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Abstract. In this paper, we give a generalization of Hicks type contractions and Golet
type contractions in intuitionistic fuzzy metric spaces. We prove some fixed point theorems
for this new type contraction mappings on intuitionistic fuzzy metric spaces. These results
generalize some known results in fuzzy metric spaces and probabilistic metric spaces.
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1. Introduction

As a generalization of fuzzy sets introduced by Zadeh [29], Atanassov [2] introduced
the idea of an intuitionistic fuzzy set. Recently, much work has been done with these
concepts [3,4]. Coker and a coworker [5,6] introduced the idea of the topology of
intuitionistic fuzzy sets. Samanta and Mondal [26, 27] introduced the definition of
the intuitionistic gradation of openness. Using the idea of intuitionistic fuzzy sets,
Park [25] defined the notion of intuitionistic fuzzy metric spaces with the help of
continuous t-norms and continuous ¢-conorms as a generalization of a fuzzy metric
space due to George and Veeramani [8]. Recently, Hicks [13] and Golet et al. [9]
introduced H-contraction and g-contraction mappings in probabilistic and fuzzy
metric spaces, respectively. In addition, many authors [1, 10, 11, 24] have proved
fixed point theorems for contractions in fuzzy and intuitionistic fuzzy metric spaces.

In this paper, we shall give a generalization of Hicks type contractions and Go-
let type contractions on intuitionistic fuzzy metric spaces and prove some fixed
point theorems for this new type contraction mappings on intuitionistic fuzzy met-
ric spaces. Let IV be the set of all positive integers. The structure of this paper is
as follows. In Section 2, we recall some definitions and the uniform structure of in-
tuitionistic fuzzy metric spaces. In Section 3, we give some concepts on contraction
and prove two fixed point theorems in intuitionistic fuzzy metric spaces. Our results
generalize and extend many known results in fuzzy metric spaces and probabilistic
metric spaces.
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2. Preliminaries

In this section, some definitions and preliminary results are given which will be used
in this paper.

Definition 1 (see [28]). A binary operation * : [0,1] x [0,1] — [0,1] is a continuous
t-norm if x satisfies the following conditions:

(a) % is commutative and associative;

(b) * is continuous;

(c)ax1=a foralla€l0,1];

(d) axb < cx*xd whenever a < c and b<d, and a,b,c,d € [0,1].

Example 1. a*b = ab,a * b= min(a,b), for all a,b € [0,1].

Definition 2 (see [28]). A binary operation < : [0,1] x [0,1] — [0,1] is a continuous
t-conorm if o satisfies the following conditions:

(a) © is commutative and associative;

(b) © is continuous;

(¢c) ao0=a for all a € 0,1];

(d) aob < cod whenever a < c and b<d, and a,b,c,d € [0, 1].

Example 2. aob=a+b— ab,a b= max(a,b), for all a,b € [0,1].

Remark 1. The concepts of triangular norms (t-norms) and triangular conorms
(t-conorms) are known as the aziomatic skeletons used for characterizing fuzzy in-
tersections and unions, respectively. These concepts were originally introduced by
Menger [22] in his study of statistical metric spaces. More examples of these con-
cepts were proposed by many authors (see [7, 12, 17-19]).

Definition 3 (see [1]). A 5-tuple (X, M, N, *,¢) is said to be an intuitionistic fuzzy
metric space if X is an arbitrary set, * a continuous t-norm, ¢ a continuous t-conorm
and M, N are fuzzy sets on X? x [0,00) satisfying the following conditions: for all
z,y,z € X,8,t>0,

(a) M(z,y,t) + N(z,y,t) < 1;

(b) M(z,y,0) =0

(¢c) M(z,y,t) =1 for all t > 0 if and only if x = y;

(d) M(z,y,t) = M(y,x,t);

(e) M(xz,y,t)*« M(y,z,8) < M(z,z,t+s) for all x,y,z € X,s,t > 0;

(f) M(x,y,-):[0,00) — [0,1] is left continuous;

(9) tlirgoM(x,y,t) =1 forall z,y € X;

(h) N(z,y,0) =1;

(i) N(z,y,t) =0 for allt > 0 if and only if x = y;

(1) N(z,y,t) = N(y,z,1);

(k) N(x,y,t) o N(y,z,8) > N(z,z,t+ 8) for all z,y,z € X, s,t > 0;

(1) N(x,y,-):[0,00) — [0,1] is right continuous;

(m) tli%N(x,y,t) =0 foralz,yeX.

Then (M, N) is called an intuitionistic fuzzy metric on X . The functions M (z,y,t)
and N(x,y,t) denote a degree of nearness and a degree of non-nearness between x
and y with respect to t, respectively.



ON (g, ¢)-CONTRACTION IN INTUITIONISTIC FUZZY METRIC SPACES 427

Remark 2. Fvery fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric space
of the form (X, M,1 — M,x*,0) such that t-norm x and t-conorm ¢ are associated
[21], ie. zoy=1—((1—x)* (1 —y)) for all x,y € X.

Remark 3. In intuitionistic fuzzy metric space X, M(x,y,+) is non-decreasing and
N(z,y,-) is non-increasing for all x,y € X.

Example 3 (Induced intuitionistic fuzzy metric, see [25]). Let (X,d) be a metric
space. Denote axb = ab and aob = min{l,a+ b} for all a,b € [0,1] and let My and
Ny be fuzzy sets on X2 x (0,00) defined as follows:

ht™ d(z,y)

ht"—l—md(m,y)’ d(xvya )

M t ek S B
d(l‘,% ) kt"+md(w,y)

for all hyk,m,n € N. Then (X, My, Ng, *,©) is an intuitionistic fuzzy metric space.

Remark 4. Note that the above example holds even with the t-norms a x b =
min{a, b} and the t-conorms a+b = max{a,b} and hence (M, N) is an intuitionistic
fuzzy metric with respect to any continuous t-norms and continuous t-conorms. In
the above example, by taking h=k=m =n =1, we get

Mg(x,y,t) =it dwy)

Ct+d(z,y)’
This intuitionistic fuzzy metric induced by a metric d is called the standard in-
tuitionistic fuzzy metric.

Lemma 1. If x is a continuous t-norm and < is a continuous t-conorm, then for
each r € (0,1), there is a s € (0,1) such that sxs>1—r and sos<r.

Definition 4. Let (X, M, N,x*,0) be an intuitionistic fuzzy metric space, the map-
ping [ X — X is said to be intuitionistic fuzzy continuous at xq if for each t > 0,
there exists s > 0 such that

M(xo,y,s) > 1—s = M(fxq, fy,t) > 1—t and N(xo,y,s) < s= N(fzo, fy,t) <t.

The mapping f : X — X is intuitionistic fuzzy continuous if and only if it is
intuitionistic fuzzy continuous at every point in X.

Definition 5. Let (X, M, N,*,0) be an intuitionistic fuzzy metric space, the map-

ping f: X — X is said to be sequentially intuitionistic fuzzy continuous at xq if for
any sequence {xn}, x, € X with x, — xo, implies fx, — xo, i.e.

lim M(zg,2n,t) =1 and lim N(xg,xn,t) =0

n—oo

for each t > 0 imply
lim M(fxo, fen,t) =1 and lim N(fzg, fr,,t)=0

n—oo
for each t > 0.
The mapping f : X — X is sequentially intuitionistic fuzzy continuous if and
only if it is sequentially intuitionistic fuzzy continuous at each point in X.
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Proposition 1. Self mappings f of an intuitionistic fuzzy metric space (X, M, N, *,
©) is intuitionistic fuzzy continuous at xq if and only if f is sequentially intuitionistic
fuzzy continuous at xq.

Definition 6. Let (X, M, N, x,¢) be an intuitionistic fuzzy metric space and A a
nonempty subset of X. The intuitionistic fuzzy closure of A, denoted by A is the set

A={yeX:3x € A, M(z,y,e) >1— A, and N(x,y,e) <\,e>0,Ae€ (0,1)}.

Definition 7 (see [1]). Let (X, M, N,x*,0) be an intuitionistic fuzzy metric space.
Then

(a) a sequence {x,} in X is called a Cauchy sequence if for each t > 0 and p > 0,

lim M(xpip, Tn,t) =1 and lim N(2pyp, Tn,t) = 0;

n—00 n—oo
(b) a sequence {x,} in X is said to be converged to x in X (written as x, — x)
if for each t >0, lim M(xy,,z,t) =1 and lim N(zp,z,t) =0.
n—oo n—oo

An intuitionistic fuzzy metric space is said to be complete if and only if every Cauchy
sequence is convergent. It is called compact if every sequence contains a convergent
subsequence.

3. Main results

In this section, we give some fixed point theorems in an intuitionistic fuzzy metric
space. Before proceeding further, some definitions and lemmas are given.

Definition 8 (see [10]). Let ® be the class of all mappings p : Rt — RT(RT =
[0,4+00)) with the following properties:

(a) ¢ non-decreasing;

(b) ¢ is right continuous;

(c) nlirrgo ©™(t) =0 for each t > 0.

Remark 5 (see [10]). (a) It is easy to see that under these conditions, the function
¢ also satisfies p(t) < t for each t > 0 and therefore p(0) = 0.

(b) By property (c) we mean that for each € > 0 and X € (0,1) there exists an
integer N (g, \) such that ©™(t) < min(e, A) whenever n > N(g, A).

In [9, 13], Hicks and Golet introduced H-contraction and g-contraction mappings
in probabilistic metric spaces, respectively. In the following definition, we give the
H-contraction and g-contraction in the intuitionistic fuzzy setting.

Definition 9. Let f be a self mapping defined on an intuitionistic fuzzy metric
space (X, M, N,*,0). The mapping f is called an intuitionistic fuzzy H -contraction
if there exists a number k € (0,1) such that

M(z,y,t) > 1—t = M(fz, fy,kt) > 1-kt and N(z,y,t) <t = N(fz, fy, kt) < kt,

forall x,y € X,t > 0.
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Definition 10. Let f and g be self mappings defined on an intuitionistic fuzzy
metric space (X, M, N,x,¢) and suppose g is bijective. The mapping f is called an
intuitionistic fuzzy g-contraction if there exists a number k € (0,1) such that

M(gz,gy,t) > 1 —t= M(fx, fy, kt) > 1kt (1)

and
N(gz,gy,t) <t= N(fz, fy, kt) < kt, for all z,y € X,t> 0.

By considering a mapping ¢ € ® as given in Definition 8, we generalize the
condition (1) in Definition 11 as follow.

Definition 11. Let f and g be self mappings defined on an intuitionistic fuzzy
metric space (X, M, N,*,0) and ¢ € &. We say that the mapping f: X — X is an
intuitionistic fuzzy (g, p)-contraction if there exists a bijective g : X — X such that

M(gx,gy,t) > 1 —t = M(fxz, fy,o(t)) >1—p(t) (2)
and
N(gz,gy,t) <t= N(fz, fy,¢(t)) < ¢(t), forall z,yec X,t>0.

Note that, if p(t) = kt for k € (0,1),t > 0, then condition (2) is actually the
intuitionistic fuzzy g-contraction which generalizes the fuzzy g-contraction due to
Golet [9]. If the function g is an identity function, then condition (2) represents an
intuitionistic fuzzy (g, H )-contraction which generalizes the fuzzy (¢, H)-contraction
according to Mihet [23]. Hence the (g, ¢)-contraction generalizes the Golet and
Mihet’s contraction principles respectively in intuitionistic fuzzy metric spaces.

The following lemma is reproduced from [9] to suit our purposes in intuitionistic
fuzzy metric spaces.

Lemma 2. Let g be an injective mapping on (X, M, N, *,0) and X; = g(X).
(a) If M9(z,y,t) = M(gz,gy,t) and N9(z,y,t) = N(gz,gy,t), then (X, M9, NI,
*,0) 1S an intuitionistic fuzzy metric space;

(b) If (X, M, N,*,0) is a complete intuitionistic fuzzy metric space, then (X, MY,
N9 %, 0) is also a complete intuitionistic fuzzy metric space;
(¢) If (X1, M, N, *,0) is intuitionistic fuzzy compact, then (X, M9, N9 x, o) is also
intuitionistic fuzzy compact.
Proof. The proofs of (a) and (b) are immediate. To prove (c), let {z,} be a
sequence in X. Then, for u, = gz,, {u,} is a sequence in X; for which we can find
a convergent subsequence {un, }, say u,, — u € X1 as k — oo. Suppose that the
sequence {y,} and y in X, and set y,, = g 'u,, is a subsequence of {y,}, and
y = g~ 'u. Then
M (Y y, 1) = M(gYny, 9y, 1) = M (up,, u,t) — 1
N9 (Yny: Y1) = N(gYny, 99, t) = N(tn,,u,t) — 0
as k — oo for each ¢t > 0. This implies that (X, M9, N9, %, ¢) is intuitionistic fuzzy
compact. L]
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Lemma 3. Let f be an intuitionistic fuzzy (g, p)-contraction; then

(a) [ is an intuitionistic fuzzy continuous mapping on (X, M9, N9, x, o) with values
in (X, M, N, *,0).

(b) g=to f is a continuous mapping on (X, M9, N9, x, o) with values into itself.

Proof. (a) Let x, be a sequence in X such that z,, — z in X. In (X, M9, N9, x,0),
this implies that

lim MY9(x,,z,t) = im M(gz,,gz,t) =1Vt > 0.

n—oo n—oo

and
lim NY(z,,z,t) = lim N(z,,z,t)=0,Vt> 0.

n—oo n—oo

By the intuitionistic fuzzy (g, ¢)-contraction (2) and ¢(t) < t,Vt > 0 it follows that

lim M(fxy, fx,t) > lim M(fx,, fz,o(t)) = 1,Vt > 0.

and
lim N(fx,, fz,t) < lim N(fz,, fz,o(t)) =0,Vt > 0.

n—oo

This implies that f is intuitionistic fuzzy continuous.
(b) Note that, since

lim M(gg~ ' frn, g9 fa,t) = lim MI(g~ ' fan, g fo,o(t)) = 1,¥t > 0.
n—oo

n—00

and

lim N(gg~ ' fan, g9 ' fo,t) = lim N(¢~ ' fz,,g ' fx,t) =0,Vt> 0.

n—oo

This shows that the mapping g~ o f defined on (X, M9, N9, *,¢) with values into
itself is an intuitionistic fuzzy continuous mapping. O

Theorem 1. Let f and g be two functions defined on a complete intuitionistic fuzzy
metric space (X, M, N,*,0). If g is bijective and f is an intuitionistic fuzzy (g, ¢)-
contraction, then there exists a unique coincidence point z € X such that gz = fz.

Proof. It is obvious that M9(z,y,t) > 1 —t and N9(z,y,t) < t whenever ¢ > 1.
Hence, we have M (gx,gy,t) > 1 —t and N(gz, gy,t) < t. By condition (2), we have

M(fx, fy,p(t)) > 1 — ¢(t) and N(fz, fy,o(t)) < o(t).
But,
M(fz, fy,o(t)) = M(gg~" fx, 997" fy,o(t)) = M9(g~" fx, g7 fy, (1)) > 1 — (1)

and

N(fz, fy,o(t)) = N(gg~" fz,99 " fy. 0(t)) = N9 (g~ fz,g7 " fy, o(t)) < o(t).
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Now, putting h = g~ ' f, we have
M9 (hz,hy, o(t)) > 1 —¢(t) and N(hx, hy,o(t)) < @(t).
By condition (2), we obtain

M(fhz, fhy, () = M(gg~ " fhz, g9~ ' fhy,¢*(t)) = M9(g~ " fha, g~ ' fhy, 92 (1))
= M9(h*z, h*y, (1)) > 1 — (1)

and

N(fhx, fhy,@*(t)) = N(gg~ " fha,gg~ " fhy, ©*(t)) = N9 (g~ " fha, g~ fhy, (1))
= N9(h*z, by, (1)) < ©°(1).

By repeating this process, we get
MI(R™z,h™y, o™ (t)) > 1 —¢"(t) and NI(h"z, h"y, " (t)) < " (¢).

Since lim ¢™(t) = 0, then for every ¢ > 0 and A\ € (0, 1), there exists an integer

N(g, A) such that ¢™(¢) < min{e, A} whenever n > N(e, A). Furthermore, since M
is non-decreasing and N is non-increasing with respect to the third variable we have

MI(h"xz,h"y,e) > MI(h"z,h"y, " (t)) >1—"(t) = 1 as n — ©

and
NI(h"x,h"y,e) < NI(h"z, h™y, " (t)) < " (t) = 0 as n — oo

for each ¢ > 0.

Let 2o in X be fixed and let the sequence {z,} in X be defined recursively by
ZTn41 = hxy, or equivalently by gx,11 = fz, Now, considering x = x, and y = xq,
then from the above inequalities we have

lim MY9(zptp, Tn,e) = lim MI(h"z,, h"zo,e) =1

n—oo n—oo

and
lim NY(&pqp, Zn,€) = lim NY(h"xp, h"xo, ) =0

n—oo n—oo
for each ¢ > 0 and p > 0.

By Definition 7 (a), {z,} is a Cauchy sequence in X. Since (X, M, N, x,¢) is
complete, by Lemma 2(b) (X, M9, N9, x,0) is complete and there exists a point
z € X such that z,, — z under (M9, N9). Since by Lemma 3(b) h is continuous,
we have z = hz, i.e. z =g 1 fz, or equivalently gz = fz.

For the uniqueness, assume gw = fw for some w € X. Then, for any £ > 0 and
using (2) repeatedly, we can show that after n iterates, we have

M(gz, gw,t) > 1=t = M(fz, fw,"(t)) > 1—¢"(t)
and
N(gz,gw,t) <t = N(fz, fw,¢" (1)) <¢"(1).
Thus, we have lim M(fz, fw,¢"(t)) = 1 and lim N(fz, fw,¢™(t)) = 0 which
implies that fz = fw. O
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As a multi-valued generalization of the notion of g-contraction (Definition 10), we
shall introduce the notion of an intuitionistic fuzzy (g, ¢)-contraction where ¢ € ®
for a multi-valued mapping.

Let 2% be the family of all nonempty subsets of X.

Definition 12. Let (X, M, N,*,0) be an intuitionistic fuzzy metric space, A a
nonempty subset of X and T : A — 2X. The mapping T is called an intuitionistic
fuzzy (g, p)-contraction, where @ € ® if there exists a bijective function g : X — X
such that for each x,y € X and each t >0

MI(z,y,t) >1—t and NI(z,y,t) <t (3)

= Yu € (Tog)(x), v € (Tog)(y) : M(u,v,0(t)) > 1—p(t) and N(u,v,(t)) < p(t).

Definition 13. Let (X, M, N,*,0) be an intuitionistic fuzzy metric space, A a
nonempty subset of X. We say that T : A — 2% is weakly intuitionistic fuzzy
demicompact if for each sequence {x,} from A such that 41 € T(x,),n € N and

lim M(zp41,2n,t) =1 and lim N(zp41,Zn,t) =0,

n—oo n—oo
for each t > 0 there exists an intuitionistic fuzzy convergent subsequence {p, }.
By cl(X) we shall denote the family of all nonempty closed subsets of X.

Theorem 2. Let (X, M, N, x,0) be a complete intuitionistic fuzzy metric space, g :
X — X a bigective function and T : A — cl(A) where A € cl(A) is an intuitionistic
fuzzy (g, p)-contraction, where ¢ € ®. If T is weakly fuzzy demicompact, then there
exists at least one element x € A such that x € Tx.

Proof. Let zg € A,z1 € (T 0 g)(xg) and ¢t > 0 such that
MI(x1,x0,t) > 1 —t and NY(z1,z0,t) < t.

The mapping T is an intuitionistic fuzzy (g, ¢)-contraction. Therefore, by Defini-
tion 12, there exists z2 € (T o g)(x1) such that

M(zo,21,0(t)) >1—p(t) and N(za2,z1,0(t)) < p(t).

Since

M (za,21,0(t) = M9 (g™ @2, g~ w1, o(1))
and

N(wa,a1,0(1) = N9(g ™ wa, g~ Lar, (1)),
we have

M9(g™ wa, g7 wr, 0(t) > 1= @(t) and N¥(g™ a2, g7 a1, 9(t) < ().
Similarly, it follows that there exists 3 € (T o g)(z2) such that

M (3,22, 0°(t)) > 1 — ¢*(t) and N(ws,22,9%(t) < *(1).
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By repeating the above process, there exists x,, € (T o g)(xn—1), (n > 4) such that
M(@n, n-1,9" 71 (8) > 1= "7 (t) and N(wn, 2n-1,9" " (8)) < "7 (t)
By Remark 5 (b) and letting n — oo, we have

lim M(z,,2pn—1,6) =1 and lim N(z,,z,—1,¢) =0,Ve > 0.

n—oo n—oo

Since T is weakly fuzzy demicompact from the above limit, there exists a con-
vergent fuzzy subsequence {z,, } such that klim X, = x for some z € X. Now,
—00

we show that © € (T o g)(x). Since (T o g)(x) = (T o g)(x), we shall prove that
z € (Tog)(x), ie foreach e > 0 and A € (0,1) there exists a y € (T o g)(z) such
that

M(z,y,e) >1—X and N(z,y,e) <.

Note that, since * is a continuous t-norm and ¢ a continuous ¢-conorm, by Lemma 1,
for A € (0,1) there is a § € (0,1) such that

(1-0)*x(1—-0)>1—X and 606 <.
Further, there is a §; € (0, 1) such that

(1-01)x(1—61)>1—48 and &1 001 <4,
and d = min{J, d; }, we have
(1=0)*[(1=08)x(1=082)]>1=8)*[(1-6)*x(1=5)]>1=8)*(1-8§) >1-6

and
00(02002) <do(d10d1) <dod <.

Since klirrgo Zn, = %, there exists an integer k; such that
M(x,xn,,e/3) >1—062 and N(z,zp,,c/3) < d2,VEk > ky.
Let ks be an integer such that
M (%, Tngt1,€/3) > 1 =02 and N(xp,, Tny+1,€/3) < 02,k > ka.
Let s > 0 be such that ¢(s) < min{e/3,d>} and let k3 be an integer such that
MI(zp,,x,8) >1—s and N9(z,,,z,s) < s,Vk > ks.

Since T is an intuitionistic fuzzy (g, ¢)-contraction, there exists a y € (T'og)(x) such
that

M(xnk-i-lvyv(p(s)) >1- 90(3) and N(xnk“,y,go(s)) < 30(5)7Vk > k.

and so
M(xnk+17y7€/3) Z M(xnk-‘rlaya 90(5)) >1- ()0(5) >1- 52
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N(Ink+17ya€/3) S N(xnk—i-hya 90(5)) < 90(5) < 52

for each k > k3. If k > max{ky, ko, k3}, we have

and

M(z,y,e) > M(x,2n,,/3) * M(2pn,, Tnyt1,6/3) % M(2n, 4+1,Y,€/3)
> (1—52)*(1—(52)*(1—52)>1—)\

N(z,y,e) < N(z,2p,,e/3) o N(xpn,, Tnyt1,6/3) © N(Tnyt1,Y,€/3)
< 52062052<>\.

Hence x € (T o g)(x). The proof is completed. O
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