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Abstract

The zero dynamics of infinite-dimensional systems can be difficult to characterize. The zero dy-
namics of boundary control systems are particularly problematic. In this paper the zero dynamics
of port-Hamiltonian systems are studied. A complete characterization of the zero dynamics for a
port-Hamiltonian systems with invertible feedthrough as another port-Hamiltonian system on the
same state space is given. It is shown that the zero dynamics for any port-Hamiltonian system
with commensurate wave speeds are well-defined, and are also a port-Hamiltonian system. Exam-
ples include wave equations with uniform wave speed on a network. A constructive procedure for
calculation of the zero dynamics, that can be used for very large system order, is provided.

Keywords: Port-Hamiltonian system, distributed parameter systems, boundary control, zero
dynamics, networks, coupled wave equations.

1. Introduction

The zeros of a system are well-known to be important to controller design; see for instance,
the textbooks [6, 22]. For example, the poles of a system controlled with a constant feedback
gain move to the zeros of the open-loop system as the gain increases. Furthermore, regulation is
only possible if the zeros of the system do not coincide with the poles of the signal to be tracked.
Another example is sensitivity reduction - arbitrary reduction of sensitivity is only possible if all
the zeros are in the left half-plane. Right half-plane zeros restrict the achievable performance; see
for example, [6]. The inverse of a system without right-hand-plane zeros can be approximated by a
stable system, such systems are said to be minimum-phase and they are typically easier to control
than non-minimum phase systems.

The zero dynamics are the dynamics of the system obtained by choosing the input u so that
the output y is identically 0. This will only be possible for initial conditions in some subspace of
the original subspace. For linear systems with ordinary differential equation models and a minimal
realization, the eigenvalues of the zero dynamics correspond to the zeros of the transfer function.
Zero dynamics are well understood for linear finite-dimensional systems, and have been extended
to nonlinear finite-dimensional systems [10].

However, many systems are modeled by delay or partial differential equations. This leads to an
infinite-dimensional state space, and also an irrational transfer function. As for finite-dimensional
systems, the zero dynamics are important. The notion of minimum-phase can be extended to
infinite-dimensional systems; see in particular [11] for a detailed study of conditions for second-
order systems. Care needs to be taken since a system can have no right-hand-plane zeros and still
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fail to be minimum-phase. The simplest such example is a pure delay. Results on adaptive control
and on high-gain feedback control of infinite-dimensional systems, see e.g. [18, 19, 20, 21, 25],
require the system to be minimum-phase. Moreover, the sensitivity of an infinite-dimensional
minimum-phase system can be reduced to an arbitrarily small level and stabilizing controllers
exist that achieve arbitrarily high gain or phase margin [8].

Since the zeros are often not accurately calculated by numerical approximations [4, 5, 9, 17] it
is useful to obtain an understanding of their behaviour in the original infinite-dimensional context.
For infinite-dimensional systems with bounded control and observation, the zero dynamics have
been calculated, although they are not always well-posed [23, 24, 30].

There are few results for zero dynamics for partial differential equations with boundary control
and point observation. In [2, 3] the zero dynamics are found for a class of parabolic systems defined
on an interval with collocated boundary control and observation. This was extended to the heat
equation on an arbitrary region with collocated control and observation in [26]. In [15] the invariant
zeros for a class of systems with analytic semigroup that includes boundary control/point sensing
are defined and analysed.

The zero dynamics of an important class of boundary control systems, port-Hamiltonian sys-
tems [13, 16, 28] or systems of linear conservation laws [1], are established in this paper. Such
models are derived using a variational approach and many situations of interest, in particular waves
and vibrations, can be described in a port-Hamiltonian framework. A complete characterization of
the zero dynamics for port-Hamiltonian systems with commensurate wave speeds is obtained. For
any port-Hamiltonian system systems with invertible feedthrough, the zero dynamics are another
port-Hamiltonian system on the same state space. Port-Hamiltonian systems with commensurate
wave speeds can be written as as a coupling of scalar systems with the same wave speed. For these
systems the zero dynamics are shown to be well-defined, and are in fact a new port-Hamiltonian
system. Preliminary versions of Theorem 2.5 (for constant coefficients) and of Theorem 3.3 (with
an outline of the proof) appeared in [12].

A constructive procedure for calculation of the zero dynamics based on linear algebra is pro-
vided. This algorithm can be used on large networks, and does not use any approximation of the
system of partial differential equations. The results are illustrated with several examples.

2. Port-Hamiltonian Systems

Consider systems of the form

GG = P (HOc.). CeO1,t20 )
x(C; 0) = xO(C)a C € (07 1) (2)
0 = Wpa {Ezggém >0 (3)

u(t) = WB,Q {EZi;Eé:iﬂ , t>0 (4)
y(t) = We {Ezggéiﬂ , t>0, (5)

where P is an Hermitian invertible n x n-matrix, #(() is a positive n x n-matrix for a.e. ¢ € (0,1)
satisfying H, H~! € L>(0,1;C™**"), and Wp := [%ﬁ;} is a m X 2n-matrix of rank n. Such systems
are said to be port-Hamiltonian, see [16, 28, 13], or systems of linear conservation laws [1]. Here,
x(-,t) is the state of the system at time ¢, u(t) represents the input of the system at time ¢ and
y(t) the output of the system at time ¢.

A different representation of port-Hamiltonian systems, the diagonalized form, will be used. The

matrices Py H(C) possess the same eigenvalues counted according to their multiplicity as the matrix
HY2(C)PyHY/2(C), and as H/2(¢) PyH/?(C) is diagonalizable the matrix PyH(() is diagonalizable



as well. Moreover, by our assumptions, zero is not an eigenvalue of PyH({) and all eigenvalues are
real, that is, there exists an invertible matrix S({) such that

PIH(C) = Sil(C) dlag(pl(C)a e apk(C)a n1(<)7 e ,TLl(C)) S(C)
—A(Q)

Here p1(€), -+ ,pe(¢) > 0 and n1(¢), - ,n1({) < 0. In the remainder of this article it is assumed
that S and A are continuously differentiable on (0,1). Introducing the new state vector

(e =[] =s@etcn. cepa

with 2, (¢,t) € C* and z_((,t) € C!, and writing

20 = " o]

where A(C) is a positive definite k£ x k-matrix and O(() is a negative definite [ x [-matrix, the
system (1)—(5) can be equivalently written as

S = a©ec) + 5605 a0 0, ©
Z(C’O) = ZO(C)7 CG(O,I) (7)
0 _ Ko+ Ko-| [A(1)z4(1,1) Lo+ Lo-| [A(0)24(0,¢)
[u(t)] = [KH K_] [@(0)2_(o,t)]+[Lu+ LU_} [@(1)2(1@]’ ®)
K L
- Az, (1,4) A0z, (0,4)
w0 = [ 5] [oaton) + e Bl [sn) ®)
K, Ly

where t > 0 and ¢ € (0,1).

Next, consider well-posedness of the system (6)—(9), or equivalently of system (1)—(5). Well-
posedness means that for every initial condition 2o € L?(0,1;C") and every input u € L2 (0, oo; CP)
the mild solution z of the system (6)—(8) is well-defined in the state space X := L2(0,1;C") and
the output (9) is well-defined in L2 (0,00;C™). See [13] for the precise definition and further

results on well-posedness of port-Hamiltonian systems. To characterize well-posedness, define the

matrices
K- Ko| _ |Koy Ko- I Lo| _ | Loy Lo-
Ko| = |Kuy Ko | Lu| = |Luy Lu_|

Theorem 2.1. [31], [13, Thm. 13.2.2 and 13.5.1]. The following are equivalent

1. The system (6)—(9) is well-posed on L*(0,1;C");

2. For every initial condition zo € L?(0,1;C"), the partial differential equation (6)-(8) with
u = 0 possesses a unique mild solution on the state space L?(0,1;C"). Furthermore, this
solution depends continuously on the initial condition;

3. The matriz K is invertible.

Thus, well-posedness of a port-Hamiltonian system is equivalent to well-posedness of a homoge-
neous partial differential equation; the boundedness of the input/state and state/output maps does
not need to be checked separately. For the remainder of this paper it is assumed that K is invertible
so that the control system is well-posed. The corresponding generator A of the Cy-semigroup of
the homogeneous system is given by [13]

Af =—(Af) +5(S71)Af,
D(A) :{Af € H'Y(0,1:C™) | m ~K {A(lm(l)] 4L [



The resolvent operator of A is compact, and thus the spectrum of A contains only eigenvalues. For
port-Hamiltonian systems, well-posedness implies that the system (6)—(9) is also regular, i.e, the
transfer function G(s) possesses a limit over the real line, see [31] or [13, Section 13.3]. Writing

KKt =[x E| (10)

with E € C™*P_ this limit of G(s) over the real axis is F, see [13, Theorem 13.3.1].
Now consider zero dynamics for port-Hamiltonian systems.

Definition 2.2. Consider the system (6)-(9) on the state space X = L?(0,1;C"). The zero
dynamics of (6)-(9) are the pairs (z0,u) € X x L% _(0,00;CP) for which the mild solution of
(6)-(9) satisfies y = 0. The largest output nulling subspace is

V* = {20 € X | there exists a function u € L% (0, 00; CP) :
the mild solution of (6)—(9) satisfies y = 0}.

[4

Thus, V* is the space of initial conditions for which there exists a control w that “zeroes” the
output.

Setting y = 0 in (9) reveals that the zero dynamics are described by

o SO 5

G0 = 2 (B + 50 A0H¢ (1)
_ A( )Z+(1 t) Lo| [A(0)24(0,1)
o - [ H@() - J% | loahe 079 ")
(1)z4 (0)z4(0,1)
ult) = K, { o(0) [ o) Z+(17t)], (14)

(14) is still in the format of a port-Hamiltonian
output, it needs not to be a well-posed port-
Ko
K,

where ¢ > 0 and ¢ € (0,1). Note that system (1
system, but even regarding (14) as the (new

)~

Hamiltonian system since the new “K-matrix”, can have rank less than n. The zero dynamics

<

A~ — )_l

are a well-posed dynamical system if the system
u is well-posed.

The eigenvalues of the zero dynamics of the system are closely related to the invariant and trans-
mission zeros of the system. For simplicity only the single-input single-output case is considered

(p=m=1).

11)—(14) with state-space V*, no input and output

Definition 2.3. [26, 4] A complex number A € C is an invariant zero of the system (6)—(9) on
the state space X = L?(0,1;C"), if there exist z € H(0,1;C") and u € C such that

Q) = (a0 +50° A
24 (

)
1] [o: o) * |2 Hé )
R A v R et

A(©)=(6),

=
Il

Definition 2.4. A complex number s € C is a transmission zero of the system (6)-(9) if the
transfer function satisfies G(s) = 0.

If A € p(A), where p(A) denotes the resolvent set of A, then A is an invariant zero if and only
if A is a transmission zero [13, Theorem 12.2.1]. Moreover, if the zero dynamics is well-posed, then
the spectrum of the corresponding generator equals the set of invariant zeros of the system (6)—(9).

If the feedthrough operator of the original system is invertible, then the zero dynamics system
is well-posed on the entire state space, and is also a port-Hamiltonian system.
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Theorem 2.5. Assume that the system has the same number of inputs as outputs. Then the zero
dynamics are well-posed on the entire state space if and only if the feedthrough operator E of the
original system is invertible.

Proof: This was proven in [12] in the case of a constant coefficient matrix #. The proof presented
here is more complete, and includes the generalization to variable coefficients. The feedthrough
operator E of the original system is given by [« E] = K, K ! (see (10)). It will first be shown that
invertibility of E is equivalent to invertibility of the “K-matrix” of equation (13):
= [ K,
e [

Y

If F is singular, then there is u # 0 in the kernel of E, and

K,K™! 2] =0.
Combining this with the fact that KoK~ = [I 0],
wre—1 0] _ | Ko| —1 (0| _
o [ = [ [ -0

Thus K is singular. Assume next that K is singular. Thus there exists non-zero [ %] such that
Ko T1| 0
el ] =) )
T1| _ Ko 1| _ 0
<)=L Bl =

where z # 0, since K is invertible. Thus

This implies that

Ez=K,K™' m =K, [”31] =0

and thus E is not invertible.

Assume now that F is invertible, then by the above equivalence with the invertibility of K
and Theorem 2.1 for every initial condition there exists a solution of (11)—(13). Since z is now
determined, v is determined by (14). Now it is straightforward to see that the functions z and u
satisfy (6)—(8) and the corresponding output y satisfies y = 0.

If for every z9 € L?(0,1;C") there exists a solution of (11)—(14), then the functions z and u
satisfy (6)—(8). Since K is invertible, the solution depends continuously on the initial condition.
By construction, z is the solution of the homogeneous equation (11)—(13), and Theorem 2.5 implies
the invertibilty of K. O

Example 1 in [12] illustrates calculation of the zero dynamics in the case where E is invertible.
It is very common though for the feedthrough to be non-invertible. This more challenging
situation is considered in the next two sections.

3. Commensurate constant wave speed

In this section, the following class of port-Hamiltonian systems is considered:

S = e, (16)
Z(Q O) = ZO(C)? < € (O’ 1) (17)
L?t) = MK 2(0,8) = AoLz(1, 1), (18)

y(t) = —XoKyz(0,t) — AoLyz(1,1). (19)

5



If H is constant, then (6)—(9) is of the form (16)—(19) with —)\q replaced by a diagonal (constant)
and invertible matrix A. On the diagonal of the matrix A are the possible different wave speeds
of the system. If the ratio of any pair of diagonal entries of A is rational, then the system (6)—(9)
can be equivalently written in form (16)—(19) by dividing the intervals to adjust the propagation
periods. This is a standard procedure and is illustrated in Example 3.1. The following simple
reflection makes positive wave speeds into negative wave speed, while keeping the same absolute
speed
Ze(Ct) == 2k (1 = (,0).

It is good to remark that the system (16)—(19) will in general have larger matrices than the original
system (6)—(9). However, for simplicity, still denote the size by n.

Example 3.1. Consider the following system with commensurable wave speeds

62:1 o 82’1
o A
Ozp 10z
ot 20C

with ¢ € [0,1], ¢ > 0 and

[u(()t)} - [(1) ﬂ Z(O’tH[(l) 8] (1, 1)
y(t) = [0 0]2(0,6)+[1 1]2(1,8).

This system has not a uniform wave speed, but can be written equivalently as a system with one
wave speed. To reach this goal, split the second equation in two and obtain the following equivalent
system

621 o 821
e
0220 0224
o o’
6225, _ 322(,
ot~ aC’

with C € [07 1]; t >0, z?b(C?t) = z2(</2at) and Z2a(C7t) = Z?((l + C)/27t> and

0 101 10 0

0 = [0 1 0]|=20,t)+ [0 0 —1{=2(1,t)
u(t) 0 0 1 00 0

yt) = [0 0 0]2(0,t)+[1 1 0]=(1,¢).

This transformation also works if H({) is diagonal a.e. ¢ € (0,1) and the ratio of the numbers
Ti = fol @dc are pairwise rational [27].

It is now shown that the zero dynamics can be well-defined through the input and output
equations.

It is well-known that the solution of (16) is given by z((,t) = f(1 —{ + Aot) for ¢ > 0 and some
function f. Using this fact, we write the system (16)-(19) equivalently as

f(t) = ZO(]- - t)v te [Oa 1]7 (20)
{u(()ﬂ = XK S+ Aot) = ALf(ot), >0, (21)
y(t) = MK, f(1+Xot) — MLy f(hat), >0, (22)



Since the system is well-posed, the matrix K is invertible (Theorem 2.1). Thus, equivalently

f(t) = 20(1 - t)r te [Oa 1]7 (23)
f+Xt) = =K 'Lf(Aot) = Ay K" [u?t)} » t20, (24)
y(t) = (MoK, ,K 'L —X\oLy)f(A\ot) + K,K™* {u?t)] , t>0. (25)
Defining
-1 ~15--110
A = —K L, Bg=-)\K L] ,
Cd = *AOKyAd - >\0Ly, Dy = 7/\0Kde7 (26)

equation (24)—(25) can be written as

f(L+Xot) = Aaf(Aot) + Bau(?),
y(t) = Caf(Aot) + Dau(t).
Define for n € N the functions z4(n) € L?(0,1;C"), ug(n) € L*(0,1;CP), and yq(n) € L*(0,1;C™)
by z4(0)(¢) == z0(1 =€), za(n)(¢) = f(n+¢) for n > 0 and

n+ (¢ n+¢

w)(©) = w5, i@ =55, mew
Thus equations (16)—(19) can be equivalently rewritten as

za(n+1)(¢Q) = Agza(n)(¢) + Baua(n)(¢) (27)

(2a(0))(€) = 20(1—¢) (28)

ya(n)(€) = Caza(n)(C) + Daua(n)(C) (29)

This representation is very useful, not only for the zero dynamic, but also for other properties like
stability.

Theorem 3.2. [14, Corollary 3.7] The system (16)—(19) is exponentially stable if and only if the
spectral radius of Aq satisfies r(Aq) < 1 or equivalently if 0maz(Ag) < 1.

Further sufficient conditions for exponential stability can be found in [1, 7, 13]. In particular,
exponential stability is implied by the condition KK* — LL* > 0, [1, Thm. 3.2] and [13, Lemma
9.1.4]. However, the condition K K* — LL* > 0 is in general not necessary, see [13, Example 9.2.1].

It will now be shown that the zero dynamics of systems of the form (16)—(19) are again a
port-Hamiltonian system, but with possibly a smaller state, that is, instead of L?(0,1;C") the
state space will be L2(0,1; C*) with 0 < k < n. First, it is shown that the problem of determining
the zero dynamics for (16)—(19) can be transformed into determining the zero dynamics for the
finite-dimensional discrete-time system described by the matrices Ay, By, Cy and Dy.

Theorem 3.3. Let zy € L?(0,1;C"). Then the following are equivalent.
1. There exists an input u € L? (0,00;CP) such that the output y of (16)—(19) with initial

loc
condition z(-,0) = zo is identically zero;

2. 29 € L?(0,1; V), where V; C C" is the largest output nulling subspace of the discrete-time
system 3(Aq, Ba, Cq, Dg) with state space C™ given by

w(n + 1) = Aqw(n) + Bau(n), y(n) = Cqw(n) + Dgu(n). (30)

In particular, the largest output nulling subspace V* of (16)-(19) is given by V* = L?(0,1; V}}).
7



Proof: The system (16)—(19) can be equivalently written as as (27)—(29). In these equations the
input, state and output were still spatially dependent. However, the time axis has been split as
[0,00) = Upen[n, (n + 1)]. Thus condition 1. is equivalent to

1" There exists a sequence (ug(n))nen € L?(0,1;C™) and a set © C (0,1) whose complement
has measure zero such that for every ¢ € Q,

za(n +1)(C) = Aaza(n)(C) + Baua(n)(¢), (31)
(za(0))(€) = 20(1 —=).
0 = Caza(n)(C) + Daua(n)(C),

Clearly, condition 1’ implies that zo(¢) € V a.e., where V' denotes the largest output nulling
subspace of the finite-dimensional system (30). Since trivially zo € L2(0, 1; V), condition 2 follows.

The system (Ag, Bq, Cq, Dg) is a finite-dimensional discrete-time system. Let Vj C C™ indicate
the largest output nulling subspace. Then there exists a matrix I such that the output-nulling
control is given by ugq(n) = Kzq(n), see [29]. Referring now to (31), if z9 € L?(0,1; V) then the
output-nulling control (uq(n)),en for system (31) satisfies ug(n) € L?(0,1;CP). Condition 2 thus
implies condition 1’. O

For many partial differential equation systems, the largest output nulling subspace is not closed
and the zero dynamics are not well-posed, [24, 30]. However, for systems of the form (16)—(19)
the largest output nulling subspace is closed, and the zero dynamics are well-posed. The following
theorem provides a characterization of the largest output nulling subspace of (A4, By, Cq, Dyg)
and hence of the zero dynamics for the original partial differential equation. The proof can be
found in [12].

Theorem 3.4. Define E = — {gz } , = {f‘;} The initial condition vy lies in the largest output

nulling subspace Vy of £(Aq, B4, Cyq, Dq) if and only if there exists a sequence {vi}r>1 C C" such
that
Eka = F”Uk, k Z 0. (32)

Furthermore, the largest output nulling subspace V; satisfies V = Ne>oV*, where VO = C",
Vil = vk p-1EpVE, -

Thus in addition to the well-known V*-algorithm for finite-dimensional systems, see [1, p. 91],
Theorem 3.4 provides an alternative algorithm. It remains to show that the system restricted to
the output nulling subspace is again port-Hamiltonian.

Theorem 3.5. For the port-Hamiltonian system (16)—(19) the zero dynamics is well-posed, and
the dynamics restricted to the largest output nulling subspace is a port-Hamiltonian system without
mputs.

Proof: By Theorem 3.3, the largest output nulling subspace V* of (16)—(19) is given by V* =
L?(0,1; V7). If V; = {0}, then there is nothing to prove, and so assume that V; is a non-trivial
subspace of C". It is well-known that there exists a matrix Fyy such that [29]

(Ad + BdFd)Vd* C Vd*'

Therefore, using Theorem 3.3 and (27)—(29), it is easy to see that for the choice uq(n)(¢) :=
Fyza(n)(¢) the output ya(n)(¢) is zero provided the initial condition zg lies in L?(0,1; V). Using
the definition of the Agq, By, Cy, Dy, uq and zg, it follows that for zo € L?(0,1; V) there exists a
function f satisfying

f@t) = z2(1—-t), telo,1], (33)
f(l+Xot) = —K 'Lf(\t) — M\ K1 [Fdf(()%t)} , >0, (34)
0 = (MoK,K 'L —XoL,)f(Mot) + K,K~* {Fdf(())\ot)] , t>0. (35)

8



Equations (34)-(35) can be equivalent written as
0= _)\OKemtf(l + )\Ot) - AOLewtf()\Ot)a (36)

with

K
Ke:rt - |:Ky:| (37)
and some matrix Le,s. Since zg € L%(0,1; V), for all ¢ and almost all ¢ € [0,1], f(C + Aot) € V.
Thus, Key and Leg, can be restricted to Vi and equation (36) can equivalently be written with
matrices Kept|vy and Lext|Vd*- Since K is part of the the matrix K., the matrix K., vy has
rank equal to the dimension of V. Let P be the projection onto the range of Key¢|v:. This leads

to

0= —XoPKeut|v; (1 + Aot) — Mo PLeat|vy f(Aot). (38)

Define de* = PKwt|Vd* and LVJ = PLezt|Vd*. The above equation is the solution of the partial
differential equation

0
FG0 = “Nagea(Co), (39)

0 = 7A0KVJZ(O,t) - AOLV;Z(Lt) (40)

on the state space L?(0, 1; V). Since Ky is invertible, Theorem 2.1 implies that this system is a
well-posed port-Hamiltonian system. O

In the following section a present a second method to obtain the zero dynamics for systems
with one dimensional input and output spaces is developed. The advantage of this method is that
a transformation to a discrete system is not needed and non-constant wave speed is possible.

4. Zero dynamics of port-Hamiltonian systems with commensurate wave speed

In this section the zero dynamics of systems of the form (16)-(19) with one dimensional input
and output spaces and (possibly) non-constant wave speed are defined. The class of systems
considered has the form

5260 = =52 (a(02(6,1) (a1)
0= Kyol0=0,0) Lo(o1)21.) (42)
u(t) = Ku(o(0)2(0,6) + LuOo(D=(1,0) (43)
() = Ky=(0.0) + L=(1,1). (44)

Here Ko, Lo € C"~V*" K, K, L,, L, € C'*™ and \g € L>(0, 1) satisfying 0 < m < \o(¢) < M
for almost every ¢ € (0,1) and constants m, M > 0. It will be assumed throughout this section that
the port-Hamiltonian system (41)—(44) is a well posed linear system with state space L?(0,1; C") or
equivalently that the matrix [ ;((o } is an invertible n X n-matrix, see Theorem 2.1. The corresponding
generator A of the Cy-semigroup of the homogeneous system is given by [13]

Af==Oaf). D) ={xof e rro.nen) | ] =[] Gano)+ |72 an)}.

Denote by G(s) the transfer function of the port-Hamiltonian system (41)-(44). Since the
port-Hamiltonian system is assumed to be well-posed, there exists a right half plane

Cop:={s€C|Res>a}

such that G : C, — C is an analytic and bounded function. Define

1
p::/ Ayt (s)ds.
0

9



Moreover, using [13, Theorem 12.2.1] for s € p(A), where p(A) denotes the resolvent set of A, and
u € C the number G(s)u is (uniquely) determined by

0= (Ko + Loe_sP)’U7 (45)
u= (K, + L,e P, (46)
G(s)u = (Ky + Lye *P)v (47)

for some v € C™.

Lemma 4.1. There exists 1 € R such that, for s € C,, G(s) = 0 if and only if the matric

|: Ko+Lge™ P

Kot L e,sp} s not invertible.
Y Y

Proof: Since the matrix [ Ilgﬂ is invertible and A generates a Cy-semigroup there is a 1 € R such

that p(A) € C, and
—sp
Ky —|—L0€7 _ Ky + Ly e~ sP
K, + L,e 5P K, L,
is invertible for s € C,,.

Assume now G(s) = 0 for some s € C,. Then (45)—(47) imply that there exists v € C™ such
that

0= (Ko + Loe™*P)v,
1= (Ky+ Lye *P)v,
0= (K, + Lye")v.

Ko+Loe ™ | &+ : R Ko+Loe P | . . .
Because [ Kon Lue**"f’} is invertible, it yields v # 0. Thus [ Ko+Lye—r | 18 not invertible.

Ko+Lge™ °P

Conversely, assume that for some s € C,,, [ KotL e,sp] is not invertible. Then there exists a
Y Y

non-zero vector v € C"\{0} such that

0 o Ko+ Lpe™ P
0] | Ky+Lye = |"

Set u = (K, + L,e *P)v. Since [Il((oiﬁo‘z:si} is invertible, it follows that u # 0. However,
G(s)u =0 by (45)—(47), which implies G(s) = 0. O

Theorem 4.2. Suppose that G(s) £ 0. Then the zero dynamics of the port-Hamiltonian system
(41)—(44) are again a well-posed port-Hamiltonian system with wave speed —\g and possibly a

smaller state space. More precisely, there exists k € {0,--- ,n} such that the zero dynamics is
described by the port-Hamiltonian system

0 0

—w(C,t) = —=(A t

0= Ku(Ao(0)w(0,7)) + Luw(Ao(1)w(l, 1)).
with state space L?(0,1;C*) and the k x k-matriz K., is invertible.

Proof: The zero dynamics are defined by the equations

%Z(Qt) = _%(AO(C)Z(C,U) )
{8] - [ﬁj (M0(0)2(0,1)) + Eﬂ (Ao(1)z(1,1)). (49)

Since there is one input and one output, and rank [ ﬁg] = n, the rank of the matrix [ﬁg} equals
n—1orn.

10



If rank [ﬁz} = n, that is, this matrix is invertible, then the zero dynamics is well-defined on

the whole state space L?(0,1;C"), see Theorem 2.5. Theorem 2.1 implies that the zero dynamics
are well-posed on the state space L?(0,1;C"). Thus k = n and the theorem is proved.

Suppose next that rank [fﬂ =n—1. Then K, is a linear combination of the rows of Ky and

there is an invertible transformation, a row reduction, so that (49) is equivalent to
0 _ K11 K12 Lll L12
o =[5 S| oeen+ 70 12 Gustio. (50

Here K11, L1 € C=Dx(=1) and L,y € C. Since rank[K7; Ki2] = n— 1, column transformations
lead to a representation where the matrix K is invertible. Assume now that this has been done.

Since K7; is invertible, and G is not equivalently zero, Lemma 4.1, implies that there exists
sg € C such that both Ty := Kq1 + L11e~ %P and

T — Ty To|  |Kiui+ Liie P Ky + Lyge™P (51)
T T3 Ty o Loje=%0P Loge™%0P
are invertible. Defining the Schur complement of T with respect to 77,
S =T, — T3T; Ty,
T, ] [ I 0] o][I T,7'Ty
T Tyl |77 1110 S||0 I |
Since T7 and T are invertible, S is invertible and
ot [T T ST TT ST TS
' — ST St '
Now apply the state transformation
z="Tz.
The equations (50) are equivalent to
o | K1 Kig|po1 ~ Ly Lig| 41 -
{0} —{ 0 0 }T (Mo(0)2(0,t)) + Lot Loy T (Mo(1)2(1,1))
_ Kll(Tl_l +T1_1TQS_1T3T1_1) — K125_1T3T1_1 Klgs_l — KllTl_lTQS_l ()\o(O)Z(O,t))
0 0
Li(T7 + T ST T ) — LipSTYTTy Y LSt — LTy ' TS~ ! 8
4 |: 11( 1 1 2 03 1 ) 12 341 12 651]‘11; 1 2 ()\0(1)2(1,15))
Also the system of partial differential equations (48) are equivalent to
0 0
—Z((,t) = ——=—(\ 2(¢, t)). 52
5730 = ~ 52 M0(OZ1) (52
Thus, the transformed partial differential equation is identical to the original. The general solution
c ¢yt
z, Cat _ efo Ay (s)ds—t
1) Ao(€)

Il
S

and the boundary condition Z,(1,¢) = 0 imply that Z,
Define
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and the matrices

Ky = Ky(I7 + T ST ITT ) — Ko ST BTt
Ly = Lu(T7 + T TS TSI Y) — LS ™ T
leg = Klgsil - KllTl_lTQSil'

Thus it yields
K1 Ky 71— K, Kuyi2
0 0 0 0 ’

Here K12 is a (n — 1) x 1l-matrix and rank K,, > n — 2. The zero dynamics is described by the
reduced port-Hamiltonian system

ow 0
T —8—<()\0w),

0= Ku(X0(0)w(0,1)) + Lu(Xo(1)w(1,1)).

The reduced system is well-posed on L2(0,1;C*~1!) if and only K, is invertible; that is, K, has
rank n — 1. If K, is invertible, then the theorem is proved.

Now suppose that rank K,, = n — 2. As in the first part, elementary row and column transfor-
mations can be used to put the boundary conditions for the reduced system into the form, again
indicating the state variables by w,

[8] - {Ko” Kﬂ (Ao(0)w(0,)) + [ﬁ; EZ] (Mo(Dw(L,1)).

where f(u is invertible. Define R
T(s) = Ky + Lye™*P.

In order to repeat the above procedure, a complex number s such that T and K11 + Li1e P are
both invertible is needed. Set s = sg. Define

X =T ' + 17 ' TS 51
Recalling that 77 = K11 + e %P Lqy, To = Kyo 4+ e %P L5,

Ky + Lye P = KX — KipS ' T3T7 4 e %P L X — e %P L1, S T Tt
= T\ X -TS 'y !
= I+ S 'IT7 ! - TS ' Tt
= I

Thus, with s = sg, T'(s) is invertible. Define
fu:Ca—=C,  fuls) =det[T(s)).

and so fy,(sg) = 1. Since f, is analytic, there is a sequence s, Res,, — oo with f(s,) # 0. Choose
then s, so that K11 4+ Lyi1e*? is invertible. Repeating the previous procedure leads to a port-
Hamiltonian system with state-space L?(0,1;C"~2). Since each iteration leads to a state-space
with fewer number of state variables, this procedure is guaranteed to converge within n steps. [

Since the zero dynamics are a well-posed dynamical system, the following result is immediate.
Corollary 4.3. The invariant zeroes are contained in a left-hand-plane.

One consequence of calculating the zero dynamics using the original port-Hamiltonian form is
that it is easy to obtain the input u that zeroes the output. Suppose only one state space reduction

12



in Theorem 4.2 is needed. The state space of the zero dynamics is L?(0,1;C"~!). From (43) and
(51)

u(t) = Kuo(0)2(0,t) + Ludo(1)2(1,1)
= K, \o(0)T712(0,t) + L Ao (DT 2(1,1).

In the zero dynamics, Z, = 0. Defining K, to be the first n — 1 columns of K,\o(0)T~" and
defining L,, similarly, the zeroing input is

u(t) = K,w(0,t) + Lyw(1,t)

where w is defined in (53). For the situation where more than one state space reduction is needed,
the calculation is similar, except that a transformation matrix 7" is needed for each reduction.

5. Computation

Theorem 4.2 leads to a characterization of the zero dynamics as a port-Hamiltonian system
of smaller dimension. Moreover, the proof is constructive and can be used in an algorithm to
calculate the zero dynamics using standard linear algebra algorithms, see the box on the following
page. Zero dynamics can be calculated exactly for large system order; that is those with a large
number of nodes. Furthermore, Theorem 3.2 can be used to check stability.

Several examples are now presented to illustrate the calculation of zero dynamics.

Example 5.1. Consider the system from Ezample 3.1, written in the equal wave speed form. For
zero dynamics,

0 1 1 1 0
0| =10 0f 2(0,t)+ [0 0 —1| 2(1,%). (54)
0 0 0 1 1

The rank of K = 2 and so the zero dynamics are defined on a smaller state space than the original.
Applying one iteration of the algorithm yields (with so =0)

2 0 1

TP=10 1 -1/, Kw:{_ol _ﬂ sz[i ﬂ
11 0

The last row of the transformation matriz T P indicates that for zero dynamics
214+ 204 =0
and the first two rows define the remaining state variables:
Z1 =221+ 220, Z2 = 224 — Z2b-

(Because z1 + z2o = 0, Z1 can also be written —2z2a + z9p.) The rank K,, = 2. The zero dynamics
are well-defined on L*(0,1; C%) with governing differential equation (52) and boundary conditions

0 —-1|. 1 1] .
[1 1} 2(0,8) + {1 2} Z(1,t).
From the definition of the control system in Example 3.1,

u(t) = sz(O, t)

is the zeroing input.
This example could be done by hand. The definition of the zero dynamics (54) implies that
21 + 224 = 0. Substitution into the equations yields the zero dynamics.

13



Algorithm: Calculation of Zero Dynamics

The data are: wave speed p = fol ﬁ(g)df , boundary condition matrices Ky, L, and output matrices
Ky, L,. The dimension of the system is n, the number of columns in K. Define

K

L)

If K is invertible the zero dynamics are well-defined with n state variables. Otherwise do the
following calculations.

1.

Perform LU-decomposition of K: Py, K = M;M, where My is lower triangular, M, is upper
triangular and Py, is a permutation matrix.

If necessary permute last column of M, with earlier column so that rank of top left n — 1
block is n — 1; call the permutation matrix P.

Partition M, P and M[lpguLP similarly as

| Ku Ko —1 _|Li1 L2
Mu_ho...o] 0 }’ My P L = Loy Loo| -’

Define the matrices

—PSso
Ty = K11+ L1pe7 P, T = { I Kz + Lige ]

L21€*P50 L226*P50

for sg so that both matrices are invertible. (The existence of such an s is guaranteed if
the transfer function is not identically zero. A simple way find a suitable sq is to start with
so = 0 and then increase by an arbitrary amount until both matrices are invertible. )
Decompose T~ ! using the same decomposition as for K, and construct the inverse of T using
the Schur complement. Letting X be the solution of T35 = XT7, define

Si = (Ty — XTp)~ L.
(Note S is a scalar.) Only the 2 left blocks of 7! are needed:
(T =T "I+ T8k X), (T7")n =-SX.
The boundary matrices for the reduced system are
Ky =K (T 1+ Ki2(T 21, Ly = Lin(T )11 + Lio(T ™o

The new variables are Z; ...Z,_1 where Z = T Pz, the differential equation is

0

*&()\o(f)g(gt))

0]

—Z 3¢t =

()
and the boundary conditions are

Kuho(0)2(0,1) + Ly Ao(1)3(1,4).

If rank K,, =n — 1, the algorithm is complete. If not, return to the first step with K = K,,,
L = L,, and repeat the process.
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Example 5.2.

ox; ox;
=—— 1,2
ot ac: = h23
with
0 0 0 -1 100
= |0 =1 0]z0,6)+ [0 1 0fx(1,t) (55)
u(t) 0 -1 0 00 1
%,_/
K
y(t) = [0 0 0]z(0,6)+[1 0 0]x(1,1).

The rank of K in (55) is 8 and so the system is well-posed. The transfer function is not identically
zero.

Zero dynamics require

0 0 0 —1 10 0
0l = |=1 0 0]20,6)+]0 1 0fax(1,1). (56)
0 0 0 0 100

Applying the algorithm yields (with so = 0)

-1 1 0
S I S X B
1 0 0
The third row of TP implies that z1 = 0. The reduced states are
22:—214-22:22, 23221—23:—23.

Since K,, does not have full rank. the algorithm needs to be repeated; but with K., L, as the
boundary matrices. This yields

(TP), = [(1) (1)] D (Kwe =[], (Lu)2=[0].

Thus Z9 = 25 =0 and 23(0) = —23(0) = 0.

This example is also simple enough to do by hand. The original equations (56) are already
row-reduced, and imply 1 = 0. The reduced system must have o = 0.

Either calculation leads to one non-zero equation, for xs with the boundary condition

1‘3(0, t) =0.
The system equations (55) imply that in order to achieve this, u(t) = x3(1,t).

Example 5.3. Consider a larger system with n = 10. Suppose the wave speed Ay is such that

- fol Mo (€)dE = —1. The entries in the boundary matrices are zero, except that
K0(1,2) ) K0(179) - 737 K0(233) = 17 K0(272) = 717 K0(356) = 17 K0(37 10) = 27
Ko(4,1) = =5, Ko(4,6) =2, Ky(5,10) =6, Ky(5,9) = —4, Ko(6,8) =4, K(6,1) = —2,
Ko(7,6) =1, Ko(7,7)=3, Ko(8,3)=-2, Ky(88) =1, Ko(8,5) =—5,
Ko(9,1) =1, Ko(9,6) =5, Ko(9,9) =—1;
K,(1,4) =1;
L,(1,2) =1, L,(1,4)=-2
Since
rank {gﬁ] =10



this system is well-posed. Also, the transfer function G is not identically 0; in particular G(0) # 0.
Applying the algorithm with sqg = 0 yields

-5 0 0 0 0 2 0 0 0 0
0O -1 1 0 0 0 0 0 0 0
0O 0 -2 0 -5 0 0 1 0 0
O 0 0 0 -25 0 0 05 -3 0
O 0 0 0O 0 0 0 O -4 6
TP =19 0o 0o o 0 54 0 0 —1 ol Kw=To Lu=00xo.
O 0 0 0O 0 0 3 0 0182 0
0O 0 0 0 0 0 0 4 —0.1481 0
O 0 0 O 0 0 0 0 0182 0
0 1 0 -2 0 0 0 0 0 0]

For zero dynamics, zo — 2z4 = 0 and the zeroing input is

u(t) = K, TPz(0,t) = —2.525(0,t) + 0.525(0,t) — 329(0, ).

6. Conclusions

In this paper, zero dynamics were formally defined for port-Hamiltonian systems. If the
feedthrough operator is invertible, then the zero dynamics are again a port-Hamiltonian system
of the same order. In general, however, the feedthrough operator is not invertible. For many
infinite-dimensional systems, where the feedthrough is not invertible, the zero dynamics are not
well-defined. It has been shown in this paper that provided the system can be rewritten as a
network of waves with the same speed, the zero dynamics are always well-defined, and are a port-
Hamiltonian system. Furthermore, a numerical method to construct the zero dynamics using the
original partial differential equation has been described. Finite-dimensional approximations, which
can be inaccurate in calculation of zeros, are not needed. The approach applies to systems with
commensurate but non-equal wave speeds, and this generalization will be explored in future work.
The extension to multi-input multi-output systems also needs to be established.
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