Topology Based Optimization of
Suspension and Steering Mechanisms of

Automobiles

by
Reza Atashrazm

A thesis
presented to the University of Waterloo
in fulfillment of the
thesis requirement for the degree of
Master of Applied Science
in

Mechanical Engineering

Waterloo, Ontario, Canada, 2015

© Reza Atashrazm 2015



AUTHOR'S DECLARATION

I hereby declare that | am the sole author of this thesis. This is a true copy of the thesis, including any
required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.



Abstract

This thesis proposes a kinematic based optimization of the characteristics of suspension and steering
systems by focusing on their dynamics interaction. Two of the most important suspension
mechanisms are modeled. A new approach based on combining transformation matrix and vector
analysis is used resulting in less time and memory consumption during optimization. Modelling is
verified by comparing the results with multi-body dynamics software. Further, the steering
importance and its effects on the suspension are discussed, along with modelling and analysis of the

rack and pinion steering mechanism.

The optimization aims at the road holding and vehicle stability considering the effects of steering
mechanism on the suspension. Therefore, the cost function is defined based on both steering and
wheel travel. Moreover, the effect of wheel travel in different steering angles is shown to be
important and has been considered in the cost function. In regards to some behaviors of the

suspension, static constraints are defined and their importance is discussed.

Lastly, case studies are presented to provide analysis and optimization of the suspension
characteristics including steering error and track alterations. Optimization is performed to design
suspensions for particular vehicle classification, such as, family cars and SUVs. The results show that
optimization can be used to arrive at desired behaviors when the steering and suspension interaction is

considered in the optimization.
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Chapter 1

Introduction

Suspension and steering have been the two main vehicular systems from the beginning of the automobile
industry. The steering function lets the driver guide the vehicle. On the other hand, suspension systems
serve a dual purpose. In contributing to the vehicle's road-holding, it should serve handling and braking to
bring safety, and in contributing to the ride, it should keep the passengers comfortable and provide a
reasonable ride quality while driving over bumps or on poor quality roads [1-3]. In other words,
suspension systems should not only bring comfort to passengers within the cabin, but it should also
control the movements of the wheel during travel.

Early suspensions were based on the old ox-driven cart suspensions, and they did not even use spring
technology. Due to the early vehicle’s low driving speeds, those suspension systems were popular and
worked properly. However, after the introduction of internal combustion engines, vehicles could travel
with high speeds. Old suspensions were not capable of handling forces at high speeds; therefore, newer
vehicles used leaf springs in their suspension [4]. Later on, shock absorbers were introduced by Mors in
France. Few years later, coil springs were introduced by The Brush Motor Company and the suspensions
started to look more similar to their current state [5].

A lot of research has been done to find what characteristics play a role in performance, handling, and the
stability of vehicles. Many of these characteristics, i.e. steering error, tire wear and roll, relate to
suspension and steering systems and are considered to be crucial [6]. These behaviors should be
optimized to satisfy the mechanical desires of a vehicle.

The introduction of coil springs was a turning point in vehicle dynamics. Requiring less space, coil
springs were used in mechanisms to deliver better control over wheel movement and road holding. Two
of these mechanisms, which are used widely in today’s vehicle industry, are the MacPherson and the
double-wishbone. These mechanisms gave the vehicle industry the opportunity to optimize the
mechanical behaviors of suspension.

According to the suspension functions, studies on suspension optimization can be divided into two
aspects. The first aspect is optimizing ride and comfort of a vehicle by focusing on vibration dynamics.
Whereas, the second aspect targets the road holding responsibility of the suspension and tries to optimize
the handling performance and safety of the vehicle. Studies on the first aim are more popular, especially

that the conventional quarter car model can be used in vibration analysis and helps in simplifying the



system. As a consequence, both passive and active optimization methods can be used to satisfy the
desired goal [7-9].

On the other hand, road holding optimization is more basic and is considered as the first step of
suspension design. Furthermore, it affects the spring and damping ratios by providing motion ratios.
Thus, it is dynamically more important to focus on this duty of suspension. These studies are even more
important on steerable suspensions. The reason lies in the fact that steering affects suspension behaviors
and vice versa.

Apart from the considerations noted above, steering mechanism has its own obligations that cannot be
ignored in suspension design. The desired angles of steerable wheels during a turn have always been an
essential case to study. This geometry requires connections that impact road holding by suspension.
Accordingly, the suspension design is affected by these connections and geometries, which makes it
important to consider the interaction between suspension and steering in suspension design.

All in all, amongst many different aspects of suspension design and study, optimizing its road holding
abilities and minimizing undesired behaviors is crucial in suspension and steering design. In the next

section, reasons that still motivate one to research this area are discussed.

1.1 Motivations and Challenges

When wheel travel happens, the wheel is forced to move and rotate in more than only one direction. This
is due to the fact that the wheel is a part of the suspension mechanism. These movements introduce the
characteristics of the suspension, which were previously mentioned to be important in vehicle dynamics.
Therefore, studying and analyzing these characteristics are essential for designing a suspension.

On the other hand, the steering system directly moves the steerable wheels to allow the driver to guide the
vehicle. As steerable wheels are related to the steering system by the suspension mechanism, the
interaction between the steering and the suspension is what should be studied in optimizing those
mentioned characteristics. Therefore, to provide stability and good guidance for automobiles, one should
study the effect of steering on suspension characteristics as well as wheel travel.

In most of the former studies, the optimization of suspension systems has been independent of the
steering effects. In those research studies, the geometry of suspension has been modified to result in a
better performance by suspension during a wheel travel when no steering is applied. However, this
technique of modifying the geometry may result in the steering malfunction. Another important issue is

the effect of steering on the behavior of suspension in vertical movements of the wheel. During wheel



travel, the unwanted movements of the wheel are critical not only at zero steering, but also while steering
is applied.

Apart from the aforementioned factors, it is essential to provide effective mechanical constraints for
optimizing the suspension realistically. Static characteristics such as scrub radius and inclination angle are
influential in vehicle stability and should be considered as constraints in the optimization process. In
addition to all those aforementioned motivations, the type and the functionality of a vehicle is a major
contributor that should be considered in suspension design. A family car may not necessarily require the
performance of a racing car. However, it should be more reliable and minimize expenses.

Considering the steering effects, static characteristics and type of vehicle are essential contributions that
make a study practical and motivate studies on suspension and steering.

Still, there are some serious challenges in optimizing a suspension including:

1. Developing a realistic model of suspension mechanisms to study and analyze them with high
accuracy. The models should lead to a clear understanding of the behaviors of suspension.

2. Steering should be considered as another input into the suspension system along with wheel
travel. Otherwise, the effect of steering cannot be considered in the optimization.

3. The cost function should include wisely chosen weights regarding the type and the functionality
of the vehicle. It is important that one understand vehicle dynamics and set priorities for different
characteristics; particularly, the fact that desired characteristics are not the same during wheel
travel and steering either.

4. Due to the fact that optimization costs memory and computation, there ought not be too many
equations that are numerically expensive to solve.



1.2 Thesis Organization

In Chapter 2 of this thesis, the relevant literature is reviewed in detail. It starts from suspension modelling
and design and continues on to a literature review of the optimization of suspensions. The few studies on
steering and suspension interaction are also included to indicate the strengths and weaknesses of past
studies. As a result, this chapter will highlight the importance and contribution of this thesis. Chapter 3
includes suspension function and technologies with focus on MacPherson and Double-Wishbone
suspension mechanisms. This chapter includes definitions of suspension characteristics with a detailed
explanation of road holding duties of suspensions. Also, steering and anti-role bar connections to the
suspension are considered. Then, both suspensions are modelled. The mathematical equations of the
modelling introduce a new method, which is technically based on vector analysis using rotation matrixes.
Results are verified via multi-body dynamics software to support the validation of the method. Chapter 4
presents an overview on the steering function and technology, and it continues on modeling an analysis of
the rack and pinion. In this chapter, the kinematics of the steering and its effect on the suspension design
will be studied and explained in detail. Chapter 5 defines the cost function for optimizing the
characteristics along with the general physical constraints in addressing the static requirements. Chapter 6
includes case studies and demonstrates designing practical suspensions with desirable steering and road
holding characteristics. All the case studies are based on engineering facts that are explained in previous
chapters, and that refer to the most reliable studies. The last chapter states a conclusion about this study

and points at the future research that can improve this field.



Chapter 2

Literature Review

In this chapter, former studies and experiments have been reviewed to introduce the background
knowledge and research in this area. This section attempts to include most of the relevant research as well
as vehicle dynamics textbooks that have affected most of these studies. Moreover, suspensions are
compared, and their pros and cons are mentioned.

A comprehensive knowledge on suspension functions is of great importance to understand suspension
modelling and optimization. Moreover, all the effects that it has on a vehicle’s dynamics should be well
studied. In this regard, many textbooks have been written. However, the focus of this thesis has been
devoted on the most popular ones among researchers and engineers.

One of the most reliable references of vehicle dynamics is “The Automotive Chassis: Engineering
Principles” by Reimple et al. In this reference, the types of suspension used in the vehicle industry have
been reviewed. Further, the most important characteristics of a suspension system have been introduced
and defined. Furthermore, the desired functions of suspension during wheel travel have been proposed in
detail. The importance of toe angle, camber angle and caster angle changes are accurately explained
during wheel travel [6].

In “Vehicle Dynamics: Theory and Application”, Reza N. Jazar introduced suspension mechanisms by
avoiding dynamical equations and focusing on the kinematic characteristics of suspension, such as caster
angle and camber angle. In addition, he has provided transformation matrixes of the wheel and explained
those characteristics from the mathematical point of view. In the same chapter, a detailed study on roll
kinematics and geometrical requirements for a better suspension functionality has been provided [1].
Pinhas Barak has introduced some “Magic Numbers in Design of Suspensions for Passenger Cars” for
optimal comfort and performance. Although his study is mostly about optimizing the dynamics of
vehicles, it demonstrates how important finding and optimizing the installation factors of the spring and
anti-roll bar is for allowing a simpler modelling for car suspension, which leads to a better suspension
performance [10]. In this regard, the motion ratios that play a role in making mechanical modelling easier
are defined and studied in this thesis.

The two-dimensional simulation of the suspension mechanism is a simple way to study its non-linear
behavior. Therefore, the focus of many studies has been devoted on this approach, and the results show
the acceptable accuracy of this method. Camber angle, roll center and inclination angle are three
important characteristics that can be studied in this type of modelling as well.
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Stensson et al. have studied the importance of nonlinear modelling of a MacPherson suspension in “The
Nonlinear Behaviour of a MacPherson Strut Wheel Suspension” [11]. They have modelled a two-
dimensional MacPherson suspension by three different methods. Then, they have stated the importance of
the nonlinear modelling by a comparison between these models and the real test rig results. This article
shows the crucial role of a precise kinematic analysis in improving the dynamic study of suspension [11].
J. Hurel et al. have performed another two-dimensional study of a suspension mechanism in 2012. The
paper proposes a nonlinear modelling of the MacPherson strut, and it uses the Matlab-Simulink to
simulate the model. It also has compared the results with ADAMS [12]. In this study, they used the
transformation matrix method to model the MacPherson mechanism, which had been previously used, in
2009, by M.S. Fallah et al. The paper proposed the very same approach in modelling the MacPherson
suspension by providing detailed mathematical equations. They have not only validated the results using
ADAMS software, but also provided the comparison of the nonlinear model with linearized and
conventional quarter car model. M.S. Fallah et al. have also used linearized equations to control the
system [13].

E. R. Anderson has done a full modelling of the MacPherson suspension in a Master’s thesis. The study
includes the two-dimensional modelling of the system, and has compered the results with both
conventional quarter car model and test rig experiment results. Subsequently, system identification has
been proposed based on the developed model for control approaches [14].

Although all the two-dimensional modelling of suspension systems, which are applied in many studies,
are in acceptable accordance with ADAMS multi-body models, they cannot yield one of the most
important road holding characteristics of the suspension: toe angle changes, which refer to the rotation of
the wheel along the vertical axis. Toe changes by wheel travel can cause unwanted steering forces while
driving over bumps. This phenomenon, which is also known as bump-steer, is one of the most non-
desirable movements of the wheel. Furthermore, wheel travel also happens by turning and toe changes
can cause roll steer. Generally, these alterations can cause steering error and should be studied accurately.
According to many studies, the most desirable situation is the entire lack of toe angle variation [6,15,16].
As mentioned, three-dimensional modelling of suspension systems play a great role in both analysis and
optimal design of the suspension. One of the comprehensive studies on three-dimensional suspensions is
proposed by M. S. Fallah et al. The paper has used a three-dimensional transformation matrix method to
study the suspension’s behavior. Then, by applying physical constraints of joints, 18 equations are
provided for solving the AE equations. For an easier velocity and acceleration solve, the equations of

motion from degrees one and two are linearized. Track alterations, toe and camber angle alterations are all
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considered as the most important behaviors of suspension kinematics. This paper also proposes an energy
method to analyze the dynamics of the MacPherson strut. Moreover, a case study is done on a vehicle,
and the results are compared with other automobiles for a complete analysis [17].

H.G. Lee et al. also have studied the 3D kinematics of the MacPherson mechanism. In this study, except
for an R-S link constraint, no other equations are provided for kinematic modelling. The analysis is
focused on the constraints of optimization and also changes in characteristics during jounce and rebound.
In the paper, a sensitivity study was done on characteristics regarding the hard points of the mechanism.
Also, the importance of track alteration is neglected and kingpin angle variation is considered to be as
important as toe changes [18]. However, in most vehicle dynamics textbooks, toe angle plays a significant
role in the stability of vehicles, and the kingpin angle plays role in steering issues. These were not
considered in the study at all [2,6,16]. Further, the kingpin angle is not independent from the caster angle
and the inclination angle, which could be considered as a static constraint for a better dynamics in
vehicle[6].

Amongst studies on suspensions’ 3D modellings, H. A. Attia proposes a modelling for front suspension
double-wishbone linkage by using the “point and joint coordinate” method to formulate the system. This
method yields 11 equations to be solved, and in this regard, it is one of the most efficient dynamic studies
on a suspension system [19].

In a study by X. Liu et al., the effects of the coordinates of double-wishbone hard points are studied based
on correlation theory. The main purpose of this study is to analyze the effect of hard points on the
optimization of a SAE formula one, which is mostly focused on performance, rather than ride
characteristics. Therefore, the kinematic behavior of the suspension is the main interest of the paper [20].
The authors have not provided detailed equations for their modelling process.

By reviewing the formerly discussed literatures carefully, it can be realized that all studies have focused
on suspensions with kinematical degrees of freedom, and the effect of bushings are ignored [17,21].
However, studies have been done on multi-link suspensions that are dependent on bushings as well.
Although the analyses of these suspensions are not a subject of interest in this thesis, the optimizations are
important from the engineering point of view. J. Knapczyk and M. Maniowski propose a detailed
modelling for studying a five-rod multilink suspension with sub-frame [22]. Later, they use the same
study to optimize a five-rod multilink. However, the optimization is focused on dynamical characteristics
of the suspension [23].

In addition, P. A. Simionescu and D. Beale propose a synthesis for the five-link rear suspension. Their

study is focused not only on analyzing the multilink suspension, but also on the optimization of kinematic
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characteristics of the suspension [16]. Moreover, the optimization in this paper is based on reasonable
engineering factors, rather than optimization rationales for many other studies. These factors are in
accordance with studies on linkage suspensions, which clarify the unity of desired behaviors in all kinds
of suspension mechanisms.

On the other hand, some studies have tried to develop a general method for suspension synthesis instead
of focusing on a certain mechanism. S. Bae et al. use an axiomatic study to design MacPherson, double-
wishbone and multilink suspensions. The study presents the kinematic design of the mentioned
suspensions by analyzing the effects of suspension hard points on some “functional requirements” [24].
In regards to the optimal design of suspension mechanisms, multi-objective optimizing of a double-
wishbone mechanism was an interest of J. S. Hwang et al. By using genetic algorithm and considering
two categories of suspension: stability and controllability, a multi-objective optimization was performed
to find the optimal geometry of the suspension. The paper proposes a displacement matrix method for
modelling the double-wishbone suspension [25].

R. Sancibrian et al. have also used a multi-objective approach in optimizing a double-wishbone
suspension. However, they have provided a detailed formulation of the mechanism. The modelling
approach is based on considering all the links as a rigid body and providing enough constraints to solve
24 equations for the system. This modelling method is one of the most widely used methods that can be
found in many multi-body dynamics textbooks [26—28]. Moreover, a detailed description of the cost
function is provided and the optimization is based on “gradient determination using exact differentiation”
[29]. However, the desired characteristics are not in a full accordance with many vehicle dynamics studies
[6,15,16].

Steering kinematics is an important matter of study and design in vehicle dynamics. Although steering is
affected by suspension’s geometry, a comprehensive knowledge on the steering function and technology
is required. Accessing this knowledge requires the reviewing of textbooks and research papers on steering
principles and their pros and cons.

In “Vehicle Dynamics: Theory and Application” by Reza N. Jazar, a detailed study has been done on the
steering kinematics. The Ackermann steering principle is analyzed along with curves that show the effect
of steering geometry having a more accurate Ackermann kinematics while steering. In the same chapter,
it also indicates the anti-Ackermann and parallel steering geometries, and a brief comparison between
those and Ackermann is provided [1].

In one of the most impressive studies of steering kinematics, Dale Thompson has introduced the

fundamentals of steering kinematics. There, the pros and cons of anti-Ackermann steering have been
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summarized with a complete literature review. Furthermore, results have been shown to prove the paper’s
statement about anti-Ackermann effects on vehicle’s handling [30].

According to Dale Thompson, Costin and Phipps [31], Carrol Smith [32,33], and Allan Staniforth [34]
have recommended anti-Ackermann steering for racing and sport cars. On the other hand, Don Alexander
[35] and Paul Valkenburg [36] have not directly recommended anti-Ackermann kinematics. However,
they believe it has positive effects on competition cars. On the contrary, Eric Zapletal writes the only
racing car textbook that has not focused on anti-Ackermann steering or its effects on steering. The reason
is issued to Vehicle Stability Programs being used in modern cars [37].

Claude Rouelle also provides analysis to support the anti-Ackermann steering for higher performance. He
believes that using static toe out and reverse-Ackermann steering is the best setting for racing cars [38].
Mark Ortiz also believes that anti-Ackermann along with initial toe out is effective for racing vehicles
[39].

In a study on steering that focuses on the Ackermann principle, an optimization of steering geometry has
been proposed by I. Preda et al. to satisfy a pro-Ackermann steering. The MacPherson and the rack and
pinion cooperating system has been studied by planar modelling, and the 2-D optimized results have been
modelled in Catia-V5 in 3D to analyze the results [40].

The interaction between steering and suspension is very important when optimal design is of interest.
Therefore, the effects of these two systems on each other should be reviewed. In “The Automotive
Chassis” by Reimple et al., the Ackermann principle has been introduced and steering effects on the
variations of camber, kingpin and inclination angles are explained and justified in detail. It has also
elucidated the effects of static characteristics, such as scrub radius and roll center on vehicle’s dynamics
[6].

Moreover, different steering mechanisms and their pros and cons are discussed. Power assisted steering
systems are introduced and explained in details with engineering schematics of parts and connections.
Then, it is shown that mechanical requirements introduce some geometrical constraints in suspension and
tie-rod designing to satisfy desired characteristics [6].

Considering the interaction between steering and suspension, P. Simionescu and D. Beale in “Synthesis
and analysis of the five-link rear suspension system used in automobiles” explain the requirements of a
well-designed suspension. They defined their synthesis problem by introducing kinematic conditions that
satisfy those requirements. Also, by referring to Raghavan’s “Suspension kinematic structure for passive

control of vehicle attitude”, they explained how important it is for a suspension system to avoid any



movements other than vertical displacement of the wheel during wheel travel [15]. In the same study, a
more optimal design is provided for a known suspension [16].

S. Park and J. Sohn have studied the importance of camber angle in steering, and they have tried to
control its front suspension changes. In this study, the effects of camber angle in steering have been
discussed, and it has been shown to have a slight effect on producing lateral forces [41]. Therefore,
camber alterations during wheel travel should be small so that the stability of vehicle is not negatively
affected. This study also indicates another steering characteristic that plays a role in suspension design.
Although there are few studies on the front suspension that has included the steering effect on suspension
characteristics, D. A. Mantaras et al. have proposed a three-dimensional kinematic model for a
MacPherson mechanism that considered the steering as well. The modelling method is based on the
transformation matrix of the wheel and constraint analysis of each link. After the process of modelling,
the equations have been solved in MATLAB and the model is validated with a real test rig experiment
[21].

As one of the most important behaviors of suspension is providing the stability while wheel travel,
steering error must be minimized. M. L. Felzien and D. L. Cronin have studied and optimized the steering
error of the MacPherson strut. This study has included the steering input to the MacPherson mechanism,
which is provided by a rack and pinion steering mechanism. The steering kinematics is considered to be a
parallel steering and the optimization is focused on minimizing the steering error while wheel travel
happens in cornering. The paper shows the importance of considering steering in kinematic analysis of the
suspension very well [42].

Another research on improving a MacPherson suspension system which has considered the topic of
steering is by H. Habibi et al. Authors have tried to minimize the undesired “roll-steer” by considering the
body roll of a vehicle in turning and using the genetic algorithm. Not only is the change of toe by roll
considered to be important, but camber and caster variations are also kept minimized. This shows the
study’s respect to vehicle dynamics. The 3D modelling of the MacPherson system is based on closed
geometrical loops and yields only 13 equations to be solved [43].

In conclusion, amongst all studies and research on suspension and steering, there still is a lack of
comprehensive study that considers both of these systems in optimizing road holding responsibility of the
suspension. In this thesis, individual characteristics of steering and suspension along with dependent
behaviors, such as steering error, have been analyzed and optimized from the engineering point of view.
Furthermore, a new approach has been used in modelling the suspension mechanism to reduce the number

of equations.
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Chapter 3

Suspension Systems

3.1 Introduction

A suspension is a system of links, springs, and dampers that allow a relative motion between body and
wheel [1]. Suspension systems should provide vehicle safety during wheel travel and steering, and these
systems should also aid in creating a comfortable ride for passengers. When it comes to steering, the
suspension systems of the front and the rear of a car are usually different.

In front suspensions, the lack of stability, tire erosion and bump-steer are unwanted results of a poor
designed suspension. Therefore, there have been many studies on those characteristics that play main
roles in increasing stability and reliability of a suspension. There are mechanisms that help preventing
undesired movements of wheels, and lead vehicles toward having an optimum road holding performance.
For instance, according to many vehicle dynamic studies, bump steer causes stability issues and should be
totally prevented [1,2,6].

Two of the best and most widely used mechanisms of suspension are the double-wishbone and
MacPherson mechanisms. In the automotive industry, the double-wishbone suspension was introduced by
the Citroen Company in 1934 in Rosalie and Traction Avant models [44]. Although it is more complex
and takes up more space than a MacPherson, it can be optimized and is easier to fine-tune. The
MacPherson mechanism was supposed to be introduced in Chevrolet Cadet as a light-weight vehicle by
Earle S. MacPherson in 1945. However, the Cadet project was cancelled and the strut patented in 1947
[45]. This suspension requires smaller space and fewer links, and it is also fair in being tuned and
optimized for its wheel travel characteristics. Thus, the MacPherson strut is very popular in vehicle
industry.

In this chapter, the analysis of both abovementioned suspensions in relation to the standard characteristics
of suspensions is provided. This analysis is used in the optimization chapter for finding the optimal
positions of the mounting points to the chassis and the positions of linkage connections. Steering effects

and the relation between steering mechanism and the suspension is also considered in the modelling.
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3.2 Suspension Function

The suspension has two important responsibilities in a vehicle: ride comfort and road holding. Ride
comfort is important in regards to preventing harsh impacts to the human body and any luggage while
driving. For instance, the human body’s sensitivity to vibrations from 2 to 10 Hz is greater [46-48], and
certain frequencies can cause whirling sensations or overlap with body part resonances [10]. Thus, the
suspension should prevent vibrations in zones such as a vehicle’s seat. On the other hand, road holding
shows a crucial effect on vehicle safety, handling, and performance. The focus of this thesis is also
devoted to this service of suspensions. Therefore, the characteristics that play a role in this regard should
be reviewed.

The first step is to define vehicle coordinates. According 1ISO 4130 and DIN 70000, the standard
coordinates of a vehicle are shown in Figure 1[6].

Y axis
X axis

b

Center of Mass

Figure 1-Global Coordinates

The toe angle is the angle between the steerable wheels’ longitudinal centerline and the vehicles’
longitudinal centerline viewed from top. Figure 2 shows the definition of the toe angle. The variations of
this angle by bump, roll or any other input could impact vehicle performance. This is due to the fact that

the major amount of the lateral force for steering is produced by the slip angle of tire [2,6]. A simple
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popular estimation of the slip angle of the steerable wheels in normal steering conditions and small slip

angles is as below.
v+ ar

o =8-— (3-1)

In the above equation, & is the amount of steering angle on wheels, v and u are the lateral and longitudinal
velocities respectively, r is the yaw rate of the vehicle and a is the longitudinal distance between CG and
front axle [49,50]. As expressed, the steering angle has a direct impact on slip angle, and subsequently, on
lateral force. Now, revisiting the definition of toe angle, the variations of this angle means the same
amount of changes in steering angle. Therefore, any changes in &, other than steering input by driver, is
undesired and is called the “steering error”. A well designed suspension must minimize the variations of
this angle, especially when the load is increasing on the wheel. For instance, when the suspension is under

compression, toe changes should be as minimal as possible.

R I
Figure 2- “Toe in” geometry
The other important characteristic of suspension is the variations of the camber angle. The camber angle
is the angle between the vertical centerline of wheel and that of vehicle as viewed from the front plane.
The camber angle also affects lateral forces; however, its effects are not as much as the toe angle. Figure

3 displays the DIN 70 000 definition of a positive camber along with the lateral force produced by camber

variations [6]. Thus, very high alterations of this angle can cause steering error as well.
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Figure 3- Camber angle and Camber thrust [6,51]

In regards to tire wear, minimizing the track alterations of a vehicle is essensial. Generally, the track is the
width of an automobile between the centre of its wheels. The changes in a tires’ contact patch in the
global Y direction is known as track alteration, and it causes tire erosion. It also has a very slight impact
on lateral forces which may cause problems. Therefore, it should be near zero while steering and during

wheel travel. Figure 4 indicates the definition of front track, named as w.

4 !

S

Figure 4- Track
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There are some static characteristics that play a role in road holding. The scrub radius, which is defined
based on the kingpin inclination angle of steering axis, shown in Figure 5, should not be zero. The reason
lies in the role of the scrub radius in transferring the sense of the road to the driver. Also, a small amount
of inclination angle can bring a better stability to the vehicle [1,6]. The kingpin inclination angle is the

angle between the picture of steering axis on front plane and that of wheel’s vertical axis.

Co

Inclination angle

3
| ' “Scrub Radius

Figure 5- Kingpin inclination angle and Scrub radius

The caster angle is also important for vehicle stability. It has the same definition of inclination angle
except that it refers to a side plane. Figure 5 indicates the definition of this angle regarding DIN 70 000

[6]. For better longitudinal stability, a small amount of caster angle, namely 0-5 degrees, is suggested
[6,51].
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Caster Angle (Negative)
I

| Steering Axis
Wheel Centerline,

Figure 6- Negative Caster Angle

In front suspension systems, the lack of stability, tire erosion, and bump-steer are unwanted results of a
poorly designed suspension. There have been many studies on the characteristics that play main roles in
increasing stability and reliability of a suspension. Also, mechanisms that help prevent undesired
movements of wheels had been designed, and they lead vehicles toward their optimum performance level.

In the next section, these mechanisms will be discussed.
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3.3 Suspension Mechanisms

As previously discussed, for better road holding, suspensions use mechanisms made of linkages. In this
section, the most popular mechanisms are named, and a brief explanation is given. Then, a detailed
modelling is provided for two of the widely used mechanisms in vehicle manufacturing, the MacPherson
and the double-wishbone.

It is perhaps the case that the solid axle suspension was the very first suspension mechanism that was
used by human beings during the era ox-driven carts. This suspension is also known as a dependent
suspension, and nowadays, it benefits from modern leaf springs and coil springs to provide better
comfort. Because of its heavy mass, it is rarely used as a front suspension, i.e. in heavy trucks. Also, for
improving the road holding abilities of the suspension, it may be used with linkages such as a “Watt

Mechanism”, as shown in Figure 7 [1].

Figure 7- Solid axle suspension linked with Watt Mechanism [1]

The MacPherson, another type of suspension, is primarily used in smaller vehicles. This suspension is an
independent suspension as the wheels of the same axle are held independently. Initially, the suspension
was specifically designed for compact cars; however, it is now used in regular sized vehicles as well. It
uses a coil spring and a shock absorber in its linkage system. The MacPherson suspension will be

discussed in details further on this chapter. Figure 8 is a schematic of MacPherson suspension.
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Figure 8- MacPherson schematic

Another independent suspension which is widely used in automotive manufacturing is the double-
wishbone. This mechanism is also known as double-A arms and SLA (short-long arms). Due to its upper
arm, it needs more space in global Y direction of the vehicle. On the other hand, the spring and damper is
not a part of control mechanism and requires less space in global Z direction. Figure 9 indicates a typical

double-wishbone suspension. In the following pages, this mechanism is studied in detail.

Chassis
Mountings

Figure 9- Double-wishbone schematic
18



The multi-link suspension is also an independent suspension that is mostly used in modern vehicles. In
contrast to the MacPherson and the double-wishbone, replacing bushings with mechanical joints will
result in no kinematical degrees of freedom. Therefore, the role of bushings is crucial in multi-link
suspensions to provide dynamical degrees of freedom as forces are applied to the wheel. Figure 10

displays the rear axle of a manufactured electric car using multi-link suspension.

Figure 10- Mercedes-Benz SLS AMG Electric Drive rear axle[52]

3.4 MacPherson Suspension Modelling

In this section, a detailed study is done on the MacPherson suspension. One of the standard methods for
analyzing a suspension with one or two kinematical degrees of freedom is to avoid bushings and consider
mechanical joints with the same performance [17,21]. As shown in Figure 11, the MacPherson suspension
is modelled in 3-dimensions by links and joints. The general calculation of the degrees of freedom of a

system can be shown as:
DOF=nx6—-(mXx5+px4+ qx3) (3-2)

where n is the number of bodies, m is the number of revolute joints and prismatic joints, p is the number

of universal joints, and q is the number of spherical joints. Regarding the MacPherson mechanism

indicated in Figure 11, points D and E indicate revolute joints that connect the lower arm to chassis and

operate in the same direction, which is equivalent to one revolute joint. Point B, shows a universal joint
19



which mounts the suspension to the steering rack. The steering rack itself is a body constrained to the
chassis with a gear joint, which can be considered as a body jointed to the chassis with a prismatic joint,
as is discussed in the next chapter. Points C, , A and B are spherical joints and point C is a prismatic joint.
Counting the abovementioned mechanical joints indicate 1 revolute joint, 2 prismatic joints, 1 universal

joint and 3 ball joints. Thus, the degrees of freedom can be achieved as follows:

DOF =5x6—(3x5+1x4+3x3)=2 (3-3)

3.4.1 Equations

A schematic view of the MacPherson strut is provided in Figure 11. As shown, this suspension includes a
lower arm, a spindle, a tie-rod and a strut. As mentioned in the DOF analysis, the chassis mounting points
are named as D and E for the control arm and C, for the strut. B, is the connection of tie-rod to the
steering mechanism. B, C and A are linkage connection points. Point P refers to the wheel’s assembly
position. Considering that A, is the orthogonal projection of DA on DE, one can write the 3-D vector

relations for a general MacPherson mechanism as below.

Spherical joint

Prismatic joint

Universal joint 72 : Spherical joint

Figure 11-MacPherson Mechanism and its points’ names [17]
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AgA+AC +CCy + CyAdy =0 (3.4)

B a—

BoB + BA +AA, + AyBy =0

The control arm is the lowest link in the MacPherson suspension mechanism. This link is connected to the

chassis with revolute joints on points D and E as shown in Figure 11. The revolute joints allow the control
arm to rotate along the direction of DE . Point A, as shown in the figure, is located at the end of control
arm. Therefore, in relation to the degrees of freedom of the control arm, it can only rotate about DE. The
vector of the rotation arm of point A along DE is A_'AO, where, as mentioned before, 4, is found from the
orthogonal projection of DA on DE. Thus, the position of point A can be found by a rotation matrix,
which is named R¢onerorarm iN the following equations and expresses the rotation of the control arm
along the direction of DE. Now, let 6 be the rotating angle of control arm from its initial position, 4, the

initial position of point A and up the unit vector of DE direction:

u —_—
DE
Uy = v] _ DE (3-5)
wl  IDE]
Regarding the definition of A, this point will be found as:
AO == uDE * DA]_ + D (3-6)

Therefore, the following equation can express the position of point A, while rotation happens:

[[A] [44]

1 ]4><1 [RControlArm]4><4 X [ 1 (3_7)

]4X1

WHEre, [Reonmowrm] 1S @ 4 x 4 Matrix indicated below.

[RControlArm]

u?+ (w2 +w?)cos® uv(l—-cosf) —wsind uw(l—cos@)+ vsind (on("Z +w?) = u(y,v+ ZAoW)) (1= cos6) + (ya,w — 24,v) sin
B uv(l —cos@) +wsinf  v*+ (w?+w?)cos® vw(l—cosf) —usinf (on(uz Fw?)— v(onu + ZAOW)) (1—cos6) + (ZAUH _ XAOW) sin 6

uw(1—cos@) —vsin® vw(l—cosf)+usind w?+ (u?+v?)cosf (zAO(u2 +v?) — w(xAOu + yAnv)) (1 —cos®) + (onv - yAOu) sin @
0 0 0 1

(3-8)
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Regarding the prismatic joint, whose location is represented by point C in Figure 11, the spindle and strut
are constrained to have the same rotation in three-dimensional space. Therefore, the rotation matrix of the
spindle, which represents the direction changes of vectors on the spindle, is the same as that of the strut.
This rotation matrix should include rotations along global X,Y and Z axes, with extrinsic rotation angles
of ¢, Y and y, respectively. As the spindle is a rigid body, the length of any vector on the spindle should
remain the same at any time. However, C—CO’ the vector which represents the geometry of the strut, does
not have a constant length during a working cycle of mechanism. The aforementioned rotation matrix is

defined in equation (3-9).
Rs = Rz(y) X Ry() X Rx(¢) (3-9)

where R, Ry and Ry are rotation matrixes along Z,Y and X axes respectively and as follows.

— [1 0 0 0]
_ |0 cos¢p -—singp 0
Rx(¢) = 0 sing cos¢p O

L0 0 0 1.

[ cosyp O siny 0]

- R (ll}) — 0 1 0 0 (3_10)

Y —sinyy 0 cosyp O

0 0 1] 1]
[cOSY —siny 0 0
_ siny cosy 0 0

RZ (Y) - 0 0 1 0“
— L 0 0 0 1

Now, let A,, C; and P; be the initial positions of points A4, C and P respectively. Thus, relations (3-11) to

(3-13) can be derived for the vectors on the spindle as follows:

AC = [Rslaxa X Al (3-11)
L0 J4xq L 0 141
BAL = [Ryl4xq x |C1%h (3-12)
L 0 J4x1 L 0 J4x1
AP = [Rg]axa X APy (3-13)
L 0 141 L 0 141

To provide the equations of the strut, the unit vector of C; C, should be found from equation (3-14) and

used in equation (3-15) to express the changes of the struts direction.
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g, =-21bo (3-14)
“1 7 ¢, Gy

= [Rlawa x [“9 (3-15)

[ucc0
0 lgx1

4x1

Considering L, as the length of strut, relation (3-16) indicate the geometry of strut:

C—CO) = LCCO X uCCO (3-16)

Regarding Figure 11, the tie-rod, which is the connecting rod between the suspension and steering
mechanisms, can be represented by BTB The tie-rod cannot rotate along its own axis and has always a
constant length. Thus, by using the former defined 3-Dimensional rotation matrix in equations (3-9) and
(3-10), and assuming that C; is the initial position of the point C, one can derive required algebraic

equations of tie-rod’s position as below.

[[HOB)]LM = [Rrieroalaxa X [[@]Lm (3-17)

Rrieroa = Rz(M) X Ry(B) X Rx(a)

where Rrieroq 1S the rotation matrix of the tie-rod. The universal joint will also require rotational

constraint. As it cannot rotate along its axis, equation (3-18) expresses this rotational constraint.
a
[ﬁ
n

Now, let’s name the contact point of tire and the road point T and its initial position T;. The following

-(BoB) = 0 (3-18)

equation will then expresses the wheel travel concept in the suspension.
AZyheer + Zr, = Zr

(3-19)

ZT = Zy — ZyT

In the above equation, z refers to the vertical component of the points, AT is a vector on the spindle and

between points Aand T.
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3.4.2 Steering Connection

Steering is also an input into the suspension system. As mentioned, B, is the connecting point between
the rack and the spindle. When steering is applied, there actually is a movement in Y direction at B,,.
Therefore, one can consider the effect of steering by adding another equation of motion on this point,
instead of fixing it to the body. Thus, equations (3-20) and (3-21) can be considered as another driver

equation along with all other above equations.

YBo = (yBo)O + AYRack (3-20)
xBO

yields BO = (yBO)O + AyRack (3_21)
Zp

0

Term (yBO)O indicates the initial position of B, in Y direction of the global coordinate.

Now, the model yields the suspension movements while both steering and wheel travel is applied. The
sets of equations and unknowns are illustrated in equation (3-22), where q is the vector of variables

and & is the constraints.

I DR E=S

,LCCO_
(3-22)

[ [A1]]  _[[4o] |A C | Uc,c, [c A ]
[Rcontrotarmlaxa X [ 1 ]4><1 [ 1 ]4)(1 + [Rglaxa X 10 1 . + Leg, X [Rslaxa X [ 0 + 00 0

x1 4x1
[A1]] _ [[Ao]]

[RControlArm]4><4 X [ 1 1

4x1

—_—

+ [Rslaxa X [BlAl] + [Rricroalaxa X [[3031]] + [AOBO]
0 0l 0 l4q

4X1 4x1 4x1

a
o] @ -0
n
ZT = Zp — 24T

VB, — (yBO)O — AYrack
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3.4.3 Modelling Verification

As the equations are based on a new method that combines both vector analyses and rotation matrices, the
results of the modelling should be verified by multi-body dynamics software. In this section, the ADAMS
software is used.

Verification of a real suspension is provided by comparing the results of above equations solved by
MATLAB and the suspension model in the ADAMS view. In the ADAMS model, bushings are avoided
to focus on equation verification. Results shown are for the rotation angles of the spindle along the X, Y
and Z axes. Rotation along X and Z are camber and toe respectively.

As is demonstrated in the plots of Figure 12, the results are exactly the same. Thus, the new method is

perfectly accurate, and it yields only 8 equations.
e T ™ W -
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Figure 12- The Model in ADAMS View and results comparison in Matlab, left, and ADAMS, right

3.5 Double-Wishbone Suspension Modelling

As formerly mentioned in the MacPherson analysis, one standard method of analyzing a suspension with
one or two kinematical degrees of freedom is to avoid bushings and consider mechanical joints with the
same performance. Figure 13, shows a schematic 3D double-wishbone suspension. Considering the same
explanations about tie-rod, steering system and control arm in the MacPherson mechanism, the number of
the joints can be found. Points A, B and C indicate spherical joints, couple points D and E, and Fand G
express two independent revolute joints for lower and upper wishbones respectively, and B, indicates a
universal joints that connects the suspension to the steering system and explained before. According to
Equation (3-2) and by considering 2 revolute joints, 3 spherical joints, 1 universal and 1 prismatic joint,

the double-wishbone suspension will have 2 degrees of freedom.

3.5.1 Equations

A schematic view of the double-wishbone is provided in Figure 13. As shown, this suspension includes a
lower-arm, a spindle, a tie-rod, and an upper-arm. To make the understanding easier, name of hard points
are the same as in the MacPherson system. For instance, the chassis mounting points are named as D and

E for lower arm, B, is the connection of the tie-rod to the steering mechanism, and B, C and A are linkage

connection points. The difference being that C, for this system is the orthogonal projection of FConFG.
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Figure 13-Double-wishbone schematic geometry [53]

Having these names allow for the usage of exactly the same equations (3-2) and (3-3) for the needed
vector geometry.

The lower arm is the lowest link in the double-wishbone, which is exactly the same as in the MacPherson.
This link is connected to the chassis with revolute joints on points D and E, as shown in Figure 13. The
revolute joints only allow a rotation along the direction of DE. Therefore, the equations that express the
lower wishbone’s movements are equations (3-5) to (3-8). Also, the upper-arm, the highest link in double-
wishbone mechanism, can only rotate along the same direction as lower arm. However, it is connected to
the chassis at point F, and its amount of rotation is different from the lower arm, indicated as ¢ in the
following equations. In this case, one can define C,, the orthogonal projection of FC on its pivoting axis,

using DE direction and equation (3-5) as follow.

S Co =upg-FA; +F (3-23)

Now, letting C; be the initial position of point C, equation (3-24) will express the position of point C.
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(], = Bl <[ 62

]4-><1

Where [Rypperarm] 1S found as follow.

[RUpperArm]

[ u?+ @W?*+w?cos¢{ uv(l—cos{) —wsin{ uw(l—cos{) +vsing (xco(vz +w?) - u(ycov + ZCnW)) (1—cos{) + (yCDW - ZCoU) sin¢]
uv(l —cos{)+wsin{ vZ+ @W?+w?)cos{ wvw(l—cos{)—using (Yco (W? +w?) — V(xcou + ZCOW)) (1—cosd) + (Zcou _ xcow) sin¢

uw(l —cos{) —vsin{ wvw(l—cos{)+usin{ w?+ (u?+v?)cos{ (zco(u2 +v2) —wlxgu+ ycnv)) (1 - cos{) + (x¢, v — yg,u) sin (J
0 0 0 1

(3-25)

Now, if extrinsic rotation angles along the global X,Y and Z axes, are named as ¢, ¥ and y, respectively,
then the equations of the spindle will be defined by equations (3-9) to (3-13).

Regarding Figure 13, the tie-rod, which is the connecting rod between suspension and steering
mechanism, is the W vector. The behavior of the tie-rod in the double-wishbone suspension is exactly
the same as in the MacPherson. Therefore, if a,  and n are the extrinsic rotation angles of the tie-rod,
equations (3-17) and (3-18) will represent the behavior of this link.

As the inputs are also the same as in any other suspension, steering input and wheel travel can be
represented via equations (3-19) and (3-20). All in all,® and q define the sets of equations and variables

for the double-wishbone would be as follows.

NI RRE= S

(3-26)

-[RControlArm]4><4 X [[All]] - [[AlO]LXl + [Rs]4><4 X [Aloﬂ‘bq - [RUIJIJErArm]4X4 X [[Cil]Lxl + [[i()]]z}xl + W]‘txl-

4x1
Aq] [4,] BA [BoBi] A,B
[RControlArm]4><4 X [[ 11 ] - [ 10 ] + [Rs]4><4 X 171 + [RTieRad]4-><4 X 01 + 00
4x1 4x1 0 lyx1 0 J4xq 0 J4xq

= a
o
n

(B) = 0

ZT = Zp — Zpr
YBy — (}’BO)O — AYRack
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3.5.2 Modelling Verification

To make sure this method also works with other multi-body dynamics software, verification is
done by MapleSim software, which verifies using the graph theory method. Figure 14 indicates the model
in MapleSim software, and Figure 15 and Figure 16 represent a comparison between the results of the

modelled equations in Matlab and MapleSim.
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Figure 15- Camber Angle in MapleSim and MATLAB
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3.6 Anti-roll bar

The anti-roll bar is a torsional bar that connects the suspensions of each side together and reduces
the amount of roll of the body during cornering. It is usually fixed to the lower arm and to the chassis
with some bushings. In Figure 17 and Figure 18, a schematic of an anti-roll bar is shown. As the body
rolls during cornering, the distance between the wheels and the body alters at each side. This change
would be the same in amount but opposite in the direction. Therefore, by the solving the same wheel
travel equations, the displacement of the anti-roll bar mounting points to the suspension would be found.
With the displacement, one can use Z component and the effective length of the anti-roll bar,
named L, ecrive IN €Quation (3-28), to find the torsion angle of anti-roll bar while a known amount of
body roll is applied. Considering the amount of body roll is ¢ g4, , the resulted anti-roll bar torsion
iS O gnti—roil ar @Nd the vehicles track is W, equation (3-27) yields the relation between the body roll and

wheel travel, which consequently results in finding the torsion of anti-roll bar by equation (3-28).

. _ 20Zypeer (3-27)
Sln(¢Body) = W
solving the system equations
AZyheet Az grp & Azy_grp
. AZl—arb + Azr—arb _ (3-28)
arcsin l = Oanti—roli bar
ef fective

In the above equations, Az;_ ., is the displacement of anti-roll bar’s connecting point to the left
suspension in Z direction and Az,_,,, is the displacement of anti-roll bar’s connecting point to the right

suspension in Z direction. Therefore, the motion ratio will be:

MR = d(ganti—roll bar) (3_29)
d(¢body)
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Figure 18-Anti-roll bar and MacPherson schematic [55]

Now that all the equations are written, by solving the system, all required suspension characteristics and
sizing factors can be found. In terms of system characteristics, the scrub radius and the inclination angle
are both static, and there is no need to find them by solving the system. However, toe, camber, and track
alternations are three important characteristics that should be found during wheel travel and in different

steering angles. Following relations yield system characteristics in relation to the equations of the system.

Camber Angle = ¢ (3-30)
Toe Angle = y (3-31)
Track Alterations = yr — yr, (3-32)
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Chapter 4
Steering System

4.1 Introduction

The steering system is used for guiding the vehicle. The driver’s applied motion is translated into angles
applied on the wheels by steering system [56]. The steering system must be “robust, sensitive, and precise
enough to inform the driver as comprehensively as possible about the various vehicle condition
parameters and any alterations in these parameters” [1]. A similar explanation has been stated in other
handbooks [56,57]. Regarding the goal of the steering system, it is very important that the steering
wheel’s angle and the steering angle on wheels correlate accurately and only small amounts of “play” are
allowed in transferring the torque of steering wheel into the force on the vehicle’s wheels. Although the
purpose of the steering system is to provide desired angles for cornering, the driver is also receiving
information about the steering system by feeling the required torque for desired steering angles.
Therefore, no unwanted forces, i.e. friction, should affect the transmission of these forces to save the
system’s efficacy [58].

Amongst all the mechanisms for transferring the desired steering angles on the steerable wheels, rack and
pinion mechanisms are the most widely used. Rack and pinion steering systems are used on every class
and size of vehicle; from mid-sized family cars like Opel Astra 1997 and Peugeot 405, to faster and more
luxury vehicles, such as the Audi A8 and Mercedes E and S Class, and it is also used in many light-
weight vans. Some of the advantages of this mechanism over other steering mechanisms include its
simplicity, having a play free and robust gear contact between rack and pinion [1], and its capability to be
combined with all kinds of power assists.

Besides the type and robustness of a steering system, these mechanisms should also be able to provide a
reasonable proportion between the inner and outer turn wheels to satisfy turning dynamics. After many
years of using carts, Georg Lankensperger, a German carriage builder, created a type of steering geometry
to solve the steering issue in 1817, which was later patented by his agent in England, Rudolph
Ackermann, for horse-drawn carriages. This steering geometry is known as Ackermann steering. Later,
tires were found subjects to affect steering performance and anti-Ackermann steering approaches were
introduced to maximize racing car cornering performances. In this chapter, steering principles are going

to be studied, along with a rack and pinion steering mechanism analysis [57].
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4.2 Technology

There are many mechanisms that can transfer driver’s steering input into a steering angle on wheels.
Parallelogram and rack and pinion are the two main mechanisms for the aforementioned purposes.
Parallelogram mechanism is based on a four-bar linkage that has two parallel and equal arms with a long

coupler in the middle. It is also known as the Pitman-bar steering.

Shaft from steering wheel ————|
\
\

Steering box ———

: Idler arm
Pitman arm ——»
\

Link

Track rod Tie rod

Tie rod

Figure 19-Parallelogram steering [54]

On the other hand, the rack and pinion mechanism is one of the widely used steering systems in the
vehicle industry that uses gears for transferring the rotational input of the driver to a translational
movement that causes steering on wheels, shown in Figure 25. The rack is a linear gear bar which is
connected on each side to another bar, the tie-rod, with a universal joint. The other end of the tie-rods are
connect to the spindles of the steerable suspensions of each side by spherical joints, and this connection
helps the whole suspension-steering mechanism to output the desired steering angles onto the wheels. The
focus of this thesis is on the rack and pinion mechanism and a detailed explanation is provided in

following sections.
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4.2.1 Modeling and Analysis

4.2.1.1 No assist

The steering column is a part of the steering mechanism that has the duty of transferring the steering input
by the driver to the pinion. The forces on the rack can be dynamically modelled as shown in Figure 20.

Figure 20- Schematic of rack and pinion model

Regarding this simplified model of the steering column, if the driver input is an angle into the steering

wheel, one can write its dynamical equations as below.

ksc(8sw — 6,) + csc(Osw — 0p) = 1,6, + T, (4-1)

where, and as shown in Figure 20, 6,,, is the rotation of the steering wheel, which is considered to be the
input by driver, 8, is the rotation of the pinion, I, is the pinion’s moment of inertia along its rotating axis,
and T, is the resisting torque on the pinion caused by the forces on the rack mostly due to resistance of the

tires. The state space equations of the above equation would be as follows.
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Considering that the steering gearbox is ideal and its efficiency is 100%, the relation between resisting

torque on the pinion and resisting force on the rack can be found by a simple gear analysis as below.

(4-3)

kX . Gp T

N

0, X1, = Sg = 6,1, = 3¢

Tp = FRTp

where P refers to the transferred power from the pinion to the rack, Fy is the transmitted force to the rack
and s stands for the displacements of the rack.

In linear models, resistant forces produced by tires while steering can be simplified as an equivalent
spring and damper forces, which resist linearly against rack movement. Therefore,

FR == Z(KtSR + CtSR) (4'4)
And by equations (4-2) to (4-4), the state space equation can be written as below.

1 0 0
Csc 2 G.p + ksc  csc [G.SW] (4-5)
_——ZKt D —I——thrp gp I_ I_ QSW
14 14 14

As all the assists being used in steering systems try to reduce the applied torque by the driver, the required
torque needs to be found. Equation (4-6) shows the relation between the input angle and the required

torque while there are no assists.

Tsw - Iswésw = ksc(esw - gp) + Csc (9sw - 91)) (4'6)
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4.2.1.2 Hydraulic Assist

Here, in Figure 21, a real cooperation between the hydraulic system and rack and pinion is shown. This
figure also indicates that the driver needs only rotate a hydraulic valve. That means that the main force for
the translational movement of the rack is supplied by the hydraulic system. Then, by the movement of the

rack, the pinion would rotate and after reaching the required position, the valve would be closed.

oil reservoir
powerassist pump
control valve

hydraulic cylinder

piston pinion rack

Figure 21-Hydraulic powered rack and pinion system [58]

.\ N ’
\.‘U\\\\. .....

I 1
~\ &/:\\—'ﬂ;‘,
’,\ \\“““ 2
PR/

BN ==

Figure 22- Torsional bar of hydraulic valve [56]

The rotary valve being used in the hydraulic system has a flexible torsional bar that connects the end of
the steering column to the pinion, shown in Figure 22 as number 1. This torsional bar is the inner part of
the rotary valve. As shown as number 2 in the same figure, the valve’s housing is also connected to the
steering gear. Therefore, when a steering angle is applied to the steering wheel by driver, and there is a
resisting torque on the pinion, which was previously discussed, the torsion in the flexible bar causes the
angle difference between the inside of the valve and the housing. This difference opens the hydraulic flow

into the hydraulic cylinder and toward the required direction. The cylinder applies a great amount of force
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into the rack and assists the driver for a more comfortable steering experience [56,58]. The block diagram

of this mechanism is shown in Figure 23.

0., FD FSteering Rack
Ty  steering 5 ;@ x
Y Steering Columnr—» =
o“' \_ J
Driver
Fu
o, 0,
v

Valve

'Hydraulic Assist"

“.

Figure 23-Hydraulic assisted steering block diagram

Knowing how the rotary valve works, one can model a rotary valve like a pilot-valve due to the fact that
both valves could be modeled with four spool valves in a Whetstone’s bridge connection [59]. According
to Ogata [60], the linearized model of a servo-hydraulic system with a pilot-valve near its operating point
yields the force produced by the hydraulic cylinder as follows.

A
Fy = k_z(klx — Apy) (4-7)

where, A is the area of cylinder’s piston, p is the density of the hydraulic fluid, x is the input of the
valve, y is the velocity of the piston, and k; and k, are the characteristic coefficients of valve and
hydraulic cooperation that are dependent on p, gravity acceleration and the pressure of the hydraulic
pump. As here, the input is the angle differential caused by torsional bar, and the piston movement is the
same as rack movement, the above equation would yield the following relation between hydraulic assist

force and steering column angles. The angles and mechanisms are schematically shown in Figure 24.
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Hydraulic

Figure 24- Schematic of hydraulic assisted rack and pinion

A .
Fa =1, (ky(6, — 6,) — Apr,6,,) (4-8)

Note that in the above equation, the operating point is when 6,, — 6,, is zero, as the hydraulic assist
attempts to move and apply the force immediately. Therefore, the variables are correctly replaced.
Regarding the aforementioned cooperation between the hydraulic and mechanical system, naming in the
Figure 24 and the hydraulic system equations, equation (4-9) stands for the dynamical model of the
steering column between the valve and the steering wheel and equation (4-10) expresses that of the valve
torsional bar.

kse(Osw — 0,) + csc(Osw — 6) = ky (6, — 6,) + ¢, (6, — 6,) + L6, (4-9)

ky(6y — 0p) + ¢y (6, — 6,) = 1,6, + T, (4-10)
Also, the following relations express the dynamical model of the rack:
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r—” + Fy = Fr = 2(KeqSg + CeqSr) + my3g (4-11)

14
SpR=0,T, X .
R=UpTp r—p + Fy= ZrP(Keqep + Ceqep) + mrrpgp (4-12)
14

And from equations (4-8), (4-10) and (4-12),

. . A :
Ty = 2172 (KeqBp + Coqbp) + my1i26, — k_z(kl(g” —0,) — Apry,0,) (4-13)

Importing the above relation in equation (4-9), would results in the following state space equation for the
whole system.

0 1 , 0 0
; Apr
l[gp]l B k, + 2K.r3 + kkl—:l ) Cy+ 2C T3 + ’fz 2 k, c, [ZP]
Pl = L, +murs I, + m.r3 L, +muri I, +m,r3 0”
[?vj 0 0 0 U Dsd
017 kv Cy ksr: Csc 077
I, I, I, r, | (4-14)
0 0
|[ 0 0 1| ,
+|o o [.SW]
[ksc &J esw
L, I,
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4.2.2 Effects on suspension design

In Figure 25, a rack and pinion steering connection to a double wishbone suspension is shown
schematically. As indicated, the tie-rods are responsible for transferring the rack’s movement into the
wheels, and causing them to rotate. Now, going back to the concept of the rack and pinion mechanism, it
is known that when an angle is applied to pinion, the rack moves equally from each side. In other words,
the displacement of the rack is the same in its connecting points to the tie-rods.

2 Tie rod
Steering rack
Shaft from steering wheel S

Tie rod

Figure 25-Schematic rack and pinion connections [54]

As discussed formerly about the steering principles, it is important that there be a specific relation
between the inner and outer wheels. By what was previously mentioned, the only way of having these
desired steering relations is by finding the optimal position of tie-rod connections to both the rack and the
suspension. With details being described in the next chapter, the optimality of the tie-rods’ connection
points is dependent on both the geometry and type of suspension.

Along with all aforementioned important steering principles that should be considered in tie-rod design, it
is also important to study the steering design effects on suspension characteristics. As Mentioned before,
toe angle alterations by wheel travel, which is also known as steer by bump, is very important in vehicle’s

stability [6], and it is heavily dependent on the tie-rod’s end point’s position.
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All in all, regarding the relations between the suspension and the steering mechanism, the rack
movements along Y axis, named as AYz,q, Can be considered as one input to the suspension, and the
steering angle would later play an important role in defining a proper cost function for a well-designed
half-car model.

Now that the importance of the half-car analysis is explained, a mathematical definition should be
provided for each suspension that explains that a wheel is inside or outside turn in relation to the rack’s
position.

As the steering wheel’s turning direction should be the same as the vehicle’s turning direction, if the
installation of the rack is somehow that the tie-rod’s connection point to suspension is longitudinally
further than the center of the wheel, the pinion should be installed under the rack, so that when steering
wheel is turning left, the pinion pushes the rack towards left side and the left wheel be inside the turn.
However, if the tie-rod’s connection point to suspension, X;,_g, is longitudinally inner than the center of
the wheel, the pinion should be installed above the rack, so that when steering wheel is turning left, the
pinion pushes the rack towards right side and the tie-rod pulls the left wheel to be inside the turn[6].
Therefore,

¥ > X { AYgpack > 0 left wheel is inside the turn
tr=s Wheel AYpaek < 0 left wheel is outside the turn
AYpack > 0 left wheel is inside the turn

(4-15)
Xir—s < Xwheel { AYracer <0 left wheel is outside the turn

Figure 26 and Figure 27 indicate the abovementioned relations in two different steering assemblies.

Figure 26-Rack and pinion schematic with tie-rod connection inner than wheel center [56]
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Figure 27-Rack and pinion schematic with tie-rod connection outer than wheel center [56]
4.3 Steering Kinematics

4.3.1 Ackermann Principle

The Ackermann steering principle yields the amount of steering angle on each wheel based on a
kinematical analysis. To rotate without slips, all the wheels should rotate freely. As shown in Figure 28, a
free rotation of each wheel means that the direction of the velocity of each wheel is along the wheel’s
direction. Therefore, the lines which are normal to the direction of the wheels should intersect at one
point, which is also shown in Figure 29.

Figure 28- Ackermann geometry [1]

Now by a simple geometrical analysis, a relation between the steering angles of the inner and the outer

wheel can be found.
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Figure 29-Ackermann geometry [1]
Considering Figure 28 and Figure 29, the steering angle of the inner wheel, named as §; can be found by
the following geometrical relation.
Rl -
l

w
7 (4-16)

cot(§;) =

where R; is the turning radius of the middle of the rear axle when the vehicle’s center of mass is turning
around a circle with the radius of R, w is the track of the vehicle and [ is the longitudinal wheel-base.
These are indicated in the same pictures.

With the same approach and naming, the steering angle of the outer wheel, §,, is found as follows.
w

Bit3 (4-17)

[

cot(6,) =
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Subtracting the two above equations will yield the mathematical definition of Ackermann steering

principle, which is independent of the turning radius:

cot(8,) — cot(8,) = % (4-18)

As can be realized in the above equation, the relation between the steering angle of the inner wheel and
the outer wheel is independent of the turning radius of the vehicle. However, the maximum steering angle
of a vehicle, which also indicates the required movement of the links in the steering mechanism, i.e. the
rack in the rack and pinion mechanism, is dependent on the minimum turning radius of a car. The turning
radius of a vehicle is measured from its center of mass. Let’s consider that the minimum turning radius of
a vehicle is Ry, and the longitudinal distance between the rear axle and the center of the mass is Lg¢.

Regarding the geometry, one can find both §;,, _and§,,, as follows.

w
Ritin = Lkce =%
cot(8;y,,. ) = ]
(4-19)
, w
RI%/Iin - L%?CG + 2
cot(8o,,,,) = i

4.3.2 Anti-Ackermann

Anti—Ackermann steering is a steering concept that considers tire forces in order to have better lateral
force during cornering. Tires with more loads can provide greater lateral force. This means that the tire
which is outside of the turn can provide more lateral force than the inner tire, and if the inner tire wants to
provide the same amount of force, it should turn more than what the Ackermann principle indicates.
Therefore, it is reasonable that the tire outside the turn have a greater steering angle than the inner tire to
go against the Ackermann principle. The effect of this dynamics is more pronounced at higher speeds. It
should be noted that, in the case of family cars, high speed cornering is not an important issue compared
its importance for racing cars. Therefore, the use of anti-Ackermann steering is not necessary in the case
of family cars and the Ackermann principle should be applied.
In racing cars, although there are many arguments about anti-Ackermann pros and cons, by mirroring the
vehicle’s schematic from its front axle, using the naming indicated in Figure 29, the reverse Ackermann
relation would be found as [30,32]:
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cot(8,) — cot(8,) = % (4-20)

The maximum and minimum steering angles are found with the same approach described for Ackermann

, w
RI%/Iin - L%?CG + 2
cot(d = l
, w
Riyin = Lice — 7
l

principle:

iMax) -

(4-21)

cot(SOMax) =

Reverse-Ackermann is not a force analysis based approach for the best performance in cornering, and it is
only a way to make the cornering performance better by a simple analysis. For optimal steering forces
during cornering, force analysis shall be done. Initial toe and camber angles could be also very effective
in steering efficiency [6,34,35].

Besides the reverse-Ackermann, there is the parallel steering kinematics mechanism that is used to
improve vehicles performance in high-speed cornering. In parallel steering, both wheels have the same
steering angle while turning and the geometry is between the pure Ackermann and the reverse-
Ackermann. In Figure 30, the parallel steering geometry is compared with the anti-Ackermann and the
Ackermann.

There have been many arguments about anti-Ackermann steering. Regarding load transfer, a small
amount of anti-Ackermann is beneficial for racing cars and their improved performance. Also, due to the
small steering angles of racing cars and the small amount of load on the inside tire, the Ackermann
mechanism “cannot be right” and a small amount of static toe for better racing performance is suggested
[32].

On the other hand, the Ackermann steering returned in 90’s. Having aerodynamic, downward forces is
one of the reasons that the pure Ackermann steering began to be used again [35]. On the contrary,
regarding scientific tire data, for optimum cornering performance, the tire with lighter load should have a
higher slip angle. Therefore, the Ackermann may be useful in racing cars. However, it has been stated that

the Ackermann steering may not be enough to “have a significant effect” [36].
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All in all, it seems that for racing and performance cars, it is reasonable to have a small amount of anti-

Ackermann steering while considering tire data in the design for optimum performance steering.

Ackerman Parallel Reverse

Figure 30-Different steering geometries [1]

4.3.3 Perfect steering

Regarding the mentioned concepts about the Ackermann steering principle, alongside with the effect of
tire load on turning dynamics in the anti-Ackermann principle, a conclusion can be made: a vehicle has a
perfect steering, if in low speeds, it uses the Ackermann steering principle, and in high speeds, it uses the
anti-Ackermann principle. However, in tie rod designing, it is all about geometry, and effect of speed
cannot be considered. Therefore, an engineering consideration should be applied in steering design. As
mentioned, the anti-Ackermann steering is useful only when there is a huge load transfer in cornering.

Considering that m is the mass, v the longitudinal speed and R the turning radius of the vehicle, the lateral

2
force that causes lateral load transfer is found by mTV. This amount cannot exceed the maximum lateral

traction. Therefore, the longitudinal velocity of a car affects the load transfer more than the turning radius.
Thus, in small steering angles where vehicles can have higher speeds, an anti-Ackermann steering is
beneficial. In the same way, for bigger steering angles, the Ackermann principle is more beneficial.

All in all, a car which has an anti-Ackermann steering in low steering angles, i.e. 0 to 6 degrees, and
Ackermann steering in high steering angles, i.e. more than 10 degrees, can provide an ideal steering

efficacy.
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Chapter 5

Optimization

5.1 Introduction

In everyday life, people try to choose the best of everything. They observe situations and conditions and
try to do what they desire. This is a form of optimization. Every attempt at reaching an optimal solution is
known as optimization. Mathematical optimization is also the same. In mathematical optimization, it is
trying to find the best behavior by changing effective variables.

In mathematics, by using some methods, finding the minimum and the maximum of a function is
possible. Therefore, by defining a function that includes information about the desired behaviors of a
system and its variations in relation to effective variables, optimization would be possible. For instance,
minimizing the error function of some data from a line leads to the fittest line, and it is known as a first
degree curve fitting.

Likewise, the focus of this chapter is dedicated to defining the desired suspension in a function, so that
minimizing that function provides a better design. This function is known as the cost function. Moreover,
there should be some constraints to prevent impossible geometry settings for a suspension. These
constraints may also include static requirements of the suspension, such as a small negative caster angle.
In this thesis, the cost function is based on L? norm with different weights on different desired
characteristics. The detailed definition of cost function is provided in the following sections as well as the

physical constraints of both the MacPherson and the double-wishbone suspension types.

5.2 Cost Function Definition

As previously shown in the “Suspension” chapter, all dynamically important characteristics of suspension
are found by solving the mathematical model of suspension systems, and equations (3-29) to (3-31)
indicated the most important characteristics of suspension.

By finding these characteristics and using the L2 ,,,,, error definition, a general cost function can be
defined. At each point of wheel travel, an error vector exists (E(Az,,nee1)), Whose components indicate
the difference between desired value and real value at maximum, zero, and minimum steering angles
respectively. If i points at a specific characteristic, and i, be the desired value for that characteristic, at

each steering angle we have:
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€ (AZyneer) = (((AZyneer) — la(DZyneer)) (5-1)

Now, regarding (5-1), each E(4z,,p.¢;) is described as:

E(Azyhee)k = W1 (EToe (Atheel))k +w, (ECamber 4 theel))k + w3 (eTrack (Azwheel))k

(5-2)
+ W4(€Caster(Atheel))k +ws (eKingpin(Atheel))k
Now, let:
. T -
JAzyneer) = E(Azynee)k -E(AZynee)k (5-3)
Thus, a cost function (J,,neeirraver) €aN be defined based on equation (5-3) as follows:
-30 +30
Jwheet Travet = Wiow <f JAzypeer). dAzwheel) + Wyia <f JAzypeer)- dAtheel)
-80 -30 (5_4)

+80
+ WHigh <f Az yheer)- dAzwheel)
+30

In the above equations, d subscript stands for the desired value of the characteristic and w; is the weight
for each characteristic, k stands for the steering angle that values are calculated for, W stands for the
weight which specifies the importance of design accuracy regarding the position of the center of the
wheel on the Z Axis and w refers to the weight that specifies the importance of each characteristic.

On the other hand, as mentioned in the “Steering” chapter in detail, the steering principle design should
be also considered in the cost function. Therefore, an error function, named €g¢eering, i described in
equation (5-5) to show the difference between the desired steering angle and the real steering angle.:

eSteering (AyRack) = (A(Ssteering—real(AYRack) - A6steering—desired (AyRack)) (5-5)

Using this description, with the same approach used for function (J,,neeirraver), the cost function of

steering is found by the relations showed in equations (5-6) and (5-7).

j(AyRack) = stteerl’ng (AyRack) (5-6)
Max
]Steering = WSteering (fM j(AYRack)- dAYRack> (5-7)

Finally, the final cost function would be:
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] = ]Wheel Travel T ]Steering (5_8)

5.3 Constraints

5.3.1 MacPherson Suspension

A schematic view of a MacPherson suspension was provided in Figure 11. Considering the same names,
equalities and inequalities can be shown simply.

Geometry wise, for a MacPherson suspension at the left side of the vehicle following the general
constraints must be active.

1) Points A, B and C should be more inside than the wheel’s mounting point.

Ya <Yp
Yg <Yp (5-9)

Yo, <Y <Yp

2) The control arm’s mounting points to the chassis must be more inside than point A.
Vb < YVa (5_10)

YE <Ya

3) Point By is the connecting point of tie-rod to steering mechanism; therefore, it should be more
inside than B, which is the end of tie-rod.

Y, < Vs (5-11)

4) The following relations must be satisfied regarding the points’ heights.

7y < zp < z¢ < Z, (5-12)

zy < zp < Zp

5) As steering direction should not change, the following constraint must be considered between tie-
rod ends and wheel’s center point.
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6)

7)

xp, < xg < Xp (5-13)

Steering is normally designed with considerations that make length of tie-rod and point B, fixed,
as is mentioned mathematically below.
|BOB|Designed - |BOB|Initial (5_14)

BODesigned = Bolnitial
Point P;, the initial position of point P cannot be designed, as is related to prior levels of vehicle
design.

(5-15)

PlDesigned = Pllnitial

5.3.2 Double-Wishbone Suspension

Below, a schematic view of a double-wishbone suspension, whose points are named, is provided.

Considering the names for writing equalities and inequalities, one can simply define basic constraints as

well.

Like the MacPherson suspension, for a double-wishbone suspension at left side of vehicle there are at

least the following general constraints regarding to geometry.

1)
2)
3)

4)

5)

6)

All the spindle hard-points must be more inside than the center of the wheel, formerly expressed

in Equation (5-10).

The lower-wishbone’s mounting points to the chassis must be more inside than the ball joint of

wishbone, Equation (5-11).

B, is the connection of tie-rod and steering mechanism; therefore, it should be more inside

than B, which is the end of tie-rod and is represented in Equation (5-12)

The following relations must be satisfied regarding the points’ heights.
Zy < zp < Zg (5-16)
zy <zp<Zg

Similar to equation (5-14), the steering direction should not change, and the following constraint

must be considered between tie-rod ends and wheel’s center point.

The “fire-wall” is fixed, as is described in equation (5-15)
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All other constraints are limits that can be variable regarding different design circumstances; therefore,
they can be written generally as follows.

(Initial Point); — a; < (Design Point); < (Initial Point); + b; (5-17)

Where a; and b; indicate the range that design flexibility of each point is possible regarding engineering
restricted circumstances. For example, a vehicle that has been previously but requires a more optimal
suspension behavior may not allow designer to change mounting points at all. Meaning that the inequality
provided by (5-17) yields fixed point equality at mounting points, as a; and b; become zero in this special
case.

For scrub radius, kingpin inclination angle and caster angle a desired initial guess is necessary, along with
calculations that indicate the desired boundaries of them relative to the affecting points. Then, the

constraints can be applied using those boundaries in equation (5-17).
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Chapter 6
Case Study

In this chapter, an analysis has been provided on the front suspension of the Peugeot 405, produced by
Iran Khodro Company, to study the characteristics of this family car and compare them with desired
behaviors of family cars. Then, an attempt has been made to verify the optimization concepts of this
thesis by comparing results with the same vehicle. Later, the mentioned suspension is used as an initial
guess, and it is optimized to reach sports car characteristics. The last case study is applying the knowledge
of suspension kinematics to design a suspension for a SUV. For this purpose, the wheel dimensions of a
2012 Land Cruiser V8 is considered.

6.1 Family car

In this part, a MacPherson suspension is studied. The suspension dimensions belong to a family car which
has been produced from 1987 to 1997, in Europe, and assembled from 1987 up to now, in Iran and Egypt,
by Peugeot and Iran Khodro Companies respectively. Studying such a successful car can lead to a better
understanding of family car requirements. It also can help to verify optimization concepts mentioned in
previous chapters. In

Table 1- Peugeot 405 suspension dimensions, the dimensions of the suspension hard points are shown.

6.1.1 Analysis

The analysis is divided to three sections:

e Studying the effects of wheel travel on suspension characteristics while no steering is applied.

e Considering no vertical wheel travel and studying the steering kinematics and effects on
desired behaviors.

e Analyzing reactions of the system while both steering and vertical wheel travel are applied.
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Table 1- Peugeot 405 suspension dimensions

Position Name Optimized Position
X4, 503.46
Ya, 687.25
zy, 191.5
Xp, 639.178
Vs, 664.471
zg, 292.165
Xc, 534.42
Ve, 567.875
Zc, 868.4
Xc, 525.478
Ye, 583.66
Zc, 403.968
xp 789.02
Yo 379.5
Zp 259.37
Xg 501.17
Ve 379
Zg 243.67
Xg, 670.85
VB, 3125
Zg, 341
Xp 509.23
yp 748.94
Zp 279.66

Rwheel 300

6.1.1.1 Wheel travel effects with no steering

In this section, the focus of study is on the effects of vertical wheel travel. The amount of wheel travel is
considered to be as same as the standard bump [17]. Wheel travel is positive when there is a reduction in

the distance between wheel and body, known as jounce.
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Toe angle changes, track alterations and camber angle variations are the most important characteristics
being affected by wheel travel. As mentioned in previous chapters, toe angle changes must be as minimal
as possible. High amounts of toe angle variation can cause unwanted steering while subsequently
endangering passengers. Therefore, a good family car should avoid huge variations of toe angles. Figure

31 shows the toe changes while the wheel travels from -80 mm to 80 mm in the standard Z direction.
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Figure 31- Toe angle changes vs. wheel travel at zero steering input

As it can be seen in the above figure, toe change is less than 1 degree at it maximum, which indicates a
good designed suspension. However, it is not the only issue to be considered. A family car must reduce
maintenance expenses. Therefore, track alterations, which are the most important behavior of a
suspension regarding tire wear and erosion, should be very low during vertical displacement. Figure 32
demonstrates track variations by wheel travel. As shown, the maximum alteration is about 25 mm, a very
low alteration in track which happens at jouncing. At jouncing, there is less load on the tire subsequently

reducing tire erosion.
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Figure 32-Track alterations vs. wheel travel with no steering input

As mentioned in the “Suspension” chapter, camber variations should also be small. The camber angle can

provide lateral forces and cause unwanted steering. However, the amount of force it can provide is

negligible when it is lower than 5 degrees. Figure 33 illustrates the camber changes of the Peugeot 405

during vertical movements of the wheel. As can be seen, the maximum error happens during rebound

when the load is lower than usual, and this situation minimizes the lateral force caused by the camber

angle. Though, even the maximum amount of camber in this car is not enough to endanger the safety of

passengers.
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Figure 33-Camber angle changes vs. wheel travel with no steering input

6.1.1.2 Steering effects with no wheel travel

As explained formerly, family cars should minimize maintenance expenses. Another issue that causes tire
erosion is a steering that does not provide the Ackermann geometry. Therefore, in a family car, the
steering mechanism should satisfy the Ackermann conditions. Figure 34 illustrates the differences

between pro-Ackermann steering and the studied car’s steering.
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Figure 34- Steering characteristic of the studied car vs. Ackermann for w = 1.7145mand L =

2.5m.

Although the vehicle does not show a pro-Ackermann relation between the wheels, it tends toward having
a small amount of anti-Ackermann, which is a good idea for having a better steering while cornering fast.
Moreover, as will be discussed in the next case study, this steering has the minimum error from a pro-
Ackermann after considering all important behaviors in the cost function.

Another cause of tire erosion is track alteration while steering is applied. It is necessary to minimize track
variations while steering because it not only affects tire erosion, but it also has a slight impact on
changing the lateral force. Figure 35 clearly illustrates good track alterations for a family car.
Furthermore, it shows the amount of track variations in both inner and outer wheels during a turn. The
amount of change is impressively low for the outer wheel, which bears more load in cornering, so fewer

track alterations are necessary.
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Figure 35- Track alterations vs. steering angle

6.1.1.3 Wheel travel effects on steering

This part of the analysis studies toe angle changes by vertical wheel travel when steering is also applied to
the wheels. Losing the control of the steering wheel in cornering can be extremely dangerous. If a vehicle
travels through bumps while turning, control loss could happen. Also, when the amount of roll is high, the
wheel travel caused by this roll can further amplify the problem. This phenomenon is known as “steering
error”. To minimize this danger, the suspension should prevent notable amounts of toe angle changes in
these situations. The graph below shows the small steering error in maximum steering versus wheel travel

for both inner and outer wheels.
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Figure 36- Steering error in maximum steering vs. wheel travel

Altogether, the entire suspension and steering characteristics of the Peugeot 405 explains the reasons of
its success and popularity. This suspension meets all the requirements of a family car’s suspension.
Therefore, it can be used to examine the optimization methods that are discussed in this thesis. In the next

part, an attempt has been made to show the accuracy of optimization concepts of this study.
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6.1.2 Optimization

Now that a family car has been studied, by using the cost function provided in the “Optimization”
chapter, one should examine the results. For verification, two steps are required. First, the initial geometry
is fed into the function in MATLAB, and the fmincon function is used to find the local optimum
geometry for the suspension and compare these changes. Then, the geometry of some crucial hard points
are changed in an attempt to find the optimal geometry with the same cost function and constraints. If
both steps yield the same result as the family car, or the results are very similar, the optimization has
passed the exam and can be used for further designs.

For tuning the weights of the cost function, it is important to know what type of vehicle is under study.
Family cars should show a very small amount of toe angle and track variations during wheel travel.
Moreover, the track alterations by steering should be small. Toe-by-wheel travel during steering should be
minimized, and the steering goal is a pro-Ackermann steering geometry. On the other hand, camber angle
changes should be minimized and should not exceed 5 degrees. The weight of each matter as considered
is shown in Table 2:

Table 2- Characteristics weights

Characteristic Weight
Camber 1
Toe 10
Track 5

The weights are the same for both steering and wheel travel. Also, other weights are applied depending on
the position of the wheel. Positions near the working point are considered to be more important in relation
to the issues discussed about fast turning and wheel travelling. These weights are indicated in the

following table.
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Table 3- Weights of inputs intervals

Steering Angle (deg)
1 1 1 1
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The cost function of the steering principle is also added to suspension’s cost function with a weight of 90,
which is equal to the weight of toe changes near the working point of the wheel.

For both first and second steps, the end points of the tie-rod and the end point of the control arm are
chosen as free to change + 10 cm, shown in Figure 37. The scrub radius, inclination angle, and caster
angle are statically constrained to be positive and in a practical range.

The results for the first step were proved to be the local minimum, resulting in exit flag number 4 of

fmincon function.
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Figure 37-Free to change hard points

Now, the second step of verification should be taken. The control arm’s ball joint position is known to be
a critical point. The inclination angle, scrub radius, caster angle and roll center are the most important
static characteristics that depend on the position of this point. It also shows its importance in track and
camber control. This point has been taken to its limit and the tie-rod’s ends are free to move about 10 cm
from their initial point in any direction with no constraints on tie-rod length. It is assumed that with a
good cost function, trying to reach an Ackermann steering should be enough.

In this case, the result was slightly different and a total change of 4 mm is observed, which belongs to tie-
rod only. These variations are negligible and can be due to the importance of toe minimization in this
study, as is observed in Figure 38. Table 4 indicates the initial and the optimized dimensions. Optimized
geometry is very similar to the Peugeot 405.
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Table 4- Changed vs. optimized dimensions

Position Name Optimized Position Initial Position
X4, 503.4 480
Ya, 687.2 600
Zy, 191.5 191.5
Xg, 639.2957 639.178
¥YB, 664.2733 664.471
Zp, 290.6329 292.165
xc, 534.42 534.42
Yc, 567.875 567.875
Zc, 868.4 868.4
Xc, 525.478 525.478
Yc, 583.66 583.66
Zc, 403.968 403.968
Xp 789.02 789.02
Yp 379.5 379.5
zp 259.37 259.37
Xg 501.17 501.17
YE 379 379
Zg 243.67 243.67
Xg, 670.7743 670.85
YB, 312.7559 3125
Zp, 342.7497 341
Xp 509.23 509.23
Yp 748.94 748.94
Zp 279.66 279.66

Ryheer 300 300

Despite toe angle changes and track alterations, no other characteristic’s changes are visual, i.e. as shown
by Figure 39 about camber changes. The changes of toe and track are also slightly different from the basic

family car. Figure 38 and Figure 39 demonstrate the slight differences caused by these negligible changes.
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6.2 Sports car

In previous sections, the vehicle optimization concepts that were discussed have been verified. Therefore,
they can be used in designing new suspensions or optimizing the performance of an existing suspension.
In this section, the objective is to reach sports car behaviors by optimizing a family car. Considering the
sports car requirements, an attempt has been made to optimize the suspension of the Peugeot 405, which
was discussed and shown to have a great suspension for a family car.

A sports car needs high performance, but tire wear is not an important issue in their design. Therefore,
minimizing toe variations should be the priority along with an anti-Ackermann steering principle. Track
variations by steering in small steering angles should be very small as well. More negative camber in
bump and more positive camber in bump can be desirable due to the effects of roll on wheel travel.

For this optimization, the weights of cost function are shown from Table 5 to Table 7.

Table 5- Characteristics weights

Characteristic Weight
Camber 2
Toe 15
Track 5

The weights are the same for both steering and wheel travel.
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Table 6- Weights of inputs intervals for Toe
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Table 7- Weights of inputs intervals for Track and Camber
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The cost function of the reverse-Ackermann steering is also added to suspension’s cost function with a
weight of 135, which is equal to the weight of toe changes near the working point of the wheel.

In regards of the points that should be changed, the end of the control arm and two ends of the tie-rod are
a must. Also, one can reach better characteristics by changing the connection between the strut and the

spindle. These points are shown in the following schematic.

Co

Figure 40- Points free to change for optimization

Now, by feeding the Peugeot 405°s dimensions into the optimizer, using the former static constraints, and
allowing each hard point a + 10 cm of movement, the optimized positions can be found. Table 8

demonstrates the comparison between the two suspensions.
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Table 8- Optimized dimensions and initial family car

Position Name Optimized Position (Sport Car) Initial Position (Peugeot 405)
X4, 511.023 503.46
Ya, 637.25 687.25
Zp, 141.5 191.5
Xg, 700 639.178
YB, 676.7976 664.471
Zp, 288.891 292.165
Xc, 534.42 534.42
Yc, 567.875 567.875
Zc, 868.4 868.4
Xc, 545.478 525.478
Y, 563.66 583.66
Zc, 403.7645 403.968
Xp 789.02 789.02
Yp 379.5 379.5
zZp 259.37 259.37
Xg 501.17 501.17
YE 379 379
Zg 243.67 243.67
Xg, 670.85 670.85
YB, 362.5 312.5
Zp, 391 341
Xp 509.23 509.23
Yp 748.94 748.94
Zp 279.66 279.66

Ry heel 300.0 300

With these changes in the suspension, results seem to show an acceptable high-performance sports car. In
the figures provided, the new characteristics are shown along with the initials for a better comparison.
Figure 41 represents the camber changes vs. wheel travel. As visible, the optimized car shows a more
negative camber in positive wheel travel, and a more positive camber angle in negative wheel travel. This

speaks toward good camber behavior in regards to cornering.
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Figure 41- Camber by Bump at Zero Steering

The other important issue in camber change is that it should not be more than 5 degrees. The reason is
because of straight driving situations. Bump travelling should not cause a large enough camber angle for
notable lateral force to be pushed onto the vehicle in high speeds. As it also should not cause over steer,
only a slight camber is desirable during fast cornering.

The next two figures show the effect of optimization on toe angle changes with wheel travelling, in both
no steering input and maximum steering. Toe variations have decreased; in fact, the most amount of this
decrease belongs to the negative wheel travel. In positive wheel travelling, it may seem to be worse,
however, this is due to the attention of the cost function on minimizing the error while steering is applied
as well. As can be seen in Figure 43, wheel travel does not affect the outer wheel’s steering error and it is

very desirable.
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Figure 43-Toe Changes vs Bump at Maximum Steering for outer wheel, left, and inner wheel, right

According to the desired track alterations in sports cars, an attempt was made to reduce the amount of

track variations by steering and focusing on small steering angles. This is perfectly shown in Figure 44.
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Steering angle being between + 6 degrees, which is considered as a small angle, these track variations are

smaller than the family car.
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Figure 44-Track Alterations vs steering Zero Bump

Although results are better while steering, Figure 45 shows that there would be a huge track change in the

sports car during normal wheel travel. This can cause a very high tire wear and should be entirely avoided

in family cars.

By the following figure, it will be observed that in positive wheel travel, which can be caused by high roll

angles due to fast cornering, track variations are not desired. This happens as a tradeoff between a perfect

reverse-Ackermann steering and track variations, as is illustrated in Figure 46.
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Figure 45-Track Alterations vs Bump at zero steering

The last figure of this section belongs to the steering behaviors of the optimized car. There are four curves
shown in Figure 46. The first curve, in green, presents the reverse-Ackermann geometry. The second one,
in blue, represents the steering behavior of the optimized car. The third, in red, shows the behavior of the
family car, and the last curve illustrates the pro-Ackermann geometry. As it can be understood by these
curves, the optimized suspension has only a slight difference with the reverse-Ackermann geometry. This
can immensely improve the handling performance of the sports car due to rationales mentioned in the

chapter titled, “Steering”.
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Figure 46-Steering characteristic of the family car and the optimized car

6.3 SUV

In this section, an attempt has been made to design a good suspension for a SUV, whose wheels, wheel
base and track are considered to be the same as a Land Cruiser V8 2012.
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6.3.1 Analysis

The initial geometry is defined by rules that have been mentioned in suspension design books [6]. After
finding the initial geometry, one should analyze the characteristics to study the behavior of the designed
system. In Table 9, the geometry of the initial suspension is provided based on the naming provided in
Figure 13.

Table 9- Initial SUV suspension geometry

Position Name Initial Position (mm)

Ya -10

Xp 150

Zp 1131

Ye, -356.77

Xc -11

Zc 210

Yb -410

Xp 150

Zg -187

B, -451.56
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By this geometry, Figure 47 and Figure 49 represent the behaviors of the initial guess. The first figure

shows reasonable camber changes by wheel travel.
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Figure 47- Initial Camber Angle variations by wheel travel

However, Figure 48 also shows a considerable amount of toe angle changes by wheel travel which is not
desirable, especially that there are 3 degrees of change at jouncing. Therefore, more focus should be
dedicated to toe variations during the optimization process. On the other hands, the track alterations are
reasonable by both steering and wheel travel. This is clearly indicated in Figure 49.

/

/

Ind
o

N

N

o
o

Toe angle changes (deg)
-

=)

80 -60 -40 -20 0 20 40 60 80
Wheel Travel (mm)

Figure 48-Initial guess Toe angle changes by wheel travel
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6.3.2 Optimization

In this part, in relation to the analysis section, the main focus should be on toe angle variations. The
second important criteria would be track alterations by steering, and the desired steering being set to
parallel steering. The reason for these criteria is the height of a SUV. As the center of mass is
considerably above the ground in SUVs, while cornering, there would be more load transfer and
subsequently, the Ackermann principle may not fully satisfy the desired lateral force. On the other hand, a
SUV is not used as a competition car and will not steer harshly during a turn. Therefore, the reverse-
Ackermann is too much for the steering. Consequently, a parallel steering can satisfy this situation better.

In this case study, most of the hard points can be changed + 10 cm and the cost function weights are the
same as Table 2 and Table 3.
Table 10 indicates the changed positions.

Table 10-Optimized geometry vs. Initial

Position Name Optimized Position Initial Position
Xz 4.80000000000000 9.8
Va -60 -10
Zy -197.153720290092 -187
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The above geometry yields improvements in toe, track and camber alterations as indicated in Figure 50,
Figure 51 and Figure 52 respectively. A great improvement is achieved for toe angle variations. Also,
track behavior by steering is improved and camber angle variations are even less than before.
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The last figure indicates the steering geometries of the initial guess and the optimized result along with
the Ackermann and the parallel steering principles. As indicated, the final design is in great accordance

with linear steering.
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Figure 53- Steering Characteristics vs. Principles
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Conclusion

In conclusion, this thesis tried to propose an optimal design for two widely used suspensions in regards of
road holding and stability responsibility of the suspension. Two important factors that are usually
neglected falsely are also considered in this study: steering and the priority of desired characteristics, both
of which were explained after a detailed literature review. This study also proposed a combined method
for modelling the mechanisms to reduce the number of equations. The modelling was also verified by
comparing results with ADAMS and MapleSim software.

At last, three major case studies where done. At first, a practical study was done on a family car to defend
the proposed claims about suspension characteristics. Then, the optimization method was verified and
used for providing better behavior due to the vehicle’s functionality. All the case studies showed great
results and were in perfect accordance with expected road holding behavior of suspension which was
studied and reviewed formerly.

Concerning the modelling done in this thesis, the proposed method can be used in further studies to solve
the system faster and even linearize them for a 3D control study. Regarding the optimization, further
studies can use this approach for different steering mechanisms or even add longitudinal dynamics to
study a full car. Indeed, the fewer number of equations can result in less time consumption for solving a
full car model. Also, studying the anti-roll bar effects can be easily added to analysis and optimization,
along with optimizing the spring motion ratio.

Another interesting area of research for further studies would be in optimizing different types of multi-
link suspensions with the same approach. Then, a comparison between different suspensions can create a
more comprehensive body of knowledge of suspension technologies.

Altogether, both the modelling and the optimization used in this thesis met the desired expectations and

can be used in many different areas of vehicle dynamics as well.
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