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The contribution deals with some questions associated with utilization of mathematical spaces, especially Hilbert 
spaces, in the area of process control. The authors of the paper point out the possible method of prediction of un-
desirable leaks of CO gas in oxygen converter in steel production. This prediction is based upon monitoring concur-
rent vibrations of the converter that are processed in abstract Hilbert space. To the current state of the process cor-
responds a point in the space. To the critical state of the process then corresponds a particular point of its trajectory. 
The structures of abstract space enable to visualize the trajectory of the process in the converter and quantitatively 
specify the distance of the process from the critical point.
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INTRODUCTION

The principles of the control of technological pro-
cesses must be based on the character of the particular 
process but also on the measurability of the process 
quantities. In standard methods of control the basis is 
the mathematical model of the process that can have 
different form. However, there are technological pro-
cesses whose character prevents the creation of 
such mathematical model of the process. The reason 
can be strong stochastic character of the process, im-
measurability of process quantities, strong nonlineari-
ties in the process, complicated relations between key 
process quantities etc. 

In such a case one can consider some nonstandard 
procedures of controlling the process. 

This contribution deals with one such nonstandard 
procedure [1-4].

There exist many technological processes character-
ized by their concurrent vibro-acoustic emissions. With 
a suitable monitoring, e.g. on the device body, an infor-
mation (process) signal is generated whose character 
and parameters then correspond to the current state of 
the process [5-9].

As an example of the process generating vibro-
acoustic emissions as a usable process signal is e.g. the 
process of milling in a mill, the process of steel solidifi -
cation in an oscillating crystallizer, the process of steel 
production in an oxygen converter, the operation of 
a rotary machine, the motion of so-called thin load in 
a heat aggregate etc. [10-12]. The authors of this contri-

bution direct their scientifi c research toward utilization 
of concurrent vibro-acoustic emissions that are gener-
ated by the process of rotary drilling, and for effi cient 
control of the rock massif separation mode. The process 
vibration signal in this case is interpreted as a function 
– point – vector of abstract mathematical space in the 
sense of functional analysis. The signal space of Hilbert 
type becomes here the state space of the process of drill-
ing. Its set, algebraic, topological, and geometric struc-
ture enables the solution of some tasks, such as state 
recognition of the process or the task of monitoring the 
process dynamics, as geometric problems in the sense 
of analytical geometry.

INNER PRODUCT AS KEY ALGEBRAIC 
OPERATION DEFINED ON SET STRUCTURE 
OF HILBERT SPACE

The inner product is an algebraic operation that as-
sociates a scalar value to a pair of vectors in the space. 
The particular algebraic form of the inner product de-
pends on the specifi c class of spaces. Hilbert spaces of 
class L2 [0, T] have inner product of pair of vectors xi, xj 
∈ L2 [0, T] defi ned in the form

 ( ) ( )
0

d
T

i j i jx ,x x t ,x t  t= ∫ .       (1)

If we consider Hilbert space as a complex infi nite-
dimensional space with structure C∞, then in the sense 
of functional analysis the inner product is a functional 
realizing the mapping C∞ × C∞→ C.

The power of Hilbert space from the application 
point of view stems just form the inner product. It’s be-
cause it is the „building block“ of their topological and 
geometrical structure. In short, it is about these facts:
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• Inner product generates the norm

 
1 2/x x ,x= . (2)

It is the mapping C∞→ R0
+ and it expresses geometri-

cally the length of vector or the distance of the element 
of the space from the origin of the coordinate system. In 
the case of the signal space the square of the norm repre-
sents the energy signal as an element of the space, so 
that 2

xE x x ,x= = .
•  The norm of the space (2) generates the metric of 

the space
  ( )

1 2/

i j i j i j i jx ,x x x x x ,x x= − = − − . (3)

It is the mapping C∞ × C∞→ R0
+ and it expresses geo-

metrically the distance between two vectors in space.
•  Between inner product of two vectors and their 

norms there is so-called CBS inequality:
i j i jx ,x x x≤  This inequality is geometrically 

interpreted as a function of the cosine of the angle 
subtended by two vectors xi and xj. So we have:

  . (4)

•  The inner product makes it possible to express or 
test mutual orthogonality of two vectors in space. 
According to (4) we have:

  0  i j i jx ,x x x= ⇔ ⊥  

•  In Hilbert space the function ( )( ):0x x t ,t T= �  as 
a vector can be expanded into Fourier series in 
complete orthonormal or orthogonal vector base
{ } 1k kb ∞

= . 

In the case of orthonormal base of the space this se-
ries has the form

 ( ) ( )
1

k k
k

x t x b t
∞

=

= ∑ . (5)

The coeffi cients of this series (so-called Fourier co-
effi cients) are given by the inner product:
 1,2,... C,, =∈= kbxx kk  (6)

and represent the coordinates of the vector x in 
Hilbert space relative to given base { } 1k kb ∞

= .
In Figure 1 is illustrated the geometric structure in 

signal space, based on the operation of inner product.

PREDICTION OF THE LEAK OF CO 
GAS IN THE PRODUCTION OF STEEL 
IN OXYGEN CONVERTER

The use of Hilbert space class L2 [0, T] as a signal 
space enabled the task of classifi cation of states to be 
solved as a geometry task. In addition, it was not neces-
sary to extract any attributes from the signal as with 
standard classifi ers. Each of the set of process states 
was represented in Hilbert space by his/her averaged 
power spectrum Figure 2 of his/her speech recording 

Figure 1  Graphic illustration of mutual geometric relations 
between pairs of signals as vectors – points in Hilbert 
space

Figure 2  Averaged power spectrum of converter signal as 
vector in Hilbert space

with approximate length of 20 second. For the expres-
sion of geometric differences of individual states two 
reference signals were defi ned as vectors in the space:  
xC as the centroid of all states of the process and xW as 
white noise.

For the purpose of visual graphic expression of dif-
ferences between states an algorithm of projection of 
signal Hilbert space of states into 3-D space was de-
signed. Each set of process states is identifi ed in the 
space by a triple of real numbers – coordinates: ( ), , x  
where = ( )C, xx  and = ( )W, xx . Subsequent visuali-
zation of the vectors of states into E3 is realized via po-
lar coordinates into cartesian coordinates. From the 
above follow the coordinates of points of the space E3, 
into which the vectors of individual states from Hilbert 
space map themselves:

( )

( ) ( ) ( ) ( ) ( )( )
1 2 3, ,

sin cos , sin sin , os .

x y y y

x x x c

= ≡

≡ ∂ ∂ ∂   (7)

The result of visualization of distinguishability of 
states is shown in Figure 3.
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The signal space of Hilbert type but also the Eucli-
dean space, denoted as E3, are metric spaces. That ena-
bles visualized mutual distances – quantifi cation of the 
differentiation of signals.

However, the properties of the state space defi ned 
here as a normed algebraic linear space make it possible 
to more simply solve the prediction of undesirable state 
of the process when the leak of CO gas occurs. By ex-
perimental identifi cation of the process during a suffi -
cient number of cycles it would be possible to identify 
the critical state  of the process that closely pre-
cedes the undesirable phenomenon. Then it suffi ces for 
the automated system, working on this principle, to no-
tify the operator of the converter at the instant when the 
trajectory of the process, or the current state  reaches 
the ε - neighborhood of the critical state - see Figure 3. 
By using the metric of the space this situation can be 
expressed with the inequality:

( ) ( )
1 22 2 2 2

CO CO

/

t t
X , X X , X= ≤ .       (8)

CONCLUSION

In this contribution a possibility is shown of using 
abstract mathematical spaces of Hilbert type as signal 
spaces with some tasks in the area of signal processing. 
This approach makes it possible to solve some practical 
tasks in technical and natural sciences as geometry 
problems. The authors show the basics of such approach 
and give some aspects connected with practical solu-
tion. Also given is the original method of visualization 
of geometric layout of signals in Hilbert space, corre-
sponding to mutual differences in these signals. This 
contribution illustrates the possibilities of applying the 
method also in complex metallurgical processes gener-
ating concurrent vibro-acoustic emissions.
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Figure 3  Set of states of the converter in one  technological 
cycle


