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ABSTRACT

This thesis focuses on proving a finite domination condition on bounded
chain complexes of finitely generated free R-modules where R is a strongly
Z"-graded ring.
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0. INTRODUCTION
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0.1 Topological and algebraic finite domination

This thesis focuses on an interesting generalisation of the characterisation of
algebraic finite domination of chain complexes. To outline the background
of the result, it seems best to begin by referring to topological finite domi-
nation.

Definition 0.1.1. A topological space X is finitely dominated if it is a
homotopy retract of a finite CW complex, that is if there exists a finite CW
complex K, maps f: X - K,g: K — X and a homotopy gf ~1: X — X.

In the paper of Ranicki, [Ran95], the author discusses a number of results
pertaining to the finite domination properties of infinite cyclic covers of finite
CW complexes. In particular, by making use of Novikov rings, he produces

the following characterisation of finite domination for an infinite cyclic cover
of a finite CW complex:

Theorem 0.1.2 (Theorem 1 [Ran93]). Let X be a CW complex with uni-
versal cover f(, and fundamental group m (X) = m X Z with © a group, so
that Zm (X)) = Z[r][z, 27 Y. Let C(Y) be the cellular chain complex of the
CW complex Y. The infinite cyclic cover X = X/T(' 1s finitely dominated if
and only if X is Z[r]((2))-acyclic and Z[x](z1))-acyclic:

H(Z[7](2)) ®2jn)[s,.-1) C(X)) = 0 = Ho(Z[7](z")) ®gpmfz.-1) C(X)).
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The name Novikov ring stems from their use by Sergei Novikov in his
study of Morse theory. The above result of Ranicki is the natural place to
begin the discussion of Novikov rings in this work as it is the topological
equivalent of the algebraic result studied in this thesis. Helpfully, in the
same paper, a related key result of algebraic finite domination is presented.
The key definition of algebraic finite domination, that is investigated in this
work, is the following:

Definition 0.1.3. Let L be a unital ring, and let K be a subring of L. A
chain complex C' of (right) L-modules is K -finitely dominated if C, consid-
ered as a complex of K-modules, is a retract up to homotopy of a bounded

complex of finitely generated free K-modules.

Theorem 0.1.4. From [Ran8J, Proposition 3.2. (ii)], we know that an L
complex C is K-finitely dominated if and only if it is homotopy equivalent
to a bounded complex of finitely generated projective K-modules.

The relevant result, that transfers [Ran95, Theorem 1] to the algebraic
setting, is the following:

Theorem 0.1.5 (Ranicki [Ran95, Theorem 2]). Let R be a unital ring, and
let R[t,t™1] denote the Laurent polynomial ring in the indeterminate t. Let
C be a bounded chain complex of finitely generated free R[t,t']-modules.
The complex C is R-finitely dominated if and only if both

C ® R(@Y) and C ® R(1)
R[t,t—1] Rt,t—1]

have vanishing homology in all degrees. Here we write R((t)) = R[[t][t™?]
for the ring of formal Laurent series in t, and similarly R(t~1)) = R[[t~1][t]

stands for the ring of formal Laurent series in t=1.

The rings R((t)) and R((t™!)) are called Novikov rings. We state that a
complex of R[t,t~!]-modules C has trivial Novikov homology whenever the
complexes C ®pgp ;-1 R((t™1)) and C ®pp—1) R((#)) are acyclic. Hence, we
can summarise the result thus: A bounded chain complex of finitely generated
free R[t,t™1]-modules C is R-finitely dominated if and only if it has trivial
Novikov homology. The main result of this thesis generalises Theorem [0.1.5
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and as we progress towards generality we look at more general concepts of
trivial Novikov homology.

It therefore is necessary to spend some time discussing what Novikov
rings actually are in these higher generalities, beginning with the simplest
case of polynomial rings. The above rings R((t)) and R((¢~1)) are the versions
built upon a Laurent polynomial ring in one indeterminate. These can be
seen as localisations of power series R[[t]], R[[t~!]] where R is a division ring.

When extending to Novikov rings in two indeterminates we have more
choices than just orientation. Starting with a Laurent polynomial ring
R[z,27',y,57!] we have a collection of power series

Rlz,y],  Rly,y 'z, Rlz,z7"][y].
Let R.((z,y)) be the ring with elements in the set
{Z ra’bx“yb: teZ,rqp € R}.
a,b>t

The following rings constitute the Novikov rings that correspond directly to
the Novikov homology of a chain complex of R[z,z~1,y,y7!]:

Rlz, 2 "(y) Rz, z7'(y™")
Rly, y (=) Rly, vy~ "=
R((z, y)) R((z~" y™)
R(z,y™")  R(="", y).

There are also similar rings, such as R((z))((y)) which are not directly asso-
ciated to the definition of Novikov homology but feature in the proof given
in [HQ15]. In fact, trivial Novikov homology for a chain complex with sat-
isfactory conditions on it will imply that the tensor product of the complex
with any of these rings are acyclic as an implication. Specifically, these rings
are:

R(@)(»)  R(=)(»")
R(z™)(y) RNy~

and similar ones with = and y swapped. The first extension of [Ran95,
Theorem 2| by my supervisor Thomas Hiittemann and David Quinn was to
the two dimensional case:
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Theorem 0.1.6 (Hiittemann and Quinn[HQI15, Main Theorem 1.1.2]). Write
L = Rz, y,y7']. Let C be a bounded chain complex of finitely generated

free L-modules. Then the following two statements are equivalent:

1. The complex C' is R-finitely dominated, i.e., C is homotopy equivalent,
as an R-module chain complez, to a bounded chain complex of finitely

generated projective R-modules.

2. The eight chain complezes listed below are acyclic (all tensor products

are taken over L):

C®R[z, 2')(y) C®R[x, 'y

(0.1.6.1a)
CoRly, y (=) CeRly, y (=)

C® R(x, ) CoR(z y")

(0.1.6.1b)
CoR(z,y ") CoR(z™", y)

Condition 2 outlines the concept of Novikov homology for rings with two
indeterminates.

In a different direction, Thomas and myself extended Theorem to
bounded chain complexes of strongly Z-graded ring modules. To even state
the result in this context, we need to quickly note the definition of a Z-graded
ring.

Definition 0.1.7. A Z-graded ring is a (unital) ring R equipped with a
direct sum decomposition into additive subgroups R = €, .5 Ry such that
RiRy C Ry for all k,¢ € Z, where Ry Ry consists of the finite sums of ring
products zy with x € R and y € Ry. The summands Ry are called the
(homogeneous) components of R; elements of Ry, are called homogeneous of
degree k. — Following Dade [Dad80] we call R a strongly Z-graded ring if
Ry Ry = Ry for all k, ¢ € Z.

The Z-graded ring is a generalisation of a Laurent polynomial ring in one
indeterminate. For a Laurent polynomial ring T[z, 1], T is the ground ring

and hence the ring that the relevant chain complex will be finitely dominated
over is the ring T itself. For the Z-graded ring R the subring that plays this
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role is Ry, the component of R indexed by 0, which is known to be a unital
ring when R is itself unital [Dad80L Proposition 1.4].
Next, we need to discuss the analogue of Novikov rings. For one di-

mension, this is fairly simple — we have two, R.((t) = @ R: & [[ R: and
t<0 t>0

R.(t71) = J] Rt ® @ R;. Trivial Novikov homology in this case is related
t<0 >0
to tensoring with these rings over R.

Theorem 0.1.8 (Hiittemann and Steers [HS16, Theorem 1.3]). Let R =
Dicz Ri be a strongly Z-graded ring, and let C be a bounded chain complex

of finitely generated free R-modules. The complex C' is Ry-finitely dominated
if and only if both

C ® R.(t7™Y)  and C @ R.((1)

have vanishing homology in all degrees.

Thomas and myself have also worked on the case where the ring is a
strongly Z2-graded ring, which has produced a paper that is at the time of
writing being finalised. The eight Novikov rings associated with a Z2-graded
ring correspond with the eight Novikov rings seen in condition 2 of Theorem
.16l

This paper deals with the analogous case for when R is a strongly Z"
graded ring. As the number of indeterminates grows, we will make sense of
the collection of Novikov rings for a Laurent polynomial of n indeterminates
by associating each ring with a flag of faces of a cube S = [—1,1]". Thomas
and David worked on the case with a Laurent polynomial in n indetermi-
nates. The result can be seen in [HQ16, Theorem I11.6.4], broadly speaking
it deals with a more general collection of homological conditions but with a
class of rings more specific than that looked at in this thesis.

Another result that looks at a similar case is from Schiitz.

Theorem 0.1.9 (Schiitz [Sch06, Theorem 4.7]). Let G be a group and C' be
a bounded chain complex of finitely generated free R|G]-modules. Let

I?G\X ={f:G— RVt € R: #(Supp(f) ﬂx_l([t,oo))) < oo}

Suppose that N is a normal subgroup of G with quotient G/N = Z"™ a free
Abelian group of finite rank. The complex C is R[N]-finitely dominated if
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and only if for every character x: G — R which is trivial on N the complex

C ® }?G\X is acyclic.
R[G]
This result effectively uses infinitely many conditions, while this paper
has managed to express a similar result in finitely many conditions. Pre-
cisely, the ring R[G/N] is a specific strongly Z"-graded ring.

0.2 Structure of the thesis

The first chapter introduces the two key definitions required for the main
result. Firstly, I define strongly Z"-graded rings and their properties, includ-
ing a number of key characterisations and the partition of unity. Secondly,
the definition of the generalised Novikov ring. These are the analogues of
Novikov rings and power series for the polynomial case in the graded ring
case.

The second chapter involves proving one direction of the actual result,
that trivial Novikov homology implies finite domination, introducing a num-
ber of concepts to better explain Novikov rings to this end. This section will
feature a canonical resolution of Ry, for a strongly Z"-graded ring R.

The third chapter deals with setting conventions and forming a category
whose objects can be totalised as iterated mapping cones of maps in a cate-
gory of chain complexes of R-modules, this will have left and right adjoints
to the category of chain complexes of R-modules. The objects of these map-
ping cone categories, N-cubes, will be of central use in the final section,
when proving that finite domination implies that the Novikov homology is
trivial.

The fourth chapter goes through the other direction, making use of the
N-cube definition. This section will feature a canonical resolution of R for
a given strongly Z™-graded ring.

Finally, the Appendix consists of a reproduction of the paper worked on
by my supervisor and myself.

0.3 Setting conventions

We take a moment to set a few conventions. Firstly, given a map between
two direct sums f: A® B — C @& D we consider f as a matrix

-(51)
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with

w: A—C r:B—C
y: A—D z: B— D.

That is we view elements of A @ B as a column vector with the matrix f
acting on the left.

It is worth taking a moment to explain, for the total avoidance of doubt,
what a chain complex is. For a ring R, given a collection of R-modules
(Cix)kez and maps dy: Cy — Ck_1 satisfying dpdg_1 = 0, a chain complex
C' is a pair:

C = (Ck,d)

where C}, is the module at position k. In particular, due to potential confu-
sion later on, we avoid using any suspension definition, rather I will express
chain complexes where the index of the modules have changed explicitely.

Mapping cones feature heavily in this paper. I settle on the following
sign convention.

Definition 0.3.1 (Mapping cone). Let f: C'— D be a chain map between

two chain complexes. The mapping cone of f, written cone(f), is a chain

dC_ 0
(Ck:—l@Dka< el D>>-
fk—l _dk

Note that this is a non-standard convention, but a mapping cone us-
ing this convention is isomorphic to the more standard convention (i.e.,

(5
fee1 dP )"
Definition 0.3.2. Let C be aright R-module and D a left R-module. Define

the tensor product of the chain complexes over R, C' ® D, as the complex
R

complex

with modules

C®D), =
(CeD)p= 3 CyeDy
k+l=n

and boundary

d(z @ y) = d(z) @y + (-1)**Pz @ d(y).

We define double complexes and their totalisations.
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Definition 0.3.3. Define a double complex as a collection of R-modules

Ca,p, indexed over 72, and maps
dp: Cap — Coa—1py dv: Cap — Cap1
that satisfy
dpdp =0 = dyd,
and
dpd, = —d,dy,.

This convention provides that the boundaries anti-commute. This en-
sures that the obvious candidate for totalisation is a chain complex.

Definition 0.3.4. Given a double complex C' = {Cy, dp, d,}, define the
totalisation of the double complez, Tt(C'), as the complex with module at

degree k
D Cus
a+b=k
and boundary consisting of
dh + d'U

applied to each summand Cj .

Remark 0.3.5. For a double complex C', the boundary map of Tt(C) sat-
isfies (dp + dy)(dp, + dy) = dpdp, + dpdy + dydp + dydy, = 0, hence Tt(C) is a
chain complex.

Both of these definitions follow [HQ15], so that we can lift the following
result from it for later use.

Lemma 0.3.6. Let f: C — D be a map of double complexes which are
concentrated in finitely many columns. If f is a quasi-isomorphism on each

column or on each row, then the induced map
Tt(f): Tt(C) — Tt(D)
1S a quasi-isomorphism.

Proof. Seen in [HQ15, Lemma 2.2.2]. O



1. DEFINITION OF GENERALISED NOVIKOV RINGS

As noted in the introduction, we are interested in a generalised case of
polynomial rings in n indeterminates, strongly Z"-graded rings. We now
need to define and investigate the Novikov rings that are used to encode the
condition of trivial Novikov homology in the strongly Z"-graded case. After
defining strongly Z"-graded rings we move onto defining Novikov rings in
this case.

1.1 Strongly Z"-graded rings

This section’s purpose is to introduce the Z"-graded rings. We can define
a broad collection of rings, G-graded rings, where G is a general group.
However we are mainly interested in Z"-graded rings.

Definition 1.1.1. For n € N, a Z"-graded ring is a (unital) ring R equipped
with a direct sum decomposition into additive subgroups R = @z Ri
such that Ry Ry C Ry for all k,¢ € Z", where Ry Ry consists of the finite
sums of ring products zy with x € R and y € Ry. The summands Ry
are called the (homogeneous) components of R; elements of Ry, are called
homogeneous of degree k. If R satisfies Ry Ry = Ry for all k,¢ € Z" then
we call R a strongly Z"-graded ring.

The paramount case is the Laurent polynomial ring V'[z1, mfl, ey Ty T 1]

in n variables over a ring V', which for p = ) "}_ jmje; € Z" has homogenous
component

Viey 't o, o], = {vaah?, et v € V)

for m; € Z. This is, in particular, a strongly Z"-graded ring.

This definition can be extended from Z™ to general groups, but generally
we will focus only on Z"-graded rings in this work. All rings used in this
thesis will be unital, on which note the following ought to be stated.
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Remark 1.1.2. Whenever R is unital, Ry = Ry, is a unital ring [Dad80,
Proposition 1.4].

Definition 1.1.3. Given two Z"-graded rings R, R/, we call a ring homo-
morphism f: R — R’ a Z™-graded map if f respects the grading, that is for
all k € Z", f(R;) C R..

A characterisation of strongly Z™-graded is needed next.

Definition 1.1.4 (Partition of unity of type (—p,p)). Given a Z™-graded

unital ring R and some p € Z", an expression of the form

q
1= Zu]vj,
j=1
where u; € R_,, v; € R,, is called a partition of unity of type (—p,p).

Proposition 1.1.5 (Characterisation of strongly graded rings). The follow-

ing statements are equivalent:
1. The ring R is strongly graded.
2. For every p € Z" there is at least one partition of unity of type (p, —p).

3. There is at least one partition of unity of each of the types (e, —ey)

and (—eg,ex) for all ey in a basis ex.: 1 < k <n of Z".

Proof. For the equivalence of statements and see Proposition 1.6 of
[Dad80]. That (2)) implies (3) is trivial.

For the converse, suppose that 1 = ) j +kUj +kV; is a partition of unity
of type (feg, Feg) for all 1 < k < n.

For all 1 < k < n let 4;u be the association
1EU G > Z +EUjA4E V5
J

In particular 4;w(1) = 1, making it a partition of unity of type (Leg, Feg).
It follows that 1xuP(1) is a partition of unity of type (Epeg, Fpek).
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For a general p = Y}, mpep € Z", where 8, = |my|/my,
5llﬂm152gﬂm2 L. 5nnﬁm" (1)
is a partition of unity of type (p, —p). O

Proposition 1.1.6. If R is strongly graded, then each Ry is finitely gener-
ated projective as both a right and left Ry-module.

Proof. See Proposition 1.6 of [HS16]. O

Now I want to add the definition of a Z"-graded module. We will need
to use these later on in the proof.

Definition 1.1.7 (Z"-Graded R-module). For a unital Z"-graded ring R,
a Z"-graded right R-module is an R-module M with a direct sum decompo-

sition into right Rp-modules
M= P M,
pPEL™
such that
Vp,l € 7" MpRZ - Mp+g.

Call @ M, the Z"-grading of M, and M, the p-component of M. When
pEL™
M,Ry = M, for all p,¢ € Z", we call M a strongly Z"-graded R-module.

We want to give some examples of strongly Z"-graded rings that are not
Laurent polynomial rings.

Example 1.1.8. Let K be a field. Consider the Z-graded ring
K =KI[A,B,C,D|/AB+CD —1

with Z-grading resulting from letting A, C' have degree 1 and B, D have
degree —1. That the ring is strongly Z-graded follows immediately by the
fact that the relation AB+CD —1 = 0 makes AB+ CD a partition of unity

of type (1,—1) and, due to commutativity of indeterminates, there is also
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a partition of unity BA + DC of type (—1,1). It can be shown via ideas
from Grobner basis theory that K is not a Laurent polynomial ring in one
indeterminate as it does not contain a unit of degree 1.

Consider the strongly Z"-graded ring
R - _n—times -
K=KK®..0K
Ko Ko Ko
which can be seen to have a strongly Z"-graded structure as the strong
grading of K provides that the necessary partitions of unity are present as

in point (3) of Proposition m It also follows that K is not a Laurent

polynomial ring in n indeterminates.

Example 1.1.9. For a group G and a ring R let R[G] be the group ring of
G over R where for g € G,

RGI =Ry
geCG
Taking the same situation as Theorem [0.1.9] that is let there be a normal
subgroup N of G such that G/N = Z", we see that the ring R[G/N] is a
Z"-graded ring with grading where for [g] = a € Z",

and in particular

1.2 Generalised Novikov Rings

Now we define the collection of generalised Novikov rings. The main defini-
tion of this section will cover a larger collection of rings than those pertaining
directly to what we will come to refer to as Novikov homology. Once we
have set the definition we can state the result that is the main concern of
this thesis.

We begin by setting some notation, all of which will feature in the def-
inition of a generalised Novikov ring. Let S be the n-dimensional cube
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[-1,1]" € R™ and let {e; : 1 < k < n} be the standard basis of Z". We are
concerned with the collection of non-trivial subfaces F' of S.

Let ng be the sum of inward pointing normal vectors of length 1 of the
(n — 1)-dimensional faces that contain F'. Also set ng = 0.

Example 1.2.1. Let S = [~1,1]? and label the faces like so:

€t
Vyf — Uir
€ S e
€b
Vpyy — Ui

where v stands for vertex, e stands for edge and S stands for square. Then
Ny, = (1,1), e, = (0,1) and ng = 0.

Remark 1.2.2. For general n, the polytope S = [—1,1]" is a simple poly-
tope and any given face F' is contained in precisely codim(F') many faces of

dimension n — 1.

Let R be a Z"-graded ring for n € N. Consider the collection 2 of maps
f:7" - R= PR,
[ISYAL

such that f(a) € R, for all a € Z™. The ring R can be thought of as the
subcollection of 2 where for all f € R, the support supp(f) of f is a finite
subset of Z™. By considering subcollections of 2l whose maps satisfy other
conditions, we can form rings that are the analogue of the Novikov rings
and power series rings associated with polynomial rings.

Before we can actually present the definition of Novikov rings we still
have a few more definitions to go through.

Definition 1.2.3. Let F' be a non-empty face of S. For a set A C R", define

pos(A) as the set of linear combinations of elements of A with non-negative

coefficients, that is pos (A) = {D>_, Mia;: a; € A, \; > 0}. Let
Bp=pos({(s—f):s€S feF}) CR"

which we call the barrier cone of F' in relation to S, and Tp = Bp NZ" the

barrier lattice of F in relation to S for all faces F' C S.
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Example 1.2.4. Again let S = [—1,1]2, then Ty is Z>.

For the bottom edge €, = {v, vy } of the square S, T¢, is the intersection

2 with 72
R

of the upper half plane of R

For the bottom left vertex vy of S, T, is the top right quadrant of R?

intersected with Z2.

bl

Remark 1.2.5. For any n — 1 dimensional face G where ng = eg, it can

be shown that

n
Te={p= Zpiei € Z: pg > 0},
=1

i.e., the half space of Z™ with positive coefficients of eg. Similarly for —G

which will satisfy n_g = —eg,

T o={p= sz‘ei € Z: pg < 0}.
=1

Remark 1.2.6. If FF C I, then the definition of the barrier cone immedi-
ately informs us that Bp C Bps and hence Tp C Tpr. In fact, if F' =N, F],

then one can show that Tp = ﬁiTFix.

Definition 1.2.7. We call a collection F of faces of S with the following
property F = {Fy C Fy C ... C Fy}, Fy #0, 0 <m < n a flag of faces of S.
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Definition 1.2.8. For a given face F' C S, define the caterpillar of F as
CP(F) = {non-empty faces F' of S| F;_; C F C F;, for some i, 0 <i </}
with F_1 = 0.

Example 1.2.9. Firstly note that for any n where S = [-1,1]" CP({S})
is the collection of every non-empty subface of S including itself. Now let
S = [~1,1]? be labelled as above. Then:

L4 CP({S}) = {UtlavtTavb’raUblaetaef‘aeb?ela S}

CP({vu, €1, S}) = {vu, e, S}

CP({et, S}) = {vu, ver, €, S}

CP({et}) = {vu, ver, €}

CP({'Utl, S}) = {Utla €t, €1, S}

CP({vn}) = {vu}.

The caterpillar has a largest face that is precisely the largest face of
the flag. Generally speaking, the more faces in the flag and the lower the
dimension of the largest face, the fewer faces are in the caterpillar. At the
extremes, for a vertex v, CP({v}) = {v} while CP({S}) is the set of all non-
trivial subfaces of S. If a flag contains a face at every dimension 0 < i < n
then the caterpillar contains only the faces of the flag. We see the same
picture if a flag contains a face of every dimension smaller than its largest
face.

Definition 1.2.10. Call a flag F = {Fy C F} C --- C Fy} mazimal if { = n.
In particular F is maximal if and only if there is a face of each dimension
within the flag, in particular S € F.

It follows that for F maximal, CP(F) = F.

Now we can write down the key definition of this section, based on private
communication with David Quinn.
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Definition 1.2.11 (Generalised Novikov Group). Let S C R™ be the n-
dimensional cube [—1,1]" and F = {Fy C Fi... C Fy},1 < ¢ < n a flag
of faces of S with ) # Fp, 0 < m < n. The generalised Novikov group
associated with F, denoted Ry ((F)), is the set of maps

f:7Z"— R

such that f(k) € Ry for all k € Z™ satisfying the following condition in two

parts:

(1) The support of f is in the barrier lattice of the largest face of F, i.e.
supp(f) € Tk,

For each F' € CP(F):

(2-F) For all ¢ € Z" there exists k > 0 such that
knp + ((q +(=Tp)) N SUPp(f)> C Tr.

Example 1.2.12. For n = 1, the three faces of S, {v;, v, S} form the

following diagram
v ————— Uy

and there are five flags of faces F that can be formed from the three faces.
Note that n,, = 1,1, = =1 and T},, = Z>o = —1,,, Ty, = Z<o = —Ty,.
Hence given a general Z-graded ring R there are five generalised Novikov

groups R, ((F)) that can be formed.

e Firstly for the flag {S} all three faces of S are contained within the
caterpillar. Condition (1) is trivial in this case as Ts = Z? so there is
no restriction on the support. Similarly, (2-S) has no effect. Condition
(2-v;) means that a element f of R.(({S})) must have a lower bound
on its support within Z. If not, then there will be no &k such that the
k+ (q + (—Tvl)) N supp(f) is contained within 7),, the non-negative
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values of Z. Dually, (2-v,) ensures that the support of every element
of R.(({S}) has an upper bound. Hence R.(({S}) = R and this will

also follow for any Z™ graded ring and any n.

e For the two flags {v;} and {v,} we only have a single face within the
caterpillar, the one face within the flag. In both cases the condition (1)
is the strongest. For example, for an element of R, (({v;})), (1) tells us
that the support must be contained within the non-negative part of Z.
We have already discussed that condition (2-{v;}) puts a lower bound
on the support at some point hence fixing it at 0 is clearly stronger
so there is nothing left to think about. Hence R.(({v})) = l;IRt~ If

>0

we let R = V[z,2~1], then in this case R.(({t;})) = V[z]. Dually,

R.({v/})) = [I R¢ and for R = V]z, 27! then R.({v,})) = V[z~!].
<0
These are precisely the power series.

e Finally for the flags {v;, S} and {v,,S} there are in both cases two
faces in the caterpillar. Considering R, (({v;, S})), note that (1) and
(2-S) are trivial. The only condition that implies there is a bound-
ary on the support of an element of the ring is (2-v;). We know this
puts a lower bound on the support of an element. Hence, we can

write R.({v;,S}) = @R © [[Ri. If we let R = V[z,x71], then
<0 >0
R.({vr, S})) = V((x)), Dually, for the flag {v,, S} then R.({v;, S})) =

[TR: ® @R, and for R = V[z,v Y], Ri({vs, S})) = V((z™')). These
<0 t>0
two cases are precisely the Novikov rings that encode Novikov homol-

ogy in the case where R is a strongly-Z-graded ring.

We now will discuss the collection of generalised Novikov groups for
R = V]z, 271 y,y 1], a Z-graded ring with R,; = {vz®y’: v € V}. Let
S = [~1,1]? be labelled as before.

Let’s consider the generalised Novikov groups associated to the flag con-
sisting of F = {€p, S} where ¢, is the bottom face of S. The caterpillar has
precisely 4 faces (meaning condition 2 has to be considered for 4 different
faces) — €, S and the two vertices contained within €,, namely vy and vp,..
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Condition (1) is trivial in this case as S € F. Condition (2-5) is also trivial.

2¢b T

eb

(0,0)

q+(-T,)

Condition (2-€,) tells us that for any ¢ = (g, ¢y), we can find k such that
the subspace ¢ + (—T¢,) N supp(f), which is contained within the bottom
half of the plane Z? below the line y = qy inclusive, can be shifted by (0, k)
until being entirely contained within ¢, the half of the plane above y = 0
inclusive. As an implication, for any given element r € R.((F)), for the
collection of subspaces of Z2 over y € Z

{(z,y): 2 €2}

there is some p € Z such that for y < p the intersection of the support of r
and this subspace is empty. This is a global bound on the support of r.
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2ypl

q + (-Tvbl)

Condition (2-vy) tells us that for any given element r € R.((F)) and
any fixed point ¢ = (¢, gy) we can generate some k such that the subspace
q + (=T, ), which is precisely the set

{(z,y): < g2,y < gy},

intersected with the support of an element r can be shifted by kn,,, = k(1,1)
and it will be completely contained within the top right quadrant

{(z,y): 2,y > 0}.

In particular, for a given element r and ¢, we can find ~;,7, € Z such that
the sets

{(gary) € Z%: y < vy}

and
{(z,qy) €Z*: z < 7,}

have empty intersection with the support of r, that is, the points can only
be shifted finitely often in the directions of x or y before they are no longer
contained within the support of r. In the y direction, this condition is
strictly weaker than that of (2-¢,). However, in the x direction this is a new
condition. Together, (2-¢,) and (2-vy) tell us that for a fixed r € R.((F))
and fixed y, there is a lower bound on the possible values of x such that
(x,y) is contained within the support of r. However there need not be a
global lower bound on the possible values of x across the entire ring.
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2vbr

q+ (T

vbr)

Similarly, (2-vp-) tells us that for any given element r € R.((F)) and
any fixed point ¢ = (x,y) we can generate some k such that the subspace
q + (—T,,), which is precisely the set

{(z,9): x> qu,y < gy},

intersected with the support of an element r can be shifted untill it is com-
pletely contained within the top left quadrant

{(z,y): x <0,y > 0}.

It also puts a local upper bound on values of x for fixed y. Taken
together, (2-vy;) and (2-vy,) show that for all b € Z, the horizontal lines

{(z,b): x € Z}

have finite intersection with the support of any element of R.((F)). The

ring R, ((F)) can therefore be seen to be a generalised analogue of a power

series in y over a Laurent polynomial in x over a ring. For example if
R=V[z, 271 y,y7!] then R.(({e, S})) would be the ring V[z,2~1](y)). To

see an example of the distinction between global bounds and local bounds,
observe that 3° -, 'y" € V[z,27!]((y)) while 3,50 2" & V[z, 27 ((v)).

In general, the collection of generalised Novikov groups for R = V[z, 271, y,y 1],

up to orientation, are the following:

o R({S}) = Vw27 y,y7].



1. Definition of generalised Novikov rings 25

[ ]
T N X

o Ri({vn})) = V=, y].
o R.(({vwr, &,5})) = V(@) (v))-
o R.({vw, &}) = V(@) [y]-

It is clear that R.((F)) will form an abelian group under addition of
maps. However we want the generalised Novikov groups to be rings. The
next step is to show the obvious candidate of ring action is satisfactory for
general Z™-graded rings.

Lemma 1.2.13. Let F be a mazimal flag. For all f,g € R.(F)), the sum

(f-9)(t)= D fla)-g(b)

t=a+b

1mwvolves only finitely many non-zero terms for every t € Z".

Proof. Begin, for clarity, by considering the case for Z2. Specifically we look
at the associated group to the flag consisting of the whole square, the lower

edge €, and the lower left vertex vy, that is

Ry ({ver, €, S}))-

Let f,g9 € Ru(({vp, €, S})). 1 argue that for all t € Z2, (f - g)(¢) is a finite
sum. This is done by observing that there are only finitely many possible
values of b = t — a such that f(a) - g(t — a) is non-zero. Condition (2-¢)
tells us that for every individual element there is a global lower bound f,
on the y-coordinates of elements in the support of f. Similarly (2-¢5) tells
us there is a lower bound g, for g. Let u, = f, + g,. If t € Z* is such that
the y-coordinate ¢, of ¢ satisfies t, < w,, then (f - g)(t) = 0 as either the
y-coordinate of a is below f, or otherwise the y-coordinate of ¢ — a is below

uy — fy = gy since the sum of the y-coordinates of a and ¢ — a must equal
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the y-coordinate of ¢,, which is strictly smaller than u,. Therefore we can
restrict attention to t, > uy.

So assume that t, > u,. We argue that for elements a = (az, ay), there
is finitely many a, such that the product f(a) - g(t — a) is non-zero. Let
py < min(fy,gy). Note that t, —py, > uy —py > uy — gy > f,. Whenever
ay < py, f(a) =0 and whenever a, > t, — p,, it follows that g(t —a) =0 as
ty —ay <ty — (ty —py) = py < gy. Hence a, must be contained between p,
and t, — py.

For ¢ = (t;,ty —py) find large enough kg, k4 that satisfy the condition (2-
vp) for f and g respectively. Recall that 7,,, = (1,1). Let k = max(ky, kg).
Then, for all r = (ry,ry) € Z? where 7, is bounded by p, and t, — py,
if r, < —k then f(r) = 0 and if r, > t, + k then g(t —r) = 0, as the
condition (2-vy) tells us that, beneath y = ¢, — p,, elements of the supports
of both f and g have x values bounded below by —k. This means that the
x-coordinates of a and b must be between —k and ¢ + k to make f(a) - g(b)
non-zero. Hence, for a given ¢, there are only finitely many pairs a,t—a such
that f(a) - g(t — a) providing the result. Other two dimensional, maximal
flag cases follow with similar arguments.

Now, to show the result in the Lemma for any n, we argue using induc-
tion. Let F be a maximal flag, and let o be the ordering of n such that o; is

the index of the unique member (unique, as the flag is maximal) of the set
{£e; :1<j<n}

such that only one of e,, or —e,, are contained in T but both *e,, are
contained within the barrier lattice of any higher dimensional face in the
flag. We can follow the argument for Z? above to show that for a given
t the set of choices of a such that f(a) - g(t — a) is non-zero has bounds
in the directions =*e,, ,+es, ,. If we know that the possible a satisfying
f(a) - g(t —a) # 0 are bounded in the directions *eg,, ..., e, for a fixed
2 <z <n-—1, then an similar argument to before will show that there

are bounds in the +e,, , directions as well (i.e., for the face F' of dimension
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z — 1 contained within the maximal flag, generate &’ for a satisfactory ¢’
with (2-F)).

Hence we know from induction that there is a finite number of a satisfying
the non-zero condition, making the sum > f(a) - g(b) finite for all t €
an a+b=t .
Lemma 1.2.14. When F is maximal, R.((F)) is a ring under the operation
R.((F)) X Re(F)) = R(F)),

(f-9)k) = > fla)-g(b).
k=a-+b
Proof. The only non-trivial thing we need to show is that f-g € R, ((F)) for
f,9 € R.((F)), distributivity and associativity will follow immediately from
the structure of R. Let f,g € R.((F)) for a maximal flag F. To see that
closure is satisfied, begin by noting that condition (1) is trivially satisfied
for any map Z" — R including f - g as S € F, as is the case for (2-5).
As we have done for Lemma we will look at the case of n = 2 for

explanatory purposes, again specifically for the maximal flag

{vpr, €, S}

(the whole square, the lower edge and the lower left vertex). Given two
elements f,g € R.((F)), we argue that f - g satisfies the conditions (2-5),
(2-¢) and (2-vy;). Firstly, we look at condition (2-¢;). The cone T, is the
entire upper half plane. Note that 1., = e,. We can find k;,k; > 0 such
that the supports of f and g have no support within the sets

{(a,§),a,j € Z, j < —ky}
and
{(a,9),a,5 € Z, j < —kg}
respectively. Let & = ky + ky. I argue that the support of f - g has —k as

a global lower bound on the second index, i.e., (a,j) € supp(f-g) implies
j >k
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Let (a,b) € supp(f-g) such that b < —k. Then, owing to the def-
inition of composition, there is some bs,b, such that by + b, = b and
by € supp(f), by € supp(g). So b = by + by > —ky — kg = —k which is
a contradiction.

Now we look at the condition (2-vy;). Note 7, = e; + ey. Fix ¢ =
(¢z,qy), and note that we can find Ef,q,Equ > 0 such that the condition is
met for f and g respectively and the y co-ordinate of Ef,qnvbz (respectively
kg.qnu,) is greater than kg (respectively k,) that satisfy condition (2-ep)
for f and g respectively (simply increase kf, and kg, until satisfied). Let
kq = kg + kgq > k. Then using the same argument as used to show that
—k = —ky — kg was a lower bound for the y coordinates, —Eq is a lower
bound of the z coordinates of elements in the support of f - g below the line
y = qy. That is, by shifting (¢ + (=T, )) Nsupp(f - g) by kjny,, such that

kfl is larger than Eq we find it completely contained within T;,, as —Eq is a
lower bound in both the z and y coordinates respectively for the support of

f - g within g + (=T3,,). Hence f - g is also contained within

R ({vn, e, S}))

making it a ring.
Now, to show for any n, we argue using induction. Let F be a maximal
flag, and let o be the ordering of n such that o; is the index of the unique

member (unique, as the flag is maximal) of the set
{xe; :1<j<n}

such that only one of e,, or —e,, are contained in Tx but both *e,, are
contained within the barrier cone of any higher dimensional face in the flag.
We know that the conditions for Fj,_; and F;,_s satisfy closure as we can
repeat the argument for the two dimensional case but, for example, rather
than the condition for F;,_; being that each element’s support can be shifted

into the upper half plane, we have that the support can be shifted into the
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space bounded below by the n—1-dimensional subspace where the coefficient
of e, is 0.

Recall that F,, = S for a maximal flag hence (2-F),) is trivial. Fix
2 < z < n—2. Assume that there is closure for the conditions taken
together for the faces F, C F C F,_1 so that for a fixed ¢ each condition
provides some (kp), > 0 that satisfies (2-F'). Let kq = max({(kr)q: F> C
F C F,_1, F € F}). We want to show that adding the condition for F,_;
also keeps closure. For a given g € Z", —kgnr, is a bound (upper or lower,
depending on the orientation of F.) in the support of f - g parallel to the
axes €g,), ..., €5, within the cone ¢+ (-7, _,) via the inductive assumption as
Tr, , CTF for z < j < n. A similar argument for the two dimensional case
gives the result, firstly find a satisfactory Eq = Equ + Equ > k, for a (lower
or upper) bound in the supports of f and ¢ in the e,, , axis within the cone
q+ (=TF,_,), by using the condition (2-F,_;) for f and g. Then choosing
ki larger than kg will satisfy the condition (2-F._1) as required. O

For a flag F containing S, let MF(F) be the subset of the set of flags of
faces in CP(F) consisting of maximal flags.

Example 1.2.15. For a flag F = {S} where S = [-1,1],

MF({S}) = {{v, S}, {vr, S}}-

Lemma 1.2.16. For all flags F where S € F,
R(F)= () RO
GEMF(F)
Proof. That the condition (1) for F is equivalent on both sides follows triv-
ially as S € F and S € G for all G € MF(F). The second collection of
conditions are equivalent, by observing that a face is within a flag of MF (F)
if and only if it is contained within CP(F), so the collection of conditions

(2-F') are the same on both sides of the equation. O

Proposition 1.2.17. Let F be a flag that does not contain S but does have
faces of dimension 0 to n — 1. Then R.((F)) is also a ring.
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Proof. We know that F U {S} is a maximal flag hence R.(FU{S}) is a
ring. It follows that, since the only difference between the conditions on
R.(FU{S}) and R.((F)) is that (1) is no longer non-trivial and (2-F') for
the case F' = S is lost, which is itself trivial, the only thing that needs to
be checked is the first condition for the new case, that supp(f -g) € T, .
However, it is clear that this satisfies closure hence there is nothing else to
show. O

Proposition 1.2.18. Let F be a flag with a face of dimensions 0 to m for
m <n—1. Then R.(F)) is a ring.

Proof. Beginning with a flag F U G, where G has a face at every dimension
from m + 1 to n. Then iterate the argument of Proposition to arrive
at the result. O

When the largest dimension of face a flag F is some m lower than n,
this face is the largest dimension of face contained within CP(F) also. Let
MF,,,(F) be the collection of flags of faces of CP(F) such that there is a face

at every dimension 1 to m. Proposition [1.2.18|tells us that R.((G)) is a ring
for all G € MF,,,(F).

Proposition 1.2.19. Let F be a flag with mazrimal face of dimension m.
Then R.((F)) is a ring.

Proof. For every flag G inside MF,,(F), R.((G)) is a ring. Now apply the
same argument as Proposition [1.2.16| to show that

R(F)= [) R(9)
GEMF,,,(F)
Il

Finally, Proposition [1.2.19] tells us that for all possible flags F, R.((F))
is a ring. Henceforth, we use the term generalised Novikov rings to refer to
these objects.
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Remark 1.2.20. We can form generalised Novikov R, ((F))-modules M, ((F))
from an R-module M, analogous to the ring versions. That the R.((F))-
action is well defined and satisfies the conditions follows a similar argument
to what has been seen in this section for proving that the ring R.((F)) has

a valid ring action.

We make another important note of the properties of these rings.

Lemma 1.2.21. Let F C F'. Then there is an inclusion map R.((F)) —
R.(F)-

Proof. Whenever the largest face of F is precisely the same face as the
largest face of F’, the result is clear since condition (1) is the same for both
and the caterpillar of the latter is strictly contained within the caterpillar of
the former making conditions (2-F) for F' € F' a sub-collection of the total
collection of conditions for F.

Whenever the largest face of F, say F', is strictly smaller than the largest
face of F’, F’ the argument follows with more effort. Firstly, from the
difference between condition 1 for both flags, namely that since Tr C T,
(1) is strictly stronger for F than F'. The face F is contained in both flags.
For faces of dimension dim(F') and below that are contained within F', we
see in a similar fashion to the first case that those within the caterpillar of
F' are also contained within the caterpillar of F.

However for faces G within the caterpillar of F’ that are of dimension
dim(F')+1 and above, we argue that each possible condition (2-G) is satisfied
by the condition (1) for the flag F. This is immediately obvious, in fact since
the support of an element f € R,((F)) is contained within T from condition
(1) for F, then for any strictly larger face F' C G, it is immediate that (2-G)
is satisfied by a choice of k = 0 as for all ¢, (¢+ (—Tg)) NTF is either empty
or a fully bounded subspace of T and by (1) of F, supp(f) C Tr. O
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1.3 Novikov homology and the main theorem

We will now specify the Novikov Rings that will be the focus of the main
result.
Definition 1.3.1. Let F be a flag of faces of S = [—1,1]". Whenever
F = {F,S}, where F is a face distinct from S, we call R.((F)) a Novikov
Ring.

The main theorem can now be stated.

Theorem 1.3.2. Let R be a strongly Z"-graded ring and write Ry,, = Ry.
Let S = [—1,1]" and C be a bounded complex of finitely generated free R-
modules. The complex C is Ro-finitely dominated if and only if for every
flag F of the form F = {F C S}, the complexes

C® R.(F)

are acyclic.

Whenever we say a chain complex C' has trivial Novikov homology, we
are referring to the above acyclicity condition on the complexes C'® R, ((F))
R

where F = {F C S}.

Remark 1.3.3. Note that this is specifically an acyclicity condition, not
a contractibility condition. However, in our case, since we are focusing
on a bonded complex of finitely generated free R-modules, assuming C' ®
R
R.((F)) is acyclic as abelian groups and observing that C' ® R.((F)) is a
R
bounded finitely generated free complex of R, ((F))-modules provides us with
a contraction on C' @ R ((F)).
R
This is the explicit result, but the acyclicity condition listed here has a
key implication that can be stated immediately.
Lemma 1.3.4. Let R be a strongly Z"-graded ring. Let S = [—1,1]" and C

be a bounded complex of finitely generated free R-modules. If for every flag
F of the form F = {F C S}, the complexes

C®R.(F)
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are acyclic, then for all flags F' that contain S and at least one other face

the complezes

C % R.(F)

are acyclic also.

Proof. As per Remark [1.3.3] let ¢ be the contraction of C' ® R.((F)). By
R

noting from Lemma [1.2.21] that since 7 C F’, that R.(F)) C R.(F")) and

hence R.((F")) is a Ry((F))-R«((F))-bimodule. It follows that

C& R (F)=0 @ R(F) R*%)) R.(F),

the latter of which has contraction ¢ ® id, as if ¢: id ~ 0, then ¢ ® id ~
0®id = 0. O

1.4  Skeleton of a flag

The definition of a generalised Novikov Ring deserves a detailed discussion.
Perhaps the easiest way to consider this is as the natural evolution of the
one dimensional Novikov ring, which can be seen by taking S = [—1, 1].

The way to discern what happens is to work out what elements +e;, for
a standard basis of Z" {ey: 1 < k < n} are contained within T, for F; € F,
which is ultimately related to what faces of dimension n — 1 the face Fj is
contained in. Let E be the collection of elements *ey.

Remark 1.4.1. From Remarks [1.2.5] and [1.2.6] we note that for a given
flag F = {Fy,... Fy}, for all k one of the three possibilities must be true:

1. e, € Tx,.
2. +ep € Tr, while —ey, ¢ Tr,.
3. —ey € T, while +ey, ¢ Tr,.
Lemma 1.4.2. If, for a given k, 2. is true, then:

e There is a mazximal a in the flag such that +ey, € T, while —ey, & T, .
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o For any larger face in the flag Fy C F', both +e € Tp.

o For all smaller faces in the flag G C F,, we have +ey € T while
—€L ¢ Tg.

o The face Fy, itself is contained in the unique n — 1 dimensional face H

such that ng = ey.

e For any larger face in the flag F, C F, the face F 1is not contained
within H.

Proof. Using Remark to see which half plane Ty corresponds to each
n — 1 dimensional face H and Remark to represent each face as an in-
tersection of n—1 dimensional faces, one simply notes the inclusion property
of the faces of a flag to see this. O
A dual Lemma holds for when 3. is true for a given k.
Now we need to consider a few facts about these faces that are invaluable
when proving anything with their flags.
Remark 1.4.3. Note firstly that each subface F of S = [—1, 1]™ is an unique
intersection of faces of dimension n — 1. In particular, if T contains e but
not —eg then F' C GG where Gy is the unique n — 1 dimensional face such
that ng, = ey (there is a dual result when —e, € Tr and ex, ¢ Tr). If we let
G}, be the n — 1 dimensional face such that 7g; = —ex and sgn(F)y be the
sign of e that is contained within Tx, then we can write
F=( () G)n( [) G&)
sgn(F)y, =1 sgn(F)p, =—1
noting that the total number of Gki,G%j is precisely codim(F"). We will
very often intersect faces with certain n — 1 dimensional faces based on
what pairs +e; are contained within their barrier lattices, to form useful
faces in future proofs. Also we will represent smaller faces as larger faces
intersected by the correctly orientated faces of dimension n — 1. These ideas
will be fundamental in tackling a number of the proofs we see later on in

the work.
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‘We now wish to set a bit of notation.

Remark 1.4.4. Given a flag F, let sgn(F)x be the unique sign on e such
that sgn(F)iex € Tr, and —sgn(F)ger ¢ Tr, if it exists (i.e., both +ey are
not in Tr,. If F does not contain a vertex, then not all sgn(F); will be

defined, specifically those such that both +ej; € TF,. That is:

1 when ey, € T, —ei ¢ TF,.
Sgn(F)k = —1 when —e; € TF@; €k ¢ TFO.
undefined otherwise, that is when £ e;, € T,.

Evidentally when Fy is a vertex, sgn(F)y, is defined for all 1 < k < n. Hence.

we can also define sgn(v)y for every vertex v.

These ultimately provide the information that encodes what the Novikov
rings actually are. We will always be interested in the collection of signs
sgn(F)r and the smallest face F, such that +e, € F for F, C F. We
now claim that we can discard a considerable number of the faces of CP(F)
without weakening the definition of a Novikov ring.

Proposition 1.4.5. Let F = {Fy C --- C Fy} be a flag. The collection of
conditions
{(1), (2-F): F € CP(F)}

1s implied by the subcollection of conditions
{(1), (2-F): F € CP(F),dim F =dim F; — 1, F; € F}.

Proof. Begin by letting S € F (making (1) trivial) and take a face Fy_1 C
F c S with codim(F) = p. Note by Remark Tr = (N, T, > 1 <
j <p, 1 <m <n for faces of dimension n — 1. Since F' C ij cC S, it
follows that G,; € CP(F). It can be seen that for all faces G within CP(F)
of dimension n — 1, ng = sgn(F),e, for some r. For a fixed ¢ € Z", the
conditions (2-G,;) generate a selection of ka,,, that satisfy them. If we let

k= max{kgmj, 1 < j < p}, we can write

leij + ((q + (_Tij)) N supp(f)) C Tij.
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Hence
anij + ((q+ (—ﬂTij)) ﬂsupp(f)) - ﬂTij

which is precisely

ki + ((a+ (=) Nsupp(f)) € T

i.e., (2-F) is satisfied.
Now let Fy_o C F C Fy_q with Fy_; = ﬂt G,mt and

P = ((163) 1 (o)

for some distinct faces G,,, G, of dimension n — 1. Clearly, Fy_; is not
contained within ij while F' C ij for all j (recall that a face F' is
contained in codim(F') many faces of dimension n — 1). It follows that while
each of the faces G, are contained within CP(F), each of the faces Gy,
are not contained within CP(F).

However, observe that for each j there is a face ' C L; C Fy_; of
dimension dim(Fy_1) — 1 such that L; = ([, G},,,) N G, Precisely this is
the face L such that n,, = NG, + > NG o which is a face of dimension
dim(Fy_1) — 1. If we combine the conditions (2-L;) of faces L; for each Gy,

with the conditions (2-G,,) for each G, , we see the following is satisfied
k3, kY e, + ((a+ (= (N7 0 (N7e,))) A supp(f) )
i j
C (ﬂTLj) n (OTG/W).
j
Firstly note that

(N7) 0 (Ner,) = N (N e, )06, ) 0 (V)

=TF f_\TFH_1 =Tp.
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Since k) ;mr, + k>, ncy,, is just a linear combination of ¢ —and NG, »
it follows that given k-, nr;, + k3, nar, , we can find k" such that

HQ e, + D n6w,) =Knp > kY, + k) na,,
t j j m
hence satisfying the below condition

Knp+ ((a+ (=Tr)) Nsupp(f) ) © T

which is precisely (2-F') as required.

We continue in the same manner, for faces F;_1 C F C Fj;, we see that
the conditions (2-G) where G € CP(F) are of dimension dim(F,) — 1 for
x > i imply the conditions (2-F'). Eventually, we see that for a flag S € F
and any face F' within the caterpillar CP(F), the collection of conditions
(2-G) for faces G of dimension dim(Fy) — 1 for certain 0 < z < ¢ will imply
(2-F) as required. At this point, we have shown the required result for
whenever S € F. If S ¢ F so that F;, # S, let F; = (), Gm,, for faces
of dimension n — 1. Now simply note that (1) in this case will be stronger
than (2-G,,,, ) and therefore a similar method to the above will provide the
required result. O

We will now adapt the definition of the Novikov ring as we can limit our
concern to faces within CP(F) of certain dimensions.

Definition 1.4.6. Given aflag F = {F C --- C F;} of facesof S = [—1, 1]",
define the Christmas tree of F as the following:

CT(F) = {F € CP(F), dim(F) = dim(F,) — 1, 0 < i < ¢}.

The new definition of the Generalised Novikov rings therefore only covers
conditions (2-F) for F' € CT(F).

As a result of Proposition [1.4.5] given a flag F = {Fy C,--- C F;} and
a Z"-graded ring R, to understand the structure of R.((F)) we are only
interested in those faces in CP(F) that are precisely one dimension lower
than a face in the flag itself. The nature of the faces of dimension dim(F;)—1
for some F; € F in CT(F) depend on what elements of the form sgn(F)gex
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have F;_1 as the maximal face as per Lemma (that is, what k satisfies
sgn(F)rer € Tr,_, and for F; D F;_1, +ep € Tr;). Precisely this condition
dictates what faces of dimension n — 1 can be intersected with F; to form
the faces of dimension dim(F;) —1 that are within the caterpillar, and hence
the Christmas tree of F.

Not only are we interested in the orientation, we are also interested in
the dimension of the maximal face for a given basis element e;. For a given
k, the bound on the support is stronger in either the e, or —ej, direction the
larger the maximum face that does not contain both +ey, in its barrier cone
is, simply because the larger the face, the stronger the condition. Recall, for
example, that faces of n — 1 dimension give global bounds on the support,
but only in the relevant direction (opposite to the inward normal vector).

We now use the above simplification to encode the information, both per-
taining to orientation and the strength of the condition in a given direction,
in an enlightening way.

Definition 1.4.7 (Skeleton of a flag). Given a flag F = {Fp,..., F¢}, of
length ¢ where 0 < ¢ < n let E be the set of elements £ = {£ey, 1 < k < n}
(where ey, form a standard basis of Z") and sgn(F); be as in Remark

Define the following collection of sets of elements of E:
o P={tey: LepecTp}
o A; = {sgn(F)rex: sgn(F)rex € Tk, —sgn(F)rer & Tk, e, € Tk, }.
o W = {sgn(F)rex: sgn(F)iex € Tr,, —sgn(F)rer ¢ Tr,}.
The skeleton of F, SK(F) is the following collection of sets:
{P, Ao, ..., Ap_1, W}.

Each skeleton corresponds to a unique flag, and hence a unique generalised
Novikov ring. Note that when F;, = S, W = () and when Fj is a vertex,
P=.

Remark 1.4.8. The skeleton can be used to quickly state the nature of the

faces of a flag in the following manner. For a flag F, the face F; is precisely
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the intersection of Fj;q with the n — 1 dimensional faces Gj,,
Fi=Fin()Gj)
u

such that ng, = sgn(F);,e;, € A;. The set W will tell us the nature of the

largest face, precisely:

Fr=(Gs)
b

for n—1-dimensional faces G, such that n¢;, = sgn(F);,e;, € W in particu-
lar, W = () implies F;, = S. We see that no face within F is contained within
G or —G such that +ng are in P. Again, these ideas will be repeatedly used

in later proofs.

The skeleton attempts to boil down the flag to only the important in-
formation pertaining to Novikov rings. Let sgn(F); be as in Remark
that is the unique sign of ey, such that sgn(F)ger € T, if one exists, other-
wise it is undefined. For k& where sgn(F)j is defined there will be some A;,
or W, that contains sgn(F)iex. The bound conditions on the support for
a given direction, always —sgn(F)gek, is stronger whenever sgn(F)ier € A;
for larger i. There are always as many faces in CP(F) of dimension Fj; —1
as there are elements in A;. In the case that the element is in A;, the faces of
dim(F;11) — 1 are key. For elements in W condition (1) is key. For elements
in P, it is the faces of dimension dim(Fp)—1 that are important. Here, there
is again a face within CP(F) of dimension dim(Fj) — 1 for each element of
P, specifically there are two faces for each pair of elements +e; € P.

We use the following results to attempt to visualise what structure the
generalised Novikov rings actually have.

Proposition 1.4.9. Let F be a flag and F C [—1,1]" a face of the flag. Let
F =, Gy, for faces Gj, of dimension n —1 with ng;, = sgn(F);.e;,. The
condition (2-F) implies that for an element f € R.((F)) and fized q € 7",

the subspace
n
Fy = {q—l—ijej: mj € Z, mj =0 if j = j; for some t}
j=1
of Z" can be shifted only finitely often in the directions —sgn(F);.e;, before

having no intersection with supp(f).
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Proof. Begin by observing that, for ¢ = 0, Fj C Tr and Fy C —TF as

n
{Z mje;: mj € Z, m; =0 if j = j; for some t} C en
j=1
for all t where Tr = (), Tc;,. Furthermore, Iy C ¢ + (—7TF). Immediately

we can see that for all ¢,

@F‘;{*kSgn(}—)jtejt g q + (_TF)
k>0

Now argue by contradiction. If there was no k such that for a fixed ¢/
and all ¥’ > k, the plane

* —
Fq—k’sgn(f)jt, €y

n
{¢+ ijej — k'sgn(}")jt, ej, - mj € Z, mj = 0 if j = j; for some ¢}
7=1
would have empty intersection with supp(f), then (2-F) could never be

: / *
satisfied as K'np + (ke;OFq—k sgn(F)s,, €5,/

N supp( f )) would never be within Tp
for any k’. Hence there must be some k that will ensure that for large enough
shifts the intersection of the shifted planes with the support is empty. [

This hopefully gives a little more visual representation onto the abstract
bones of the Novikov ring definition. We already know that we are not
particularly interested in the flags within CP(F) not of dimension dim F; —1
for F; € F. For those faces of dimension dim F;—1, it is precisely the skeleton
of the flag that tells us what planes have bounds and in what direction.

Remark 1.4.10. Let
SK(F) ={P, Ao, ..., Ap—1, W}

and fix F; such that for 1 <k < n, e, € P, sgn(w)g,ex, € UOS:}:SFI A,

We can rewrite (F}); as the following:

(FZ); ={q+ Z mreg: my € Z}
k=kpka
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and can observe that for a given element r € R, ((F)) the plane can be shifted
only finitely often in the directions —sgn(F)iex € (U,>; Az) UW until the
intersection with the support is trivial. However, we only care about faces
of dimension dim F; — 1. Let F' = dim F; — 1 and F' € CP(F), then there is
some G} such that F = F; NG, Na; = sgn(F)ie; € Ai—1. We can write Fjf

as the following;:

(F)g=1a+ Z myeg: m € Z, my = 0}
k:kp’ka

and note that this subspace can be shifted only finitely often in the direc-
tions —sgn(F)rex € (U,>; Az) U W and —sgn(F)ie; before having trivial

intersection with the support of an element.

We will refer to the condition that a subspace can be shifted only finitely
often in a certain direction, say —sgn(F)gek, as having the subspace bound
condition in —sgn(F)gek.

Note that there is a face of dimension dim F; —1 for every element within
A;—1. We will use this shifted plane argument to help understand what
precisely these Novikov rings are. The above gives a good description of
what happens for A;, but W and P need to be discussed too.

What W tells us. For the elements of W the support of a given r € R, ((F))
is infinite and bounded into either the non-negative or non-positive hyper-
plane, depending on sgn(F)y, for sgn(F)re, € W. This is from condition (1).
From observing the definition of the Novikov ring, we see that this translates
to global lower or upper bounds by zero on the supports of elements in the
ring for these directions within Z". When W = () it follows that S € F and
hence condition (1) of the Novikov ring definition is trivial.

What A;j tells us. These are the ‘typical’ Novikov conditions. The element
sgn(F)rer € Aj gives the orientation, there is no bound in the direction
of sgn(F)rexr but some kind of local bound condition in the direction of
—sgn(F)gek. If there is a bound the larger j is the stronger the bound on the
support is in that direction. Namely, letting +ey, € P and sgn(F)g,ex, €
Uo<az<j—1 Az, for each sgn(F).e; € Aj, the plane

(Fe={a+ > muer: my € Z, my =0}
k=kp ka
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can be shifted only finitely often in the directions —sgn(F)xey € (U,>; Az)U
W and —sgn(F)e;. Note that we do not take all the elements of A; at once
when we assess our plane conditions, in fact we do not take more than one at
once. This is because it is the faces of dimension dim Fj; — 1 that provide
the conditions here, and each one is associated with a different element of

A;)

What P tells us. In a similar manner as A;, there is again one face of
dimension dim Fy — 1 for every element of P, this time however we have
pairs of elements +ey. Letting +eg, € P, begin by considering the condition
on the subspace
(Fo)g ={a+ Z mgex: my € L}
k=k,

from (2-Fp), which implies there is a plane bound condition in the directions
of —sgn(F)rer € (Uyso Az) UW.

Now, we consider the effect of the faces of dimension dim Fy—1. Consider
that for two faces F' = Fy NGy and F' = Fy N G_; where ng, = e = —ng_,,

Fy = (F');={q+ Z myer: my € Z, my = 0}.
k=kyp

It is immediately apparent that F,f = (F'); has the plane bound condition
in the both of the directions +e; and —e; by considering the plane bound
conditions derived from (2-F) and (2-F"). Taking across all the elements of
P, we see that for any fixed ¢ the following subspace will always have finite
intersection with the support of an element of R, ((F))

{g+ Z mgek: my € Z}.
k=k,

As a final observation for this section, whenever P is non-empty and has
k many pairs of elements +e;, we in actuality see a ring that is precisely a
Novikov ring over an n — k-graded ring.

Remark 1.4.11. For F a k-dimensional face let X = span{z—y: z,y € F'}.

There is a projection map
v:R" - R"/X = Rk

that has an obvious splitting as X is a coordinate subspace, i.e., there is §

such that v§ = id. There is a similar map Z" — Z"*. The ring R can be,
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therefore, understood as a Z"* ring U where U, = @ R,. Consider
zev~(p)
the image of S = [—1,1]" by #, this is the cube [—1,1]"7*. For any flag G

within S containing F', we can define v(G) where 07(G) = G. Given a flag
F ={Fy C --- C Fy} contained within Nz, which are precisely those faces
that contain F', we can define a flag v(F) = {v(Fp) C --- C v(Fp)}. We
can also understand the ring R.((F)) as the ring U,((7(F))). Here outside
~(Z"™) the support of any element is locally finite, that is each component of

U.(y(F)) for p e Z"*isstill @ R., matching what occurs for those
zev~1(p)
elements e; € P for the skeleton of F as discussed earlier.



2. CONTRACTIBILITY OF NOVIKOV HOMOLOGY IMPLIES
FINITE DOMINATION

Having set out what trivial Novikov homology actually means, we can begin
to tackle the actual main result. We begin by assuming a bounded chain
complex of finitely generated free R-modules C, for a unital, graded module
R, has trivial Novikov homology and we will now work towards a proof that
C'is Rp-finitely dominated.

2.1 Cech complexes of diagrams

We can define diagrams with entries in the category of Rp-modules indexed
by given posets P (that is, functors P — Rp-mod). Genrally speaking we
can equip P with a strictly order reversing rank map

rk: P — Z<o
and a (potentially trivial) incidence function
[-,—]: PxP—Z
such that [z: y] for x,y € P satisfies the following conditions:
o (DI1) [x: y] =0 unless < y and rk(z) — 1 = rk(y).

o (DI2) for all x < z with rk(z) — 2 = rk(z), the open interval I(z: z) =
{y € Pz <y < z} is finite, and we have

> ly:2-feyl=0.

yel(z: z)

e (DI3) for z € P with rk(z) = —1 the set I(< 2) = {y € Ply < z}
(noting that there is only one level below z) is finite and we have

Z [y: z] = 0.

yel(<z)
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In this paper we will affix specific P with known rank and incidence
functions which will be described later.

We can use the poset, these two maps and an associated diagram to
define a chain complex.

Definition 2.1.1. Let X be an additive category and P a poset equipped
with a strictly order reversing rank map rk: P — Z<o and an incidence
function [—,—]: P x P — Z as above. For a diagram ®: P — X with

structure maps ¢,4: ®(p) — ®(q), define the Cech complex T'(®) as the

collection of objects indexed by i € Z<y where

@)= @ @@

rk(p)=i

is the direct sum of the objects of ® with rank ¢ and structure maps are

di = @ [p: dlepg-
rk(p)=i
rk(g)=i—1

It can be shown that the conditions (DI1) (only non trivial maps are of
degree -1) and (DI2) (composition of d is trivial) ensure the Cech complex
of ®, I'(®), is a chain complex. The condition (DI3) will ensure certain
maps we will define later are chain complex maps. All diagrams in this
paper will have objects that are either Ryg-Rp-modules or chain complexes
of Rp-Ro-modules. The act of forming a Cech complex ‘preserves quasi-
isomorphisms’.

Lemma 2.1.2. For two diagrams ®,¥: P — X with P finite, max(rk(P)) =
0 and min(rk(P)) = k, and a map x: ® — U such that for each p € P the
component x(p) is a quasi-isomorphism, the induced map T'(x): T'(®) —

(V) is also a quasi-isomorphism.

Proof. Let 1,I'j(®) be the truncation of I'(®) below and including j. Also
let T'(®); be the jth chain level of I'(®), thought of as a chain complex
concentrated at the jth level. Note that I'(®); = @rk(p):j ®(p). For all j
there is a quasi-isomorphism

D x): L(®); = L(L);.

rk(p)=j
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Noting that 7,['x(®) = I'(®)x, we have a short exact sequence of chain
complexes

0— T,I‘k((I)) — Trrk+1(¢)) — F((I))kJrl —0

that combined via the 5-lemma tell us that there is a quasi-isomorphism
TrLlk41(P) = 71 (0).
Next, note the following short exact sequence of chain complexes:
0= 7 lk1(®) = 1 lpaa(P) = I(P)gyo — 0
shows that there is a quasi-isomorphism

Trrk+2 ((I)) — Trrk+2(\1/).

Iterate this argument to find that I'(x): I'(®) — I'(¥) is a quasi-isomorphism

as claimed. O

Remark 2.1.3. For a diagram of chain complexes =, where for each p € P

=(p) is a chain complex we define I'(Z) as the double complex with objects

F@)jn= D E@n
rk(p)=j
where the ‘horizontal’ boundary is @rk(p): j[p: )&, ¢ for the structure maps
&p.e, effectively the Cech complex of a chain level of =, and the vertical is
@rk(k):j(_l)j dz,. Hence, I'(E) has anti-commutative differentials making
its totalisation a chain complex by our convention. Write I'(Z) to denote

the totalisation of the double complex I'(Z).

2.2 The quasi-coherent diagram D(k)

We wish to define a specific diagram with special properties that will be
of use to us. Specifically, the Cech totalisation of this diagram will be a
resolution of Ry. Before we can do so, we need to go through another short
round of definitions first.
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Definition 2.2.1 (Shifted barrier lattices). For a given k € Z, we define

shifted barrier lattices
(kF+Bp)NZ"={kf+t|f € F,t ¢ Bp}NZ"
with (OF + Bp) NZ" = Tr. Write ko Ty := (kF + Bp) N Z".

Example 2.2.2. Observing that ¢, = {(z,y): — 1<z <1,y = —1}, note
that (e, + Be,) is the set

{(x,y) € R27 Yy 2 _1}7

the upper half plane shifted down by one in the y direction. Similarly, noting
that vy = (—1,1), (v + By,,) is the set

{("'E7 y) E R27 $7y Z _1}7
the upper right quadrant shifted diagonally by (—1,—1).

Definition 2.2.3 (The shifted cone submodule of R). Let R.[k o Tr] be
the collection of elements of R that have finite support in k o T, called
the shifted cone submodule of R. This is a left and right Ry-module and
R.[00Tr| = R.[TF] is a ring. Also, R.[Ts] = R. Given two faces F' C G,
note that Tr C T, and hence Ry[k o Tr] C Ri[k o T¢] for k € Tr.

Example 2.2.4. If we consider R = V[z, 27!, y,y~!] for a ring V, then:

R*[Tvbz} :V[:an]' R*[Tvbr] = V[$_1>y]'
R.T,) = Viz,z™ 1y

also, for k € Z:

Rk oTy,] = x_ky_kV[x, Y. RikoT,,|= :L‘ky_kV[x_l, yl.
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Remark 2.2.5. For any flag F such that F' is the largest face, R.((F))
has an R, [TF]-R«|[TF] bimodule structure, as the support of the elements of
R.((F)) are contained within Tr. In particular for every F that contains S
the ring R.((F)) has an R-R bimodule structure.

Definition 2.2.6 (Quasi-coherent diagram of modules). For S = [—1, 1]" let
S be the category of faces of S with inclusions as maps. Let Q: S — Rg-mod
be a diagram where (.5) is an R-module, for faces F' C S, Q(F') is a module
over R,[Tp| and for FF C G C S the map yrc: Q(F) = Q(G) is a R.[TF]-
linear structure map for all ' C G with compositions vq xyr.g = vr,u for
all F C G C H. If 9 satisfies the condition for all F' C G that the adjoint
map of YrG

QF) ® RiTg] —Q(G), r®@s—rs
R.[Tp)

is an isomorphism of R,[T]| modules we call it a quasi-coherent diagram of

modules.

We have the definitions we need, we now ensure the diagram we will
construct satisfies the adjoint map condition.

Proposition 2.2.7. For all k € Z,F C S, the R.[T¢]-linear maps

AL FQG: R*[k‘OTF] & R*[Tg] —_— R*[/{OT(;], r®s—rs
m R.[Tr]

are isomorphisms provided the ring R is strongly Z™-graded.

Proof. Suppose R is strongly graded. For j where only one of +e¢;, —e; is

contained within Tr, let sgn(F');e; € Tr. Then np = ) sgn(F');je;. Then we
J

may choose a partition of unity of type (—knr, knr), say 1 = >, upvy with

ug € R_iy, and vy € Ry, so that uy € R.[k o Tp] and for r € R,[k o Tg],

ver € Ry[Tg]. The R, [T¢]-linear map

Br,ra: Ry[koTg] — R*[kOTF]R([XI)“ ]R*[TG], T Zw®wr
* L F é
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satisfies af(r) = >, upvyr = r so that aff =id. Also

Ba(r®s) = p(rs) :ZW@)WTS(:) Zuww@s:r@s
¢ Y

(where the equality labelled (x) is true since vyr € R.[TF| for any r €
R.[k o TF]), hence fa = id. O

Definition 2.2.8 (The quasi-coherent diagram D(k)). Given a Z™-graded
ring R and k > 0, let D(k) be the diagram with D(k)(F) = R.[k o Tp| and
all maps inclusions ¢. We see that this diagram is a quasi-coherent diagram
of modules with the adjoint map assumptions satisfied via Proposition [2.2.
Consider a pair of faces F, F’ such that dim(F) 4+ 1 = dim(F”). Assume
F = F'NGj for some n — 1 dimensional face G;. We know that there is

precisely one j such that +e; € T but only one of +e; or —e; is contained
within Tr. Let

_J0 when e; € Tp.
YRF = 1 when — e; € Tp.

Let Lr; be the number of e;, 0 < i < j such that both +e; € Tr. Equip S
with the rank map rk(F) = —dim(F).

We now need to apply satisfactory signs so that we can form the Cech
complex of D(k).

Lemma 2.2.9. Let the map [—,—]: Sx S — Z be such that [F: F'] is the

following sign:

—1)rF LR when dim(F) + 1 = dim(F").
o [ (F) (F)

0 otherwise.
This map satisfies conditions (DI1),(DI2) and (DI3).

Proof. The map [—,—]: S x S — Z satisfies condition (DI1) trivially. Let
F,G satisfy dim(F') + 2 = dim(G), so that rk(F) — 2 = rk(G). Then there
are precisely two faces A, B € I(F': G), and two indices a, b such that

o te,, tey €T,
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o sgn(a)e, € Ta, —sgn(a)eq ¢ Ta for some sgn(a) € {—1,1},te, € Ty.
e sgn(be, € T, —sgn(b)e, ¢ T for some sgn(b) € {—1,1}, e, € Tp.

e sgn(a)eq, sgn(b)e, € T, —sgn(a)eq, —sgn(b)ey ¢ Tt

Hence, there are only two summands [A: G][F': A],[B: G|[F: B] to check
in relation to condition (DI2). Note that

Yr,A T YAG =YrB t+YB,G

as YrA = YB,G> YA,c = YF,B- Without loss of generality, let a < b. Then
we know that Lpp +1 = Lay, as feq € Tr but —sgn(a)e, ¢ T4, and
Lpa = Lpg. The products [A: G][F: A] = (—1)¥ratlratyactlas and

[B: G|[F: B] = (—1)¥rBt+Lrotys.ctlaa have trivial sum as

YA+ Lra +yac+ Lay=yrB+Lrp+1+ysc+ Lpa

which makes the signs in this case differ so (DI2) is therefore satisfied.
Finally, note that for a given face F' of dimension 1, there is only one
j such that te; € Tp and two vertices such that v,v’ C F. Note that
Ly; =0= Ly, for all 1 <4 < n. The signs of [v: F] = (—=1)¥»FTLvi and
[v': F] = (—1)yv'vF+Lv’vi differ, as if e; € T, then —e; € T,y so y, r = 0 and
Yy, = 1. Similarly if —e; € T}, then e; € T}y so y, r = 1 and y, p = 0.
Hence (DI3) is satisfied also. O

Remark 2.2.10 (Cech complex of D(k)). The complex I'(D(k)) is the
complex with entries indexed with faces of dimension ¢ at level —i, that is

the sum of

PD)-i = € R.lT¥)

dim F'=i
and maps
[F: F'lo: R[Tp] — Ri[Tr]

where for F C F', dim(F) + 1 = dim(F"), [F': F'] is the following sign:

[F: F'] = (=1)¥rr tLr
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and is 0 otherwise. Since the objects indexed by F, A, B, F’ form a commu-

tative square consisting of inclusions, the sum of maps
[A: F'lag pr|F: Alapa+ [B: F'lag p|F: Blapp

must equal zero. Hence the satisfaction of (DI2) implies that the maps
Y. [F: Glapg are boundaries as the composition is the sum of pairs of

dim(F)=k

maps [A FI]OéAJN[F: A]aF,A + [B F/]OéB,F/[F: B]aF,B =0.

2.3 The homology of the Cech complex of D(k)

We now wish to find the homology of the Cech complex of D(k). We will
see that I'(D(k)) is homotopy equivalent to a complex that will be used as
the components of the chain levels of a bounded complex of finitely gener-
ated projective Rg-modules, hence playing an important role in the finite
domination result.

To begin we prove something in a greater generality than required, so
that we can use special cases in a number of situations.

Note that for any group GG and any set S of elements of G, and unital

G-graded ring @ Ry, Riq,, is also an unital ring and the sum of homogenous
geG
components with index in S, @ R, is an Rjq,-Riq,-bimodule. Note that
seS
whenever a unital G-graded ring is strongly graded, there are still partition

of unities for all g € G (a consequence of Proposition 1.6 of [Dad80], which
is more general than Z™-graded rings).

Proposition 2.3.1. Let X be a strongly G-graded ring for a group G. Con-
sider sets A, B contained within G that satisfy AN B = {idg} and the
condition for all a,a’ € A, b,V € B,

ab=d'b if and only if a = @’ and b=1'. (2.3.1.1)

Let AB = {ab: a € A,b € B} and X1 = @X; be the restriction of X to any
iel
subset I of G. The following maps

Tap: Xa @ Xp— Xap, Ta @ Tp = ToTy,
idg
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form an isomorphism as Xiq,-Xid, bimodules:
X4 ® Xp=Xap.
idg

Proof. Given z; € X; and a € A,b € B the maps

m: X4 ® Xp— Xap

idG
where
Tap: Xa ® Xp = Xap, Ta @ Tp = TaTp
idg
and
B: Xap—Xa ® Xp
idg

where

ﬁa,b: Xab — Xa X® va Tab Zxabu_j 2 Uy

idg j
for a partition of unity ) u;v; of form (—b,b) are the required isomorphisms.
J
Firstly observe that the maps 7, f map summands on each side in a one-to-
one relation as A and B satisfy Condition [2.3.1.1f That 7 is a Riq,-Rid,

balanced bimodule map is clear, 3 is clearly a left R;q,-morphism, to see it

on the right:

B(TapTidg) = § TabTidgUj & V5 = E E TapUiViTidoUj &K Vj

J i
= Zzu’ﬂabui @ ViTidg UV = vaabui @ ViTidg
i i
= [(Tab)Tidg -
The composition is the identity as w8 = id trivially and 87 = id due to

Tq Q Tp — TqTp — g TaTpUj Q Vj = Tgq @ Tp
J

from the fact that xpu; € Riq,. Hence m and 8 are mutual isomorphisms as

required. O
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Call the maps 7, the product maps and B,y the splitting maps.
Throughout this work, when such an isomorphism is required, the sets
A, B will be of the form A’ x {id},{id} x B’ hence satisfying Condition

2.3.1.1] immediately.

Lemma 2.3.2. The map B, is independent of the choice of partition of

unity.
Proof. Let B, and B;,b be two splitting maps using two different partitions
of unity Z?Zl u;vj and Zzlzl vy, of form (=b,b). Then 3,5 = B, ,, as

q

a q
_ . oy o
Z Tu; @ Vj = E E TU; Q VULV

j=1 7j=1k=1
q 4q 7
o) I / /
UV U, K Vg, = U Q Uy
j=1k=1 k=1

as vju, € Ro. This tells us that the map f,; is independent of the choice
of partition of unity. O

Definition 2.3.3. For a given Z"-graded ring R, let RU = @ Rue,, where
meZ

%) = Rine;, be the restriction of R to the jth azis, itself a (strongly) Z-
graded ring when R is a (strongly) Z"-graded ring. There are one sided
versions, RU = D Rime, and RU = (D Rume, that are Ro-Ro-bimodules.

m>0 m<0
Let ©; = {RU), R(j+),R(j_)}. Consider the collection of Rg-Ry bimod-
ules
Hi ® Hy... ® Hy,
Ro Ry

for H; € ©;. I claim that there is an one-to-one association between the
collection of these tensor products and the collection R.[TF] for faces F'
of S = [-1,1]", which is indicated by isomorphisms between associated
objects.

Lemma 2.3.4. Every R.[TF] is isomorphic to the tensor product of the
form
H ® Hy... ® Hy,
Ro

Ro
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where H; € ©; 1s:
1. H; = RY) when *e; € Tr.
2. Hj = RU) when +ej € Tk.
3. Hj = RU™) when —e;j € Tp.

In addition the dimension of the face F is precisely the number of times H;

are of the form RY) in the tensor product.

Proof. Note that for any H;, H;, i # j, the underlying sets of the supports
satisfy Condition [2.3.1.1] and have intersection {0}. Let @ be the Ro-Ro-

module

Q= @ Bomieimje;-

m;,m; €L

From Proposition [2.3.1] there is an isomorphism

B:Q = R® % RY) N ZTUg ® vy
0
)4
for partition of unities of type (—mjej, mje;). The inverse of 3 is the map
T:a®b— ab.
Given a tensor product H; ® Hy... ® H, we can repeat the process of
Ro

Ro
applying 7 for all 1 < 57 < n, so that there is an isomorphism

Q,

1

Hi® Hy...® H,
Ro

Ro

where @ is an Ro-Ro-module consisting of sums of certain homogenous com-

ponents of R = @ R,.
pPEL™

We look at the support of an elementr = Y. r,€Q,p= Y, mje; €
pEsupp(r) 1<5<n
Z™. For all j there are three possible constraints on each of the m;:

1. m; € Z when H; = RY).

2. m; >0 when H; = RUT),
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3. mj <0 when H; = RUT),

It is now a matter of observation that the support of such an element has
precisely the same restrictions as the support of an element within R.[Tp]

where F' is the unique face such that:
1. xe; € Tr when H; = R,
2. +e; € Tp when H; = RU™).
3. —e; € Tp when H; = RU™).

Hence @ is equal to R.[TF| for a certain face. It remains to note that the
dimension of the face is precisely the number of j such that both +e; € TF,
that this number is precisely the number of H; of the form RWY) provides the
result. O

Now let @;? ={RY), P Rine;, @ Rmne;}- We can see from Proposition
m>—k m<k

2.31in a similar manner to Lemma 2.3.4

Lemma 2.3.5. Every R.[koTF] is isomorphic as an Ry-Ry bimodule to the

tensor product of the form
H1 ®H2 ®Hn7
Ro Ry

where H; € @?. In addition the dimension of the face F' is precisely the

number of times H; are of the form RU) in the tensor product.

Proof. Again, an assessment of the conditions on the support provides the
result as in Lemma @ Note that for any H;, H;, @ # j, the underlying
sets of the supports satisfy Conditionand have intersection {0}. Take
a face F' of dimension n — 1 such that e; € Tp, —e; ¢ Tp. Then the face is

the subspace

{p=> mie; €Z": —1<m; < +1,my =1}
1<i<n
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for some j. Therefore, k o T is bounded below by the subspace

Z mie; € Z™: mj = —k}
1<i<n
and unbounded elsewhere, which is precisely the condition on the support

of elements of the tensor product

1) (n)
R }%R " Ro <me>9kRmeﬂ>' ®R

A similar observation can be made for other choices of face F. Finally,
we note that the dimension of F' is precisely the number of j such that
+e; € Tr, which is also the number of j such that Hj is of the form RU) as
required. O

Let Qf be the complex concentrated in levels 0 and —1

<@Rmej o P Rme],> 4 )

m<k m>—k

where ¢ are inclusions. Since RY) is a Z-graded ring, we know from Propo-

sition 2.6 of [HS16] that P R~ Qéf via the inclusion of & R;
i€[—kej,ke;] i€[—kej,ke;]

into both summands of (Q )o, i.e., the diagonal map inclusion, written A;,
with a map p; such that A]pj 1d piA; ~id.

Lemma 2.3.6. There is an isomorphism of chain complexes of Ryo-Rgy bi-
modules T'(D(k)) = QF @ Q& ... QF.
Ry

Proof. For ease of writing, let Hy ® Hy... ® H, = H. For the complex
I'(D(k)), non-zero only for indexes %Oto —n, i%te that at the —i, 0 <i <n
chain degree we see precisely the sum of R.[TF] for faces of dimension i in
particular at the —nth level we see R. By quoting Lemma[2.3.5] we observe
an isomorphic construction levewise on the right of the isomorphism.

It remains to argue that the chain maps are the same. The isomorphism

H = R,[TF], that is the repeated application of maps m: a ® b — ab, will
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have no effect on the signs of the inclusion maps of the complex. On the
right, any given map ¢: H — H' between summands has sign precisely equal
to that of I'(D(k)). This is best seen by considering the effect of tensoring
onto the left of QF by QF | then each Qf from n — 2 to 1.

Fix 1 < j < n. Firstly note that, in agreement with yg s, there is a
negative sign in Qf for .: R7) — RI. By observation of the convention
of Definition the sign of any map changes only when the individual
summand of the tensor product has an entry of degree —1 tensored onto
the left, i.e., precisely whenever there is RY) in the summand where i < 7,
in agreement with Lpn g, ; for the map R.[Tpng,| — Ri[Tpr] where Gj is
an n — 1 dimensional face such that ng, € {e;, —e;}. Hence, the sign on
a given map between summands on the right " — His precisely [F, F’]
where H = R,[Ty),H = R,[Tp] and F = F' N G, aligning with the sign

on the corresponding map within I'(D(k)). O
Lemma 2.3.7. The complex Q]f ® Qg ®...® Qfl is homotopy equivalent to
Ry “Ro Ry
R ® R)l®...® R; |.
(@ r)e( @ r)e2( & =)
i€[—ke1,kei] 1€[—kea,kea) 1€[—ken,ken]

Proof. Note that for all 7,
Ajp; ~id, p;A; ~id

from Proposition 2.6 of [HS16]. Also note that Appe@Ajp; = (Ar@A;)(pe®
p;) and peAe @ piAj = (pe ® pj)(Ar ® Aj) for all £ # j. Use Corollary 9.2
of [ML95] to see that

A1p1 @ Agpar @ -+ @ Appp ~id

(simarly for tensor products of p;A;) hence the map consisting of n A; maps

tensored together form a homotopy equivalence from

(@ r)g( @ n)pog( @ =)

i€[—key,kei) R0 N e —keakes) i€[—ken,ken)
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to QF ]t? Qf 1? %) QF as required. O
0 0 0

Proposition 2.3.8. The complex of Ry-Ry- bimodules

0 @ Ri—>T(Dk)—0
i€[—k,k]|™

with the non-trivial map being inclusions of € R; into each summand
1€[—k,k]™
of I(D(k))o= @ D(k)(F) is exact for k > 0.
dim(F)=0

Proof. Firstly, note that:
O ne( @ n)o( B n)( @ n
i€[—k,k]™ 1€[—key,ke1) i€[—kea,ke2) 1€[—ken,ken]

via applications of maps of the form of 8 from Proposition for the sets
[—ke;, kej],

P r)o( B rR)( B R)=otede ok

1€[—ke,ke1] i€[—kea,kea] 1€[—ken,ken]

using the tensor product of maps A; from Lemma and
Neoe o0k =T(D(k))

via applications of a ® b — ab from Lemma [2.3.6] The composition of these
maps can easily be seen to be the claimed inclusions. The result is thus

proven. O

2.4 Extending a complex of modules of graded rings to a complex of

quasi-coherent diagrams

The next construction is to take a bounded chain complex of finitely gener-
ated free R-modules and form a bounded chain complex of quasi-coherent
sheaves.

From this point there will be a number of diagrams that have chain
complexes at each entry in the poset, that is they are chain complexes of
diagrams. For the sake of clarity, given such a diagram ®, we write ®(p)
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as the chain complex seen at the point indexed by p in the poset while we
write ®; for the diagram at the jth chain level and ®(p); for the jth level
of the complex at p.

Proposition 2.4.1. Let C be a bounded chain complex of finitely generated
free R-modules. We can form a complex of sheaves where in the centre we
have the original compler C and at each level we have a sheaf of the form
D(k;)™i for some kj > 0,m; € Z,kj > kji1.

Proof. Given C'and j € Z, note C; = R™ for some m; € N. Given k > 0, we
have a collection of modules C'(F); = Ry[k o Tp|™ formed from restricting
the support of C to the Ryp-Ry bimodule R.[k o Tr]. The obvious inclusions
satisfy the adjoint map condition of the structure maps of a quasi-coherent
diagram. Hence we can always form a sheaf level-wise for any k£ > 0 of the
form D(k)™i. We need to show that a chain complex of sheaves can be
formed.

Consider that for all j, the boundary map of C, d;, is an m; x m;_;
matrix of maps that do not respect the grading of the ring. However, each
of these maps will map every homogenous component R, of the ring R to a
finite selection of components in the image based on the image of the identity
element of the ring. For each map we can find a number £;_; large enough
such that the support of the image of R, is contained in a n-dimensional
cube of sides 2k;_1 centered on p and a cube of this size will be enough
to contain the image of every component R,, p € Z". It follows that given
a restriction C'(F); for the domain restriction of the boundary to be well
defined the image must contain every component in the image of each of the
components on the edge of the restriction.

For example, if we were looking at C(v); = R.[00T,]™ for a vertex v, it
would be possible to map into the module R, [k;_;0T;]™~! with the obvious
inclusion. It follows that the sheaf D(k;_1)™i~1 is a suitable codomain for
the extension of the boundary map d;: C; — Cj_1 to the sheaf D(0)",

hence we have a new map D(0)™ — D(k;j—1)"-'. Boundedness of C
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allows a process of iteration to generate a chain complex with D(k;)™ at
point ¢ with k; increasing as ¢ decreases. Showing that the maps satisfy the
boundary map condition follows from the fact that the central map d; is
a boundary and the other maps are restrictions of this map that commute
with inclusion maps. Hence we have the complex of sheaves J; = D(k;)™
where for all F' we can form a chain complex Y(F) = C(F') consisting of
each of the C'(F);, j € Z and restrictions of the boundary maps d; at the
point indexed by F. d
Note that from this point ) is assumed to have a bounded chain complex
of finitely generated free R-modules )(S) = C at the point indexed by S.
By applying the same rank and incidence functions as used in Remark
2.2.10}, the Cech complex I'(Y) of Y can be written. This will be a chain bi-

complex with commutating differentials, considering the horizontal level to
be the Cech complex of the relevant level of ). Let I'()) be the totalisation

of I'(Y).
Corollary 2.4.2. The complex T'()), considered as the totalisation of the
Cech complex of Y where Y = D(kj)™, is homotopy equivalent to the

complexr D with modules

Di= P D =&

1§p§mj iE[—kj,kj}"

and maps consisting of restrictions of the boundary map d of C.

Proof. We can see D is a chain complex for the same reason that ) is.
Consider the map that levelwise is precisely sums of the map in Proposition
[2.3.8] These will commute with the boundary maps as they are injective and
the boundary of D is a further restriction of the boundary of C' beyond that
of I'(Y) and will ensure that each row of D — I'(}) is exact by Proposition
hence it follows from Lemma that the totalisation of IT'(}), the
chain complex f(y), is homotopy equivalent to D. ]

Remark 2.4.3. Observe that D is a bounded complex of finitely generated

projective Rg-modules as, levelwise, it is a finite sum of finitely generated
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projective Rg-modules [HS16, Proposition 1.6]. Boundedness follows as C'is
bounded. We will use D as our finite domination by showing C' is a retract
up to homotopy of D and noting that D itself is a retract of a bounded chain

complex of finitely generated free Ry-modules.

2.5 The diagram Ep

In this section we introduce the diagram Ep and its Cech complex T'(Er)
which will be important for the proof later on.

Definition 2.5.1 (Star of a face). For F' C S, define the star of F, st(F),

as the set of faces of S that contain F'.

Definition 2.5.2 (Nerve of st(F')). Let Np be the simplicial complex con-
sisting of flags F = {Fy C --- C Fy} where each face F; is contained within
st(F'), that is each face contains F.

Lemma 2.5.3. For every F € Np, the ring R.(F)) admits a R.[Tr]-R+[TF]

bimodule structure.

Proof. Generally speaking, we only need to consider flags where S ¢ F. A
flag with S in it admits a generalised Novikov ring that can have support
across Z" and since R.[Tr| only has elements with finite support there is no
possibility of any finiteness conditions being broken.

It remains to show for when F has a largest face G C S. Condition
(1) becomes a requirement that the support of an element is in 7. Since
F € N, then Tr C T and since T is closed under addition immediately
we see that we can always define a well-defined closed R.[TF]-action on the

left or right as required. O
We define a diagram for each F' C §:

EFZ NF — Ro-MOd, EF(.F) = R*((f))

where the structure maps ar z, F C F' are inclusions, this follows from

Lemma [[.2.27]
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This diagram admits a Cech complex whenever N is given a rank map
rk(F) = 1 — dim(F) (which has values 0 to n — dim(F') = codim(F)) and
an incidence function as detailed below.

Lemma 2.5.4. For a flag F = {Fy C --- C F; C --- C Fy} and a face Fj,

let
[—,—]:NFX/\/’F%Z

be the map where:
o [F\{F}F]=(-1).
e 0 otherwise.
This map satisfies the three conditions (DI1),(DI2),(DI3).

Proof. Condition (DI1) is satisfied trivially. Condition (DI2) follows as for
two flags F, F’ such that dim(F) + 2 = dim(F"), there are two faces Fy, Fyy
contained within 7' = {Fy,...,Fy,...Fy,...F;} that are not contained
in F, and precisely two flags F U Fy, F U Fy contained within I(F: F’).
Without loss of generality, let ¢’ > g. Now see that [FUF,: F'|[F: FUF,] =
(—1)9(=1)9 and [FU F,: F|[F: FUFy] = (—=1)9(—1) ! hence the sum
is trivial and (DI2) is satisfied. Finally consider flags 7 = {F C F’} with
only two faces. The set I(< F) contains only two flags. Then [{F'}: F|
and [{F'}: F] have opposite signs making the sum trivial hence (DI3) is
satisfied. O

The above collection of signs allow us to form a Cech complex T'(Ep).

Definition 2.5.5. Given E, define I'(EF) as the complex with the sum

@D R.(F) at level 1 — k and boundary map d;_j, consisting of sums of
dim(F)=k

(FANAE} Flag g7 Er(F\{F;}) = Ep(F)

over the collection of F with dimension k and all F; € F for each F.
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Remark 2.5.6. Lemma tells us that T'(EF) is a left-right R.[TF]-
bimodule.

The following Theorem is a major step in the proof of the main result
of this chapter.

Theorem 2.5.7. The diagram Er indexed by elements N, where for F €
Nr the entry is R.(F)), has Cech complex quasi isomorphic to R.[TF]
via the R [Tr]-R«[Tr]-bimodule map induced by op: Er — R.[Tp] where
or({S}) is the projection R.({S})) = R — R.[TF| and oF is trivial other-
wise.

In solving we follow a similar proof as seen in [HQ15], that is we split
the diagram F, into 2"-many diagrams corresponding to the 2" collection of
orthants of Z™ represented by T,, where w is a vertex of S. The rest of this
section is spent managing F'r to bring a bit more clarity to this diagram.

The first goal is to justify limiting our interest only to those Er for F' a
vertex of S. Specifically, for a larger dimensional face G we will see that a

similar proof of Proposition for the diagram F, where v is a vertex of
[—1,1]7~4m(&) will work for Eg.

Lemma 2.5.8. Given a Z"-graded ring R and a face F € S = [-1,1]" of
dimension k there is a Z" ™ graded ring U such that for a vertex w, Ep is

the same diagram as E!, where (E!))(F) = U.(F)).

Proof. If k = 0 there is nothing to prove, so let k > 0. Using Remark [I.4.11],
we generate a ring U such that for all 7 € N, there is a flag v(F) € Ny(r)
where U, ((7(F))) = R«(F)). O

So, we restrict our treatment of Proposition only to E, where v is

a vertex.
Next we present how Er can be split into the 2" diagrams.

Definition 2.5.9 (Intersection Rings of R, ((F)) with M). For a flag F and
set M C Z" closed under addition of Z", write R.((F N M)) for the collection
of elements of R, ((F)) with support entirely contained within M.
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If we naively divide each (Er)(F) = R«((F)) into Ro-Ry bimodules with
support in each Ty, for vertices w, we will not find that @R, (F NTy,)) is

equal to R.((F)), for example Ry will appear in each summand rather than
in only one. So we need to replace T,, with some specifically shifted cones
to make this splitting argument work.

Definition 2.5.10. Fix two vertices w and v. Let F, ,, be the unique lowest

dimensional face such that both v and w are contained within F;, ,,. Let

/ —
nw,v = Nw — an,w

and define the shifted cone of w in relation to v as
771/1;,1; + Tw'

Example 2.5.11. Going back to S = [—1,1]?, if we take v = vy, w = vy,
then F, v, = ¢ and 1, .. = M, — 1 = (1,—1) — (1,0) = (0, ~1). More
generally, for all n we have n;, , =17, =1, =0 and ', , =Ny — N5 = N—y.
If Fy» is a 1 dimensional face then n{w is either e; or —e; for some t.

What these do is shift T, depending on how it is aligned with a fixed
T,. Now, what we claim is that

DRAF 0 (o + Tw)) = Re(F))

as Ro-Ro bimodules. We argue this by showing that Z" = (J(n,, , + Tw) for

w

disjoint sets 7}, , + Trw-

Proposition 2.5.12. For a fived v, the sets Z"" and \J(1,,,, + Tw) are equal
w

and each 1, , + Ty are disjoint with one another.

Proof. Pick p = pre; € Z'™ such that each p; # 0. Then there is a unique
vertex w such that p € T, precisely the choice of w such that for all ¢,
sgn(w); = |p¢|/pe- Since we set each p; to be non-zero, and the effect of 7, ,
only removes some elements p’ of T, such that at least one p} is zero, p is

still contained within 7, , + T.
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Now let there be k > 0 many p,,;, 1 < ¢ < k such that p,, # 0 and n — k
many pg,, 1 <i < n — k such that p,, = 0. It is immediately clear that p
is contained within T, whenever |p,,|/py;, = sgn(w),, for all 1 <1i < k. For
every vertex z where |py,|/pu; = sgn(z),, it follows that p € T,. Whenever z
satisfies sgn(z).; = —sgn(v),,, it follows that p ¢ w’, , oT; as 7., is a sum of
elements sgn(z):e¢, one of which will be —sgn(v),,e,,. Hence, p is contained
in the barrier lattice of the unique vertex w where sgn(w),, = |pu,;|/pu, for
all 1 <i <k and sgn(w),, = sgn(v),, for all 1 <i < n — k. Since we can
see that every element of Z™ is contained within a unique set on the right of
the equation and that each 7, , + Tj, is a subset of Z" we have shown the

result. O
Corollary 2.5.13. For a fized vertex v and a flag F,
PRAF 0 (0l + Tw)) = Re(F))-

Proof. Immediate from Proposition [2.5.12 O

For any v, w define E, N (n{u’v + T,) as the diagram indexed by flags of
faces of N, where for F € N,,,

(Ev N (M + Tuw))(F) = Re(F OV (10 + Tw)))-

Corollary 2.5.14. For a fixed vertex v,

@(Ev a (77:0,1) =+ Tw)) = F,.

w

Proof. Immediate from Corollary [2.5.13 O

What we will find is that whenever w # v, T'(E, N (1, + Tyw)) will
have trivial homology while I'(E, N (m, , + Tv)) = T'(E, NTy) is homotopy
equivalent to R.[T,] as R.[T]-R.[T,] bimodules.

Definition 2.5.15. We call the Ro-Ro module R.((F N (7, + Tw))) the
intersection module of Ri((F)) with mn,, + Ty, or just intersection module.

From this point onward, we fix v and write 7, , + Ti = T, and hence

Ro((F N (o + Tw))) = Ru(F N 1T)
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and Ey N (0, + Tw) = Ey N T,,. Also T, = T,.

Finally, note that a number of the (F, NTy)(F) = R.(F NT,) are in
fact trivial.

Proposition 2.5.16. Let F = {Fy C --- C F;} € N, be such that the
skeleton has non empty W (i.e., so that S ¢ F). If sgn(w)

k= —sgn(v)i for
at least one k where sgn(w)gex, € W, then R.(FNT,)) =0.

Proof. An element r of R.((F)) must have support contained within T,
by condition (1) of the original Novikov definition. In particular, for p =
>_j pjej to be in the support of r, we require that [py[/px = sgn(w)g. That is,
P is non-positive or non-negative, without loss of generality let sgn(w); = 1
so that pr > 0. However, for this element to also be within R.((F NT))),
then the support must be within 7). Since sgn(w); = —sgn(v), the inter-
section of T, with T, is a subspace such that for a p € T, N Ty, we need
pr = 0. The application of nfww on Ty, is precisely to remove this intersection
as 1, ,, is a linear combination containing sgn(w)gey. It follows that T, NTy,

is empty, making R.((F NT,,)) = 0 as required. O

2.6 Rough skeletons of intersection modules

We now need to describe R,((F NT},)) in an enlightening way, particularly
since two different flags may have the same intersection with 7!, for a given
w. I begin by representing w as a collection of signs

{sen(w)i, 1 <k <n}

such that sgn(w)ger € T. Whenever sgn(w)y is +1, the support of an
element of R.(F NT,) is bounded such that the coefficient of e, is never
negative, the opposite case occurs when sgn(w); = —1. Note that whenever
F e N, and e, ¢ P, it follows that sgn(F); = sgn(v)g. Since we are only
concerned with flags contained within a given N, (it is all we need to solve
Proposition we now will tend to use sgn(v) in place of sgn(F).

For a vertex w, consider the collection of maps 2,

f:T, - R
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such that f(a) € R,. Similar to the Novikov ring definition, we form a
precise definition of these intersection modules by restricting the collection
2, by applying conditions, specifically restrictions of the original Novikov
ring definitions.

For a given face F', we consider a new collection of conditions that com-
bine both (2-F) and the need for the support to be within T}, .

Definition 2.6.1. For a given face F' C S and vertex w, let (2-F'NT},) refer
to the following condition:

A map f € 2, satisfies (2-F NT})) if for all ¢ € Z™ there exists k > 0
such that

kng + ((q + (=Tr)) N supp(f)) CTp.

That is, though we restrict our immediate attention to elements with
support contained within 7},, we still require the ability to shift the inter-
section with the support into the relevant barrier lattice, even if T, and
T are completely different. I hope it is clear that whenever T}, C Tp,
the condition (2-F NT},) is trivial, since (¢ + (=T%)) Nsupp(f) C Ty, as
supp(f) C 7!, from the definition of A, so k = 0 is satisfactory.

Note that condition (1), that the support of an element is contained
within the barrier lattice of the largest face of a flag, is either an implication
of the requirement that the support is within 7T}, or directly opposed to it. In
the latter case we get a trivial module R, (F NT},)), incidentally this occurs
if and only if when there is some element of W such that sgn(F)rex € W
and sgn(F);, # sgn(w), (Proposition 2.5.16). We can discuss these ideas in

terms of n — 1-dimensional faces.

Definition 2.6.2. Call a face G of dimension n — 1 w-aligned if T, C Tg,
making (2-G NT),) trivial. Conversely, if T}, is not contained within T call
G w-unaligned. Since we understand each vertex to be the intersection of n
many faces of dimension n — 1, there can be no situation where G is not one
or the other. We only refer to n —1 dimensional faces with this terminology.

While (2-G N 1T))) is trivial for w-aligned G, we see that the condition is
not trivial otherwise. When G is w-unaligned, (2-G NT},) will put a global
bound on the support of an element so that for p = Zj pjsgn(w)je; €

supp(f) it follows that pg < kng for some k > 0. This bound is in the
opposite direction to that provided by T, (pg > 0).
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Now we put this discussion to work. The first thing we do is ascertain
the orientation of the flag F in relation to T}, in effect working out whether
or not the n — 1-faces that have faces in CT(F) contained within them are
w-aligned or w-unaligned.

Like for the Novikov rings themselves, we seek to represent what the
intersection modules R, ((F NT))) are with a skeleton structure, firstly we
begin by just encoding the orientation of the flag in relation to w.

Definition 2.6.3 (Rough skeleton of the intersection module). Given a flag

F =A{Fy,...F;} € N, and a vertex w, consider the collection of sets

RSK(FNT.,) :={AL. AV AL, .. AV AP | AV

min» max
where:

o AP

min

0<7<n.

contains elements —sgn(w)yer of P (we discard sgn(w)gey), for

e AW contains elements in A; where sgn(v); = sgn(F); = sgn(w)x while

conversely.
e AL contains elements in A; where sgn(v), = sgn(F)x # sgn(w)y.

e Finally AY  contains elements of W where sgn(v)y = sgn(F), =

sgn(w)g.
We call RSK(FNT},) the rough skeleton of the intersection module R.((F NT},)).

Note that for all i, either A” or A" must be non-empty.

Remark 2.6.4. Once again, the rough skeleton tells us the nature of the
faces in a similar way as the skeleton does as described in Remark
However, we have added information. for a flag F, such that RSK(F N T))

has, for some ¢, non zero AzP and A}’V sets, then

F, = Fiin () Ga) N ([ Gu)
Ju

Ja
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where G, are w-aligned such that ng, € AZW while G, are w-unaligned such
that ng, € AF. The set AW  will tell us the nature of the largest face,
precisely:
Fp= ()G
Jb

for w-aligned faces Gy, such that ng, € AW in particular, W = () implies

max
F) = S. The set AL, is more interesting. We discard half of the elements

min
P

of P when forming A ; . to take into account the two-sided boundedness

condition from the Novikov ring itself. We see that no face within F is
P

min*

contained within G or —G such that either ng or n_g are in A

Example 2.6.5. For AP A we begin by discussing a case for Z2. Using
the naming conventions from Section 1, consider the flag F = {vy;, S} with
CT(F) = {e, &1}, the vertex vy and the intersection modules R.((F N Ty,,))-
Then:

SK(F) = {Ao = {ex. ey }}

while
RSK(FNT,,) ={A) ={e.}, Ay = {ey}}-

The condition of F in the direction e, aligns with the condition from T}, ,
so the only bound on the support in this direction is that any coefficient on

e, must be non-negative. That is, given an element r of R.(F N7, )) and

Ul

fixed ¢ € Z?, the subspace
{g+myey: my € Z}

can be shifted infinitely often in the direction of e, and, in general, the
intersection of the subspace and the support of r will be non-trivial.
Conversely, the condition of F in the direction e, does not align with
the condition from Tfé”. So, as well as any coefficient on e, needing to be
non-positive, there is an additional condition to consider for the intersection

that comes from (2-e, N T},,) due to €, being vy-unaligned. Namely, that
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given an element r the subspace
{q+mge,: my € Z}

can be shifted finitely often in the direction of —e, until the intersection of
the subspace and the support is trivial. This is akin to a polynomial ring
over a power series, e.g., V[z]][y~!]. Note that this is a stronger condition
that a similar condition on a single point ¢, that is the condition that ¢ can
only be shifted finitely often in the direction of —e, until the intersection of
the subspace and the support is empty.

The former is a stronger condition on an entire line within Z2, which
provides a global bound on values of y, while the latter is a condition on
individual points. The latter, weaker condition is what is seen when taking

the intersection of F' = {¢;, S} with T,

> Where

SK(F) = {P = {#ey}, Ao = {es}}

and
RSK(FNT,,) ={Ahn ={ey}, AY = {es}}

in this case the intersection will look like the power series of a polynomial,
e.g., V[y~Y[z]]. The order of the sets in the intersection skeletons, like with
the skeletons, are highly important. Note that since the set P contains both
the positive and negative elements e, we pick the direction that matches

—sgn(w)y, and hence the other AP, to make the direction clear.

While there is a one-to-one correspondence between flags and rough in-
tersection skeleton, there are potentially multiple flags with the same in-
tersection, for example R, (({S} NT))) = R.[T,,] while for any other flag F
such that RSK(F N TY,) satisfies A}V = () for all 0 < i < ¢ — 1 and satisfies
AW =it also follows that R.(F NT.,)) = R.[T.,]. We will aim to simplify
these skeletons so that there is a one-to-one correspondence between simpli-
fied flags and intersections. Firstly, we will take a moment to explore the

structure by considering the subspace bound conditions (Remark |1.4.10)).
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What AW tells us. We can observe immediately from Proposition
that if there are elements of W that are not placed within A/ . then
R.(FNT,) is 0. So, from this point we assume that the signs sgn(v)
of the elements e of W agree with those of w. There are no bounds as-
sociated to the support of the elements of the intersection module in these
directions. As asides, note that if the flag contains S, the intersection is

never trivial, and for w = v, the intersections are never trivial.

What ALl tells us. For 1 < k < n, let —sgn(w), e, € AL, . For the
original generalised Novikov ring R.((F)), for e, € P, the support of a
general element of the ring will have a finiteness condition in the directions

of sgn(w)g,ex,. Specifically that is for each j where ey, € P

{q+ kaek: my € Z, mg, = O}
k=k,

has the subspace bound condition in both +ej; directions. When taking an
element of the intersection module the above subspace will have finiteness
conditions in the directions of sgn(w)y,ex, for sgn(w)y,ex, € AP while in the
directions —sgn(w)y;ex,; there will be a bound by the subspace

n
{Z sgn(w)pmgey: my; =0, my > 0}
k=1

as the support must be contained within 77,. This is akin to a polynomial in
a single indeterminate as opposed to two sided (i.e., Laurent) polynomial.

What AZP , AZV tell us, general case. More generally, for AZP , AXV we focus
on sgn(v), ex, € A;, note that the faces Gy, of dimension

PI+( Y 14D -1

1<j<i+1
are the relevant faces within CT(F) such that
sgn(v)k, e, € 1a,,, —sen(v)x,er, ¢ TG, -

Some of these conditions will place a bound in the same direction as the
bound of T, others will not. If sgn(v), = sgn(w)y, for some a, then the
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conditions align, and taking the intersection will replace the local finiteness
condition in the —sgn(w)s, direction with a global bound by the subspace

n
J = {Z sgn(w)pmyey: my, =0, mg > 0}
k=1

above or below depending on whether or not sgn(w), is +1 or —1, this is
analogous to a power series condition. If sgn(v)y, # sgn(w)y,, then not only
is the support bounded by the plane J but there will be a local bound in
the opposite direction, akin to a typical polynomial condition.

Therefore the result of intersecting with T, can be understood in terms
of the skeleton. That is, the elements of A; are split into two groups. The
elements sgn(v)y,er, € AV are those such that sgn(v), = sgn(w)g,. Let
Gy, be the n —1 dimensional face where ng, = sgn(w)g,, where for a given
r € R.((F)), and each sgn(v)y,ex, € A}Y, the subspace (Fiy1 NGy, )} cannot,
in general, be shifted in the direction sgn(w)qe, until the intersection of the
support of r and the plane is empty. The elements —sgn(w), ek, € AZP are
those such that sgn(v)y, # sgn(w)g,, and (Fip1 N Gy, ); can be shifted in
the direction sgn(w)y, ek, until the intersection of the support of r and the
plane is empty.

Explaining the order of sets. Let |A;| = 2 for some 1 < i < ¢ — 1, with
sgn(v)je; € AWV sgn(v)je; € AP and n — 1 faces Gj, Gj; with nG; =
sgn(v)je;, NG, = sgn(v)j-e; so that G is w-aligned and G is w-unaligned.
Let +ey, € AP, sen(v)k, ek, € U,<i 1 Az. Noting that F; = F11NG;NGyr,
then CT(F) has two faces whose conditions are relevant to the elements
within A;, Fj11 N Gj and Fj1 N Gj/.

Consider the condition associated with the face F; 1 N G;. This tells us
that given an element r € R.(F NTy)), the subspace (F;4+1 N Gj); can be
shifted only finitely often in the direction sgn(w);e;. However, (Fi11NGy);
has no such bound in the direction sgn(w);e;. This means that the condition
is analogous to a polynomial of a power series (e.g., something like V[[z]][y]),
rather than the other way round. If we add a face between F; and Fj;; there
are two choices, one of which makes no change to the intersection module
and another that does. If we add Fj;1 N Gy, then while F; 1 NGy is still
within CT(]:U {Fi+1 N Gj/}), Fian Gj is not within CT(]:U {Fi+1 N Gj/})
or CP(F U {Fi;1 NGy }), however we will see later that (2-F; 11 NTy,) will
imply (2-(Fi41 NGj)NT),). Let the rough intersection skeleton of F be the
following;:

{AP Ag]/?A(I)Du"'A}/VaAfv"'AEVKDAéilaAW

min> max J *
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The rough intersection skeleton of F U {Fj1; N G} can be seen to be the
following collection of sets:

{A Agvv A{)D7 s AE/V’ (A/)z]‘:-b . (A/)E ) (A,)e aA

min> max

wherefore all j > i, AP (A’)]Jrl and for j > i+ 1, AW (A’)JJrl i.e., the
only change is in the numberlng of a few of the sets, Wthh we will see is no
change at all in relation to the intersection module.

If we add Fj;1 N G}, then we will see the following rough intersection
skeleton for 7 U {F;41 NG;}

{All'rjnmAgVaAga o (AH) AP (A//)K/}—la U (A/)Z 7(A/)€ 7A¥ax
where (A", = A" and (A”)!Y = (. Now we get a change, the face

Fiy1 NGy is no longer in the caterpillar. Instead, the largest subspace
such that the associated subspace bound condition provides a bound in
the direction —sgn(w),e; is associated with the face F; N G; as opposed
to F;41 N G, making the condition strictly weaker. This means that the
condition is analogous to a power series of a polynomial (e.g., something
like V[y][[x]]) in contrast to the case for F.

A similar pattern occurs when |4;] > 2. It follows that when writing
out the rough skeleton of the intersection RSK(F N T,,), we write the AY
to the left of the A. We will formally justify this idea later on.

2.7 Simplifying the rough skeletons

Now that we have put work into explaining the Ry-Ry bimodules R, (F N T,))
using the rough intersection skeletons RSK(FNT,), we wish to simplify these
skeletons to further understand what these modules are. Recall that there
can be multiple flags, and hence rough skeletons, that correspond to a partic-
ular intersection module. This section will introduce a system of simplifying
the rough skeletons, so that there is a one-to-one correspondence between
the collection of skeletons and the collection of intersections modules.
From the discussion in the previous section, as long as ‘P’ elements do
not swap order with ‘W’ elements, we are free to add or take away faces as we
wish with no change to the intersection. For example if A; has two elements
both of which are in AZP , we can add precisely one face splitting AzP into two
pieces. Depending on the choice of face we can split AZI-3 two ways. The choice
of face has an effect on the associated Novikov ring but not the intersection.
For A; with both non-empty AF and AY, we can add faces as long as there
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is no face within the flag that, for at least one of sgn(v)rer € A and one
of sgn(v)pep € AP, +sgn(w)p € Tr and —sgn(w)y, ¢ Tr.

Also note, that if there is +e; € P such that sgn(v); = sgn(w); then
adding new faces of lower dimension than what is there can change the
intersection - namely if a face is added that places sgn(v);e; into Ay of the
original skeleton, then taking the intersection with 7, will put it into Agv .
Evidentally, swapping a bounded condition with a trivial one changes the
intersection non-trivially.

I will now consider what faces can be added or removed from a flag
F ={Fy C --- C Fy} whose rough intersection skeleton satisfies a certain
condition without changing the intersection with 77, itself. Broadly speak-
ing, we can remove faces from the flag without changing the intersection
whenever there are sets A%J , A‘?/V that are empty within the rough skeleton.

Lemma 2.7.1. For a given flag F = {Fy C --- C Fy} € N, and vertex
w such that RSK(F N T,,) satisfies AL | = 0, we have R.(FNT.)) =
R.(F\A{F} NT))). Similarly, for T ={Jy C -+ C Jin} not containing S,
we can add at least one face of larger dimension than J,, without changing

the intersection ring, in particular S itself.

Proof. The rough skeleton tells us that Fy_; is an intersection of w-aligned
n — 1 faces, and hence so is every face it is contained within. It follows
that every condition (2-H NT},)) for F,—; C H is trivial and condition (1)
for Fy_y is satisfied as T, C T;_y. Hence, removing F; swaps conditions
implied by the requirement of the support to be in T, with other conditions
that are also implied by this requirement, hence the intersection will not
change. Similarly, adding a face strictly containing J,, will not remove a
condition from the tree that is not already weaker than the requirement that

the support is within 7},. In particular, we can add S. ]
The following proposition is needed for the case where some Af-D is empty.
Proposition 2.7.2. Let G be a w-aligned n — 1-dimensional face. Then

for a face F not a subface of G or —G, the condition (2-F NT,)) implies
(2-(FNG)NT,).
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Proof. Assume (2-F NT))) is true, then for a fixed ¢ there exists some k > 0

where
knr + ((q +(=Tp)) N Supp(f)> CTr.

Since T), C Tg, condition (2-G NT},)) is true for any k. Also note that for

allt € Z, tng € Tr. It follows that we can combine the two conditions thus:

knr + kne + <(q + (= (TrNTg))N SUPP(f)) CTrNTg
which is precisely (2-(F NG)NT),) as kng + kng = knpng as required. [

Lemma 2.7.3. For a given flag F = {Fy, ..., Fy} € N, and vertex w such
that RSK(F NT.,) satisfies AP =0 for some i < {, we have R.(F NTL,)) =
R (F\A{F1} NT,).

Proof. Immediately note that R.((F \ {Fi+1})) € R«(F)), so
R (F\{Fi1} N T,) € R(F NT,).

Only the other direction remains. Comparing CT(F) and CT(F \ {Fi+1}),
we see that by removing the face Fj,1, we remove some faces of dimension
dim(F;11) — 1 = Q from CT(F) and replace them with faces of dimension
dim(F;12) —1 = Q'. No other changes will occur, so we focus on the faces of
dimension @ and Q'. It is enough to show that every condition associated
to faces within CT(F \ {F;+1}) is implied by conditions associated with
faces of CT(F). Hence we restrict our consideration to faces of dimension
dim(Fj42) — 1 = Q' as this is the only dimension that can have any new
faces in CT(F \ {Fi+1}) that were not within CT(F).

If FF € CT(F) then there is nothing to prove, and F;;1 C F C Fio.
Otherwise, since Af = (), if F' contains Fjy1 it follows that Fj o NGy = F
for some w-aligned Gy,. Then Remark[2.7.2tells us that (2-F;12NT},) implies
(2-(Fi42 N Gk) NT})) which is precisely (2-F NT},). Hence the conditions
associated with the faces of CT(F \ {Fi+1}) are implied by the conditions
associated with the faces of CT(F), so R.(F NT),) C R.(F\{Fisa} NT),))

as required. O
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Before tackling the A};V = () case, we need a few more results.
Lemma 2.7.4. Let F' be such that +e; € Tp, w a verter, and Gy ann — 1
dimensional face that is w-unaligned. Then for ¢ = Z?:l gjej € Z"
g+ (=Tr)NT, = (¢ —qe)) + (= (TrNTg,)) N T,

Proof. Consider just T, rather than 7, to begin with. Without loss of
generality, let sgn(w); = 1 so that ng, = —1. Firstly note that T,, C
q+ (=Tg,) if and only if ¢; < 0. For example 0 € T}, is not contained within
e + (—=Tg,) but is contained within —e; + (—T¢,). Hence, for all ¢ € Z",
Tw C q— qier + (—Tg,). Now observe that ¢+ (—T%) = q — gter + (—TF) as
an element p = ) pje; € Tr is allowed to have both positive and negative

values of p, as +e; € Tp (so that, in addition F' ¢ Gy). It follows that
q-+ (—TF)ﬂTw =q— qer + (—TF) N Ty
= (¢ —qee + (=Tp) N Tw) N (q — qeer + (—Ta,) N Tw)
= <q — qrer + ( —(Tr N TGt))> N Ty

and simply replacing T,, with T} gives the result as required. O

Corollary 2.7.5. Let +e; € Tr, w a vertex and Gy an n — 1-dimensional
face such that wg, = —sgn(w)ey, i.e., that is w unaligned. Condition (2-
(F N Gy) NTY),) implies condition (2-F NT},).

Proof. Fix q. Using (2-(F N Gt) NT))), we generate k such that

knpaa, + (¢ — wer + (=Tr N Tg,)) Nsupp(f) € Tr N Tg,.

Note Tr N T, C TF and use Lemma and the fact that supp(f) € T},

to see that this is equivalent to

knr + kng, + <q + (—TF)> Nsupp(f) € Tr.

Finally, note that if z € T, so is x + kng, for any k € Z as +e; € T hence

ke + (q+ (=Tp)) Nsupp(f) € T

which is precisely (2-F NT},) as required. O
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Lemma 2.7.6. For a flag F, let AY = 0. Then
R.(F NTy) = R(F\ {Fo} NT,,)).

Proof. The proof follows a similar pattern to that used when A%D was empty.
Firstly note R.(F\{Fo}NT,) C R.(FNT,). Consider a face F €
CT(F \ {Fb}) of dimension dim(F;) — 1. We want to prove that the con-
ditions associated with faces in CP(F) will imply the condition associated
with F. Observe that by Corollary (2-F N 1T)) is implied by (2-
(FNG)NT,,) where ng = —sgn(w)geq and teq. Since Fy = F N (), Gi)
for ng, = —sgn(w)g,eq, € AL, we see that by iterating this process (2-
FonT),) will imply (2-F NT),) as required. O

Lemma 2.7.7. For a flag F, let AYY = (). Then
R.(FNT,) = R(F\{F:} N T,).

Proof. Effectively identical to Lemma [2.7.6 O

We now attempt to gleam some information on what faces can be added
into a flag.

Corollary 2.7.8. Given a flag F such that for AP = 0, AW, =0, the
intersection modules Ry(F N'T)))) and R.(F \ {Fix1} NT},)) are the same.

Proof. This follows from and O

Proposition 2.7.9. For a given flag F with non-zero AV AL there is a

single possible face of dimension
P w P
’Amin‘ + Z |A] | + Z ‘Aj ‘7
0<j<i 0<j<i—-1

that can be added without changing the intersection module.

Proof. That a face can be added follows from Corollary since if we

are given a flag where AY = ) = AK/H and remove F;i1, we are left with
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w

a flag with an intersection skeleton where A; ,AZP are non-empty. Let
sgn(w)p,er, € AV, —sgn(w)y, er, € AF. Also let Gy, be the n — 1 dimen-
sional face such that ng,, = sgn(w)g,ex, and G;p be the n — 1 dimensional
face such that e, = —sgn(w)g,ek,- I claim that the face H such that
H N (N, Gk,) = F; is this face, so that its presence or absence from F makes
no difference to the intersection module. The set CT(F U H) is the same as
CT(F) except faces are removed at dimension dim Fj;; — 1 and added at
dim H —1 = dim Fj 1 —|AP|—1. Tt is enough to show that for any other face
F,C H C Fi41, dimH' =dim H, H # H, R.((F U H')) cannot possibly be
contained within R, ((F)).

For any k¢ = k, and k, = ks, let H' be such that

H' 0 (()Gr) NGy, = F,
t#£r

equivalently
H' =Fi1 NG, N (m Gl,)s
p#s
so that H' is not a subface of G} . Then the face Fi41 N G)_is in CT(F)
but not CT(F U H') or even CP(F U H'). Observe also that H' NG} €
CT(FUH').

The subspace (Fj41 NGy, ); is larger than (H' NG}, )% and both provide
the strongest subspace bound conditions in the direction —sgn(w)g_ ex, for
their respective flags (F and FUH'). None of the conditions associated with
a face in CT(FUH') will imply the condition associated with Fj1NGY,_from
any argument in our previous Lemmas. To prove the inequality, consider
that any map fy: T, — R, fy(a) € R, with infinite support concentrated

in every entry of the following set
{0 + x(sgn(w), e, +sgn(w)k,ex,): © > 0}

will be in R, (F U H")), as e, will not be among the ey, that have unbounded

coefficients in the subspace (H'N G, )§ (in paticular it does not contain the
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line {meg,: m € Z}) and every smaller face will only put conditions on
strictly smaller subspaces. Also there is no condition at all that puts a
bound on the support in the direction of sgn(w)y, as G, is w-aligned and
the set is fully bounded in all other directions. However it definitely will not
be in R.((F)), as it clashes with the plane bound condition of (F;1 NG}, )5
in the direction sgn(w)g, eg, since the larger subspace will have unbounded

coefficients of ey,. That is, for every y > 1, (Fiy1 N GY) ( will

y sgn(w)k,.ek,.)
have non empty intersection with supp(fy ), making satisfying (2-F; 1 OG;S)
impossible, while given ¢ = >, gxey. the subspace (H'NG), )y will have trivial
intersection with supp(fy) for all gx, # gx,.

It follows that choice of face is unique, precisely the face H that leaves
the conditions (2-F;11 N G%p) in CT(F U H), which is precisely the case
where H = Fi 10 (N, Gl ), H0 (N, Gr,) = Fi. O

The removed faces would affect the rough skeleton of the intersection by

combining adjacent AV, A, or A AZ | even if the nature of the intersec-

tion module is unchanged. To better represent what intersection is related
to a given flag, we simply remove all the faces that can be removed by the
above argument, leaving a unique flag with a minimal collection of faces
associated with a given intersection module.

Definition 2.7.10. Given vertices v,w, a flag F € N, and an associ-
ated intersection module R.(F NT),)) define the intersection skeleton of
R.(FNT.)), written SK(F NT.), by taking the union of adjacent A or
AY within the rough skeleton of R.((F NT.)), RSK(F NT.), and renum-

bering as necessary forming

T={1f .1 ...V i v

in» m—1>

which will resemble the rough skeleton of the unique flag with the minimum
possible faces (m) with a given intersection. A similar procedure to Propo-
sition [2.7.9| can be used to show that each intesection skeleton corresponds
to an unique intersection module.

Though mentioned previously, the following Corollary is worth spelling
out for total avoidance of doubt.
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Corollary 2.7.11. Given any intersection skeleton I, there is a unique
minimal face Fr such that RSK(FrNT)) =SK(FzNT),)="1.

Proof. A result of Proposition [2.7.9 O

2.8 Organising the intersections and their skeletons

To make proper use of the intersection skeletons, we have to fix some vertex
v. We now only ever look at flags F € N, so we use the sgn(v), notation
when relevant. The choice of v doesn’t matter beyond orientation.

We use the definition of intersection skeleton to illuminate claims on the
flags associated to a given intersection. Fixing a vertex w let

AR EA AL P AUS S A

in» max

be the intersection skeleton of any given intersection module R.((F NT),)),
so that SK(F NT)) =Z with F € N, and let Z be the collection of flags
in NV, that have this intersection module. The collection of skeletons can
be ordered by considering both how many elements are contained in I:_?V
sets and in what configuration (o) they are. The largest intersection occurs
when every possible element is contained within IV, . that is the elements
sgn(v)ger, where sgn(v) = sgn(w)g. Given a pair v, w of vertices, let there
be y many elements such that sgn(v), = sgn(w).

The way of sorting through these intersections is by taking consideration
of the unique minimal flag F7 associated to an intersection. The flag Fr

will have precisely m many faces within it at dimensions

ol + > (L1117
0<g<m—1

If we fix a configuration o of the n elements and let K = {0,1,...,k},
then the possible number of skeletons is precisely the number of elements of
(N —Y)¥*! such that the sum of the elements of each N —Y is n—y - there
are precisely n — y elements to place between or around the y elements. It
follows that each intersection can be represented by a unique element of the
set

Z ={(ajhi<jcytr € N =YW N~ a;=n—y}.
1<j<y+1

We are interested in the restriction of the lexicographical ordering of
(N -Y)¥*l to Z.
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Definition 2.8.1. Call Z equipped with the sub-ordering of the lexico-

graphical ordering of (N — Y)Y+ the special intersection ordering.

Among the y + 1 components of Z (i.e., each N —Y), let the ‘largest’
represent the number of the n — y elements in the set Ir]r::in ‘smaller’ than
every element in every I?W (that is, in a set to the left in the intersection
skeleton), the next largest those smaller than all but one, etc. I claim
that this ordering corresponds to the ordering of intersection modules under
inclusion whenever the maximum number of sgn(v)ger, where sgn(v), =
sgn(w)g are contained within some I}V (i.e., y many of them). Specifically,
I claim that an intersection module associated to a higher level of Z cannot

be contained to one associated to a lower one.

Lemma 2.8.2. For two intersections Z,T' such that under the lexicographi-
cal ordering the skeleton of I is strictly greater than I' and the configuration
")

(") and number of the elements within the collections of sets L_YV and I§W

are identical for T and I’ respectively, I does not contain I'.

Proof. For simplicity, let Z be directly above Z’ in the special intersection

ordering of Z. Write

SK(Z) = {1, 1YV, .... 0V, if oYy ok 1Y

in» max J *

Consider F7 and F7. Begin by taking the case where there exists at
least one i and at least one sgn(w)rex € I}V and —sgn(w)je; € I such
that sgn(w)rer € (I')}V,sgn(w)je; € (I')] where t < s. There is a face

H within CT(F7z) such that (H); has a subspace bound condition in the

*

direction sgn(w);e; and (H);

contains the subspace
{q + myeg: my € Z}.

Similarly to a previous argument, a map f: T,, — R, f(a) € R, with infinite

support concentrated in every element of the set

{nqlu;u + z(sgn(w)je; + sgn(w)ger): © > 0}

cannot possibly satisfy (2-H N 7T),). However, we can see, owing to the

position of the elements in the sets of RSK(Fz N T)), that such a map has
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no impedement to being included within R, (Fz NT,,)), since there are no
subspace bound conditions that fix a limit on how far a subspace containing
mpey, can be shifted in the direction sgn(w);e; before the intersection with
the support of an element is trivial.
So it is evident, due to the absence of the stronger subspace bound condi-
tion, that R.((Fz NT,,)) is not contained within R, ((Fz NT},)) as required.
If the sets IF. 1V

. / . .
mins Jraax are involved, or I and I’ are not adjacent in the

ordering of Z, the result follows with the same argument.

That the result holds for any pair of flags such that their intersection
skeletons are Z and Z’ respectively follows from the above and the work in
Section 2.7. O

By changing the order of the elements, there may be differing intersec-
tions, depending on the configuration of If and L}’V sets. If a flag F within
N, has the maximum possible number of elements within I}V sets (y) (it

can have fewer, we cover this later), then to consider the total possibilities
there are three things to look at:

e What I{}/V the y elements are in.
e What Irf the n — y elements are in.
e The order (configuration) o" of the y elements.

e The order (configuration) o’ of the n — y elements.

We now consider the order of the intersections for differing y and o'V, 0.

Remark 2.8.3. Fix an element z of Z (the special intersection ordering).
For two given flags within A, with differing configurations o}", oV of the
y elements but both at z in Z, either the intersections are equal (i.e., when

the ordering has no effect, which will happen, for example, when all of the
IW

max) Or neither are contained in the other (there will be

y elements are in
clashing plane bound conditions, i.e., ones present in one but not the other
like in Lemma [2.8.2)). Similarly, we get the same thing for differing orderings

ol ¥ of the n — y elements.
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Lemma 2.8.4. Given two intersection modules A, B associated to intersec-

tion skeletons Ta,Lp such that for all 1,

(L7 = [(IB)7 |, 1(La)tmin] = 1(IB)ininl

(L)1 = 1UB)I ], (L)l = 1(1B ) mas

but there is some j such that

(L0); # (Is)], (L)inin # (IB)imin:
(1a)] # (Ip))",  and/or (La)tmax # (I5)max

then A cannot contain or be contained within B.

Proof. This is precisely what happens for two intersections at the same level
of Z but associated to different configurations. A similar argument as seen
in Lemma tells us that there will be clashing plane bound conditions

which tells us enough for this result. O

If there are two flags at different levels of Z with different orderings of
the y and n — y elements, it is enough for my uses to note that the larger by
Z cannot possibly be contained within the smaller, and in particular they
cannot be equal, which follows from the previous two Lemmas.

The final thing to consider is whenever there are fewer than y elements
within I;/V sets. This can only happen if one of the —sgn(w)ier where
sgn(w)y = sgn(v)g is contained within I, — anything else would put
sgn(w)gey in some I}V. We can still order the possible intersections by the
lexicographical ordering. For example, if there are only y—1 elements within
IV instead of taking a restriction of (N — Y)¥™! we restrict (N — Y)Y to

7' ={(aj)1<jey € (N =Y)Y, D> aj=n—y}
1<j<y

(that is, there is one less place to put the n — y elements, as we fix the
position of one of the y). In this case, if we fix an ordering of the y and
n — y elements, and pick two flags 7 and F’ where for the latter we place
any one of the y elements within IZ. | it is clear that R.((F NT.)) cannot
be contained within R, ((F' NT}),)). This is clearly because there is an extra
bound condition in the direction of some element sgn(w)ge that was not
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present for R.(F NT,)), for example an element within support equal to
{0 + wsgn(w)peg: © > 0} is in R.(F NT,)) but not Ri(F' NT,)). We
can use this argument for all 0 <7 < y.

Comparing two intersection modules with different numbers of elements
in I;/V is covered in the following Lemma.

Lemma 2.8.5. Let there be y many k such that sgn(v)r = sgn(w)g. Let
Z have y and I' have y — 1 elements in L}/V sets and let the orders of the
elements be in any configurations for the two skeletons. Then R.(Fz NT.)
does not contain R.(Fr NT,,)).

Proof. Let t be such that sgn(w)e; € I}V while —sgn(w)se; € (I')E, . Now

min*®
simply note that due to the presence of a face in the Christmas tree of
F7 that puts some kind of local bound on the support in the direction of

—sgn(w)ies, R«((Fz)) can’t be included into R.((Fz)) as required. O

Hence we have shown that for a fixed y and configurations ¢", o, the
special intersection ordering Z given above orders the collection of intersec-
tion modules as wished. Similarly, varying ¢",of does not conflict with
the ordering, i.e. being on one level of Z with some configuration of ¢"V, o’
does not make the intersection module smaller to something at the same or
a lower level of Z with a different configuration. Also intersection modules
associated with elements in Z’, with smaller y, are no greater than or equal
to those associated with elements in Z. Collectively, this organisation will
allow us to construct a filtration on E, NT),.

2.9 The homology of the Cech complex of Ep

As progress towards proving Proposition [2.5.7] we now wish to find the
parity of the number of flags that are associated with a certain intersection.

Proposition 2.9.1. Given a vertex w, an intersection skeleton I and a
collection of flags F € L such that SK(F NT),) = Z, the number of flags

within Z is even for all z, unless IgV =0, and v = w.

Proof. Firstly, let IV

max

# (). Given a flag within Z that does not contain

S, we know that we can add S without affecting the intersection module -
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we have assumed that every element of W must satisfy sgn(v); = sgn(w)y.
v # 0, it follows

Conversely, if the flag does contain S, then as long as I},

that Af_l = () hence Lemma tells us we can remove S.
If IV = 0 but I}V # 0, then from Proposition we have precisely

max
two choices at dimension |[IF,

no face at all. This is the face I such that only for all e, € IZ, U I}V,

min

| + |1}V|, either there is an unique face, or

+er € Tp. Anything else would non-trivially ‘swap’ the order of conditions
and change the intersection module. Hence, there are a even number of flags
within Z that can be paired off in a similar way to before, those with F' and

those without.
If IV

max

If v # w,
there are y < m many k such that sgn(v); = sgn(w)g. It follows that, at

= () and I}V = 0 then every element is within £, .
dimension y, there is precisely one possible face I, where for all e; such that
sgn(v); = sgn(w);, we have +e; € Tp. This is because the only way these
can have a bounded condition in the direction of sgn(w); is if there is a two-
sided condition that comes from having both +e; within the smallest face in
the flag, so we also now know that this face is the smallest dimension of face
possibly present within the flag. However, this face may not be present in
the flag (but will always be in the caterpillar), hence we again see that there
are even many choices here, by pairing of flags with F' and those without.
Now consider the remaining case, where v = w. The only condition
that needs to be satisfied to produce an intersection skeleton with I(‘]/V =
is that all k& such that sgn(v); = sgn(w) are contained with AP. for the
rough skeleton of any flag associated to the intersection module. One other
condition that these flags satisfy is that they contain S. As v = w, we have

IW

e =0 IV =0 it follows from the argument

P

min

y = n. Hence, whenever
in the previous paragraph that every sgn(w)gey is contained within A
for the rough skeletons of all flags associated to the intersection module.
However, the only satisfactory flag in the case v = w is {S} as for all

1 <k <mn,sgn(w) = sgn(v)g. O
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So at long last we can now prove Theorem [2.5.7

Theorem 2.5.7. The diagram Er indexed by elements Np, where for
F € NF the entry is R.((F)), has Cech complex quasi isomorphic to R.[TF]
via the R.[Tr|-R«[Tr]-bimodule map induced by or: Er — R.[Tr| where
or({S}) is the projection R,({S})) = R — R.[TF| and o is trivial other-

wise.

Proof. Using the argument from Lemma observe that we only need to
consider the cases for F' = v where v is a vertex of S. We begin by showing
that for v # w, E, N T, has a Cech complex with trivial homology.

To argue that the Cech complex of the diagram has trivial homology, we

form a filtration of diagrams
Xo=E,NT, 3 X;--- =0

which will eventually terminate at the zero diagram. The kernel of each
map x; will have a Cech complex with trivial homology, hence we can show
that T'(E, NT),) has trivial homology by noting that for all 7, the following

sequence is short exact:
0 — I'(kerz;) — I(X;1) = I(X;) =0 (2.9.1.1)

making each induced map I'(x;) a quasi-isomorphism and hence I'(E, NT),)
quasi-isomorphic to 0 as wished. Begin with w # v and w # —v. Let y
be the number of k such that sgn(w); = sgn(v)g. Broadly speaking, the

filtrations follow the following pattern:

1. We take flags such that the entries indexed by the flags in E, NT,, are
associated to y, in the sense they have y elements in sets I?W (the max-
imum number of values possible). We also take all the configurations

oW, ol of the y and n — y elements. Call these entries (E,),.

2. Now, we take the (E,), associated to the highest element zp.x of the
special intersection ordering of Z. Configurations of " and of do

not matter for intersection skeletons associated to this level of Z.
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3. We now take the entries indexed by maximal flags (n + 1 faces) and
remove them, pairing them off with flags of n faces using Lemma [2.9.1
in this case we use the fact that for all of these flags removing .S does

not change the intersection to form pairs.

4. Staying at zmax, we now remove all the remaining entries indexed
by flags with n faces, one of them S and their partner without S,
ignoring configurations of the y and n — y elements, associated to this
intersection. We continue in this manner until we have cleared all of
the entries indexed by the flags with this intersection module, noting

that there is an even number of such flags from Lemma [2.9.1
5. We then repeat for zmax — 1, until reaching zmin.

6. After clearing every z associated with y we repeat for y — 1, moving
down the ordering of Z’ = {(a;)1<j<y € (N = Y)Y, > aj =n—y}
1<j<y
in much the same way.
7. Eventually, we will reach y = 0, and clear every entry. When we are
left with the case of w = v, we will end up with R.[T,] rather than
nothing.

Picking v # w # —wv to begin with, there is at least one k such that
sgn(v)r # sgn(w)g, let there be y many k in this case. Pick a flag F
such that SK(F N T.) has IV = {sgn(v)rer: sgn(v)y = sgn(w)} and

(as a result) every other sgn(v)ex is contained in I . There is only one

min*
potential intersection skeleton that satisfies this condition, configurations
will not matter. Take a flag F associated to this skeleton with the largest
number of faces, in this case there are maximal flags associated with this
intersection skeleton (we can add faces at every dimension to the minimal
face with only one possible choice of face at dimension n — y). Letting
Xo = E, NT), define X; as the same diagram except the entries at F and

F\{S} are replaced with zero. This forms a valid first step in the filtration,
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as the entry indexed by F will not map into any other entry of the diagram,
while the entry indexed by F \ {S} could only have mapped into the entry
indexed by F. Continue the filtration across all maximal flags associated to
this intersection.

After removing all entries indexed by maximal flags and their partner
without S associated to this intersection skeleton, half of the entries indexed
by ‘almost’ maximal flags with n faces associated with this intersection skele-
ton will be replaced by zero, specifically those without .S. One now repeats
the process with the remaining flags of n faces, again pairing with the same
flag without S. The entries indexed by these flags have no non-zero entry
to map to, as the flags they are contained in with the same intersection
skeleton have been removed, and any flags with more entries with a differ-
ent intersection skeleton can’t possibly be the codomain of injective maps
from these entries, as we have deliberately picked the entries with the largest
intersection skeleton to begin the filtration. We will be left with two flags
- the unique minimal one associated with this intersection skeleton and the
same flag with S added. This pair is removed also.

Next, continue the argument with a maximal flag with intersection skele-
ton precisely one step down in the (totally ordered) lexicographical ordering
on Z, using Lemma Specifically, these will be flags associated to an
intersection module with intersection skeleton such that all y of the e are
contained within one or more of the IiW sets for some ¢ in any combination.
There is no longer a unique intersection module at this level of Z, that is
the configurations ¢"', 0¥ will matter in terms of the precise nature of the
intersection module, but due to Lemma and Lemma we ignore
them in our filtration beyond fixing one to begin with and working through
them at each level of z.

Again, we can form a filtration of diagrams by fixing an intersection and
pairing off with a face G that is the only possible choice of face at that

dimension in any flag associated with the intersection, other than no face
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being present at all (as discussed in Proposition . Begin with maxi-
mal flags, removing all the possible entries indexed by maximal flags whose
intersections are at this level of Z before descending down the dimension
of flags as earlier. Like before none of the removed entries can map into
entries of different intersection module, as the larger intersection modules
have already been removed when we dealt with the largest element of Z,
and others at the same level with different ordering of elements cannot be
contained within each other by Lemma [2.8.4

Now continue this process descending down the ordering of Z, with the
maximum number of elements (y) within some I}V.

At this point, we take flags associated to intersection skeletons with only
y—1 of the potential elements within one or more of the IiW sets, These flags
cannot be maximal, as the only way for sgn(v)gey for sgn(v), = sgn(w)y to

not be in one of the IiW sets is for sgn(v)iex € Iﬁ which happens precisely

in’
when +ep € Tg,. In this case, they cannot contain v, so we have actually
already removed all entries associated with maximal flags by this point.
Note that when y — k elements are within L}/V sets, each flag cannot have a
face of dimension k£ — 1 or lower, so we begin the filtration with flags that
have a face of each dimension from k to n. So once again we work through
a lexicographical ordering at each point descending down the dimension of
flags with intersection skeleton at this level of the lexicographical ordering,
with one of the y elements taking turns to be within Igin.

Then, continue the same process across all other collections of intersec-
tions until we are left with the unique intersection module with intersection
skeleton satisfying I(}/V = (). The final pair of flags associated with this in-
tersection skeleton after filtration of all other entries within £, N7, will be
the flag with the pair of faces S and the unique face G containing v such
that +e € T if and only if sgn(v), = sgn(w)y and the flag containing only
S. This final piece of the filtration, Xgpa:

0— R.({G,S}NT.) = R.({S}NT.) — 0,
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clearly has Cech complex with trivial homology, immediately telling us by
the filtration argument that I'(E, NT),)) is has trivial homology.

Now consider w = —wv. Since y = 0 in this case, there is only one Z, one
level of Z and one configuration - which is associated with the intersection
R.[T,]. We cannot remove S from the flag without the intersection being
trivial, but we can use the face v for all of these flags and pair off in the
same way as before ending with the pair of flags {v, S}, {S} to show that
I'(E, NT",) has trivial homology.

Now consider v = w, in this case for all 1 < k < n, sgn(v); = sgn(w).
We now will show that I'(E, NT}) = I'(E, N Ty,) is quasi-isomorphic to
R.[T,]. Repeat the process for the diagram E, N T,, beginning with flags
associated with intersections such that all elements are in I}V (i.e., when

the only non-zero set is IV ), then with intersections that have descending

max
numbers of elements in the I;/V sets at each point. Eventually, we will
be left with the flags associated with intersections where I?W = (). This
happens only when the flag is {S} as shown in Proposition Note that
R.({S}NT,) = R.Ty], as R(({S})) = R. The composition of the z; from
E,NT, to B, NT,({S}) = R({S} NT,)) = R.[T,] is clearly the map o,
consisting of the identity map on E,NT,({S}) = R.[T}] and zero elsewhere.
Hence, the filtration will tell us that I'(E, N T}) ng) R.[T,].

Now, by noting that E, = E,NT,® @ E,NT",, we arrive at the result

wWHV
I'(ow
I'(E,) (:) R.[T,], which is clearly a quasi-isomorphism of R.[T,]-R.[T,]

modules.

O]

2.10 Contractibility of Novikov homology implies finite domination

We now put together the main proof of this section. From this point let C
be a bounded complex of finitely generated free R-modules for a strongly
Z™-graded ring R that has trivial Novikov homology, that is for all flags of
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the form (F' C S) where S = [—1, 1]", the following complexes

CeR.({F CS5})

are acyclic. To show that the given complex C' is Ry finitely dominated, we
take the following steps:

1.

From C, we form a complex of quasi-coherent diagrams, ) indexed
over the faces of S = [—1,1]", as in Proposition m

We use Corollary to show that the totalisation of the Cech com-
plex of Y, I'()), is quasi-isomorphic to D as defined in Corollary m

Proposition will tell us that I'(EF) 2 R, [Tr|, where EF is in-
dexed by Ny for F C S.

We observe that we can form a diagram indexed by F' C S with Ef at
the point indexed by F' and structure maps np: Er — Eg consisting
of the projection, a valid diagram map as for F' C G, Ng C NF so
that the following diagram

[F, F'l [F, F'l

(Er)(F) =2 (Eo)(F)
is commutative when we let (Er)(J) =0 for J ¢ Np.

We form a new diagram of chain complexes M also indexed by the
faces of S consisting at each point the complex V(F') tensored with
Cech complex of the diagram Er indexed by Np,

M(F)=Y(F) @ T(Er),
and structure maps ¢ ® w. This diagram will be quasi-isomorphic to Y
as R.[Tr]-R.[Tr] bimodules, due to pointwise quasi-isomorphisms

id@op:V(F) ® T(Er)—=V(F) @ R.[Txl.
R«|Tr] R.[TF]



2. Contractibility of Novikov homology implies finite domination 92

Also note that due to the adjoint map sheaf condition of ),

VF) @ R(F)=YF) ® RR(F)=V(S)®R(F).
R.[TF] R.[T¥] R R

Since Y(5) = C and Lemma [1.3.4]tells us that C'® R, ((F)) have trivial
R

homology for flags containing S and at least one other face if we assume
C satisfies the trivial Novikov homology condition, it follows that the
entries of Er indexed by flags containing S and at least one other face
are complexes with trivial homology.

. We note that via the contraction assumptions and implication of which,

Lemma|1.3.4] for all ' C S, the diagram Y(F) ® Ep will be quasi-
R«[Tr]

isomorphic to a sub-diagram Y(F) ® E’% where each contractible
Ru[T¥]

entry, that is those that are indexed by flags containing S and at least
one other face, are replaced by 0. By Lemma the Cech complexes

will be quasi-isomorphic, that is

PY(F) ©® Ep)~T(F) ® FEp)
R.[TF] R.[TF]

while Lemma [0.3.6] tells us that

POF) © Bp)~T(Y(F) @ Ep).
R«[TF] R.[TF]

On adapting the sign convention of I' for a double complex accordingly,
we find that

TY(F) © Ep)=Y(F) @ T(Er)
R.[TF] R.[TF]

and similarly for E7.. Hence

Y(F) ® T(Ep)~)(F) @ T(ER).
R«[TF] R.[TF]

. Form a diagram M’ indexed by S where the entry at ' C S is
Y(F) ® T(E}). From the above it is clear that M ~ M/’ as

* TF
are (M) ~ I'(M’) levelwise hence so are the totalisations I'(M) ~
(M.
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8. The diagram M’ will contain, as a sub-diagram, the entries indexed
by the flag {S} of E}. tensored with Y(F) over R.[TF] at each point
indexed by FF C S. That is we see a subdiagram with zero entries
except at the point indexed by {S} where we have the module

Y(F) ® R
R.[TF]
which, via the properties of quasi-coherent diagrams, will be isomor-
phic to Y(S) = C. Hence this subdiagram will be isomorphic to a
constant diagram S, where at each point we see the complex C. The
complex I'(S) will be homotopy equivalent to C.

9. At this point, we know that there are quasi-isomorphisms D — I'()),
I'(M) — T(Y) and T'(M) — I'(M’). Using standard results pertain-
ing to the unbounded derived category of Ry, D(Ry), we observe that
D is isomorphic to I'(M’) within D(Ry).

10. Combining the above wth the fact that C' and D are both bounded
complexes of projective Rp-modules tells us that C' is a homotopy
retract of D, which will provide an Ry finite domination of C' as D
is a bounded complex of finitely generated projective Rg-modules and
hence a retract of a bounded complexes of finitely generated free Rg-
modules.

In diagram form, firstly just with the diagrams over the faces of S without
taking Cech complexes, then with taking totalisations of Cech complexes:

id®o P
Yoo M—— M
D (2.10.0.2)
S
D— =)~ T(M) —— T(M)
) (2.10.0.3)

12
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Lemma 2.10.1. The map id®@oc: M — Y is a quasi-isomorphism.

Proof. Note that the tensor product Y(F), <[X> } R.[TF] is well defined
R.[Tr

(V(F) has aright R.[TF] action) hence making the tensor product Y(F'), &
R.[T#]

['(Er) well defined. It immediately follows that there are levelwise quasi-
isomorphisms

V(F), ® T(ER) S YF), ® Rlr]=YF),.
R*[TF} R*[TF]

That we have a quasi-isomorphism Y(F) ® TI'(Ep) — Y(F) is clear.
R ([TF]

Combining the Cech complexes Y(F) ® T'(Ep) into a diagram M with

canonical embeddings as structure maps (note that M(S) = C), there is a
quasi-isomorphism M — ). O
As an instant corollary, we now know that I'(M) ~ T'()) and also
(M) ~T()). )
Next we want to construct the diagram M’ with an associated Cech
complex containing, as a sub complex, the complex C.

Lemma 2.10.2. There is a diagram M’ such that there is a quasi-isomorphism
p: M — M’ and a constant subdiagram S with C at each point where
I'(S)~C.

Proof. Consider the complex Y(F) ® TI'(Er). Under the contractibility

* TF

assumption of the main result and the implication Lemma the follow-

ing complexes have trivial homology:

C % R.(F))

where F is a flag containing S and at least one other face. It follows from an
earlier discussion that there is a quasi-isomorphism, consisting of identity

maps or zero maps where appropriate, between the complex V(F) ®
R.[TF]

I'(Er) and another where EF is replaced with another diagram E’. which is

the same as Er except it is zero at all points indexed by every point where



2. Contractibility of Novikov homology implies finite domination 95

S € F and |F| # 1. Hence, we have quasi-isomorphisms pp: Y(F) ®&
R[Tr]

I'(Er) - Y(F) @ T(E%), noting that they form a valid chain complex
* TF
map as the flags containing S and at least one other flag are not contained

in any other possible flag in A, so mapping into the Cech complex of the
diagram with these entries removed respects the N structure of the diagram
Ep.

If we set M’ as the diagram with Y(F) ® T'(E}) at the point indexed
R.[Tr]

by F we have a quasi-isomorphism p: M — M’, and so I'(M) ~ I'(M’).
The diagram E'. splits into two diagrams, one consisting of R at the
point indexed by the flag {S} and everything indexed by flags that do not

contain S. It follows that Y(F) ® T'(E}) contains Y(F) ® R asa
R.[TF] R[TF]
subcomplex. By the quasi-coherent sheaf assumption on ), we know that

VY(F) ® RZ=Y(S)=C forall F. It follows that M’ contains the constant

* TF
diagram S consisting of C' at every point in S.

It remains to note that the complex f‘(S) is homotopy equivalent to
C. The bounded below and to the left double complex C' — I'(S) follows
the same form as the similar complex of [HQ15, Lemma 4.6.4], and as a
result the same argument as used in that paper can be used to show that
C~1(S). O

To find a homotopy retraction from our quasi-isomorphisms, we make use
of the derived category. See [Hov99, P41 Theorem 2.3.11] and understand
that the homotopy category of chain complexes over Ry is precisely the
derived category. The following result follows from standard model category
arguments.
Theorem 2.10.3. There is a category D(Ry), the unbounded derived cat-
egory, with

Ob(D(Ry)) = Ob(Ch(Ry)),

and a functor
~v: Ch(Ry) — D(Ry)

which maps identically on objects, such that
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1. v maps quasi-isomorphisms to isomorphisms.
2. 7 is universal with property (1), that is, given a second functor
F: Ch(Ro) —C

that maps quasi-isomorphisms to isomorphisms, there is a unique func-

tor F: D(Ry) — D such that Fy = F.

Moreover, if the complexes C, D are bounded below chain complex of projec-

tive Ro-modules, then
Homgey(ry) (C, D) = Homen(p(ry)) (C: D)
is onto and is such that
f=~g<=(f) =09
The result now breaks down to tactical referencing;:

Proposition 2.10.4. Let C be a bounded complex of finitely generated free
R-modules for a strongly Z"-graded ring R. If C has trivial Novikov homol-

ogy, that is when the complexes:
C ® R.(F))
Ro
for all flags {F C S} containing S and one other face F have trivial homol-
ogqy, then C' is Ry-finitely dominated.

Proof. Lemmas [2.10.1] and [2.10.2| will provide the maps as seen in Diagram
(2.10.0.3)). Then using Theorem [2.10.3} note that C' is a retract of D within

the derived category. As both are, in particular, bounded complexes of

projective Rp-modules, we have a homotopy retract a: C — D, 3: D —
C, Ba ~ ido. As D is a bounded complex of finitely generated projective
Rp-modules by construction and hence a retract of a bounded complex of
finitely generated free Rg-modules, it follows that C' is Rp-finitely dominated

as required. O



3. THE CATEGORY OF N-CUBES

In this chapter we define the N-cubes that will be used in the final chapter
to form a homotopy equivalence between a bounded complex of finitely gen-
erated free R-modules and the totalisation of an N-cube that we will show
is contractible. These objects, in a slightly different manner, were defined
and used in [HQI6]. They can be seen as a variation of a commutative
n-dimensional cube of chain complexes of R-modules and chain complex
maps, in that each square or cube is not commutative but commutative up
to homotopy. We begin by setting a few sign conventions. After defining the
N-cubes themselves, we define morphisms between them and hence we can
define a category. Afterwards we form a totalisation functor to the category
of R-module complexes that will have both left and right adjoints. We also
discuss the relationship between these cubes and mapping cones.

3.1 Introduction to sign algebra of N-cubes

This section deals with elements (A : T) where A, T are disjoint subsets of
a finite totally ordered set V. These are used to calculate the signs given to
the relations of the elements of the following N-cubes. A number of useful
definitions and results are discussed in this section.

Let N ={1,2,...,n} be a finite ordered set.

Definition 3.1.1. Given a finite ordered set IV, a subset A and an element
x € N, define the set A~, = {y € A;y > z}. Also, given a set B C N, let
Py =3 cplAss| and set PY% =0 and P@A = 0.

Lemma 3.1.2 (Algebra rule 1). For sets A C By, By C N where ByN By =

0, we have that |P§1| + |P§2| = |P§1UBQ\.

Lemma 3.1.3 (Algebra rule 2). For sets A1, A2 C B C N where Ay N Ay =
0, we have that |P§1| + |P§2| - ‘PglUAQL
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Consider a general element in a set-inclusion indexed matrix i.e., a matrix
indexed by elements of P(N), with non zero entries only for pairs A C B C
N. If we want to consider a product of two such matrices, say M N, then
(MN)p,a= ) scécp Mp,sNs.a. We are interested in matrices that have a
certain sign applied to each of their entries.

Definition 3.1.4. For sets A C B C N, label B\ A = {x1,...,2¢}. Define
the number (A : B\ A), where

doict | Asa | = |P§\A| if t is odd.

Al + Zigt |As | = |A| + ]P§\A| if ¢ is even.

Examples 3.1.5. Let N = {1,2,3,4}. Then:

o ((1}: {23 =1+ [PYL=1+0=1.

({2,3}: {1}) =0+ |P2¥| = 2.

5!
o ({1,3}: 2} =0+ P =1

o ({1,3,4}: {2h) =0+ PG Y =2

o ({13} {2,4) =2+ [P [ =2+ (1+0) =3,

The next four lemmas will be often used in later computations.

Lemma 3.1.6. For all BC N, (0 : B) =5 0.

Proof. Simply note that since \Pg\ is set as zero () : B) = 0 when |B| is odd
and () : B) = || =2 0 when |B| is even. O

Lemma 3.1.7. For all BC N, (B :0) = |B|.

Proof. Since in this case, |)] = 0 is even then for all B, we have (B : () =
Bl + 1P| = |B. O

Lemma 3.1.8. Given AC B C N, let T C N such that min(T) > max(DB).
Then
(AUT : B\ A) = |T|+(A: B\ A).
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Proof. Note, ]PE\A| =|T|-|B\ A| as T is bigger than everything in B (and
hence, everything in B \ A). Assume |B\ 4| is odd. Then

(AUT: B\ A) = |Pp}
= |P£\A’ + |P§\A|

=|T|-|B\A|+(A: B\ A) = |T|+(A: B\ A)

(the last equivalence is as |B\ A| is odd) as expected. Similarly, when | B\ A|
is even
(AUT: B\ A) = |[AUT|+|Py}
= |Al+ |T| + |Ph al + | P\ 4l
=|T|+|T|-|B\A|+(A: B\ A) = |T|+(A: B\ A)
the last equivalence is as |B \ A| is even) once again. ]
( g

In particular, for T'= {n+ 1} for an element n + 1 bigger than anything
elsein N, (AUT : B\ Ay =21+ (A: B\ A).

Lemma 3.1.9. Given A C B C N, let T C N such that minT > max B.
Then
(A: B\AUT) =2 |A|+(A: B\ A)

when |T| is odd and
(A: B\AUT)=2(A: B\ A)
when |T| is even.

Proof. Firstly, note that Pr_,‘f‘ = 0 as everything in 7" is bigger than anything
in A. Assume both |T'| and |B \ A| be odd (making their sum even). Then

(A: B\AUT) = |A|+|Pg 1]
= |A] + |Ph\ 4l + P
= |A[+ |Pgal = |A| + (A: B\ A).
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Now, assume both |T'| and |B \ A| be even (making their sum even). Then

(A:B\AUT) = |A[+|Pg a7l
= Al + P44l + P
= |A] + |Ph4l = (A: B\ A).

Next, assume |T'| be odd and | B\ A| be even (making their sum odd). Then

(A: B\ AUT) = [Pf a1
= |P{\al + | P7|
— |PAL =2 A+ (4 B\ 4).
Finally, assume |T'| be even and |B \ A| be odd (making their sum odd).
Then
(A: B\ AUT) = |Ph 4yl
= ’Pg\A’+|P74’
= |Phial = (A: B\ A4).
The result is clear. O

In particular, if 7= {n + 1} for an element n + 1 bigger than anything
else in N, we have that (A: B\ AUT) =5 |A|+ (A: B\ 4).

Lemma 3.1.10. Fitr A C B C N. For all S where A C S C B, the

difference modulo 2 between
(S:B\S)+(A:S\A)

and

(S\A:B\S)+(0: 5\ A)

is precisely |A| + (A: B\ A).
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Proof. Note (0 : S\ A) =0 for all A C S. Firstly, assume |B\ S| and |S'\ 4]
both be odd, so that |B\ A| is even. Then for AC S C B

(S\A:B\S) =Pyl (3.1.10.1)
and
(S:B\S)+(A: 5\ A) =[Pg gl +|Pa 4l- (3.1.10.2)

Now, using the algebra rules,

|P&\al = [P\ al — [Paysl

and
S\A
PEsl = 1Pog |+ |PA\ sl
hence
S\A
|PE\s| + 1PAAl = 1PAal — [PAsl + [Pog] + PR\l

S\ A
= |PAal + P4l

so the difference between Equations |3.1.10.1| and |3.1.10.2| is \Pg\A| as hoped.
Now, assume both |B\ S| and |S'\ A| be even, so that |B\ A| is even. Then

(S\A:B\S)=|Po5|+IS\A|

and
(81 B\S)+ (A1 S\ A) = |Pps| + [Pl + S|+ 4]
Again, since |S'\ A| =2 |S| + |A], the difference is |P§\A|.
Now, assume |B \ S| be even and |S \ A| be odd, so that |B\ A] is odd.
Now
(S\A:B\S)=|Po5|+IS\ 4|
and

(S:B\S)+(A: S\ A) =|Pg\ sl + |Psal +19].

Here the difference is \Pg\ 4l 14
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Finally, assume |B \ S| be odd and |S \ A| be even, so that |B\ A] is
odd. Then

(S\A:B\S) =Pyl

and

(S:B\S)+(A: S\ A) = [P5g| + [P al + |4,

again providing a difference of |Pj§‘\ a4l 14l
It follows that for |B\A| even or odd, the difference mod 2 is always
|A| + (A: B\A). O

3.2 Defining N-cubes

Fix a unital ring R. In this section we introduce the N-cubes themselves,
building towards forming a category with N-cubes as objects.

Definition 3.2.1 (N-diagram of Z-indexed modules). Let © be the follow-

ing collection of information:

e For all B C N, collections of R-modules indexed by Z,

®B = {(@B)k, ke Z}.

e For all A C B contained within NV, collections of R-module maps of
degree |B \ A| — 1 indexed by subsets A C B of N,

Dpa={(Hpa)k: D)k = DB)rB\a-1, k € Z}.

It is best to think of these data as an n-dimensional cube where each
vertex is indexed by a subset of N. At each vertex we have a collection
of modules indexed by Z which allows us to view the arrows as Z indexed
collections of maps of a certain degree. The edges (the maps ©p 4 for
|B\ A| = 1) are collections of maps of degree 0, the maps that stay at a
certain vertex (the maps D p p) are degree —1. For the pairs (Dp,Dp )
to be a chain complex and the maps of degree 0 to be chain complex maps
they need to satisfy conditions which will follow from Definition The
‘diagonals’ (the maps D p 4 for |B\ A| < 2) are higher degree maps, and
the additional conditions of Definition below will make these maps
homotopies or higher homotopy data.
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Definition 3.2.2 (N-cube). We call an N-diagram of Z-graded R-modules
D a homotopy commutative N -cube, or just N-cube, if for all pairs A C B
of subsets of N

> (—)EPIDg o(—1) WD 4 =0 (3.2.2.1)
AQ?QB

where the signs (—1)X: Y7 are taken from Definition and the dot un-
derneath S informs that the sum is taken over the collection of S for fixed
A, B.

We say that the N-cubes are commutative up to homotopy, by which we
mean for N = {1,2}, rather than a square of chain complex maps:

J1

C D

g1 92

f2

E F

being commutative, there is a non-trivial map of degree 1 H: C' — F such
that gof1 — fog1 = dpH + Hdc where do, dp are the respective boundary
maps. We present this as:

o

91 g2

f2

E F

in diagram form. For larger dimensions, each face of dimension 2 will be
such a homotopy commutative square, but the entire cube will also have a
similar homotopy commutative property that is ultimately provided by the
conditions of Definition B3.2.2

We can define a homotopy totalisation hTot that associates an N-cube D
with a chain complex hTot(®). This will form part of a functorial mapping
later on.
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Definition 3.2.3. Given an N-cube D, let the homotopy totalisation hTot(D)
be the complex (hTot(D)g, D) where

hTot(D)x = @ (DB)k—|NM\B|
BCN

with boundary D: hTot(®); — hTot(®)x_1 such that

H (-1)AB\YDE 4 if AC B.
B,A =
0 otherwise.

The boundary map satisfies DD = 0 due to the conditions of Equation
as for all A C B the entry of DD at A, B is

Z DB7SDS,A — (_1)<S:B\S>©B,S(_1)<A:S\A>©S,A =0.
AQA?QB

To assist the understanding of these objects it is worth explaining what
these objects are when N has 0,1 or 2 elements. Firstly, a 0-cube is simply
a chain complex and the totalisation is trivial.

A 1-cube ® is a diagram:

D130

@@ @{1}

and the totalisation is the complex
@01 ® @ (o )
< = Dpre —Dpnn

which can be immediately recognised as the mapping cone of the map
@{1}7@2 @@ — @{1}.
A 2-cube ® is a diagram

53]
Dy S O RN Dy
©fj
D210 Dy D23{1}

Di1,23.42
Dy {1,2},{2} Do
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and the totalisation is the complex with modules

(Dg)i—2 D (D1y)k-1 D (Di2p)k—1 D (D123 )k

and boundary map:

Doy 0 0 0
Dpye  —Dunu 0 0
D230 0 —Dy2}, {2} 0

Da210 Ppony —Ppaznizr Pp2ni2)

which can immediately be seen as the mapping cone of the following map:

D230 0 )
’ : cone(® — cone(®D .
( Doy Dp2n{n (®ay0) (Dq1,23,021)

This idea of N-cubes as iterated mapping cones will be discussed further
later.

A 3-cube D is a cubical diagram consisting of faces consisting of 2-cubes
and a higher homotopy map of degree 2, D(19319: Dy — D123y The
totalisation will be the mapping cone of a map between two 2-cubes. Higher
N-cubes follow a similar pattern.

3.3 Properties of N-cubes

We now study these objects in some detail.

Remark 3.3.1. For A= B
()Pl p(-1)Blog g =0,

hence (Cg,®p,p) is a chain complex for all B C N. Also for any ¢ € N and
A CN, {i} ¢ A, since (A : () = |A] the morphism D 4,4 satisfies
A A
(—1)‘P{i}|®AU{i},A(_1)‘A|@A,A + (_1)|A|+1©Au{z’},Au{z'}(_1)|P{i}|©AU{2‘},A
A |4+]A
= (-1l |(9Au{i},A@A,A — D aug}, a0} D augiy,a) = 0

so it commutes with these boundary maps, hence as they are of degree 0

they are chain maps Ca — Cyy(y. Similarly, the maps D qyqi3,4: Ca —
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Caugi,jy are chain homotopies. Specifically if we assume j > 4, the map

D Au{i,j),A satisfies:

D au{i, 1,40 4,4 + D aufi j},A0{0,5 D AU{i ), A =
D Au{i, i1, AU D Aufi}, A — D AUL6,5), AU D AU{j},A-

Definition 3.3.2 (The hom complex). Given two chain complexes (C,d¢)

and (D, dp) the hom-complex Hom(C, D) is a chain complex with modules

7HOH1(C,D)]§: H Hom(CP7DP+k)7

p=—00
where Hom(C),, Dy ) is the abelian group of module homomorphisms from
Cp to Dpij, (making an element f € Hom(C, D) a collection of maps
fp: Cp = Dpyr). The boundary map of Hom(C, D) is d such that for
f € Hom(C, D)y, dif is a family of maps (dif)p: Cp = Dpir—1 where

(drf)p =dpfp+ (—1)F f,_1dc.

The following Lemma outlines the nature of the higher homotopy data.

Lemma 3.3.3. Let © be an N-cube and A C B C N with |B\ A| > 2. Let
|B\ A| — 1 =k, then the map ®p 4 € Hom(D s, Dp); is a preimage of
CBA _ (_1)1+\BH—(A:B\A) Z (_1)<S:B\S>©BS(_1)<A:S\A)©SA
ACSCB

(3.3.3.1)
of Hom(® 4, D p)r_1 via the kth level boundary map of the hom-complex
Hom(D4,D5), dip\aj—1 = d. That is DppDp.a+ (—1)P\AIDE 4D 44 =
(B,A-
Proof. Observe that for |B \ A| odd, (making ®p 4 a map of even degree)

then
(B:0)+ (A: B\ A) = |B|+|Pj\ 4|

and

(A B\ A)+(A:0) = Pg 4] + |A],
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so the signs differ by (—1)IP\4l = —1 hence they disagree.
If instead |B\ A| is even (making ®p 4 a map of odd degree) then

(B:0)+(A: B\ A) = |B| +|A| +|Pg 4|

and
(A: B\ A)+ (A:0) = |A] + [Ph 4l +|A] =2 | Pp 4
again the signs differ by (—1)/Z\Al, but now as | B\ A| is even, (—1)/F\4l =1
hence the signs agree.
Hence in both cases the signs on the compositions Dp pDp 4 and

Dp a0 4 match the boundary map definition of the hom complex (that is,

(—1)<B:®)©B,B(_1) (A:B\A>©B,A + (_1)<A:B\A>©B,A(—1)<A:®>®A,A

_ (_1)(3: 0)-+(A: B\A>d\B\A|®B,A

where d|p\ 4| is the boundary of the hom complex from D4 to Dp at the
|B\ A| level). It remains to rearrange Equation to provide the result
—if (B:0) + (A: B\ A) is odd, we move (—1)BO+HABD g b, ) Dp 4 to
the other side of the equation and leave the rest of the summation, if not

we do the opposite, hence providing the result. ]

Now, a simplification of the signs.

Lemma 3.3.4. Let ©® be an N-cube. Given a fized k the map Dp 4 where
|B\ A| = k+ 1 is the preimage via the boundary of the hom complex of the

map

Cpa = (—)TBME N (L)SAEBSID g oDg 4. (3.3.4.1)
ACSCB

Proof. Using Proposition [3.1.10

(S\A:B\S)+P=y(S:B\S)+(A:5\ A
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for some P = (A: B\ A) + |A| independent of S. Hence, we know from
Lemma that the map ®p 4 is the preimage via the boundary of the

hom complex of the map

(= 1) IHIBIFHAB\A +(A:B\A)+4] Z (—1)SAEB\ D p D 4
ACSCB
equivalently
()AL N () S\ ABSI D g D6 4
ACSCB
as required. -

If we set each ®pg to be the same complex and each chain map to be
the same, we see that each map of degree 1 within the cube will satisfy the
same condition by observation of Definition If we fix each map of
degree 1 to be the same, again we see that the maps of degree 2 must satisfy
the same conditions. Hence, we can define special cubes (Definition ,
with all self maps and the same information in any direction (i.e., all the
morphisms in any one direction are the same, in terms of the indexing sets,
the morphism indexed by {B, A} is only dependant on the set B\ A, not A
or B, so for example it is equal to the map indexed by the sets {B\ A4, 0}).

Definition 3.3.5. Call an N-cube a special N-cube if for all B,B’, Dp =
®Dp (so we only have one chain complex, and every morphism is a self
morphism) and in addition all the morphisms are defined only by the union
set so that for all A C B we have that Dp 4 = Dp\ 4. Note for this case
that for T, TN B = 0,

Y DpsDsp= Y, DpursurDsurr
SCB TCSCBUT

Therefore for a given degree, there is precisely one map and one condition

that follows from the condition of Definition [3.2.2]

The ‘trivial’ case, where all the homotopies are 0 is called a trivial N-
cube. Here, as a special case, we do get commutativity on each face. How-
ever, note the reverse is not true. If the chain maps commute, we can have
non-zero ‘null homotopic’ information elsewhere.
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Definition 3.3.6 (Commutative N-cube.). If an N-cube ® has non-trivial
information only for maps of degree 0,1, then we call the object a Commu-

tative N -cube, which is simply a commutative diagram.

3.4 Morphisms of N-cubes

Having defined N-cubes we wish to define maps between these objects.

Definition 3.4.1 (N-diagram morphism.). Given two N-diagrams
D = {(@173)143: B C N, ke Z},@Q = {(QQ,B)k: B C N, ke Z},

let § be the collection of maps of Z-indexed modules §p a: D14 — Do B
for all A C B C N, where

8,4 ={(@B,a)k: D140k — (D2,B)k+B\A}

is a map of Z-indexed modules of degree |B \ A.

This can be seen as a map between two N-diagrams (a ‘front face’; i.e.,
the domain that has vertices ©1 p and the ‘back face’ or codomain that has
vertices D9 p) together forming an N + 1-diagram — in the sense that each
‘arrow’ §p p is an edge, forming faces (i.e., squares and cubes), which in
turn have diagonal maps across them provided by the other elements of §,
in particular a single diagonal map across the whole N + 1 dimension cube.
We can collate these data and re-index using the set N+1 = {1,2,..,n,n+1}
to obtain an N + 1-diagram as in the definition (here, leave the front face
the same, change the index of each Z-indexed module in the back face to
BU{n+1} and rename each arrow accordingly). We can write §: ©1 — Do
to represent § as a morphism of N-diagrams.

Remark 3.4.2. We can change Definition to represent higher (or
lower) level maps, by replacing |B \ A| with |B \ A| + k for whatever k is
wished, in this case the N-diagram map has degree k. Above, § has degree
0.

Definition 3.4.3 (N-cube morphisms). Let ©; and ©2 be N-diagrams.

We call §: ©1 — Do a morphism of homotopy commutative N -cubes, or
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just N-cube morphism if ®; and ®9 are both N-cubes and for all pairs
ACBCN:

Z ((_1)\SH(S:B\S}SB,S(_1)<A:S\A>©LS7A
ACEB (3.4.3.1)
_(_1>(S:B\S>©27B7S(_1>|A|+(A:S\A>357A> -0

Remark 3.4.4. In particular, for A = B, using Lemma [3.1.7]

(—1)IBHBIE s 5 (—1)1P1D, g g — (—1)1P1Dy g p(—1)PIHEIg g 4
= (—1)!®(Fp.50185 — D258585) =0,

i.e., that the graded module map of degree 0, §p p, commutes with the

boundary maps ©; g p and D2 g g hence it is a chain map D1 5 — D2 p.

It is worth noting how these signs arise. The general principle is that
we want the information of an N-cube morphism to correspond to the in-
formation of an N + 1-cube. If we begin with an N + 1 cube &, we can split
the information into three collections for A C B C N:

1. Modules €5 and maps €p 4, the N-cube D consisting of the front
face of the N + 1 cube.

2. Modules €pyfy41) and maps g1}, Au{n+1}, the N-cube Dy con-
sisting of the back face of the NV + 1 cube.

3. Maps €pyfn41},4, the map § from the front face to the back face.

Arriving at Equation [3.4.3.1]is a matter of rewriting Equation [3.2.2.1| for
the cube €, splitting into D1, Do and F as appropriate and using Lemmas

and to remove any mention of n + 1.

In a similar way to the chain complexes and their boundaries, these
morphisms can also undergo a ‘totalisation’ process, and form chain complex
maps from the chain complex induced from the domain cube to the chain
complex induced from the image cube.

Definition 3.4.5. Given §: ©1 — D2, let hTot(F) be the following matrix
indexed by pairs of subsets of V:

hTot(§): hTot(D1) — hTot(Ds), hTot(§)p,a = (—1)ATHA BNz,
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That hTot(§) forms a chain complex follows immediately from the condition
of Equation ((3.4.3.1)).
We now outline the nature of the higher homotopy data of an N-cube

morphism.

Proposition 3.4.6. Let © be an N-cube and A C B C N with |B\ A| > 2.
Let |B\ A| = k, then the map §p,a € Hom(D1 4,02 )k is a preimage of

Cpa=(1)F | 3 ((C))SHEARSIgL Dy 64)
ACSCB

- Z ((—1)A|+<S\A:B\S>92,B,535,A))

ACSCB
(3.4.6.1)

of Hom(®D1. 4,92 5)k—1 via the kth level boundary map of the hom-complex
Hom (D1 4,D2,5), djp\a = di,. ThatisDp pDpa+(—1)P\HDg 4Dy 4 =

(B,A-

Proof. Note that we can rewrite Equation (3.4.3.1)) as:

(_1)<A B\A>+|B|+‘A‘+1(®B,B8{B,A _ (_1)|B\A|3B7A©A7A)+

Z (_1)ls‘+<S:B\S>3B,S(_1)<A:S\A>©1,S,A
ACSCH

_ Z (_1)(S:B\S):DQ’B’S(_1)|A|+<A:S\A>SS7A
AQ?CB

and note that the same argument as seen in Lemma shows that | S| +
(S: B\S) + (A: S\A) =2 |S| + (S\A: B\S) + P for P = |A| + (A: B\A).
Finally follow a similar argument to Lemma to see the result. ]
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3.5 Compositions of N-cube maps

Some may notice that we have not yet defined compositions of N-cube maps.
Interestingly, this is not a trivial matter.

Definition 3.5.1. Let §: ®1 — D9, &: D9 — D3 be N-cube maps of
degree 0. Then define
&o S: @1 — @3

as the following collections of maps for all A C B C N:

(GoF)pa= Z (—1)ISHAFS\A: B\S) 5 T 4.
ACSCB

For notational ease, we will drop the o.
We want the composition of two IN-cube maps to also be an N-cube
map, that is it satisfies Equation (3.4.3.1)).

Lemma 3.5.2. Let §: D1 — Do, &: Do — D3 be N-cube maps of degree
0. Then &F is an N-cube map.

Proof. We use the fact that § and & are N-cube maps.
We want to show, by Equation (3.4.3.1]) the following:

Z (_1)<S: B\S)+|A|+(A: S\A>©3,B,S<®g)S,A _
AgggB

Z (_1>|S|+(S’: B\S)+(A: S\A>(®{§)B,S®1,S,A-
Ag?gB

From the definition of composition:

(63)57A — Z (_1)|T|+|A‘+<T\A S\T>®S7T‘ST7A-
AQ?QS
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Hence

Z (_1)(5 B\S)+|A|+(A: S\A>®3,B,S(®3’)S,A
Agé‘gB

— Z Z (_1)<s: B\S)+|A|+(A: S\A)+|T|+|A|+(T\A: S\T)gg B sBsTET A

— Z Z (_1)(5’: B\S)+(A: S\A)+|T|+(T\A: S\T>@3 5.5BsTTT A ul

From Lemma (3.1.10)):

(A: S\ A)Y 4+ (T'\ A: S\T)
= (T:S\T)+ (A: T\ A) + |4

Z Z (S B\S)+|T|+(T: S\T)+(A: T\A>+|A|©3BSQ§STC‘{TA il

Swapping summands around:

S‘BS T|H+(T: S\T)+(A: T\A)+|A *
Z Z \S)+|T|+( \T")+( \A)+]| |@3yB,S@S,TST,A =
ACJ:CB TC?CB

As & is a chain map, Equation (3.4.3.1) tells us:
E: (—1)/TIH(S: B\S)H(T: S\T)
TCSCB

_ Z (_1)|S\+<S:B\S>+<T:S\T>

TCSCB
L]

D3.,585 T

6p5D2 5T
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As § is a chain map, Equation (3.4.3.1) tells us:

Z (_1)\AH—(A: T\A)+(T": 5’\T)@2 STSTA
AQT:QS
_ Z (—)ITHA AT S\ g 9y
AQTQS
hence
il Z Z ( 1)(5 B\S)FIS|H(T: S\T)+{A: T\A)+T g5 6T DA =
ACTCBTCSCB

From Lemma [3.1.10!

(S: B\S)+(T': S\T)
= (S\T: B\ S)+|T|+(T: B\T)

it follows that

Z Z 1)ISIHA: TNAHTIHS\T: BAS)HTIHT: B\T) 5 (29,
ACTCB TCSCB
Z Z 1)ISHA: TNA+S\T: B\S)H(T: B\T) g oz, 1y =
ACZ:CB TCA?CB

By the definition of composition:

TCSCB

= (-)"(&F)sr

hence

; Z (_1)<A T\A)+(T: B\T>+‘T|(Q53;)B Tgl TA.
ACTCB

Simply renaming 7" with S and following the trail of * is precisely Equa-

tion (3.4.3.1) as required.
O
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Lemma 3.5.3. The composition o is associative.

Proof. Let X: D1 — 99,2 : Dy — D3,3: D3 — D4 be N-cube maps of
degree 0. Then

BOX)pa= Y (—IEFAFOABS 3, o(9%)5.4

ACSCB

Z Z |5|+\A\+ S\A: B\S)

ACTCS ACSCB
HITIHAIHT\A: S\T) 3 sVs1rXrA.
At this point, note that Lemma tells us that
4]+ (A: B\ A) + (S: B\ S) + (A: S\ A).
Hence

(S\A: B\ S)+ (T \ A: S\ T)
2% JA| 4+ (A: B\ A) + (S: B\ S) + (A: S\ A)
FA[+ (A: S\ A) + (T: S\T) + (A: T\ A)

=9 (A: B\ A)+ (S: B\ S)+(T: S\T)+ (A: T\ A).
Using Lemma [3.1.10] again, it follows that

(A: T\ A)+(A: B\ 4)
=, |A|+(T'\ A: B\T)+(T: B\T)

and similarly

(S:B\S)+(T:S\T)
= |T|+(S\T: B\ S)+(T: B\T)
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therefore

(A: B\ A)+(S: B\S)+(T': S\T)+ (A: T\ A4)
20 Al (T\ A: B\T)+ (T: B\T) +|T| + (S\T: B\ S) + (T: B\ T)

= |[A|+ (T\ A: B\T) +|T|+ (S\T: B\ S).
So, we can write
(3VX))p 4= Z Z (—1)ISIHARTI+4]
’ ACTCS ACSCB

HAHT\A: B\T)HTIHS\T: B\S) 3 ooy o 0% 4

=Y Y (cpska

ACTCS ACSCB

HINA: B\T)HS\T: B\S) 3 o) g X 4.

Now consider

(3)X)pa= Y (~YTHAFOA D (39) 5 %74

= 3 Y ()T BAS)

ACSCB ACTCS
L] L]

FTHAR I\ BD) 3 5 o9 .0 X,

and note that the signs clearly match with those on this summand for

(3(9)X)). Hence o is associative. O

3.6 Considering N-cubes as iterated mapping cones

We now note that an N cube can be considered as a map between two
N —1-cubes. That is, if we take the information ®4 p and ®p for A C B C
{1,2,...,n — 1}, we see an N — l-cube. If we then take the information,
maps and modules, D 4u¢n}, Bufn}s DBufny Where A C B C {2,...,n}, we
see another N — 1-cube and if we take those elements indexed by pairs of
sets A C B such that n ¢ A, n € B, which consists only of morphisms, we
see an N — 1-cube map from the first NV — 1-cube to the other.
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We can generalise this concept - whenever we take out the information
indexed by a subset K of IV, we see a K-cube.

Lemma 3.6.1. For an N-cube ® and two disjoint sets set K, L C N, the

following collection of data:
Dpu{r), BC K

and
Dpuiry,aviry, ACBCK

forms a K -cube, which we write as Kk r]-

Proof. Follows immediately from the fact that these maps satisfy the broader
set of conditions of Definition [3.2.2 O
Given an N-cube, we can repeat the argument at the start of this section

to note that any K-cube as in Lemma [3.6.1| can be split into two smaller
cubes and a map between them.

Remark 3.6.2. Consider the {1}-cube (1} g made from the N-cube ®.
We see a 0-cube map (i.e., just a normal chain map) Fo = Dy139: Dy —
D1y and two O-cubes (chain complexes) Dy and Dyyy. The {2} cube
£{1,2,0) can be seen as the 1-cube map §1: K(1},0) = K1},{2y)- Contin-

uing this process, we can associate the entire N-cube as a selection of triples
(0,0 o, D(1y,011)s (Riayop 1 Kiayqey) - (Riv_v0 Sn—1, Kiv-1,(n3)-
We see a similar picture for the totalisation hTot(D).

Remark 3.6.3. Let hTot(F;) = F;. Beginning with the {1}-cube K13,
the totalisations of the 0-cubes Dy, Dyyy and the map Fp are easy to see.
It is immediate that the boundary map of the mapping cone, cone(Fp),
(taking the convention of aligns precisely with the boundary map of
hTot(R[{l},@]), the only change either of them do is to the sign of the back
face of K1y,g), that is Dqy (13. We apply the sign —1 to these maps when
taking the totalisation of the entire 1-cube K[{1} g and apply the same sign

whenever taking the mapping cone of Fy.
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More generally, we compare the signs of the three parts

(Ri—1,0> Sk—1 Ri—1,{x])

of the K-cube Rk g when totalising the entire cube, and totalising the
three parts and taking the mapping cone of §;_1. The signs on the elements
of Rx_1,9] are clearly the same when totalised as part of the K-cube K[ g

and on its own as a K — 1 cube, which are
(- B ACBCK -1

as in both cases A, B are subsets of K — 1, taking mapping cones will not
change the sign.

The signs on the elements of Fr_1 when totalised individually are:
(_1)‘AH—(A: B\A>7 A g B g K—1
and as part of Ky

Since mapping cones do not change the sign on the map when the boundary
is formed, equality follows from Lemma |3.1.9

Finally for the elements of Kx_1 (1)), when totalised on its own
(—D)MA: BN ACBCK -1,

taking into account the affect of taking mapping cones means the sign will

become:
(_1)1+<A: B\A) )

As a part of Rk g the sign is:
By Lemma the latter can be written as:

(—1)(AUTRE: BAA) _ (_)1H(A: B\A)
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as required.
Hence the boundary of hTot(ﬁ[K’m) is precisely the boundary of the
mapping cone of Fi_q.

It follows that we can consider the totalisation hTot(R) of the entire
N-cube R as the result of taking iterated mapping cones of the maps

Fo, 1, .. B,

in particular hTot(R) = cone(F,_1).

3.7 The category of N-cubes

Having defined N-cubes and morphisms between them, we have at last ac-
quired the building blocks of the category of N-cubes. We will later look at
some interesting properties of this category.

Definition 3.7.1 (The category of N-cubes: yHC). Let the category of N -
cubes, yHC, have as objects the collection of N-cubes, morphisms consisting

of N-cube morphisms of degree 0 and compositions as defined in Definition

B.5.1

That this actually a category is effectively already presented — we have
morphism sets (as opposed to classes) (as they can be embedded into the
morphism sets in gMod), composition is valid from Lemma and asso-
ciativity follows from Lemma [3.5.3]

This leaves only the presence of identity morphisms to show — but this
is almost trivial, simply consider the data collection J where Jp p = idp,
and J4p = 0 if A C B. This defines a morphism from ® to itself which
satisfies the properties of an identity morphism in yHC.

Remark 3.7.2. The category gHC is simply Ch(zrMod).

Corollary 3.7.3. We can define a sub category of trivial N-cubes y THC
where the objects are trivial N-cubes and morphisms are ‘trivial’, that is

there is mo homotopy data.

Remark 3.7.4. The category yHC is additive.



3. The category of N-cubes 120

Proof. Note that we can define a null N-cube with all data 0, hence we can
define a zero morphism between any two N-cubes. Now, letting + be defined
by (81 + 82)B,A = S1B,4 + J2p,4 defines an abelian group operator on the
morphism sets which is bi-linear. That §; + (—F1) = 0 for the obvious can-
didate of —§1 is clear. Commutativity is also clear. That the morphism sets
are bilinear under addition follows from the fact that morphism composition
is bilinear, hence this composition combined with special sign rules must also
be bilinear. Finally the category has finite products and coproducts which
coincide, represented by ©1®D2, where (D19D2)p a4 = D1 40D p,4. 0

3.8 The homotopy totalisation functor

Definition 3.8.1 (The homotopy totalisation functor). For an N-cube ©

and N-cube morphism §: ®; — s the associations
hToty : Ob(xyHC) — Ob(Ch(rMod)), ©® — hToty (D), § — hTotn(F)
from Definition and Definition comprise a functor
hToty: yHC — Ch(gMod)

for all finite totally ordered sets N.

That hToty is a functor follows from previous results, the object and
morphism mappings are clear and well defined, that the identity morphism
J is mapped to the identity morphism of Ch(zkMod) follows from the fact
that for all B € N, |B|+ (B : 0) = |B| + |B| = 0 (Lemma [3.1.7) so we do
not change the signs of the non-empty entries of J. The composition rule

hTot(&F) = hTot(®)hTot(F)

is satisfied as for any A C B and a specific set A C S C B between them,

the signs
(_1)|A|+<A!B\A>+|S|+|Al+<S\A! B\S)

(found from totalising &F and looking at the entry indexed by B, A) and

the signs
(= 1)ISIH(S:BAS) (_1)lAl+(A:5\4)
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(found from taking the product of hTot(®)hTot(§) and taking the entry
indexed by B, A are equal from Lemma [3.1.10
In addition, observe that hToty is a faithful, covariant functor for all V.
3.9 Adjoints of the functor hTot
In this section, I will discuss adjoints of the functor

hTot: yHC — Ch(zMod).

Firstly, consider that for n = 0 (i.e., for N = (), the functor is in fact an
isomorphism, making both left and right adjointness entirely trivial.
For n > 1, things are more interesting.

Definition 3.9.1. Define the functor 2: Ch(rMod) — yNHC as having the
object mapping

C = 1C); l(Cho)k = Chin, UC)pp = de,

that is the shift of the chain complex C' at the point indexed by (), with zero
for all other B C N, and the morphism mapping

f:C = Dwa(f): (C) = uD); u(flop = f-

That 2 satisfies the conditions of a functor, that identities are mapped to
identities in the image and that the functor is compatible of morphisms,

follows by easy observation.
Proposition 3.9.2. The functor 1 is left adjoint to the functor hTot.

Proof. Taking objects ® € yHC, C € Ch(zMod), note that a morphism f
in the set Morcp(,Mod) (C; hTot(D)) is a 2"-tuple

(fB)BCN

where fp: C' — hTot(®)p is a map of degree |B| — |N|.
Let a(f) be the morphism in Mor  nc(2(C), D) such that a(f)p s = fB
for BC N and o(f)ap=0for0 C AC BCN.



3. The category of N-cubes 122

From the definition of totalisation, the map f must satisfy the following

conditions for all B C N:
> ()P Dg ofg = fpd
)CSCB

while the map «(f) must satisfy the following from Equation (3.4.3.1)) for
all B C N:

Z (_1)‘@|+<® SY+(S: B\S)@B’Sa(f)s — (_1)W)|+<(Z) 0y+(0: B>O‘(f)BZ(C)@,(Z)-
PCSCB

Since |0] = (@: S) = (@: B) = 0 these are the same conditions hence «a(f) is
a valid N-cube map.

Therefore it is clear that a:: Morcy(,mod)(C, hTot(D)) — Mor e (2(C), D)
is an isomorphism as required. Hence the functor 7 is left adjoint to the func-
tor hTot. O

Note that for N = (§, we have that hTot ™! =1, as hoped.
A similar functor forms a right adjoint to hTot.

Definition 3.9.3. Define the functor v: Ch(zrMod) — nHC as having the
object mapping

C = (C); v(C)n = C, y(C)n,y = (-1)Nde,

that is the unshifted complex C' at the point indexed by N, with zero for all
other B C N, and the morphism mapping

[:C—=Dw=~(f):v(C) = ~vD); v(f)ny = [

That ~ satisfies the conditions of a functor, that identities are mapped to
identities in the image and that the functor is associative on morphisms,

follows by easy observation.

Proposition 3.9.4. The functor v is right adjoint to the functor hTot.
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Proof. Taking objects ® € yHC, C' € Ch(zgMod), note that a morphism g
in the set Morcyp(,mod) (hTot(D), C) is a 2"-tuple

(QB)BQN

where gp: hTot(®)p — C is a map of degree |N| — |B|. Let 5(g) be the
morphism in Mor e (D, v(C)) such that B(g)n.p = (—1)BHEBNB) g for
BCN and 8(g)pa=0for ) C AC BC N.

The map g must satisfy the following:

Z (—1)A SV gD 4 = dgp
ACSCN

while 5(g) must satisfy:

Z (_1)<A: S\A)+|S|+(S: N\S>B(Q)S©S,A _ (_1)|B|+(B: N\B>+|N‘7(0)N,Nﬁ(g)B
ACSCN

which by the definition of 8(g)p = (—1)/BFHEBENBlgp and 4(C)yn =
(—1)IVld are the same conditions.
It is clear that 5: Morcy(zmod)(hTot(D), C') — Mor (D, v(C)) is an
isomorphism and hence ~ is right adjoint to htot.
O

Again, note that for N = (), we have that hTot™ = ~ = 4, as hoped.

3.10 Comparing this paper’s sign convention to that used in [HQI16]

The homotopy commutative N-cubes first appeared within a paper of Hiittemann
and Quinn [HQ16, Definition 1.3.1]. Finally for this section, we will show
that the convention used here for hTot and Tot in [HQ16] are equivalent.

Definition 3.10.1. Let N be a finite well ordered set. Let A C B C N be
B
subsets with suborderings of the ordering of N. Write > A to represent the

sum of the position of the elements of A in relation to the subordering of N

held by B. That is, for a set N, subset B = {y1 < y2 < ... <yp} C N and
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a subset A = {y;;, < yi, < ... < ¥i,} € B where 1 < i; < b we have that
B
ZA - Z1§j§a Z'j-

B
Remark 3.10.2. In particular, > B is the |B|th triangular number and if
B B B
AC B then ) (B\A) =) B->) A
We can therefore associate [B: A], A C B from [HQ16, Definition I.1.1]
with
B B B
(=1)[BIZARFEBNA) — (_q)IBI-AFEE-XA

Proposition 3.10.3. For A C B, label B\ A = {21 < .. < x; < .. < m}

for some t € N. There is an equality

B A
ZA:ZAJr\Pg‘\A].

Proof. Firstly, write A = AgUA1UAsU...UA;, where Ay is the collection of
all elements of A which are greater than precisely & many elements of B/A.
Observe immediately that
B t B
> A= A,
k=0

It also follows that

B A
> Ap = Ap+ k|4,

as the difference between the position of any element of Ay in relation to the
ordering of B and their position of that element in relation to the ordering

of A is precisely k by the definition of A;. Hence

B t /A t A t
da=> <2Ak +k!Ak]> =N A+ KAk
k=0 k=0 k=0
A A
Now, clearly S35 _o> A, = S A. It remains to observe that for all i,
Z’,;:i |Ag| = |P£| On the left, we have the number of elements of A that

are bigger than at least i elements of B\ A, or equivalently no smaller than
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x;, and on the right is the set of elements of A that are bigger that x;, hence

equality is clear. Finally, observe that

t t t t
D EA =Y 1A =) P = |PA
k=0

i=1 k=t i=1

and therefore
B t A t A
DIA=D D A+ D KA =) A+ PR
k=0 k=0

as required. O

Now we can write

[B: A] = (—1)‘B‘_‘A|+§:B—§:A+|p§\\A‘.

Proposition 3.10.4 (Sign Convention Comparison). There is an equality

modulo 2:
B A
(_1)\AHB\[B Al =, (_1)|B|+|A\+ZB+2A+(A: B\A)
B A "
where [B: A] = (—1)‘B‘_IA'—FZB_ZA*FlPB\A| is taken from [HQ16, Definition
L1.1].
Proof. Observe that:
B A
(—1)|AHB|[B LA = (_1)|A||B|+|B|—\A|+ZB_ZA_|P§‘\A‘.
If we assume |B| — |A| is odd, then
B A B A
(_1)|A||B|+|BI—\A|+ZB—ZA—|P§‘\A\ _ (_1)\AHB\—l—l—ZB—ZA—(A:B\A)

now note that in this case |A| =2 |B| + 1 so

|AIIB|~ 1= (1B + 1)|B| + |B| - |A
= | B+ |B| + |B| - |4
=, |B]? - |A| = |B| - |4]
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hence
B A
(=) AIBIB ; 4] =, (—1)IBI-IAFEZB-2A—(A:B\A)
=, (_1)\B\+\AI+§B+§:A+<A:B\A>
as hoped. If we assume |B| — | 4| is even, then
B A B A
(_1)\Al\B\+|B|—|A|+2B—ZA—\P§‘\A| _ (_1)|A||B|+|B\+EB_ZA_‘A|_|p§\A‘
B A
= (_1)IAIIB|+|B\+ZB—2A—<A: B\A)
and as |A| =2 | B|

|Al|B| + |B| =2 |B* + | B]

= 0= [B| — [4]
SO
B A
(=)MIBI[B ; A] =, (—1)BIFIAFEB-2A-(A: B\4)
B A
= (_1)\B\+|A|+ZB+2A+<A: B\A)
in this case also. Hence the result is shown. O

Definition 3.10.5 (Totalisation from Definition 1.2.2 [HQ16]). Let © be
an N-diagram, then the totalisation of ® consists of the graded R-module
Tot(®) where

Tot(D), = EB (D 4)e44]
ACN

and module homomorphisms consisting of matrices
D' = (D a)acsen: Tot(D), — Tot(D)—1
indexed by pairs of subsets A C B C N where for A C B,
D= (-1)IBIB: A Dp 4 (3.10.5.1)

and 0 in all other entries.
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In Definition[3.10.5} a graded R-module refers to a collection of R-module
modules indexed by Z. Also note that [HQ16] deals with cochain complexes
not chain complexes, so suitable changes have been made here to fit into the
chain complex setting.

Proposition 3.10.6. Given an N-cube ® the diagonal matriz map B where

B
Ler =P = (=1)IBHEE s an isomorphism of graded modules from the
chain complez (hTot(D), D) to (Tot(D), D), such that BPD = D"P.

Proof. Note that B is its own inverse, that it is an isomorphism of graded

modules is clear. We need to show that
BDYP = D',

Since the underlying maps of both boundaries are the same, only the com-
parison of signs takes effort. The sign of the entry indexed by B, A of BDYP
is 5 )

B+ B+ (A: B\ A) +|A]+ ) A

However, Proposition immediately tells us that this is equivalent mod-
ulo 2 to (—1)4IIBI[B: A] as required. O

This means that the images of h'Tot and Tot are the same up to isomor-
phism, in particular one is a chain complex if and only if the other is as well.
Also, the definitions of homotopy commutative cubes in Definition and
in Definition 1.3.1 of [HQ16] coincide.



4. FINITE DOMINATION IMPLIES CONTRACTIBLITY OF
NOVIKOV HOMOLOGY

Now we work towards the opposite implication of the main result, that
an Rop-finitely dominated chain complex of R-modules has trivial Novikov
homology. Throughout this section let C' be a bounded complex of finitely
generated free R-modules homotopy equivalent to a bounded complex of
finitely generated projective Rg-modules, an equivalent condition to Rp-
finite domination via Theorem [0.1.4]

4.1 Resolution of R

We begin by forming a canonical resolution of a strongly Z"-graded ring R.

Let R be a strongly graded Z"-graded ring for n € Z". Let {ex;1 < k <
n} be a basis for Z". Recall the strongly Z-graded rings from Definition
2.3.3 R®) = @ Ripe,, where R = R,

meZ
More generally, we can define other graded rings with support in planes

of dimension 1 < /¢ <n.

Definition 4.1.1. For 1 </ <n,1<k; <n,1<j </, let

(k1k2,....ke)
R - @ RZ;:I mjeg;’
(mj)1<j<e€lt
where R,(,]fi’.]?;;l;k‘» = R , be the restriction of R to the {1 < j < ¢}

Zj:l MjCk;

azxes, itself a strongly Z‘-graded ring.

Having defined partition of unities and some maps that make use of
them, namely splitting maps 8 and product maps m, we need to add a few
more similar maps into our arsenal.
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Definition 4.1.2 (Torus map of degree p). Given a Z" graded unital ring
R, R-module M, p € Z™ and a partition of unity 1 = Z?_l ujv;j of type

(—p, p), define the torus map of degree p, p,: M ® R — M ® R, as the map
Ro

q
mer— E mu; @ v;r.
Jj=1

This map is Rg-balanced as for s € Ry,

q
g mu; Q v;SURUET

MQ

m®sr Zmuj@)vj

<.

Il
i
£

Il
i

MUV Sty & VT

I
-
M=

<

Il
—
e

Il
—_

msuy @ vgpr = f,(ms @)

I
M=

e
Il
—

as vjsuy € Rp.
Let p, and u;) be two torus maps of degree p using two partitions of

unity Zj | ujvj and ZJ y wivh. Then p, =, as

q

q
Zmuj(@v] :ZZmu]@)v]u Ur

14

I
I
A

I
M=
=

Il
—_

/ / / /
mu;vjt; @ v;r = E mu; & v;T
15 j

<.
Il

as Uju; € Rp. This tells us that the map p, is independent of the choice of

partition of unity. It is easy to see that p, is an Ry-Ro-bimodule map.

Remark 4.1.3. For a chain complex C' of right R-modules, p, is a chain
map:
dpp(c®@r) = Z d(cuj) ® vjr = Z d(c)u; @ vir = ppd(c @ ).
J J
Corollary 4.1.4. Let p,, pis be torus maps of degree p and o respectively.
Then pphte = fptro and thus piplle = foflp-



4. Finite domination implies contractiblity of Novikov homology 130

Remark 4.1.5. For all p,q € Z,1 < j,k < n, the following diagram is

commutative: 4
1 J—
ReoR—— . poR
id — Hae; id — Hqe;

id e
RoR —— ", poR
Proof. Observe that (id — pipe, ) 0 (id — pige;) = id — fipe), — fge; + Mpey+qe; =
(id - Mer) © (id - Mpek)' [

Corollary 4.1.6. Let 1 < kq,jg < n, ko # jz. Then
R(klv"'vkl) R R(]177]m) >~ R(k17~~~7klaj17~~7jm) fof," all l +m S n.

ROZn

Proof. We can quote Proposition [2.3.1] immediately, as the sets of the sup-

ports satisfy the necessary conditions. O

Forall 1 <k <n, let

be a partition of unity of form (—eg, ex). There are maps
(k) (k) (k) ( - )
:R® o R® 5 R® o R® rgs— 2 @y,
M(k) ROZn ROZn g ya

Observe by [HS16] Proposition 3.2, there are exact sequences for all 1 < k <
n:

0— R® g RE' TH® p() @ R® T pk) _s .
ROZ" ROZn
Let .
AR (R(m o R0 HA® pk) o R(k))
ROzn ROzn

considered as a chain complex concentrated in degrees 0 and 1. The com-
plexes A®) have trivial homology at every point except Hy. Since Hy (A(k))
are the left projective and right projective Rg-modules R*) and the maps
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id — () have trivial kernels the Kiinneth theorem [ML95, P166 Theorem
10] tells us that AU ) @ A®) has trivial homology except at 0, where

ROZ’VL

Ho(AY) @ AWY) = Hy(AY)) @ Hy(A®)=RV) g RK ~ RUK,
ROZn Ozn ROZn
Definition 4.1.7 (Ordered tensor product). Given complexes Xj, 1 < k <
n of R-R bimodules, call

R xi= @szle@@ X, ® .. ® X,

Rozn 1<k<n 0L Rozn ROZn
1<k<n

the ordered tensor product of X, 1 < k <mn.

Proposition 4.1.8. The complex

X A®

1<k<n

s a resolution of R as R-R-bimodules.

Proof. Note firstly that the modules in each A*) are finitely generated com-
plexes of Ry,, modules. Next, argue with induction. It is true for n = 2
from usage of the Kiinneth theorem as argued before. Let it be true for all
k < n— 1. Then, noting that R(:2--7=1) i both a left projective and right

projective Rg-module, we see that
@ AR o AM
1<k<n—1 Rozn

is a resolution of RL2n=1) & R® via the Kiinneth theorem which is
ROZTL

isomorphic to R by a product map via Corollary [£.1.0] as required. O

4.2  Representing the resolution of R as an N-cube

This section will introduce and make use of a number of N-cubes. Firstly,
we express the resolution of R as the totalisation of a commutative N-cube.
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Then we argue that there is a commutative N-cube, with C ® R at each
Ro

vertex, with totalisation homotopy equivalent to C. We begin by introducing
a new map that makes use of the partition of unities, U, which will allow us

to show that & A®) is isomorphic to the totalisation of an N-cube with
1<k<n
R ® R at every vertex.
Ro

Proposition 4.2.1. There is an isomorphism

U: Q) (Y @ RMW)~R @ R

1§k§n ROZ’/L ROZn

of Ro-Ro-bimodules. This isomorphism U will take the form

N (plk (k)
U: @ (RG @R = Byp e, ® RS mpeys

1<k<n
k) s (n)
® (rik ( r—)Z m1 St m2 /2"-7"7(:7)157;1;15]' ® v;
1<k<n
where 1 = Z?Zl 05y s a partition of unity of form

(= D ket MChs D ey MCk)-

Proof. Argue by induction. For a strongly Z2-graded ring, consider the

composition of isomorphisms:

BT 10 e, ®id
—

R® @ R® @ RW g RY)

1d®B,,0, e, ®id
RT({T:) ® Rn’,m ® Rfﬁl) L> 1

Tnep,meg ®7Tn/el ,m/eQ
—

Rn,m X Rn’,m/
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where

id®m, s ®id

n'eq,meg

Tg @ Ty @ Ty Q Ty Tg @ TyiTy @ Ty

AR 0y e, Bid &
= E Tg @ Tyl & V5 & 1y
J=1

s /.. RidRT

q
mepmler ST Fmezmles Z Talp Tyt & VjTy
j=1
q
Z ToTp Tytj & V5T Ok
j=1
q
Z ToT g/ Tyl Vi Ty O @ Vi
1j=1

M- T1M=

I
M“@

TaT g TyTy O @ Vi

b
Il
—

where 3 u;v; is a partition of unity of type ((—=n',0),(n',0)), >0 _; Sk is

J
a partition of unity of type ((—n/, —m’)(n/,m’)) (as required) which makes
vjrylék € Rp.
It is clear that via repeated applications of twist maps we can show that

® (R® @ R®)) @ (R™ g R™)
1<k<n—1 Ro Ro Ro

[
&
X
=

2®
&
X
=

Let it be true for n — 1. Note that the induction hypothesis tells us that

U'®id ® id: @ (R® @ R®)) = RL-n=D) g R-n=1) g (R @ R(M)
1<k<n

via a map U’ ®id®id where U": Q@ (R® @ R®) - R g R(L.n=1),

1<k<n
For a primitive tensor r € @ (R® ® R®), the image of r by U’ is
1<k<n

/

U'(r) = Z?lzl r8;@7; where 3%

for some p' € Z" 1. Forr € & (R® @ R®) and s® s € rM s Rgf),
1<k<n

1 6775 is a partition of unity of type (—p', p’)
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there is an isomorphism

P’ . P

d®T /e, ®id
E ri@Yieses E ) @ yjs © s
j=1 j=1

/

. g p
id®g,,. , s ®id
i E E i @ Yjsup @ v @ 8
k=1 j=1

. q

Twen,p@IART 1 1

T e g rsup ® vgs
k=1

P
Z rsuy @ vgs' 0,y = Z rss'd; @7,
j=1k=1 j=1

I
M“@

where we know that 1 = Z?Zl 05 is a partition of unity of the required

type (i.e., (—p' —w’, p/ +w’) so that vs'd; € Ry) and hence

P
U: T®s®s’r—>ZTss’5j®’yj
j=1

satisfies the definition of U we want. O

Remark 4.2.2. We can see with a similar argument used to show splitting
and torus maps are independent of the choice of partition of unity that the

maps U also have this property.

Definition 4.2.3. Given a strongly Z"-graded ring R, N = {1,2..,n},0 C
A C N define R as the following N-cube:

Ra= RO R Rayfa = pe, 17 ¢ A
0

and 0 elsewhere. Since every two-dimensional face of the cube is a diagram
of the form of that in Corollary we know that the entire cube is

commutative and hence the N-cube conditions are met.

Definition 4.2.4. Given R as above, we can define another N-cube, a
twisted N-cube Tw(R), with the same modules as 98 and only non-zero
maps

Tw(R) augiy,a = id — pe, if i ¢ A.
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This is a valid N-cube from Remark 4.1.5

Write T(R) = hTot (Tw(R)) (using the notation hTot defined In Defini-
tion [3.2.3)). Note that T(R) is a chain complex concentrated in degrees 0 to

n, with the module
P rer
Ro

( n )
j

We wish to show that the totalisation of the N-cube R is homotopy
equivalent to R. This is done by showing that T(9R) is isomorphic to

@ A% which we know is a resolution of R via Proposition [4.1.8
1<k<n

Proposition 4.2.5. The map

where

is an isomorphic chain map.

Proof. To show that U is a chain map it is enough to show that the following

diagram

1<k<n Ro Fo
/‘(l)l Heg

@ R® & R(’“)> —>R®R

1<k<n Ro Ro

where 71y = idpmygra) @ -+ @ pgy ® -+ @ idgm)grm for a torus map
ey R®Y @ RO — RO @ RO of degree (—1,1), is commutative for all
1</i<n.
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Givenr = @ r,(fff,z ® TS? c ® R,(fff,)c ® R") | we know that
k

m/’
1<k<n 1<k<n k

p
peU(r) = ey (S rSrY). a5 @)

my,
j=1
~N- L)) ()
= Z rngrm,l, ...rgl‘) T djo @ Biy;
i=1 j=1
where 1 =371 | 3%, d;i8;; is a partition of unity of type

n n
( - (el + Z mﬁcek> el + Z mﬁcek>
k=1 k=1

q
Upp(r) = U(ZTTH ® TS; R..® T%)lozi ® ﬁlr% ®...® T%LT)L ® 7“7(722)

= r1 0 rﬁg)r(n)% ® 7;-

7y een /
miimy’ n' mh,
7j=1

where 1 = 1;:1 53»%. is also a partition of unity of type

n n
( = (el + Z m%ek) ,er+ Z mﬁcek)
k=1 k=1

hence by Remark we know that pe, U = Ufy;y as required.

Now, it follows that the following diagram must also be commutative

R (R(k) ® R(k)) Y. Rer

1<k<n
id — Iz0) { id — pe,
oy U
® (R®eRrRM) —~ ReR
1<k<n

meaning all that is left to observe is that the diagram
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1<k<n
will consist of, at each chain level that it is non zero, direct sums of diagrams
of the form above, showing that the map U is a valid chain map, which is
an isomorphism from Proposition O

We now know that T(R) is a resolution of R as R-R-bimodules from
Proposition 4.1.8| and Proposition [4.2.5
Recall that we can define torus maps on M ® R for right R-modules M.
Rg

Considering the complex T(R) and a right Ryp-module M, we can define a
commutative N-cube 9, where for N = {1,2..,n},0 C AC N,

Mag=M @ R, Maugipa=He ifi¢gA

ROZn

and 0 elsewhere.
If M is an R-module, we can see that

hTot (M) = M @ hTot (R).
R

Similarly, we can define Tw(1), with the same modules and M 4 Ay} =
id — e, if i ¢ A, and we can also see that

hTot (Tw(9M)) = M %) hTot (Tw(fR)),
equivalently we can write

TOM) =M %) T(R).
This also holds for a chain complex C.

Lemma 4.2.6. Let M be a finitely presented R-module and 9 the relevant
commutative diagram. The complex T(IM) has trivial homology except at 0

where it is M.
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Proof. The functor M ® — is left exact as M is flat, hence the functor is

R
exact. It follows immediately that
Hy(M % T(R)) = Ho(M) % Ho(T(R)) =M %) R~ M,

so, in particular, T(OM) is a resolution of M and 0 — T(M) — M — 0 is an

exact sequence. ]

Lemma 4.2.7. Let C be a bounded complex of finitely generated free R-
modules. The totalisation of the cube €, T(€) = C ® T(R), is homotopy
R

equivalent to C'.

Proof. Recall that T(R) is a resolution of R as R-R-bimodules, then
0—>§(€n)—>Cn%R—>O

is an exact sequence from Lemma [1.2.6]as C,, is a free R-module. Hence the
double complex with T(¢&,,) — C,, at row n is made up of exact sequences lev-
elwise. If follows from Lemmal0.3.6|that T(€) is quasi-isomorphic to C' (T(€)
is precisely the totalisation up to sign of the double complex with T(&,) at
level n). Homotopy equivalence follows as the complexes are bounded com-

plexes of finitely generated free modules. O

4.3 The strongly Z"-graded version of the Mather trick

Let us assume that C is a bounded complex of finitely generated free R-
modules that is Ry-finitely dominated. Using Theorem (|[Ran85), Propo-
sition 3.2. (ii)]), we let D be homotopy equivalent to a bounded complex of
finitely generated projective Rg-modules D, so that H: idg ~ fa, dH +
Hd = Ba —id and J:idp =~ af,dJ + Jd = «af — id for chain maps
a:C —= D, p: D— C. I wish now to use the finite domination assumption
to show that T(€) is homotopy equivalent to the totalisation of an N-cube
with the module D ® R at each vertex. This is the Z™-graded version of
similar results [HQ16L Lemma I1.2.6] and [HS16, Lemma 3.7]. For a map f
let f* = f ® idR.
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Definition 4.3.1. Given complexes C, D where H: id¢ ~ Sa, dH + Hd =
Ba—ide, define the N-diagram o€ as the following, where ) C A C B C N,
o is an ordering of K C N, 01,03...0x are the elements of K and T} is the

kth triangular number:

alfs=D ® R.

R()Zn

a€hau = d".
B augiy,a = e, B i ¢ A
CVQ:/BAU{i,j},A = a*ueiH*MEjﬂ* - Oé*,LLejH*,U,eiB*, 7’7.7 ¢ A? i< .7

{o1,s oifl}‘

B\AI+T) g\ 4+ o< Pl
aQﬂB,A:Z(_l)I \AIFT B\a|+2 0 <i<m\ 4] | Proy

g
« Me“\B\A|H ~H e, 8, AC B.

In particular, for A=0,B = N,
{o1,051}

OéQ:ﬁN’@ — Z(_l)’n'i‘TlN\'i‘Zggign |P o}

[

& pte,, H  H pe,, .

Proposition 4.3.2. The N-diagram o€ is an N -cube.

Proof. This can be shown to be an N-cube by a proof by induction. For
n =1, the case is simple, there are only three maps, a€f(1} (1}, a€fp ¢ and

a1y 9, while there are only three conditions:

a€finy (130€By 1y = 0= a€fy g, by,
OéQ:B{l}ﬂ)OéQ:ﬁ@ﬂ) — a@iﬁ{l},{l}aﬁﬁ{l},@ = 0,

which are clearly correct as a€f1) (1}, a€f3y ¢ are boundary maps and a€B1y g
is a chain complex map.

If true for n — 1, then observe by Lemma that we can construct
valid N — 1 cubes for sets N \ {i} for all i € N, we need only check the
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following is satisfied

d*a€By g + (—1)"alPy pd
_ Z Z(_l)(lJrnJr(S: N\S))

0CSCN o
L]

(=) +HTn— s S, acicn IPras 7771 (4.3.2.1)
+(s+Tg+Z2SiSS|P{5i1} """ i-1h))
(@ ey, H*.H pie, BN pe, H ... H  pic,, 57)

which is Equation for B= N, A =0 (the sign (1+n+(S: N\S))
comes from and the other signs come from the definition of a€f3).
I show this by fixing a summand of a&€fy . Firstly fix a permutation o
of N. Let
H, = a"pe,, ]'17*...17—17*/%01 B

{o1,-s o1}
n+Tn+> 0<i<n P o} ' lHa~

and note that we can write a€fy g = > (—1)
Using dH = Ba — id — Hd note that by iterated substitutions

d'H, = d*a*,uegnH*...H*,ueqﬁ* = a*ueond*H*...H*#eglﬁ*
= fle,, B e,  H*..H e, B — e, pie, H"..H pie, B
—a* ple,, H*d*pie, — H*...H" e, "

n—1

= (Z(—l)”_s(a*uegn H*...H*,ue%ﬂ,uevs H*...H*ueglﬁ*

s=1
_a*lu’€an H*'”H*/’L€as+1 ﬁ*a*lu’eas H*"’H*M@Ul B*)>

+(=1)""ta* e, . Hpe,  H*..H"d"pe, B

(1" 0" ey, H ey, o H @ 1, 7 = (~1)" Hod,
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it follows that the left side of Equation (4.3.2.1) becomes

d*H, + (—1)"H,d* =

n—1

Z(_1)<n—s>+<n+n+zzggn\P{"l """ =)

s=1

(" piey, H*..H e, te, H™ ... H" e, B*
— " fle,, H*...H*ue(rerl B*a e, H*...H*,ue[,1 B8).
(4.3.2.2)
Observe that n — s +n = s.
Firstly, I will show that, given a fixed s, and set S € N, |S| = s, the term
a* e, H*...H*,ue%ﬂﬁ*a*uegs H*..H" e, (%, that appears on both sides of

Equation (4.3.2.1) disappears.
I do this by comparing signs. I want the signs on the term on the right

of (4.3.2.1)) and the right of (4.3.2.2)) to be equivalent modulo 2 (as they are
on opposite sides of the equation (4.3.2.1)). I begin by noting that, from
(4.3.2.2)), the sign on the relevant term of d*a€By ¢ is:

14+s+T, +Z]P{‘”’ Hoim1h)
=2

Now, note that T;, = T),—s + Ts + s(n — s).
Next observe that

Z‘ {{;1}7 0~ I}I—Z‘P{Ul T I}H_ Z ‘PSU{Uerl ----- oi— 1}’

i=s+1
and
Z ‘PSU{U.5+17 04— 1}|
{o:}
1=s+1
n
SR ANED SELE
i=s+1 1=5+2
and finally

n
> 1Pyl = [Phsl:
i=s+1
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Substituting into the above, these tell us that

1+ s+ T+ Z Pl

=14+s+Ths+Ts+s(n—-s)
P{O'ly 04— 1} P{Us+17 05— 1} PS
+Z! \+Z! |+ Py sl-
1=5+2

Removing even elements and identical elements from the signs, showing

the result is equivalent to showing that

s+s(n—s)+|Pygl = (S: N\ S).

vl

There are two cases, firstly when |N \ S| is even. Then s+ s(n—s) =2 s
and (S: N\ S) = |P \S| + |S| as required. When |N \ S| is odd, then
s+s(n—s)=2s+s=20and (S: N\ S) = \Pj\qf\sl as required.

It remains to show that on the left of Equation for a fixed s the
terms a* pie,,, H*---H*Megsﬂﬂeas H*...H" i, B* cancel. We do this by noting

that pie, fe,,,, =
term formed by taking the id term in the sth substitution of dH = fa —

Heo, ,\ Meo, then observing that as a result the relevant

id— Hd for a given permutation o is the same as the term formed from the sth
relevant substitution of a permutation ¢’ such that o, = o}, 0541 = 0.
So, I want to find that these signs differ modulo 2.

For o the sign is
(n—s)+ (n+T, +Z|P{UL SO 1}|).
while for ¢’ the sign is

01,.,04— S\{os
(n—s)+(n+T, +Z\P{1 S o
1=2

+’PS\{US}U{US+1}|+ Z ’P{m, T 1}‘)
i=s+2
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Clearly, the difference is |P{{g:+}

Hence Equation [4.3.2.1]is satsified, hence htot(a€j3) is an N-cube. [

1}\— ]P{{;’ssfl}| which is 1 or —1 as required.

Definition 4.3.3. Given complexes C, D where dH+Hd = fa—id¢, and an
N-cube a€f3 define the twisted N-diagram Tw(a€f) as the following, where
) C AcC BC N, o is an ordering of K C N with elements o1, 09, ...0x.

TW(O&Q:ﬁ)A =D ® R.

Ozn

Tw(a€f)aa =d".
Tw(a€B) augiy,a =id — B e, 0, i ¢ A.
TW(O‘Q:B)AU{L]'},A :6*M6¢H*Meja* - 5*/~1'8jH*,u€ia*7 Z?] §é A7 1 < ]

{01500 Ji71}|

Tw(a€h)p.a = Z(_1)(‘B\ADHB\AHT‘B\A'+Z2SiS\B\A| Ploy

[

Bleq o p H' - H e, 0", AC B, [B\ Al 2 2.

Proposition 4.3.4. The twisted N-diagram, Tw(a€f), is in fact an N-

cube.

Proof. Ignoring the id portion of the definition to begin with the changes
between a€f and Tw(a€s) cancel out. When |B\ A| is odd, the sign of
each summand in Equation changes as each is changed by |B\ S| =
|S\ A| = |B\ A|. Similarly when |B \ A| is even, the sign of each summand
remains the same for the same reason hence the relevant conditions are
satisfied.

The compositions of id with other maps also cancel. These terms will
only appear on the right side of . Fix j € N and note that
Tw(a€Bp p\(}y) and Tw(a€Bp (;1,0) are the same map up to sign. Fix
a permutation o of B\ {j} and an element H, = ﬁ*,ueng‘\{j}H*...H*,ueala*.
For all B C N, the only terms of we are interested in are those
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where S = {j}, B\ {j}, and only the id parts at that:
(—1) B} BT H(BI-14Ti 511+ X cico [ D, id
+(=1) AHBIHBG}: AT +H(BI= 14T 1514 Eacico Pr aifll)idHa

noting that the sign on id is positive. We want this sum to be zero, so the

result breaks down to showing that:

({i}: B\ {jh) =2 1+ (B\{j}: {i}-

Firstly, note that
(B\{j}: i} = [P\,

Assume |B| is even. Then

({5}: B\ {5 = 1PY, -

Going back to Definition [3.1.4] we observe that |P5}{j}\ = B\ {j}>; must

differ in sign to |P]§<}{j}| = > aep\(j}{J}>a as there are odd many elements
in B\ {j}, and an element can only be either larger or smaller than j, so

\Pg}{]ﬂ + |Pé<}’{j}\ =5 1 as required. Now assume |B| is odd. Then

({5}: B\ g} =1+ [PV

so we need |P5}{j }| =9 |P5}{j }|. This follows for similar reasons as before,
the even many elements of B\ {j} can either be higher or lower than j,
hence the difference of |P£}{j } Pg;{j }

| and | | is even as required. Hence,

(1) (B BAGIHIBI T 514 Sacico1 157 D g

(= 1) HBIHB\G}: GBI 14T 1+ Dacico 1P T Diq g, = 0

and so over all sets B C N and j € B and permuations o of B\ {j}, the sum
disappears. This is the case for A = (), general A follows similarly. Hence
the twisted N-diagram Tw(a€f) is an N-cube, which we call a twisted N -
cube. O
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For simplicity write hTot(Tw(a€fB)) = T(a€p).

The following collection of results will show that given satisfactory C ~
D as set at the start of this section it is the case that C' ~ T(€) ~ T(alp).

Proposition 4.3.5. Let C, D be chain complexes and €, D their associated
N-diagrams. Giwen a: C — D and B: D — C such that H: Sa ~ id¢ there
is a map € — a€pB, represented by the map § where for N = {1,2...,n}, § C
ACN,i¢A.

*

Sa.a=0a".
gAU{i},A = a*ueiH*a 1 ¢ A
gAU{i,j},A = a*MBiH*MejH* - Oé*MejH*/ieiH*a 7’7.7 ¢ A7 i< .7
Lreees o1}
|

{o
§B,A = Z(—1)'B\AHTIB\A\*Z%@B\A\ 1Plosy

g

« ,uea‘B\A‘H H pe, H*, AC B.

Proof. Firstly, consider Proposition If § is an N-cube map then it

must satisfy

aClp pFpa+ (~1)HPAFL jeq 4 =

SO DY ((_1)‘S|+<S\A:B\S>SB,S¢S,A)
ACSCB

— Z ((—1)A+<S\A:B\S>a€ﬁB,SSS,A))

ACSCB
L]

so, as we did when we proved the N-cube o€ satisfies the definition, we
substitute and compare signs.

Note that €g 4 are zero maps except for when |S\A| = 0, 1, specifically
€aa =de®id =df and €g 5\ (53 = He,;- Also let df, = dp ®id.

For n = 1, we note that there are only three conditions to consider. For

B = A= {1} and B = A = (), these conditions amount to an observation
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that o* is a chain map. For B = {1},A = (), we get something more

complicated:

A (@ e, H*) + (0 e, H' )y
= (=1)! (=1 e, + (1) D (0", f)a )

which is shown due to the statements ({1}: 0) =1 and dH + Hd = fa —id.
Hence the result is true for n = 1.

If we note that this is shown for n = 1 and noting that the map §
splits into K-cube maps for all K C N, it remains to show the result for
A=0,B=N.

The equation for this case is:

a@Bn NN + (—1) " Fn o€ =

(—1)" Z ((_1)(|S|+<S:N\S>)%~N7SQ:S7®)
0CSCN (4.3.5.1)

_ Z <(1)w|+<S:N\S>O‘€5N,S35,®>>

PCSCN
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and taking account the definition of a€3 we get:

a@BNNTNg + (1) T F N =
(—1)”( Z Z(—1)(|S|+<S:N\S>)+(\N\SI+T\N\S\+Zs+2§i§|N\sw |P{{;s}+1 ’’’’ )
0CSCN @

{o1,---» o1}
+(S+T 51+ 2 0<i<s) 1P gil} !

a*phe,, H ... H*Mean,sH*¢S,®

{os+1,..., Uifl}

LY () SN T s+ T acisina i) )
UCSCN @

{o1,- oi—1}
+(SI+ 51+ 0<i<)s| |P{(,i1} )

& ey, H* .. H e, B0 e, H” ... H pie,, H*>
(4.3.5.2)

so, as we did when we showed the N-cube a€f satisfies the definition, we
substitute and compare signs.

Again, note that €gp are zero maps except for when |S| =0, 1.

As in the proof that the N-cube Tw(a€/3) satisfies the definition of an
N-cube, we fix a permutation, apply the substitution dH = fa —id — Hd to
the summand of a€By Ny g associated to o and compare the signs between
matching terms in Equation (4.3.5.2)).

First of all, note that there are n many H* terms in each summand of
a€Bn NFn g hence (—1)7"F y 4€ ¢ is cancelled by taking the Hd substitu-
tion at the nth time of a€By NFy g, which gives it a sign of (—1)".

Now fix a permutation o of N and a set S C N, but S ¢ {0, N}. Let
Fp,= Heo s, H...H,ue(;l.

Firstly, I want to show that the signs on the term
&P\ g0 Fs o H" = Q*MUTLH*--.H*M%S“ B* o the,, H*...H*,ueg1 H*

match on each side of the Equation (4.3.5.2). The term on the left appears
after n — s substitutions of dH = fa —id — Hd and taking the fa summand
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on the n — sth substitution. The relevant term of a€By NTy g after the

substitutions has sign

(n—s)+1+n+Tn+Z|P{Ul noimih
=2

=l +s+ T s+Ts+s(n—s)

+ Z |PSU{O'9+1, Oi— 1}‘+Z|P{Uly 0i— 1}’

1=s+1
Observe that
n
SU S4+1y---05— s+15--:04—
Ol EIED SN L e
1=s+1 1=s+1 = s-l—l
S El I i—
~ 1Pl + 3 IRy
i=s+1

For the relevant term on the other side of the equation, we see that it

has the sign:
n+l+ 0]+ (S:N\S)

+n—s+Th s+ Z |P{U1 T U“l}|
1=s+1

L5+ T, +Z\P{"1 woimih

=2 1+ (S N\S) +Tns + Z [Plgyo oo
i=s+1

+ 1T, +Z\P{”1’ i)

Ignoring the terms that appear in both, it is enough to check whether or
not the values

|Pavs| + 5+ s(n—s)
and

(S: N\ S)
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agree modulo 2, but this is exactly the result seen in the analogous case
where we investigated the N-cube, hence this case is known too.

Next, I see where the terms produced when substituting dH = Sa —
id — Hd and taking the id summand the n — sth time go. Here, given two
orderings o and o', that only differ by o, = o, 0511 = o}, I will show
that the signs on o Fy\g,Fs,H" and o Fyyg o Fs,oH*, both on the left
of the equation , differ hence cancelling both terms.

The sign on the term (—1)""*a* Fy\ g, Fs,0 is:

IN|+T, +Z]P{"1’ w7l
=2

while for (—1)""*a* Fix\ g4 Fls,o the sign is:

s—1
015305 — S\{os
IN| + T, +§;yp{ sy P o)
+|PS\{O'S}U{0'9+1}’_’_ Z |PSU{O'S+1, T 1}‘

i=s5+1

It is clear through applying the algebra of these sets that the only terms
that differ are

P |
{os+1}
and

|P{Us+1}‘
Clearly,

| {{;Sﬂ}’ =1+ |P{Ué+l}’

as required.

It remains to investigate what happens to the terms from the final use
of the substitution dH = Ba — id — Hd, that is the terms o*Fy, and
o Fy B a”.
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For a given o, a*Fy, is cancelled by the term §x a\(4,}€(0,},0, Which
are on opposite sides of Equation (4.3.5.2)). I therefore want the signs to

agree. The sign on o Fly , after the n substitutions is

(n )+n+TN+Z\P{‘” ””” oi-1}]
1=2

and the sign on §y n\ (011€{s,},0 18

(n)+(1)+<{01}:N\{01}> (n—1_|_Tn 1+Z|P{02, O 1}‘).

=3

It is clear that the difference modulo 2 between the two signs is

n+Z|P{UI’ Tt ({or} s N\ {on}) +Z!P{”2’ i),

Since

Z| {017 i 1}’ Z|P{01}|+Z|P{Uz, O 1}|

and >, | P, {01}] |P]‘E,<1{];7 }] the difference is equivalent modulo 2 to

n A [P+ (o} s N\ o)),

When [N| is even, [N| — 1 is odd hence ({r1} : N\ {m}) = [P{7] ||

and when |N| is odd, ({61} : N\ {o1}) =1+ |PJ£,<{{} }|, in both cases the
difference modulo 2 is 0 as required.

Finally, its time to consider the terms o* Fy ,5*a* formed by taking the
Ba term in the nth substitution. These terms are cancelled by the term
(—1)1+<®:N>04Q:BN7@3@’@ on the opposite side of the equation. Therefore, we

want the signs to agree. The sign on o*Fy 8" a* after n substitutions is

m+1)+n+T, +Z|P{”1’ woimih]
1=2
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and the sign on the term a€By ¢Fp ¢ is

n
1+ <® : N> +n+T, + Z ‘P{{;’;},..,o’i,ln
i=2
and since () : N) = n the signs match as required.

The result follows from induction.
O

Proposition 4.3.6. Given the map §: € — a€f from the previous propo-
sition, there is a map Tw(F): Tw(€) — Tw(a€pB) defined as:

Tw(F)aas =—a".
Tw(F) avfiy,a = @ pe, H, i ¢ A.
Tw (&) autigp.a = (0 peH e, H' — o pe, H' pe, HY), 4, & A, i <
Tw(§)pa = Z(_1)(1+|B\A|)+|B\A|+T\B\A\+22§i§|B\A‘ |P{:i1} """ -1}

* * * *
o ’ueU\B\A\H wH pe, H*, AC B.

Proof. Ignoring the id terms of the two N-cubes T(€), T(a€f), the other
terms cancel for the same reason they do for ¥(a€f) - for a given B, A,
the effect of 1+ |B\ A] is to change each term in Equation by the
same sign. When |B \ A| is odd , then (—1)IF\A+1 = 1 and the right
side compositions of Equation do not change signs, either being a
component of Tw(F) with odd | B\ A| combined with a component of Tw(D-)
with even |B\ A, so two unchanged signs, or a component of Tw(F) with
even |B\ A| combined with a component of Tw(D-) with odd |B\ A|, again
changing the sign twice hence leaving it unchanged. The case for when
|B\ A] is even follows similarly, hence we can focus solely on the id terms
that come from Tw(D-).

For a given B and j € B, only when S = {j},B \ {7} will id terms
appear, and only on the right of Equation . The relevant terms for a
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fixed o are:
(1) BOHIGIHGY: PG+ 1+ Tacict Py
a*FB\{j}ﬁH*id
(1) HUBD OB G0+ Tio 1+ Tacicion o Py
ida* Fp\(j3,0H"

(the first summand has S = {j}, the second has S = B\ {j}) and a similar
proof to that used for Tw(a€f) will suffice, namely showing that

{}: BA{G}) =2 (B\{j}: {7} + 1.

Again, we note that for A # (), the case is symmetrical. Hence, we have
shown that Tw(g) is a valid N-cube map. O

The map Tw(F) can be totalised to form a map T(F): T(€) — T(alfs),
similarly § forms hTot(F).

Theorem 4.3.7. The map hTot(F): hTot(¢€) — hTot(a€p) is a homotopy

equivalence.

Proof. Considering hTot(F) as a matrix, we see that the maps on the di-
agonal, o ® id, are quasi-isomorphisms (as Rg-module maps). It follows
from [HQI5, Lemma 2.13] that the map hTot(F) is a quasi-isomorphism
also. Next, observe that both hTot(€) and hTot(a€f3) are bounded com-
plexes of projective Rp-modules, as both C' and D are bounded complexes
of projective Rp-module complexes. It follows that hTot(§) is a homotopy

equivalence of Rp-modules. O

Theorem 4.3.8 (Mather Trick). The map T(F): T(€) — T(a€P) is a ho-

motopy equivalence.

Proof. Note that —a ® id is a quasi-isomorphism and repeat the argument
of Theorem ]
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4.4 Finite domination implies contractiblity of Novikov homology

At this point, when C' is a bounded complex of finitely generated free R-
modules homotopy equivalent to a bounded complex of finitely generated
projective Ryp-modules D, we know that C' ~ T(al€p).

Note that the module M ® R can be viewed as a Z"-graded right R

module with (M ® R),=M ® R We can define polynomial, power series

and Novikov structures on th1s module analogous to those for rings. We can
therefore define for any flag F Novikov tori T(a€p)((F)) for a given torus
T(a€p), with matrices:

D (D © R)(F)k- w415

BCN Ro

and a boundary similar to that of the torus T(a€f).
We firstly need to show that there is a homotopy equivalence between
C® R(F)) and T(a€pB)((F)). Owing to the above, it is enough to show that
R

there is an isomorphism T(a€f3) % R((F)) = Z(alB)(F)).

Proposition 4.4.1. Let M be a finitely presented right Ro-module. The

map

Uy M R.(F M ® R). , M r mer
®R(F) > (M Yo Ymen)

s an isomorphism.

Proof. See [HQI5][Lemma 3.1.1], and note that the above is a similar case.
O

Proposition 4.4.2. There is an isomorphism
T(alh) @ R.(F)) = TalB)(F)).

Proof. Tt follows from the isomorphism seen in Proposition firstly
note that T(a€p) % R.((F)) has modules D %) R %} R.(F) =D }? R.(F))
0 0
so Up(D 1? R % R.(F))=(D }? R).((F)) is a module isomorphism. Let
0 0

Up: T(alp) @ R.(F)) = T(alB)(F)
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be such that
(Up)p =¥p: T(alh)y @ R.(F) = He€B)(F)5-

Consider the map e, and a similar map pg,: (D ® R).(F)) — (D @
Ro

R).((F)). It can be seen that the following diagram is commuative:

¥p
DI% R% R.(F) — (D% R).((F)

fe; @ id M/ei
Do ReRAF) 2R (Do R).(F)
Ro R * RO i

and since the components of the map T(aCp) B,A are sums of compositions
of maps fie;, a®id, 3®id and H ®1id, it is clear that ¥ will commute with

the boundary maps hence it is a chain complex isomorphism as required. [

Corollary 4.4.3. From Lemmal[4.2.7, Proposition[].3.8 (the Mather trick)
and the preceding Proposition[4.4.3, there is a homotopy equivalence

C® R.(F)) = TalB)(F)
consisting of maps like so:

C & Ru(F)) g5 HO & Rul(F) iz T0€B) @ Ru(F)) 2 TalB)(F)-

4.4.2)

Now we show that the complexes T(a€f)((F)) have trivial homology for
all 7 where F contains only two faces, one of which is S = [—1,1]", and
hence show that C' ® R.((F)) is contractible also.

R

Let £ = {£e;: 1 < j < n} be a standard basis of Z". Let G; be the
n—1-dimensional face of S such that g, = e;, which means that n_g, = —e;.

Proposition 4.4.4. Let F = {G; C S} for e; € E. The infinite sum

P =id — Z(O‘Heiﬁ)ka

k>0

is a well-defined chain map on the complexr (D @ R).((F)).
Ry
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Proof. Take an element d = > 7. dq ® 7, € (D % R).(F) and let p =
Y v—1 peee, pe € Z. By the definition of (Dg{;R)*((}")), the support of d has a
global lower bound k € Z on p; such that for p where p; < k, r, = 0. I wish
to show that the image of the above element d is contained in (D, ® R).((F))
and that the at each p, the image is a finite sum. Evidentally, the support of
P;(d) also satisfies the bound condition as required as the effect of applying
P; does not lower the possible coefficients of e; in the support of the element.

Now take the p = > )" pres, ;i € Z component of P;(d) for p; > k
(if p; < k, then Pi(dy ® r,) = 0 and there is nothing to show). There
are precisely p; — k 4+ 1 non-zero elements in the sum that constitutes the
element P;(d),, namely the images of the summands of d at Y, pres — ge;
by (ape,;5)? for 1 < g < p; — k and the summand of d at p mapped by the
identity map.

That P, commutes with the boundary maps follows from the fact that

a, fte; and (3 are chain maps. ]

Proposition 4.4.5. Let F = {F C S} for a face F = MG;,, 1 <t < n.

The infinite sum P;, = id — ) (aueiq Bk, is a well-defined chain map on
k>0
the complex (D ® R).(F)) for all1 < g <t.
Ro

Proof. Repeat the above argument for each individual P; , considering con-
ditions (2-G,) of the collection of n — 1-dimensional faces G, contained
within CT(F). O

Proposition 4.4.6. Let F = {F C S} where F C Gy. The complezes
C ® R«(F)) and T(a€B)(F)) are contractible.
R

Proof. Let Py = id — 3" (e, B)F, which is a self map on the complex
k>0
(D ® R)«((F)) that is well defined due to the Novikov structure on the
Ro

module. Let @ be a 2n by 2n matrix indexed by subsets of N = {1,...,n},
with zero entries except for the entries indexed by (AU{1}, A)for1¢ AC N
which each have (—1)(4* 1) Py This is a self map on T(a€B)((F)). The



4. Finite domination implies contractiblity of Novikov homology 156

composition dgaep)(F)Q + Qds(aes)(r) = X is lower triangular with the
identity on the diagonal. This can be seen as the entries on the diagonal of
X are compositions of P, with the entries indexed by A, AU {1} of dg(aep)
which are

(—D)A ) py (=) (A 1h) (5q — apte, B) = id

at A, A and
(=D)AI (d — e, B) (=) A P = id

at AU{1}, AU{1} of X and the only non trivial entries that appear above
the diagonal appear on the entries indexed by A, AU {1} of X which are

(=) dper. () (—) A TPy (—1) A WD Py (1) A gy () =0

(as P; is a chain map). It follows that X is an invertible matrix that com-
mutes with dg(aeg)(F), therefore X 1Q satisfies d(X1Q) + (X 'Q)d = id
hence it is a contraction making T(aCp)((F)) contractible, making C %
R.((F)) contractible. O

Proposition 4.4.7. Let F = {F C S} where F' C —G;. The complex
C ® R.((F)) is contractible.
R

Proof. Let R be a ring such that Rkel = R_je,. This is a strongly Z"-graded
ring as R is. Let ' be the same flag as F except swap —1 and 1 (for example,
the two faces of F/ will be S and F' N G where F' N —G1 = F). Repeat
the entire proof with this new ring, using Proposition to show that
C %R* ((F")) is contractible and observe that C%R* (Fy=cC %R* (F). O

Proposition 4.4.8. Let F = {F C S} where F' C G; for some n—1 dimen-
sional face G; with positive ng,. The compler C ®@ Ry ((F)) is contractible.
R

Proof. Define a new ring R that is the same as R except with basis elements
of Z" re-ordered, so that é; = e;,. Repeat Proposition with the flag
F' consisting of the two faces {S} and F' N Gy where F' N G; = F to see
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that C
C ® R.(
R

[y

R.((F") and observe that C %) R.(F) = C % R.((F)) making
F)) contractible as required. O

_

Proposition 4.4.9. Let F = {F C S} where F' = Ny(—G;,) for n —1
dimensional faces —G;,. The complexr C % R.((F)) is contractible.

Proof. Pick k € {i1,...,4;} and form a new Z"-graded ring R where éjgl =
R_je, for j € Z and areordered basis. Take a suitable new flag 7’ then argue
as in Proposition[£.4.7 and Proposition [£.4.8|for this new ring, observing that
& R(F) = C & R.(F)). =

We can now prove the main result of this thesis.

Theorem 4.4.10. Main result. Let R be a strongly Z"-graded ring and
write Ry,, = Ro. Let S = [—1,1]" and C be a bounded complex of finitely
generated free R-modules. The complex C' is Ry-finitely dominated if and
only if for every flag F of the form F = {F C S}, the complezes

C%RJF»

are acyclic.

Proof. The forward direction follows from combining Propositions [4.4.6

M.47 [A.4.8 and [£.4.9] The reverse is precisely Proposition O
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FINITE DOMINATION AND NOVIKOV HOMOLOGY
OVER STRONGLY Z-GRADED RINGS

THOMAS HUTTEMANN AND LUKE STEERS

ABSTRACT. Let L be a unital Z-graded ring, and let C' be a
bounded chain complex of finitely generated L-modules. We give
a homological characterisation of when C' is homotopy equivalent
to a bounded complex of finitely generated projective Lo-modules,
generalising known results for twisted LAURENT polynomial rings.
The crucial hypothesis is that L is a strongly graded ring.

1. FINITE DOMINATION OVER STRONGLY Z-GRADED RINGS

Finite domination and Novikov homology. Let L be a unital
ring, and let K be a subring of L. A bounded chain complex C' of
(right) L-modules is K-finitely dominated if C, considered as a com-
plex of K-modules, is a retract up to homotopy of a bounded complex
of finitely generated free K-modules; this happens if and only if C'is ho-
motopy equivalent, as a K-module complex, to a bounded complex of
finitely generated projective K-modules [Ran85, Proposition 3.2. (ii)].
The following result of RANICKI gives a complete homological charac-
terisation of finite domination in an important special case:

Theorem 1.1 (RANICKI [Ran95, Theorem 2]). Let R be a unital ring,
and let R[t,t7'] denote the LAURENT polynomial ring in the indeter-
minate t. Let C' be a bounded chain complex of finitely generated free
R[t,t7Y]-modules. The complex C is R-finitely dominated if and only
if both
C ® R(t') ad C @ R(1)
R[t,t~1] R[t,t~1]

have vanishing homology in all degrees. Here R((t)) = R[[t]|[t™"] is the
ring of formal LAURENT series in t, and similarly R(t™')) = R[[t™ ] [¢]
stands for the ring of formal LAURENT series in t~!.

The cited paper [Ran95] also contains a discussion of the relevance
of finite domination in topology. — The rings R((t)) and R((¢t™!)) are
known as NOVIKOV rings. The theorem can be formulated more suc-
cinctly: The chain complex C is R-finitely dominated if and only if it
has trivial NOVIKOV homology.
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2 THOMAS HUTTEMANN AND LUKE STEERS

In the present paper we formulate and prove a surprising strengthen-
ing: Theorem 1.1 remains valid if R[t,t™] is replaced by an arbitrary
strongly Z-graded ring, provided the definition of NOVIKOV rings is
adapted suitably. We start by recalling the requisite definitions.

Definition 1.2. A Z-graded ring is a (unital) ring L equipped with a
direct sum decomposition into additive subgroups L = @, ., Ly such
that Ly Ly C Ly, for all k, ¢ € Z, where Ly L, consists of the finite sums
of ring products zy with € L, and y € Ly,. The summands L; are
called the (homogeneous) components of L; elements of Lj are called
homogeneous of degree k. — Following DADE [Dad80] we call L a
strongly Z-graded ring, or simply a strongly graded ring, if LyLy = L.y
for all £,/ € Z.

A specific example of a strongly Z-graded ring is L = R[t,t7], the
ring of LAURENT polynomials; the nth component is {rt"|r € R}.
The reader may wish to keep this motivating example in mind.

We will use the symbol R, [t,t7!] = @, R to denote an arbitrary
Z-graded ring in this paper. One may think of the elements of R,[t,t™!]
as formal LAURENT polynomials Z?:m a;t’ with a; € R;, but note
that this is a purely notational device; in general the ring R,[t,t™]
does not contain an element called ¢. The point of using this notation
is that we have a rather suggestive way of denoting various rings and
modules constructed from R,[t,t”!]. For example, we can introduce

the NOVIKOV rings

R(t™")=][R® @R, and R.(t)=EPR. & [[Rn

n<0 n>0 n<0 n>0

and think of their elements as formal power series > | ez a;t! with a; €
R; such that a; = 0 whenever 57 > 0 or j < 0, respectively.

In any Z-graded ring the unit element is necessarily homogeneous of
degree 0 [Dad80, Proposition 1.4] so that Ry is a subring of R,[t,t7!].
With these preliminaries in place we can formulate our main result:

Theorem 1.3. Let R.[t,t7'] = @, Ri be a strongly Z-graded ring,
and let C' be a bounded chain complex of finitely generated free R.[t,t7]-
modules. The complex C' is Ry-finitely dominated if and only if both

C ® R(t™Y) and C & R.(1)

Ry [t,t—1] Ry [t,t—1]

have vanishing homology in all degrees.
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As a special case this says that Theorem 1.1 holds for twisted LAU-
RENT polynomial rings [HK07, Theorem 6], or even for the more general
case of crossed products (which are characterised by having homoge-
neous invertible elements of arbitrary degrees). However, this is not
the complete extent of the generalisation as there are strongly graded
rings which are not crossed products. Possibly the easiest example to
write down is the following: Let K[A, B,C, D] be a polynomial ring
over the field K, considered as a Z-graded ring by giving A and C
degree 1, and giving B and D degree —1. Let R,[t,t7!] be the quo-
tient K[A, B,C,D]/(AB + CD — 1); as the relation is homogeneous,
this results in a Z-graded ring which is actually strongly graded since
AB+CD = BA+DC = 1 by construction. It can be shown, using ideas
from GROBNER basis theory, that the only units are K* C R,[t,t7!]
so that our ring is not a crossed product. Now consider the following
2-step chain complex:

1-A
R,[t,t7} 56), R.tt7Y @ R.[t, t 7] R.[t,t71]
The map 1 — A becomes invertible in R, ((t)), with inverse (1— A)~! =
>0 A7; similarly, the map 1 — B becomes invertible in R.((t™")).
Hence the complex becomes acyclic after tensoring with R, ((t*!)), and
Theorem 1.3 asserts that it is in fact Ry-finitely dominated.

(1-B,—(1-4))

Structure of the paper. For the proof of Theorem 1.3 we com-
bine techniques from strongly graded algebra with homotopy-theoretic
methods and homological algebra of bicomplexes. We start by intro-
ducing various rings associated to a Z-graded ring, and discuss parti-
tions of unity which are the main technical tool from graded algebra to
be used throughout the paper. This will occupy the remainder of §1.

In §2 we prove the “if” implication of Theorem 1.3, based on the
homotopy-theoretic methods used in [Ran95] for the case of a LAURENT
polynomial ring. The organisation follows the pattern laid out by the
first author in [Hut15], where a description of the algebro-geometric
background of the procedure is given. It is of interest to note that the
Z-graded structure of our ring allows us in Proposition 2.9 to construct
complexes of sheaves from the given complex of modules C', while the
strong grading ensures that certain chain complexes consist of finitely
generated projective Ry-modules, cf. Corollary 2.7.

In §3 we attack the reverse implication of Theorem 1.3, using double
complex techniques as documented in [Hiit11]. The graded structure
is used at various places. Most notably, the definition and the proper-
ties of the “algebraic torus”, a substitute for the more usual algebraic
mapping torus of a self-map of a chain complex, depend crucially on
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extra data which can be chosen only in view of the strong grading.
In addition, passage to NOVIKOV rings involves a certain “twisting”
operation on powers of modules that is defined in terms of the grading.

The results of this paper were obtained as part of the second author’s
PhD thesis.

Rings associated with Z-graded rings. We make the following con-
ventions for the rest of the paper: All rings, graded or otherwise, are
assumed unital and all modules right unless stated otherwise. We let
R,[t,t7'] stand for an arbitrary unital Z-graded ring, with nth homo-
geneous component denoted by R,. That is, we have a graded ring
R.[t,t7'] = B,z Rn- In many cases we will assume this ring to be
strongly graded, but will take care to indicate where this hypothesis is
really needed.

Given a Z-graded ring R.[t,t '], it is known that the unit element 1
must be homogeneous of degree 0 [Dad80, Proposition 1.4]. Tt is then
immediate from the definition that Ry is a subring of R.[t,t7'], and
that all the homogeneous components Ry are Ryo-bimodules.

Given the Z-graded ring R,[t,t™!] we define two Z-graded subrings
by setting R.[t™'] = @, Rx and R.[t] = B,-, Rr. These graded
rings have trivial components in all positive and negative degrees, re-
spectively. Elements can be thought of as formal polynomials in ¢~*
and t, respectively, with the coefficient of #/ an element of R;.

We can also define the analogues of power series rings, R.[t™!]] =
[L,<o Rn and R.[t] = [[,>¢ Rn- Elements are of course formal power
series in ¢! and ¢, respectively, with coefficient of #/ an element of R;.
We have previously defined the NOVIKOV rings R.((t7!)) and R.((t)).
Note that power series and NOVIKOV rings are not considered as graded
rings; in fact, they do not admit a natural Z-grading.

The collection of rings fits into the commutative diagram of ring
inclusions displayed in Fig. 1.

Partitions of unity and strongly graded rings.

Definition 1.4. Given n € Z, an expression of the form 1 = Zj UV
with u; € R, v; € R_, is called a partition of unity of type (n, —n).
This is understood to be a finite sum; we do not specify the summation
range unless we need it explicitly.

A partition of unity of type (n, —n) exists if and only if 1 € R, R_,.
Partitions of unity are our main technical tool; their existence is inti-
mately related to properties of the graded structure of the ring:
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/\/\

Lt

\/\/
\/

F1GURE 1. The collection of rings and their inclusion relation

Proposition 1.5 (Characterisation of strongly graded rings). The fol-
lowing statements are equivalent:
(1) The ring R.[t,t7'] is strongly graded.
(2) For every n € Z there is at least one partition of unity of type
(n,—n).
(3) There is at least one partition of unity of type (1,—1), and at
least one of type (—1,1).

Proof. For the equivalence of statements (1) and (2) see Proposition 1.6
of [Dad80]. That (2) implies (3) is trivial. For the converse, suppose
that 1 = 2321 u;v; is a partition of unity of type (%1, 7F1); then for

m > 2 the ¢ pairs of elements
Uj = Uy Uy - -~ Uy, DA V5 = 0,05,y

where j = (j1, 72, , jm) € {1,2,---,¢}™, form a partition of unity of
type (£m, Fm). O

The following Proposition is well known; we include a proof because
of its fundamental importance for this paper.

Proposition 1.6. If R.[t,t'] is strongly graded, then each of the Ry,
s finitely generated projective both as a left Ry-module and as a right
Ry-module.

Proof. We treat the case of right Ry-modules only. Let 1 = > ; u;v; be
a partition of unity of type (k, —k); existence is guaranteed by Propo-
sition 1.5. The maps g;: Ry — Ry with g;(y) = v;y are maps of right
Ro-modules and satisfy >, u;g;(r) = > ujujr = r for any r € Ry.
Thus Ry, is a finitely generated projective right Ryg-module by the dual
basis lemma, cf. Proposition 12 of [Bou98, §I1.2.7]. O
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Corollary 1.7. Suppose R.[t,t7] is strongly graded. Then any pro-
jective left or right R.[t,t™]-module is also projective when considered
as a left or right Ro-module. 0

Given numbers ¢, p € Z we define the symbols
t"- Rt =R, and t7-Rt]= PR ;
J<q jz-p

the former is an R,[t™!]-bimodule, the latter an R,[t]-bimodule. The
induced R,[t,t ']-modules behave as expected in the strongly graded
case:

Lemma 1.8. Let q,p € Z. The R.[t,t]|-linear maps

vt R ® Rt —— Rt tTY], r®@se—rs
R. [t

and

a:t P Rt] ® Rit,t7'] — RJt,t7Y], r®@swrs
R.[4]

are isomorphisms provided the ring R.[t,t7'] is strongly graded.

Proof. Suppose R.[t,t7'] is strongly graded. Then we may choose a
partition of unity of type (—p,p), say 1 = >, ujv; with u; € R_, and
v; € R,. The R.[t,t"']-linear map

B: Rt 7 — 7 Rl] @ Rt,t7'], 1Y uy@ur
R.[t] -

satisfies aB(r) = >, ujv;r = r so that o = id. Also

pa(r®s) = B(rs) :Zuj®vjrs(:)Zujvjr®s:r®s
J J

(where the equality labelled (%) is true since v;r € R.,[t] for any r €
t7P - R[t]), whence Sa =id. — The case of v is similar. O

The proof of Proposition 1.6 applies with minor modifications to give
the following result:

Lemma 1.9. Suppose that R,[t,t] is strongly graded. Then t?-R,[t™!]
is a finitely generated projective left and right R.[t™']-module. Simi-
larly, tP - R.[t] is a finitely generated projective left and right R.[t]-
module. O
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2. TRIVIAL NOVIKOV HOMOLOGY IMPLIES FINITE DOMINATION

Sheaves and their cohomology. We will have occasion to study
diagrams of the form

M = (M* Iy YL M*) : (2.1)

the entries will be modules, or chain complexes of modules. The
maps x4~ and pt are called the structure maps of M. A map of dia-
grams consists of a triple of maps (f~, f, f*) which is compatible with
the structure maps of source and target.

Definition 2.2. Let as before R, [t,t7!] be a Z-graded ring. A pre-sheaf
is a diagram 9 of the form (2.1) where M~ is an R, [t"']-module, M is
an R.[t,t7!]-module, M* is an R,[t|-module, f~ is R,[t"!]-linear and
[ is R.[t]-linear. The pre-sheaf 9 is called a sheaf if the adjoints of
the structure maps f~ and f* are isomorphisms of R,[t,t !]-modules:

M~ ® Rt — M M" ® Rttt
R.[t—1] R.[Y

Of particular importance will be the pre-sheaves
Ola.p) = (- Rt —— Rft4™) == 7 R[t])  (23)

which depend on the numbers ¢,p € Z. In case R,[t,t7!] is strongly
graded these pre-sheaves are actually sheaves by Lemma 1.8, and are
then called twisting sheaves.

Back to a general diagram 9 of modules of the form (2.1), we define:

Definition 2.4. The Ry-module chain complex
H(m) = (M SRR AN Vs M)

(concentrated in chain degrees —1 and 0) is called the cohomology chain
complez of M. We write H?(9M) for the (—g)th homology of H(9N).

In fact, HY(O) = lim?(9M). — The definitions of pre-sheaf and
sheaf apply to chain complexes instead of modules mutatis mutandis;
in effect, a (pre-)sheaf of chain complexes is the same as a chain com-
plex of (pre-)sheaves. Given any diagram of chain complexes M =

- +
(N -4 . NS N +) we obtain a double complex H (1) by apply-
ing the cohomology chain complex construction levelwise. (The double

complex is concentrated in columns —1 and 0, and has commuting
differentials.)
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Definition 2.5. Given a diagram of chain complexes 1 we define its
hypercohomology complex H(I) by setting H(NM) = TotH(N), the to-
talisation of H(M).

The totalisation is the usual one: H(M), = N,, & N7 & N, 1, with
differential induced by —g~, g, the differentials of N~ and N, and
the negative of the differential of N. Up to shift and sign conventions
H(M) is the mapping cone of the map —g~ + g™

Proposition 2.6. Let R, [t,t7'] be a Z-graded ring, and let q,p € Z.

(1) Forp+q > 0, the complex H((’)(q,p)) is homotopy equivalent
to the chain complex having @Z:_p Ry in chain level 0 as its
only non-trivial chain module.

(2) Forp+ q = —1, the complex H((’)(q,p)) is contractible.

(3) Forp+q < —2, the complex H(O(q,p)) s homotopy equivalent
to the chain complex having @;ﬁ;l Ry, in chain level —1 as its
only non-trivial chain module.

Proof. We consider the case p + ¢ > 0 only, the others being similar
(and quite irrelevant for our purposes). It is enough to show that the
Ro-module sequence

d A —lg+pt
0 — GB Ryt RNt P Rt|] m———— RJt,t '] — 0
k=—p P o

is split exact, where ¢, and ,¢ denote the inclusions, and where A is the
“diagonal” map r + (r,7); the splitting maps p and o will be defined

presently. — The sequence can be re-written in more explicit terms:
. A +
—L L
e DR Do PR PR
k=—p k<q k>—p keZ

The composition (—¢, + pt) 0 A is trivial. We define o by the formula
o @ — @re @i Yoo (-Xn X )
keZ k<q k>—p keZ k<q  k>qtl

(note that p + ¢ > 0 implies ¢ + 1 > —p) and p by

p: PR.e P Ry — éRk, (Zrk,ZsOHise.

k<q k>—p k=—p k<q £>—p {=—p
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They satisfy the identities
poA=id,
go(—tg+p)+Aop=id,
(—tg+pt)oo=id,

as can be verified by direct calculation; thus the sequence is split exact
as required. ]

Corollary 2.7. If R.[t,t7'] is strongly graded then the cohomology
chain complex H(O(q,p)) is Ro-finitely dominated.

Proof. By Proposition 2.6, H ((’)(q, p)) is homotopy equivalent to a
chain complex with at most one non-zero entry consisting of a finite
sum of homogeneous components Ry of R,[t,t7']. Since the R} are
all finitely generated projective right Ryp-modules by Proposition 1.6,
H (O(q, p)) is Ro-finitely dominated. O

Building chain complexes of pre-sheaves from chain complexes
of modules. Thanks to the graded structure of our ring R.[t,t™!] one
can extend a given chain complex of R,[t,t ']-modules to a complex of
pre-sheaves. We start with the case of a single module homomorphism.

Lemma 2.8. Let q,p € Z, and let f: R.[t,t7" —— R.[t,t7]™ be an

R.[t,t7Y]-linear map. For all sufficiently large numbers p',q' € Z there
exists a map of pre-sheaves

(1) PO, p) — POowd.p) .
k=1 k=1
depending on q' and p', which has the given f as its middle component.
In other words, the module homomorphism f can be extended to a map
of pre-sheaves.

Proof. Consider the following diagram, where ¢’ and p’ are, for the
moment, unspecified integers:

D R " DR D R
k=1 k=1 k=1
7
Bt Rt N P R.[t.t 7 i Gt - R.[1
k=1 k=1

k=1
The map f yields R.[t, ¢t ]-linear maps f;: R.[t,t™'] — R.[t,t7]
by restriction to the kth summand of the source and the jth summand
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of the target, and the (finite) collection of these maps determines f.
— For now fix indices j and k. The element ,f;(1) € R.[t,t7!] is a
finite sum of non-zero homogeneous elements. Let —a be the minimal
occurring degree if 1 f;(1) # 0, and an arbitrary integer otherwise. As
kfi(r) = kfj(1) - r, the image of t7P - R,[t| under f; is contained in
t=w+a) R[] € R,[t,t7"], hence is contained in ¢77 - R,[t] provided p/
is sufficiently large in the sense that p’ > a + p. — Allowing arbitrary
indices j and k& now, we may choose p’ sufficiently large for all j and k.
Then the map f o, factors as

n m m
+ / /
B rl L PR PR
k=1 k=1 k=1
where f* is actually the map f, suitably restricted in source and target.
— The component f~ is dealt with in a similar manner. O

Proposition 2.9 (Extending chain complexes of modules to chain
complexes of pre-sheaves). Let C' be a bounded above chain complex
of finitely generated free R.[t,t™1]-modules together with specified iso-
morphisms C, = R.[t,t71]*. Then C is the “middle” component of
a chain complex of pre-sheaves. More precisely, there exists a chain
complex of pre-sheaves ® = (D‘ — D +— D*) such that

kn,

for certain qn,p, € Z with g, + p, > 0, with D = C via the specified
1somorphisms.

In case R.[t,t7] is strongly graded, ® is a chain complex of sheaves
in the sense of Definition 2.2, with D¥ consisting of finitely generated
projective R, [t]-modules.

Proof. We identify the chain modules C,, with direct sums R,[t,t ]
via the given isomorphisms. The boundary maps then take the form
of homomorphisms d,,: R.[t, t 71| —— R, [t t71]Fn-1.
Let m be the maximal index of a non-zero entry of C'. Choose
Now for £ = m,m — 1,m — 2,--- we use Lemma 2.8 to extend the
boundary map d, to a map of pre-sheaves

D, =P Ol pe) P O(g-1,pr-1) =Dis
ke

ke—1

(d(_’df’dz—)

with g1 +pe—1 = 0.
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We have defined a (possibly infinite) sequence of maps of pre-sheaves
(d; ,dp,df). These maps are actually boundary maps of a chain com-
plex of pre-sheaves. Indeed, dy_; o dy = 0 easily implies d , od} =0
and d, ; od, =0 as the structure maps of the diagrams O(qy, p¢) are
injective.

The last sentence of the Proposition holds as the pre-sheaves O(q, p)
are actually sheaves by Lemma 1.8, consisting of projective modules
by Lemma 1.9, if R.[t,t7!] is strongly graded. O

From trivial Novikov homology to finite domination. With
the machinery of sheaves set up we can implement the programme
of [Hiit15] to prove that trivial Novikov homology implies finite dom-
ination. The strong grading proves to be crucial in two places. It is the
very fact that twisting sheaves are sheaves (and not just pre-sheaves),
combined with finiteness of their cohomology, that makes the proof
work.

Notation 2.10. Given a chain complex ® = (D~ —— D «—— DY)
of pre-sheaves let ®* denote the diagram of chain complexes

D* @ R.t,t7] — D" @ R.(t) ~— D" ® R.[[t];
R.[t] Rut] Ru[t]

similarly, let ®~ denote the diagram

D™ ® Rt ]——=D" ® R(t7)~—D" @ RJt7'].
R [t—1] R [t—1] R, [t—1]

In addition, we introduce the variants

Dt = (D+ ® Rft,t7] ——0+~—D* ® R*[[t]]>
R.[1] Ru[t]

and

D = <D* ® Rt ]—0—D & R*[[fl]]) :

Ru[t~1] Ri[t~1]
and write (¥: ®* —— D'F for the obvious maps of diagrams:

D* ® Rttt ——D* ® R.(t*')~——DF @ R.[t*1]

R*[til} R*[til] R*[til]
id 0 id

DF ® Rt t7] 0 D ® R.[tF1)
R [t*1] R.[t£1]

(2.11)
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We wish to analyse the hypercohomology complexes of ®*. To begin
with, the sequence

0— RJt] 2+ Rt @ Rt —L— R((t) — 0, (2.12)

where A(r) = (r,r) and p(r,s) = s — r, is split exact as a sequence of
right Ro-modules, with splitting maps

K _ A
R.[t] ~— Ru[t,t7'] @ Ri[t] ~— R.((t)
specified by the formulae

K: (Zrk,23k> '—>Z7“k: )

k€Z k>0 k>0
Al E T — ( — E Tk, E T'k> .
E>n k<0 k>0

Therefore the sequence (2.12) is exact (but not split) as a sequence
of R.[t]-bimodules. If the complex D consists of projective R,[t]-
modules, tensoring (2.12) results in an exact sequence of right R,[t]-
module chain complexes

0— D" ® R,Jt] — Dt @ R,t,t7'] ® Dt @ R.[t]
R.[t) R.[t] R.[t]

—— D" ® R.(t) — 0.

R.[t]
This means that H°(®") = D' Qg Rt] = Dt and H' (D) =
0 (levelwise application of H® and H'). The latter implies that the
natural map A*: HY(DT) — H(D™) is a quasi-isomorphism [Hiit15,
Lemma 4.2]. — It can be shown by analogous arguments that the
natural map A™: H%(®~) — H(®7) is a quasi-isomorphism, with
source D~ Qg ;-1) R [t7'] = D~, provided D~ consists of projective
modules. We have shown:

Lemma 2.13. If D consists of projective R,[t]-modules the map
AT HY(DY) —— H(DT)

is a quasi-isomorphism. Similarly, if D~ consists of projective R.[t™']-
modules the map A™: HY(D~) —— H(D™) is a quasi-isomorphism.
O

Now let us start with a bounded chain complex C' of finitely gener-
ated free R,[t, ¢ !]-modules. For each chain module C,, # {0} we choose
an isomorphism with R,[t,t7']*". Let ® = (D™ —— D «— D7) de-
note the resulting complex of pre-sheaves according to Proposition 2.9,
and let ®* and ©'* be the diagrams defined at the beginning of this
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section.— The structure map D ~—— DT has an R,[t,t !]-linear ad-
joint, D «~—— D" @pg_ iy R.[t,t"], which induces a map of diagrams

o+ (0 0 D);

upon application of H this yields a map 7t : H(D") —— D. We have
similarly a map 7~ : H(®~) —— D, and analogous maps using D'*
denoted 7*. All these fit into the commutative diagram displayed in
Fig. 2.

D~ D Dt
A- id NG
HO® ) D" H®* (2.14)
H(¢) id H(¢T)
HO) D )

F1GURE 2. Commutative diagram

Lemma 2.15. If R,[t,t7] is strongly graded, and if the two complexes
C ®@p, -1 R((t)) and C g, -1 Ro(t71)) have trivial homology, then
the maps H((™) and H(CT) are quasi-isomorphisms.

Proof. There is a chain of isomorphisms

D*¥ ® R(tFY)=D* ® Rt ® R.(t*)

Ry [t*1] Ry [tt1] Ry [t,t—1]

=D © R(t)=C @ R(tY),
Ru[t,t=1] Ru[t,t=1]

the second one due to the fact that D is a sheaf in the strongly graded

setting. By hypothesis the last complex is acyclic. This means that

all vertical maps in the diagram (2.11) are quasi-isomorphisms, that is,

¢* consists of quasi-isomorphisms. Hence application of H results in a

quasi-isomorphism H(¢*) by [Hiit15, Lemma 4.2]. O

Recall that, by construction, ®,, is a finite direct sum of diagrams
of the form O(q,p), with ¢ +p > 0. It follows from the calculation
in Proposition 2.6 that H*(D) = 0 (levelwise) so that the inclusion
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H°(®) — H(D) is a quasi-isomorphism [Hiit15, Lemma 4.2]. With
Proposition 1.6 this yields the following result:

Lemma 2.16. The bounded chain complex H(D) is quasi-isomorphic
to the complex H(D). If R.[t,t7] is strongly graded, H°(D) consists
of finitely generated projective Ry-modules. OJ

Proof of Theorem 1.3, “if” part. As before we start with a bounded
chain complex C of finitely generated free R.[t,t™!]-modules, and con-
struct a complex of sheaves © = (D‘ D D*) according
to Proposition 2.9, with D = C. We will also use the diagrams D
and ®'* as defined at the beginning of this section.

Our hypothesis now is that R,[t,t7!] is strongly graded. In this sit-
uation all the vertical maps in diagram (2.14) are quasi-isomorphisms,
by Lemmas 2.13 and 2.15. So by applying H to the rows of the diagram
we obtain a chain of maps

HO(9) —— H(D) — H(H(®") " D A HD™)); (217)

the first one is a quasi-isomorphism by Lemma 2.16, the second because
the functor H preserves quasi-isomorphisms [Hiit15, Lemma 4.2].
By explicitly spelling out the definitions, we see that the chain com-

plex H(H(D'") L pI H(®D'")) contains the complex

]HI(D‘ ® R,tt ' —+D+——D" ® R*[t,t‘l])
Ry [t~1] R.[t]
as a retract. But the diagram ® is a sheaf, making use of the strong
grading again, so the maps D* ®p 1) Ri[t, ¢t~ '] —— D are isomor-
phisms. It follows that the previous chain complex is isomorphic to
H(D —+ D+ D), and thus quasi-isomorphic to D = C.
Combined with (2.17), we thus see that in the derived category of Ry
the complex C' is a retract of H°(®). Both are bounded complexes
of Ry-projective modules, the former by Corollary 1.7, the latter by
Lemma 2.16. It follows from general theory of derived categories that
there are chain maps a: C —— H°(®D) and 3: H*(D) — C with
Ba ~id. As H°(D) consists of finitely generated projective Ry-modules
(Lemma 2.16 again), this proves that C' is Ry-finitely dominated as
desired. 0

3. FINITE DOMINATION IMPLIES TRIVIAL NOVIKOV HOMOLOGY

From now on, and for the remainder of the paper, we suppose that
the Z-graded ring R,[t,t '] admits a partition of unity 1 = i :E;_l)y](-l)

of type (—1, 1), which we choose once and for all.
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Canonical resolution and algebraic tori. For a given R,[t,¢7']-
module C', or a given chain complex C' of such modules, we use the
chosen partition of unity to define an R,[t,¢ !]-linear map

p: C@ Rt t7'] — C ® R.t,t7],
Ro

c®r&—>c®r—ans ®y]() (3.1)
j
Note that for any s € Ry and any partition of unity 1 = ), wsv, of
type (—1,1) there are equalities

Z cas;_l) Dgp = Z cx ® yj Suwgr
J

= Zcxg )yj( )SUe®Ug7’ = chw®w .
L,j Y

Specialising to u, = :céfl) and v, = yél) yields that the map p is

Rg-balanced, and hence well-defined. On the other hand, specialising
to s = 1 shows that, contrary to appearance, the map p does actually
not depend on the choice of partition of unity. — It might be worth
pointing out that the map p cannot be defined in the absence of addi-
tional data; the strongly graded structure of the ring enters the picture
in a rather subtle form here.

Proposition 3.2 (Canonical resolution). For any R.[t,t™'|-module M
there is a sequence of Ry[t,t~']-modules

0— MRt t7 ] L MRt t7] —M—0, (3.3)
Ro R0

where 1(m® 1) = mr and p is as in (3.1). The sequence is natural
in M. If R,[t,t7] is strongly graded then the sequence is split exact
as a sequence of right Ro-modules, and hence is exact (but possibly
non-split) as a sequence of right R.[t,t']-modules.

Proof. We first note that mu = 0 as

7T,u(m®7’)—7r(m®r—2mx ®y(1) )
j
=mr — Z mxg-_l)y](l)r =mr—mlr=20.
J

Let us now suppose that R,[t,t7!] is strongly graded. In addition to

our fixed partition of unity 1= 3", xe Jyé ) we choose for all k € 7,

k # 1, a partition of unity 1 =%, a:g . ye . ) of type (—k, k); as before
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this is understood to be a finite sum with :cé € R_;, and yL, € Ry,.

Such partitions of unity exist by Proposition 1 D.
We denote by ¢ the right Ry-linear map

L M—»M@R*[t,t_l] , m—m®®l1;
Ro

clearly m¢ = idy,. Next, we define an Ry-linear map

T MRttt — M® Rt t7] ;
Ro RO

as M ®@p, R.[t,t7'] = @, M @, Ry, as a right Ry-module it will be
enough to specify the restrictions 7, = T|yggr,. For m € M and
r, € R, these are given by

n k —k .
— D k=1 e, (mxék) ®y§k )rn) ifn>0,
To(m®r,) = 0 ifn=0,

—n—1 2P @ P :
o 2y, (ma) @yr) ifn <0
The map 7 satisfies 7 = id; we will verify Tu(m®r,) = m®r, for

n > 1, the case n < 0 being similar. So let m € M and r, € R, for
some n > 1. Then

T(mer,) = T<m®rn me ®y]( )rn>
=7(m®r,) —T(me ®yj( )rn>

=T(m®r,) Tn+1<me ®yj Tn> :

Now by definition

T,(m®1r,) = — Z Z (mx,(gk) ®yék )Tn)

k=1 ¢

while

(S i) = 3 (S o i i)
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The last term in parentheses, for any fixed k, can be simplified:

-1) (k) —k
3 Sl e,
-1) (k) (1) (k—1) (—k+1)
szx xgk ®y€k ] (Z:ng 1 Zk 1 >'rn

L1
-1), (k) (=Fk), (1) (k 1) (=k+1)
o Zzzmx Ly, ®yfk Y5y Ty Yoy Tn

|

-1) —k), (1) ( 1) (— k+1)
Zzzmx xfk yék Yi Loy, ®yfk I
Zk 1 b J

(k=1) . (—k+1)

Zm Zk ®y fk T'n
ék 1

where at (1) we have used that yé )yj( )xé ) € Ry, and at (1) we have
k (k1) (k1 1

used that ), %k yék ) = =2 0, Zk ) ,Sk } ) = jx( )y]() =1 It

follows together with the previous expressions that 7u(m ®r,) equals

n+1

_ZZ mx@k ®y€k +ZZ mx@k 1 ® Ye, k1+1)7,n)
k=1 ¢ k=141
= meég) ®y§3)rn =mer, .
Lo

To show that our sequence (3.3) is split exact when considered as
a sequence of Rp-modules it remains only to prove that pur 4+ (m =
idps g R, [tt-1)- The calculation is similar to the one just finished, making
use of existence of partitions of unity in exactly the same manner. We
omit the details. OJ

Corollary 3.4. For any chain complex C' of R.[t,t™']-modules there

is a quasi-isomorphism cone(pu) — C.

Proof. By the previous Proposition there is a short exact sequence of
chain complexes

0—»C®R*[t,t*]—»C®R[tt 1.0 —0.
Ro

Thus the canonical map cone(u) — C'is a quasi-isomorphism. [

Definition 3.5. The mapping cone of p in the previous Corollary is
called the algebraic torus of C' and denoted T(C).
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The Mather trick for the algebraic torus. Let C be an R, [t, ']
module chain complex, and let D be an Ry-module chain complex. Let
a: C —— D and B: D —— (' be Ry-linear chain maps and H a chain
homotopy such that H: fa ~ idg; that is, dH + Hd = id¢ — fa where
d is the differential of C'. Define

v: DRt t7 ] — D® R,[t, t7"] (3.6)
Ro RO

by the formula v = (¢ ®id) o po (8 ®id). Then the diagram
L

C® Rt t7 C® R.[t,t7]
Ro RO

a®id a®id

D ® Rt t7] D® R,[t,t7!]
RO RO

is homotopy commutative with homotopy
J=(a®id)opo(H®id): vo(a®id) ~ (a®id) o u .
This homotopy induces a preferred map of R,[t, ¢ !]-module chain com-
plexes
(a ®id 0
Qg =

J a@id) : T(C) = cone(u) — cone(v) .

If o is a quasi-isomorphism and R,[t,t™!] is strongly graded then a ® id
is a quasi-isomorphism as well; indeed, the functor - ®p, R.[t,t7] is
exact in the strongly graded case by Proposition 1.6. We obtain the fol-
lowing result analogous to the MATHER trick in the topological context
[Ran95, “Whitehead Lemma”, §2]:

Lemma 3.7 (MATHER trick). Let C' be an R.[t,t™']-module chain
complex, and let D an Ro-module chain complex. Let a: C —— D and
B: D —— C be Ry-linear chain maps such that fa ~ id¢ via a specified
homotopy. Then there is a preferred map o : T(C) — cone(v). If
in addition o s a quasi-isomorphism and R,[t,t7] is strongly graded,
a,: T(C) — cone(v) is a quasi-isomorphism. O
Corollary 3.8. Suppose R.[t,t7] is strongly graded. Given a bounded

below chain complex C' of projective R.[t,t~'|-modules, a bounded be-
low chain complex D of projective Ry-modules, and an Rg-homotopy

equivalence a: C . D, there is a homotopy equivalence

C ® R.(t7) ~cone(v) ®@ R.(tF).
Ri[t,t—1] Ri[t,t—1]
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Proof. From the previous Lemma and Corollary 3.4 we know that

there are quasi-isomorphisms C T(C) —= cone(v). As both
C and cone(r) are bounded below and consist of projective R,[t, ']
modules, these two complexes are actually homotopy equivalent. As
taking tensor products preserves homotopy equivalences we have proven
the claim. O

Bicomplexes and truncated powers. We extend our portfolio of
homological techniques further by re-writing the complex cone(v) as
the totalisation of a bicomplex, and by introducing twisted truncated
powers.

Let C' be an R,[t,t ']-module chain complex, and let D an Ry-
module chain complex. Let a: C'—— D and f: D —— C be R,-
linear chain maps. Define v = (a®id) o po (f®id) as in (3.6). Let
Gn,m denote the Ry-linear map

Dm®Rn_’Dm®Rn 5 KT ('71) & (1) )
® ® Fni Z2QT ;a(ﬁ(z)x] ) y;r

and let F,, denote the bicomplex of right Ro-modules given by
En,m == (Dn+m—1 ® R—n) D (Dn+m & R—n) (39)
Ro Ry

with differentials

0 0
dH = (C—n,n-i—m 0) . En,m - En—l,m

and

_[(—d®id 0 .
dv = (aﬁ@id d®id) B — Enm- (3.10)

where d is the differential of the chain complex D.

The totalisation Tot(E,,) is the chain complex with Tot(E,e)s =
D, s Enm and differential dg + dy. More explicitly, we have an
identification

Tot(Eua)e = @D Enein = B ((Des ® R,)) @ (D, ® R)

nez ne”L

= (D1 @ Ru[t,17Y]) @ (De @ Rt t71])
Ro RO

under which the differential d = dg + dy coincides with the differential
of cone(r). A straightforward calculation then shows that dy and dy
are anti-commuting differentials. We summarise the construction:
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Lemma 3.11. The data listed above yields a bicomplex in the sense
that dg odyg = 0, dg ody = —dy ody and dy ody = 0. Its totalisa-
tion Tot(E, ) is isomorphic to cone(v). O

We wish to analyse the tensor product cone(v) ®pg, 11 R« ((t)) using
the bicomplex above. For this, we need to digress a little and talk about
truncated powers, or rather a “twisted” version thereof that takes the
graded structure of the ring into account.

Definition 3.12. Given a right Ryp-module M, we define the twisted
It
left truncated power of M, denoted H M, by

HM P (M@ R,) @ H(M%Rn),

rt
and the twisted right truncated power of M, denoted H M, by
rt
M = M ® R M®@R,) .
L ar=1erg e g )

It
We note that H M has aright R.((t))-module structure; if we write

It
elements of HM as formal LAURENT series ) . at" with z, €

M ®g, R, and elements of R,((t)) as formal LAURENT series ) - 7,t"
with r, € R, it is given by the obvious multiplication of series formula
using xxr, € M ®pr, Ri1y via the assignment (m ® si)-r, = m & (sgry).

— Similarly, Hr M carries a natural right R, ((¢t~!))-module structure.

Proposition 3.13. For a finitely presented Ry-module M, there is an
isomorphism of right R.((t))-modules

Dy M®R — ltI_IM m®Zrktkr—>Z(m®rk)tk
k k

and an isomorphism of right R.((t™'))-modules
Wy M®R — HrtM m®@ Yy rth D (m@r)th
k k

Both isomorphisms are natural in M.
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Proof. We show that ®,; is bijective, the case of ¥,; being similar.
— Suppose first that M = F'is free on the basis e, ez, -+, ¢, Then
F®p, R((t)) is a free R,((t))-module with ey ®1,e2®1,---,e,®1 as
basis. Thus any x € F' ®p, R«((t)) can uniquely be written in the form

q

T = Z <6j ®Zk:7"jktk>

Jj=1

with 7, € Ry, and rj, = 0 if k is sufficiently small. Suppose that
x € ker @ so that

q

0=®p(z) = ZZ(%’ ®r)tt = ZZ(%‘ ® rj)t*

j=1

in the twisted left truncated power of F. This implies the equality
1,6®1 =0¢€ F®Rp, Ry C F®g, Ru[t,t7"] for all k; as the last
module is free on basis elements e; ® 1 we conclude that rj; = 0 for

all £ and j. Consequently x = 0 which proves that ®r is injective.
1t
Now let z = Zkz” 2tk € HF with 2z, € F ®p, R; using that

F' is free on basis elements e; as before we see that we can write z;, in
the form z, = Zj e; ® zjx with 2z, € Ry. Then

T = Z <6j ® zk: zjktk>

J

is an element of F'®p, R.((t)) satisfying ®p(z) = z. Thus ®p is seen
to be surjective.

For the general case consider a presentation G F M 0
of M by finitely generated free modules F' and GG; standard homological

It
algebra, using that the functors X — X ®pg, R.((t)) and X — HX

are right exact, shows that ®,; is bijective, cf. [Hiit11, Lemma 2.1]. O

The right truncated totalisation of E,,., denoted Tot™ (E,,), is the
chain complex with

TOJErt (Eo,o)f = H En,éfn S @ En,ﬁ*n

n<0 n>0
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and differential dy + dy. Plugging in the definition of E,, ,, this can be
re-written as

Tot™ (Eae)e = H ((Deq % R_,) @ (D % an))

n<0

o P ((Dg_1 ©R.) @ (D@ R_n)>

n>0
zltHDgil & ItH DZ :

if the complex D consists of finitely presented Ry-modules we can
thus use Proposition 3.13 to identify Tot™ (F,.), with the module
(De—1 @R, Ro(1)) ® (De®p, Ro((t))). When combined with the iso-
morphisms cone(v) ®g, 111 Ri((t)) = cone(v ®idg, (+)) and

De® R[] @ Ru(t) = De® Ru((t)

R [t,t—1]
a straightforward calculation with the differentials dy and dy yields:

Proposition 3.14. If D consists of finitely presented Ry-modules, there

is an isomorphism of R.((t))-module chain complezes Tot™ (Fe4) =
cone(v) g, 111 Ri((t)). -

From finite domination to trivial Novikov homology. We are
finally in a position to finish the proof of our main result.

Proof of Theorem 1.3, “only if” part. Suppose that the ring R,[t,t!]
is strongly graded. Let C' be a bounded complex of finitely gener-
ated free R,[t,t ']-modules; suppose that C is Ry-finitely dominated.
Then there is a bounded complex D of finitely generated projective
Ry-modules together with a homotopy equivalence av: C' —— D of Ry-
module complexes. Let § be a homotopy inverse of a. According to
Corollary 3.8 this data can be used to manufacture a homotopy equiv-
alence C @p. 1) Ru((t)) ~ cone(v) @, - Ru((t), where v is a chain
complex self-map of D ®p, R.[t,t™!] as in (3.6). We can use Proposi-
tion 3.14 to identify cone(v) ®p, 1 R.((t)) with Tot™ (E, ), the right
truncated totalisation of the double complex defined in (3.9), as D con-
sists of finitely presented Rp-modules. The vertical differential of this
complex, defined in (3.10), is the mapping cone of af ®id. As aff ~ id
this means that the columns of £, , are acyclic, hence Tot"™ (Ees) is
acyclic [Hiit11, Proposition 1.2]. This shows that C' ®pg, 1] Ri(()),
being homotopy equivalent to an acyclic complex, has trivial homol-

ogy.
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To prove that C ®pg,;4-1] R ((¢71)) has trivial homology too we can-
not simply swap the roles of “left” and “right” as we did not analyse
whether the rows of F,, are acyclic. Instead, we can quote what we
proved so far, applied to the strongly Z-graded ring R,[t,t~!] with nth
homogeneous component R_,, (which as a ring, neglecting the grading,
coincides with R,[t,t7']). We then conclude that C' ®p, -1 R.(t7")) =
C @, [1.i-1) R«((t)) has trivial homology as required. O
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