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A Novel Equivalent Circuit Model for Split Ring Resonator with an Application of
Low Phase Noise Reference Oscillator

Naci Pekgokgiiler®*, Giinhan Diindar®, Hamdi Torun®, Arda D. Yalginkaya®

@ Department of Electrical and Electronics Engineering, Bogazici University, Bebek, TR-34342 Istanbul, Turkey

Abstract

This paper presents physical lumped element models for the structures employing a split-ring resonator (SRR) coupled
with a pair of microstrip antennas. The results of 3D EM simulations, circuit simulations and measurement results are
provided. For experimental verification, a resonator device was fabricated on an FR4 epoxy glass substrate. Mismatch
between the values of resonant frequency that are predicted by the models and that are measured is less than 3%. As
a benchmarking case for the proposed model, a reference oscillator was designed and implemented. A phase noise of

—139.51dBc¢/Hz at 3 MHz frequency offset was measured with a center frequency of 1.617 GHz.
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1. Introduction

Reference oscillators are among the main building
blocks in many electronic systems such as wireless com-
munication systems [I], microprocessors [2], and sensors
[B]. A frequency selective network is essential in oscillator
design to determine the oscillation frequency. Resonators
are usually used as the frequency selective networks. The
higher the quality factor of the resonator, the better the
performance of the oscillator. Recently, metamaterial-
based resonators have been demonstrated as low cost and
high quality resonators. Metamaterials provide the op-
portunity to create engineered structures, which resulted
in utterly different applications, such as telecommunica-
tion [4], energy harvesting [5], sensing [6], and medical
instrumentation [7]. Metamaterials interact with electro-
magnetic waves and can be used to control or detect them.

Split Ring Resonator (SRR) and its dual, Complemen-
tary Split Ring Resonator (CSRR), are widely used struc-
tures in metamaterial aplications. They offer a very high
@ —factor, and exhibit high sensitivity to capacitive and in-
ductive changes in the environment. An electrical lumped
element model for these resonators is needed for effective
design of circuits and systems. For this model to be used
in the design process, it should also include the effects
of other parts of the structure which can be transmis-
sion lines or antennas to excite resonators. An accurate
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Figure 1: Split Ring Resonator (SRR) structure with planar anten-
nas.

lumped-element model for a CSRR loaded transmission
line is provided in [§]. However, the targeted structure in
this paper is an antenna-coupled SRR and the discussion
will continue with its modeling hereafter. Analytical for-
mulation for calculation of effective capacitance and induc-
tance of the SRRs is given in the literature [9]. Lumped
element models for SRRs and SRR loaded transmission
lines have been demonstrated before [10] 11} 12]. Calcu-
lated capacitance and inductance values can be used in
these models. Improvements to the former lumped ele-
ment models were also presented [I3], [I4]. These models
are based on basic LC resonators with some improvements
and the addition of a transmission line model. However,
in addition to parameter fitting, which requires a priori in-
formation, excessive calculations are needed before using
these models in a design. Furthermore, neither of them
provide a direct connection between the physical dimen-
sions of the resonator structure and the equivalent model.
In addition, the whole structure including both the SRR
and the effects of antennas which are used to excite the
SRR have not been modeled, yet. The model proposed
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Figure 2: (a) Simulation of surface current density, (b) reflection (S11) spectrum, and transmission (S21) spectrum of the device without
backplate, and (c) simulation of surface current density, (d) reflection (S11) spectrum, and transmission (S21) spectrum of the device with

backplate.

in this paper addresses this bottleneck, as it consists of
parameters which are directly obtained from dimensions
of the resonator structure and properties of the materials
used in the structure and includes the effects of antennas.
This paper presents a lumped model for an antenna-
coupled Split-Ring Resonator, and an oscillator utilizing
the resonator. Foundation of the model and its compo-
nents described in Section [2 Experimental results and
their comparison with the equivalent model are provided
in Section Section [] provides the verification of the
model used in a reference oscillator benchmark. Finally,
results and achievements are discussed in Section [Bl

2. Modeling

2.1. FElectromagnetic Simulations

Fig[l] shows the structure, which comprises a metal-
lic ring resonator and a set of microstrip antennas im-
plemented on the same plane. Resonator has an inner

ring radius of R, circular metal path having width of w, a
thickness of h and a gap of g. The resonator has induc-
tive component due to current being carried by the series
path of the metallic ring and two capacitive constituents
stemming from the gap and the charge distribution on the
metal surface. Two different configurations of the same
resonator architecture are considered: a structure with an
Aluminum back plate and a structure without any back-
plate.

The electromagnetic behavior of the SRR structure
with an inner radius of R = 8 mm, a width of w = 1.25 mm,
and a gap of g = 2.4 mm is simulated using a commercially
available electromagnetic solver (CST Microwave Studio,
Darmstadt Germany). Figl2|(a) shows the surface cur-
rent density at the resonant frequency (2.1 GHz) of the
SRR with no backplate, revealing a circulating current in
counter-clockwise direction. Fig[2](b) shows the reflection
(S11) and transmission (S3;) spectra, which reveal notches
at the resonant frequency.



A similar resonator device having dimensions of R =
6.85mm, w = 4mm, g = 1.65mm is designed to target
a lower resonant frequency. This specific device is config-
ured to have a 2mm-thick aluminum plate on the back-
side. Figl2|(c) shows the surface current density distribu-
tion at the resonance, exhibiting a circulating current in
the counter-clockwise direction. The magnetic resonance
frequency formed by the circulating current leads to a dip
and a peak in reflection and transmission spectra, respec-
tively as shown in Fig[2](d). This current results in charge
concentration across the gap. In addition to the magnetic
field energy concentrated in the region enclosed by the
ring, the electric field, which is created due to the charges
across the gap, results in energy storage. Thus, the de-
vice shows a resonant characteristic to the perpendicular
magnetic field [I5]. As can be seen from the EM simula-
tion results, device with a metallic backplate has a peak in
the transmission spectra, whereas the device without back-
plate has a dip at resonance. The difference necessitates a
specific equivalent circuit model for each configuration.

2.2. Lumped Component Modeling

The resonance behavior of single split-ring resonator
can be modelled as a lumped LC circuit as described in
[I0). The values of effective inductance and capacitance
can be calculated using the following formulas as described
in [9]. The total inductance is given as,

w 8 (R + E) 1
Liot = (R f) log ——— 2/ _ = 1
tot = Mo +2 (Og h+w 5 (1)
where, p is free-space permeability. The total capacitance
is;

CY‘cot = Cgap + Cvsurf (2)

where, Cgap is the gap (split) capacitance, Cgyy is the
surface capacitance and these capacitances are calculated
as,

hw

Cgap=€0?+00 , Co=¢co(h+w+g) (3)

2050 (h + U)) log @ (4)
T g

C’s.urf =
where, g is free-space permittivity, and Cy is the correc-
tion to the parallel plate capacitance due to the fringe
fields. The resonant frequency is calculated as;

1
- 5)
27/ Lot Ctot
Using the design geometries, equivalent inductance and
capacitance values of the SRR used in backplate configu-

ration are calculated as Lio; = 26.3nH and Cio; = 392 {F.
The resultant resonant frequency of this device is fy =

fo
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Figure 3: Proposed model equivalent circuit schematic for (a) the
device with backplate, (b) the device without backplate.

1.6 GHz. For the the SRR with no backplate equivalent
parameters are calculated as Lio; = 37.8 nH and Cioy =
161 fF, respectively. This device has a calculated resonant
frequency of f, = 2 GHz.

Once the effective capacitance and inductance values
of the structure are calculated by using physical dimen-
sions, these values can be directly used in the LC model
to emulate the core of the resonator. However, SRRs are
typically used in applications where they are embedded
with other passive elements such as transmission lines and
antennas. Moreover, when a filter or an oscillator applica-
tion is aimed, an interface between the overall network of
the resonator, including peripheral passives, and the active
circuitry must be constructed. Therefore, the complete re-
sponse of the network including antennas and transmission
lines is needed.

2.2.1. SRR with a Backplate

In this configuration, the aluminum backplate converts
the microstrip lines into open circuited microstrip stubs.
When the structure is examined in the absence of SRR, it
can be considered as a microstrip coupled line directional
coupler with open circuited through and isolated ports,
and the coupled port is the second port in our structure.
However, this approach is just used to model the struc-
ture. It does not suggest that the physical structures are
the same as the components used in the model. Since the
spacing between the lines is very large, coupling is very
weak. When the SRR is added to the structure, it transfers
power between lines, and a peak is observed in transmis-
sion spectrum at resonance. Off-resonance transmission
will be very low.

When this operation principle is considered, the model
should contain a coupled line directional coupler, an RLC
resonator, and a magnetic coupling between these two cir-
cuits. The proposed lumped element model for this struc-
ture is depicted in Fig.a)7 where Riot, Liot, and Ciop
form the core of the resonator. Values of the Liy and
Ciot are calculated by using equations and , respec-
tively. At the resonance, equivalent impedance converges
to the value of Ry, which controls the quality factor of
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Figure 4: (a) Reflection (S11) spectrum, (b) transmission (S21) spectrum of the device with backplate for all the cases, (c) reflection (S11)
spectrum, (d) transmission (S21) spectrum of the device without backplate for all the cases.

the resonator. RLC' resonator is connected in series with
the signal path, thereby, transmission is ensured solely in
vicinity of the resonance band. 50} microstrip coupled
lines (Directional coupler-1) model the antennas having
equal lengths. Isolated and through ports of Directional
Coupler-2 are left open circuit to obtain the open-end ef-
fect in the antennas. Ideal transformers (TR1 and TR2)
are added to the model to include the magnetic coupling
between the resonator and the antennas. These transform-
ers are placed between the directional couplers and the
resonator core, to emulate the physical layout of the res-
onator with respect to the antennas. Coupling coefficient
of the transformer is used as a fit parameter in the model,
and it has no effect on the resonant frequency. It just de-
termines the ratio of power transmitted to the resonator,
thus, the magnitude of the peak in the transmission.

2.2.2. SRR without a Backplate

In the absence of the back plate, microstrip lines be-
have as monopole antennas. Fair amount of transmis-
sion occurs between the antennas around the resonant fre-
quency of the antennas. In order to model the transmis-
sion notch given in Fig.(b), a parallel RLC path, which
reduces transmission to a significantly low value, is intro-
duced.

Fig. (b) shows the proposed equivalent circuit model
for the device without a backplate. The series resonance

circuit composed of Riot, Liot and Cley blocks the trans-
mission of a specific frequency band designed by the ring
resonator geometry. In this model, TL1 and TL2 are mi-
crostrip transmission lines, and TLOC1 and TLOC2 are
open circuit microstrip stubs, all having 50€) character-
istic impedance. The total length of TL1 and TLOCI is
equal to the length of antennas in the network as well as
the total length of TL2 and TLOC2. Since the network is
reciprocal, lengths of TL1 and TL2 and lengths of TLOC1
and TLOC2 are equal to each other. TLOCs include the
open-end effects. Ideal transformers model the magnetic
coupling between the resonator and antennas. The prop-
erties of transformers and their locations between the mi-
crostrip lines are the same as the former model.

3. Experimental Verification of the Model

The resonator with the antenna pair network is im-
plemented on a 1.57 mm-thick FR4 epoxy-glass substrate
(e, = 4.4) with a copper thickness of 35 um. Transmis-
sion and reflection spectra are obtained by using two-
port measurements with a Vector Network Analyzer-VNA
(Rohde and Schwarz ZVB4) in vicinity of resonance fre-
quency. Fig.[q] shows s-parameters obtained from finite
element analysis (FEA), VNA measurements and lumped
element equivalent circuit model simulations, for each con-
figuration. According to the FEA results, the device with
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Figure 5: Simulation of surface current density of Aluminum back-
plate.

the backplate exhibits a resonant frequency at 1.576 GHz,
where a circulating current is formed in the ring. This
behavior is verified through VNA measurements, giving
fo = 1.617 GHz with a Q-factor of 57.6, leading to a rela-
tive difference of 2.5% compared to FEA. The model given
in Fig.a) is constructed by using parameter values that
are extracted from the design geometries. Simulation of
the model estimates a resonant frequency of 1.574 GHz,
which is within an error margin of 3%, both respect to
FEA and experiments.

The device with no backplate reveals a FEA simu-
lated and experimentally obtained resonant frequencies of
2.1 GHz and 2.06 GHz with a Q-factor of 343.2, respec-
tively. The model given in Fig.b) with parameters cal-
culated from the physical dimensions of the device predicts
the resonant frequency as 2.04 GHz. The mismatch be-
tween the measured and modeled resonant frequencies is
less than 1%. In addition to ability of inclusion of purely
physical parameters calculated directly from the design,
proposed models have very high accuracy in determining
the resonant frequencies of the resonators.

The devices used in this work were fabricated on a
standard FR4 epoxy glass substrate. Photolithography
was used in the fabrication. As a natural result of fab-
rication process, there appears some alterations between
the layout dimensions and the fabricated structure. Main
factors cause these differences are the mask generation,
photoresist development and etching processes. These di-
mension changes in the fabricated devices directly affect
the resonant frequency of the structures as formulated in
equations and [5l In the proposed model calcula-
tions and FEA simulations, drawn layout dimensions were
used. This causes the error between the measurements
and models. SRR structure is very sensitive to these di-
mensions, thus errors up to 3% in resonant frequency de-
termination were observed. Additionally, used substrate
has variations on relative permittivity, loss tangent and
physical dimensions form production lot to lot and they
all depend on frequency as illustrated in [I6]. These varia-

tions result in mismatches at off-resonance. Obviously, the
level of agreement between the results of our model, finite
element simulations and experiments can be improved us-
ing fitting factors to accommodate possible non-idealities
in fabrication and other environmental factors. However,
authors believe that an important aspect of the proposed
model is that it does not rely on any fitting factors in de-
termining the resonant frequency, rather it only depends
on the design geometry.

At resonance, there occurs a circulating current on the
surface of backplate because of the altering magnetic field
in the configuration of device with backplate (see Fig.
This current flows in the opposite direction of the current
flows on the split ring and degrades the overall magnetic
flux. This decrease in the magnetic flux results in a degra-
dation in quality factor. Because of this phenomenon, Q-
factor of the device with backplate is lower than that of
the device with no backplate.

4. Reference Oscillator Application

4.1. Oscillator Design

The oscillator design is based on an amplifier using
the high-Q SRR device in the positive feedback loop as a
frequency selective network [I7]. In order to obtain a sus-
tained oscillation signal, the magnitude of the loop gain
must at least equal to unity and the phase shift in the
loop must be 0° at the resonant frequency. Since the SRR
structure has a high reflection over a wide frequency range,
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Figure 6: Block level schematic of the oscillator.



the circuit may end up with unstable conditions and oscil-
late at other frequencies than the desired if the amplifier is
not designed properly. In order to prevent that, an MMIC
amplifier (Avago Tech. MGA86563) with a moderate gain
(G =~ 21dB) and high directivity (S12 < —45 dB) is se-
lected. The SRR structure with a backplate is used in the
oscillator design, due to the high-Q) peak offered in the
transmission spectrum. This peak leads to a minimum
loss at the resonant frequency. When this loss is compen-
sated by the active electronic circuit, damping in the loop
becomes negative and oscillations start to grow.

The schematic of the oscillator is depicted in Fig. [6]
L, = 3.3nH (EPCOS B82496C3339A) and C, = 1nF
(Murata GRM39C0OG102J25) are used for input match-
ing. T-LINE represents 3 mm-wide, 35mm-long addi-
tional transmission line between the SRR structure and
the amplifier which is used to adjust the phase. Butterfly
stub, a quarter-wave transformer and C, = 1nF (Murata
GRM39C0G102J25) form the bias-tee structure. —3dB
power splitter (Mini Circuits ZFSC-2-372-S+) is used at
the output of the amplifier to obtain the output signal from
the oscillator. OUT is read by a 50 {2-measurement equip-
ment. Power consumption of the circuit with Voc =5V
is measured to be 85 mW. Fig. [7] shows a photograph of
the experimental circuit. Metal box is used as a Faraday
cage. SRR structure and backplate are placed on top of
the box.

-« ON/JOFF

OUTPUT SWITCHES

Figure 7: Photograph of the experimental circuit.

4.2. Phase Noise

The oscillator is characterized by time and frequency
domain measurements of the output signal. The signal ob-
tained from the oscilloscope (Rohde & Schwarz RT 02034,
3 GHz bandwidth) is given in Figl8| The voltage excur-
sion is 1.32 V (peak to peak) and the period of the signal
is 618 ps. Frequency spectrum of the output is acquired
by using a spectrum analyzer (Rohde & Schwarz FSV 30).
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Figure 8: Measured time domain response of the oscillator.

The oscillation frequency is measured as 1.617 GHz, with
a carrier power of 6.4 dBm. The phase noise is measured
as —139.51 dBc/Hz at the frequency offset of 3 MHz. Vari-
ation of the phase noise with respect to offset bandwidth
is given Fig@ The figure of merit (FOM) is calculated as

FOM = L(Af) — 20log (Af—f> — 10log <11;L\(zjv) (6)

where L(Af) is phase noise at the offset frequency Af,
fe is oscillation frequency, Af is the offset frequency, and
Ppe is the DC power consumption of oscillator. Table
summarizes performances of the reported similar oscil-
lators and this work. Oscillators with an oscillation fre-
quency around 1 — 4 GHz band were listed. [I8] outper-
forms since its oscillation frequency is higher and has bet-
ter phase noise yet oscillation frequency of reported os-
cillator in this work can be scaled up via scaling resonant
frequency of the SRR with almost no drawback in Q-factor
and performance can be improved much further.

Table 1: Comparison of Reported Oscillators

et f.  PpC L{Af}  FOM
[GHz] [mW] [dBc/Hz] [dBc/Hz]
18] 418 20 -134.2|j| 1927
91 2.675 168 -105.5|E| 1771
92 377 1615 -99.63@ 179.9
20] 336 11 -1028¢¢ -132.08
This work 1.617 85 -129.2451 -180.5

“Phase noise at 1 MHz offset frequency
®Phase noise at 100 KHz offset frequency
“Phase noise at 10 MHz offset frequency
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Figure 9: Measured phase noise of the microwave oscillator as a
function of the offset bandwidth from the carrier.

5. Conclusion

This paper presents a novel lumped element model for
ring resonator structures coupled with planar antennas on
a single substrate. Accuracy of the model is proven on
two sample resonator devices with less than 3% error in
the resonant frequency estimation both in reference to 3D
electromagnetic solver and experimental measurement re-
sults. The lumped equivalent uses purely layout parame-
ters, resulting in an efficient connection between physical
structure and the simulation model. A reference oscilla-
tor with high spectral purity is developed with the pro-
posed model and —139.51 dBc/Hz phase noise at 3 MHz
frequency offset at 1.617 GHz center frequency is achieved
with a power consumption of 85 mW. The oscillator deliv-
ers a sinusoidal signal with a purity to satisfy Long Term
Evolution (LTE) phase noise requirements (—124dBc at
600 kHz offset bandwidth).
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