funktionale Abhéngigkeit von den externen weichen Impulsen lésst
sich unmoglich erraten. Zweitens lassen sich im Fall selbstkonsistent zu berechnender Gréflen die
Beitrédge der einzelnen Vertices nicht vor der eigentlichen Rechnung abschétzen. So entstehen
bspw. im Fall der Gap-Funktion ¢ der Farbsupraleitung im Verlauf der Losung der zugehorigen
Gap-Gleichung,

6= {g In? (ﬁ> +4n (ﬁ) + a] : (B.2)

¢ ¢

grofie Logarithmen, In(u/¢) ~ 1/g > 1, die man auf der Ebene der Vertices in der effekti-
ven Wirkung nicht vorhersehen kann. Drittens sind sowohl harte Quark- wie auch Gluonmoden
zu elimineren. Zum einen fithrt dies zu einer viel gréfleren Vielfalt an moglichen Topologien
der Vertices als im Fall eines einzelnen Feldes, vgl. Fign. 2.13-2.16. Zum anderen treten zwei
cutoff-Parameter auf, A, und Ay, deren Verhiltnis zueinander und zu den zugrundeliegenden
physikalischen Skalen g > gu > ¢ a priori nicht bekannt ist. Dies macht eine einfache dimen-
sionale Groéflenabschétzung der einzelnen Vertices unmdoglich.

Es ist daher der Ansatz dieser Arbeit, die Vertices der effektiven Wirkung nicht zu erraten,
sondern exakt und moglichst allgemein abzuleiten. Als Ausgangspunkt dient die Zustandssum-
me der QCD im Pfadintegralformalismus, vgl. Gln. (1.1-1.3). Der Quarksektor ldsst sich in
kompakter Form schreiben als

Z,[A] = /D@ DU exp E (G5! + gA) \1/} : (B.3)

wobei die Integration {iber die Quarkimpulse sowie Spin-, Farb- und Flavorindices der Quark-
felder U und W nicht ausgeschrieben sind. Gy ist der freie Quarkpropagator, A das Gluonfeld
zusammengefasst mit dem Quark-Gluonvertex und g die Kopplungskonstante der QCD. Als
erster Schritt wird im Impulsraum der cutoff-Parameter A, eingefiihrt, der “relevante” von “ir-
relevanten” Quarkmoden trennt. Mit diesem lassen sich Projektionsoperatoren einfithren, wie
z.B. Gln. (2.18), mit denen man die Quarkfelder formal in relevante Moden (mit Index 1) und

irrelevante Moden (mit Index 2) aufspalten kann
V=P, U=P0 , U =UyPiry, Ps=TyPry - (B.4)

Durch Einsetzen wird die Zustandssumme zu

(B.5)

n=1,2 n,m=1,2

Z4[A] :/ H DV, DV, exp [% Z v, (gal +g./4);; v,,

Durch geeignetes Verschieben der Felder Wy, Wo, Gl. (2.23), lassen sich die Terme, die linear
in diesen Feldern sind, eliminieren. Danach ist das Pfadintegral iiber diese Felder Gauflsch und
somit exakt losbar. Man erhélt

_ 1. 1
Z,[A] = /mjl DU, exp {5 Uy (G ly + 9B) W1 + 5 TrgIn gml} . (B.6)
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L e

Abbildung B.2: Der Term ¥, gB ;. Ein relevantes Quarkfeld ist als einfache gerade Linie dargestellt,
irrelevante Quarkmoden im Innern als doppelte Linien. Gekringelte Linien sind Gluonfelder.

Als Folge des Verschiebens der irrelevanten Quarkfelder liegt das Gluonfeld in der modifizierten
Form gB = (1+ gAGoa2) " gA vor, was sich diagrammatisch wie in Fig. B.2 darstellen lisst.
Der Term % TryIn 92_21 resultiert vom Ausintegrieren und entspricht Einschleifendiagrammen mit
internen irrelevanten Quarkmoden und externen Gluonbeinen, vgl. Fig. B.3. Das Resultat in Gl.
(B.6) ist exakt und aufgrund der noch frei wihlbaren Projektoren véllig allgemein.

Abbildung B.3: Die graphische Darstellung des Terms Try In Gy in Eq. (B.6).

Addiert man zum Exponenten in Gl. (B.6) die Wirkung des Gluonfeldes, vgl. Gln. (2.30, 2.31),
und fiithrt auch Gluonprojektoren ein, Gl. (2.35), so lassen sich die einzelnen Terme in der re-
sultierenden Wirkung nach der Anzahl der harten Gluonfelder, As, sortieren

(B.7)
Fiir die Definition und diagrammatische Darstellung des “harten Gluonstromes” J[A1, ¥y, ¥4]
siche Gl. (2.37) und Fign. 2.5-2.7, fiir die des “harten Gluonpropagators” Ay, [Ay, ¥y, U]
sieche Gl. (2.40) und Fign. 2.9-2.11. Im Unterschied zum Quarksektor treten nun auch Ter-
me in allen héheren Ordnungen des harten Gluonfeldes auf. Sie sind im “Wechselwirkungs-
term” Sy[A1, Ag, ¥y, ¥1] zusammengefasst. Um weiter exakt vorgehen zu konnen, fiihre ich nun
einen Quellterm JsAs fiir das harte Gluonfeld ein und substituiere im Wechselwirkungsterm
Ay — 6/6J5. Dann lisst sich der Faktor exp{S;[A1,8/8.J2, ¥y, W]} vor das Pfadintegral iiber
D As ziehen. Verschiebt man dann das harte Gluonfeld gemafi Ay — Ay — (J + J2)Agg, so nimmt
das Integral eine Gaulsche Form an und lésst sich wiederum exakt 16sen

_ _ 1
z = /D\Ile\IllDAl exp {S[Al,\Ill, W] - 5 Trgln A2‘21}

X exp {51 [Al, N qzl} } exp B (T +12) Ao (T + JQ)} (B.3)

0J2

Jo=0

Dieses Resultat ist exakt, vollstindig und vollig allgemein, da die Projektionsoperatoren noch
nicht spezifiziert wurden. Es wurde nicht geraten, wie es in der Konstruktion einer effekti-
ven Theorie normalerweise iiblich ist. Somit sind auch alle nicht-trivialen Energie- und Im-
pulsabhéngigkeiten intakt (non-locality). Auflerdem sind die Diagramme durch das explizite
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Ausintegrieren zu Diagrammklassen zusammengefasst, wodurch eine systematische Behandlung
ermoglicht wird.

Fiir das Folgende mache ich nun zwei Naherungen: Die erste basiert auf der prinzipiellen An-
nahme, die jeder effektiven Theorie zugrundeliegt, dass ndamlich harte und weiche Impulsskalen
weit voneinander separiert sind. Man nimmt also an, dass wegen der Impulserhaltung ein hartes
Gluon nicht mit (endlich vielen) weichen Gluonen koppeln kann. So tragen die Diagramme Fig.
2.6, 2.7 nicht zur effektiven Wirkung (B.7) bei. Die zweite Néherung ist die Vernachldssigung
des Termes S;, €57 ~ 1, in Gl (B.8), der die Diagramme mit mehr als einer resummierten harten
Gluonlinie beinhaltet. Diese Approximation ist noch nicht strikt begriindet. Es wird allerdings
gezeigt, dass die so erhaltene, approximative effektive Wirkung bekannte effektive Theorien
beinhaltet und es auflerdem erlaubt, die Gap-Funktion ¢ zur sogenannten “subleading order”
auszurechnen. Falls bendtigt, ldsst sich der Term S; auch leicht wieder restaurieren. Auf diese
Weise ist die Zustandssumme fiir relevante Quark- und weiche Gluonfelder

z- / DU, DU DA, exp{Se[A1, U1, W1]} (B.9)
mit der gesuchten effektiven Wirkung
Ser[A1, U1, U] = Sa[Aq] + % Uy {Q(;lll —I—gB[Al]} Uy + %Hq In Gy [A1]
—% Tr, In Ay [Ar, Uy, ¥y
3 TolAr, U1, W] Aol s, 1, W] T[4, T, 0] (B1O)

abgeleitet. Fiir die diagrammatische Darstellung der einzelnen Terme in Gl. (B.10) siehe Fign.
2.12-2.16.

Es lassen sich nun die bekannten effektiven Theorien jeweils einer speziellen Wahl von Quark-
und Gluonprojektoren zuordnen. So reproduziert man etwa die “Hard Thermal Loop” (HTL)
und die “Hard Dense Loop” (HDL) effektiven Theorien durch die Projektoren (2.35) und (2.47).
Es werden also im Falle von HTL (HDL) harte Quarks und Gluonen mit Impulsen p > T' ()
ausintegriert, wihrend die weichen Moden mit Impulsen p ~ ¢T < T (p ~ gu < ) als
explizite Freiheitsgrade in der effektiven Wirkung zuriickbleiben. Dabei fallen viele Diagramm-
klassen, die nicht zu den HTL/HDL effektiven Wirkungen gehoren, aus Griinden der Impulser-
haltung trivial weg. Die verbleibenden kénnen dann nach dem bekannten HTL/HDL “Power-
countingschema” [7] analysiert werden. Ebenso ldsst sich die “high-density effective theory”
(HDET) [100, 101, 102, 103, 104, 105] wiedergewinnen durch die Projektorenwahl (2.18) und
(2.35). Im Gegensatz zur Ableitung in dieser Arbeit werden in [100, 101, 102, 103] nur Anti-
quarks explizit ausintegriert (entsprechend dem Quarkprojektor (2.51)). Alle anderen Vertices,
die den Effekt der harten Gluonen mit Impulsen der Ordnung p und der Quarks fern der Fermi-
kante beinhalten, sind dort “von Hand” hinzugefiigt. Einige technische Probleme, die bei dieser
“herkémmlichen” Ableitung auftreten, werden in Abschnitt 2.2.2 ausfiihrlich dargelegt. Es sei
hier aber nur auf ein prinzipielles Problem hingewiesen: Welche Diagramme auf diese Weise
der Wirkung hinzuzufiigen sind, ist sicherlich wohl definiert, wenn man z.B. die Gap-Gleichung
zur subleading order ausrechnen mochte, da das Resultat bereits aus der vollen QCD bekannt
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ist. Will man allerdings die noch unbekannten Korrekturen zur sub-subleading order berechnen
(vom Term « in Eq. (B.2)), kann man auf diesem Weg kein systematisches Losungsverfahren
erhalten.

In dieser Arbeit wird jedoch gezeigt, dass die abgeleitete effektive Wirkung Gl. (B.10) in
Kombination mit dem CJT-Formalismus [106] eine systematische und rigorose Losung der Gap-
Gleichung erlaubt. Der Hauptvorteil liegt darin, dass die Selbstkonsistenz der Lésung der Dyson-
Schwinger-Gleichungen der Felder und der Propagatoren nur fiir die relevanten Moden der Theo-
rie gefordert ist. Im Fall dichter, kalter Quarkmaterie kommen als relevante Quarks aufgrund
des Pauli-Prinzips und der schwachen Kopplung nur solche in einer diinnen Schicht der Dicke
Ay < pum die Fermi-Fléche in Frage. Der Impulsaustausch iiber Gluonen ist durch p < 2u be-
schrénkt, vgl. Fig. 3.9. Dies legt fiir die cutoff-Parameter Ay > A, nahe. Aus der HDL-Theorie
ist auflerdem bekannt, dass man Gluonen auf der Impulsskala p < g mit HDLs resummieren
muss, wihrend die Resummation fiir Gluonenimpulse p 2 p nur perturbativ kleine Korrekturen
ergibt. Mit der Wahl Aj; ~ p trennt man diese beiden Regimes der Gluonen, so dass nur fiir
die weichen, nicht-trivialen Gluonmoden eine selbstkonsistente Losung der Dyson-Schwinger-
Gleichung gefordert ist, wiahrend die harten Moden durch freie Propagatoren trivial angendhert
werden konnen. Fiir die Wahl von A, < A, bietet sich dann A; ~ gu an. Damit trégt man in
der effektiven Theorie auch automatisch der Tatsache Rechnung, dass der Austausch von fast
statischen, magnetischen Gluonen mit w < p dominant ist, vgl. Fig. 4.1. Diese Wahl der Cutoffs
hat noch einen weiteren entscheidenden Vorteil: Mit A;/Ay ~ g < 1 hat man einen Kleinheits-
parameter gewonnen. Bei der Losung der Gap-Gleichung lassen sich alle auftretenden Terme
nach Ay/A, entwickeln und auf diese Weise rigoros power-counten. Als ein weiterer wichtiger
Vorteil der Kombination der effektiven Wirkung mit dem CJT-Formalismus stellt sich schlief3-
lich heraus, dass die Gap-Gleichung im Impulsraum in verschiedene Regimes zerfllt, in denen
man dann jeweils kontrollierbare N&herungen vornehmen kann, wie bspw. die Anwendung des
Niederenergielimes des magnetischen Gluonpropagators.

Es lésst sich mit Hilfe der effektiven Wirkung in Kombination mit dem CJT-Formalismus die
Gap-Gleichung prinzipiell zu jeder gegebenen hoheren Ordnung kontrolliert 16sen. So liefern die
sub-subleading Beitréige « in Eq. (B.2) Korrekturen der Ordnung O(g) zur Gap-Funktion gemifl
¢~ 1/g° exp(—c/g)[1+O(g)]. Ist der betreffende Koeffizient in dem O(g)-Term eine groBe Zahl
vergleichbar mit 1/g, so wire diese Korrektur selbst im Grenzfall schwacher Kopplung wichtig.
Allgemein sind diese Korrekturen hoherer Ordnung notwendig, um g kontrollierter zu physika-
lisch relevanten Werten herunterextrapolieren zu kénnen, wo g < 1 nicht mehr erfiillt ist. Im
Inneren von Neutronensternen etwa ist 11 S 500 MeV und g ~ 1 [13]. Als ein erster Schritt in die-
se Richtung wurde in dieser Arbeit erstmals der Imaginérteil und somit die Energieabhiingigkeit
von ¢ selbstkonsistent berticksichtigt. Dazu wurde eine komplexe Gap-Gleichung aufgestellt und
mit Hilfe der effektiven Wirkung zur subleading order gelost. Dabei wurden mehrere Korrek-
turen zur sub-subleading order identifiziert. Die Losung der Gap-Gleichung zur sub-subleading
order bleibt jedoch ein Projekt fiir die Zukunft.

Eine weitere offene Fragestellung ist die systematische Analyse aller Diagramme, die in der
effektiven Wirkung (B.8) auftauchen. Ziel wire ein konsistentes Power-counting-Schema, dass es
im Fall von perturbativen Gréflen erlaubt, vor der eigentlichen Rechnung die Zahl der Diagramme
stark zu reduzieren. In Abschnitt 2.3 wird ein erster Schritt in diese Richtung unternommen
und eine erste Diagrammbklasse, die der Schleifen mit internen ausintegrierten Quarkmoden und
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N externen weichen Gluonenbeinen, abgeschétzt. Insbesondere wird gezeigt, dass man im Fall
Ay < Ag und der Projektionsoperatoren (2.18) und (2.35) die entsprechenden HDL-Ausdriicke
bis zur Ordnung O(Aq/Ag) wiedergewinnt.

Die effektive Wirkung Gl. (B.10) stellt die bekannten effektiven Theorien fiir heifle und/oder
dichte Quarkmaterie auf eine gemeinsame formale Basis. Sie erlaubt eine bessere Einsicht und
groflere Kontrolle iiber notwendige Néherungen und bietet den Rahmen fiir systematische Unter-
suchungen einer Vielzahl verschiedener Fragestellungen in schwach gekoppelter Quarkmaterie.
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