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GENERALIZATION OF PERTURBED TRAPEZOID
FORMULA AND RELATED INEQUALITIES

S.KOVAC AND J.PECARIC

ABsTRACT. We derive some new inequalities for perturbed trape-
zoid formula and give some sharp and best possible constants.

1. INTRODUCTION

A.McD. Mercer has proved the following identity ([1])

1 2mn!
/_1 f(z)de + (2n)!
(=1)*

] /f?” (2) DH{(a ~ 1)"ds,

n—1

Z( D [FO) + (-1 (1| PIO )|

with £k =0,1,...,n, where f: [~1,1] — R possesses continuous deriva-
tives of all orders which appear, D denotes differentiation with respect
to z, and P,(z) is the Legendre polynomial of degree n.

Pecari¢ and Varosanec ([3]) have considered the following. Let

c={a=29<z1 < -+ <xpy =b}
be a subdivision of the interval [a, b] for some m € N. Set
Pin(t), te€a,z]
(1.2) Su(t,0) = Pl L€ 2
Ppn(t), te (zm-_,b],
where {P;j,} are the sequences of harmonic polynomials, i.e. P, (t) =

Pjr—1(t), for k =1,...,n and Pjo(t) = 1. By successive integration by
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parts they have proved that
b b n
1) / Sn(t,o)df (1) = / FB)dt+ 3 (=1 [P () =D 1)
¢ a k=1

m—1
(L3)  + D (Pulay) = Prea(e)f*(ay) = Pir(@)f*(a)
7=1

whenever the integrals exist. Formula (1.3) is generalized in the following
way in [2]. Let us consider subdivision

oc={a=z9<z1 < <xpy = b}
of the interval [a, b]. Further, set
Min(t), te€|a,z]
(1.4) To(t.o) = Mzn(t)7 t € (z1, 2]
Myn(0), € (a1,

where Mj, are monic polynomials of degree n, for j = 1,...,m. The
next theorem has been proved.

Theorem 1. Let f : [a,b] — R be (n—1)—times differentiable function,
for some n € N. Then the next identity holds

m—1
[ swa ,Z D MG D@0 + 3 (4D @)
a n: J=1
(L5) - M§11i1><xj>>f<k (2) = M D(@) D (a)]
- (_nlv)n / T o)a (),

whenever the integrals exist.

If we put in (1.5) Mj, = n!- Pj,, where {P},} are harmonic poly-
nomials with leading coefficient -, then we will recover relation (1.3),
since

n—k—1
Pj(n )(t) = F)j,k*H(t):

for 0 <k <n-—1.
In this paper we will use the Gamma function

F(w)—/ t"leTlde,
0
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where x € R and the incomplete Beta function

B(a;,a,b):/ 2711 — )P L,
0

where x,a,b > 0. In this paper we will show that identity (1.1) is a
special case of Theorem 1. Further, we will obtain some sharp and best
possible L, inequalities for quadrature formula in (1.1).

2. PERTURBED TRAPEZOID IDENTITY

Let us define polynomial

(n))?
(2n)!

(2.1) My (t) = 2Py (1), te[-1,1].

Since the leading coefficient of P, (t) equals to (2(n?)2, the polynomial

M, is monic, so we can apply Theorem 1 with m = 1 for some function
f:[-1,1] — R with continuous n—th derivative . Using the property
of the Legendre polynomials

PP (—t) = (=1)" PP (1),
and Rodrigues formula
D™[(t* — 1)"] = 2"n! P, (1),

we get from the relation (1.5)

IRCE 2"”', (1t {[£0(1) + (-1 (<)) PE-0 )

/\/\

(2.2) = )] / F) (22 — 1)"]dz.

In ([1]) is obtained that
1 1
k (2n—k) B k 22 — 1)"dx = (2n) 2 (22 — 1)"dx
D[R DH - 1) = [ @) - 1)

for k=0,1,...,n,so (2.2) becomes (1.1).

3. SOME INEQUALITIES

Theorem 2. Let us suppose f : [—1,1] — R is (2n — k)—times differ-
entiable function for some n € N and some k = 0,1,2,...,n. Further,
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let us assume that fn=F) ¢ Ly[—1,1], for some 1 < p < co. Then the
following inequality holds

Lo + (o0

7=0

(~1)7fD(=1)] P (1)}

(3.1) Cln,k, )l F ",

IN

1,1 _
where]5+a—l and

=

o [ D - e 1< <o

C(TL, ka Q) =
ﬁ sup,e—1,1) [DF[(z* = 1)"]], ¢ =00

The inequality is the best possible for p = 1 and sharp for 1 < p < oco.
In the last case equality is attained for the functions of the form

f(z) = M f(2) + ron—k-1(2),

where M € R, ro,_r_1 15 an arbitrary polynomial of degree at most
2n — k — 1 and function f. : [—1,1] — R is defined by

T (e 2n—k—1
32 )= [ CES D (€ - 1)7ds, forp =

and for 1 <p < o0

T (g 2n—k—1 1
33) f0)i= [ GEI (@ - 0mIDA(E - 07ag

Proof. We apply Holder inequality to the relation (1.1) to get

[ s+ 2O (o0

7=0

+ (9D PET )

< ID*[(a® = 1)l

b
(2n)!
Obviously, C(n, k,q) = ﬁ | D*[(22—1)"]||4, S0 we obtain relation (3.1).
For the proof of sharpness we need to find function f such that

1 C k(a2 (2n—k) (2n—k)
@n)t /_1D (2 = )" M (@) da| = Cn, k,q) - [|F* M),
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where 1 < p < oco. The function f, defined by (3.2) and (3.3) is (2n —
k)—times differentiable and ffn*k) € L,[—1,1]. Further, f; is a solution
of the differential equation

DH{(a? = 1)") 2" F) @) = [ DH{(a — 1)),

so the above identity holds.
For p = 1 we shall prove that

(3.4
1 1

[ DM -0 e < s (D4R [ 17wl
-1 xe[—1,1] -1

is the best possible inequality. Suppose that |D¥[(x? — 1)"]| attains its
maximum at point xg € [—1, 1]. First, let us assume that D*[(z2 — 1)"] > 0.

For € small enough define fe(ankfl)(x) by
0, z < xq
FOED @) = {2280 g e [, 20 + €]
1, T > xo+ €.

Then, for € small enough,

]/Uﬁm%Jmﬁ%ﬂm)
-1

To+e€ 1 1 xo+e€
_]/‘ Dmﬁ—nﬂdqz/ D¥[(2? — 1)")da
0 € € Jx

0

Now, relation (3.4) implies

1 xo+e€ 1 xo+e€
[ DM - 1y < SR - 1) [ de= DM - 1)
€ Jao € zo
Since
. 1 rote k 2 n k 2 n
tim [ DM~ 1)de = DM~ 1)),
e—0 € zo

the statement follows. The case D*[(z2 — 1)"] < 0 follows similarly.

(]
Remark 1. For n € N we have by direct calculation
1
1 Val(ng+1)|° 1
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ontlp) 27n)
Cn,n,2)=——, C(n,n,o0 .
(n,n,2) (2n+ 1)V (n, ) (2n)!
Further,

2 q
C,1,9)=(——)", 1<qg<oo, C(1,1,00) =1,
o= (25)" 1 (1,1,00)

1

C@1q) =t <F(12+q) i +q )) e 0(2,1,00):\2/73

3.921/q F( )
and
(D)1 (DDA @)+ BB A1+ T 1))
C(2,2,q) = G ( Ve 2 2 ) ,

for1 < q < oo, and

C(2,2,00) = =
Specially,

C(2,2,1) = =

which coincides with constants obtained in [4]. For n = 3 we have the
following constants

C(3,1,q) =

and C(3,1,00) = 128—‘455.

The case k = 0 in (1.1) is of special interest since function (2% — 1)"
doesn’t change sign on [—1,1] for every n € N. More precisely, (22 —
1)™ > 0 for even n and (22 —1)" < 0 for odd n. So we have the following

Theorem 3. Let us suppose f : [—1,1] — R is such that f@™) is contin-
wous function on [—1,1] for some n € N. Then there exists n € (—1,1)
such that

IRCEE 2"”', (1 {[£9(1) + (-1 (<)) P10 (1)

B (—)\fn!  (2n)
38 = @n)'T( + n) S ).
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Proof. The proof follows from the integral mean value theorem applied
to the right hand side of (1.1) with k = 0, since (z2—1)" does not change

sign on [—1,1]. So there exists some 1 € (—1, 1) such that
(2n) 1
2n) _1\n _ f (77) / 2 1\n
@) / f 1)"dz o _l(x 1)"dz
_ ( \Fn' f(2n) (77)
(ZH)T(Q n)

O

Remark 2. Applying previous theorem for n = 1,2,3 respectively, we
get the following identities:
_7f”(77))

1
(3.6) LKJfC@dx—{fﬂ)+j(_D]: ;

which is identity related to the famous trapezoid formula,

1 2

1) [ f@)de =)+ FD1+ 170 = £ 0] = 5

2

/ fle)de ~ [£(1) + (-1 + Z[£(0) = £(-1)]

2
2 6
sl -
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