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In Section 1.1 we formulate the problem, in Section 1.2 we recall some basic facts, in Section 1.3 we
state our main theorems, and in Section 1.4 we discuss these theorems and provide an outline of the
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Abstract

We obtain bounds for the expected loss of torsional rigidity of a cylinder Qp = (—=L/2,L/2) X
Q C R3 of length L due to a Brownian fracture that starts at a random point in €, and runs until
the first time it exits {27,. These bounds are expressed in terms of the geometry of the cross-section
Q C R% Tt is shown that if Q is a disc with radius R, then in the limit as I — co the expected
loss of torsional rigidity equals cR® for some ¢ € (0,00). We derive bounds for ¢ in terms of the
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Introduction

remainder of the paper.

1.1 Background and motivation

Let A be an open and bounded set in R™, with boundary dA and Lebesgue measure |A|. Let A be
the Laplace operator acting in £L2(R™). Let (3(s),s > 0;P,,z € R™) be Brownian motion in R™ with

generator A. Denote the first exit time from A by

7(A) = inf{s > 0: B(s) € R™ — A},

and the expected lifetime in A starting from x by

va(z) = B [F(A)], x €A,



where E, denotes the expectation associated with P,. The function va is the unique solution of the
equation

—Av =1, v € HY(N),

where the requirement v € Hg(A) imposes Dirichlet boundary conditions on A. The function vy is
known as the torsion function and found its origin in elasticity theory. See for example [17]. The
torsional rigidity T (A) of A is defined by

T(A):/Ada:vA(x).

Torsional rigidity plays a key role in many different parts of analysis. For example, the torsional
rigidity of a cross-section of a beam appears in the computation of the angular change when a beam
of a given length and a given modulus of rigidity is exposed to a twisting moment [1], [14]. It also
arises in the calculation of the heat content of sets with time-dependent boundary conditions [2], in
the definition of gamma convergence [9], and in the study of minimal submanifolds [13]. Moreover,
T(A)/|A] equals the expected lifetime of Brownian motion in A when averaged with respect to the
uniform distribution over all starting points z € A.

Consider a finite cylinder in R? of the form
Qp=(-L/2,L/2) x Q,

where 2 is an open and bounded subset of R?, referred to as the cross-section. It follows from [5,
Theorem 5.1] that
T (L > T(QL) = T'(Q)L — 4H(Q)N, () /2, (1.1)

where H? denotes the two-dimensional Hausdorff measure, \;(€2) is the first eigenvalue of the two-
dimensional Dirichlet Laplacian acting in £2(Q2), and 7'(Q) is the two-dimensional torsional rigidity
of the planar set (2.

We observe that in (1.1) the leading term is extensive, i.e., proportional to L, and that its coefficient
T'(92) depends on the torsional rigidity of the cross-section Q. There is a substantial literature on the
computation of the two-dimensional torsional rigidity for given planar sets 2. See, for example, [17]
and [16]. The finiteness of the cylinder induces a correction that is at most O(1).

Let (B(s),s > 0;P,,x € R™) be a Brownian motion, independent of (3(s),s > 0;P,,z € R™), and
let

7(A) =inf{s > 0: B(s) e R™ — A}. (1.2)

Denote its trace in A up to the first exit time of A by
B(A) ={8(s): 0<s<T7(A)}. (1.3)

In this paper we investigate the effect of a Brownian fracture 8(€2;) on the torsional rigidity of Q.
More specifically, we consider the random variable 7(2;, — B(£21)), and we investigate the expected
loss of torsional rigidity averaged over both the path B(€;) and the starting point y, defined by

T(QL) =

=— [ dyE,[T(Q) - T(QL —B(Q0))], (1.4)
QL] Ja,

where [E, denotes the expectation associated with P,.

1.2 Preliminaries

It is well known that the rich interplay between elliptic and parabolic partial differential equations
provides tools for linking various properties. See, for example, the monograph by Davies [10], and
[3, 4, 5, 7, 8] for more recent results. As both the statements and the proofs of Theorems 1.1, 1.2
and 1.3 below rely on the connection between the torsion function, the torsional rigidity, and the heat
content, we recall some basic facts.



For an open set A in R™ with boundary A, we denote the Dirichlet heat kernel by pa (z, y;t), z,y €
A, t > 0. The integral

up(z3t) = / dypa(z,y;t),  we€A >0, (1.5)
A
is the unique weak solution of the heat equation
0
a—?(sc;t):Au(x;t), rzelN t>0,

with initial condition
li t) =1 in £LY(A),
imu(-5t) =1 in L7(A)
and with Dirichlet boundary conditions

u(-5t) € HY(A), t>0.

We denote the heat content of A at time t by

QA(t):/Ad:I:uA(x;t):/Adx/AdypA(a:,y;t), t>0. (1.6)

The heat content represents the amount of heat in A at time ¢ when A has initial temperature 1
while OA is kept at temperature 0 for all ¢ > 0. Since the Dirichlet heat kernel is non-negative and is
monotone in A, we have

0 < pa(w,y;t) < prm (2, ;) = (4mt) /2 e7lemvl?/(40), (1.7)
It follows from (1.5) and (1.7) that
0 <wup(z;t) <1, rEeAN t>0,

and that if |A| < oo, then
0<Qa(t) <A t>0. (1.8)

In the latter case we also have an eigenfunction expansion for the Dirichlet heat kernel in terms of
the Dirichlet eigenvalues A;(A) < Ao(A) < ..., and a corresponding orthonormal set of eigenfunctions

{@A,l) PA2; - }7 namelya
0
pA<xay7t> = Ze_tkj(/\)(pl\,j<x)sp/\,j(y)a T,y < Aa t>0.
j=1

We note that by [10, p.63] the eigenfunctions are in £P(A) for all 1 < p < co. It follows from Parseval’s
formula that

o] 2 00 2
Q) = 267“‘]‘(/\) </ dz @ij(:lj)> < et Z (/ dx @ij(x)) = e MM 7| t>0,
j=1 A j=1 WA
(1.9)
which improves upon (1.8). Since the torsion function is given by
va(z) = / dtup(x;t), x €A,
[0,00)
we have that - 9
T(A) = / dtQA(t) = (M) (/ da @A,j(x)) . (1.10)
[0,00) Q

j=1



1.3 Main theorems

To state our theorems, we introduce the following notation. Two-dimensional quantities, such as the
heat content for the planar set €2, carry a superscript /. The Newtonian capacity of a compact set
K C R? is denoted by cap(K). For R, L > 0 we define

Dr = {2’ €R?: |2/| < R},
Cr.r=(~L/2,L/2) x Dp, (1.11)
Cr = CR oo

For x € R? and r > 0, we write B(z;7r) = {y € R3: |y — x| < r}.
Theorem 1.1 If Q C R? is open and bounded, then

(i)

0<T(Q) T (QL+ % dt t12Qh (t) < %AQ(Q)*T’(Q), L>0, (1.12)
[0,00)
(ii)
T(Q) <6M(Q)V2T(Q),  L>0, (1.13)
(iii)
limsup T(Qr) < 4N (Q)~V2T77(Q). (1.14)
L—oo

Theorem 1.2 If Q) = Dg, then

lim T(Cp.r) = cR®, R >0, (1.15)

L—oo

with
6770379 — 582194
5059848192

where jo = 2.4048... is the first positive zero of the Bessel function Jy, and

s
Kk<lc< —, 1.16
50 (1.16)

k= Eq[cap(B(B(0;1)))].
We obtain better estimates when the Brownian fracture starts on the axis of the cylinder Cy g,

with a uniformly distributed starting point. Let

1

€(CL.r) = I / dy1 Ey, 0) [T(C'L,R) —T(CLr— (»B(CL,R))} (1.17)
(=L/2,L/2)

Theorem 1.3 If Q = Dpg, then

lim €(Cp ) =cR®, R >0, (1.18)
L—oo
with Ve
9867+/61 — 21773 . 1
<d<T(142). 1.19
303750 ”c4<+jo> (1.19)



1.4 Discussion and outline

Theorem 1.1(i) is a refinement of (1.1), while Theorems 1.1(ii) and 1.1(iii) provide upper bounds for
the expected loss of torsional rigidity. Theorem 1.2 gives a formula for the expected loss of torsional
rigidity in the special case where € is a disc with radius R. Theorem 1.3 does the same when the
fracture starts on the axis of the cylinder, with a uniformly distributed starting point.

Computing the bounds in (1.16) numerically, we find that the upper bound is 0.653 and the lower
bound is approximately .386 x 10~°k. Since  is bounded from above by cap(B(0;1)) = 4, the left-
hand side is at most 0.485 x 10~%. Thus, the bounds are at least 4 orders of magnitude apart. It is not
clear what the correct order of ¢ should be. The bounds for ¢’ in Theorem 1.3 are at least two orders
of magnitude apart.

The remainder of this paper is organised as follows. The proof of Theorem 1.1 is given in Section 2,
and uses the spectral representation of the heat kernel in Section 1.2. The proofs of Theorems 1.2 and
1.3 are given in Section 4, and rely on a key proposition, stated and proved in Section 3, that provides
a representation of the constants ¢ and ¢'.

2 Proof of Theorem 1.1

Proof of Theorem 1.1(i). We use separation of variables, and write x = (z1,2'), vy = (y1,v'), 1,y1 € R,
2',7y" € R%. Since the heat kernel factorises, we have

1
bar (1'7y;t) :pE,)L/QTL/Q)(xlvyl;t)pgl(xlvy,;t)» T,y € QL» t> 07

where pE?L/z L/2) (z1,y1;t) is the one-dimensional Dirichlet heat kernel for the interval (—L/2, L/2),

and pg, (2, y'; ) is the two-dimensional Dirichlet heat kernel for the planar set 2. By integrating over
Qr,, we see that the heat content also factorises,

QQL (t) = le_)L/ZL/Q) (t) le(t)a t> 07 (21)

where Qél_)L/ZL/?) is the one-dimensional heat content for the interval (—L/2,L/2), and Qg is the
two-dimensional heat content for the planar set Q. In [5] it was shown that

4t1/2 (1) 4t1/2 8t
L- T1/2 < Q(—L/Q,L/z)(t) <L-—- —iz + T t>0. (2.2)

Combining (1.10), (2.1) and (2.2), we have

4128t
T(0L) =/ dt Qq, (t) < / dt (L - —75 + = ) Qalt)
[0,00) [0,00) ™ L

, 4

1/2 § i
[o,oo)dtt QQ(t)+L/ dt t Qg (t). (2.3)

[0700)

To bound the third term in the right-hand side of (2.3), we use the identities in (1.9) and (1.10) to
obtain

/[0700) dt t Qo(t) = /[O,Oo) dt tie—t/\ﬂﬂ) (/Q dx (pg,j(x))z = iAQ(Q)_z (/Q i %J(m))z
SHE@T Y XK@ (/Q e %,j@c))? = X9 T'(). (2.0

Jj=1

This completes the proof of the right-hand side of (1.12). The left-hand side of (1.12) follows from
(1.10), (2.1) and the first inequality in (2.2). |



Proof of Theorem 1.1(ii). Since 0, C R x £, we have that vg, (z1,2") < vrxa(z1,2’) = v (2'). Hence

T(Q) < / da / do' vi(a') = LT'(9). (2.5)
(~L/2,L/2) Q

To prove the upper bound in (1.13), we recall (1.4) and combine (2.5) with a lower bound for E, [(7 (2z—
B(QL))]. We observe that, for the Brownian motion defining B(2y) (recall (1.2) and (1.3)) with

starting point 8(0) = (51(0), 5'(0)),
7(Qp) < 7(Q2) =inf{s > 0: B'(s) ¢ Q}.

Hence I I

B(Qr) C [max {_2’091213(9) 51(8)} , min {2’052}'((9) 51(8)}] x Q.
Therefore 2y, — B(Qy) is contained in the union of at most two cylinders with cross-section © and
with lengths (L/2 +ming<,<,(0) 51(3))+ and (L/Q — maxXo< < () 1 (s))+7 respectively. For each of

these cylinders we apply the lower bound in Theorem 1.1(i), taking into account that the total length
of these cylinders is bounded from below by L — (maxogng/(Q) B1(s) —ming< <, () ,61(5)). This gives

700 -3(00) = (£~ (s A~ min 81 ) 7@~ 5 [ a0, 20)

0<s<7/(2) 0<s<7/(2)

With obvious abbreviations, by the independence of the Brownian motions B; and B’, we have that
Ey,,y) = Ey, ® Eyr. For the expected range of one-dimensional Brownian motion it is known that
(see, for example, [11])

. 47 (Q)1/?
E,y, ngg}f(ﬂ) Bi(s) — OSSIQITI}(Q) 51(5)} =iz (2.7)
Furthermore,
B @] = [ e try @ e = [ are (e > )
[0,00) [0,00) T

1 1
=5 TR @) = [ are [ e 28)
[0,00) [0,00) Q

Therefore, by (1.6) and Tonelli’s theorem,

/ dy' E, [7’(9)1/2] = 1/ dTT‘l/QQb(r). (2.9)
o 2 Jio,00)
So with |Qp|/L = H?(Q),
1 1
— dyE,[r'(Q)?] = / dr 77Y2Q4 (7). 2.10
ful Jo, VO = @) o) (210
Combining (1.4), (2.5), (2.6) and (2.10), we obtain
8 2
Qp) < —= 1201 7/ —12Q; "(Q). 2.11
g( L) = 71_1/2 /[0700) dtt Qﬂ(t) + <’/T1/2H2(Q) [0,00) dr QQ(T) T ( ) ( )

The second integral in the right-hand side of (2.11) can be bounded from above using (1.9). This gives
that

2 —1/2y 2 —1/2 =72 () _ 9y\/ —1/2
7T1/2}[2(Q)/[0m) dr 77/ 7Qq(7) < Vel drv—/“e =2\ (Q)" =, (2.12)



Via a calculation similar to the one in (2.4), we obtain that
8 _
e /[0 X 1200 () < AN, Q)2 T(). (2.13)
Combining (2.11), (2.12) and (2.13), we arrive at (1.13). n

Proof of Theorem 1.1(iii). If we use the upper bound in (1.12) instead of the upper bound in (2.5),
then we obtain that
T(Q) < AN QT2 T(Q) + 8L N () T(Q).

This in turn implies (1.14). |

3 Key proposition

The proofs of Theorems 1.2 and 1.3 rely on the following proposition which states formulae for the
constants ¢ in (1.15) and ¢ in (1.18), respectively. We recall definitions (1.4), (1.11) and (1.17).

Proposition 3.1 If Q = Dg, then

lim T(Cr r) = cR?, lim €(Cr r) = R®, R >0, (3.1)
L—o0 L—oco
with
1 /
c=— dy E(o,y dx (vcl (x) — Uclf%(cl)(f)) ,
TS Dy @ (3.2)

d =E,) [/Cl dx (Ucl (z) — 'UCl‘B(Cl)(x))] :

Proof. The proof for T(Cr r) comes in 10 Steps.

1. By (1.4),

1

CrL,r

/C dx (UC’L,R ({,E) - /UCL,R%(CLYR)(:L.))‘| . (33)

We observe that z + ve, (%) — vo, p—m(c, z)(®) is harmonic on Cp r — B(CL r), is non-negative,
and equals 0 for € 9Cp gr. By Lemma A.1 in Appendix A, N + vcy (%) — Voy -y p)(T) 18
increasing on [L, 0), and bounded by ;R? uniformly in z. Therefore

ch‘R(x) - UCLVR—‘B(CL,R)(:E) S ]\}E}noo (UCN,R(m) - ’UCN,R—‘B(CL,R)(:E))

= lim UCN,R(x) - J\;EHOOUCN,R*‘B(CN,R)(Q:)

N—o00
= UCR(x) - UCR—‘B(C’L,R)(x)
< UCR({E) — UCR—%(CR)(‘:U), xT € CL,R — %(CL,R)- (34)

The last inequality in (3.4) follows from the domain monotonicity of the torsion function. Inserting
(3.4) into (3.3), we get

T(Crp) < FR%L /C dy /C dr By [ (ven () — vop-sion(@) ] (3.5)

Since vy, () is independent of x1, we have ve, (2) = vo, (x — (y1,0)) and so

Ey [UCR (‘T)} = IE(O,y’) [vCR (‘T - (yh 0))] . (36)



Since the stopping time 7(Cr — B(Cg)) is independent of y;, we also see that

Ey[ven—s(cn) ()] = E0,y) [Vor—mcn) (@ — (41,0))]. (3.7)

Combining (3.5), (3.6) and (3.7), we obtain

T(CL.Rr)

IN

ﬁ/ ) dyE (0,4 UCR dx (UCR(CC = (Y1,0)) —vop - cr) (T — (Y1, 0»)]

CL’

1
= — dyE . d — _
R /CL’R Y E 0,y [/CR x(”UcR(x) Ve %(CR)(x))}

1
77TR2 /DR dy/ E(O,y’) |:LR dx (’UCR((E) — UCR—%(CR)(:E)>:| .

We conclude that

. 1 /
limsup T(Cr,r) < @/ dy Eo,y) {/c dz (vey (x) /UCR—‘B(CR)(I’)):| :

L—oco Dgr

Scaling each of the space variables 3 and z by a factor R, we gain a factor R® for the respective
integrals with respect to y" and x. Furthermore, scaling the torsion functions vcy, and vey, —s(cy), We
gain a further factor R2. This completes the proof of the upper bound for c.

2. To obtain the lower bound for ¢, we define L = {z € R3: z; = +L/2} and
- L L
CL’R:{(JH,.’L‘/)ECRZ —2+(RL)1/2<{E1<2—(RL)1/2}, L > 4R.

Then, with 1 denoting the indicator function, we have that

1
Cun) 2y [ B | [ de (v —ch,R_%(cL,m(x))]

1
>— [ dyE, |1 - da ( — ey )
= TR2L /C'L,R Y By | HB(CL r)NL=0} /CL,R T UCL,R(‘T) UCyr r %(CL,R)(I) ]

1
= m/ dy E, 1{%(CL,R)0£:@}/ dx (UCL,R(JJ) —UcL,R—%(cR)(z))]

CL.r L Cr.r
_ 1 / dy E _ / d (vey, 1 (2) = vy m(en (@) | — A (3.8)
7TR2L C’:VL‘R Y I Cr.n L,R L,R R 5
and
1
A= 7TR2L/C*«L’R dy Ey 1{%(CL,R)OE75®} /CL,R dx (UCL,R(x) - UCL.R—%(CL‘R)(Z')>‘|
<L/ dyE [1 7 }/ dzve, ()
= 7TR2L C’LYR Y {‘B(CLYR)HL;ﬁ(D} CL,R L.R
R? N
<& [ ayr,8CnnL#0)
CL.r
4L -
8 yeéL,R
where

O(K) =inf{s > 0: B(s) € K}



denotes the first entrance time of K. The penultimate inequality in (3.9) uses the two bounds
fCL,R drvc, ,(r) < fCL,R dzvey,(z) = $7R'L and |Cp k| < TR?L.

3. The following lemma gives a decay estimate for the supremum in the right-hand side of (3.9) and
implies that limy_,,, A1 = 0.

Lemma 3.2

sup P, (6(L) < 7(Cr)) < (jo + 1)t/ Fol 2GR [ > 4R, (3.10)
yeCL R

Proof. First observe that the distance of i to L is bounded from below by (LR)/2. Therefore

P (0(0) < 7(Ci) < Play (_max 15105 > (LR ). (3.11)

By [6, (6.3),Corollary 6.4],

(1) > < 93/2,—R’/(8t)
P <Or£1?%(t|51(s) > R) < 2°/%e . (3.12)

Combining (3.11) and (3.12) with the independence of 31 and 8, we obtain via an integration by parts,

P, (0(L) < 7(Cr)) < 23/2 /

dr (aPy/ (T'(DR) > 7')) e~ LR/(87)
[0,00) or

LR dr

= Py (7'(Dg) > 7) e LR/B7), (3.13)

[0,00) ﬁ

By the Cauchy-Schwarz inequality, the semigroup property of the heat kernel, the eigenfunction ex-
pansion of the heat kernel, and the domain monotonicity of the heat kernel, we have that

Py (r'"(Dr) >7) = | d2'pp, (2, y;7)
Dr

1/2
< (7rR2)1/2(/ d?’ (p’DR(Z',y';T))2>
Dgr
1/2
= ROVt (43 27) "

0 1/2
_or\ 2
— (WR2)1/2<Z€ 2 )\J(DR) (‘:DIDR,J‘(Z/)) )

j=1
, o) , ) 1/2
< (WRQ)l/Qe_TAI(DR)/Q(Ze_TAj(DR)(LPIDR,j(y/)) )
j=1
N 1/2

= (R 2R (g (f 7))

N 1/2
(wR?) 26 P/2 (o (5 m) Y
Re—i37/(2R?)

Sl (3.14)

IN



Combining (3.13) and (3.14), and changing variables twice, we arrive at

~ LR? dr 9 2
L AT —j27/(2R*)~LR/(87)
P,(0(L) < 7(CR)) < 5572 /[O’OO) —73 ¢ 72

.3/2
:]0/ L1/4/ dr 67j0L1/2(7_+T—1)/(4R1/2)
[

2R1/4 0,00) 75/2

.3/2
= M dr e—do L' (T2 477%) /(4R/?)

R1/4 0.00) T

2R1/2 L r1/2 1/2
= ql/2; —joL 2R
- j°<”w>6 e (3.15)
The last equality follows from [12, 3.472.4]. This proves (3.10) because L > 4R. m

4. We write the double integral in the right-hand side of (3.8) as By + Bs, where

1
Bi="Twr /C*L,R dy &, ll{%(cmﬁ_w} /CL,R dx (”Cw(x) - UcL,R—%wR)(I))] ’ (3.16)

1
Ba= et /ém dy By | 1wy, nynt 40} /CL’R dx (”Cm(f) - UcL,R%<CR>("3))] ’
with

L1/2
in%:F(R ) .

2

We have that

1 .
< dyP, (B(Cr)N L d
By o [, wP(BCNLA0) [ e,
4
< TRL sup P, (r(L) < 7(Ckr)). (3.17)
8 ~
yeCrL R

The distance from any y € Cp g to L is bounded from below by (RL)'/2/8. Following the argument
leading from (3.13) to (3.15) with (RL/4)"/? replacing (RL)'/?, we find that

. 4R1/2 - N
P,(r(L) < 7(Cr)) < 7/%jo (1 + ﬁm)em P2/@RY) (3.18)
0

This, together with (3.17), shows that limy_, ., B2 = 0. It remains to obtain the asymptotic behaviour
of Bl .

5. We write By = B3 + B4 + By, where

1
Bs = Ther /ém dy Ey 1{%<Ca>mi:w}/c

L,R

dz (e (2) - voR_mcR)(x))] :

1
By = —— dy E, |1 - d — ,
4 7TR2L /C'L,R Y Y [ (B(CrINL=0} /CL,R v (,UCLYR(‘T) YCr Cﬂ))]

1
Bs=—— | dyE
° WRQL/(}L’R Yy

Lis(Cr)ni=0} /C

L.R

dz (vcrmcm(x) - ch,chﬁ)(w))] - (319)
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We have that

éL,R CL,R
1
Z m /C’LVR dy (T(CL,R) - LT’(DR))
4 1/2
> -5 /[O . dt t'2Q), (1), (3.20)

where we have used the lower bound in (1.12) for Q = Dg. Furthermore,

1
Bg = 77TR2L \/éLYR dy Ey |:/CV'R dl’ (’UCR(LL') — UCR—‘B(CR) (ZL')):| — A2 — Ag, (321)
where
Ay = L/ dy E, |1 - / dx (’UC () —vep—m(c (:v))
TR2L Jé, Y | H{B(Cr)NL=0} Cr—Cu.n R R r) J
1
As = R - dy By |1y (opnicoy . dx (UCR(x) - UCR,%(CR)(x)) . (3.22)

6. To bound Ay we note that x — vo, () — vo,—s(cp) () is harmonic on Cr — B(CRr), equals 0 for
z € OCR, and equals 1 (R? — [2/|?) for x € B(Cg). Therefore

2
en(®) = ey m(on(®) S B (FB(CR)) < 7(Cr)).

On the set {B(Cr) N L = 0} we have that 7(L) < 7(B(Cg)). Hence

71 P z -
A2 § 47TL C«L . dy Ey [1{%(03)ﬂ£—@} LRCL . dl’]P)x (T(L) g T(CR))‘|
1 _ R
= _ <
~arL Je, , dy Ey l/CRCL,R dx P, (7(L) < 7(Cr))
R? ( 2R1/2) / _ .
=32\ e dz Py (7(L) < 7(Cr)). (3.23
4 L1/2 Ca—Cp ( (L) (Cr ) )

Recall that 7(L) equals the first hitting time of L by j3;, and that 7(CRr) is the first exit time of Dg by
B'. Furthermore, for 2 € Cg — Cp, g the distance from x to L is equal to (RL/4)'/? + x1. By (3.14),

Re—33m/(2R?)

Pm/ (7_'/(DR) > T) < (47—)1/2

It is well known that

I?’(()l) max f(s) > R ) = (w7) /2 d¢ eE/T) < 91/2 o= R/(87)
O<S§T [R,OO)

Hence
P(()l) (max Bi(s) > (RL/4)1/2 +3:1) < 91/2—(RL+4xT)/(327)

0<s<t

11



By the independence of 5; and 3’ we have, similarly to (3.13),

P, (7(L) < 7(Cr)) < 2'/? / dr (aalfvm, (7(Dg) > T))e—<RL+4w?>/ (327)

[0,00) T
< R(RL + 4a7) / dr o—i37/(2R?)—(RL+4%)/(327)
= o11/2 0.00) T2

_ R(RLH‘Z‘L”U%) / dr 71/2 =33/ (@R*T)~(RL+423)7 /32
2
[0,00)

R(Rng; 4a1) / dr 72 e~ 92/ (2R*7?)— (RL+423)r? /32
2 [0,00)

1 2\1/2
= 2W1/2R(RL+4I%)71/2 (1 + W) e*jo(RL+4zf)l/2/(4R)

< 91/ (RIZ N jO) o~ G2L/(32R)V/2~(joa? / (32R2) /2
= L 4 b

where we have used [12, 3.472.2]. Integration of the above over z € Cr — Cp, g, together with (3.23),
gives
Ay = O(eBIGRD?Y oo, (3.24)

7. To bound As in (3.22), we use the Cauchy-Schwarz inequality to estimate
1 R 1/2 2\ 1/2
Mg [ (B0 <o) (B | [ de(ven@) - verneo@)| ) 329)
7TR L CL,R Cr

The probability in (3.25) decays sub-exponentially fast in (L/R)/? by (3.18). Hence it remains to
show that the expectation in (3.25) is finite. Define

B(Cr) = {:c €Cr: min  Ai(s) <z < max ﬂl(s)}.

0<s<7(Chr) 0<s<7(Cr)

Then B(Cr) C B(Cr), and

By | [ e (veulo) - chwm(f))r <u. |

For z € B(CR) we have ve, (z) < R?/4 and ’UCR_%(CR)(I) = 0. Furthermore,

2
dx (’UCR (l‘) — UCR%(CR)(m))] )

R

R;m (7(B(Cr)) < 7(Cr)), =€ Cr—B(Cr),

VCR (%) — Vop—m(og)(T) <

and hence

E, [/OR dzx (ch (z) — UcR%(CR)(x))} 2

R4

IB(CRr)[>+ (/CR_%(CR) dz P, (f(%(CR)) < T(CR))>21 . (3.26)

The probability distribution of the range of one-dimensional Brownian motion is known (see, for
example, [11, Eq. (19)]). This gives

> 6dlog2

]E ’ — 1 — / D . 9
y {O<Sr<nﬁ’(<DR)51(3) O<SI<HTII(1DR)/31(3)} i/ 7'(Dr) (3.27)

12



By a calculation similar to (2.8) and (2.9), we see that

> 6dlog?2
E, max  fi(s) — min [31(5} 15 / dT/ dz' pp (Y 2’5 7)
Dr) [0,00) Dr

0<s<7/(Dr) 0<s<r(
= ) < o2
Together with (3.27), this yields
E,(|%B(Cr)[?) < 167%/%(log2) RS,

which gives us control over the first term in the right-hand side of (3.26). To estimate the second
term in the right-hand side of (3.26), we note that the set Cr — B(Cg) consists of two semi-infinite
cylinders. It is instructive to calculate this term explicitly. To simplify notation, we define C;.g ={x e
R3: 21 > 0,|2'| < R}, Zr = {z € R®: 21 = 0,|2'| < R}, and 9(ZR) = inf{s > 0: B(s) € Zg}. Then,
by separation of variables and integration by parts, we get

P, (9(Zr) < 7(CF)) = / P, (7(Dg) € dr)B,, (9(Zg) < 7)

[0,00)
2 _g2
1/ 1/2
[0,00) [v1/(271/2),00)
_ B ( 201 _a?/(ar)
= /[o,oo) dr P, (7'(Dg) > 7) i 1 . (3.28)

Integrating (3.28) with respect to 1 € RT, we find that

4

da1Po (0(Zr) < 7(CF)) = =75

R+

dTT71/2 Pml (7_'/(DR) > T). (329)

[0,00)

Subsequently integrating both sides of (3.29) over 2’ € Dg, we get

_ 4
/ dePm(ﬁ(ZR)ST(C;F))ZM/[O )dw‘”QQ’DR(T)-

It follows that

([ aBa(r(B(Cr) = ) =% [ i, @) em

™

The integral over 7 in (3.30) is finite by (2.12). We conclude that, by (3.18),
X 1/2 3 2\ 1/2
As < <]P’y(0(L) < T(CR))> (27r3/2(10g2)R10 + R4</ dTT—l/2Q’DR(T)) )
g [0,00)

— O(e L PIARTY o, (3.31)

8. The integrand in (3.21) is independent of y;. Since limy, (L — 2(RL)'/?)/L = 1, we have by
(3.21), (3.24) and (3.31) that

o 1
hLHi)lOI(l)f B; > =51 /DR ay' E o,y [/CR dx (UCR(x) — ’l}CRsB(CR)<.'E)>:| . (3.32)

9. It remains to obtain a lower bound on Bs in (3.19) as L — co. The integrand with respect to z is
a non-negative harmonic function, which can be bounded from below by enlarging the set B(Cg) to
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Cry={Dg x [-L + L(RL)"/?, £ — L(RL)"/?]}. Hence

1
5> ——— - A — A
Bs > TR2L /OLR dy Ey ll{%(CR)mL—@} /CLR dz (UCR*CR,L(LU) UCL,RCR,L(m))]

1 -
= 7 /(}L’R dyP,(B(Cr) N L =0) /CL‘R—OR,L (chféRvL(:v) — UCLYRicﬁR)L(.’B)). (3.33)

|
Q.
8

The set Cr g —CA’R,L consists of two cylinders with cross-section Dg and length (RL)1/2/2 each. Hence,
by Theorem 1.1(i), we have

8 _
/  dwug, e, (2) =T (Dg)(RL)'? - W/ dt t2Ql, (t) + O(L™Y?).  (3.34)
Cr,r—Cr,L ' ' m [0,00)

The set Cr — CA'R7 1 consists of two semi-infinite cylinders, and we integrate the torsion function for
that set over two cylinders of length (RL)I/ 2/2, each near their base. Adopting previous notation, we
get

dzv (x)—2/ d£U1/ da'v+ ()
/CL r—Cr,L Cr—Cr.s 0,(RL)'/2/2) <
o 1ttt
[0,00) 0,(RL)'/2/2) Dr [0,00) Dr 0,00)
- 2/ dt/ dzy up+ (21;1)Qp,, (1)
[0,00) 0,(RL)'/2/2)

2 .
dt/ T (1/ dée™¢ >Q’ (t)
/[000 [0,(RL) 1/2/2 T2 ey (46)172,00) n

= T/(DR)(RL)Y? — / at Q) (1) / iy / e
[0,00) [0,(RL)/2/2) [21/(4)1/2 00)

4
2 TR (R s )dtQ’DR(t)/[ )dml/[ e
0,00 0,00 z1/(4t)1/2 00
4
= T'(Dr)(RL) ~ /[0 A Qh 1) (3.35)

Combining (3.33), (3.34) and (3.35), we arrive at

1 . 4 , B
T / dyIF’ (B(Cr)NL =0) <7r1/2 /[O’OO) dt /2 Q) (t) + O(L 1/2)).

We conclude that

4
lim inf By > 7T1/2/[0 )dtt1/2 Qb (t). (3.36)

10. From (3.20), (3.32) and (3.36), we get

hm 1nf(B3 + By + Bs) > ﬁ/ dy' E 0,4 [/C dx (ch(a:) - UCR%(CR)(m))] .
R

Scaling each the space variables 3 and z by a factor R, we gain a factor R® for the respective integrals
with respect to y’ and . Furthermore, scaling the torsion functions vo, and ve, —s(cy), we gain a
further factor R?. Hence

1
TR2 /DR dy’ E0,4) {/CR dx (’UCR (z) — UCR—‘B(CR)(x)):|
_ 1 5 /
=—R dy Eo,y) dz (ve, (z) — ve, —s (0 (@) ) | »
T D, Ch
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which is the required first formula in (3.1). n

The main modification for the proof for €(Cr r) in the second formula of (3.1) is that no averaging
takes place over the cross-section Dg as 3’ = 0 is fixed. Hence the absence of the factor % and the
integral with respect to y’ over D; in the formula for ¢ in (3.2).

4 Proofs of Theorems 1.2 and 1.3

The proofs of Theorems 1.2 and 1.3 are given in Section 4.1 and 4.2, respectively, and rely on Proposition
3.1.

4.1 Proof of Theorem 1.2

To prove the upper bound we note that \j(Dr) = jé/R? and T'(Dgr) = mR*/8 (see [5]). This gives
the upper bound 7R®/2j, for the right-hand side of (1.15), which implies the upper bound for ¢ in
(1.16).

To prove the lower bound we start from (3.2). Let a € (0, 1). We have the following estimate:

1
c= 7/ dy’ E(0,y) {/ dx (Ucl (x) — Ucl—%(cl)(x))}
™ D1 Cl
1 !
- dy K,y dx (Ucl (z) - Ucl—%(cl)(fﬂ))
™ JD C

a

1
7/ dy/ E(O,y’) [/ de (Ucl (.’E) — UC&—%(B(,@(O);Q))("E))‘| 5 (41)
™ JD {z€R3: |z—B(0)|<a}

a

Y

v

where we have used that B(Cy) D B(B((0,y');a)). To estimate the second integral, we consider a
fixed compact set K C B((0,4');a) C R? and derive a lower bound for v¢, (z) — ve, — i (z) uniformly
in|y'| <aand |z —(0,y)] <a.

First note that  — v¢, (x) — vo, —k (x) is harmonic on Cy — K, equals 0 for € 9C4, and equals
(1 —|2/|?) for z € K. If |§| < a, then |z'| < 2a, x € K. Hence v¢, (x) — ve, i (x) > (1 — 4a?) for
x € K. We therefore have

1 — 4a?
4

ve, () —ve,—k(z) > P, (Trs_x < 7(C1)), xz € C1. (4.2)

By the strong Markov property, we have

H_DI(?RB,K < 77'(01)> = Pm(ﬁR?’fK < OO) —PI(?(CH) < Tre_g < OO)

> inf P, (Trs_g < 00) — sup P, (Tps_x < 00). 4.3
Z o f P (e < 00) v (7 < o) (43)

Let pg denote the equilibrium measure for K. Then (see [15])

_ 1
B, (7s - d : K. 44
”(TR:; K <oo) /K/LK( 2) e p— T € (4.4)
If z€ K and |z — (0,y')] < a, then |z — z| < 2a. Hence (4.4) gives
inf By (fsx < 00) > / e (d2) = —— cap(K). (4.5)
{lz—(0,y")|<a} ~ 8ma Ji 8ma

Furthermore, if x € 9C1, z € K and |y'| < a, then |z — 2| > 1 — 2a. Hence (4.4) also gives

sup ]li’m (ﬂRs_K < oo)

REGCEED o
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Combining (4.5) and (4.6), we get
1—4a

Py (fre—gx < 7(C1)) > ————~cap(K), K C B((0,y);a), |z —(0,y) <a |¥| <a

~ 8ma(l — 2a)
Combining (4.1), (4.2) and (4.7), we arrive at

1—4a®> 1—4a /
¢z dy’/ dzE. ) [cap(B(B(B(0);a
i 5ma0=20) Jo, Y Jcne o oyeay 2 EO0 [P(BBE): )]

_ (- 4a)$1+ 2a)a” b [cap(B(B(0;a)))]
(- 10)(1+ 20)0

24 o

where we have used that H?(D,) = ma?, |B(0;a)| = a3, and

Eo[cap(B(B(0;)))] = aEo[cap(B(B(0;1)))] = ra.

The right-hand side of (4.8) is maximal when

This choice of a yields the left-hand side of (1.16).

4.2 Proof of Theorem 1.3

We first prove the upper bound. By (2.8),

1
Eq [T’(DR)l/ﬂ :/ dr /2 P, (T'(DR) € dT) = 7/ drr=1/? dz' pp,,(0,2';7).
[0,00) [0,00) Dr

By the monotonicity of the Dirichlet heat kernel,

Pp,(0,257) < pRa(0,2'37) = (4nr)~te 1FF/()

Combining (4.9) and (4.10), we get

1 /

Eo [T/(DR)l/Q} < */ dTT_l/Q/ dz' (4nr)~te */(am) — %ﬂl/zR.
2 [0,00) Dr

Combining (2.6), (2.7) and (4.11), we obtain

By [T(Chn — B(Cun))] > (L~ 2R)T (D)~ —7 /[0 G, o)

From (1.12) we have

4
T(CrL.r) <T'(Dgr)L — m/ dt tl/QQ/DR (t) T'(Dg).

8
+ -
[0,00) L>‘I1(DR)

Combining (1.17), (4.12) and (4.13), we get

4
¢(Cr.r) <2RT'(Dgr) + m/ dt tl/zQ’DR(t) + T'(Dg).
[

0,00)

8
LM (Dr)
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Since T'(Dg) = ER*, we conclude by (2.13) with Q = Dg, that

1
limsup €(Cp.p) < = <1 + > RS
L300 4 Jo

To prove the lower bound we start from (3.2). Let a € (0, %) We have the following estimate:

¢ =Ko [/Cl dx (vcl (z) — Uclw(cl)(ﬂf))] > Ko [/Da dx (Ucl (z) - UCl‘B(B(,B(O);a))(x)>] :

Fix a compact set K C B(B(0);a) C R3. Note that # — v¢, (¥) — ve, —k (x) is harmonic on C; — K,

equals 0 for x € 9Cy, and equals (1 — |2/|?) for z € K. If |2| < a, then |2/| < a, 2 € K. Hence

vey (@) — voy—k (2) > 3(1 — a?) for © € K. We therefore have
1—a?
4

It is straightforward to check that (4.5) holds for ¢’ = 0. Furthermore, if 2 € dC; and z € K, then
|z — x| > 1 — a. Hence, by (4.4),

ve, () —vo, i (x) > P, (?RS,K < ?(Cl)), x € Cy.

— 1
S P, g <o0) < —cap(K).
»e00; (7rs 1 < o0) < (i —a) P
Combining (4.5) and (4.6), we get
_ 1—3a
P, (7 T > K KcB ; <a.
o (Tre—r < 7(Ch)) = Sra(l—a) cap(K), C B(B(0);a), x| <a

Combining (4.2), (4.5) and (4.7), we arrive at

Eo [/Cl dx (Ucl (z) - Ucl—%(cl)(f))]

1—a®> 1-3a /
= dx Eq|cap(B(B(0;a
4 Sﬂa(]‘ - a‘) {z€R3: |z|<a} 0[ ( ( ( )))]

~ (1-3a)(1+a)d®
= o1 k. (4.14)

The right-hand side of (4.14) is maximal when

This choice of a yields the left-hand side of (1.19). |

A Appendix

The following estimate was used in Step 1 of the proof of Proposition 3.1.

Lemma A.1 Let Q1 C Qs be non-empty open sets in R™ and K a compact set in R™. Let the torsion
functions for OQq,89,Q1 — K,Qo — K be denoted by vq,,va,,Va,—K,V0,—K, respectively. Suppose that
inflspec(—Aq,)] > 0. Then

v, () —va,-k () > va, (r) —vo,-k(2), €M -K,

and
1
v, (T) — v, K (x) < g(m + em'/? £ 8)A(Qy) L, red —K, (A.1)

with

c=+/5(4+1log2).
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Proof. We extend the torsion functions vg,_x and vo,_x to all of Q; by putting them equal to O
on K U (R™ — Q). Define h(x) = (va,(r) — va,—k (7)) — (va, (z) — va,—k(z)), x € Q1 — K. Then h
is harmonic on Q; — K, and h(z) = vq,(z) — v, () > 0, z € K, by the domain monotonicity of the
torsion function. Furthermore, h(z) = vq, (z) — va,— k() > 0, z € 0, by the domain monotonicity,
and h(z) > 0, z € Q; — K, by the maximum principle of harmonic functions. The estimate in (A.1)
follows from the non-negativity of the torsion function, together with the estimate in [18]. ]
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