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Ion-beam/plasma modes in ultradense relativistic quantum plasmas:
dispersion characteristics and beam-driven instability
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A relativistic quantum-hydrodynamic plasma model is proposed, to model the propagation of
electrostatic waves in an ultradense quantum electron-ion plasma in the presence of an ion beam.
A dispersion relation is derived for harmonic waves and the stability of electrostatic wavepackets is
investigated. Three types of waves are shown to exist, representing respectively a modified electron
plasma (Langmuir-type) mode, a low-frequency ion acoustic mode, and an ion-beam driven mode.
Stability analysis reveals the occurrence of an imaginary frequency part in three regions. The
dependence of the instability growth rate on the ion beam parameters (concentration, speed) has
been investigated.

I. INTRODUCTION

Beam-plasma interaction is an area of fundamental im-
portance in the physics of charged matter [1–3], and also
relevant in many real applications, such as heavy ion in-
ertial fusion [4–6], intense laser-produced proton beams
for laser based fast ignition (inertial confinement fusion)
schemes [7–10], beam permeated semiconductor lasers
[11–13] and electron cooling of ion beams [14, 15]. The
excitation of electrostatic (ES) nonlinear localized waves
[16, 17] via ion beam injection into plasma has been stud-
ied theoretically, via small-amplitude [18, 19] or large-
amplitude nonlinear wave phenomenology [20] and also
numerically, e.g. via particle-in-cell (PIC) simulations
[21–25].

In ultra-high density and low temperature conditions,
electrons obey a Fermi-Dirac statistics, hence the quan-
tum pressure due to degeneracy effects largely domi-
nates classical thermal pressure. Quantum degeneracy
is relevant in a plasma when it is cooled to an ex-
tremely low temperature, so that the de Broglie wave-
length associated with charge carriers becomes compara-
ble in order of magnitude to intrinsic length scales, such
as the mean interparticle distance and the Debye (screen)
length. Quantum effects are arguably more relevant for
electrons rather than ions, because of their lower mass.
Degenerate plasmas are effectively studied via quantum-
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hydrodynamic models, incorporating an electron momen-
tum equation which consistently takes into account the
equation of state of the Fermi (degenerate) electron gas
[26–28].
In this Letter, we investigate the existence of different

propagating modes due to pumping positive ion beam
into relativistic electron - ion plasma. The relativistic
multifluid plasma model is introduced in the following
section II. The dispersion characteristics of linear (har-
monic) waves are described in Section III, and their de-
pendence on the beam ion fluid features (number density
and beam-fluid speed) are discussed. The stability anal-
ysis for different cases are investigated in section IV. Our
findings are summarized in the concluding Section V.

II. A RELATIVISTIC MULTIFLUID PLASMA

MODEL

We consider a three-component plasma consisting of
a dominant ion population (mass mi, positive charge
qi = +Zie), a secondary ion species, representing a ten-
uous beam (mass mb, charge qb = +Zbe) and electrons
(mass me, charge −e); e denotes the elementary (abso-
lute) charge, as usual. Spatial variation of the plasma
plasma state variables is assumed to occur only in the
longitudinal direction, hence the plasma dynamics can be
described by a one-dimensional (1D) geometry for sim-
plicity. Our study relies on a multifluid approach, to
be introduced in the following paragraph. It is assumed
from the outset that magnetic field generation may be
neglected within the electrostatic approximation, imply-
ing that the total current is negligible (quiescent plasma).
Our description follows closely the electrostatic relativis-
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tic model proposed in Refs. 29-30, thus extending the
analytical framework proposed therein to take into ac-
count the ion beam.
The dominant (positive) ion population will be treated

as a cold (classical) fluid, for simplicity; a plausible as-
sumption, given their high mass (compared to the elec-
trons). The continuity and momentum equations of mo-
tion for the ion fluid respectively read:

∂(γini)

∂t
+

∂

∂x
(γiniui) = 0, (1)

∂(γiui)

∂t
+ ui

∂(γiui)

∂x
= −eZi

mi

∂φ

∂x
, (2)

where e is the electron charge, Zi is the ion charge state,
mi is the ion mass, ni is the ion fluid density and ui is
the ion fluid speed. One recognizes the electrostatic force
eZiE in the right-hand side (RHS) of the momentum
equation, where E = −∂φ/∂x is the electric field deriving
from an electrostatic potential function φ.
The electron fluid equations read [29]:

∂(γene)

∂t
+

∂

∂x
(γeneue) = 0, (3)

√

1 + ξ2
[

∂(γeue)

∂t
+ ue

∂(γene)

∂x

]

=

e

me

∂φ

∂x
− γe

neme

(

∂Pe

∂x
+

ue

c2
∂Pe

∂t

)

, (4)

where me is the rest mass of the electron, ne is the elec-
tron fluid (number) density and ue is the electron fluid
speed.
In ultrahigh density conditions, electron degeneracy

effects become significant, and in fact far exceed the
thermal pressure and, in very high densities, quantum
pressure (expressed via a Bohm term [27]) too except
for ultra-small wavelengths. The electrons then obey a
Fermi-Dirac distribution, associated with an appropri-
ate equation of state, which is incorporated in the model
via the effective degeneracy pressure term in the highly
relativistic limit, i.e. the last term in Eq. (4). Within
our model, the quantum relativistic pressure term derives
from the (1D) equation of state [29, 31]:

Pe =
2m2

ec
3

h

[

ξ(1 + ξ2)1/2 − sinh−1 ξ
]

, (5)

where the parameter ξ = pFe/mec = hne/(4mec) is re-
lated to the (high) electron density (note that the classi-
cal limit is recovered for h → 0). One also distinguishes in
the RHS of (4) the electrostatic force term, which relates
the momentum equation to the electrostatic potential φ.
The equations of motion for the ion beam read:

∂(γbnb)

∂t
+

∂

∂x
(γbnbub) = 0, (6)

∂(γbub)

∂t
+ ub

∂(γbub)

∂x
= −eZb

mb

∂φ

∂x
, (7)

where mb is the beam ion mass, nb is the beam ion fluid
density and ub is the beam ion fluid speed. The rela-

tivistic factor γj = 1/
√

1− u2
j/c

2 (for j = i, e, b) ap-

pears in the fluid-dynamical equations, as a result of
Lorentz transformations and resulting relations among
different state variables between inertial frames. The
equilibrium state (denoted by subscript ‘0’) is defined as
{ni, ui;nb, ub;ne, ue}|0 = {ni0, 0;nb,0, ub0;ne0, 0}, where
ub0 is the unperturbed beam fluid speed.
The system is closed by Poisson’s equation:

∂2φ

∂x2
=

e

ǫ0
(γene − γiZini − γbZbnb) . (8)

In the above relations, c is the speed of light in vacuo,
h is Planck’s constant, ǫ0 is the permittivity of free
space and e is the fundamental unit of electric charge.
The quasineutrality condition in his system can be writ-
ten as follows: ne0 − Zini0 − γb0Zbnb0 = 0, where
γb0 = 1/

√

1− u2
b0/c

2, ne0, ni0 and nb0 are the unper-
turbed densities of the electron, ion and beam ion popu-
lation(s), respectively.
The fluid model can be cast in a dimensionless form,

by adopting a set of characteristic scales: t → ωpit, x →
ωpix/cs, nj → nj/nj0, uj → uj/cs and φ → eφ/2EFe,

for j = i, e, b, where ωpi =
√

Zie2ne0/ǫ0mi is the un-
perturbed ion plasma frequency (i.e., in a beam-free e-
i plasma). Note that the potential scale (2EFe/e) and

the characteristic speed scale cs =
√

2ZiEFe/mi are
determined as functions of the non relativistic electron
Fermi energy EFe = p2Fe/2me and the Fermi momentum
pFe = hne0/4; this, in turn, prescribes the length scale
as cs/ωpi.
The fluid equations take the form:

∂(γini)

∂t
+

∂

∂x
(γiniui) = 0, (9)

∂(γiui)

∂t
+ ui

∂(γiui)

∂x
= −∂φ

∂x
, (10)

∂(γene)

∂t
+

∂

∂x
(γeneue) = 0, (11)

H

[

∂(γeue)

∂t
+ ue

∂(γene)

∂x

]

=

1

µe

∂φ

∂x
− neγe

Hµe

(

∂ne

∂x
+ αue

∂ne

∂t

)

, (12)

∂(γbnb)

∂t
+

∂

∂x
(γbnbub) = 0, (13)

∂(γbub)

∂t
+ ub

∂(γbub)

∂x
= − 1

µb

∂φ

∂x
, (14)

∂2φ

∂x2
= γene − βγini − δγbnb (15)

where H =
√

1 + ξ2 represents the dimensionless en-

thalpy of the system [29], where ξ = hne

4mec
; the rela-

tivistic factor is redefined as γj = 1/
√

1− αu2
j , where

α = c2s/c
2 = µeξ

2
0 and ξ0 = pFe/(mec) = hne0/(4mec).
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We have also introduced the ion-to-electron charge ra-
tio β = Zini0

ne0
= 1 − γb0δ, where γb0 is redefined as

γb0 = 1/
√

1− αU2
b0, Ub0 = ub0

cs
is the normalized equilib-

rium velocity of the beam, the beam-to-electron charge
density ratio δ = Zbnb0

ne0
, the electron-to-ion mass ratio

µe = me

mi
(≃ 1/1836 ≈ 0.0005 ≪ 1) and the mass ratio

µb =
mb

mi
. Note that overall charge neutrality is assumed

at equilibrium, imposing β = 1 − γb0δ. As a represen-
tative “textbook” situation, we shall henceforth consider
a hydrogen plasma (Zi = 1) and a tenuous beam, i.e.
γb0δ ≪ 1, with µb ∼ 1 throughout.

III. LINEAR DISPERSION RELATION

Assuming small-amplitude harmonic variations around
equilibrium, we shall set ni,e,b = 1+ñi,e,b e

i(kx−ωt), ui,e =

ũi,e e
i(kx−ωt), ub = Ub0 + ũb e

i(kx−ωt) and φ = φ̃ ei(kx−ωt)

(+ complex conjugate, understood everywhere), with the
understanding that the tilde’d quantities are very small
(compared to the corresponding characteristic scales, e.g.
ñe ≪ 1 and so forth). One thus obtains a linear (Cramer)
system for the amplitudes, in the form:

−ω ñi + k ũi = 0,

−ω ũi + k φ̃ = 0,

−ω ñe + k ũe = 0,

−H0 ω ũe −
k

µe
φ̃+

k

H0µe
ñe = 0,

−ω (γb0ñb + γb1) + k (γb0 ũb + γb0Ub0ñb + Ub0γb1) = 0,

−ω (γb0ũb + Ub0γb1) + kUb0 (γb0ũb + Ub0γb1) +
k

µb
φ̃ = 0,

−k2 φ̃+ β ñi − ñe + δ(γb0ñb + γb1) = 0, (16)

where γb1 = αUb0γ
3
b0ũb. We have defined the equilibrium

value of the enthalpy as H0 =
√

1 + ξ20 .
From the above equations, we get the perturbed den-

sity of the plasma species:

ñi =
k2

ω2
φ̃ , ñe = − 1

µeH0

k2

ω2 − ( 1
µeH2

0

)k2
φ̃,

γb0ñb =

(

k2

γ2
b0µb(ω − kUb0)2

)

φ̃− γb1. (17)

Thus, the compatibility (vanishing determinant) condi-
tion leads to the requirement ǫ(ω, k) = 0, where the
plasma dielectric function reads:

ǫ(ω, k) = 1 + χi(ω, k) + χe(ω, k) + χb(ω, k),

= 1− 1− δ

ω2
− 1

µeH0

1

ω2 −
(

1
µeH2

0

)

k2

− δ

γ2
b0µb(ω − kUb0)2

. (18)

The definition of the dielectric susceptibility χj(ω, k) of
the three plasma components (j = i, e, b) is evident in
the RHS.
For arbitrary values of Ub0, the exact general expres-

sion (18) must be taken into account. However, it may
be argued, physically, that for ub0 ≪ c (viz. Ub0 ≪ 1 ≪
c/cs), the beam ions may be treated classically, hence
(18) reduces to

ǫ(ω, k) = 1− 1− δ

ω2
− 1

µeH0

1

ω2 −
(

1
µeH2

0

)

k2

− δ

µb(ω − kUb0)2
. (19)

Recovering dimensions, the general dispersion relation
(18) reads:

ω2
pi

ω2
+

ω2
pe,rel

ω2 − ( cξoH0

)2k2
+

ω2
pb

γ2
b0(ω − kub0)2

≈
ω2
pi

ω2
+

ω2
pe,rel

ω2 − ( cξoH0

)2k2
+

ω2
pb

(ω − kub0)2
= 1 , (20)

where we have used the (classical) definition of the

plasma frequency ωpj =
[

e2Zjn0j/(ǫ0mj)
]1/2

(for ions,
electrons or ions beam, respectively, for j = i, e, b); we
have also defined the relativistic electron plasma fre-
quency as: ωpe,rel = ωpe/

√
H0. (The non-relativistic

limit γb0 ≈ 1 was evoked in the last step).
One sees in the left-hand side (LHS) of (20) that the

first term represents the background cold-ion plasma con-
tribution which, in the absence of electrons and beam,
would represent simple, non-propagating ion plasma os-
cillations, say, ωi = ωpi. The second term is the
electron contribution, incorporating the relativistic elec-
tron plasma frequency ωpe,rel (representing quantum-

relativistic Langmuir waves, viz. ω2
e =

ω2

pe

H0

+ ( cξoH0

)2k2

[30], should the other two species be neglected). Fi-
nally, the third term represents the beam, involving the
beam plasma frequency ωpb and the beam velocity Ub0:
neglecting the other two components, this term would
lead to a beam-driven beam mode, ωb = kUb0 ± ωpb

[21, 22, 32]. Qualitatively speaking, the above dispersion
relation therefore represents a mixing between the three
latter frequencies ωe,i,b, which are respectively modified
due to interactions among them. The expected (electron-
ion plasma) dispersion relation [29] – cf. (8) in Ref. 30 –
is recovered exactly in the absence of the beam, i.e. upon
setting δ = 0 in Eq. (20):

ω4−
(

ω2
pe

H0
+ω2

pi+
ξ20
H2

0

c2k2
)

ω2+ω2
pi

c2k2 ξ20
H2

0

= 0 . (21)

We have presented the dimensional form of the dis-
persion relation, in the above, for the sake of physical
clarity and for future reference. Let us now revert to the
dimensionless form of the dispersion relation, for ease of
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algebraic manipulation. The full dispersion relation re-
sulting from Eq. (20) is a sixth-order polynomial in ω,
and may thus not be solved analytically. In order to gain
some insight, one notices that Eq. (20) has six poles
(singularities) at ω = 0 (double root), ω = ±(cξ0/H0)k
and ω = Ub0k (double root). Expanding the dispersion
relation for linear electrostatic waves, one finds the poly-
nomial form:

ω6 + c5ω
5 + c4ω

4 + c3ω
3 + c2ω

2 + c1ω + c0 = 0. (22)

where

c0 =
k4U2

b0β

H2
0µe

, c1 = −2k3Ub0β

H2
0µe

,

c2 =
k2

H2
0µeµb

{

−H2
0U

2
b0βµbµe + δ

+µb

[

β − U2
b0(H0 + k2)

]

}

,

c3 = 2kUb0

[

β +
1

µeH2
0

(H0 + k2)

]

,

c4 = −
[

δ + βµb

µb
+

1

µeH2
0

(H0 + k2)− k2U2
b0

]

,

c5 = −2kUb0. (23)

(Recall that β = 1− δ.)
First of all, upon setting k = 0, we find the relation:

ω4 (ω2 − ω2
0,δ) = 0 (24)

where

ω2
0,δ =

(

1− δ +
δ

µb

)

+
1

µe

√

1 + ξ20
(25)

A modification of the relativistic cutoff frequency [30] is
evident, due to the beam (via δ), but is practically negli-
gible. For an indicative value of, say, n0 = 1011m−1, one
finds ξ20 ≃ 0.0036, hence

√

1 + ξ20 ≃ 1.0018. Therefore,
assuming say δ = 0.1, µb = 1 and Ub0 = 0.2, we find
that ω2

0,δ ≃ 1831 (in the presence of the beam), while

ω2
0,δ=0 ≃ 1832 in the absence of the beam. According

to the latter relation (valid at k = 0), we anticipate six
(6) modes (solutions of the dispersion relation), four of
which will pass from the origin, while the remaining two
will satisfy ω = ±ω0,δ (as above), representing (a) modi-
fied electron plasma (Langmuir) branch(es).
We proceed by introducing ω = ωr + iωi into equa-

tion (22), separating real from imaginary parts and then
solving the resulting equations numerically, where ωr and
ωi respectively represent the real part and the imaginary
part (growth rate) of the frequency ω. The procedure
reveals the existence of six dispersion curves, which are
arranged in pairs. Starting with the real parts ωj,r, a
numerical investigation shows that these six curves are
approximately symmetric around the k− axis. In partic-
ular, we obtain:

• an electron plasma (Langmuir) mode, ω1,r(k), de-
picted in Fig.1(c, d), accompanied by a negative
mirror mode, say ω6,r(k) ≈ −ω1,r(k) (actually,
with a relative numerical difference of ≈ 10−6),

• an ion-acoustic mode, ω2,r(k), depicted in Fig.1(a,
b), along with a negative mirror mode, say
ω5,r(k) ≈ −ω2(k) (actually, with a relative numer-
ical difference of ≈ 10−6),

and

• a beam-driven acoustic mode, ω3,r(k), depicted in
Fig.1(e, f); this practically overlaps with a sister
mode, say, ω4,r(k) ≈ ω3,r(k).

A set of typical values (ne0 = 1011m−1, or ξ0 =
0.0604), and µb = 1, in account of a hydrogen ion beam)
have been adopted in all of the plots.
Now, considering the imaginary parts, one finds that

only the latter (beam-driven) mode possesses a finite
imaginary part, with ω4,i = −ω3,i. From Fig.1(g,h), it
is obvious that the growth rate (imaginary part) occurs
in a finite window (in the wavenumber k) which extends
to larger values as the beam velocity Ub0 increases; the
associated growth rate reaches a maximum value which
remains practically constant, although it shifts to larger
k values, for higher Ub0: see Fig. 1g. However, as seen in
Fig.1h, the maximum growth rate increases with an in-
crease in the beam density δ. Considering, for rigor, the
beam-free case (δ = 0), one finds that the beam-driven
modes ω3,4 disappear, as expected, while the Langmuir
and acoustic modes survive.

IV. COMPARISON WITH KINETIC THEORY

To validate our results presented above, based on the
fluid model, it would be interesting to compare with the
results from the 1D relativistic Vlasov-Poisson system,
which reads

∂fs
∂t

+
p

Γsms

∂fs
∂x

+ qsE
∂fs
∂p

= 0, (26)

∂E

∂x
=

1

ε0

∑

s

∫

qsfsdp, (27)

where s = e, i, b and fs = fs(x, p, t) denote the phase
space electron, ion and beam probability distribution

functions and Γe,i,b =
√

1 + p2/(m2
e,i,bc

2). Assuming

that the plasma is in equilibrium state with no electric
field E = 0 and each species has a distribution function

fs = fs0 + fs1, (28)

where fs0 = fs0(p) is the equilibrium distribution func-
tion, and fs1 = fs1(x, p, t) is a small perturbation as-
sociated with the small amplitude wave. As above, we
neglect ion temperature effects, so that the equilibrium
ion distribution function will be fi0 = ni0δ(p). Also, the
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(a) (b) (c)

(d) (e) (f)

(g) (h)

FIG. 1: (Color online) We have depicted the frequency ω versus the wave number k, for different values of the beam velocity
Ub0 (left column) and of the beam concentration δ (right column). The real part of the frequency ωr is shown for: (panels a, b)
the ion-acoustic branch; (panels c, d) the electron-plasma (Langmuir) mode; (panels e, f) the ion-beam driven branch. Panels
(g, h) show the imaginary part (growth rate) ωi. We have considered ne0 = 1011m−1 (or ξ0 = 0.0604) and µb = 1 (hydrogen
ion beam) in all of the plots.

beam distribution will be fb0 = Γb0nb0δ(p − p0), where

p0 = Γb0mbUb0 and Γb0 =
√

1 + p20/(m
2
bc

2). Denoting
fe0 = ne0/(2pFe) for |p| < pFe; fe0 = 0 for |p| > pFe

as the equilibrium electron distribution function, where
pFe = ΓFmeVFe and VFe is the electron Fermi speed,
where ΓF =

√

1 + ξ20 . For each species
∫

dpfs0(p) = ns0,
where ns0 is unperturbed number density of each species.
By linearizing the above system and looking for plane
wave solution exp(i(kx−ωt)), following the usual proce-
dure [33], we get

fs1(x, p, t) =
−iqsE

ω − kp
Γsms

∂fs0(p)

∂p
. (29)

By inserting Eq. (29) into Eq. (27) and eliminate E from
both side, we get

1− e2

ε0k

∫

dp
∑

s

∂fs0(p)
∂p

ω − kp
Γsms

= 0, (30)

Upon integration by parts we get:
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1−
∫

dp

[

ω2
pifi0(p)

ni0Γ3
i

(

ω − kp
Γimi

)2 +
ω2
pbfb0(p)

nb0Γ3
b

(

ω − kp
Γbmb

)2 +
ω2
pefe0(p)

ne0Γ3
e

(

ω − kp
Γeme

)2

]

= 0 (31)

Using the equilibrium distribution function fs0(p) and
evaluate the real part of the integral, we get:

1 =
ω2
pi

ω2
+

ω2
pb

Γ2
b0 (ω − kUb0)

2 +
ω2
pe,rel

ω2 −
(

cξo
H0

)2

k2
, (32)

which is exactly tantamount to (18) (upon restoring
dimensions). It is understood that the imaginary part
was ignored in evaluating the integrals. The contribu-
tions from the poles (known to be linked to collisionless
“Landau-type” damping, as in the classical theory) may
be evaluated for each of the modes, case by case. No
general theory exists in this respect. We do not pursue
this discussion further, as it goes beyond our scope here.
An interested reader may refer to the discussion in Refs.
34–36.

V. STABILITY ANALYSIS

To gain some insight into the stability profile of the dis-
persion relation, we may consider the behavior of the dis-
persion relation near the three poles of (19), thus defining
respectively three frequency regions. The procedure we
adopt here is similar to in Ref. 32.
a. Low frequency instability. Near ω ≈ 0, the dis-

persion relation ǫ = 0 – recall Eq. (19) – becomes

1− δ

ω2
≈ 1 +

H0

k2
− δ/µb

k2U2
b0

. (33)

It is straightforward to see that the RHS is positive,

if (and only if) Ub0 >
√

δ
µbH0

, prescribing stability.

However, if Ub0 <
√

δ
µbH0

, an instability develops at

large wavelength: to see this, note that sufficiently small

wavenumber values k < k̂10 =

(

δ/µb

U2

b0

−H0

)1/2

will make

the RHS negative. Typically, k̂10 = 2.99, for ξ0 = 0.06,
δ = 0.1, µb = 1 and Ub0 = 0.1. The instability growth
rate is then given by:

σ1 = Imω ≈
(

1− δ
k̂2

10

k2 − 1

)1/2

. (34)

We have depicted the growth rate σ1 in Fig. 2, adopting
the same values as in Fig.1.
It may be admitted, upon a critical comparison be-

tween the analytical approximation (34) and the numer-
ical solution for ωi in Fig. 3b, that there is a meagre

(a)

(b)

FIG. 2: (Color online) The growth rate σ1, as given by Eq.
(34), is depicted versus the wavenumber k for (a) different
beam velocity (Ub0) (taking nb0 = 0.1ne0 i.e. δ = 0.1) (b)
and different beam density (nb0) (taking Ub0 = 0.1) values.
(Remaining parameter values as in Fig. 1.)

agreement in order of magnitude and, in fact, qualitative
disagreement: the approximate expression for the growth
rate (34) was derived above under the assumption that
ω ≈ 0, and is thus only valid for very small values of k
(long wavelengths). In reality, the beam mode (see next
paragraph) dominates in the small k region, and indeed
agrees with the numerical evaluation of the (imaginary
part of) ω, as discussed below. However, for small to
moderate beam velocity, the ion-acoustic branch never
satisfies the condition ω ≈ 0, under which the above ex-
pression (34) was obtained; therefore, Eq. (34), however
important from a textbook analysis point of view (cf.
Ref. 32), is of limited practical importance. Hence, the
disagreement observed in Figs. 2 and 3 is not surprising.

b. Beam-wave resonance. Near ω ≈ Ub0k, the
wave’s phase speed ω/k is near the beam velocity, Ub0.
The dispersion relation ǫ = 0 – recalling Eq. (19) – then
becomes

(ω − kUb0)
2 ≈ δ/µb

1− k̂2

20

k2

. (35)
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(a)

(b)

FIG. 3: (Color online) Comparison between the low-frequency
instability growth rate σ1 given by Eq. (34) (solid curve) and
ωi (dashed curve) versus the wavenumber k, for (a) different
beam velocity (Ub0) (taking nb0 = 0.1ne0 i.e. δ = 0.1) and
(b) different beam density (nb0) (taking Ub0 = 0.1) values.
(Remaining parameter values as in Fig. 1.)

where we have defined the quantity k̂20 =
[

1
µeH0

1
U2

b0
−1/(µeH2

0
)

+ β
U2

b0

]1/2

. As representative

value, one finds k̂20 = 9.43, for ξ0 = 0.06, δ = 0.1, µb = 1
and Ub0 = 0.1). For large wavenumber values (short

wavelength), viz. (k2 > k̂220), one obtains a (stable)
modified beam mode in the form:

ω ≈ kUb0 ±
δ/µb

(

1− k̂2

20

k2

)1/2
. (36)

However, if k2 < k̂220, then the RHS of Eq. (35) becomes
complex, so that

ω ≈ kUb0 ± iσ2 , (37)

where i =
√
−1 is the fundamental imaginary number.

An instability thus occurs, with growth rate

σ2 =

(

δ/µb

k̂2

20

k2 − 1

)1/2

, (38)

We have depicted the growth rate σ2 in Fig. 4, for
the same set of typical values as above. From Fig. 5,
we can see that the numerical solution and the analytical
approximation match well for small wavenumbers, in the

region k < k̂20. Contrary to the previous case (for σ1), a
simple numerical analysis of the dispersion curves in Fig.

(a)

(b)

FIG. 4: (Color online) The growth rate σ2 is depicted versus
the wavenumber k for (a) different beam velocity (Ub0) (taking
nb0 = 0.1ne0 i.e. δ = 0.1) and (b) different beam density (nb0)
(taking Ub0 = 0.1) values. (Remaining parameter values as in
Fig. 1.)

1 shows that the condition ω ≈ Ub0k under which Eq. (4)
was obtained is indeed satisfied in some (small k) part
of the beam-driven branch (only), hence the agreement
observed in Figs 4 and 5 is expected.

c. High-frequency instability. In the vicinity of ω ≈
√

1
µeH2

0

k, the wave is in resonance with the electron

plasma (Langmuir) mode, since the phase speed is ap-

proximately equal to ω/k ≈
√

1
µeH2

0

= limk→∞
ω
k ; recall

the dispersion relation for quantum - relativistic Lang-
muir waves. Equation (19) thus becomes

ω2 ≈ 1

µeH2
0

k2 − µeH0

k̂2

30

k2 − 1
. (39)

where k̂30 =

(

(1 − δ)µeH
2
0 + δ/µb

1

µeH2
0

−U2

b0

)1/2

. For k >

k̂30, the latter expression simply prescribes a modified
Langmuir type dispersion relation of the form ω2(k) =

ω2(0)+V 2k2, where ω2(0) =
ω2

pe

H0

and V = cξ0
H0

; for δ = 0,

Eq. (25) in Ref. 30 is recovered.

For values of k in the range k̂40 < k < k̂30, where

k̂240 =

(

k̂230 − µ2
eH

3
0

)1/2

, the RHS of Eq.(39) becomes

negative, so that

ω ≈ ±i σ3, (40)
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(a)

(b)

FIG. 5: (Color online) Comparison between σ2 (solid curve)
and ωi (dashed curve) versus the wavenumber k, for (a) differ-
ent beam velocity Ub0 (taking nb0 = 0.1ne0 i.e. δ = 0.1) and
(b) different beam density (nb0) (taking Ub0 = 0.1) values.
(Remaining parameter values as in Fig. 1.)

suggesting an instability growth rate in the form

σ3 =

(

µeH0

ˆk30

2

k2 − 1
− 1

µeH2
0

k2
)1/2

. (41)

The instability window is actually very narrow; assum-
ing ξ0 = 0.06, δ = 0.1, µb = 1 and Ub0 = 0.1, we find

k̂30 = 0.023397 and k̂34 = 0.023391. However, the condi-

tion ω ≈
√

1
µeH2

0

k (≈ 43k, say, for the numerical values

considered in our plots) is only satisfied for the electron
plasma branch, and exclusively for large k ≫ 1; there-
fore, the latter result is not practically important, as it
predicts an instability that is unlikely to develop for real-
istic beam values. We have therefore chosen not to depict
the growth rate, for brevity.
d. Quantum (electron degeneracy) effect. The effect

of electron degeneracy, intertwined with the relativistic
nature of our model, is reflected in the parameter ξ0(ne0),
that appears throughout the algebraic procedure pre-
sented above. In particular, the quantum character of
our model is thus actually “hidden” in the dimension-
less parameter ξ = pFe/mec = hne/(4mec) appearing

in Eq. (12) (via H =
√

1 + ξ2 therein) and, in fact,
re-appearing as ξ0 and H0 (equilibrium values denoted
by the index ‘0’, as defined in the text) in Eq. (16), in
the linear treatment. Therefore, the “quantum” effect
is manifested, quantitatively speaking, in the value of
ξ0 = hne,0/(4mec), which is in fact proportional to the
electron density ne,0, as intuitively expected: a higher
density validates, and in fact imposes, the use of quantum

(Fermi-Dirac) statistics. (Naturally, the classical limit is
recovered upon setting ξ0 = 0, in account, say, of the
limit h → 0.)
In Fig. 6, we have depicted the dispersion relation de-

rived above for different values of the electron density ne0.
In Figs. 6(a, b), the frequency of both the ion acoustic
branch and the Langmuir mode visibly decrease(s) with
an increase in electron density ne0. The third branch
(beam-driven mode) ω3 is shown in Figs. 6(c, e); as dis-
cussed above, it possesses an imaginary part, also shown
in Figs. 6(d, f). Actually, the (real part of the) frequency
ω3,r is practically not sensitive to changes in the electron
density: it does actually decrease, for higher values of
ne0, but not dramatically: see Figs. 6(c, e). Actually, the
growth rate ω3,i slightly increases, for small k, with in-
creasing ne0, while it then reaches a lower peak at higher
k: cf. 6(d, f).

VI. CONCLUSIONS

We have presented a relativistic quantum-
hydrodynamic model for electrostatic waves propagating
in an infinite homogenous quantum plasma permeated
by a positive ion beam. From a physical point of
view, relativistic effects arise from two sources: the
extreme degeneracy of electrons producing a relativistic
mass increase due to their incoherent motion, and
relativistic beam speeds. Upon linearizing the models
equations and subsequently Fourier analyzing, we have
shown that three modes are excited, namely a modified
Langmuir-type (electron plasma) mode, a low-frequency
ion-acoustic mode and an ion-beam driven mode.
Numerical analysis of the dispersion relation reveals

the occurrence of an imaginary part in the frequency ω
that arises only in the beam-driven mode, and is entirely
due to the beam itself (i.e. it disappears in the absence
of the beam, viz. for δ → 0). The standard textbook
[32] stability analysis provides an approximate expression
(see σ2, above) for the imaginary part, which was shown
to be a satisfactory approximation for small values of the
wavenumber k (very large wavelength). The dependence
of the instability growth rate on the ion beam parame-
ters has been investigated. Let us add, for completeness,
that the same analysis allows for two more unstable re-
gions; however, for small to moderate beam velocities,
these were shown to be irrelevant practically for realistic
applications.
The (quantum) effect of electron degeneracy on the

electrostatic modes enters into play through the param-
eter ξ0 (∼ hne,0), as discussed in the previous section.
Although electron degeneracy has a measurable effect on
the ion-acoustic and Langmuir branches, with respect to
the classical case (recovered for h → 0), the beam-driven
mode is marginally sensitive to changes in ξ0 (modified
by varying the electron density ne0). In any case, the fre-
quency of all three modes in fact reduces for higher ξ0, i.e.
for higher density, as quantum effects become significant
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(a) (b)

(c) (d)

(e) (f)

FIG. 6: (Color online) We have depicted the frequency ω versus the wave number k, for different values of relativistic degeneracy
parameter ξ0 . The real part of the frequency ωr is shown for: (panels a) the ion-acoustic branch; b) the electron-plasma
(Langmuir) mode; c) the ion-beam driven branch; d) show the imaginary part (growth rate) ωi; e) Zoom - in for the ion-beam
driven branch for the range k = 2 : 2.001 and f) Zoom - in for the imaginary part for the range k = 2 : 2.001. We have
considered Ub0 = 0.2, δ = 0.1 and µb = 1 (hydrogen ion beam) in all of the plots. The values of ξ0 are: ξ0 ≈ 0.06, 0.3, 0.6, 6.0,
respectively, for ne0 = 1011, 5 × 1011, 1012, 1013 m−1, respectively.



10

at larger density values. The imaginary part (beam in-
stability growth rate) of the unstable beam-driven mode,
however, increases for larger ξ0.
Our results are important in quantum plasmas, dense

plasmas arising from solid targets irradiated by high in-
tensity laser and extreme astrophysical plasmas, that is,
in areas where high-density plasma modelling is relevant.
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