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Abstract

Under the assumption of mass-action kinetics, systems of chemical reactions can give
rise to a wide variety of dynamical behaviour, including stability of a unique equilibrium
concentration, multistability, periodic behaviour, chaotic behaviour, switching behaviour,
and many others. In the canonical papers [25,30,33], M. Feinberg, F. Horn and R. Jackson
developed so-called Chemical Reaction Network theory which drew a strong connection
between the topological structure of the reaction graph and the dynamical behaviour of
mass-action systems. A significant amount of work since that time has been conducted ex-
panding upon this connection and fleshing out the theoretical underpinnings of the theory.

In this thesis, I focus on three topics within the scope of Chemical Reaction Network
theory:

1. Linearization: 1t is known that complex balanced systems possess within each invari-
ant space of the system a unique positive equilibrium concentration and that that
concentration is locally asymptotically stable. F. Horn and R. Jackson determined
this through the use of an entropy-like Lyapunov function [33]. In Chapter 4} T ap-
proach this problem through the alternative approach of linearizing the mass-action
system about its equilibrium points. I show that this approach reproduces the re-
sults of F. Horn and R. Jackson and has the advantage of being able to give explicit
exponential bounds on the convergence near equilibria.

2. Persistence: A well-known limitation of the theory introduced in [33] is that the
stabilities of the positive equilibrium concentrations guaranteed by the theory are
locally limited. The conjecture that the equilibrium concentrations of complex bal-
anced systems are global attractors of their respective invariant spaces has become
known as the Global Attractor Conjecture and has received significant attention re-
cently. This theory has been significantly aided by the realization that trajectories
not tending toward the set of positive equilibria must tend toward the boundary of
the positive orthant; consequently, persistence is a sufficient condition to affirm the
conjecture. In Chapter [5] I present my contributions to this problem.

3. Linear Conjugacy: It is known that under the mass-action assumption two reaction
networks with disparate topological structure may give rise to the same set of dif-
ferential equations and therefore exhibit the same qualitative dynamical behaviour.
In Chapter [0 I expand the scope of networks which exhibit the same behaviour to
include ones which are related by a non-trivial linear mapping. I have called this
theory Linear Conjugacy theory. I also show how networks exhibiting a linear con-
jugacy can be found using the mixed integer linear programming (MILP) framework
introduced by G. Szederkényi [58].
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Chapter 1

Introduction

The study of chemical kinetics—that is to say, the rate at which chemical reactions occur—
has a long and fruitful history. Even when the formulation of each individual reaction’s
kinetics is well-understood, the amalgam of many such reactions into a network can lead
to surprising and unpredictable dynamical results. The study of such networks has found
application in such disciplines as industrial chemistry [9,50], systems biology [48,49,56],

enzyme kinetics [16],52], gene regulatory networks [51], and many others.

One of the most powerful contributions to the theory of chemical kinetics is the law of
mass action for interacting species, which was proposed in 1864 by C. M. Guldberg and
P. Waage [27]. This ‘law’ says that the rate of a reaction is proportional to the product
of the reactant concentrations, that is to say, the rate of a reaction catalysed by two
species A and B would be given by k[ A][B] where k > 0 is some proportionality constant.
This formulation has been found to be a very accurate estimator of empirical data for
many reaction systems. Mass-action kinetics remains the most commonly used kinetics

scheme to date although several other dynamics, such as Michaelis-Menten kinetics for



enzyme reactions [43] and Hill kinetics |29], are also widely used, especially in biological

applications.

Under several simplifying assumptions, such as spatial homogeneity and a sufficiently
large number of interacting molecules, the concentrations of the species can be modeled
mathematically under the assumption of mass-action kinetics by a set of autonomous,
polynomial ordinary differential equations. Although the models are simple, they cannot
generally be solved analytically due to the non-linearity in the right-hand side, and the
potential behaviours are surprisingly robust—they can exhibit periodic behaviour, chaotic
behaviour, oscillatory behaviour, multistability, unboundedness, etc. [4,14}/15,21]. These
difficulties have led to a number of alternative approaches, including separation of time

scales and asymptotic analysis.

These mass-action systems have also given rise to a significant body of theoretical work.
One particularly vibrant field of research has been the so-called Chemical Reaction Network
theory developed by F. Horn, M. Feinberg, and R. Jackson in 1972 in the papers [25,30}33].
In these papers, the authors present a strong association between the topological structure
of a network’s reaction graph and such dynamical properties as the number and stability of
equilibrium concentrations, and the possibility of periodic or chaotic behaviour. Perhaps
most surprising of all is that their results depend on the structure of the graph alone and

not on the associated network parameters, the reaction rate constants.

These papers also raised significant new problems. Key among these has been the ques-
tion of global stability of a particular class of equilibrium concentrations. In [33] it is proved
that for a class of chemical reaction networks called complex balanced networks there is
exactly one equilibrium concentration within the interior of a particular class of invariant

space of the system and that this concentration is locally asymptotically stable relative



to that invariant space; however, the authors were unable to prove that trajectories could
not tend toward the boundary. Extending this stability to apply globally throughout the
invariant space has been termed the Global Attractor Conjecture [13,24] and has received
significant attention recently [1,3}5,/19,52,54,55]. I will present my contribution to this

research problem in Chapter 5

Another important problem which has begun to receive attention in the literature has
been determining conditions under which two reaction networks with disparate network
structure can give rise to the same set of differential equations and, more recently, when
the flows of one network are linearly conjugate to another [18,36]. Importantly, these
theories allow us to transfer important dynamical properties (e.g. number and stability of
positive equilibria, dimension of invariant spaces, etc.) from one network to another. This
is particularly useful when one network has dynamical properties which are known from
the reaction graph alone (e.g. complex balanced systems) while the conjugate network

does not.

Approaches to this problem have been varied and largely self-contained. In their seminal
paper [33], F. Horn and R. Jackson introduced an example of a complex balanced network
for which the network topology could be altered without affecting the dynamics. In [6]
and [7], E. Averbukh considered the case of networks which behave like reversible networks
despite not having reversible network structure. Former University of Waterloo graduate
student D. MacLean also considered the problem extensively in her Master’s thesis [42] and
unpublished research notes. The related problem of how potentially dimension-reducing
transformations affect many key qualitative aspects of the dynamics of chemical reaction
networks has also been studied extensively, and has been termed ‘lumping’ of chemical

reaction networks [22,41.|62.64].



The most comprehensive approach to this problem, however, was taken by G. Craciun
and C. Pantea in [18] where they give necessary and sufficient conditions for networks
to give rise to the same dynamics (although a small oversight was corrected later by G.
Szederkényi in [57]). This has given rise to several subsequent lines of research. In the
papers [58], [59], [60] and [61], G. Szederkényi and his collaborators introduce mixed-
integer linear programming (MILP) algorithms capable of determining complex balanced
and weakly reversible alternative realizations (networks which give rise to the same dy-
namics) which have the greatest and fewest number of reactions given certain fixed system
parameters. In [17] and [20], the authors introduce a maximum likelihood approach for
determining an appropriate network structure given several candidate networks which gen-
erate the same dynamics. In [36] the authors introduce the concept of linear conjugacy,
which contains the concept of realizations as a special case, and encompasses many new
systems as well. I will present my contributions to this research problem, which includes

the concept of linear conjugacy, in Chapter [6]

A side project of mine has been approaching the stability of the complex balanced
equilibrium concentrations introduced in [33] from a linearization point of view rather than
taking a Lyapunov function approach. This has not been attempted before and, while it
produces no qualitative results which were not previously known, it is a comprehensive
and theoretically interesting approach. Linearization also allows an exponential rate of

convergence to be determined. I will present these results in Chapter [4]



Chapter 2

Background

In this chapter, the notation and important background information about chemical reac-
tion networks which will be used throughout this thesis are introduced. In particular, the
notions of the reaction graph of a chemical reaction network and mass-action kinetics—

which underlie all the work contained herein—will be presented.

Due to disparity in application within the chemical kinetics literature—as well as within
this thesis—it will often be necessary to represent concepts in multiple ways and with
multiple notations. Throughout this thesis, we will see the central system of mass-action
induced differential equations presented with not one, or two, but four distinct notations
(one is reaction-oriented , one is complex-oriented , and two are linear-algebra-
oriented ) While this is a frequent source of confusion, effort will be put
forth to explain why the disparities exist and which approaches are suitable for which

applications.



2.1 Chemical Reaction Networks

In this section, the background necessary to define a chemical reaction network is intro-
duced. We will familiarize ourselves with the concepts of chemical species, complexres and
reactions. Two notations for representing and indexing chemical reaction networks will be
introduced (the reaction-oriented notation of and the complez-oriented notation of

(2.2)). We will be careful throughout this thesis to note which scheme is being used.

The central quantities of consideration in the study of chemical kinetics are the chemical

species.

Definition 2.1.1. The chemical species (alternatively, chemical reactants/products)
of a chemical reaction mechanism are the most basic elements capable of undergoing chem-
ical change. We will denote the set of chemical species by S = {A;,i=1,...,m} where

|S| = m is the number of distinct chemical species in the mechanism.

Depending on the application, the nature and composition of the chemical species may

very greatly. For the electrolysis of water, given by the overall equation

2H,0 — 2Hy + O,

we are interested in the simple molecules water (A; =H,0), hydrogen (A;=H,), and oxygen
(A3 =03). For other examples, the molecular composition of the species may be too com-
plicated (or irrelevant) to be kept track of in such a manner. Many biochemical reactions
fall into this category. For example, in the popular Michaelis-Menten enzyme reaction
given by the equation

S+E s SE — P+E



the chemical species of interest are the substrate (A;=S), the enzyme (A;=E), the substrate-
enzyme complex (A3=SE), and the product (A4=P); for practical reasons, we are not in-
terested in the molecular composition of these species [43]. It is also common to extend
this notation to non-chemical applications, in which case we will just speak of the involved
agents as species. For example, the famous Lotka-Volterra predator prey model is often

represented as the reaction system

X+Y — 2Y
X — 2X

Y — O

where X is the prey (A4;=X), Y is the predator (A;=Y), and O is the null specie. The first
‘reaction’ represents predators eating prey, the second ‘reaction’ represents the growth of
the prey in the absense of predation, and the final ‘reaction’ represents the decay of the
predator in the absence of prey. In this example, it obviously makes no sense to speak
of the chemical composition of the species; nevertheless, it is still sensible to think of the

behaviour in terms of reactions (the predator and prey meeting constitutes a reaction!).

In building our mathematical model, we will be primarily interested in the effects of
the mechanism on the chemical species. For example, in our electrolysis of water example
above, we would be interested in the evolution of the concentrations of the three chemical
species (x1 = [HyO], x5 = [Hz], and 3 = [O2]) as a result of the mechanism. We will derive

reasonable equations for the rate of growth and decay of these species in a later section.

The chemical species of a system interact according to elementary reactions.

Definition 2.1.2. An elementary reaction of a chemical reaction mechanism consists



of a set of chemical reactants combining at a prescribed rate to form some set of chemical
products. The set of elementary reactions will be denoted R = {R;,i=1,...,r} where R;
indezes the reactant set, product set and rate constant of the it" reaction, and |R| =r is the

number of elementary reactions in the mechanism.

It is worth noting that our definition of an elementary chemical reaction differs from the
definition typically understood by chemists. Our definition is based on the most elementary
component of the mathematical model and is not meant to imply that more elementary
reaction processes do not underlie the system. For instance, the electrolysis example given
above is known to have intermediate steps involving the species H*, HO~ and e~ (free
electrons). Whether we include these species, or the reactions involving them, depends on

their relevance to the mathematical model we are using.

Schematically, the set of elementary reactions of a mechanism can be represented as
m m
R;: szi.Ai — Zz}i.Ai, forj=1,...,r (2.1)
i=1 i=1

where the terms z;; and zj; are nonnegative integers called the stoichiometric coefficients.

T _ .
The vectors z; = [zj1 2j2 - zjm]T and z;. = [%’1 252 z]’m] are called the stoichiometric
vectors. We can see that the three reaction systems given earlier in this section fit this

reaction scheme.

The linear combination of species to the left and right of each of the reaction arrows in

(2.1) are of central importance throughout the rest of this thesis.

Definition 2.1.3. The set of species, together with their stoichiometric coefficients, on

the reactant or product side of an elementary reaction are called complexes. The set of



stoichiometrically distinct complexes will be denoted C = {C;,i=1,...,n} where |C| = n is

the number of stoichiometrically distinct complexes of the mechanism.

In general, complexes may appear multiple times in the elementary reaction set ([2.1)).
This observation has led many researchers to view reaction mechanisms not as a list of ele-
mentary reactions but as interactions between the n stoichiometrically distinct complexes

of the system. In this setting, (2.1]) is instead represented by
Rijl CZ —> Cj for i,jzl,...,n, (22)

where C; = 3702, 245 A;,1=1,...,n are the stoichiometrically distinct complexes of the mech-

anism (see [33]). We are now prepared to formally define a chemical reaction network.

Definition 2.1.4. A chemical reaction network (alternatively, a chemical reaction

mechanism) is given by the triplet N = (S,C,R).

Throughout most of this thesis, we will not be concerned with whether a chemical
reaction network under consideration corresponds to known chemical reactions. In many
cases, we will not even be concerned with whether they could correspond to sensible chem-
ical reactions. As such, we should get used to thinking of chemical reaction networks as

abstract mathematical constructs.

2.2 Reaction Graphs

According to (2.1)), reactions are depicted as a list of simultaneously but independently

occurring events, whereas according to (2.2)) they are thought of as interactions between



stoichiometrically distinct complexes. Depending on the application, it may be more con-
venient to view reactions in one framework as opposed to the other. It is also worth noting

that other graphical representations of chemical reaction networks exist (see [144/15,/53]).

In this thesis, we will be primarily interested in the complex-oriented notation of (2.2)).
In this setting, we can represent chemical reaction networks as directed graphs with com-

plexes as nodes and reactions as edges, according to the following definition.

Definition 2.2.1. The reaction graph of a chemical reaction network, G(N'), is given

by the directed graph G(V, E) with vertex set V =C and the directed edge set F =R.

Example 2.2.1. Consider the chemical reaction network N given in the form of as

A — A,

Ay — Az + Ay
As+ Ay — Ay

24, — 2A;

2./43 e 2./41

We can see that the network has four species and five reactions so that m =4 and r =5. To

each reaction, we associate a reactant complex (e.g. C3 = A3z + Ay) and a product complex
(e.g. CL=A;).

We notice, however, that some of the complexes in the mechanism are repeated. For
example, C{ = Ay and Cy = Ay are stoichiometrically identical. In fact, the mechanism
only has five stoichiometrically distinct complezes so that n =5. Setting C; = Ay, Co = A,

C3 = A3+ Ay, Cy = 2A1, and Cs5 = 2A3, we can represent the system according to the

10



complex-centred reaction graph G(N') according to Definition |2.2.1] as
p grap g

./41 —>.A2
N 'd

./43 +./44

2./41 by 2./43.

In this setting, the network is represented as a directed graph with the distinct complexes
as nodes and the reactions as directed edges. It is worth noting that C; = Ay and Cy = 24,

are distinct complexes.

Not surprisingly, the graph theoretical properties of reaction graphs have been exploited
to produce results regarding the dynamical behaviour of chemical reaction networks [14,
15,125,130433]. We state here a few important concepts of graphs as they apply to chemical

reaction networks. For a more complete introduction to directed graphs, see [11] and [12].

Definition 2.2.2. We say C,, is connected to C,, if there exists a sequence of indices

(vic1,v3),1=1,...k, such that

CUO <«—> Cl’l > e —> C

where by C; «— C; we mean that either

CZ' —_—> Cj or Cj —_—> Cz

Definition 2.2.3. We say there is a path from C,, to C,, if there exists a sequence of

11



indices (vi_1,v3), 1 =1,...,k, such that

Cpy —> Cp —> = — C

Definition 2.2.4. A connected component or linkage class of a reaction graph is
a mazimal set of complexes {Cy,,...,Cp,} such that C,, and C,, are connected for i,j =
1,..., k. Wewill let £ denote the number of distinct linkage classes L1, ..., Ly of the reaction

mechanism.

Definition 2.2.5. A strongly connected component of a reaction graph is a mazximal

set of complexes {C,,,...,Cp, } such that there is a path from C,, toC,, foralli,j=1,... k,

it7

Since each complex is distinct, it follows that the complex set C of any chemical reaction

network can be partitioned into distinct linkage classes L4, ..., L, such that

Eimﬁjzgu i?jzlv"'7€7 Z%.]

and

C:

i

)4
L;.
=1

We can now define two other particularly important classes of chemical reaction net-
works. In [25,30,33], the authors relate these concepts to properties of the equilibrium set

of a mass-action system. These results will be discussed in Chapter [3]

Definition 2.2.6. We say a chemical reaction network is reversible if for every reaction

from C; to C;, there exists a reaction from C; to C;.

12



Definition 2.2.7. We say a chemical reaction network is weakly reversible if for every

path from C; to C;, there exists a path from C; to C;.

It is clear by this definition that for reversible and weakly reversible networks, the
strongly connected components and linkage classes coincide. In general, this need not be

the case, as can be seen by the following example.

Example 2.2.2. Consider the network given by

C, — Cy 2 Cs.

It is clear that every complex is connected so that all of the complexes belong to the same
linkage class, say, L ={C1,C3,C3,Cy4,Cs5}. We cannot, however, construct a path from every
complex within this set to every other complex so the strongly connected components clearly
constitute a further partitioning of the complexes. In this case, we have three strongly

connected components, corresponding to the sets {C1}, {C2,C3} and {C4,Cs}.

So far we have only considered the properties of the reaction network which result from
the interactions between complexes. We have given no consideration to how the species are
embedded within the complexes. The following concepts will prove to be very important

characteristics of chemical reaction networks.

Definition 2.2.8. The stoichiometric subspace for a chemical reaction network
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is the linear subspace S c R™ such that

S=span{(z;-2;)|i=1,...,r}, or

S = span{ (z;-2:) | (i.j) € R}.
The dimension of the stoichiometric subspace will be denoted by |S| = s.

Definition 2.2.9. The deficiency of a network is defined as

b=n—-l-s

where n is the number of distinct complexes, £ is the number of linkage classes, and s s

the dimension of the stoichiometric space.

The stoichiometric subspace is crucially important in determining how the dynamics of
a chemical reaction network may evolve (see Section . The deficiency is a nonnegative
parameter which can often be used to restrict the behaviour of chemical reaction networks.
It is worth noting that all of the components required to determine the deficiency (n, ¢,

and s) can be determined by analysis of the reaction graph alone.

Example 2.2.3. Reconsider the network given in Example|2.2.1):

Al i ./42
NoY (S1)
.A3+.A4

2A; 2 24, (S2)
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As before, we make the associations C; = Ay, Co = Ag, C3 = A3+ Ay, Cy = 2A;, and Cs = 2A5.

We can clearly see that the system is partitioned into two distinct sets of connected
complexes, corresponding to those complexes in (S1) and those in (S2). Consequently, the
system has two linkage classes given by L1 = {C1,Co,C3} and Lo = {C4,C5}. As expected,
the complex set C is completely partitioned into non-overlapping linkage classes so that

C=LyULy where L1N Ly =D.

We now consider the reversibility of the systems (S1) and (S2). It is clear that system
(S1) is not a reversible system since none of the reactions contained in the mechanism have
a reverse step. We can see, however, that given any path from one complex to another
(e.g. Ci to Cy) there exists a path leading to the original complex (e.g. Cy to Cs to Cy).

Consequently, the system (S1) is weakly reversible.

We can clearly see that the system (S2) is reversible. Since every reversible mechanism
is also trivially weakly reversible, the entire mechanism (S1) and (S2) is weakly reversible

(but not reversible, since (S1) is not).

It remains to determine the deficiency of the mechanism. The quantities we need are
the number of distinct complezes (n), the dimension of the stoichiometric subspace (s),

and the number of linkage classes (£). We have that n =5 and € =2 from before, so it only
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remains to determine s. We have

-1 0 1 -2 2
1 -1 0 0 0
S:Span Y Y Y 7

0 1 -1 2 -2

0L Lt Lo]L 0
-1 0 -2
1 -1 0

= span , ,

0 1 2

i 0 {11109 ]

We can clearly see that s =dim(S) =3 so that the deficiency is given by

0=n-f-s=5-2-3=0.

In other words, the mechanism is a weakly reversible zero deficiency system. Such systems

will be considered extensively in Section [3.4.

2.3 Mass-Action Kinetics

We are primarily interested in the time evolution of the concentrations of the chemical

species as a result of a given reaction network.

In order to accomplish this, we need to derive a reasonable set of laws governing the
rate of growth and depletion of the chemical species. This has been handled in various ways

in the mathematical literature. Depending on the intended practical application, different
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assumptions on the nature of the system are needed, which leads to different mathematical

models.

In this thesis, unless otherwise stated, we will make the following model assumptions:

1. Constant External Conditions: The rate of a chemical reaction depends sensi-
tively on such system properties as temperature, volume and pressure. Many enzy-
matic reactions, for instance, only occur within a certain temperature range and with
varying efficacies within that range. We will assume throughout this thesis that the

variation in these quantities is negligible throughout the course of the reactions.

2. Continuous Mixing: The rate of a chemical reaction depends on the spatial domain
of the reaction. If pockets of higher concentration of one species or another are
allowed, the rate of reaction will vary according to these spatial differences. We
will assume that all of the chemical concentrations are spatially homogeneous so
that we may ignore diffusive and other spatial effects. (In laboratory and industrial

applications, this can be approximated by continuously stirring the mixture.)

3. Law of Mass Action: We still need to formulate some law by which concentrations
evolve. The law of mass action is the most widely used in general chemistry. This
‘law’ states that the rate of a chemical reaction is proportional to the product of
the reactant concentrations. This is a rough approximation of the idealization that
a reaction’s occurrence is proportional to the probability of the reactants occupying
the same point in space (i.e. colliding). If the proportionality constant is taken to

be k > 0 then, for a reaction catalyzed by A; and A,, for instance, we have [rate of

reaction] = k[A; ][ Az].
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We will let x; = [A;] denote the concentration of the i** species and denote by x =

[x1 22 -+ 2, ]T € R™ the concentration vector.

Under these model assumptions, the reasonable system of differential equations govern-
ing the time evolution of the concentrations can be derived from . In general, for each
reaction in a mass-action system there are three features which influence the dynamics:
the monomial mass-action term, the proportionality constant k;, and the net stoichiometric
effect of each instance of the reaction of each species. Consequently, the governing system

of differential equations is given by

d T
Zoft(x) =Yk (7 - 7) x* (2.3)
dt i1

where x# =[]}, 2. The vectors {(z, - z;) | i=1,...,r} are called the reaction vectors and

also factor into the stoichiometric subspace (see Definition [2.2.8)). They keep track of how
each species is affected by every instance of each reaction. The proportionality constants
ki>0,i=1,...,r, are called rate constants. We will denote by k = [k; k2 -+ k. ]T € RZ, the

rate constant vector.

Chemical reaction networks endowed with mass-action kinetics ([2.3|) will be called mass-
action systems and will be denoted by (S,C,R,k). Since mass-action kinetics is the only
form of kinetics considered in this thesis, we will use N interchangeably to denote both

the reaction network (S,C,R) and the mass-action system (S,C, R, k).

As mentioned in the introduction of this chapter, there are multiple ways of representing
the governing system of differential equations (2.3]). For most of the applications in this
thesis, (2.3) will not be the preferred representation. Rather, we will typically choose

to index the mechanism according to the complex-centred notation of (2.2)). With this
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notation, the system of differential equations governing the time evolution of concentrations
is given by
dx . 7
o “t60 = 20 k(i j)(z - z)x" (2.4)
(i,4)€R
where x# =[]}, xj] . The reaction vectors are now given by the set

{(z; —z) | (i,7) e R} where

R:{(Z7])|k(l7-])>07/1/7]:1""7n}'

Under these simplifying assumptions, we can represent the reaction graphs (2.1)) and

(2.2]) respectively as the weighted reaction graphs

R;: G el fori=1,...r (2.5)
and
k(i,5) .
Rij: ¢, — C;, fori,j=1,...,n. (2.6)

There are two alternative ways of representing the system which will be needed in
specific sections of this thesis. We will, however, refrain from introducing the relevant
notations until those sections. It is also worth noting that many different assumptions on
the kinetics of chemical reaction networks exist within the literature, including Michaelis-
Menten kinetics [43], Hill kinetics [29], k-variable mass-action kinetics [2,/19], S-system
kinetics [48,/49], and more general kinetics [10,56]. The reader is referred to the respective

papers for a more complete introduction to these kinetics schemes.
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Example 2.3.1. Consider the reaction

24, 5 A,

By our model assumptions, we may assume that the rate of the reaction depends only upon
the reactant concentrations and the constant k > 0. By the law of mass action, we have

[rate of reaction] = k[A;][A1] = k[A1]?.

We have yet to consider how each instance of the reaction occurring impacts the indi-
widual species. We can readily see that each time the reaction occurs, we lose two molecules
of Ay and gain one molecule of Ay. We can account for this in the differential equations

by adding the coefficients =2 and 1 to the individual equations.

The system is therefore governed by the system of ordinary differential equations

dzy

e —2kx?
dx
d_tz = k’l’%

The system s simple enough that we can integrate directly to arrive at the solution

10 T10 Qki.iﬂlot ]
t)= —— )= 22| /|4
n(t) = g na(t) == [2kx10t+1 20

where 119 = £1(0) and a9 = x2(0). We can see immediately that ast — oo we have x1(t) - 0
and xo(t) = x10/2+ x29. In other words, all of the mass gets transferred from Ay to As, as

we might expect.
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2.4 Stoichiometric Compatibility Classes

Even without the benefit of specific examples, several fundamental and unique properties of
mass action-systems can be readily discerned from the structure of and . We can
immediately see that concentrations evolve according to a system of autonomous non-linear,
polynomial ordinary differential equations. There is a significant amount of literature
on such systems [21]. Chemical reaction systems have the additional restriction that no
monomial with a negative coefficient may appear in the rate equation for a concentration
which does not appear in the monomial; this corresponds to the physical observation that
a chemical species may not be depleted by a reaction for which it was not a reactant.
This characteristic is sometimes referred to as a lack of negative cross-effects or the kinetic

property of mass-action systems [21},22,28].

Beyond the simplest of examples, however, mass-action systems cannot be solved ana-
lytically as was done in Example Consequently, a variety of analysis methods have
been proposed in the literature, including quasi-steady-state approximations [45], lineariza-

tion about equilibrium concentrations [56], and Lyapunov function methods [33}42,63].

On a more basic level, we can restrict the behaviour of trajectories by careful observation
of the reaction vectors in (2.3) and (2.4]). In particular, it is clear that solutions are not
able to wander around freely in R™. The following concepts help clarify where solutions

may lie. (Also see Definition for the definition of the stoichiometric subspace S.)

Definition 2.4.1. The kinetic subspace for a mass-action system 15 the smallest

linear subspace S* c R™ such that

im (f(x)) cS*.
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The dimension of the kinetic subspace will be denoted by |S*| = s*.

Definition 2.4.2. The positive stoichtometric compatibility class containing the ini-

tial composition xg € R7 is the set Cx, = (x0 +5) nRZ.

Definition 2.4.3. The positive kinetic compatibility class containing the initial com-

position xq € RY is the set C; = (xo+5*) nRY.

While the stoichiometric and kinetic subspaces are related, they need not coincide, in
which case we have the strict inclusion S* ¢ S. It is clear given the way the reaction
vectors factor into and that we have f(x) € S* and f(x) € S where f(x) is the
right-hand side of or . The following result clarifies the relationship between the
kinetic and stoichiometric subspaces and allows us to restrict attention to Cy, for weakly

reversible networks.

Lemma 2.4.1 (Corollary 1, [32]). For weakly reversible mass-action systems the stoichio-

metric and kinetic subspaces coincide.

The following result restricts the behaviour of solutions of (2.3)) and (2.4). It can be

found in [33] and [63]. A comparable result exists for kinetic compatibility classes C ;

however, since we will be primarily concerned with weakly reversible networks in this

thesis we will restrict our attention to Cy,.

Proposition 2.4.1. Let x(t) be the solution to with x(0) = xo € R Then x(t) € Cx,

fort>0.

Proof. We will prove separately that x(t) € (xo+ S) for £ > 0 and that x(¢) € R7 for ¢ > 0.
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Consider (2.3). The system is autonomous, so we can integrate from s =0 to s =t to

get

tdx_(s) ds = zr:kz(z; 7)) fotx(s)zi ds

o ds =
which implies

x(t) = %0 + Zki(zg ) [ "x(s)* ds.

Regardless of what the integral on the right-hand side evaluates to, the sum is in the span
of the reaction vectors z; - z;. It follows that x(t) € xo +.5 for ¢ > 0 and the first claim is

proved.

We now prove x(t) € R7 for ¢ > 0. We will consider the concentration of the species x;,

j=1,...,m, individually. We define the following index sets:

R{ = {R1|Zl] >0}

R‘;Z{Rl’ZZJZO}

We can rewrite the j** component of (2.3) with respect to these sets as

dx ;
d_tj = fi(x) - x; + fa(x) (2.7)
where
1 - A Z;
fi(x)=— Z ki(zij - Z;) X"
Tj 21
RZGR{
fQ(X) = Z ]{?Z(Z;J - Zz‘j)Xzi.
i=1
RieR),
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Two things are worth noting about the functions f;(x) and fo(x):

1. Since z;; > 0 for R; € R} and z;; is an integer, the quantity (1/x;)-x% is a nonnegative,

finite value.

2. Since z;; =0 for R; € R%, it follows that z}; —z;; > 0, and consequently that fy(x) > 0.
(This is a consequence of the physical observation that a species may only be depleted

as a result of a reaction if the species itself is one of the reactants.)

We can now use the integrating factor u(t) = exp {—fot f1(x(s)) ds} on 1} to get

C“’ZT(” () -25(8) = f(x(1))
— % [e‘ Ji 1 (x()) dsxj(t)] = o A ds f (x(1))

t t s
— () = eJo L) ds g () 4 '/0 e Jo i) dr £ (x(5)) ds.

By assumption, we have x;(0) > 0 and we have already observed that f;(x) is well-defined
and f»(x) is nonnegative. Since the exponential is always positive, and integrating over a
nonnegative region yields a nonnegative value, we have that x;(¢) > 0 for all ¢ > 0. Since
the concentration x; was chosen arbitrarily, we have x(¢) € R7 for all ¢ > 0, and we are

done. O

Another important class of subspace relevant to mass-action systems is the conservation

subspace.

Definition 2.4.4. The conservation subspace is given by

St={veR™|(v,z/-2;)=0,i=1,...,7}.
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Definition 2.4.5. A chemical reaction network is said to be conservative if there exists

a v e RYy such that v e S*.

For many applications, the conservation vectors v € S* play a significant role in simpli-

fying analysis of (2.3). The reason is that, since x(t) € S for all ¢ > 0, it follows that

dx
(v. d(tt)> =0

for all v € S*. This gives rise to the conservation law
(v,x(t) —x0) = 0. (2.8)

In general, each linearly independent conservation law (2.8) allows one variable to be
removed from ({2.3)), since any single concentration in ({2.8)) can by solved for as a linear

combination of the others.

In many applications, this notion of a conservation law corresponds to the physical
notion of conservation of mass. This is most readily seen for conservative systems. In
broad strokes, reactants in a physically closed system may not appear from, or disappear
into, nothing so that systems are partitioned by how much initial matter is present. While
this is a convenient interpretation, however, we note that our notion of a conservation law
is more general than this and can be applied to many systems where no such physical

interpretation is available.

Example 2.4.1. Reconsider the reaction from Example made reversible, so that we
have

k1
24, 2 As.
ko
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According to , the governing system of differential equations is given by

% = —2k1x% + 2]{2$2

dt (2.9)
dIEQ 2

_dt = klxl - k’gﬂ?g.

This system can no longer easily be integrated so that we are relegated to alternative
methods to analyse the behaviour of the chemical concentrations. For this ezample, we make
two crucial observations. Firstly, by Proposition[2.].1 we have that solutions are restricted
to their respective stoichiometric compatibility classes Cy,. These are translations of .S,
which is given by

2

S = span
-1

Consequently, Cy, is a one-dimensional subset of R .

We also notice that the equilibrium conditions coincide for the two expressions in (@)
Specifically, we have

d d k

i l’2=—1]}1.

dt dt ko
This is a one-dimensional curve in R%,. More importantly, each compatibility class Cx,

intersects this curve at exactly one point. In other words, there is precisely one equilibrium

point in each compatibility class. It can be easily observed from that trajectories
above the equilibrium curve are forced downward while trajectories below the curve are

forced upward so that the equilibrium point in each compatibility class is asymptotically

stable (see Figure .

We can also analyze the system by consideration of the conservation laws. For this
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Figure 2.1: Vector field plot of (2.9) with k; = k = 1. Each stoichiometric compatibility

class (the translations of zy = —3x1) intersects the equilibrium set (the parabola x, = 22)
precisely once.

system, we have

I' = span =St

By (@, we have

1
$1(t)+2l’2(t) =£L‘10+2l'20 — l’g(t) = 5(!L‘10-J]1(t))+$20.

This can be substituted into to give

d%l(t)
dt

—2/€1x1(t)2 - ]{ngl(t) + k?gxlo + 2]{321'20

o) = % (210 - 21(£)) + 20,

As expected, the single conservation law has removed a single differential equation from
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the system. The solution may now be obtained by solving for x1(t) from the remaining

differential equation and applying the linear conservation law to solve for xs(t).

It is worth noting that a solution x(¢) of (2.3 with x(0) = x¢ € R”) may exist only on
a finite interval 0 <t < T. This can happen if there is an unbalanced input of a species
(i.e. creation of a species with no depletion) into the system. In this case we only have

x(t) e Cy, for 0<t < T.

Example 2.4.2. Consider the system
0 24 2 au
According to , the system is governed by the differential equation
Z—f = 2k + 2ko1”
which can easily be integrated to yield

z(t) =4/ Z—;tan (2 k1kot + arctan (\ / Z—ixo)) .

This solution goes to infinity as

t—->T ! T arctan | y / kzx
— = — - — .
2/ ]{?IICQ 2 kl ‘

We can see that, since \/ks/kixzg > 0, we have arctan(\/ks/kixg) € (0,7/2) so that T is

always a finite, positive value. Since x(t) — oo in finite time, the solution only exists for

0<t<T.
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It might be tempting to suppose that all systems with unbalanced inputs have solutions
which cease to exist at some point, but this is not necessarily the case. For example, the
simple system

k

0O — A

15 governed by
dr

%—k - x(t) = kt + xo.

While the solution grows unbounded, it does not blow up to infinity in finite time, so that

the solution exists for all t > 0.
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Chapter 3

Locally Stable Systems

Since mass-action systems can rarely be solved explicitly, alternative methods of analysis
are frequently necessary. In this chapter, we introduce one particular type of behaviour—
called locally stable dynamics—which is guaranteed under several well-studied conditions.
We introduce and discuss two classifications of systems which are known to exhibit locally

stable dynamics: detailed balanced systems and complex balanced systems.

The concept of complex-balancing of chemical reaction mechanisms was first introduced
in 1972 by M. Feinberg, F. Horn and R. Jackson and has been particularly influential over
the past nearly forty years (see [25,30,[33]). As such, we will devote a significant amount
of time to deriving and analyzing the results of these papers. Our considerations of the

detailed balanced systems analyzed by A. Volpert in [63] will be significantly briefer.
We start by defining the type of behaviour in which we are interested.

Definition 3.0.6. A mass-action system is said to have locally stable dynamics if there
exists within each positive kinetic compatibility class precisely one equilibrium concentration

and that concentration is locally asymptotically stable.
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We note that for the case of the weakly reversible networks considered extensively in this
thesis, the kinetic and stoichiometric compatibility classes coincide by Lemma [2.4.1| so
that locally stable kinetics can be redefined according to the stoichiometric compatibility

classes.

Locally stable dynamics is, in some senses, the “nicest” kind of behaviour one could
want. It guarantees that, regardless of our initial concentrations, the associated compatibil-
ity class has a single equilibrium point and that if we start close enough to that equilibrium

point, we converge toward it.

It is important to note, however, that locally stable dynamics does not prohibit the
existence of—or convergence of trajectories toward—an equilibrium concentration on the
boundary of the positive compatibility class (i.e. an equilibrium where at least one con-
centration z; is zero). Systems for which all trajectories starting within a compatibility
class converge toward the positive equilibrium are said to have globally stable dynamics.

They will be the main topic of consideration in Chapter [f]

In the following subsections, I introduce two classifications of mass-action systems which
are known to exhibit locally stable dynamics: detailed balanced and complex balanced sys-
tems. Detailed balanced systems are a special case of complex balanced systems; however,
due to their historical prominence and relatively easy formulation, I will include a full
analysis of detailed balanced systems as a stepping-stone toward understanding complex

balanced systems.

The Lyapunov function used to analyse both classes of systems is given by

L(x) = ai(In(z:) - In(a}) — 1) + 27 (3.1)

i=1
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where x* € R7} is an arbitrary equilibrium concentration. The concentration x* will be

called the centre of the Lyapunov function.

The following result corresponds to Lemma 4A and Lemma 4B in [33].

Lemma 3.0.2. The function L(x) given by assumes a unique minimum in the relative

interior of each Cy,. Furthermore, at this minimum value we have VL(x) € S*.

Proof. We first consider the properties of L(x) on R”. We can see that the Hessian of

L(x) is given by

V2L(x) = V(VL(x))

= V(In(x) - In(x*))
i

Since the Hessian of L(x) is strictly positive definite for x € R7, it follows that L(x) is
strictly convex. Furthermore, since Cy, is a convex subset of R7, it follows that L(x) is

strictly convex on Cy,.

It may still be possible that the minimum relative to Cy, is obtained along the boundary
of Cx,. We can see that

lim L(x) = o0 (3.2)

so that L(x) may not approach the minimum value at infinity. It may still approach the

minimum somewhere on ORZy. To rule this possibility out, we approach the boundary
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along an arbitrary straight line. Given x! € R7 and x? € OR”), we have that

lim C%\L(xl + AM(x?-x')) = %\m% VL(x'+ AM(x? - x1)) - (x* - x)

A—-1
m
= Stim(n(a? + A(e? - a) ~In(a)) (a2 - )
i=1"7
Since x* € JRZ}, there is at least one i € {1,...,m} such that 27 = 0. For this component

lim(In(el, + A2, - o})) - () (o7, -,

= }\iir}(ln(leo = Az, )~ In(z},)) (~z,) = oo.

Since the rest of the elements in the sum are finite, it follows that

. d 1 2 _ 1Y) =
glir%al/(x +A(x*—x")) = oo.

In other words, if we approach ORZj along any straight line from the interior, the derivative
explodes. It follows that the minimum of L(x) cannot be obtained on the boundary, so

that the minimum must be restricted to the relative interior of the set Cy,.

The fact that VL(x) € S* follows from the observation that VL(x) remains stationary
with respect to changes within Cy,. In other words, for every (y —-x), y € Cx,, ¥ # X, we

have VL(x) - (y —x) =0 since (y —x) € S. This is equivalent to VL(x) € S*. O

We will need the following two lemmas in our analysis of detailed balanced and complex

balanced systems.

Lemma 3.0.3. For every a,b>0 we have

(b-a)(In(a) - In(b)) <0
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with equality iof and only if a =b.
Proof. We have three cases to consider.

1. If @ > b then In(a) —In(b) > 0 so that (b-a)(In(a) - In(b)) < 0.
2. If a < b then In(a) —In(b) <0 so that (b—a)(In(a) —In(d)) <O0.

3. If a = b then In(a) — In(b) = 0 so that (b—a)(In(a) —In(b)) = 0.

The result follows.

[]

The following result can be found in Appendix 3 of [33]. While the result holds for any

monotonically increasing function, we state it here for In(z).

Lemma 3.0.4. For every set {aq,ao,...,a,} satisfying o; >0 fori=1,...

have

n

Z aj(In(ajer) —In(a;)) <0

where a1 = o, with equality holding if and only if

Proof. The proof is an induction on n, the number of elements in the set.

Base case: Consider the case where n = 2. We have that

; a;(In(ayi1) —In(ey)))

=ap(In(az) —In(aq)) + as(In(ay) — In(az))
= (g — az)(In(ag) - In(ay)).
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It follows from Lemma [3.0.3| with a = ap and b = oy that this quantity is negative and equal

to zero if and only if oy = a.

Inductive case: Assume that for every set {ay,as...,a,} with a; >0,i=1,...,n, we
have
> aj(In(oys1) —In(a;)) <0 (3.3)
j=1

where «,,,1 = aq, with equality if and only if

Now consider the set {a1,...,an, aps1} with «; > 0, i = 1,...,n+ 1. Since we have
assumed (3.3) holds for any family of n elements, we can choose a,.; to be the largest

element in the set {aq,..., .1} and the inductive hypothesis (3.3]) to hold on the family

{av,...,a,}. Consider the following sum:
n+l
2. aj(In(aji1) -In(ey))
=1

- g[ajanmm 1(0,)] + an(in(a) - In(a,))

+ apy1(In(aq) = In(ap)).
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We add and subtract o, (In(ay) — In(ay,,1)) from the right-hand side to get

2 aj(In(aj) —In(ay))
= ill[aj(ln(ozjﬂ) —In(a;))] + an(In(ay) —In(ay,))

+ (ny1 —an)(In(ag) —In(@py1))
- Yoy (In(aza) ~In(a;))] + (e - an) (n(ar) - In(a)).

7=

—_

We have abused the sum notation in the final line so that «,,,; = ;. This sum satisfies
our inductive assumption on the set {ay, ..., a,}. The remaining element on the right-hand
side is non-positive since we have chosen «,,; to be the largest element in the set. Since
both the sum and the remaining term is non-positive, we can only have equality with zero
if both terms are zero. By assumption, this only happens for the first term if ay = -+ = a,.
The second term is zero if and only if «,,,1 = a1 or a1 = «,,, either of which is sufficient

to imply a; = ag = -+ = a,, = a1 This completes the proof.

3.1 Equilibrium Conditions

For many mass-action systems, the behaviour of solutions can be predictably determined by
the nature of the set of permissible equilibrium concentrations. Consequently, significant
effort has been expended determining conditions on the equilibrium set of a system under
which dynamic behaviour is qualitatively predictable. In this section, we will introduce

two of the classifications of equilibrium concentrations of (2.4) which have proven useful
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in the literature: detailed balanced and complex balanced equilibrium concentrations.

We start by considering a general equilibrium concentration.

Definition 3.1.1. The concentration x* € R7} is said to be an equilibrium concentra-
tion of if
f(x*) = >, k(i.5)(z; - 2)(x7)* = 0. (3.4)

(1,7)eR

We now shift our focus to the two classes of equilibrium concentrations which will be
of the most interest to us in this thesis. The formulation of detailed balanced systems

presented here can be found in [63] while our formulation of complex balanced systems can

be found in [33].

Definition 3.1.2. The concentration x* € RY} is said to be a detailed balanced equi-

librium concentration of if
k(i, ) (x")" = k(j,i)(x")™ (3.5)

forallt,7=1,...,n. A mass-action system is said to be detailed balanced for a given
set of rate constants k(i,7) if every positive equilibrium concentration of 15 detailed

balanced.

Definition 3.1.3. The concentration x* € R7Y is said to be a complex balanced equi-

librium concentration of if
> k(G i) (x7)% = (x*)% Y k(i ) (3.6)
=1 =1

for alli=1,....,n. A mass-action system is said to be complex balanced for a given
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set of rate constants k(i,j) if every positive equilibrium concentration of 15 complex

balanced.

The set of detailed balanced equilibrium concentrations of a mechanism will be denoted
D while the set of complex balanced equilibrium concentrations will be denoted C'. The

set of equilibrium concentrations will be denoted FE.

More intuitively, an equilibrium concentration is detailed balanced if the rate of every
reaction exactly equals the rate of an opposite reaction. Similarly, an equilibrium con-
centration is complex balanced if, for every complex, the rate of every reaction leading
into the complex exactly equals the rate leading out. Notice that all three classifications
of equilibrium concentrations presented so far have represented some manner of balanc-
ing of reaction rates. For detailed balanced equilibria, we have balancing of rates across
reactions; for complex balanced equilibria, we have balancing of rates across complexes;
and, of course, for general equilibrium concentrations we have balancing of the rates across

species.

It is also clear that the notions of detailed and complex balancing of equilibrium con-
centrations carry implications for the reaction graph of the system. In particular, the

following results can be shown.

Lemma 3.1.1 (Lemma 2A, [30]). If a mass-action system admits a detailed balanced

equilibrium, then the system is reversible.

Proof. Suppose (3.5) is satisfied and C; - C; is a reaction in the system. This implies
k(i,7) > 0. Since (3.5)) holds for all 4,5 =1,...,n, and (x*)% > 0, it follows that

k(i, ) ()% = k(j,8)(x7)* > 0. (3.7)
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The only way (3.7) can be satisfied is if k(j,¢) > 0. This implies C; - C; is a reaction in

the system. It follows from Definition that the system is reversible. O

Lemma 3.1.2. If a mass-action system admits a complex balanced equilibrium, then the

system is weakly reversible.

Proof. Suppose (3.6]) is satisfied and the reaction graph contains a path from C, to C, that

is to say, there are complex indices {vg,v1,. .., } such that

C — Cy,, for k=1,...,1

V-1

where v =a and v; = b.

Suppose that there does not exist a path from C, to C,. We now define the index set ¥
as follows

Y ={ke{l,...,n} | there exists a path from C, to C} U {b}.

From this definition, it is obvious that our assumption implies a ¢ .

Furthermore, we notice that all paths originating at a Ci, k € X, must necessarily lead

to a Cj, ke 2. It follows that 1} can be written

2 k() ()™ + 3 k(j,0) (7)™ = (x7)™ 3, k(i)

jex j¢x jex

for all 7 € ¥. Taking the sum over ¢ € 33, we have

D ()™ Y k(i) + D0 3 k(5,1 (x7)™ = 3 ()™ 3 k(i )

jex €% 1€X j¢5 ) jex
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which implies

> > k(i) (x*)% = 0. (3.8)

1€X j¢5

Since k(j,7)(x*)% > 0 for all 4,5 = 1,...,n, the only way can be satisfied is if
k(i,j) = 0 for all + ¢ ¥ and j € ¥. In other words, the mechanism does not permit a
reaction from a complex C;, i ¢ 3, to a complex C;, j € ¥. However, by assumption there
is a path from C,, a ¢ X3, to Cy, b € 2. In order for such a path to exist, there must exist
a reaction from a complex C;, i ¢ ¥, to a complex C;, j € ¥. This is a contradiction.
Consequently, our assumption that there was not a path from C, to C, must have been in

error. Since the path chosen was arbitrary, it follows that the system is weakly reversible

by Definition [2.2.7] n

It is obvious that if x* € R7 satisfies (3.6]) then x* satisfies (3.5)), and that if x* € R7}
satisfies either (3.6)) or (3.5 then x* satisfies (3.4)). In other words

Dc(CckE.

In order to see that these inclusions can be strict, consider the following examples.

Example 3.1.1. Consider the system

A = Ay

, (3.9)
2./42 —> 2./41 .
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The system is governed by the system of differential equations

dl'l

= Tam + 2823
d
% = ax, - 2373

which has the equilibrium set

E = {(1'1,1‘2) eR%, | axy = Q,Bxg}.

However, we can clearly see that the reaction graph (@) 1s neither reversible nor weakly
reversible. Consequently, by Lemma and Lemma[3.1.9, no equilibrium concentration

permitted by the system may be detailed or complex balanced.

Example 3.1.2. Consider the system

A = A
NS (3.10)

As.

The system is governed by the system of differential equations

dl’l +
— = —QT T
i 1T 7YT3
d

% =z — Sy
d

% = Bxy - y3
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which has the equilibrium set

E= {(ml,xg,:cg) eR3) | azy = Bay = 71:3}.

This is exactly the condition required of complex balancing by Definition so that
C =FE. We can see, however, that the system is only weakly reversible and not strictly re-
versible, so that no detailed balanced equilibrium concentrations can be permaitted by Lemma
[3.1.1. Consequently, the mechanism permits complex balanced equilibrium concentrations

but not detailed balanced.

We may at this point surmise that the converse implications of Lemma|3.1.1jand Lemma
hold, that is to say, that reversibility and weak reversibility imply detailed and com-
plex balancing of equilibrium concentrations, respectively. The following example shows

that we must be careful with such intuition.

Example 3.1.3. Consider the system

24; — 24,
SANNS: (3.11)

Al + AQ.

with o = 3/8, B =1, and v = 1. The system is governed by the system of differential

equations
dCL’l 3 2+ 2+
— ==X+ X5+ 11T
de 47RO
dﬂ?g 3 2 2
— = =T} —T5 — T1Ta.
e 47t TR
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[/[/6 can see tha/t
——3:B2+:E2+:17 i —(I - =T )([lf +—3£L' )
] 1 2 142 2 2 1 2 2 1

so that

1 1
FE= {(1'1,372) €Rzo|$2= §I1}={|:t,§t:|,t>0}

The system is not reversible so that no detailed balanced equilibrium concentrations are
permitted by Lemma|3.1.1. The system is weakly reversible which suggests complex balanc-
ing of equilibrium concentrations is permissible; however, in order to verify the existence

of such equilibria, we still need to verify
a(x*)* = f(x7)* = y(x")*

according to (@)
We can see that

*\Z 3 * 3

a(x)* = §($1)2 = gtz
1

A1) = (3)" = °

*\Z * * 1
) = (D)) = 58
so that—somewhat surprisingly—we have
a(x*)™ # B(x7)” #y(x7)™.

It follows that the system permits no complex balanced equilibrium concentrations, even

though the system is weakly reversible. This phenomenon will be considered in more detail

43



in Section when we will reconsider this example.

3.2 Detailed Balanced Systems

In this section, we use the classification of detailed balanced equilibrium concentrations
given by Definition to determine properties of the system (22.4)). Specifically, we prove

that detailed balanced systems exhibit locally stable dynamics.

Firstly, we notice that it follows from Lemma that if (7,7) € R then (j,i) € R.
Consequently, the reaction set R can be broken down into index pairs {(4,7), (j,7)}. We

will let R denote an arbitrary subset of R which contains only one of the index pairs from
each set {(4,7), (j,4)}-

The following result corresponds to Lemma 16 of [13]. It is also implicit in the results

of [63].

Lemma 3.2.1. Consider a mass-action system with a detailed balanced equilibrium xX*.

Then there exist k;; >0, (i,7) € R, such that can be written

Z_}Z = . iz -2) [( = )Zi —( = )zj]- (3.12)

* *
(i)eR X X

Proof. Consider an arbitrary detailed balanced equilibrium x*. By Definition for

cach pair {(,7), (j,7)} there exists a constant ;; > 0 such that

k(i 7) (%)% = k(J, D) (X)) = ;. (3.13)
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It follows that
L. Kij ..
k(i,j) = w and k(j,i) =

(3.14)

From (2.4 we have
dx o -
g Z k(i,7)(z; —z;)x™.
(1,§)eR
Since R can be broken down into reaction pairs {(,7), (j,7)}, we momentarily restrict our

attention to just the indices i and j. Using (3.14)), we have

k(i, j) (25 — zi)x™ + k(j, i) (2; — 2;)x"
X z; X Zj
=“ij(zj—zi)(;) +f€ij(zi—zj)(;)

= kij(zj — 2;) [( )}; )zi ~ ( :* )ZJ].

Since R can be broken down into these pairs, we need only consider one of the indices (i, 7)

or (7,7) in order to recover the original system of differential equations. In other words, it
is sufficient to consider the sum over (7,7) € R. By the symmetry of the above result, it

does not matter which of the indices (4, j) or (j,7) we choose in R. Consequently, we have

dx x \* X \%
s 5 {22
b iper x x
as desired, and we are done. O

An immediate consequence of Lemma [3.2.1]is the following.

Lemma 3.2.2. Consider a mass-action system with a detailed balanced equilibrium x*.
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Then, for the function L(x) given by (3.1), we have
dx

L(x)-— <0
VL(x) -

with equality if and only if

( . ) ) (%) for all (i,7) € R.

X*

Proof. We can readily see that, for the function L(x) given by (3.1)),

VL(x) =In(x) - In(x*) = ln( X )

*

and by Lemma [3.2.1] (2.4) can be written

Ccil_? = Y kiy(z - 2) [( ;()Z _( ;()zy]

(4,5)eR

Together we have

VL(X).Z_);:IH(;(*) > Hij(zj—zi)[( ;)zi_(;)zj]

(i,j)eR

s ()T (2))

(4,5)eR

(3.15)

If we make the substitutions a;; = (x/x*)% and b;; = (x/x*)%, (3.15) can be rewritten

dx
(,)eR

Each element in the sum fits the form required of Lemma [3.0.3| Since x;; > 0, it follows
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that

d
VL(x)- d—’t‘ <0,

Furthermore, since equality with zero can only be attained by having each term in the sum

equal to zero, we have that

VL(X).‘;_’;:() iff (x):(%) for all (4,§) € R
and we are done. O

A multitude of properties of detailed balanced systems can be derived from Lemma

3.2.2. We will consider them as a single comprehensive result.

Theorem 3.2.1. Consider a system with a detailed balanced equilibrium x*. Then the

system has the following properties:

1. The set of positive equilibrium concentrations is given by
E={xeR% | (In(x) - In(x*)) € S*}. (3.16)

2. Every positive equilibrium concentration permitted by the system is a detailed balanced

equilibrium concentration.

3. There is a unique positive detailed balanced equilibrium concentration within each

positive stoichiometric compatibility class Cy, .

4. That equilibrium concentration is locally asymptotically stable relative to Cy,.

Proof. We will prove the claims in the order they are presented.
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Proof (1): Consider an equilibrium concentration x. This implies that there is a

solution of (2.4)) such that x(¢) =x, ¢ > 0. Along this solution, we have

dL(x(t))

XO) - g1y 20

0
dt

dx(t)
dt

for all £ > 0 since = 0. By Lemma |3.2.2] this can happen if and only if

(X)l:(i*)] for all (i,5) € R.
X

X*

Taking the natural logarithm of both sides and collecting terms yields

(2 - 2;) .m(%) - (2~ 2;) - (In(x) - In(x")) = 0

for all (i,7) € R. Since (4,7) € R implies z; - z; € S, it follows that In(x) —In(x*) € S*, and
consequently x € F.

Now suppose x € E. This implies that (z; - z;) - (In(x) - In(x*)) = 0 for all (4,7) € R.

This can be rearranged to the form

It follows from the form of ([2.4)) obtained in Lemma that x is an equilibrium concen-

tration, which completes the proof of Claim (1).

Proof (2): Consider an equilibrium concentration x € R7. By Claim (1), this implies

x € E where E is given by (3.16). This implies (z;-2;)-(In(x)-In(x*)) = 0 for all (7,7) € R,
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and consequently
(z;—2z;) - In(x) = (z; — z;) - In(x") (3.17)
for all (i,j) € R.

Since x* is a detailed balanced equilibrium concentration, by Definition we have

k(i,j)(x*)% = k(j,1)(x*)% for all (i,j) € R, from which it follows that

(3.18)

(2:—7;) - In(x") = 1n(k(j’i))

k(i,5)

for all (7,7) € R. Combining (3.17)) and (3.18]), we have

(zi - z;) - In(x) =In ( k(j,1) )

k(i j)
for all (i,7) € R. Tt follows that k(i,j)x% = k(j,i)x% for all (i,j) € R and consequently
x € R7} is a detailed balanced equilibrium concentration. Since x € F/ was chosen arbitrarily,

Claim (2) follows.
Proof (3): From Claims (1) and (2) we have that the set of positive equilibrium points

is given by

E={xeR7% | (In(x) —In(x*)) € S*}

and every equilibrium point is detailed balanced.

Now consider the function L(x) given by (3.1). From Lemma we have that L(x)
takes a unique minimum value relative to each positive stoichiometric compatibility class
and that at this value VL(x) = (In(x) - In(x*)) € S*. It follows immediately from the
nature of E that the point x € Cy, at which this minimum attained is an equilibrium

point of (2.4). Also, we can see that any other point y € Cy, lying in £ would satisfy
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VL(y) = In(y) - In(x*) € S* and therefore also be a minimal value of L(y) relative to
Cx, according to Lemma [3.0.2] This contradicts the uniqueness of the minimum value.
It follows that there is a unique detailed balanced equilibrium concentration within each

positive stoichiometric compatibility class, and Claim (3) is proven.

Proof (4): By Proposition [2.4.1] for any xq € R we have x(t) € Cy, for all £ > 0 so

that we may restrict our attention to the relative topology of C,.

By Claim (3), there is a unique positive detailed balanced equilibrium concentration x
relative to Cy, and this equilibrium occurs at the minimum of L(x) in the interior of the

relative topology of Cy,. We will let

Le(x) ={y € C, | L(x) < L(y) < L(x) + €} .

Since x is in the relative interior of Cy, and L(x) is strictly convex, we can choose € > 0

sufficiently small so that L.(x) n 9Cy, = @.

Now consider an arbitrary solution x(¢) of (2.4) with x(0) =x¢ € L.(x). We will show

that for all § > 0 satisfying € > d, there is a T'> 0 such that x(t) € Ls(x) for all t > T

We make the observation first of all that along the solution x(t), by Lemma we

have
dL(x(t))
dt

=VL(x(t)) - d);—sft) <0.

This implies that, for any ¢ > 0, if there exists a T" > 0 such that x(7T") € L.(x), then

x(t) € L(x) forall t > T.

We will now suppose that there does not exist a d > 0 satisfying the above conjecture.

By the previous observation, this implies that x(t) € L.(x) \ Ls(x) for all ¢ > 0. Since
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this region is bound away from x, which is the only equilibrium concentration in the

compatibility class Cy,, we have by Lemma that there exists an M > 0 such that

dL(x(1))
dt

:vL(X(t)).d’;—?) <-M<0

for all ¢t > 0. It follows by integrating from 0 to 7' that

L(x(T)) < L(x(0)) - MT.

However, if we take the limit as T' - oo we have L(x(7T)) — —oo. This contradicts the
fact that L(x(t)) is bounded from below. Consequently, our supposition must have been
in error, and it follows that for all 6 > 0 satisfying € > 9, there is a T" > 0 such that
x(t) € Ls(x) for all t > T. Since L(x) is continuous and strictly convex on Cy,, it follows

that x(t) converges asymptotically to x as ¢t - oo, which proves Claim (4). O

Example 3.2.1. Consider the chemical reaction mechanism

k(1,2) k(2,3)
A 2 A, +A; =2 2A4;.
k(2,1) k(3,2)

If we set x1 = [A1], x2 = [A2] and z3 = [As], according to the system is governed by

the system of differential equations

% = _k(lv Q)xl + k(2, 1)$2I‘3
% = k(1,2)x; - k(2,1)z0w3 - k(2,3) 1003 + K(3,2) 23 (3.19)
% = k’(l; 2)331 - k(2, 1).]7233'3 + k(2, 3).1'2]}3 - k(3’ 2)1-%
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In order to apply Theorem |3.2.1, we need to check that there is a detailed balanced

equilibrium x* €e R2,. From the first equation, we have

dfl'l

E =0 Zﬁ ]{5(1,2)271 = ]{5(2, 1)(E2£L‘3.

Substituting this into the second and third equations, we have

dx dx .
d_t2 =0 and d_tg =0 iff  k(2,3)zems = k(3,2)3.

These are exactly the detailed balanced conditions expected of Definition[3.1.3 so that every
positive equilibrium concentration permitted by the mechanism s detailed balanced. Con-

sequently, we can apply Lemma|3.2.4 and Theorem |3.2. 1.

It is difficult to verify directly—and in full generality—that the equilibrium set E inter-
sects each positive stoichiometric compatibility class Cx, = (X0 +5) NRZy exactly once. It is
also difficult to directly visualize the dynamics. To make these tasks more manageable, we
select k(1,2) = k(2,1) = k(2,3) = k(3,2) = 1 and x19 = w90 = x30 = 1/4. It is important to
notice, however, that, since the arguments for the existence of detailed balanced equilibrium
apply regardless of the rate constants and initial concentrations, all the results of Theorem

can be applied for different choices of values.

In order to check that the compatibility class corresponding to x19 = xag = T30 = 1[4
intersects E only once, we parametrize E and check for points of intersection with (xq+.S).

For our system, we have

-1 0
S=spany| 1 |, -1
1 1



and for our choice of rate constants, we can parametrize E as
E={[k*k k)" k>0}.

We now solve the system of equations

10 -1 0 k’2
Tog | TS 1 +1] -1 | = k
T30 1 1 k

to get the lone admissible solution t = 0, s = =3/4 +/3/2 and k = —=1/2 + \/3/2. The

corresponding equilibrium value X* is

V3

2

V3

+__

x* = [k, k, k)7 = |1~ -

+ ? : (3.20)

DO | —
DO | —

We now consider the dynamics of given by Figure . As expected, we see that
x(t) converges asymptotically to the equilibrium value X* given by . It is also worth
noting the role that the conservation law (v,x(t) —xo) =0, v € St, plays in this analysis.

We have x19 = 290 = 230 = 1/4 and can take v =[2,1,1]7 so that
(V,X()) = 2&710 + Toog + T30 = 1.

The solution x(t) must converge to a solution satisfying the same conservation law, and

indeed, at the equilibrium value xX* given by we have

(v,x*)=2x] + a5 + x5 =2 1—£ + —1+£ + —1+£ =1.
2 2 2 2 2
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Figure 3.1: The solution x(t) to (3.19) for k(1,2) = k(2,1) = k(2,3) = k(3,2) = 1, z10 =
Tog = T30 = 1/4. The solution converges to the equilibrium value given by (3.20)).

We have given no consideration in this section or this example as to how to determine
whether a detailed balanced equilibrium concentrations exists beyond directly checking.
Further discussion of this point will be given in Section when considering complex
balanced equilibrium concentrations. Since the results contained there directly generalize

to the case of detailed balancing, we do not repeat them here.

3.3 Complex Balanced Systems

In this section, we use the classification of complex balanced equilibrium concentrations
given by Definition to determine properties of the system (2.4)). Specifically, we prove

that complex balanced systems exhibit locally stable dynamics.

The methodology used in this section will be very similar to that presented in Section
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.2l Since complex balanced systems are significantly more general than detailed balanced
systems, however, we will need to do more manipulation of (2.4)) under the assumption of

complex balancing in order to obtain a more manageable form.

In this section, we will follow closely the analysis performed in [25,30,33]. In [33],
the authors show that a general complex balanced system can be decomposed into the
direct sum of subsystems which are easier to handle, and that these subsystems—cyclic
complex balanced systems—exhibit locally stable dynamics. We will omit their discussion
of quasi-thermodynamic systems. We will then complete the connection between complex
balancing and the reaction graph of the system derived in [25,|30]. This will culminate in

the Deficiency Zero Theorem (Theorem [3.4.2)).

3.3.1 Cyclic Complex Balanced Systems

In this subsection, we introduce and analyze a particular subset of complex balanced
systems called cyclic complex balanced systems. The results contained herein will be

made applicable to general complex balanced systems in Section [3.3.2]

We begin by defining a reaction cycle. Our definitions here are drawn from [33].

Definition 3.3.1. A family of complex indices {vo,v1,..., v}, | > 2, will be called a cycle
if
Y =Y (3.21)

but all other members of the family are distinct, and if

k(l/j_l,Vj)>O, j:1,2,...,l
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where 1 is the length of the cycle. The reaction cycle associated with {vo,v1, ... v} is

defined to be the corresponding set of elementary reactions
— C,, j=1,2,...,1 (3.22)

Definition 3.3.2. We will say that a mass-action system is cyclic if the system consists

of a single reaction cycle. For such a system, it will be understood that [ =n.

Throughout this section, we will only consider cyclic mass-action systems according to
Definition |3.3.2 It is convenient, therefore, to index the system in consideration according

to the natural ordering of the cycle, so that
Ci-1 — Cj, forj=1,...,n (3.23)

where Cy = C,,.

Under the assumption of complex balancing of equilibrium concentrations, the following
rearrangements of (2.4) can be obtained. These correspond to equations (5-10) and (5-11)

of [33], respectively.

Lemma 3.3.1. Consider a cyclic mass-action system with a complex balanced equilibrium

x* e R7. Then there exists a k>0 such that can be written as either
dx n x \*
—_= I{Z(Z’Hl — Zi) (;) (324)

or

e [2) ()]



where Z,.1 = 7.

Proof. Consider an arbitrary complex balanced equilibrium x*. Since the system is cyclic,
each complex is catalyzed by and produced as the result of exactly one reaction. In order
to be complex balanced by Definition , therefore, according to the indexing we
have

k(i—1,4)(x*)% " = k(i,7+1)(x*)™, foralli=1,...,n

where £(0,1) = k(n,1) and zg = z,. This can only be satisfied if there exists a x> 0 such
that
kE(1,2)(x*)" = - =k(n,1)(x*)* =k >0.

It follows immediately that

k(ii+1)= —— fori=1,...,n.

)

Since the system is cyclic, from (2.4) and (3.23]) we have

dx

t

M=

k(Z,’l + 1)(Zi+1 — Zi)Xzi

.

.
Il

="

X
= K 7 — 7
i:1( 1+1 z)( x*

which is sufficient to prove (3.24)).
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We can also rearrange (13.24) to get

Z—j = /ﬁg(zﬁl - 7;) ( ;c* )zZ
x| () -(5) ]
which is sufficient to prove . O]

An immediate consequence of (3.24)) is the following.

Lemma 3.3.2. Consider a cyclic mass-action system with a complex balanced equilibrium

x*. Then, for the function L(x) given by (3.1), we have
dx
L -— <0
VL(x) o

with equality if and only if

(X)lz(i*)J foralli,g=1,... n.
X

X*

Proof. Consider an arbitrary complex balanced equilibrium x*. By (3.24)) of Lemma[3.2.1]

we have

(3.26)




If we make the substitutions «; = (x/x*)%,i=1,...,n, (3.26) can be written
dx L
VL(x)- gl > o [In(evsr) —In(ay)].
i=1
Each element in the sum fits the form required of Lemma[3.0.4] Since x > 0, it follows that
dx
L(x)-—<0.
VL(x) o

Furthermore, since equality with zero can only be attained by having each term in the sum

equal to zero, we have that

VL(X).‘C%‘:O iff (X)ziz(X)Zj

X*
forall i,7=1,...,n, and we are done. O
Since the results of the following section will encompass any further results we could

derive here, we will cease our consideration of cyclic complex balanced systems at this

point.

3.3.2 General Complex Balanced Systems

In this section, we apply the results of Section to general complex balanced systems.

The following result combines Lemma 6B, Lemma 6C, and Lemma 6D of [33]. This
result shows that a general complex balanced system can be decomposed into a direct finite
sum of cyclic complex balanced systems satisfying appropriate conditions. This allows us

to rewrite (2.4]) in a form which will allow us to apply Lemma m
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Lemma 3.3.3. Consider a mass-action system which is complex balanced at x* € RZ}

Then there exists a § € Zsg and a set k; >0, i=1,2,...,0, such that

dx

dt = /€1X1 + HQXQ + e+ /i(;X(; (327)

where

li Z (1)
Xi = (ZV(i) _Zy(i))( X ) I (3.28)

where the set {l/fl),uéz), . ,I/l( ) Vl(zl} s a cycle according to Definition |3.5. 1),

Proof. The proof will proceed in the following steps. We will prove firstly that every
system with a complex balanced equilibrium concentration contains a reaction cycle. This

corresponds to Lemma 6B of [33].

We will then show that this reaction cycle can be “removed” from the system in such a
way that the remaining system is complex balanced at x* and has a reduced reaction set.

This corresponds to Lemma 6C of [33].

We will finally show that the system ([2.4]) can be decomposed into a direct finite sum of

cyclic complex balanced systems of the form ([3.27)). This correspond to Lemma 6D of [33].

Consider a mass-action system which is complex balanced at x*. By Definition [3.1.3]

we have

2 (o8) (x)" = (x° >Zzzk(z )

for all 4,7 =1,...,n. By Lemma |3.1.2] we know that the reaction graph of the system is
weakly reversible. Consequently, for an arbitrary path from C; to C; for some 7,5 =1,...,n,
there is a path from C; to C;. We know a path exists since the reaction set R is non-empty,

so that a path from C; to C; to C; exists for some 4,5 = 1,...,n. There may, however be
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repeated complexes along this path. If this is the case, we consider the path bound between
the first two instances of a complex C;, where Cj. is the first complex to appear twice. This

path is a reaction cycle according to Definition |3.3.1}

We will let this cycle be indexed {vy,1vs,...,1, 141} where vy = v,q. Tt is clear that
the rate terms k(v;, v;1)(x*)%i,i=1,...,1, need not be identical along the cycle since the

system is not cyclic. Since all the rate terms are positive, however, we can define

Ry = min k(v via ) (x7)™ > 0. (3.29)

=1,...,

We now define two new sets of rate constants as

,jlz : for (7,7) in the cycle
k(i g) =4 (<)% (3.30)
0, otherwise
and
K'(i,7) = k(i,§) - k13, 7). fori,j=1,...,n. (3.31)
To the set of rate constants k;(¢,7) and k'(7,7), 7,7 = 1,...,n, we can associate the reaction

sets Ry ={(4,75) | k1(¢,7) >0} and R" = {(4,7) | k'(4,5) > 0}. We notice that for at least one
index, we have x1/(x*)*i = k(v;, ;1) by so that there is at least one pair (v4, V;41)
for which &'(v;,v41) = 0 but k(v4,v4,1) > 0. This implies that [R/| < |R|. In other words,
after removing our reaction cycle Ry, the remaining system has fewer reactions than the

original system.

It remains to consider the properties of the systems corresponding to Ry and R'. It
follows from the definition of k; (7, ) and the fact that the reaction graph of R; is a reaction

cycle that Ry corresponds to a cyclic system which is complex balanced at x*.
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Now consider R’. Since R and R, are complex balanced at x*, we have that

DK GO = LRGSR G ()
S ik(i’j) ~(x") ikl(z‘,j)
= (X*)zi ik,(z,])

This is sufficient to prove R’ is complex balanced at x* according to Definition [3.1.3]

To recap, we have that a general complex balanced system can be decomposed into
two subsystems—one a cyclic complex balanced system, and the other a general complex
balanced system with a smaller set of reactions. Clearly, since the remaining system (R’
from the preceding argument) is complex balanced, we can apply the preceding argument
on it to yield another cyclic complex balanced system (say, Ry) and yet another general
complex balanced system. Since the number of reactions in the remaining set is reduced
by each iteration of this procedure, this process must terminate after a finite number of

applications.
We are left with k(4,5) = k1(i,7) + ka(i,j) +---+ks(i,5), 6 € Zsg, i, =1,...,n. Each set
of rate constants k,(7,7), 4,j = 1,...,n, corresponds to a cyclic system which is complex

balanced at x*. Since the rate constants enter (2.4) linearly, we have

dx
Y i +Yo+-+Y
i 1+ Yo+t Xg
where
Y= ) k(i,g)(z5 —2;)x"
(ivj)ERq
forg=1,...,9.
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Since each Y, corresponds to a cyclic mass-action system which is complex balanced

at x*, by Lemma the system can be written

dx
— =1 X + KXo+ + K5 X
dt
where
. z
: X\
X;= (Zl,(o - Zl,u)) ( *) g
j=1 J+1 J X
fort=1,...,0, and we are done. ]

Example 3.3.1. Consider the mechanism

Al A
P2 e (3.32)
.A4 A Ag

where 0 <e< 1. Wewill let C; = A;, i =1,...,4. We have made the associations k(1,2) =1,
K(2,3) =1, k(3,4) = 1, k(4,1) = 1, k(4,2) = ¢ and k(2,4) = c.

The system is governed by the system of differential equations

dl’l +
— =2 T
dt 1 4
dﬂ?g 4
— =1 — T T+ E€ETy — €ELY
dt
3.33
. (3.33)
dt = 42 3
dl‘4 T T Ty + €T
— = - — € €T9.
dt 3 4 4 2

The equilibrium condition for each species exactly corresponds to the complex balancing

condition so that each equilibrium concentration is trivially complex balanced. It can be
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easily determined that any equilibrium concentration satisfies xj = x5 = x5 = .

To follow the methodology of Lemma|3.3.5, we look for a cycle within the reaction graph
(5.39). One choice is Ay » Ay » Ay - Ay, corresponding to the cycle {1,2,4,1}. This

choice is not unique, a consideration which will be expounded upon later.

Along this cycle we have the flur terms xj, exy, and x;. Clearly, for 0 <e <1 the flux

terms are not equal so that the cycle itself is not complex balanced. Instead, we choose

K1 =min{z], exs, 3} = ex}

where evaluation of the the minimum follows from the equilibrium condition x7 = x5 = x5 =

xy. It follows from the construction in Lemma[3.5.5 that

k1(1,2):€ k1(2,3)=0
k1(2,4):€ k1(3,4):0 :
ki(4,1) =€ k1(4,2) =0

We are now prepared to make our first decomposition of the system. This decomposition
with yield two subsystems: Ry, which is the cyclic system, and R’, which is the remainder

upon removing Ry from our original system R. We have

Al =5 Ay A S5 A,
Rl: ET ¥ e R/: l—eT Me »Ll
A4 ./44 <1— ./43.

We can see that, as expected, our original system can be recovered by directly sum-
ming the reactions of Ry and R’ together. A similar decomposition of can be made
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since the reaction rates enter the differential equations linearly. For brevity, we will not

write out the mass-action systems corresponding to Ri and R’ here.

Our next task is to decompose the system R’ according to the same procedure outlined
so far. We will leave the details as an exercise. It can be readily seen that the mass-
action system corresponding to R' is complex balanced at xj = x5 = x3 = x; and that
Ay = A3 - Ay - Ay is a cycle with minimal flow rate ko = exi. After appropriate

partitioning of the rate constants, we have that R’ can be decomposed into

A, A S5 A
RQ: e/' le 72’3: l—eT l'l—e
.A4 <6— .Ag .A4 : Ag.

We can see that both Ry and Rs are cyclic systems, and it can be verified directly that
they are both complex balanced along x] = x5 = x5 = x;. As expected, the procedure has
terminated after a finite number of iterations—two in this case—and yielded three cyclic

systems which are complex balanced at the same equilibrium concentration. To make this
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more explicit, we notice that we can write as

[ dxy ] - 7 - 2 - 2 - 1 -
jl_t -1 0 1 0
X
—2 1 -1 0 -1
dc‘lg =€ T+ To + Ty |+ E€ To +
-3 0 0 0 1
ddt
ok 0 1 -1 0
T U L SR
-1 0 0 1
1 -1 0 0
+(1-¢) T+ To + T3+ T4
0 1 -1 0
i 0 | i 0 | i 1 | i -1 |

Each of the three bracketted expressions corresponds to one of the

RQ and Rg .

It s worth noting that decomposition procedure is not unique.

0 0
0 1
T3 + T4
-1 0
1 -1

cyclic subsystems, Rq,

It 1s entirely possible

that a different cycle could be chosen at each iteration of the procedure, leading to entirely

different systems in the decomposition (although each must be cyclic and complex balanced

at the same equilibrium concentration). It is even possible for a different number of cycles

to result from a distinct decomposition.

For example, consider the decomposition of R into
1
A1 - .AQ AQ

Ri: 17 b1 Ry : e Ve
.A4<1—A3 A4

This is a complex decomposition which yields two subsystems instead of three! We notice,
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however, that no matter how we perform the decomposition, the end result is always a set

of cyclic systems, all of which are complex balanced at the same equilibrium concentrations.

It is also worth noting that the decomposition depends sensitively on the rate constants,
since the rate constants play an instrumental role in determining the minimal flow rates.
Choosing € =1 or € > 1—let alone fully general rate constants for each reaction—leads to

dramatically different decompositions.

We will need the following two results. The first generalizes Lemma to general

complex balanced systems. The second allows us to grasp the resulting vector quantities.

Lemma 3.3.4. Consider a mass-action system with a complex balanced equilibrium x*.

Then, for the function L(x) given by , we have
dx

L(x) - — <0
VLX)

with equality iof and only if, for every linkage class L;, i =1,...,¢,

fOT all Cu(i),cy(i) € Ei.
b k

Proof. Since the system is complex balanced at x* it follows by Lemma that the

system can be decomposed into cyclic subsystems, each of which is complex balanced at

x*. By (3.27) we have
dx
VL(x)- i k1VL(x) - Xy + -+ ks VL(x) - X5.
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Since each X;, 7 =1,...,6, corresponds to a cyclic system R; which is complex balanced at

x*, it follows by Lemma that, for all i =1,...,9,

with equality if and only if

() -G (3.3

XX—

for all y]@, 1/,8) € R;. It follows that

d
VI(x)- d—j <0. (3.35)

In order to have equality with zero, we need (3.34) to be satisfied for each cyclic
subsystem R;, i = 1,...,¢; however, we can readily see that (3.34) can be extended to
linkage classes since every cycle within a linkage class can be linked to every other (if they

could not, they would not be in the same linkage class). It follows that equality with zero

in (3.35) can only be attained if, for every i =1,... ¢,

x \*’ x \%"
( X*) B ( X*)
for all C i),C i) € L;, and we are done. O
7 k

Lemma 3.3.5. Let L;, i =1,...,¢, be the linkage classes of a chemical reaction network.
Then the set of vectors

{Zy(i) - Zy(i) CV(i),CV(i) € ﬁi,’i = 1, . ,6} (3.36)

j k g k
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span the stoichiometric subspace S.

Proof. 1t is clear that every reaction vector z; —z;, (7,7) € R, is contained in the set (3.36)
since C; and C; necessarily belong to the same linkage class so we have freedom to choose

these indices. It remains to show that the set (3.36)) may not exceed the span of S.

Consider an arbitrary vector Z () —Z (), CV@'),CV@) eL;;i=1,..., 0. Since Cy(n and Cya)
j k ' k ' k
belong to the same linkage class, it follows that there exists a chain of reactions connecting

C @ and C () of the form
l/]- Vk
Cylgz') :Cﬂo > Cu1 > o > Cup—1 > C#p ZCVJ(_z‘)

where by “«—" we mean one of a forward or backward reaction. For each forward reaction,
we consider the reaction vector (z,,,, —2,,) € S and for each backward reaction, we consider

the negative reaction vector —(z,, — 2,,,,) = (Zu,,, —2,,) € S. It follows that
Zu](i) A0 = (2 = 2 ) + (Zpsy = 2py) + -
+ (2, — 2y ) + (2, — 2y, ) €S,

This completes the proof. O

We are now prepared to prove the analogous result to Theorem for complex

balanced systems. We will omit details of the proof where obvious similarities arise.

Theorem 3.3.1. Consider a system with a complex balanced equilibrium x*. Then the

system has the following properties:
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1. The set of positive equilibrium concentrations is given by

E={xeRZ | (In(x) -In(x*)) e S*}. (3.37)

2. Fvery positive equilibrium concentration permitted by the system is a complex balanced

equilibrium concentration.

3. There is a unique positive complex balanced equilibrium concentration within each

positive stoichiometric compatibility class Cy, .
4. That equilibrium concentration is locally asymptotically stable relative to Ck,.

Proof. We will prove the claims in the order they are presented.

Proof (1): Consider an equilibrium concentration x € R7”. As before, this implies

d
VL(x) - & 0 which, by Lemma |3.3.4] can happen if and only if, for every linkage class

d]i
X X

Liyi=1,...,¢
forall C (),C (i) € L;. Taking the natural logarithm of both sides and collecting terms yields
J k

(Zy;i) - ZV](:)) : (ln(x) - ln(x*)) =0.

Since the set of vectors (ZV@) —ZV@) € S taken over C (1),C ) € £, and all i =1,...,(, spans
i K f k

S by Lemma [3.3.5] it follows that x € F.

Now suppose x € E. Since the system is complex balanced, by Lemma the

mechanism can be decomposed into cyclic subsystems R;, i = 1,...,d, where the cycles are
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of the form {yfz), VZ(Z), . yl( R Vl(?l} It follows from x € E that, for all i =1,...,9,

x \%0, x \%®
N J+1 — J
x* x*

for all j =1,...,l;. Since each cyclic subsystem (3.28]) from Lemma can take the form
(3.25)) obtained in Lemma it follows that x is an equilibrium concentration of ([2.4)).

This completes the proof of Claim (1).

Proof (2): Consider an equilibrium concentration x € R7. By Claim (1), this implies

x € E where F is given by ([3.37)). Since the set of vectors (3.36]) spans S, we have that, for

alli=1,...,¢, (Zy(i) - ZV(z’)) -(In(x) = In(x*)) = 0 for all C ,C o € L;, and consequently

(X*) ; :( X*) ‘ (3.38)
X X

under the same conditions.

Since x* is a complex balanced equilibrium concentration, by Definition [3.1.3] we have

2 HGE ) = ()% LG (3.39)

forall7=1,...,n. Wenotice, however, that in order for this condition to hold the analogous

condition needs to hold for the complexes of any given linkage class £;, i =1,...,¢. We will

consider that the ¢*" linkage class £; consists of the complexes {CV@) , CV(Z-), . ,Cum} where
1 2 ng

n; is the number of complexes in £;. Then (3.39) holds if and only if, for every i = 1,... ¢,

ZH%,]U@)k <x>azk<” (3.40)
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holds for all j=1,...,n,. In other words, a mass-action system is complex balanced at x*

if and only if every linkage class of the system is complex balanced at x*.

Consider the i*" linkage class £;. We know that the system is complex balanced if and

only if this linkage class is complex balanced according to ( m Consequently, we can

decompose the rate constants relevant to L, k;(l/ Uy )) according to (3.30)) and (3.54

of Lemma [3.3.3, We will let §; € Z.q be the number of cycles in the cyclic decomposition
of this subsystem and x; >0, j =1,...,0;, be the relevant constants derived via (3.30). It

follows that

k(v v Zk( D p0) (3.41)
where
i R
k(O ) = ——— 5 (3.42)
(x*) "
foreach [ =1,...,4;.
Together, we have
D)0 = 303 k(D)0 by BT
Z W) = (v, v (x) (by [3-41)
k=1 kzllgl
i O Z, (i)
-5y () (by B-32)
k=11=1 X S
Z () Dd Oi
(X) ; i (by B38)
X k:11g1
x \%0 i i D ()
-(%) 7 T2 A6 ey ETD
x \% 0 & D G NO!
(=) R ) (by B1)
k=1
= (x) " Y RO ) (by B39).
k=1

It follows by (3.40) that x is a complex balanced equilibrium concentration of the mecha-
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nism restricted to £;. Since this holds for all linkage classes £;, i =1,...,¢, it follows that
(13.39)) is satisfied and consequently x is a complex balanced equilibrium concentration of

the entire mechanism. This proves Claim (2).
Proof (3): This follows identically to the proof of Claim (3) of Theorem [3.2.1]

Proof (4): This follows identically to the proof of Claim (4) of Theorem [3.2.1] with
dx(t)
dt
than Lemma B.2.21 O

the sole exception that VL(x(t)) - <0 for all ¢ > 0 follows from Lemma [3.3.4] rather

Example 3.3.2. Reconsider the system given in Example

1

./41 e Ag
1M 2 e

.A4 <—.A3

1

where 0 < € < 1, which can be decomposed into the cyclic subsystems Ry, Ro and Rj
derived previously. The system is governed by which has equilibria along the curve

— — ¥t =
T} =x5 =15 =T,

In order to apply Theorem|3.3. 1| we need to prove that the system has a complex balanced
equilibrium concentration according to Definition [3.1.3. More intuitively, we need the net
flow rate into each complex to balance the net flow rate out of each complex. This gives us

the system of equations

013 Ty =T1
CQZ $1+€£E4=(1+E)£L’2
Cs: Ty = X3
Cy: T3+ €xy = (1+€)zy.
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These conditions correspond exactly to the equilibrium conditions so that every equilibrium

concentration is complex balanced.

It can be trivially seen that each positive stoichiometric compatibility class given by

(x0+S) NnR7y where

-1 0 0
1 -1 0
S = span , ,
0 1 -1
O[O ] 1]

02+ 02|
0.6+ 06+
X4 Xo

044 0.4

02 024

Figure 3.2: The solution x(t) to (3.33) for € = 1/2, x19 = 1, x99 = T30 = x40 = 0. The solution
converges to the equilibrium value z7 = x5 = 23 = x} = 1/4.

Consider the compatibility class corresponding to the equilibrium concentration i =

74



*

xy =% =z = 1/4. According to the conservation law (v,x —Xo) =0 with v =[1,1,1,1]T,
this corresponds to initial conditions xo € RY, with x19 + T2 + T30 + T4 = 1. Numerically

integrating, we can see that the system evolves toward the expected equilibrium concentration

(see Figure[3.9).

3.4 Deficiency Zero Theorem

In our discussion of complex balanced systems so far, we have seen that the assumption of
complex balancing of equilibrium concentrations carries implications for the reaction graph
of the system. Specifically, we have seen that complex balanced systems are weakly re-
versible (Lemma, that they can be linearly decomposed into complex balanced cyclic
systems (Lemma , and that the complex balancing condition decomposes according
to the linkage classes (see the proof of Claim (2) or Theorem [3.3.1)).

What is not immediately obvious is that properties of the reaction graph carry impli-
cations for if and when the complex balancing condition on equilibrium concentrations is
satisfied. In fact, in this section we will see that several easily checked conditions on the
reaction graph form sufficient conditions for the complex balancing of equilibrium concen-
trations. Incorporating the results of Section [3.3.2] this implies that for a large class of
systems we can determine the long-term dynamical properties of the system by considering
conditions on the structure of the reaction graph alone. This should come as a surprise—it
means we can say something about the equilibrium set of a system, and the local stability
of those concentrations, without determining the equilibrium concentrations or considering

the dynamics!
The results of this section are drawn primarily from the sources [13}25,30]. In [25]
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and [30], the authors prove that weak reversibility and a deficiency of zero are sufficient
conditions for the complex balancing of all equilibrium concentrations (Theorem .
Their approach depends on abstract elements from linear algebra which will not be needed
in this section. In [13], the authors relate the complex balancing condition to notions from
computational algebra. Importantly for our purposes is that they provide a constructive
method for determining several of the abstract quantities contained in [25] and [30]. I am
also indebted to the unpublished research notes of former University of Waterloo graduate
student D. MacLean who did terrific work expanding upon and clarifying the results of [25]
and [30].

While all of the results contained in this section are drawn from existing literature, to
the best of my knowledge the following results represent the most complete and constructive

analysis of the deficiency zero condition to date.

Our analysis starts with some consideration of relevant quantities from graph theory.
The definitions have been adapted according to their relevance to chemical kinetics, and in
particular the reaction graph given by where complexes represent nodes and reactions
represent directed edges according to Definition [2.2.1 Whenever working with a subset of
the reaction set R’ ¢ R, we will let C(R’) denote the set of complexes involved in reactions

from the set R’ either as a reactant or a product.

Definition 3.4.1. A subset of the reaction set T c R is said to be a reaction tree if, for
every pair of complezes C,,,C,, € C(T), there is exactly one sequence of indices (v;—1,v;) € T
satisfying

Cp, < Cl/1 > v — C

where each C,, is distinct.
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It follows by this definition that the set C(7) is connected by Definition and

therefore all of the complexes in it belong to the same linkage class.

It should also be noted that this definition does not even permit cycles in the undi-
rected graph. Definition is violated regardless of the direction in which the individual

reactions in the cyclic sequence flow.

Definition 3.4.2. A reaction tree T c R is said to span the linkage class L; if C(T) =

L;.

This definition means that every complex in a linkage class is contained in the reaction
tree. It is clear that no tree may exceed the complexes contained within a single linkage
class. It is also clear that any reaction tree which spans a linkage class contains exactly [;

complexes in it, where [; is the number of complexes in the linkage class L;.

The following definitions make use of the directed nature of reaction trees.

Definition 3.4.3. Consider a reaction tree T ¢ R. The complex C; € C(T) is said to be a

sink of T if all reactions in T involving C; involve C; as a product.

Definition 3.4.4. Consider a reaction tree T ¢ R and a given C; € C(T). Then T is said

to be an i-reaction tree if C; is the unique sink of T.

An important task will be identifying i-reaction trees which span linkage classes. We
will let 7;(¢) denote the set of i-reaction trees which span the j** linkage class £;. When
the system consists of only a single linkage class (i.e. j = 1), we will use the shorthand

T;(i) =T (7). The following quantities will be required throughout the rest of this section:

kr= ] k(o Jo), (3.43)
(i0,0)€T
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K=Y #r (3.44)
TeT; (0)

The quantities k7 are the products of all the reaction rates associated with reactions in
the reaction tree 7. The quantities K; are the sum of all such products associated with
i-reaction trees which span the j** linkage class. It is not clear at this point why these
quantities are important to chemical kinetics, but we will show in this section that they

are intricately related to the complex balancing condition given by Definition [3.1.3]

Example 3.4.1. Consider the reaction system

k1
GG =2 (G
kr

Bl N Ly (3.45)
C4 <k—3 Cg.

We have indexed the system according to rather than . This is done for notational
simplicity and will make no difference in the analysis. This system contains only one

linkage class, but the proceding analysis can be easily generalized to multiple linkage classes.

We want to determine the quantities K;, i = 1,...,4. Our first point of order is to

determine all of the i-reaction trees which span the complexes, that is to say, to determine

the sets T (i) fori=1,...,4.

We start by considering v = 1. There are two 1-reaction trees which span the complexes,
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given by

Cq Co G (k_ Cy
Ti: kg 7 To: k1
C4 2; Cg C4 <k—3 Cg

We can now easily determine that kr; = keksky and k7, = kskskr so that Ky = koksky+kskskr.

The analysis for the other complexes follows similarly. It should be noted, however, that
while it is easy to verify that a particular reaction tree is in fact an i-reaction tree, it is not
necessarily easy to find them all. For systems with complicated reaction graphs, computer

assistance is often required.

For the other complexes, we have

Kg = kﬁlk‘g/{/‘4
Kg = k,’lk‘zk‘4 + k2k4k5 + ]{34]{35]{37

K4 = l{?lk‘gk’g + k3k6k7 + k’gk’gl{?g) + k’zk’gk’(; + k3k55/{57.

The following result will be crucial to connecting reaction trees to complex balanced

reaction mechanisms.

Lemma 3.4.1. Consider an i-reaction tree T; which spans a linkage class L. Consider the

reaction graph produced by adding the reaction C; — C;, C; € L, to T;. It follows that:

1. There exists a k-reaction tree T; such that adding the reaction

Cr. — C;, Cre L, to Ty produces the same reaction graph; and
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2. There exists a j-reaction tree T; such that adding the reaction

C;, — Ci, Cye L, to T, produces the same reaction graph.

Proof. Let 7T; be an i-reaction tree which spans a linkage class £. Consider the reaction
C; — C; for some arbitrary C; € L. Since C; is a sink it follows that this reaction is not in
T:; by definition. Since 7; spans £ and C; is the unique sink of 7, it follows that there is a

sequence of complexes and reactions such that

¢;=C, —C,, — = —> C, . —C, =Cs. (3.46)

After adding the reaction C; — C; we see that our new system contains a reaction cycle

according to Definition [3.3.1

Consider removing the reaction C,, , — C; from this new system. It is easy to see that
the remaining system is still a tree which spans £, since this removal breaks the only cycle
and every complex in L is still connected to every other complex in £. Since any reaction
involving C,, , as a reactant must ultimately lead to C;, it follows from 7; being a tree that
C

— C; is the only reaction in 7; involving C,, , as a reactant. It follows that C,,_, is a

Vi-1 Vi1

sink of the new system. Furthermore, since all paths leading to C; can now be extended to
lead to C,, ,, it follows that it is a unique sink. Making the association C,, | = Cy, it follows

that this system is a k-reaction tree, and we have proved claim (1).

The proof of claim (2) follows by similar reasoning. O

In other words, if we add a reaction to an i-reaction tree spanning a linkage class, we

can pick another reaction to remove which produces a j-reaction tree for i # j.

We will also need the following result.
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Lemma 3.4.2. If a system is weakly reversible then for any C;, i =1,...,n, there exists at

least one i-reaction tree spanning the linkage class L satisfying C; € L.

Proof. Consider an arbitrary C;, i = 1,...,n, and let £ denote the linkage class such that

C; € L. We will prove the claim by construction. Consider an arbitrary path

Ci—>CV1 —s ... —C - _’Cj—>cu1 —s ... —C

for some C; € £. We know such a path exists because C; and C; belong to the same linkage

class and the system is weakly reversible.

If we remove the reaction C; — C,, from the system, we have a reaction tree with the
unique sink C;. Now consider a complex C; € £ which is not contained in the above cycle.
We know that there is a path from C; to C; by weak reversibility. If we take the portion
of this path leading from C; to the first complex appearing in the reaction tree we just
derived (possibly C; itself), we again arrive at a reaction tree with C; as its unique sink.
Since we can follow this procedure until we have exhausted every complex in the linkage
class, it follows that there exists an i-reaction tree spanning the linkage class containing

Ci. [l

These results will prove particularly useful in proving the following. This result should
be contrasted with Lemma 3A of [30] and Corollary 4 of [13]. Although our statement of
the result, and the proof, differ from either of these results, they in fact address the same
point. In particular, the v; >0, =1,...,n, which were only guaranteed to exist by Lemma
3A of [30] can be explicitly solved for by the terms K; introduced here as and used

in Corollary 4 of [13].
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Theorem 3.4.1. A mass-action system is weakly reversible if and only if the set (K1, ..., K,) €

R?, defined according to satisfies

ilk‘(j,i)Kj = Kiik‘(i,j) (3.47)

J=1

foralli=1,...,n

Proof. We will prove the ‘only if’ claim first. Similarly to the argument used in proving
Claim (2) of Theorem [3.3.1] we can partition condition into conditions on each
linkage class £;, i = 1,...,¢. Specifically, we have that is satisfied if and only if, for
every 1 =1,...,/4,

S k() K @—K(z)Zk @ @y (3.48)

k=1

for all 7 =1,...,n;, where {CV@,CV@), . ,CV@-)} is the set of complexes in the " linkage
1 2 ng

class and n; is the number of such complexes.

From Lemma since the system is weakly reversible we know that corresponding

(@)

to every C e € L; is at least one 2 -reaction tree. Since the rate constants are positive, it

follows that K @ >0 for every Cy(i) el;.
J J

(@)

Consider an arbitrary v, ’-reaction tree corresponding to a term IiT(V,gi)) in the sum

forming K o0 according to (3.44)). In (3.48]), these terms are multiplied by terms in the set

{k(l/lil), v; )}k;=1 Consider an arbitrary element in this set, k:(yk , J(l)) k=1,...,n; and

consider the product k(l/k,Z ,I/jz))/<;7—(ykZ ). This corresponds to adding a reaction C @y —
k

CV@) to the given I/]gi)
J

V;i)—reaction tree which has the same reaction graph after adding a reaction C ) — C @
J l

for some [ = 1,...,n;. Since the terms on the right-hand side of (3.48]) exhaust all V](i)—

-reaction tree. By Claim (2) of Lemma [3.4.1} it follows that there is a
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reaction trees and all rate constants originating at index Vj@, this term must lie somewhere

on the right-hand side of lb Since V]E,i) and liT(I/Igi)) were chosen arbitrarily, it follows

that every term on the left-hand side of (3.48]) necessarily lies on the right-hand side as

well. Since the linkage class was also chosen arbitrarily, we have that, for all i =1,... ¢,
Z/{J(Vk , ]))K (z)<K()ZkZ v’ k)) (349)
k=1 =

forall j=1,...,n;

The same argument can be applied starting with V]@ -reaction trees corresponding to

terms in K ) on the right-hand side of (3.48)). Applying Claim (1) of Lemma 3.4.1) we

have that, for alli=1,...,¢,

Sk VK, 02 Ko Zk: ) vy (3.50)

k=1 Y k=1

for all j =1,...,n;. Combining (3.49) and (3.50|), and reverting to our original indexing,

we have that
2 k()G = Ki ) k(i )
j=1 J=1
foralli=1,...,n
The proof of the reverse implication is identical to the proof of Lemma |3.1.2] O
The condition (3.48) looks very similar to the complex balancing condition (3.6)). This
similarity is not superficial; however, before proceding we present some important proper-

ties which follows from (3.48|). Due to significant similarities with the analogous proofs for

the complex balanced systems satisfying (3.6)), many details of the proofs will be omitted.
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Lemma 3.4.3. If a mass-action system is weakly reversible, then for every (vq,...,v,) €
R?, there exist rate constants satisfying k(i,5) >0 for (i,j) € R and k(i,5) =0 for (i,7) ¢ R

such that, for allt=1,... n,
> k(v = vi ) k(i 5)
j=1 J=1

15 satisfied.

Proof. We will find the rate constants explicitly.

Consider a weakly reversible mass-action system with arbitrary rate constants k(i, 7).

By Theorem [3.4.1] the set (K7,..., K, ) € R?, satisfies

ik(j,z')lfj NN

J=1

foralli=1,...,n.

Now consider an arbitrary (vi,...,v,) € R? and let k(i,5) = (K;/v;) - k(i,j) for all

1,7 =1,...,n. It follows that, for all i =1,... n,

i%(y‘,z‘)w = Zl k(j,1)K; = K; ik(i,j) =y ij“(i’j)'

Since (v1,...,v,) € RY, was chosen arbitrarily and the k(i j) satisfy the requirements, the
result follows. O
Lemma 3.4.4. Consider a weakly reversible mass-action system and let (vy,...,v,) € RY,
satisfy

ik(%i)% :Uiik(’i,j)- (3.51)
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Then there exist s >0, k=1,...,¢, such that v; = s®K; for all i such that C; € L},.

Proof. We will first consider what implications (3.47) and the assumption of weak re-
versibility have on the rate constants k(i,j). The following closely mirrors the proof of

Lemma [3.3.3, so some details will be glossed over.

Since the system is weakly reversible, we know that there is at least one chain of
reactions which constitutes a cycle according to Definition [3.3.1] We will index this cycle
{v1,va,..., 1,41} where [ is the length of the cycle and define

Ky = ‘nglinlk(l/i, vis1) Ky, > 0. (3.52)

,,,,,

We now define two new sets of rate constants as

K1 LN
—, for (i,7) in the cycle
ki g)=q B (3.53)
0, otherwise
and
K'(i,j)=k(i,7) - ki(i,7), fori,j=1,...,n. (3.54)

As in the argument for Lemma [3.3.3] we can make associations between the set of reaction
rates kq(i,7) and k'(i,7), 4,5 =1,...,n, and the reaction sets Ry = {(4,7) | k1(4,5) > 0} and

R ={(i,7) | k'(i,5) > 0}. Also as before, we have |R'| < |R| so that the remaining system
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is smaller than the original system. From linearity, we have that, for every i =1,....n,

z KUK, = S kG, -3 k()

J=1 J=1

= Ki ) k(i ) = Ki )" ka (i, )
j=1 J=1

= K’L Z k,(lvj)
=1

By the analogous argument to Lemma [3.1.2] this is sufficient to prove the remaining system
is weakly reversible so that we can apply the same procedure to this quantity as we did to
(3.48)). Since the set of reactions decreases with each iteration, this process must terminate

at some point, and by the above argument, each step must yield a condition of the form

(3.48) corresponding to a reaction cycle.

Substituting for the k(7,7) and moving everything to the left-hand side, we can write

(3.51)) as the condition

Zl(i kz(j,z'))vj 0y (i kz(m)) 0 (3.55)

j=1 \I=1

for all 4 = 1,...,n, where the k;(i,7), [ =1,...,0, are defined according to (3.53). We can

break the system into the cycles {I/f ), VQ(O, e I/l( 2 Vl(zl} 1=1,...,9, so that (3.55) can be

written as

[
2 [ Ve, - k), <>]=0 (3.56)
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for 1=1,...,n. It follows from (3.53|) that (3.56|) can be written

2‘5: o ol 0
Ril\l & —F/— 1=
=1 KV(.i) KV(.i)

i) Jj-1 J

7
1/,(.1) l
J

for I = 1,...,n. Multiplying the ! condition by the term v;/K; and summing over the

[=1,...,n conditions gives

J J e b 4 .t \
Z'L{i J A -1 v j - _ Z Ki j-r J =0. (357)

Since each term in the sum in (3.57)) is less than or equal to zero, it follows that equality

with zero in (3.57) can be obtained if and only if

J;l — J
Ko Ko
J-1 J
forall ¢ =1,...,0, g =1,...,l;. Since all cycles in the same linkage class are connected,
however, we can generalize this. If we let {ugi), ,ugi), ce MSZ’)} denote the indices of com-

plexes in the i** linkage class, where n; is the number of complexes in this linkage class,

we have that, for all 1 =1,...,/¢,
V(i) U ()
Hi Hj

for all j,k=1,...,n;. It follows that any solution (vy,...,v,) € R?, of
> k(G0 = vy k(i 5)
j=1 j=1

must satisfy v; = s(® K for all i such that C; € L, where s*) > 0 is a unique constant
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relative to each linkage class, and we are done. O]

So far in this section, we have considered only the properties of general weakly reversible
systems. We know that complex balanced systems are weakly reversible, but we have said

nothing about when weakly reversible systems are complex balanced. The following two

results (Theorem and Theorem [3.4.3)) clarify this connection.

This result should be contrasted with Theorem 4A of [30], Theorem 4.1 of [25], and
Theorem 9 of |13].

Theorem 3.4.2 (Deficiency Zero Theorem). A mass-action system is complex balanced
for all sets of rate constants if and only if it is weakly reversible and has a deficiency of

zero (i.e. §=n—-L—-s=0).

Proof. We will prove the ‘only if’ statement first. Consider a system with a complex

balanced equilibrium concentration x* € R7,. By Definition [3.1.3] this implies that

Z (o) () = (x° )%21«: 7

for all = 1,...,n. Since every complex balanced system is weakly reversible by Lemma

3.1.2) it follows by Lemma that there are constants s(9 >0, i=1,...,¢, such that

(x*)% = sWK; (3.58)

for all j such that C; € £;. If we index the ** linkage class as {ug oS m(fl)}, 3.58

can be written

* Zu(vi) _ (@) ]
(X ) 7 =8 KM(_Z)
J
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fori=1,....¢,5=1,...,n, It follows by taking s(9) = (x* W) 1K @ foralli=1,...,¢ that
Loy

(3.58) is satisfied if and only if

K @

]

KM(-i)
(z#@ - zﬂg>)Tln(X*) =1In - (3.59)

foralli=1,...,0,57=1,...,n;,—1.

This is a set of Y% (n; — 1) = n — ¢ conditions which are linear in In(x). The terms
on the right-hand side of depend on the rate constants; however, from Lemma m
we know that the K; >0, ¢ =1,...,n can be made arbitrary by an appropriate choice of
rate constants. Consequently, each ln(Kug_i) / Kqui)) may assume an arbitrary value in R. It
follows by basic linear algebra that the system is satisfiable for all choices of rate constants
if and only if the rank of the matrix with rows (zu§i) - Zu,ﬁ?)T is equal to the number of
linear conditions, which is n — ¢. Since the vectors (Zu;i) - Zuglii))T span S, it follows that

the desired condition is dim(S) = n — ¢, which is equivalent to 6 =n—-¢—-s=0.

Since each step in the above argument holds in the reverse direction, the ‘if” statement

follows, and we are finished. O

This result may seem mundane at first glance, but its implications are vast. We saw
in Section that complex balanced systems exhibit a type of simple and predictable
behaviour—all the positive compatibility classes Cy, have a unique positive equilibrium
which is locally asymptotically stable relative to Cy,. In this section, we have shown that
a system is complex balanced at all equilibrium values if and only if it is weakly reversible
system and has a deficiency of zero. In other words, we have simple conditions which negate
the need to check for complex balancing of equilibrium concentrations. More surprising,

these conditions have nothing to do with the dynamics of the system. They do not depend
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on the rate constants. They are conditions on the reaction graph alone.

We will see how powerful this result is through a few examples.

Example 3.4.2. Reconsider the mass-action system given previously in Example and
Example 2.2.

k(1,2)

A1 —>.A2

k(3,1 N L k(2,3)

A3+./44

k(4,5)
24, 2 2As.
k(5,4)
We established in FExample that this system is weakly reversible and in Example
that it has a deficiency of zero (n =5, ¢ =2, s =3, and therefore 6 =0). It follows

immediately from Theorem[3.4.9 that every equilibrium concentration is a complex balanced

equilibrium concentration and, consequently, by Theorem that the system exhibits

locally stable dynamics for all choices of rate constants.

The important—and surprising—point is that the Deficiency Zero Theorem gives us the
power to say this even though we have not found the equilibrium set or even bothered to

write down the governing set of differential equations, much less directly analyse them!

Example 3.4.3. Reconsider the mass-action system given previously in Example and
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Ezxample

where 0 < e < 1.

In Example we determine by direct analysis that every equilibrium concentration
was complex balanced and, consequently, by Theorem|[3.3.1], the system exhibits locally stable
dynamics. This results of this Section allow us to verify this result within significantly
less strain. We can see immediately that the system is weakly reversible, that it has four
complezes (n =4), a single linkage class (¢ = 1), and the dimension of the stoichiometric

space S is three (s =3). It follows that the deficiency is zero (6 =n—{—s=0) and Theorem
may be applied.

It can rarely be expected, however, that conditions work out as favourably as they
are required to be for Theorem to be applied. The following result allows us to say

something about weakly reversible systems for which the deficiency is not zero.

Theorem 3.4.3. If a mass-action system is weakly reversible, then the deficiency corre-
sponds to the number of conditions on the rate constants which need to be satisfied in order

for the system to be complex balanced.

Proof. In the proof of Theorem [3.4.2] we showed that the complex balancing condi-
tion (3.6) was equivalent to (3.59) holding for all 7+ = 1,...,¢ and 7 = 1,...,n; where
{ef.c,.. e} =
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Suppose that the vectors (Zu(i) - ZM@), i1=1,...,¢,j=1,...,n;, are linearly dependent.
i ni

This implies that there exist C, 0 € R,2=1,...,¢, 7=1,...,n;, such that
J

L n;
2, 2,6,0(7,0 = 2,0) In(x") =0. (3.60)

i=1j=1

Combining this result with (3.59) gives us the condition

¢ n K#(z') uld
[T -1, (3.61)

Since the Ku(i) depend on the rate constants, and can be chosen arbitrarily in accordance
J

with Lemma [3.4.3] we can see that this constitutes a condition on the rate constants.

Since ([3.59) is linear, we know that the number of linearly independent sets c, 0 € R, %=
i

1,...,¢,7=1,...,n; for which (3.60) holds corresponds to the dimension of the nullspace
of the matrix with rows (zu@ ~Z,0) ). This corresponds to the overall dimension minus the
J g

dimension of the row span, which is
(n-0)-dim(S)=n-£-s=4.

It follows from basic linear algebra that there are ¢ linearly independent sets c,0 € R,
i
1=1,...,¢,7=1,...,n;, for which a condition of the form (3.61) must be satisfied in order

for the system to be complex balanced. O]

We can see immediately that Theorem [3.4.2]is in fact just an application of Theorem
taking ¢ = 0 since this corresponds to no conditions on the rate constants. Due to the

historical and applied importance of the Deficiency Zero Theorem, however, the result is

92



typically stated separately.

We already saw in an example in Section that, while complex balanced systems are
necessarily weakly reversible, not all weakly reversible systems are complex balanced. We

are now prepared to revisit this example.

Example 3.4.4. Reconsider Example given by

24, = 24,
v N ]

.Al +.A2.

We make the associations Ci; = 241, Co = 2A,, and C3 = A1 + As.

When we previously considered this example, we assigned the numerical values o = 3/8,
B =1 and v =1 to the rate constants and showed explicitly that the system was never
complex balanced. We now have some understanding of how this situation can arise: if a
weakly reversible system has a non-zero deficiency, then the system will only be complex
balanced under specific conditions on the rate constants. We are now prepared to carry out

the full analysis.

Our first step is to check the deficiency of the system. We can see that the number of
complexes is three (n = 3) and there is only one linkage class (¢ =1). The stoichiometric

space is given by the span of the reaction vectors as follows

We can see that s =dim(S) =1 so that § =n—{—s=1. It follows by Theorem that a
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single condition on the rate constants o, B and 7y suffices to guarantee complex balancing

of equilibrium concentrations.

We now seek to find this condition. For illustrative purposes, we will carry the argument

out from basic principles which carefully follows the methodology of the proof of Theorem
9.4.4

Since the system is cyclic, the complex balancing condition on (x7,235) € R2, is equivalent

to

a(@})? = B(x3)® = yrizs.

By appropriate rearranging and taking the natural logarithm, we see that this is equivalent

to the system

In(z}) - In(z3) = ln(

)
)

This is a linearly dependent system. Summing the equations, we arrive at the condition

™= 2

—In(z}) +In(z3) = ln(

We can now see why our attempt failed to be complex balanced. For the values o = 3/8,
B =1 and v =1, the condition v = af is violated, and consequently by Theorem the

system is not complex balanced.

We can also arrive at this condition through consideration of the quantities K1, Ky, K3
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defined according to . We have
Ki=py, Ky=ay, and Kz=of.

The required condition from is

For this example, we have £ =1, n; =n =3, and ¢, =cy =1 since

1
Cl(Zl—Z3)+CQ(Z2—Z3): (1) +(1) =
-1 1 0

It follows that the condition on the rate constants necessary and sufficient for complex

(- — e

balancing is

as we expected.

The natural next question s to ask how the dynamics changes when we let the rate
constants slip away from the curve v? = af. We know that for systems satisfying this rela-
tionship, we have an equilibrium set given by , that this set has a unique intersection
with each positive compatibility class, and that this intersection point is locally asymptot-
ically stable relative to the compatibility class. We do not know, however, how many of

these desirable properties—if any—are affected by perturbations in the rate constants.
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We reconsider the dynamics of the system, given by

d
% = —20? + B3 + o179
¢ (3.62)
dil?g _9 2 2
= 2ari- Brs — yrixs.

The simultaneous equilibrium condition on &1 and &9 allows us to easily determine that the

equilibrium set 1s given by

(—fyi\/’y2+8aﬁ)
To = 25 xIy.

We can see that these correspond to two lines emanating from the origin, one with a positive
slope, and one with a negative slope. Only the one with positive slope intersects the positive

orthant, so we may ignore the one with negative slope.

Since the stoichiometric space S is one-dimensional and has a negative slope, it follows
that each positive compatibility class intersects the equilibrium set exactly once. Further-

more, since S* is given by

St =

we can check that

In(xy,z9) — In(z},x5) € S*

by checking whether, for an arbitrary equilibrium concentration (x7,x3), we can setIn(xy,x2)—

In(z3,23) = k(1,1) for some k e R. If we take the equilibrium concentration

v+ +8af |

Ty = x]

2f
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we arriwe at the conditions

_ 2 8
ko* and x2:€k( YN Oéﬁ)x*

(—’y+\/m)
—— T = 25 xI1.

This is exactly the equilibrium condition we just derived, so that the equilibrium set satisfies

E={xeR%| In(x)-In(x*) e S*}.

It is also easy to verify by factoring that, for arbitrary o, 5 and ~y, solutions above
the equilibrium curve converge down toward it, while solutions below rise to it, so that the
positive equilibrium concentration in each compatibility class is asymptotically stable. In
other words, for this example, all of the dynamical properties guaranteed of complex balanced
systems hold for this system even when complex balancing is violated! Whether this is a

general property will be addressed with a further example.
Example 3.4.5. Consider the system

)

k )
oA + A, "3 34,

kD) ¢ b k(2,3)

3./42 <« Al +2.A2
k(3,4)

where we make the associations Cy = 24;1+Ay, Co = 3 A1, C3 = 3As, and Cy = A1+2A5. In [35],
F. Horn and R. Jackson considered this sytem with the conditions k(1,2) = k(3,4) =1 and

k(2,3) = k(4,1) =€ for e >0. We will do a more general analysis here before reverting to
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these simplifying assumptions.

We can see that the system is weakly reversible, that there are four complezes (n =4)

and that there is only one linkage class (¢ =1). The stoichiomelric space S is given by

so that s =dim(S) = 1. It follows that 6 =n—{—s=2.

From Theorem|3.4.5, it follows that there are two conditions on the rate constants which

must be satisfied in order for the system to be complex balanced. We have

and

Ky = k(2,3)k(3,4)k(4,1)
Ky = k(1,2)k(3,4)k(4,1)
Ky = k(1,2)k(2,3)k(4,1)

Ko = k(1,2)k(2,3)k(3,4).

It follows that the linearly independent sets c; =1, co =0, c3=-2, andc; =0, co =1, c3=-3

satisfy so that the conditions are
(i) (%))
— =] =1 d |=—=|l=] =1
(K4) (K4 o KyJ \ Ky
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These can be easily simplified to

k(3,4)% = k(1,2)k(4,1)  and  k(3,4)" = k(2,3)k(4,1)2.

We know what happens when these conditions are satisfied since this is when the system
is complex balanced, but we do not know what happens away from this set. To make this
task easier, we use the conditions k(1,2) = k(3,4) =1 and k(2,3) = k(4,1) = € for e > 0.
With these restrictions, the two complex balancing conditions simplify to € = 1. For all

other values, the system is not complex balanced.

The system is governed by the differential equations

dz

d_l = 2319 — 2€x3 — 1175 + 2€x

d; (3.63)
d_t2 = —222y + 2ex’ + 1103 - 2ex

Following the analysis in [35], the equilibrium condition is x3xe — 2ex? — x 23 + 2ex3 =

(22 — 21)(2€x? + (26 — 1)z129 + 2€x3) = 0. The first bracket produces the equilibrium set
To = 1, which is valid for all values of €. The second bracket produces no real-valued
equilibria over the range € > 1/6, the single degenerate curve xo = x1 for € = 1/6, and two

lines of equilibria over the range 0 < € < 1/6 given by the relation

T =

((1—26) + —1262—4e+1)
xI.
4e

We will not perform the full analysis of the dynamics here, but the results are worth
summarizing. We can clearly see that, regardless of the choice of € >0, the positive com-

patibility classes intersect any curve of equilibria exactly once. Further analysis shows that,
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while the system is only complex balanced for e = 1, it exhibits all the locally stable properties
expected of complex balanced systems in the range € > 1/6. In the range 0 < € < 1/6, each
compatibility class has three equilibrium concentrations, two of which are stable, and one
of which is unstable. Of particular interest is the fact that the equilibrium concentration
along the curve xo = x1 bifurcates from asymptotically stable to unstable as we decreased
€ across € = 1/6 (see Figure . It is clear that weakly reversible systems which are not

complex balanced can exhibit a wide variety of behaviour!

The limiting case € — 0 will also be of interest in Section [3 where global stability is
discussed. In this limit, trajectories begin to approach the boundary of R2, rather than
any positive equilibrium concentration. It is worth noting, also, that the system loses the

property of weak reversibility in this limit as well.
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Chapter 4

Linearization of Complex Balanced

Systems

In this chapter, I apply the theory of linearization of nonlinear differential equations about
equilibrium values to complex balanced systems introduced in Section [(3.3] In addition
to demonstrating the local asymptotic stability of complex balanced equilibria (Theo-
rem , the results presented here are sufficient to demonstrate the local exponential
convergence of solutions towards equilibrium concentrations of complex balanced systems
(Theorem [4.3.6). I also complete the analysis presented in Section 2 of [9] to explicitly
show the bounds of the exponential decay guaranteed by the first-order approximation of
the pseudo-Helmholtz function (Lemmalf4.3.5). This analysis is conducted similarly in [56].
I then compare the estimates guaranteed by our approach (Theorem and that of A.
Bamberger and E. Billette (Lemma through an example.

This will be the only chapter of this thesis which will require the use of complex num-

bers. I will let R™" and C™*" denote the set of m-times-n matrices over the real and
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complex field of numbers, respectively. For z € C, I will let Z € C denote the complex

conjugate and, for z € C*, I will let z € C™ denote the vector of complex conjugates.

The magnitude of a complex number z € C will be denote |z| = \/Re(2)? + Im(2)2. For

A e Cmn T will let AT € C™™ denote the conjugate transpose of A, i.e. the matrix with

T

entries Q;; = Qi

4.1 Theory of Linearization

When considering properties of a general system of autonomous differential equations of
dx . . .
the form i f(x), one of the most crucial characteristics of the system is whether f(x)

is linear or nonlinear in the argument x = [x1 x5 ... x,] € R™

In the simplest terms, linear systems are easy to analyze while nonlinear systems are
hard to analyze. With a little understanding of integral calculus and linear algebra, linear
systems are guaranteed to have a well-behaved solution which can be solved for analytically
in terms of matrix exponentials—perhaps the easiest of possible solution forms—while even
some of the simplest nonlinear systems to formulate are known to have no explicit solution,
or to exhibit wildly complex or unpredictable behaviour. This has led to a wide range
of analysis techniques for nonlinear systems, including numerical methods, asymptotic

analysis, and perturbation theory, among others.

One of the most wide-spread approaches to analyzing nonlinear systems is to consider
the linear systems resulting from truncating the Taylor expansion of the nonlinear system
expanded about its equilibrium points. If we consider an equilibrium point x* of the

nonlinear system, given a suitable level of differentiability we have by Taylor’s Theorem
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that

f(x) = Df(x*)(x - x*) + O(|x - x*||*).

So long as Df(x*) is non-degenerate (i.e. has no zero eigenvalues), we expect that first
order term to dominate the dynamics near x*. That is to say, near x* we expect the
nonlinear system to “behave like” a linear system. Many global properties about the

nonlinear system can be pieced together by combining these linear pictures.

This approach will be formalized in the rest of this section, although only the results
relevant to the linearization of complex balanced systems will be stated. I present the

results here without proof.

Consider a general nonlinear system

dx
i f(x) (4.1)

where f : R" — R” is at least C2. The linear system corresponding to the linearization of

(4.1) about an equilibrium concentration x*, f(x*) =0, is given by

dy
— = Ay 4.2
It ( )

where A = Df(x*) and y = x—x*. We will let £*, E*, and E° denote the stable, unstable,

and centre subspaces of (4.2)), respectively.

In making the connection from the linear dynamics of to the nonlinear dynamics
of , I use the following result, which has been adapted from The Center Manifold
Theorem on pg. 116 of [46] and Theorem 1.1.3 on page 21 of [65]. I also reference the
Stable Manifold Theorem on pg. 107 of [46].
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Theorem 4.1.1. Let f(x) € C", r > 2, and x* be an equilibrium of . Suppose Df (x*)
has k eigenvalues with negative real part, j eigenvalues with positive real part, and m =

n—k -7 eigenvalues with zero real part. Then there exists

1. an m-dimensional centre manifold W[ . of class C" tangent at x* to the centre sub-

space E°¢ of at 0;

2. a k-dimensional stable manifold W . of class C" tangent at x* to the stable subspace

Es of at 0; and

3. a j-dimensional unstable manifold W _ of class C" tangent at x* to the unstable

subspace E* of at 0.

WC

loc’

WS

- have

and W} are invariant under the flow ¢, of and W and W},
the asymptotic properties of E* and E*, respectively. That is to say, solutions to
with initial conditions in W (respectively, W} ) sufficient close to x* approach x* at an

exponential rate asymptotically as t — +oo (respectively, t — —o0).

4.2 Linear Algebra

In this section, we outline some basic linear algebra results which will be required in the
rest of this chapter. In Section [4.2.1] we give several results regarding the definiteness
of a matrix. In Section [£.2.2] we develop some important properties of the range and
nullspace of a matrix, in particular how they relate to the eigenspaces corresponding to
various eigenvalues. In Section [£.2.3] we introduce a particular kind of matrix, called a

Laplacian matrix, which is a cornerstone for the analysis conducted in following sections.
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4.2.1 Definite Matrices

In this section, I present several results regarding the definiteness of square matrices A €
Cr*n. Since all of the matrices considered in this chapter are real-valued matrices, I will
quickly introduce the general theory of definiteness before simplifying to the real-valued

case.

Central to the study of definiteness is the concept of a Hermitian matriz (for further

details, see [34] and [35]).

Definition 4.2.1. A square complex-valued matrix A € C™" is called Hermatian if and

only if A= AT,

Hermitian matrices have the nice property that the quadratic form vfAv yields a real
number for all v e C" (see [34]). This allows us to define the following concepts for such

matrices.

Definition 4.2.2. A Hermitian matriz A € C™" is called negative semidefinite if

viAv<0, Vv eCm (4.3)

Furthermore, the matriz A € C™" is called negative definite if

viAv<0, Vv eC'v#0. (4.4)

The concepts of negative semidefinite and definite matrices can be easily extended to

positive semidefinite and definite matrices by switching the sign of the respective inequality.
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As all the matrices considered in this chapter are real-valued, we consider symmetric
rather than Hermitian matrices (A € R™" such that A = AT). While the standard definition
of definiteness is restricted to Hermitian matrices, many properties of a general real-valued
matrix A € R can be derived by considering the symmetric part of A given by A=
T(A+ AT) e Rrxn,

When restricting attention to real-valued matrices A € R™*" it is not necessary to
consider the quadratic form vfAv over v € C" as is normally required. We give the

following result for negative semidefinite matrices only; however, it can be easily extended

to the other definiteness cases.

Lemma 4.2.1. The symmetric part of a real-valued matriz A € R™™ is negative semidefi-

nite (i.e. satisfies (4.3)) if and only if
xTAx <0, VxeR™ (4.5)

Moreover, equality with zero for v e C* in 1s satisfied if and only if equality with zero
is satisfied in for both x =Re(v) and x =Im(v).

Proof. We let vi = Re(v) and vy = Im(v) so that v = v +ivy. The quadratic form for the

symmetric part of A can be written

%VT(A+AT)V %(vl —ive)T(A+ AT (vy +1ivs)
_ % [VT(A+ AT)v, +vE(A+ AT)v, ]
+% [V (A+AT)vy - vE(A+ AT)vy]

= viAv,+vlAv,
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where we have used the fact that, for real-valued matrices A € R**" and vectors x,y € R”,
xTAy = yT ATx.
It is clear from this, since vy, vy € R?, that xT Ax < 0 for x € R” implies vi(A+ AT)v <0

for v e C". Moreover, v Avy =0 and vI Av, = 0 is sufficient for vi(A+ AT)v = 0. We have

proved the “if” statements.

We prove the “only if” conditions by contradiction. Suppose is not satisfied, i.e.
there exists a X € R™ such that X7 Ax > 0. Setting v; = x and v, = 0 we have vi(A+AT)v >0
which contradicts . This completes the equivalence of and . Now suppose
equality with zero is attained for v € C" in but is not attained for the real or imaginary
parts of v in (4.5)). By the above expansion of the quadratic form, this can only happen
if vIAvy + vl Av, =0 which by can only happen if v Av; = vl Av, = 0, and we are

done. 0

This result allows us to consider the simpler quadratic form x”Ax, x € R”. It should
be noted that, for real-valued matrices A and x € R?, the quadratic forms for A and that

of the symmetric part A coincide.

The definiteness of a matrix is preserved under several operations. The following prop-
erties can be easily extended to each of the notions of definiteness presented in this section;
however, for our purposes it will be sufficient to consider only negative semidefinite matri-

ces.

Theorem 4.2.1. Let A, Ay, Ay € R™™ be symmetric and negative semidefinite, P € R™m,

and o> 0. Then the following properties hold:

1. Scalar multiplication: oA is negative semidefinite.
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2. Subadditivity: A, + As is negative semidefinite.

3. Congruence: PT AP is negative semidefinite.

Proof. By Lemma 4.2.1] it is sufficient to consider the quadratic form over x € R*. We can
jointly prove properties 1 and 2 by considering A;, As € R™" to be negative semidefinite

matrices and taking oy, as > 0. It follows that, for any x € R?,

xT (a1 Ay + anAg)x = ayxT Ayx + aox? Asx < 0.

Property 3 follows from the observation that, for a negative semidefinite matrix A € R»"

and any P e R™™ and x e R",

xT(PTAP)x = (Px)TA(Px) =y Ay <0

where y = Px. This completes the proof. O

4.2.2 Eigenspace Decomposition of R"

In this section, we investigate the properties of the eigenvectors associated with various
eigenvalues, since they determine the behaviour of the stable, unstable, and centre man-
ifolds locally in the linearization of a nonlinear system of differential equations about an
equilibrium. Since we are only interested in solutions to lying in R™, we restrict our

consideration to real-valued eigenspaces.

We need to divide eigenvectors and generalized eigenvectors according to their eigen-

values: A =0, A real and nonzero, and A complex.
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Definition 4.2.3. Let A € R™" and define

Ao = {\|det(A-M)=0,AeR,\=0}
Ay = {A|det(A-X)=0,AeR,\#0}
Ae = {N|det(A-AI)=0,A¢R,\eC}.

We define the generalized zero eigenspace Ny, generalized real eigenspace N,.,

and generalized complex eigenspace N, to be

No = span{veR"|(A-A)"v=0, €Ay} (4.6)
N, = span{veR"|(A-A)"v=0,\€eA,} (4.7)
N. = span{Re(v),Im(v) e R" | (A-A)"v=0, e A} (4.8)

where v is the algebraic multiplicity of a given eigenvalue .

The following is a consequence of the real Jordan Canonical Form Theorem and can be

found in [46].

Theorem 4.2.2. For any real-valued matriz A € R™7,

R*"=Ny@® N, ® N,

where Ny, N, and N. are mutually linearly independent sets.

The following is a key result used in the next section.

Lemma 4.2.2. Let A €e R, [f the zero eigenvalue is nondeficient, then the generalized
eigenspaces of A gwen by ([{.0)-({4-8) satisfy the following:
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1. null(A) = Ny,

2. range(A) = N, & N..

Proof. Any eigenvector v, corresponding to A\g € Ay satisfies
AVO = )\OVO =0. (49)

This implies v € null(A). Conversely, any vector v satisfying (4.9)) is an eigenvector of
A with a corresponding eigenvalue equal to zero, which implies vy corresponds to a zero
eigenvalue if and only if it is in null(A). Since the zero eigenvalue is nondeficient, there

are no generalized eigenvectors to consider and the first property is proved.

Any regular eigenvector v, corresponding to A, € A, satisfies
Av, = A\ v,.

This implies that

v, = )\i (Av,) erange(A). (4.10)

Now consider an eigenvector v, corresponding to A. € A.. There will also be a corre-
sponding eigenvalue ), € A, with complex conjugate eigenvector v.. We want to show that

Re(v,) € range(A) and Im(v,.) € range(A).

Consider the vectors

Re(A.ve) and wy = LIIH(/_\CVC).

w
Al

EDVE
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We can see that wy,wy € R*. Furthermore, we have

AWl

1
20
1
20

(AAV, + A AV,)
(AeAeVe + AcAeVe)

1 _
§(Vc +v.) = Re(v.)

1
—— (AAv, - A AT,
S AV ve)
1 - _
(A — AT
22’)\C|2( c\eVe c cvc)

%(vc -v.) =Im(v,).

This implies that Re(v.) € range(A) and Im(v,) € range(A). For nondeficient A, and A,

we are done.

Now consider deficient A, and \.. We can suppose, without loss of generality, that v,

is a regular eigenvector from which a chain of generalized eigenvectors can be constructed.

The first such generalized eigenvector, vo, must satisfy

(A—/\])VQ =V

where A € A, or A € A, depending on the case being considered. This implies

which is defined since A # 0.

1
Vo = X(AVQ—Vl) (411)
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For real eigenvalues )., it readily follows that vy € range(A) since v; satisfies vy €
range(A) by (4.10) and Avy € range(A) by definition. This can be extended inductively

to any generalized real eigenvector in the chain, and we are done.

For complex eigenvalues \., we need to consider the real and imaginary parts of vs.

We can readily see that (4.11]) for complex A. implies

Re(vy) = ﬁ [Re(Ae) (ARe(v2) — Re(vy))
+Im(\.) (-AIm(vy) + Im(vy))]
Im(vy) = [Im(\.) (ARe(v2) — Re(vy))

Al
+Re(A.) (AIm(vs) — Im(vy))].

Since ARe(v3), Alm(vs), Re(vy), and Im(vy) are in range(A), it follows by similar reason-
ing to the real case that Re(vy) € range(A) and Im(vy) € range(A). This can be extended

inductively to any generalized complex eigenvector in the chain, and we are done.

We know from the Rank-Nullity Theorem that

dim(range(A)) + dim(null(A)) = dim(A) =n

and from Lemma that R™ is decomposed into the linearly independent spaces Ny, IV,
and N.. It follows that N, spans null(A) and N, @ N, spans range(A) which completes the

proof. O]

We now present a few results demonstrating how the range and nullspace of a matrix

are changed under simple transformations.
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Lemma 4.2.3. Consider A € R™" gnd B € R™*. Then

range( AB) < range(A).

Furthermore, if rank(A) = rank(AB) then

range( AB) = range(A).

Proof. We make use of the fact that the range of a matrix is equal to its column span. We

will let [A]; denote the j** column of A. The j** column of AB is given by

[AB]; = bj1[A]1 + bja[Als + -+ + bj,[A],, € range(A).

It follows that the span of the columns [AB]; is contained in range(A) which implies
range(AB) ¢ range(A).

If we also have that rank(A) = rank(AB) then range(AB) and range(A) must span

the same space so range(AB) = range(A). O

Lemma 4.2.4. Let A € R be arbitrary and B € R™™ be an invertible matriz. Then

1. null(AB) = B 'null(A), and

2. range( AB)=range(A).

Proof. Consider x € null(AB). This implies

ABx = 0. (4.12)
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Since B is invertible, it has only the trivial nullspace, and therefore (4.12)) implies that
Bx € null(A). This is equivalent to x € B! null(A) since B is invertible, which shows
null(AB) ¢ B~ null(A). It is clear that the reverse implication holds, so that null(AB) =

B! null(A).

It follows from Lemma that range(AB) ¢ range(A), and since
rank(AB) = rank(A) by the invertibility of B, we have range(AB) = range(A). This

completes the proof. O

4.2.3 Laplacian Matrices

In this section, I define the Laplacian matrix of a reaction graph. The notion of a Laplacian

matrix is based on that contained in [12].

I have, however, made several modifications from the standard definitions to make
them specific to chemical reaction networks. In particular, I have altered the standard
sign convention by assigning the degree matriz negative values and the adjacency matriz
positive values. It is also worth noting that the indexing for the adjacency matrix is
inverted from the order of the related reactions in the reaction graph. Consequently, the
Laplacian matrix is really the negative transpose of the Laplacian in standard graph theory.
For simplicity of terminology, we will simply refer to this matrix as the Laplacian. Several

important properties of this Laplacian matrix will be proved.

Definition 4.2.4. The degree matrix of a chemical reaction network is the matrix D €

R™" qwith entries

—outdeg(C;), i=7

0, it]
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where outdeg(C; ) is the number of reactions for which C; is the reactant complex.

Definition 4.2.5. The adjacency matrix of a chemical reaction network is the matrix
A e R with entries

1, ZC—>CZER
A= G

ij
0, otherwise.

Definition 4.2.6. The Laplacian matrixz of a chemical reaction network is the matriz
L € R gjven by
L=D+A.

The following property of Laplacian matrices corresponding to reaction cycles (see

Definition [3.3.1)) will be crucially important in Section [4.3.1]

Theorem 4.2.3. The symmetric part of the Laplacian matriz L € R™™ corresponding to
a reaction cycle is negative semidefinite. Moreover, viLv =0 if and only if v, =Re(v) and

vy =Im(v) satisfy

V14 = Ulj and Voi = v2j Y Z,j € {Vo, Vi,... ,Vl} , (413)
where {vy,v1,...,1} is the cycle corresponding to the reaction cycle.
Proof. Consider the cycle {vy, ..., } and let L € R™" denote the Laplacian matrix corre-

sponding to the reaction cycle. Since Laplacian matrices are real-valued, by Lemma [4.2.1

it is sufficient to consider the properties of the real quadratic form x” Lx, x € R*. We have

o~

Tro _ 2
x'Lx = ' (xl,jx,,jfl - :r;l,j)
J

1l
—_

(4.14)

L 2
(a:,,j _ij—l) <0
=1

N | —

J
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where 1 = 1. Clearly this is negative semidefinite and equality with zero can be satisfied
it and only if z,, = z,, = -+ = 7,,, i.e. if the elements of x corresponding to indices of a

complexes in the associated cycle are identical.

By Lemma it follows from (4.14)) that L is negative semidefinite and that equality
with zero is attained if and only if the real and imaginary parts of v satisfy (4.13]). This

completes the proof. O

Laplacian matrices corresponding to reaction cycles also share a connection with per-
mutation matrices (see [34]). Given a permutation matrix P € R™", the matrix L =P -1,
where [ is the n-dimensional identity matrix, is a Laplacian matrix corresponding to a
reaction cycle (or possibly multiple disjoint reaction cycles). In [40] the authors show
that complex balanced systems can be decomposed in terms of permutation matrices using
Birkhoff’s Theorem (see pg. 527 of [34]). The decomposition contained in [40] is analogous
with that contained in Section of this thesis, keeping in mind the relationship between

Laplacian and permutations matrices.

4.3 Dynamics of Complex Balanced Systems

In this section, I show that the asymptotic stability of complex balanced equilibrium points
guaranteed by F. Horn and R. Jackson in [33] through the Lyapunov function can
also be demonstrated in the setting of linearization about equilibrium concentrations. More
specifically, I show that the local stable manifold about a complex balanced concentration
x* lies in the compatibility class Cy, and that the local centre manifold about x* lies

tangent to the equilibrium set (3.16)).
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In addition to guaranteeing asymptotic stability, the approach of linearization provides
information about the local rate of convergence of solutions to complex balanced equi-
librium concentrations; namely, that the convergence must be at least exponential near
x*. This should be contrasted with the results obtained in [9], specifically Theorem 3,
Lemma 3.6, and the example contained in Section 4 of the same paper. The authors sug-
gest through their example that the convergence is at least exponential, which confirms

Theorem 3. In this Section I provide confirmation that this is the case in general.

4.3.1 Linearization of Complex Balanced Systems

In this section, I will show how complex balanced systems (see Definition (3.1.3) can be
decomposed as the product of matrices of the type considered in Section and what

the linearized form of this set of differential equations looks like.

In order to accomplish this, however, we will need to formulate the differential equations
governing the mass-action system (2.3)) and (2.4]) in a different (but equivalent) form. We
will first need to define the stoichiometric and kinetics (or Kirchoff) matrices, and mass-

action vector for a chemical reaction network.

Definition 4.3.1. The stoichiometric matrizY € Z"<" is the matrixz with entries

[Y]ijzzji) izl,...,m, j=1,...,n. (415)

Definition 4.3.2. The kinetics (or Kirchoff) matriz A; € R™" is the matriz with entries

_Z?zl,l#ik(ial)a if 1=
k(j,1), if ifJ]

[Aglij = (4.16)
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Definition 4.3.3. The mass-action vector V(x) € R, is the vector with entries

Ui(x) =[]« j=1,...,n. (4.17)
=1

Assuming mass-action kinetics, the dynamics of the specie concentrations over time is

governed by the set of differential equations

fl—’; S Y A, U(x). (4.18)

This formulation is equivalent to (2.3)) and (2.4 and has the advantage of being amenable to
linear algebra analysis. It also clearly demonstrates the structure of the chemical reaction
network since the off-diagonal elements of Aj ([Ax]i;,? # j) correspond to the reaction

weightings. This form of mass-action kinetics will also be used extensively in Chapter [6]

In Section I showed how the rate constants for a complex balanced system could
be solved for in terms the complex balanced equilibrium value x* € RZj and a positive

constant k; > 0 specific to each cycle in the cyclic decomposition of the network (Lemma

4.2.3). This result implies the following according to the dynamics (4.18]).

Theorem 4.3.1. Consider a mass action system with kinetics matriz Ay that is complex

balanced at a point x* € RYy. Then there exists a 0 € Zsg and K1, ...,Ks >0 such that
Ap = (k1 Ly + ks L) diag{¥(x*)} " (4.19)
where L;, i =1,...,0, are Laplacian matrices corresponding to reaction cycles and ¥(x*)

is as defined in Definition[4.5.3,
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Proof. The result follows immediately from the arguments of Lemma [3.3.3| applied to the

kinetics matrix Ay according to Definition 4.3.2] ]

It remains to linearize f(x) about the complex balanced equilibrium concentration

x* € R7. Since Y and Ay do not depend on x and (2.4)) is linear, we have that
Df(x*) =Y Ay DY (x*) (4.20)
where Df(x*) denotes the Jacobian of f(x) evaluated at the complex balanced equilibrium

concentrations x* (see [46]). The following result simplifies DW(x*).

Lemma 4.3.1. The linearization of the mass-action vector about the equilibrium x* € R7,
satisfies

DU(x*) = diag {¥(x*)} YT X (4.21)

where W(x) is according to Definition|4.3.5, Y is according to Definition|4.3.1|, and X =diag{[z—1‘*]}.

Proof. We will first derive DW(x) then evaluate at the complex balanced equilibrium x*.

We can see that

z11-1 21 211 Z1m—1
le(ajl ...xmm) Zlm(171 ...xmm )
DVU(x) =
-1 _
| an(l'inl ...xf}:’zm cee an(l*’inl...xigm 1 |
x 0 -0 2 ziz oz |1 0 1
x
0 XZ2 ... O 291 299 v Zom 1
O -
0 O e in an Zn2 ee an - CC'r‘n, -
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Evaluating this at the equilibrium x* gives

DV (x*) = diag {¥U(x*)} YT X

where the terms are according to the statement of the Lemma, and we are done. O]

Combining (4.20) and (4.21)) gives the general form

Df(x*) =Y Ag diag {¥(x*)} YT X. (4.22)

It is worth noting that (4.22) holds for all mass-action systems and is not dependent on

the assumption of equilibrium concentrations being complex balanced.

So far in this section we have linearized ¥(x) and used the assumption of complex

balancing to reduce the kinetics matrix Ay, to eliminate the rate constants k(i,7). We can

now combine (4.22)) and (4.19). We make the notational substitution

L* = K1L1 + e+ /{5L5. (423)

The final linearized form of (2.4) is

DF(x")=Y L* YT X, (4.24)
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4.3.2 Dynamics of Linearized System

In this section, we consider the properties of the linear system of the form (4.2)) based on
the linearized form ([£.24)) derived in Section [4.3.1] This is given by

66% =Y L'YT Xy (4.25)

where Y € R™" is as in Definition 4.3.1, L* is given by (4.23)), and X =diag{[m%]}.

It will be convenient in this section to partition the complexes according to their linkage
classes. We will let nq,...,n, denote the number of complexes contained in each linkage
class so that ny + -+ n, = n. We also note that, since cycles necessarily do not cross
linkage classes, we can associate to each Laplacian matrix L;, 7 = 1,...,0, in a
specific linkage class £;, i = 1,...,¢. We will let 61,...,d, denote the number of cycles
corresponding to each linkage class such that d; +---+ d, = 6. We will let

D;={je{l,...,0} | cycle corresponding to L,
(4.26)

is contained in £;}

and note that |D;| = §;. We will also need to restrict L* to specific linkage classes, which

we will denote by

LW =3 kL, (4.27)

JjeD;
from which it follows that L* = ¥f, L),
The analysis in this section follows from standard linear systems theory. We determine

the dimension and orientation of the stable, unstable, and centre subspaces £*, E“, and E°

through determination of the number of eigenvalues with positive, negative, and zero real
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part (counting algebraic multiplicity) and the properties of the generalized eigenvectors to

which these eigenvalues correspond. The results in this section rely heavily on the results

of Section [4.2]

Before we can proceed, however, we need the following preliminary results.

Lemma 4.3.2. The matrix L* given in has the property that
null(L*) = span{l(l), e 1(5)} (4.28)

where 1D e R™ 4s defined by

. 1, ifjel;
1) = 1 (4.29)
0, otherwise.

Proof. Since the linkage classes are decoupled and the rows of Ly, ..., Ls in (4.23]) sum to
zero, we can see that any vector of the form (4.29) satisfies (4.28]). It remains to show that

we have captured all elements of null(L*).

Suppose x € null(L*). This means that x satisfies

L*x=0
which implies
x'L*x =0.
This can be expanded to
KiXT LiX + - + kgX! Lyx = 0. (4.30)

Since xTL;x <0 and x; >0 forall i = 1,..., by Theorem 4.2.3| (4.30)) implies x"L;x =0
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fori=1,...,0. Again by Theorem [4.2.3| we know that this can happen if and only if, for

the cycle {1, ...,v,} associated with L;, we have x,, =--- = Ty, fori=1,...,0.

We now consider the restriction of (4.30) to linkage classes
x'LWx=0, j=1,...,¢ (4.31)

where L) is as in (4.27)). For whichever cycles compose this linkage class, for (4.31)) to
be satisfied it is a necessary condition that all of the components of x corresponding to
elements in the cycles be identical. Since the indices of a cycle in a linkage class must
overlap the indices of at least one other cycle in the same linkage class, if there is one, we
must have that

zo=xg forall a,feL;.

We can apply this argument to each linkage class. Since the linkage classes are disjoint,

this is as far as we can go. We have shown that in order for
x'L*x =0

to be satisfied, we must have all components of x corresponding to indices within common
linkage classes be the same. This corresponds to the span of the 1(9) vectors given in (4.29)),

and we are done. O

We now move on to consideration of the eigenvalues of the linearization matrix Df(x*)
given by (4.24]). The following is a pivotal result in the study of the linearized complex

balanced system (|4.25]).
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Theorem 4.3.2. The eigenvalues of the linearization matriz Df (x*) given by have
nonpositive real part. Moreover, there do not exist any strictly complex eigenvalues of

Df(x*).

Proof. Consider A€ o(Y L* YT X). This implies that there exists a v e C™ such that

YL*YT X v=)\v.

It follows that

VIXY L YT Xv=)viXv. (4.32)

We can equate the real and imaginary parts of the left- and right-hand sides of (4.32]),

noting that vl Xv is real-valued since X is symmetric, to get

viXYL*YT Xv
viXv

Re(\) = (4.33)

and
VviXYL*YT Xv

tm(A) = viXv

(4.34)

where L* is the symmetric part of L and L* is the skew-symmetric part of L given by

L= § (1= (1)),

Since X is positive definite and v # 0, we have vi Xv > 0. The numerator of (4.33)) can
be written

VvIYT X)) (ki Ly + -+ ks Ls) (YT X)v.

We know by Theorem m that the L; are negative semidefinite for i = 1,...,d. Tt follows

immediately from the three properties of Theorem m that X Y L* YT X is negative

124



semidefinite. Since A € o(Y L* YT X) was chosen arbitrarily, this implies that

viXY L*YT Xv
Re()\) = . <0

for all eigenvalues of Df(x*).

To show Df(x*) does not have any strictly complex eigenvalues we prove that Re(\) =0
implies Im(A) = 0. Consider A € o(Y L* YT X)) such that Re(\) = 0. This can happen if

and only if the numerator of (4.33) equals zero. Since X Y L* YT X is real and symmetric,
by Lemma this implies

vIXYL YT Xv;=0, i=1,2,

where v = Re(v) and vy = Im(v). This can be rewritten

YT Xv)TL (YT Xv;)=0, i=1,2,

and it follows from the proof of Lemma that Y7 X v; € null(L*). This implies that
vienul (XY L* YT X), i=1,2.

Now consider Im(\) given by (4.34). We can expand the numerator to give

VXYL YT Xv=[vVI XY L' YT Xvy-vEXY L* YT X vi]i.

Since v; e null(X Y L* YT X), i = 1,2, it follows immediately that Im(\) = 0 and we are

done. 0

Since the eigenvalues of (4.24)) have nonpositive real part, it follows that the unstable
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manifold E%, is empty. The remainder of the state space is divided between the stable and
centre manifolds £* and E¢, which is consistent with our expectation, based on the [33],
that solutions approach complex balanced equilibrium concentrations x* asymptotically
relative to their compatibility classes Cy,. In the rest of this section, we give more precise

results on the dimension and orientation of these invariant subspaces.

We are now prepared to take a first step towards understanding the relationship between
S and S+, and E* and E°. The following result relates S and S* to the range and nullspace
of Y L* YT,

Theorem 4.3.3. The matriz Y L* YT € R™™ satisfies
nul(Y L*YT) = St (4.35)

and

range(Y L* Y1) =S. (4.36)

Proof. We start by proving null(Y L* Y7T) = St. Take v € null(Y L* YT). This implies
that

YL*YTv=0 (4.37)

which implies

vIY LY Tv=x"L*x=0 (4.38)

where x = Y7v. It follows from the argument presented in the proof of Lemma that
this can happen if and only if Y7v € null(L*) where null(L*) = span {1 ... 1"} and

1® has the form given in (4.29)). Now consider an arbitrary linkage class {1, ..., fin, } = L,

126



i=1,...,¢. By Definition and (4.28), YTv € null(L*) implies that
zgjv =s;, Jj=1,....n (4.39)

where s; is a constant depending on the linkage class. With minor rearrangement, we can

change this into (n; — 1) equations of the form
(2, —24,)'v=0, j=2,...,n. (4.40)

The vectors (z,, - z,,) span the stoichiometric space S restricted to the " linkage class.
This derivation holds for every linkage class 2 = 1,...,¢ from which it follows that v lies or-

thogonal to a set spanning S. It follows that v € St. Conversely, if we take v € St it follows

that (4.40) and (4.39)) hold and therefore that Y7v e {1 ... 1} = null(L*). Tt immedi-

ately follows that v € null(Y L* YT') which completes the proof that null(Y L* Y7T) = S*.

We now prove range(Y L* YT) = S. We start by considering range(Y L*). Since the
range of a matrix is equivalent to the column span, we consider the form of the columns

of Y L*, and denote by [Y L*]; the i*" column. We have

Y L*], = >, w(i,))(z; - z)

(i.7)€R

where k(4, j) is the flow rate constant of whichever cycle the reaction pair (7, j) is contained
in. In other words, [Y L*]; is given by a linear combination of all of the reaction vectors

involving C; as a reactant. It follows that [Y L*], € S for all i = 1,...,n. Consequently

range(Y L*) c S.
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Taking A=Y L* and B =Y7, it follows from Lemma that

range(Y L* Y1) crange(Y L*) c S. (4.41)

From the Rank-Nullity Theorem, we know that

dim(range(A)) + dim(null(A)) = dim(A).

Taking A=Y L* YT we have dim(A)=m and from (4.35) that
dim(null(A))=m - s. This implies dim(range(A))=s. It follows from Lemma and
(4.41) that the columns of Y L* YT must span S, so that

range(Y L* Y1) =S

and we are done. O

The following relates S and S* to the range and nullspace of the Jacobian Df(x*) given

by (28,

Lemma 4.3.3. The linearized matriz Df(x*) =Y L* YT X satisfies

range(Df(x*)) = S (4.42)

and

null( Df(x*)) = X~ 15* (4.43)
Proof. This result follows immediately from Lemma and Theorem taking A =
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Y L*YT and B=X. [l

Lemma 4.3.4. The linearized matriz Df(x*) =Y L* YT X does not have a degenerate

zero eigenvalue.

Proof. Suppose A has a degenerate zero eigenvalue. This implies that there is a standard
eigenvector v; satisfying

AV1=0'V1:0

and a generalized eigenvector v, satisfying

Avo#0 and A*vy=0.

We know that w = Avy € range(A) = S from Theorem and that Aw = 0 if and
only if w € null(A) = X-1S* from Theorem We therefore have w € S and w € X-1S*.
This implies that w” Xw = 0 which can happen if and only if w = 0 since X is positive
definite. This contradicts w = Avy # 0 and it follows that Y L* Y7 X cannot have a

degenerate zero eigenvalue. O]

We finally state the main result of this section. This result shows where the stable,

unstable, and centre subspaces of (4.25) lie.

Theorem 4.3.4. For the linearized complex balanced system we have

1. E*={0}; and
2. F5=S; and
3. Ec=X"15%.
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Proof. We know from Lemma that range(Df(x*)) = S and null(Df(x*)) = X154,
and from Lemma that A does not have a degenerate zero eigenvalue. It follows by
Lemma [4.2.2] that

1. Nog=X"15% and

2. NeN.=S.

It remains to relate £, E*, and E° to Ny, N,, and N,. From Theorem we know
that o(Df(x*)) does not contain any eigenvalues with positive real part. This immediately

implies that E* = {0}.

We also know from Theorem that o(Df(x*)) does not contain any strictly complex
eigenvalues. By definition, this implies that Ny = E¢ which implies £ = X-1St. We can
also easily see that this implies the elements of NV, @ N, have strictly negative real part,

which implies £ = N, @ N. =S, and we are done. n

This result implies that solutions of the linear system starting in S tend exponentially
toward the origin. It is worth noting that the centre subspace E°¢ depends on the chosen

equilibrium concentration x* since X does. This will be explored more in the next section.

4.3.3 Extension to Nonlinear Dynamics

We are finally prepared to say something about the dynamics of the nonlinear system ([2.4)

under the assumption of complex balancing.

Theorem 4.3.5. A complex balanced mass-action system according to Definition |3.1.

satisfies the following properties about any positive equilibrium concentration x*:
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1. the local stable manifold W coincides locally with Cy,; and

2. the local centre manifold W . coincides locally with the tangent plane to the equilib-

rium set at x*.

Proof. We know from Lemma that all equilibrium concentrations of a complex bal-
anced system are complex balanced equilibrium concentrations. We can therefore apply
our results to all equilibrium concentrations x* € £ where E' is given by ([3.16]) by Lemma

0.2.2)

Theorem and Theorem imply that about any complex balanced concentration

x* of the nonlinear system ([2.4)) there exists

1. an s-dimensional stable manifold W? of class C'* which lies tangent to .S; and

loc

2. an (m-s)-dimensional centre manifold W of class C* which lies tangent to X -15*;

and

3. a zero-dimensional unstable manifold W} _ (i.e. W ={0}).

The third point implies that there is no unstable manifold locally about x*. This is

what we expect from the results of F. Horn and R. Jackson [33].

The first point says that W about x* is locally tangent to S; however, by Proposition
we know the solution space R} is partitioned into compatibility classes Cy,, which are
affine spaces parallel to S. Since solutions may not leave C4, and the dimensions match,
the local stable manifold W about x* must coincide with Cy, wherever it exists. We

therefore have that W = about x* coincides with C,.
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To analyse the second point, we return to consideration of the equilibrium set (|3.16|)
derived in [33]. We consider an arbitrary basis of S*, {sy,...,S;,_s}. We can determine the

orientation of the tangent plane about an equilibrium concentration x* by parametrizing

the equilibrium set ([3.16]) as
(Inx(7)-Inx*)=7s;, 7TeR i=1,...,m-s (4.44)

and taking the limit as 7 - 0. Since the set E given by (3.16) is smooth, this will give a

basis for the tangent plane centered at x*.

Considering the components independently, can be rewritten as Inz;(7) - In T; =
TSij, 7 = 1,...,m—s, ¢ = 1,...,m, where the s;;’s are the components of s;. This is
equivalent to x;(7) = zje74. We take the derivative with respect to 7 and set 7 =0 to get
25(0) = z3s;;. We can see that X~'s;, j =1,...,m - s forms a linearly independent basis
for the tangent space X~15*. This shows the local centre manifold W  coincides locally

to the tangent plane of the equilibrium set (3.16)) at x*, and we are done. ]

4.3.4 Optimal Exponential Bound

The following result represents the amalgamation of the linearization approach taken here
and the approach taken by F. Horn and R. Jackson in [33], and is the main result of this
chapter. Of particular importance, this theorem represents a tightening of the convergence

of complex balanced systems over the results discussed in [33] and [9).

Theorem 4.3.6. If a mass-action system is complex balanced, then there exists within

each positive compatibility class Cx, a unique positive equilibrium point x* which is locally
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exponentially stable. More specifically, for any M >0 satisfying

max {Re();) | Re(N\;) <0} <=M <0 (4.45)

where \; are the eigenvalues of Df(x*), there exists a k > 1 and an € > 0 such that
V xg € Cy, N Be(x*),
Ix(t) = x*| < ke ™M|xq -x*||, Vt>0. (4.46)

Proof. Consider a complex balanced system according to Definition |3.1.3] The uniqueness
and stability of a positive equilibrium x* relative to each compatibility class Cx, follows

from Theorem B.3.1]

The exponential stability of a complex balanced equilibrium x* relative to Cy, follows
from the linearization. We know from Theorem that W* coincides with Cy, locally
about x*. Since exponential stability is guaranteed within a neighbourhood relative to W

by Theorem {4.1.1] we have that x* is locally exponentially stable relative to Cy,.

To obtain the estimate for M we follow the proof of the Stable Manifold Theorem
and its Corollary on pages 107-115 of [46]. We note that while this result deals with systems
which can be decomposed about an equilibrium x* into stable and unstable subspaces, our
system is decomposed into stable and centre subspaces. We will show that the same method

can be applied.

Consider the system (4.18)) written as

dx .
g A(x-x*) +F(x) (4.47)

where A = Df(x*) and F(x) is the nonlinear component of f(x). The system can be
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transformed into

CC% =B(y-y")+ P"F(Py) (4.48)

through the transformation P~'x =y where P is the matrix with the real generalized
eigenvectors of A along the columns and B is the real Jordan block matrix guaranteed

under the real Jordan Canonical Form Theorem to satisfy A = PBP-!L.

We order the eigenvectors composing P so that the first s x s block of B is the Jordan
canonical block corresponds to eigenvalues with negative real part. The rest of the eigen-
vectors correspond to the zero eigenvalue, which is nondeficient by Lemma [4.3.4 This
implies that the lower block of B is identically 0. We can partition the transformed system
into local stable and centre components so that we have

: -1
Ys _ Qs Osc Ys N [P F(Py)]s (449)

YC Ocs Oc Ye [P_lF(PY)]c

where () is the real Jordan block of corresponding to eigenvalues with negative real part.

We can further reduce [P~'F(Py)].. Since f(x) € S and range(A) = S by Lemmal[4.3.3]
we have that F(x) = f(x) - A(x—x*) € S. We know that P~'P = 1. The lower (m—s) x s
block of I, which is identically zero, results from the multiplication of the final m — s rows
of P~! and the first s columns of s. Since the first s columns of P span S by construction,

this implies that the rows of P~! corresponding to the centre manifold map elements in S

to 0. This implies [PT'F(Py)]c = 0¢n-s).

It follows from (4.49) that y. = O(,_s) which implies y.(t) = ¢, where ¢ € R("™) is a
constant vector determined by the final m — s components of the initial condition vector

yo = P'xy. These constants can be substituted into the equations for y, to give the
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reduced system

Vs = Qsys + [PT'F(Py)], (4.50)
where the final (m - s) components of y are constant.

We have reduced our original m-dimensional system to an s-dimensional system where
the entire space is a local stable manifold. We can apply the Corollary of the Stable

Manifold Theorem in [46] to ensure that for M > 0 satisfying

max { Re(\;) | Re(\;) <0} <-M <0

there exists a k> 1 and an € > 0 such that the estimate

[3(t) = x| < k™o — x|

holds for xg € B.(y*) n Cy,, where the evolution of y(¢) has been transformed back to the
original variables via the mapping x(t) = Py(t). This completes the proof of Theorem
4.5.6l O

It should be noted that, while the transformation x(t) = Py(t) is similar to the transfor-
mation c(t) = ¢, +T¢(t) used to reduce the system in [33], there are important differences.
The first s columns of the matrix 7" are permitted to be any orthonormal basis of S while
the remaining m — s columns are any orthonormal basis of S*. By contrast, the first s
columns of the matrix P, which are a basis for S, are neither required to be normalized
nor orthogonal to one another. The final m — s columns of P are a basis for X~1S5* rather
than S*. In both cases, however, the transformation reduces the dimension of the original

m-dimensional system to an s-dimensional one.
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This analysis also shares significant similarities with that carried out by A. Bamberger
and E. Billette in [8]. These authors consider the first-order approximation of the Lyapunov
function ({3.1)) considered by F. Horn and R. Jackson [33], which after adjusting notations
is given by

H(x)=(x-x")TX(x-x"). (4.51)

They show that the time derivative of H(x(¢)) for a complex balanced system is
d T
TH(x(1)) = = 3 k™ (2} - 2:) "X (x - x))’ +O(x - x*)3 (4.52)
i=1

which to second-order is negative semidefinite and equal to zero if and only if (x —x*) €
X-1S*, which lies tangent to the equilibrium set (3.16]) by Theorem[4.3.5] They then show

through a convexity argument that this implies the existence of a A > 0 such that
0< H(x(t)) < H(x(0))e™

for xg such that xg—x* € S.

It is not hard to show that this can be rearranged into a form satisfying which
is sufficient to prove the local exponential stability of x* relative to C,. This does not,
however, give bounds on the decay parameter A nor make any attempt to ascertain the
existence of a linearly stable manifold apart from the restriction of solutions guaranteed
by Proposition [2.4.1] At best, the approach taken here gives very general qualitative local

behaviour about the equilibrium concentration x*.

Using the linear form (4.24]), however, we can carry out the argument in fuller detail

to obtain the following.
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Lemma 4.3.5. Let x* be a complex balanced equilibrium concentration of a complex bal-

anced mass-action system. For any M >0 satisfying
a<-M<0 (4.53)
there exists an € >0 such that ¥ xg € Cx, N Be(x*),
|Ix(t) - x*|| < ke ™Mt|xo -x*||, Vt>0 (4.54)

where & = Apaa(P) min {z?}, k = ‘/ET{}} P=XY L*YT X, and Aas(P) is the

smallest negative eigenvalue of P.

Proof. We use the function H(x) defined in (4.51)). We can take the time derivative of

H(x(t)) along solutions, using the linearized form
f(x)=Y L*YT X (x-x*)+O(x - x*)?,

to obtain

%H(X(t}) =2(x-x)' XY L' YT X (x-x*)+O(x -x*)>. (4.55)

Note that we can use the symmetric form of L* since the quadratic form is the same for

real-valued vectors and matrices. We will substitute P= X Y L* YT X.

We know that the quadratic form equals zero if and only if x — x* € X~1S*; otherwise,

it is negative. If we take x - x* € S and |x — x*|| sufficiently small, we can take the bound
d *||2
S H(x(1)) < (2Anae(P) +8)[x - x7| (4.56)
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where A0 (P) is the smallest negative eigenvalues of P and ¢ is the bound on the higher

order terms. Clearly we can take ||x — x*|| small enough so that 2\, (P) +d < 0.

We can also bound H(x) in the following way

1 1
% -x*[* < H(x) < —

—_— —|x - x*|? 4.
max {z} } mm{a:;}”x x| (4.57)

Together, (4.56) and (4.57)) imply that

% H(x(1)) € (2Amaa(P) +8) min {w} } H(x(t)).

Since H(x(t)) >0, we can integrate and apply (4.57)) to obtain

Ix(t) = x| < o | AL Py b minfit by — x|, W 2 0.
min {z}}

We can make ¢ arbitrarily small by taking |x — x*| small, from which the estimate for M

follows, and we are done. m

Example 4.3.1. Re-consider the network

k(1,2)

2./414'./42 —> 3./41
FAL) 4 Vs (4.58)

3./42 A Al +2.A2
k(3,4)

considered previously in Example|3.4.5 This network was first considered by F. Horn and
R. Jackson under the restriction that k(1,2) = k(3,4) = 1 and k(2,3) = k(4,1) = ¢, in

which case the system is complex balanced if and only if € =1 [33]. Under less restrictive

138



conditions it can be shown that the general system is complex balanced if and only if
k(1,2)% = k(2,3)k(3,4)
and
k(1,2)k(3,4) = k(2,3)k(4,1).

This is clearly the case for k(1,2) = k(2,3) = k(3,4) = k(4,1) = 1; however, for the sake of
this example we will take k(1,2) =1/2, k(2,3) =1, k(3,4) =1/4, k(4,1) =1/8.

With these rate constants, system 15 governed by the dynamics
. : 1, 1 2
T1=—To = (.IQ - 2!E1) ZIQ + Z—LIL’L’Q + X9 (459)

which has a line of positive equilibria along x4 = 2x1 (and these are the only real roots of
). The stoichiometric subspace is given by span{[-1 1]T}. We could pick equilibrium
along xo = 21 but for illustrative purposes we choose xj = 1/2, x3 = 1. With this choice
of equilibria we can calculate the flow rate k = 1/8; since system consists of a single

cycle, this flow rate applies to every reaction. Using the linearized form

DF(x*)=Y L*YT X

with i i
-1 0 0 1
2310 1 -1 0 0 L0
= L =k X=|"
102 3 0 1 -1 0 0 +
2
0 0 1 -1




where k=1/8, x7 =1/2, and x5 =1. We can easily compute that

|
IS
oolut

Df(x*) = (4.60)

Aot
|
oot

This can also be obtained by directly linearizing .

The linearized matrix has the eigenvalue/eigenvector pairs Ay = —15/8, vy =
[-1 1]7, and Ay = 0, vo = [1 2]T. The first pair correspond to linear decay about x*
in the direction of S, while the second pair correspond a local centre manifold where the

equilibrium set xo = 221 cuts through the compatibility class Cy, are X*.

To test Theorem we consider system and look to satisfy with the
values M =1.85 and k = 1.25. The results are contained in Figure [{.1(a). For an initial

condition chosen sufficiently close to x*, we can see that the correspondence between the

convergence of x(t) to x* and the upper bound given by s nearly exact.

To test Lemmal[4.53.5, I derive

ot

P=XYL'Y'X-=

NS
|
oot

It follows that Az (P) = -2, max {z}} =1 and min{z;} = 5. It follows from that
k=2 and a = —f—g. The results are contained in Figure (b) Again, we can see that the
exponential convergence holds; however, it is clear that the estimates guaranteed by Lemma
are not as strong as those given by the linearization approach of Theorem|4.5.6, For
many examples, the estimates guaranteed by Lemma are orders of magnitude apart

from the optimal values.
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In Figure[{.1)(c), I plot In(|x(t) = x*]). Since implies
In(|x(t) - x*||) < =Mt +In(k|xo —x*|) (4.61)

the slope of In(|x(t) —x*|) as t - oo gives a good approximation of the optimal value of

ke ™ xo-x"]|

ke xox"|

Figure 4.1: System (4.58) with ky =1/2, ko =1, k3 =1/4, ky =1/8, 27 =1/2, x5 =1, 21(0) =
0.25, and 25(0) = 1.25. In (a) and (b), we can see that the solution x(t) = (x1(t),z2(t))
converges toward x* = (1/2,1) at an exponential rate satisfying |x(¢) —x*| < ke=™*|xo—x*|
with (a) k = 1.25, M = 1.85, and (b) k = /2, M = 1.5625. In (c), we can see that
h(t) = In(||x(t) — x*||) becomes more linear as ¢ — oo, as predicted by the form ([5.11]).
The approximate slope values closely approximate the value —M = —-15/8 as t — oo (e.g.
h'(1) ~» —1.800320000, h'(2) ~ —1.866759667, h'/(3) ~ —1.878135333, etc.).
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Chapter 5

Global Stability of Complex

Balanced Systems

In this section, we present the latest research on what has come to be known as the
Global Attractor Conjecture (Conjecture and, more generally, persistence of chemical
reaction networks. Of particular importance are Theorem from Section and
Theorem from Section [5.1.2] which significantly restrict the set of possible behaviours
of trajectories violating the conjecture. Two approaches which have been taken in the

literature to establishing the conjecture are presented in Section and Section [5.3.1]

Our original contributions to this line of research will be contained in the remainder
of the chapter. In Section we extend the notion of dynamically non-emptiable semi-
locking sets introduced in [5] to weakly dynamically non-emptiable semi-locking sets [37].
In Section [5.3.2, we extend the notion of dividing the state space of a mass-action system
into strata from detailed balanced systems introduced in [13] to complex balanced systems

[54]. These generalizations, as well as a few technical changes and a novel use of Farkas’
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Lemma (Lemma and, equivalently, Lemma [5.1.2)), will allow us to broaden the scope

of chemical reaction networks satisfying the global attractor conjecture.

5.1 Background

In Section we established that complex balanced systems exhibit locally stable dy-
namics (see Definition and Theorem , which means that within each positive
compatibility class Cy, there is exactly one positive equilibrium concentration x* and that
this concentration is locally asymptotically stable relative to Cy,. In other words, there is
a neighbourhood of x* relative to Cy, for which all trajectories originating in the neigh-

bourhood converge toward x*.

Stated this way, an obvious question arises: what happens to trajectories originating
outside of this neighbourhood? Is it possible for some trajectories to approach some other
set? And, if so, what does this set look like? Or, alternatively, can the neighbourhood
of convergence for x* be extended to the entire compatibility class so that x* is a global

attractor for Cy,?

This is a question made more interesting by the nature of the Lyapunov function L(x)

given by 1) By Lemma [3.3.4] we have that, along trajectories x(t), %L(X(t)) <0

everywhere in C,, unless x(t) is at the unique equilibrium concentration x*. This clearly
implies that no periodic orbits or chaotic “strange attractors” may exist, and the limiting

behaviour of L(x) as x| — oo implies that no trajectory may approach infinity by (3.2]).

It is tempting to conclude that the unique equilibrium concentration x* in Cy, is a
global attractor for Cy,; however, this conclusion is not warranted. The function L(x)

is not radially unbounded with respect to Cy, and consequently we cannot rule out the
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possibility that trajectories tend toward the boundary of the set, 9Cs,. This is not an
obvious point. The allure of global stability is so strong, in fact, that in their original
papers on complex balanced systems, the authors Feinberg, Horn, and Jackson errantly
asserted that they had proved the global stability of x* relative to Cy, [25,130,]33]! It was

only later that they realized their result was in fact locally limited [31].

Nevertheless, in the nearly four decades since this work began, no example of a complex
balanced system with a trajectory approaching 0Cy, has been found. This has led many
to surmise that Claim (4) of Theorem can in fact be extended globally to Cy,. The

claim is stated most succinctly as follows (see [1331]).

Conjecture 5.1.1 (Global Attractor Conjecture). For any complez balanced system and
any starting point xXo € RZy, the associated complex balanced equilibrium point x* of Cx, is

a global attractor of Cy,.

As of the writing of this thesis, no fully general proof of Conjecture is known.
That is not to say, however, that no headway has been made on the problem; in fact, many
cases are known under which this result follows [2}|13][19,/44,52,54,|55]. There are also
many restrictions which have been imposed upon trajectories deviating from x*, should
such trajectories exist [1,5,55]. As might be expected from the preceding discussion, many
of these approaches involve consideration of behaviour near 0Cy, (or, more broadly, ORZ)

since any trajectory not converging to x* must converge to the boundary (in a sense to be

clarified in Section |5.1.1)).

In the remainder of this section, I will present the background concepts, terminology,
and known results relevant to the discussion of Conjecture|5.1.1 My own results regarding
Conjecture will be stated in Section [5.2] and Section [5.3] which will rely heavily on
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the background introduced here [37.54].

Firstly, however, I present a few example illustrating how the concept of global stability
goes hand-in-hand with the behaviour of trajectories near boundary equilibrium concen-

trations.

Example 5.1.1. Consider the system

ks
2./41 + .,42 k<__> -'41 + 2./42

It is easy to see that this system is weakly reversible and has a deficiency of zero. It
follows by Theorem[3.4.9 that, regardless of the rate constants, within each positive compati-
bility class there is exactly one positive equilibrium concentration and that this concentration

15 locally asymptotically stable relative to its compatibility class.

Something more interesting happens with this example, however. If we consider the

governing dynamics

d
% = —k,ximy + k_xi23 = myao(koxy + k_xy)
(5.1)
d
% = koaiay — k_xi23 = 229 (koxy — ko)

we see that there is a positive line of equilibria (x4 = (ky/k_)x1) and two lines of equilibria
on the boundary of the positive orthant (xr; =0 and xo = 0). Phase plane analysis shows
us that the boundary equilibria are unstable while the positive line of equilibria is stable
(see Figure . It is clear, therefore, that the conditions of Theorem and Theorem
do not prohibit the existence of equilibria on the boundary of the positive compatibility

classes.
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It is particularly worth noting that, since all boundary equilibria are unstable, all tra-
jectories originating in a positive compatibility classes Cx, converge to the unique positive
equilibrium concentration x* in Cy, permitted by Claim 3 of Theorem [3.5.1 In other
words, the local stability of x* can be extended globally by consideration of behaviour near

the boundary ORZy; x* is a global attractor for Cy,, and therefore satisfies Conjecture[5.1.1]
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Figure 5.1: Phase portrait of the system (5.1) with k, = k- = 1. The positive line of
equilibria, xo = x1, is asymptotically stable relative to the compatibility classes (in red)
while the boundaries z; = 0 and z5 = 0 are unstable.

Example 5.1.2. Reconsider the example given in Example

2Ayﬂ&gi93A1
1 \
3A2+?-A1+2A2

where € >0 [35]. In Section we saw that this system was complex balanced for e =1,

exhibited locally stable dynamics but was not complex balanced for 1/6 < e <1 and € > 1,
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and had three lines of equilibria—two stable and one unstable—for 0 < € < 1/6.

Now consider what happens when we take the limit € - 0. This amounts to removing

the reactions corresponding to € from the system. The remaining system is

2./41 +.A2 —1> 3./41
(5.2)

Al + 2A2 —1> 3./42

which under the assumption of mass-action kinetics is governed by the system of differential

equations
del
_ 2 2 _
E =TTy — 1Ty = LCliCQ(xl - 513'2)
(5.3)
dry 2 _
% = —X{T2 + 15 = .fL"liEQ(.Z'Q - l’l).

We can see immediately that there are three lines of equilibria—xy = x1, 1 = 0, and
xo9 = 0—the latter two of which lie on the boundary of the positive orthant. The positive
compatibility classes cut perpendicular to the positive line of equilibria, from which it fol-
lows that each compatibility class has a single interior equilibrium concentration and two
boundary equilibrium concentrations. Furthermore, a simple analysis of shows us

that the interior equilibrium concentration is unstable while the boundary equilibria are
both stable (see Figure[5.9).

This dynamical result is easy to understand in terms of the dynamical properties derived
wn Fxample . As € decreases through € = 16, the positive line of equilibria undergoes a
pitchfork bifurcation, switching from stable to unstable and giving rise to two stable lines of
equilibria. As € approaches zero, these lines approach the x1 and xs axes. They maintain

their stability throughout the limit and thus, for € = 0 the axes are asymptotically stable
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Figure 5.2: Phase portrait of the system ({5.3). The positive line of equilibria, x5 = x,
is unstable relative to the compatibility classes (in red) while the boundaries z; = 0 and
2o = 0 are asymptotically stable.

relative to the positive compatibility classes.

5.1.1 w-limit Set Theorem

In this section, we present one of the most restrictive results known for trajectories of
complex balanced systems not tending toward the positive equilibrium concentration [55].
We start by considering what exactly it means for a trajectory x(¢) to “approach” or
“converge to” a point x* (or a set) as time goes to infinity. This is made explicit by the

following concept.

Definition 5.1.1. A point x € R™ is said to be an w-limit point of the trajectory x(t) if
there exists a sequence {t,},., satisfying

lim ¢, = oo

n—00
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such that

lim x(t,) = x.

Given an xo € R™, the collection of all w-limit points for the trajectory x(t) originating at

x(0) =x¢ will be called the w-limit set of xq. This set will be denoted w(xy).

The concept of an w-limit set is one of the foundational ones in all of dynamical systems
theory (that is to say, the study of continuous variable differential equations—as studied
here—and the study of discrete-step difference equations studied in many other applica-
tions). Since a multitude of examples can be found in virtually any textbook on dynamical

systems, I omit further elaboration here. (I recommend [46] and [65].)

Since we are primarily concerned with convergence toward the boundary of the positive

orthant ORZ}, the following concept is particularly useful.

Definition 5.1.2. A dynamical system with bounded trajectories is said to be persistent
if, for every xq € R,

w(xp) N ORY = @.

In other words, a system is persistent if no trajectory in which all variables are ini-
tially present may have any component tend toward zero (this tendency toward zero may
be asymptotic or oscillatory). The concept of persistence is particularly widely used in
biological modeling, where the elimination of a variable corresponds to the extinction of a
species. Species which do not tend toward extinction are said to “persist”. The restriction

to systems with bounded trajectories is made to avoid ambiguous limiting behaviour.

In the context of chemical reaction networks, persistence means that no chemical species

is exhausted as a result of the reaction system. Our primary interest in persistence is that,
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since trajectories are bounded and x* is the only potential strictly positive w-limit point
for complex balanced systems, Conjecture holds for complex balanced systems which

are persistent.

We now present a result which is of great use in the study of global stability of complex

balanced networks. The proof can be found in [55].

Theorem 5.1.1 (Theorem 3.2, [55]). Consider a complex balanced mass-action system.
Then, for any xo € R™, the w-limit set w(xg) consists either of complex balanced concen-

>0

trations lying on ORYY or of a single positive point of complex balanced equilibrium.

Theorem [5.1.1] is an important result in that it formalizes the intuition offered at the
beginning of this chapter, namely, that trajectories of complex balanced systems either
approach the positive complex balanced concentration or the boundary of the positive
orthant. Consequently, for complex balanced systems, it is sufficient to prove that the
system is persistent in order to establish Conjecture holds (see also Proposition 19
of [13] and the subsequent discussion). Furthermore, the w-limit set must consist only of

complex balanced equilibrium concentrations.

5.1.2 Faces and Semi-Locking Sets

By Theorem we know that trajectories of complex balanced systems may tend toward
one of two things: the unique positive equilibrium concentration in the relevant compati-

bility class, or some set of complex balanced equilibrium concentrations on the boundary.

It is clear, consequently, that the behaviour of trajectories near the boundary of the

positive orthant, OR”), plays a very important role in determining the global stability of
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x* relative to its compatibility class. In particular, since trajectories of complex balanced
mechanisms are bounded, it follows that persistence (see Definition |5.1.2)) is a sufficient

condition for the global stability of x*.

Another interesting question to ask if whether trajectories may tend to anywhere on
ORZy. Can we further restrict Theorem to only a subset of ORZ,? And if so, what
would this new set look like? Several authors have worked on this problem and, in fact,
shown that w-limit points may be restricted to an easily identifiable subset of ORZ. In

this section, we summarize this work.

This line of work was begun in 2008 with the paper |5 by D. Angeli, P. DeLeenheer
and E. Sontag who used Petri Net theory to prove several persistence results (which could
be extended to global stability results for complex balanced systems). We, however, adopt
the notation and terminology of the later paper [1] by D. Anderson since it is specific to

chemical reaction networks.

In order to make the concept of persistence more manageable, we divide the boundaries
of Ry and Cy, into faces. For technical reasons we will only be interested in the relative
interior of these faces, which we will define as follows. (These sets are defined similarly

in [1], [5], and [13]. In [3], L; is denoted Z;.)

Definition 5.1.3. Given a nonempty index set I € {1,2,...,m}, we define the sets L; and

Fr to be
Ly={xeR%|z;=0 foriel and x; >0 fori ¢ I}

Fr={xeCq|2;=0 foriel and z; >0 fori¢ I}
The set F; can also be given as F} :EXO NnLyor Fr=(xo+S)nLj.
From the vantage point of chemical kinetics, it is important to notice that ORZYj can be
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directly decomposed into the relative interior of faces. That is to say, each x € ORZ} can

be placed into the relative interior of exactly one face.

The following definitions are the central concept of interest in the papers [1] and [5].
Our terminology reflects [1]; in [5], semilocking sets are called siphons and locking sets are

called deadlocks.

Definition 5.1.4. Consider a nonempty set I € {1,2,...,m}. The set I is said to be a
semilocking set if, for every reaction C; — C}, j =1,...,r, which contains a species A;,
i €I, in the product complex C}, there is a species A;, i €1, in the reactant complex C;. A

semilocking set is said to be a locking set if every reactant complex contains a species A;,

1€l.

The terminology is easy to understand in light of what semilocking and locking sets
imply on the dynamics of mass-action systems given by . If all of the species of a
semilocking set are zero, then no species in the set may be produced under the assumption
of mass-action dynamics—consequently, the semilocking set is locked into place. If every
reactant complex contains an element from a semilocking, and all of those species are zero,
then no reaction in the entire system may procede—the entire system is locked into place.
This interpretation also gives us some hint as to how semilocking and locking sets are

related to faces, since these interpretations derive from behaviour on ORZ.

Example 5.1.3. Consider the reaction system

k1 ko
./41 —_—> .AQ e ./43.

First, let’s try to find all of the semilocking sets in the system. We start by considering

the product complexes and constructing our semilocking sets by working backwards.
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We can see that if we want to include the complex As in our set, we must include Ay
by the second reaction; however, to include Ay, we must include Ay by the first reaction.

It follows that I = {1,2,3} is a semilocking set.

This is not the only one, however. If we start with Ay, we must include Ay, but since
the final reaction contains neither of these species as a product, we may stop there. It

follows that Iy = {1,2} is also a semilocking set.

In fact, there is one more semilocking set. It may not seem obvious, but I3 = {1} is
also a semilocking set. Since no reaction contains Ay as a product, it trivially satisfies the

conditions necessary to be a semilocking set.

Now consider whether any of these sets are actually locking sets. In order to be a locking
set, each reactant complex must contain at least one element from a semilocking set. We
can see that this is satisfied for any of our sets containing Ay and As so that Iy and Iy are

locking sets but I3 is not. Indeed, we can see from the dynamics

dx

o - R

dx

d—; = k1$1 - k’2$2
dx

T = e

that if 1(0) = 22(0) = 23(0) =0 or z1(0) = 22(0) = 0, the entire system is locked into place,
but if only 1(0) =0 then x1(t) =0 fort >0 but xo(t) and x3(t) are free to evolve according

to the second reaction.

As might be expected from our introduction to this section, we can restrict the be-
haviour of trajectories near ORZ}, through consideration of faces and semilocking sets. The

following result makes this relationship explicit. It was originally proved as Proposition 1
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in [5] and later reproved as Theorem 2.5 in |1]. For completeness, we include the proof as

contained in |1].

It should be noted that this result holds for all mass-action systems, not just complex

balanced systems.

Theorem 5.1.2. Consider a nonempty set I € {1,2,...,m}. If there exists a xo € RZ

such that w(xo) N Ly # @, then I is a semilocking set.

Proof. Suppose that there exists a xo € R7 such that w(xo) N L; # @ but [ is not a
semilocking set. We will let x(t) denote the trajectory satisfying x(0) = xo and y € RZ}

denote a point satisfying y € w(xg) N Ly.

Since [ is not a semilocking set, that implies that there is some reaction such that
there is a species S;,, 79 € I, which appears in the product complex but no species &,
i € I, appears in the reactant complex. At the concentration y, this reaction produces an
influx of x;, while no reaction depleting z;, may proceed, so that f; (y) > 0. It follows by

continuity that there are constants € >0 and k£ > 0 such that

= fi(x) > k (5.4)

for all x € B(y) nR”.

Consider how x(t) may approach y. Either there exists a time ¢ such that x(t) e
B.(y)nRZ, for all t > ¢ or x(t) enters and exits B.(y) nR”, an infinite number of times.

To the first option, we notice that (5.4]) implies that

zi, (1) > a3, (F) + (t - D)k,

154



This clearly tends to infinity as t tends to infinity which violates the assumption that
y € w(Xo).

It follows that x(¢) must enter and exit B.(y)nR7, an infinite number of times. Since
the trajectory approaches y, it follows that the trajectory must pass through the annulus
[Be(y) \ Bz(y)] nR7 an infinite number of times, where € is any value satisfying 0 < € < e.

Take t. and t; to be any two times such that

z(t.) € 0B.(y) nRY
x(t:) € 0B:(y) nRY

z(t) € [B(y) ~ Bz(y)] nRZ, for all t € (¢, 1z).

Since f(x) is continuous, it is bounded on the annulus so that
~ te
e—é=|x(te) -x(te)| = | ft f(x(s))ds| < (te - tc)M
where M is the maximum of |[f(x)|| on the annulus. It follows that
te—te> ——. (5.5)

In other words, x(¢) has a minimum dwell time of (¢ — €)/M when passing through the

annulus.
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Now consider the species S;,. We have

r(te) =it + [ i (x()ds
> x () + (te —to)k
> x4, (te) + (6;]\;) k
(5
As x(t) approaches y, x(¢) must pass through the annuluses where é - 0; however, it is

clear that
€< (6;]\46) k < xio(tg)

for any € sufficiently close to zero. It follows that no trajectory x(¢) may pass through the

annulus for sufficient small €. This is a contradiction, and the result follows. O

This result is particularly important for determining global stability of complex bal-
anced systems since it is no longer necessary to prove persistence of trajectories relative
to the entire boundary OR”. Since trajectories may not tend to the relative interior of
any face F; which does not correspond to a semilocking set I, and the boundary ORZ is
completely partitioned into faces, in order to have w(xy) nIR” = @ it is sufficient to show

that w(xg) N L; = @ for all faces F; where [ is a semilocking set.

5.1.3 Linear Functionals

An important concept in the rest of this chapter are linear functionals of the form H(x) =
(a,x) where a € R7 has support on the index set /. The importance of these functionals

is that they gauge how “close” trajectories are to a particular set Lj.
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The following result will be required to prove the original results contained in Section
and Section [5.3] In essence, it says that so long as there is a linear functional “near”
every face corresponding to a semi-locking set, then the reaction network is persistent. It

is proved in [54].

When we say that U is a neighbourhood of K in R we mean that U is an open covering

of K restricted to RZj.

Theorem 5.1.3. (Theorem 3.13, [54]) Consider a general mass-action system with bounded
solutions. Suppose that for every set Ly corresponding to a semi-locking set I there exists

an oy € RY satisfying

(ar); <0, foriel

(ar); =0, fori¢l

(5.6)

and the following property: for every compact subset K of L, there exists a neighbourhood
U of K in RYy such that
(ar,f(x)) <0 for allx eU. (5.7)

Then w(xg) N ORYy =@ for all xo € R7.
Proof. We will let |I| denote the number of elements in the set I (i.e. the number of indices

i such that z; =0 for x € Ly).

We will prove that w(xg) n OR” = @ by showing that w(x¢) n Ly = @ for all I from
|I| = m to |I| = 1. This induction corresponds to the dimension of L; going from 0 (the
origin) to m — 1. Since OR”} is completely partitioned into such sets, this is sufficient to

prove the claim.

Our inductive step will consist in showing that w(xg) N L; # @ for any semi-locking set
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[ satisfying || = k, 1 < k < m, implies (w(xo) N L;) ~ L; # @. This is sufficient to violate

the inductive hypothesis that w(xg) N Ly = @ for all I such that |I] > k.
We take x( € RJj) to be arbitrary and fixed throughout the following induction.

Base case: Consider |[I|=m (i.e. I =8) and suppose that [ =S is a semi-locking set.
We have L; = {0} for which K = {0} is trivially a compact subset. By assumption, there
exists an ay € R7, such that (ay,f(x)) <0 for all x € U where U is some neighbourhood
of K in R7. It follows that x(¢) € {x e RT | (ay,x) < -0} for all £ >0 and some ¢ > 0. In
other words, we can make a “cut” sufficiently close to the origin such that solutions do not

enter the cut out area. Consequently w(xg)n L; =@ for I =S if I is a semi-locking set.

Since w(xg) N L; = @ for all I which are not semi-locking sets by Theorem m, it

follows that w(x¢) N L; = @ for the base case |I| = m.

Inductive case: Consider 1<k < m and assume that w(xg) n L; = @ for all |I| > k.

We will prove that w(xq)n L; =@ for all |I]| > k.

Assume w(xo) N L; # @ for some I such that |I| = k and I is a semi-locking set. Since
every x € L; \ L; satisfies x € L; for some I such that |I| > k, the inductive hypothesis
implies (w(xo) N L7) ~ L; = @, which is equivalent to (w(x) n L7) c L;. In order to prove

the inductive step, we will show that assuming w(xo) n L; # @ violates (w(x¢) nL;) c L.

Consider the set K =w(xo)n L;. Since trajectories are bounded by assumption, w(x)
is bounded, and consequently K is a compact set. By the inductive hypothesis, this is a
subset of L; so that (ay,f(x)) <0 for all x € U where U is some neighbourhood of K in
R,

Consider the linear functional H(x) = (a7, x). By (5.6) and (5.7), H(x) satisfies:
1. H(x) =0 if and only if x € Lj,
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2. H(x) <0 for x e R, and

3. L H(x(t)) = (ar, £(x(t))) <0 for all ¢ >0 such that x(t) € U.

Now consider an arbitrary y € K. Since y € w(xg), U is a neighbourhood of y, and
H(x) is continuous, we can select a sequence {t} (%Hn ty = 00) such that {x(¢)} ¢ U,

limx(tx) =y, and lim H(x(t)) = H(y) = 0.

By Property 3 of H(x(t)) given above, H(x(t)) may not increase while remaining in
U and, consequently, in order to approach y € L, x(¢) must enter and exit U an infinite
number of times. Since U is relatively open in RY, and x(t) € RZ for all t > 0 by Proposition
, we can find a sequence {fk} corresponding to the entry points {x(fk)} c (RI~\U)
(i.e. x(t) e U for t € ({,t;)). Because trajectories are bounded and Ryo \ U is closed, the
sequence {X(fk)} has a convergent subsequence on Ry \ U. We will denote this sequence
{X(fki)} and let y be the point such that Zlirorix(fk) =y € w(xg). Since H(x(t)) may not
increase for ¢ € (f1,t,) and is bounded above by zero, we have 0 > H(x(%;)) > H(x(t1)).
Since ,}LI?OH(X(“)) =0, it follows that AL%H(X(I?]C)) = H(y) = 0, so that € L; by Property
1 of H(x).

In total we have that ¥ € w(xo) N L N (Rsg ~ U) = K n (Ryo \ U). We recall, however,
that U was a neighbourhood of K in R7j so that K n (Ry N\ U) = @. It follows that our

original assumption must have been in error, so that w(xg) N L; = @ for all semi-locking

sets [ satisfying || = k.

Since w(xo) N Ly = @ for all I which are not semi-locking sets by Theorem [5.1.2] it

follows that w(xg) N Ly = @ if |I| = k, and our inductive step is shown.
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Since OR7} can be completely partitioned into sets Ly, 1 <|I| <m, it follows that

w(xo)ﬂ[ U L1]=w(xo)ﬂ(‘9R%=®

1<|I|lgm

and, since xy € R7} was chosen arbitrarily, the result follows.

]

It remains to find the vector o € RZ used in the functional H(x). An important
foundational result for finding these linear functionals in Section [5.2] and Section [5.3]is the
following classical result. We state two versions of the lemma as their application will be
subtly different in the two sections. (We prove only the first formulation. The proof can

be easily modified to capture the second formulation.)

Lemma 5.1.1 (Farkas’ Lemma (1), [23]). Consider A € R™". Then exactly one of the

following two conditions is true:

1. There ezists a x € RY,, x # 0, such that Ax <0.
2. There exists a'y € R7y such that ATy > 0.

Lemma 5.1.2 (Farkas’ Lemma (2), [23]). Consider A € R™". Then exactly one of the

following two conditions is true:

1. There exists x € R, x ¢ ker(A), such that Ax <0.

2. There exists 'y € R" such that ATy > 0.
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Proof of version 1. Suppose both 1 and 2 are satisfied simultaneously. This implies that

there are x € R} and y € RYj such that
0<(ATy)T'x=yT(Ax) <0

where the first inequality follows from ATy > 0 and the domain restriction on x, and the
second inequality follows from Ax < 0 and the domain restriction on y. It follows that 1

and 2 may not be simultaneously satisfied.

Now suppose 1 is not satisfied. We will show that 2 is necessarily satisfied. We define

A; to be the i*" column of A and the closed and convex cone C'(A) to be

C(A) = {v eR™

n
V:inAi,xiZO,izl,...,n}.
i=1

Since 1 is not satisfied, it follows that the cones C'(A) and R intersect at only the origin.
By the Hyperplane Separation Theorem, it follows that there exists a y € R™ such that,
for every v e C(A) \ {0} and c e R7 \ {0},

yle<0<ylv.

Since the first inequality holds for all ¢ € RZ ~ {0}, it follows that y; > 0 for all i =
1,...,m, and consequently y € RI}. Similarly, since the second inequality applies for all

v € C(A) ~ {0}, we have that for every x e RZ} \ {0},
0<yl(4x) = (ATy) x.

It follows that (ATy); >0 for all i = 1,...,n so that ATy > 0. Consequently, 2 is satisfied
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if 1 is not.

It follows by the contrapositive that if 2 is not satisfied then 1 is satisfied. It follows
that at least one of the two conditions holds; however, since both may not be satisfied

simultaneous, we have that exactly one of the two propositions holds, and we are done. [

5.2 Weakly Dynamically Non-Emptiable Sets

In the paper [5], D. Angeli, P. DeLeenheer and E. Sontag consider the persistence of
chemical reaction networks (see Definition [5.1.2)). In this section, we summarize some of
their main results. We introduce their notion of dynamically non-emptiable semi-locking
sets and extend it by modifying the feasibility cone and introducing a kernel condition [54].
We also reformulate the conditions required for inclusion in the feasibility and criticality

cones as matrix conditions which will allow us to prove the main original result of this

section (Theorem [5.2.6)).

5.2.1 Background

Many of the concepts required in previous sections and chapters will be required in this
section. In particular, the notion of a conservative chemical reaction network (Definition
, a face of the positive orthant (Definition , and a semi-locking set (Definition
5.1.4) will be required.

In this section, we will require an alternative formulation of mass-action kinetics. Just
as (4.18) brought the complex-oriented indexing of (2.2)) and (2.4)) into the framework of

linear algebra, the following formulation brings the reaction-oriented indexing of ({2.1) and
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(2.3) into the framework of linear algebra.

We define the matrix I € Z™*" with entries

[F]]z = zz{j - Zij (58)
fori=1,...,r and j = 1,...,m (notice the reversal of indices). We define the reaction
vector R(x) e R, according to

j=1
for i = 1,...,r. The terms R;(x) correspond to the reaction rates of chemical reactions

under the assumption of mass-action kinetics.

Since [T'];; represents the net stoichiometric change in the j** species as a result of the
ith reaction and R;(x) represents the rate of occurrence of the i** reaction, it follows that
[['];;R;(x) is the rate of change of the j'* species as a result of the " reaction. It follows

that (2.1)) is governed by the system of differential equations

dx
— = f(x) =TR(x). (5.10)

We will also need the following concept, which is related to the concept of a conservation
vector. (These are called P-semiflows in [5]. We introduce the term semi-conservation to

emphasize the connection with chemical kinetics.)

Definition 5.2.1. Consider a nonempty set I € {1,2,... ,m}. A chemical reaction network
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is said to be conservative with respect to I if there exists a c € RYy satisfying

c; >0, 1€l
(5.11)
C; = O, 1 ¢ 1
so that
c'T=0" (5.12)

We will call any vector c € RYy satisfying and a semi-conservation vector.

A key consequence of (5.12)) is that multiplying on the right by R(x) gives
T 7dx T T m
c'TR(x)=c i 0 = c¢ x(t)=c"x9>0 for xq€RZ,. (5.13)

In other words, the species indexed by the set I are conserved. It follows that L;, nw(xo) #
@ for any subset of the boundary L;, ¢ ORY, where I, ¢ S contains the support of a
semi-conservative vector (since (|5.13)) contradicts the requirement of L;, nw(xg) # @ that

c’x(t,) - 0 along a subsequence of times if I ¢ Ij).

In [5], the authors prove the following result. It should be noted that this applies to
networks with more general kinetics than mass-action, although we refer the reader to the

relevant paper for details.

Theorem 5.2.1 (Theorem 2, [5]). Consider a chemical reaction network satisfying the

following assumptions:

1. the system is conservative;

2. every semi-locking set contains the support of a semi-conservation vector.
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Then the system 1s persistent.

5.2.2 Dynamically Non-Emptiable Sets

The applicability of Theorem is limited by the relative scarcity of reaction net-
works satisfying the condition that every semi-locking set contain the support of a semi-

conservation vector. Such semi-locking sets are classified according to the following.

Definition 5.2.2. A semi-locking set I is called eritical if it does not contain the support

of a semi-conservation vector.

In Section 9 of 5], the authors introduce the concept of dynamical non-emptiability for
critical semi-locking sets. This notion is dependent on the three foundational concepts:
a special partial ordering on reaction rates, a structure called the feasibility cone, and a

structure called the criticality cone.

Definition 5.2.3. Consider the nonempty index set 1 € {1,2,....m}. For R;,R; € R, we
will say that R; 21 Rj if zir > zj, for all k € I and the inequality is strict for at least one

kel.

Intuitively, the partial ordering condition given in Definition gives us an estimate
on the magnitudes of the reaction terms R;(x) near a set L;. This is made explicit by the

following result.

Lemma 5.2.1 (Lemma 4, [5]). Consider a mass-action system and let I € {1,2,...,m}
be a semi-locking set. Suppose that R; 21 R;. Then, for every € > 0, and each compact
subset K of Ly, there exists a neighbourhood U of K in RTy such that R;(x) < eR;(x) for
allxeU.
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The concept of dynamical non-emptiability depends on two cones, the feasibility cone

and criticality cone, which are defined as follows.

Definition 5.2.4. The feastbility cone is defined to be

fe([) = {V € R;O | V; < €V, v ,R,Z',,R,j € R such that R; %1 R]}

where € > 0.

Definition 5.2.5. The criticality cone is defined to be

C(I)={veRy|[I'V]g<0, Vkel}.

We can now define dynamical non-emptiability, which is one of the major concepts

introduced in [5].

Definition 5.2.6. A critical semi-locking set is said to be dynamically non-emptiable

if there exists an € >0 such that

F(I)nc(I) = {0}
The following is the main result of Section 9 of [5]. We will extend this result in Section

5.2.50 (Two sets I and I, are nested if I c Iy or I c I7.)

Theorem 5.2.2 (Theorem 4, [5]). Consider a conservative mass-action system satisfying

the following assumptions:

1. all of its critical semi-locking sets are dynamically non-emptiable;
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2. there are no nested distinct critical locking sets.

Then the system 1s persistent.

5.2.3 Weakly Dynamically Non-Emptiable Sets

In this section, we extend the notion of dynamically non-emptiable semi-locking sets to
weakly dynamically non-emptiable semi-locking sets. The definitions and results contained

here can be found in [37].

Our notion of dynamical non-emptiability depends on the selection of a set J € Ry

where

R[Z{(i,j)E{l,...,T}X{l,...,T} |Rz 2[Rj}. (514)

The key modification here is that we do not necessarily need to consider all pairs (i, j)
satisfying R, z; R;; often it is sufficient to consider a strict subset of these pairs of reactions.
Through examples in Section we will see that this modification allow us to encompass

more chemical kinetics systems than we would be able to otherwise.

We will need the following two concepts.

Definition 5.2.7. We define the feasibility cone relative to J to be

Fo(J)={veR|v; <ev;, forall (i,5)eJ}

where € > 0.
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Definition 5.2.8. We define the kernel of [ and J to be

ker(,J.e) ={veRy,|[I'V]x =0, forallkel

and v; = ev;, for all (i,7) € J}

where € > 0.

The following notion of dynamical non-emptiability is our own. It is more general than
that contained in [5] in that it makes use of the freedom to select an appropriate J € R;
and broadens the inclusion principle to a kernel condition. (It is clear that the standard
notion of dynamical non-emptiability is included as a special case of the following by taking

J =R and recognizing that {0} ¢ ker(I, J,¢).)

Definition 5.2.9. A critical semi-locking set I is said to be weakly dynamaically non-

emptiable if there exists an € >0 and a J satisfying such that

C(I)nF(J)cker(I, Je).

In order to relate the above conditions to Farkas’ Lemma (Theorem [5.1.1)) we restate
them as matrix conditions. We let n; = |I| and n; = |J|. We define I'; € R"7*" to be the
matrix I' with the rows T'y., k ¢ I, removed. We define T'; € R**" to be the matrix where
each row corresponds to a specific condition R; 2y R;, (¢,7) € J, so that in that row there
is a one in the i** column, a —¢ in the 7** column, and zeroes elsewhere. Lastly, we define

[ e R(u+n)xr 6 he

- I';
=
Iy

The following result can be trivially seen.
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Lemma 5.2.2. The condition C(I) nF.(J) <€ ker(I, J,€) is satisfied if and only if

[v<O0 forveR,, =— veker(D).

5.2.4 Connection to Facets and Non-Critical Semi-Locking Sets

In general, determining whether a semi-locking set [ is weakly dynamically non-emptiable
can be tedious. To this end, in this section we show that there are classes of semi-locking
sets which are necessarily weakly dynamically nonemptiable: namely, semi-locking sets
corresponding to facets (i.e. sets Fy of dimension s — 1) of a weakly reversible mechanism,

and semi-locking sets which are non-critical.

Facets are the central topic of consideration in [3], where the authors prove the following

result.

Theorem 5.2.3 (Theorem 3.4, |3]). Consider a weakly reversible mass-action system with
bounded trajectories. Suppose that every semi-locking set I is such that Fy is a facet or

empty. Then the system is persistent.

The authors also connect the notion of a facet with the traditional notion of dynamical
non-emptiability (Corollary 3.5, |3]). Their result, however, overstates the implications of
F; being a facet. It can be shown that semi-locking sets I corresponding to facets F; may
fail to be dynamically non-emptiable if there is a reaction R; such that: (1) R; #; R; for
all R; in the same linkage class (a connected portion of the reaction graph); and (2) R;

produces no stoichiometric change in the species in I. (See Example 1 of Section [5.2.5])

We now generalize this result by showing that there is no such exemption for weak

dynamical non-emptiability.
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Theorem 5.2.4 (Theorem 3.8, [37]). Consider a weakly reversible mass-action system
with a semi-locking set I € {1,...,m}. If Fy is a facet then I is weakly dynamically non-

emptiable.

Proof. We will follow closely the proofs of Theorem 3.2 and Corollary 3.5 contained in [3].

In their proof for Theorem 3.2, the authors show that there exist z; > 0, 7 € I, and
vi€R,ie{l,...,r}, such that

Vizj = Bij — i (5.15)

forall jel and i€ {1,...,7r}. In other words, relative to the support of I, every reaction
vector (the columns of T") lies within the span of a single vector which is strictly positive
on the support of I. We will let z € RY{ denote the vector with the elements z;, j € I,

indexed in order.

It follows immediately from that every reaction in the system contributes either:
(1) a net gain to all species in I, (2) a net loss to all species in I, or (3) no stoichiometric
change to species in I. We can also divide the reactions according to the linkage classes Ly,
k=1,...,0. By weak reversibility each linkage class is strongly connected. We will let R(¥)

ﬁk), RE’C), and R(()k) denote respectively

denote the reactions in the k** linkage class, and R
the reactions in the k** linkage class which contribute a net gain, a net loss, or no change
to all species in I. We notice that v; > 0 for 7 € Rﬁk), v < 0 for i € ng), and 7; = 0 for

i€ R(()k). Combined with l} this division gives

¢
Lyv=z Z Z ViVi — Z il |- (5.16)

k=1 \ jeR(® jeR™

We now proceed to construct our set J ¢ R; according to (5.14)). Since the system
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is weakly reversible, it follows that the product complex of every reaction R; is itself a
reactant complex for some other reaction (which we will denote R;) in the k' linkage
class. Since reactions may only produce simultaneous gain or loss to the species in I, it
follows that: (1) Ry 2y R; if i e R®, (2) R; <, Ry if i € R, and (3) Ry #; R; and
Ri#1 Ry if i€ R(()k). (Notice here that R 41 R; and R; 41 Ry for i € R implies ay; = cvyr;

for all j € I, although this does not hold for general systems.)

Since the ordering relationship is transitive and can be extended throughout each link-
age class by weak reversibility, it follows that the set of reactions corresponding to each
linkage class Ly, either: (1) contributes no stoichiometric change to the system (i.e. i€ R(()k)
for all reactions R; corresponding to reactions in L), or (2) contains a reaction R,,,
i € Rik), such that R; z; R, for all j € R™ . We will ignore linkage classes included in
case (1) since they do not affect (5.16).

We define the set
i

k=1
jeREk)

Now assume that I';v < 0. This implies that we have

l
I'rv = =z Z Z YiVi + Viy, Viy, — Z |’7j|vj

k=1 iERS_k)\ik jeRSk)

Y
N
M-~

Z ViVi | Vi, — € Z |%’| Uiy
k=1 \ ier™ i, jer™

Regardless of the values of v;, j € ng), and v;, >0 for k=1,...,¢, we can pick an € > 0
sufficient small so that I';v > 0 for every v € R}. In order to satisfy I';v <0 for v € R,

therefore, we require v; = 0 for all 7 € ng) and 7 € ng), k=1,...,0. We notice that v; >0 is
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permitted for 7 € R(()k); however, neither I'; nor I'; contain nonzero entries in their columns
corresponding to the elements in ¢ € Rék). It follows that I'v < 0 for v € Ry entails v €
ker(f). Since this is a sufficient condition for the weak dynamical non-emptiability of I by

Lemma [5.2.2, we are done. O

In [5], the authors divide semi-locking sets according to whether they are critical or not.
They first handle the case of non-critical semi-locking sets which culminates in Theorem
[5.2.1] It is only in the discussion of critical semi-locking sets that they introduce the further
condition of dynamical nonemptiability. Here we simplify this discussion by showing that
every non-critical semi-locking set is weakly dynamically non-emptiable and therefore falls

within the scope of the discussion in Section [5.2.5]

Theorem 5.2.5 (Theorem 3.9, [37]). Consider a semi-locking set I € {1,...,m}. If I is

non-critical then it is weakly dynamically non-emptiable.

Proof. Suppose a semi-locking set I € {1,...,m} is non-critical. This means that I corre-

sponds to the support of a semi-conservation vector so that there exists a ¢ € RYj) satisfying

c; >0, 1€l
C;, = O, 1 ¢ 1
such that
c'T =07, (5.17)

It follows from ([5.17) that there exists a y € RYj such that

yTF] = OT.
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Since this implies condition 2 of Farkas’ Lemma (Lemma [5.1.2)) is satisfied, it follows
that condition 1 must necessarily be violated. It follows that any v € R, satisfying I';v < 0
must be such that v € ker(I';). By Lemma [5.2.2] however, this is the condition for weak

dynamical nonemptiability taking J = @ which is sufficient to prove the result. O]

5.2.5 Persistence

We are now prepared to present the main result of this section. The following is a general-
ization of Theorem and includes Theorem for mass-action kinetics by Theorem
(.25

Theorem 5.2.6 (Theorem 3.10, [37]). Consider a mass-action system with bounded solu-
tions. Suppose that every semi-locking set is weakly dynamically non-emptiable. Then the

system s persistent.

Proof. We know by Theorem that a system with bounded solutions is persistent if,

for every semi-locking set I, there is an « € RY} satisfying

a; <0, foriel

a; =0, fori¢l

so that, for every compact subset K of L;, there exists a neighbourhood U of K in RJj

such that (o, f(x)) <0 for all x e U.

By assumption, every critical semi-locking set is weakly dynamically non-emptiable,

which means that there exists an € >0 and a J € R; such that C(I)nF.(J) ¢ ker(1, J,¢).
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By Lemma [5.2.2] this implies that

[v<o0, forveR),, =— veker(D).

It follows that condition 1 of Lemma[5.1.2]is not satisfied. Consequently, in order to satisfy

condition 2, there must exist a ¢ € R”*" such that c¢IT > 07"
We partition ¢ € RI[™ so that

Cr
C =

Cj

where ¢; € R} and c; e Ry. From this it follows that
c'T=cIl;+c"T; > 07, (5.18)
Multiplying through the right-hand side of by R(x), we have
cITiR(x) + T R(x) = —{a, f(x)) + I T R(x) > 0 (5.19)

where o € R7 is the vector —c; extended over the support I and has zeroes elsewhere.

Clearly « satisfies

a; <0 foriel

a; =0 fori¢ .

By Lemma [5.2.1 for every compact subset K of L; and every € > 0, there exists a
neighbourhood U of K in RZ} such that I';R(x) < 0. It follows from (5.19) that

(o, f(x)) <cIT R(x) <0
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for all x e U.

Since this holds for every semi-locking set I by assumption, it follows by Theorem [5.1.3

that the system is persistent. O]

There are several points worth emphasizing about Theorem [5.2.6| as it contrasts with
Theorem [5.2.2] In our result the requirement that the system be conservative has been
replaced by the more general assumption that solutions are bounded, and we do not re-
quire the assumption that there are no nested critical locking sets. Since a system being
conservative implies solutions are bounded, the first is not a significant change; however,
we have opened the result to non-conservative systems for which solutions can be bounded

by another method, as is the case with complex balanced systems (see Section |3.3]).

We have removed the distinction between critical and non-critical semi-locking sets.
We do not need to make this distinction since every non-critical semi-locking set is weakly
dynamically nonemptiable by Theorem [5.2.5 and therefore trivially included in Theorem

0.2.0l

For complex balanced systems, we know that persistence is a sufficient condition for
global stability by Lemma [5.1.1. Consequently, we can use Theorem to extend the

scope of the systems satisfying the global attractor conjecture.

First, however, we need the following result.

Lemma 5.2.3 (Lemma 3.12, [37]). Consider a chemical reaction network. Consider a set
Ic{1,....,m} and suppose that F; # @ for some X, € R7. Then, for every xo € R7, either

dim(Fr) zdim(ﬁ}) or Fr = @. Furthermore, for every x € Ly, there exists xo € R such

that x € F7.
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Proof. Consider the set L; = {x e R|z; =0 if i € I}. It is clear that L; is relatively interior
to Ly, i.e. V x€ Ly, 3 €>0 such that B.(x)n LycL;. (B<(x) is the standard Euclidean
ball of radius € centered at x.) Now consider the affine space (xo + S) n L; and suppose
Fr=(x0+S)nL; # @ Then, ¥ x € F;, 3 € >0 such that B.(x) n [(xo +S)nL;] =
(x0+S)n[Bx)nL;] € (x0+S)nL; = F;. Consequently, F is relatively interior to
(xo+S) n L;. Since the dimension of (xo+S) n Ly is the same for all xo € R, it follows

that dim(F7) is the same for all xo € R, so long as F; # @. This proves the first claim.

Since F; # @ by assumption, we can consider an arbitrary X € F;. By definition, we
have that (%X¢—x); >0 for i € I and xg—% € S. Now choose an arbitrary x € L;. It follows
from the definition of L; that x¢ = x + €(Xg — %) € R for € > 0 sufficiently small. Since

x € Fy for xo € R7} and x € L; was chosen arbitrarily, the second claim follows. O

This result guarantees that if F} is a facet (or vertex) for some % € R7, then F} is a
facet (or vertex) for any xg € R so long as F; # @. Furthermore, it guarantees that L

can be completely partitioned into sets Fy corresponding to facets (or vertices).

We are now prepared to prove the following application of Theorem to complex
balanced systems. It should be noted that, while facets are weakly dynamically non-
emptiable by Theorem , no comparable result holds for vertices (consider the origin
in Example . Consequently, the following result cannot be attained as a simple

application of Theorem [5.2.6]

Corollary 5.2.1 (Corollary 3.13, [37]). Consider a complex balanced mass-action system.
Suppose that every set Fy corresponding to a semi-locking set I is either a facet, a vertez,
or empty, or that I is weakly dynamically non-emptiable. Then the Global Attractor

Conjecture holds for this system.
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Proof. For complex balanced systems, w(xg)NnF; = @ for every F; corresponding to a vertex
(Proposition 20 of |13]) or the empty set (trivially). Also, from Corollary 3.3 of 3], we have
that w(xg) N F; # @ implies w(xg) N 0F; # @ for all F; corresponding to facets; however,
since OF7 corresponds to some F; not corresponding to a facet, this is a contradiction. It
follows from Lemma that w(xg) N L; = @ for any semi-locking set I such that Fj is a
facet or a vertex for some x; € R7. It remains to show that w(xo) n L; = @ for every L;

corresponding to a weakly dynamically non-emptiable semi-locking set I.

By Theorem [5.2.6| we know that for each semi-locking set I which is weakly dynamically

non-emptiable, there is an « satisfying

a; <0, foriel

a; =0, fori¢l

so that, for every compact subset K of L;, there exists a neighbourhood U of K in RZj
such that (a,f(x)) <0 for all x € U. Since complex balanced systems are bounded, we
are justified in using the inductive hypothesis of Theorem from |I| = m to |I| =1 to
conclude that, for all x5 € R7, w(xo) N IRy = @. It follows by Theorem that the

Global Attractor Conjecture holds for trajectories of such a system, and we are done. [J

Example 5.2.1. Consider the mass-action system

k
A,y - 24, + Ay
ks N ¥ ko

./41 + AQ.
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For this system, we have

kixy
1 -1 0
I'= and  R(x) = kox2ay
1 0 -1
]{331’11'2

and the system is governed by x = TR(x).

We notice first of all that the system is not conservative and therefore does not fall
within the scope of the systems considered in [5]. We might still be tempted to ask whether
the system has semi-locking sets which are dynamically non-emptiable, so we consider the
semi-locking set I = {1}. Relative to this set, we have Ry <1 Ry and Re 21 Rz so that
F(I)nC(I) = {0} corresponds to finding a v € RS, such that vy — vy < 0, vy < €vy,
and vy < evs. This can clearly be satisfied for any v = [0 0 ’Ug]T where vy > 0. Since
F(I)nC(I) # {0}, it follows that the system contains a critical semi-locking set which is

not dynamically non-emptiable.

We notice, however, that Fy is a facet of Cx, = R2, since s =2 and dim(Fy) = 1. It
follows from Theorem [5.2.4] that I is weakly dynamically non-emptiable. Since the system
is complex balanced for all sets of rate constants and I is the only non-trivial semi-locking
set, the Global Attractor Conjecture holds for this system by Corollary . (This result
could also be attained by application of Theorem 4.6 of (5], although it should be pointed out
that Fr is an example of a facet which is not dynamically non-emptiable in the traditional

sense so that Corollary 3.5 of the same paper cannot be applied.)
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Example 5.2.2. Consider the system

ks
./41 hey 2./42
k1
k}4 T

Ag +.A3

ks
<k—3 Al +.A2.

The system is governed by the dynamics X = 'R(x) where

-1 1 -1 1 1
F=[ 2 -1 0 -1 -2 and  R(x)
0 0 1 -1 0

This example was first considered in [54)], where the authors showed that the system is
non-conservative, complex balanced for all sets of rate constants, and has only the non-
trivial semi-locking set I = {1,2}. By the methodology presented in that paper, however,
they could not find an o corresponding to I satisfying @ and . Since the system is
not conservative, the results of [5] cannot be applied, and since I is not a facet, the results

of (3] cannot be applied. Here we will show that such an « does in fact exist by showing

that I is weakly dynamically non-emptiable.

We have that
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We have Rg =3 R4, Rg <7 Rl, Rg <7 R4, and Rg, <7 R4 so that
RI = {(274)7(371)7(374)7(574)} (520>
We pick the subset J ={(3,4)} so that

FJ:[O 0 1 -e 0]-

The condition T'v < 0 forve R‘;’O 15 equivalent to the system —vy + vg — V3 + Vg4 + v5 < 0,
201 — g — vy — 205 <0, and v —evy <0 forv; >0, ¢ =1,...,5. Taking a positive linear
combination of these conditions yields vy + (1 — 2¢)vy < 0. For 0 < € < 1/2, this can be
satisfied for vy > 0 and vg > 0 if and only if vo = vy = 0. It then follows from the third
condition that v3 = 0. The remaining conditions can be satisfied so long as vy = v5 > 0 so
that

T ~
vespan{[ 100 01 ] }Eker(F).

By Lemmal5.2.9, the semi-locking set I is weakly dynamically non-emptiable. Since trajec-
tories are bounded by virtue of the system being complex balanced, it follows from Theorem
that the system s persistent and from Corollary that it satisfies Conjecture
5. 1.1

In order to illustrate how the machinery of this result really works, we will complete the

analysis for I up to the point of applying Theorem[5.1.3. From Lemma[5.1.3 we have that

there exists a ¢ € RS such that c™T > 07; in fact, we can find it explicitly. This is satisfied
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if we choose ¢c1 =2, co=1, c3=2, and 0 <e <1, for which values we have

kixq
-1 1 -1 1 1 kox?3
ch’R(X)Z[ 2 1 2] 2 -1 0 -1 -2 k3122
0 0 1 - O kyxoxs

2
k5ZE2

= —CYTX + 2(k3$11‘2 - €k4$2$3) >0

where aw = [-2 =1 0]7. It follows that a™x < 2(ksxixe — €kyzox3) < 0 in a neighbourhood
of any compact subset of F; since ksxi1xo < €kyxox3 under the same conditions by Lemma
5.2.1. This is exactly the condition which was expected for application of Theorem [5.1.

which completes the connection with Theorem |5.2. 60

It is worth reemphasizing that not all sets J satisfying are sufficient to show that I
is weakly dynamically non-emptiable. For instance, if we had selected J = {(2,4),(3,1),(3,4)},

we would have had
01 0 - 0

I'y=-e 01 00
001 - 0

In this case, we can satisfy I'v <0 by choosing

T
VESpan{[l 000 1]}

but ker(T') = {0}. Consequently, J is insufficient to show that I is weakly dynamically

non-emptiable.
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It is also worth noting that J is not the only choice sufficient for showing I is weakly
dynamically non-emptiable. In fact, the mazimal set J = Ry works with ker(I') = {0}. (In
other words, I is dynamically non-emptiable in the sense introduced in [5]! We remain
unable to use Theorem 4 of [5], however, because this system is not conservative.) We can
see also that it is easier to demonstrate weak dynamical non-emptiability with some choices
of J than with others, an advantage which would become even more pronounced for larger

systems.

Example 5.2.3. Now consider the system

k1

¢41-F¢42 - 3¢41

ka g b ko
2¢42 Z— 2f41+,43.

The system is governed by the dynamics x = TR(x) where

kixy2o
2 -1 -2 1
ka?
=1 -1 0 2 -1 and  R(x) =
kgxfxg
0O 1 -1 0
k4$%

The system is non-conservative, complex balanced for all sets of rate constants, and has
only the non-trivial semi-locking set I = {1,2}. The system is not conservative, so the
results of (5] cannot be applied, and I is not a facet, so the results of [3] cannot be applied.

We consider whether I is weakly dynamically non-emptiable.
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We have only the condition Ro 21 Rs so that J € {(2,3)}. Choosing the maximal such

set we have
2 -1 =2 1

It is clear that v =[0 0 1 2]" satisfies Tv <0 but
v ¢ ker(D') = span{[-e —€ -1 -2+ e]T}

for any € > 0. Since the condition T'v <0 for v e RZ, does not imply v € k:er(f) for the
trivial set J = @ either, it follows that I is not weakly dynamically non-emptiable and thus

the results of this section cannot be applied.

It is worth noting that persistence of this network can be demonstrated by the results
contained in (2], [19], and [44)], since the network contains a single linkage class, three-

dimensional species space, and three-dimensional stoichiometric space, respectively.

5.3 Strata for Complex Balanced Systems

Another approach to the question of global stability can be found in [13]. In this paper,
the authors G. Craciun, A. Dickenstein, A. Shui and B. Sturmfels take the novel approach
of dividing the state space RZj into regions, called strata, and proving that trajectories

obey specific properties for as long as they remain within each strata.

In that paper, the authors considered only the behaviour of detailed balanced systems.

Consequently, their definitions and results depend heavily on Definition [3.1.2] In Section
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we will detail the results of [13]. In Section [5.3.2] we will generalize their concepts

and results to complex balanced systems [54].

5.3.1 Strata for Detailed Balanced Systems

We quickly recall some of the definitions and properties relevant to the consideration of
detailed balanced systems. From Lemma we know that detailed balanced systems
are reversible, so that if (4,7) € R then (j,7) € R. We let R denote an arbitrary subset of
R which contains only one of the index pairs from each set {(7,7),(j,7)}. We know from
Lemma that any system with a detailed balanced equilibrium concentration x* € R7}

can be written in the form

CCZZ—); =f(x) = Z Kij (25 — Zi) [( ;; )z - ( ;i )Zj] (5.21)

where #;; >0, V (4,5) € R.
We will need the following preliminary definition.

Definition 5.3.1. Consider a system with a detailed balanced equilibrium concentration
x* e Ry, We will say that the subsystem R c R is an acyclic orientation if it contains

only one of the index pairs from {(i,j),(j,i)} and the graph of R contains no cycles.

We now define the notion of a stratum as it pertains to detailed balanced systems.

Definition 5.3.2. Consider a system with a detailed balanced equilibrium concentration

x* e R, Consider an acyclic orientation R. Then the stratum associated with R is defined

( ;; )Zi > (%)Zj for all (i,7) € 7@}
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It is clear why it is required that R be acyclic, since if there was a cycle {v1,v9, ... v,V )

we would have some index ig € {1,...,m} such that

Consequently, such a stratum would be empty. (It is also possible for a stratum to be

empty for acyclic orientations.)

The important observation to make is that each x € RZ7} belongs to exactly one stratum.
That is to say, for each x € R}, we can select a unique acyclic orientation R so that the
stratum S associated with R contains x. This is easy to see by considering that each
x € R7 produces an absolute ordering on the quantities (x/x*)% for ¢ = 1,...,n. The
relevant acyclic ordering R is the one which satisfies this absolute ordering; furthermore,
it must by the only one satisfying this overall ordering, since switching a single index pair

in R results in a change to this absolute ordering.

In [13], the authors are able to show that, within each stratum S, there is a linear
functional which propels trajectories away from any set L; adjacent to the stratum. The
following result is contained as Lemma 17 of [13]. We have changed the signs to be

consistent with a later result in Section [5.3.2]

Lemma 5.3.1. Consider a system with a detailed balanced equilibrium concentration X* €

RZ and fix an acyclic orientation R. IfSnL,; # & then there exists an o € RYy satisfying

a; <0, foriel
(5.22)

a; =0, fori¢l
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such that

(zi—2zj,0) 20 (5.23)

for all (i,j) € R.

Proof. Suppose there is no « € R7 satisfying (5.22)) and (5.23)). By application of Lemma
on the index set I, this implies that there exists a

v= > Nj(zi-z;), X\;j20, V(i,j)eR (5.24)
(i:)€R
satisfying
v; 20, forall el
(5.25)
v, >0,  for at least one 7 € /.

By assumption we have S L; # @. This implies that there exists a sequence {x*} c S
such that x* - x € L; as k > oo. By consideration of the quantity (x/x*)v separately for

x € L; and the sequence {x*} we will produce a contradiction.

Consider x € L;. This implies x; = 0 for 7 € I. Since v; > 0 for i € I and there exists at

least one iy € I such that v;, > 0, it follows that

( X )v - 0. (5.26)

Now consider the sequence {x*} ¢ § converging to x. We have
(Xk ) (Xk )Z(im e l( s )r
X X (i,5)eR X7
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It follows from x* € S and \;; > 0 that, for every (i,5) € R,

Z;—Z; YN v
k\ %% k
l( X ) ] >1, which implies (X—) > 1.
xX* x*

It remains to take the limit x* — x. The function (x/x*)¥ is continuous on R7; further-

more, it is continuous at any x € Ry such that v; > 0 if z; = 0. Since v satisfies this for

E\Y v
lim(x) =(X) > 1. (5.27)
k00 x* x*

This contradicts ((5.39)). It follows that no v satisfying (5.37)) and ([5.38)) exists. However,

k

x* - x € L;, we have

the existence of such a v was a direct consequence of the non-existence of an « satisfying

(5.22)) and (5.23)), so it follows that such an o must exist. This proves our claim. O

This result allows us to prove the following, which corresponds to Corollary 18 of [13].

We have significantly modified the wording to make explicit (o, f(x)) <0 for all x € S.

Lemma 5.3.2. Consider a detailed balanced reaction system. If S L; # @ then there

exists an o € Ry satisfying
a; <0, foriel

a; =0, forid¢l

such that (o, f(x)) <0 for every x e S.
Proof. Since Sn L; # &, we know by Lemma that there exists an « € RYj satisfying

a; <0, foriel

a; =0, fori¢ I
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such that

(zi-2j,0)>0, fori=1,...,n-1. (5.28)

According to Lemma [3.2.1| we have

(a0, £(x)) = (a, >yl -a)|(2) - i)])

(ig)eR (5.29)

- E 3 (2 T

(i,7)eR

By Definition we have that, for every x € S,

(( ;{) _( i)) 2 0. (5.30)

It follows immediately from (5.28)), (5.45), (5.30), and the fact that x;; > 0 for every

(i,7) € R that (o, f(x)) <0 for all x € S, and we are done. O

Lemma [5.3.2] implies that, within any stratum S adjacent to a set Lj, there is a linear
functional H(x) = («,x) which pushes trajectories away, since H(x) takes its maximum

along L;, and we have
d d
—H(x()) = —x(t)) <
) = o x(0) <0
so long as x(t) € S.

Since this is true for every stratum and every set Ly, it is tempting to conclude that no
trajectory may approach JRZj, and therefore that the unique positive equilibrium concen-
tration permitted in each compatibility class is globally stable, but this is not warranted.

Since multiple strata may intersect a given face, and each stratum may have a different
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linear functional, it is conceivable that a trajectory could still approach OR7} through cre-
ative maneouvring between the adjacent strata. More consideration of this point will be

conducted in Section [£.3.2

Despite this limitation, the following global stability result has been proved and can be

found as Theorem 23 of [13]. We omit the proof.

Theorem 5.3.1. Consider a detailed balanced system with a two-dimensional stoichiomet-
ric subspace S and bounded positive compatibility classes Cx,. Then the unique positive

equilibrium concentration x* in Cx, is a global attractor for Cy,.

Example 5.3.1. Consider the reaction system

ki k3
Oz A =2 A.
ky ks

This system is governed by the dynamics

% =kt = (B + kD)o + ko

¢ (5.31)
@ =kjxy - kix
g Rt TR

from which it easily follows that the system is detailed balanced at the equilibrium concen-

tration
kiks
kiky

x]=— Ty =

We want to determine what the strata for this system look like. In order to do this, we
find all possible acyclic orientations R. For this sytem, there is no way to choose a cyclic

orientation by choosing one reaction arrow from each of reaction pairs. It follows that we
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have four acyclic orientations, which are given by

Ri: 0 A — Ay
R : (@) A — A
Rs: @ A — Ay
Ry O Ar — As.

The four corresponding strata are given by

81—{XER%
Sg—{Xe]RZB
Sg—{XER%
S4—{X€]R%

(5.32)

We can see how trajectories behave within these strata by considering a vector field plot

(see Figure[5.5).

It is clear that trajectories in each stratum adjacent to a face (Si, Sa, and Ss3) are

repelled from these faces. (In fact, we know no w-limit point exists on the boundary by

Theorem [5.1.9 since no face is a semilocking set. We carry out the following analysis for

illustrative purposes.) We would like to be a little more explicit—we would like to find the

linear functionals H(x) which succeed in repelling trajectories from the boundaries.

Since the a € RZ, has support on I, we can see that our options for H(x) are limited

for the strata intersecting the faces Fy where I = {1} (Sz) and I ={2} (81 and S3). In fact,
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for I ={1}, our only choice is a positive scaling of
H(x) = {a,x) = [-10] - [z1 22] = -2
and for I ={2}, our only choice is a positive scaling of
H(x)=(a,x)=[0 - 1] [x1 x2] = —x2.

d
It can be easily checked that EH(X) <0 wn the relevant advacent strata, but we will not

perform the analysis here.

Instead, consider the face Fy corresponding to I = {1,2}. There are two adjacent strata,
S and S,. We notice, however, that the selection of a suitable o € RZ, is not trivial since
on the support of I we have multiple possible orientations (e.g. it may be possible that

a=[-1 -1] works but a = [-1 —10] does not).

In order to determine which o’s are admissible for the construction of our linear func-

tionals H(x) we consider Lemma|3.2.1 Specifically, when considering x € Sy, we rewrite

B2 os

dl’l

— 1 -1
£ |l (0o (G E) e
=2 0 Ty 1 Ty T2
dt
and when considering x € Sy, we rewrite as
dl’l
At 1 Ty 1 T2 Ty
d.CL’Q = K12 1- — + K32 — 1\ = (534)
= 0 Ty -1 Lo Ty

where K1 >0, Koz >0, and k3o > 0.
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It is clear that the bracketted terms are positive for x in the respective strata. In order
to determine an o € R7 with support on I = {1,2} such that (a,f(x)) <0, we therefore
need only consider the vector quantities in front of the brackets in and . We
can see, in fact, that o = [-1 — 1] works for both and . This implies that

H(x)=(a,x)=[-1 -1] [z1 22] = —21 — 2

is a suitable linear functional within both Sy and Ss.

D0 M M M T e N N N
b ™ M S N N
o N NN
T e M, T T g ™
T ™ e e T T S T Ny
R
L e e e S T
o e T N

T o T e e S T Ty Sy
P T T e T, e T e Sy
B S SNy
e e S e B
e S S N e

T L

T e, T, T e T
K T e e
R
B, By e e B B R
i B e e e T T R
R R
N T T T T T T
R
AL NN N
LA NN NN

b ke R h b hw
T L

Figure 5.3: Vector field plot of (5.31)) with k7 = & = k5 = k3 = 1. The four strata (5.32)

have been overlaid.

5.3.2 General Strata

11

0 1.5 20

In this section, we generalize the notion of stratification to complex balanced systems.
While our notion of stratification is based on that presented in [13], some differences arise.

We consider a complete ordering of all the complexes in the system, rather than pairwise
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ordering as in Definition [5.3.2, and we do not require any conditions on the reaction graph.
We also keep the notion of stratification general by considering the state space R7} rather

than each Cy,. The definitions and results contained in this section can be found in [54].

First of all, we will need to introduce the concept of a permutation operator.

Definition 5.3.3. Consider the set I = {1,2,...,n}. The operator p: I — I is called a
permutation operator if it is bijective. Furthermore, we will say that the permutation

operator p implies the ordering

u(i) > p(i+1), i=1,....n-1

on the set {1,2,...,n}.

A permutation operator simply shuffles the elements of a set. To each such operator

we can define a stratum in the following way.

Definition 5.3.4. Given a permutation operator p: I — I we define the stratum associ-

ated with p to be

x \Zn@) X\ Zu(i+l) )
( ) >( ) fori=1,...,n—-1
xX* xX*

where X* is an arbitrary positive equilibrium concentration permitted by the system.

This is a more general notion of strata than that given by Definition m (i.e. for some
systems, strata according to Definition are further stratified by Definition |5.3.4));

however, it is natural for the analysis we undertake in the remainder of this section.
Strata defined in this way have some nice properties, most importantly, that each
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x € RZ either belongs to a unique stratum &, or the boundary separating one or more

strata.

It is also worth noting that not every permutation generates a non-empty stratum. For
example, for a system containing the complexes C; = O,Cy = Ay, C3 = Ay, and Cy = A; + A
there are no points satisfying

To T1 T2 X1

>1

Ty TjTy I
since the first and last conditions imply z} > z; and x; > x], respectively. That is to say,
for the permutation p([1,2,3,4]) = [3,4,2,1] we have S, = @ (1([1,2,3,4]) = [3,4,2,1]
will be our short-hand for p(1) =3, ©(2) =4, u(3) =2, u(4) =1). In this section, we will
consider only those permutation operators p which generate non-empty strata S,,. (This is
related to, although not equivalent to, the condition that R contain no cycles in Definition

5.3.2)

Strata defined according to Definition share important properties with those de-

fined according to Definition [5.3.2, In particular, Lemma can be extended by the

following result.

Lemma 5.3.3 (Lemma 3.4, [54]). If S, n L; # @ then there exists an o € R™ satisfying

a; <0, foriel
(5.35)
a; =0, fori¢l

and

<Zu(i) = Zu(i+1); a) >0, fori=1,...,n-1 (536)

Proof. Suppose there is no « € R™ satisfying (5.35)) and (5.36]). By application of Farkas’

Lemma (Lemma/5.1.1)) on the index set I, this implies that there exist \; >0,i=1,...,n-1
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such that

n—1
VvV = Z /\Z(Z“(Z) - Zu(i+1)) (537)
i=1
satisfies
v; >0, forall iel
(5.38)
v, > 0, for at least one 7 € 1.

By assumption we have S,nL; # @. This implies that there exists a sequence {x*} c S,
such that x* - x € L; as k > oo. By consideration of the quantity (x/x*)v separately for

x € Ly and the sequence {x*} we will produce a contradiction.

Consider x € L;. This implies x; = 0 for 7 € I. Since v; > 0 for i € I and there exists at

least one iy € I such that v;, > 0, it follows that

( x )v = 0. (5.39)

Now consider the sequence {x*} c S, converging to x. We have

( < )V ( - )Z?-_ll Ai(Zpu(i)~Zu(i1))  pe1 [( - )%(i)‘zwu)ri
— -1
X X* 1 I\ x*

It follows from x* € S, and A; > 0 that, fori=1,...,n-1,

Z, (= (5 Ai v
k \“r@@) T %u(i+1) 17 k
[( x ) ] >1, which implies (X ) > 1.

xX* xX*

It remains to take the limit x* — x. The function (x/x*)¥ is continuous on R7; further-

more, it is continuous at any x € R such that v; > 0 if z; = 0. Since v satisfies this for
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xF - x € L;, we have

E\Y v
lim(x ) :(X) > 1. (5.40)
k—>oo X* X*

This contradicts ([5.39)). It follows that no v satisfying (5.37)) and ([5.38)) exists. However,

the existence of such a v was a direct consequence of the non-existence of an o € R}

satisfying ([5.35)) and (5.36), so it follows that such an o must exist. This proves our claim.

[]

5.3.3 Cyclic Complex Balanced Systems

In this section, we consider the properties of cyclic complex balanced systems (see Definition

3.3.1).

The following result allows us to rearrange the governing system of differential equations
given by (3.24) into a form which will be convenient in light of our conception of strata.
Since we are dealing with strata, we will need to recall the definition of a permutation

operator (Definition [5.3.3)).

It is important to notice the difference between p(j + 1) and p(j) + 1: the increment
p(j + 1) is made with respect to the implied ordering given by the permutation p, while

the increment 1(7) + 1 is made with respect to the original ordering of the cycle.

Theorem 5.3.2 (Theorem 3.8, [54]). Given a cyclic complex balanced system and an

arbitrary permutation operator u, the system can be written

dx n-lf i x \Zu() x \Zu(G+1)
— = ; - 5.41
dt ﬁ;[jzls”(])] (( X*) (X*) ) (5.41)

(2

where S,y = Zu(j)+1 = Zu(j)-
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Proof. We notice first of all that, since the system is cyclic, we have
> 5= 305 = 3 ~2) =0
i=1 i=1 i=1

. : Y = X\
which immediately implies s Z Su(i) (—*) =0.
i=1 X

Subtracting this from ((3.24]), which is the form of (2.3)) justified by Lemma [3.3.1, we

have

& Bl (-]
eSS ()
SIPSRIEYERESE

and the result is shown. O

It is clear from 1} that the vectors 23:1 Su(j), ¢ = 1,...,n—1, play an intricate role in
determining the dynamics of a system within a given stratum. The following result allows

us to further understand the nature of these vectors.

Lemma 5.3.4 (Lemma 3.9, [54]). For every permutation operator p and every k =1,2,... n—

1, there ewist \j € Zeo, 7 =1,2,...,n—1, such that

n—1

Zsuu) - Z X (Zui) = Zuin))

where S,(5) = Zu(jy+1 — Zu(j)-
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Proof. Consider a permutation operator p and fix a k€ {1,2,...,n—-1}. Consider

Su(k) = Zu(k)+1 ~ Zu(k)-

Clearly, there exists a t; € {1,2,...,n} such that u(k) + 1 = u(t;). We need to consider
where p(t;) lies in the ordering implied by p relative to p(k), in particular, whether (1)
p(ty) > p(k), or (2) pu(ty) < p(k). We will use an iterative process on the vectors sy,
j =1,... k, to show that the case u(t;) > u(k) eventually leads us in a natural way to

consideration of an index t;, satisfying p(t;,) < p(k).

Case 1: If pu(t1) > p(k) then s,y is a term in the sum Z?ZI Su(j)- 1t follows that

Su(k) + Su(tr) = (Zuky+1 = Zuk)) + (Zu(e)+1 = Zuer))

(5.42)

= Zu(t1)+1 ~ Zu(k)

since pu(k) +1 = p(t1). We now repeat this process. We know that there exists a ty €
{1,2,...,n} such that u(t;)+1 = pu(t2) and, as before, either u(ta) > u(k) or p(ts) < p(k).
If 1u(t2) > p(k), we add s, to the cumulative sum (5.42). We can continue doing this
until we arrive at an index 4o for which p(t;,-1) + 1 = p(t;,) < p(k), yielding

ig—1

Su(k) + D Su(t) = Zultsy) ~ Zulh)- (5.43)

=1

We know such a terminal index exists because the cyclic nature of the system guarantees
each index pu(t; — 1) +1 = p(t;) > n(k) is unique, so that a distinct vector s, is chosen
during each iteration. Since k < n and the cycle is of length n, this process must reach an

index pu(ti, — 1) + 1 = u(ty,) < (k) eventually.
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Case 2: If u(t;,) < pu(k), we can interpolate (5.43)) as follows:
io-1
Su(k) + 2 Su(ts) = Zu(tiy) ~ Zu(k)

5.44
= (Zutiy) ~ Zulti-1) * -+ (Bu(k1) = Zpuk)) (5.44)

= —(Zuk) = Zuke)) = = (Bt -1) — Zp(tsy))-

Notice that if our initial reindexing pu(k) + 1 = p(t1) yielded p(ty) < p(k), we can take

ti, = 11 in the above argument. This amounts to interpolating s,(xy = 2Z,(:,) — Z,(x) directly.

We return now to consideration of the entire sum Zle Su(j)- Since a distinct vector
Su(t,) 1s chosen in each application of the argument for Case 1, we can divide this sum
into those elements s, ;) considered in and those not. For those elements not yet
considered, the same argument can be applied starting with the lowest remaining index,
which will yield another sum of the form . This will remove some of the remaining
vectors s,(j) from the sum. Since there are a finite number of complexes, this process
must terminate at some point. Clearly, any sum of vectors of the form given in has
non-positive integer coefficients for the terms z,,;) —2z,(;+1), so that the existence of \; € Z

is guaranteed. Since p and k€ {1,2,...,n— 1} were chosen arbitrarily, the result follows.

]

The results to this point are sufficient to prove the following result. This should be

contrasted with Corollary 18 of [13].

Lemma 5.3.5 (Lemma 3.10, [54]). Consider a cyclic complex balanced system and an
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arbitrary permutation operator p. If gu N L; # & then there exists an o € RYY satisfying

a; <0, foriel

a; =0, fori¢l
such that (o, f(x)) <0 for everyxeS,.
Proof. Since 3# N L; # @, we know by Lemma that there exists an a € R7} satisfying

a; <0, foriel

a; =0, fori¢l

such that

(Zu(i) _Zu(ﬂl),a) >0, fori=1,...,n-1.

According to Theorem [5.3.2] we have

ot oo 8 [ | (2 - (2]
S L)

For every x € S,,, by Definition we have

ERCRE

Now consider (a, Z;’:lsu(]’))' We know from Lemma m that there exist \; € Zg,

(5.45)
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7=1,2,...,n—1, such that

n—1

-21 Su(j) = 2; Ai(Zu(j) = Zu(isny)-
j:

J=

We also know by Lemma that (Zu(j) —Zu(j+1), a) > 0. Together, these facts imply that

forevery 1=1,2,...,n—-1,
7 n—-1
<a, Z; Su(i)) = Z; Ai{Zu(i) = Zuginy, @) <0, (5.47)
j= j=

It follows immediately from (/5.45)), (5.46)), (5.47) and the fact that x > 0 that («, f(x)) <

0 for every x € §,,, and we are done.

5.3.4 General Complex Balanced Systems

In this section, we extend Lemma to general complex balanced systems. We follow
the methodology employed by F. Horn and R. Jackson and reproduced in Section [3.3.2]in

generalizing from cyclic complex balanced systems to general complex balanced systems

33).

Theorem 5.3.3 (Theorem 3.12, [54]). Consider a complex balanced system and an arbi-

trary permutation operator p. If gu N L; # & then there exists an o € RYy satisying

a; <0, foriel

a; =0, fori¢l

such that (o, f(x)) <0 for everyxeS,.
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Proof. Consider a permutation operator p satisfying gu NnL; # @. By Lemma there

exists an « € R7} satisfying

a; <0, foriel
(5.48)
a; =0, fori ¢l

and
(Zu) = Zusr), ) 20, fori=1,...,n-1 (5.49)
The form of o from (5.48]) is what we need for the theorem. We now want to use (5.49) to

determine the sign of (a, f(x)).

Since the system is complex balanced, by Lemma [3.3.3| we have
<CY, f(X)> = /€1<O£, Xl) Tt K%S(a?X(S)

where the k; are positive constants determined by the rate constants and the X, have the

form (3.28). Each X; corresponds to a cycle in the cyclic decomposition of the system

where the it" cycle is indexed {ufi), yéi), cey ul(j), Vl(i)}. The overall ordering

p(1) > p(2) > = > p(n) (5.50)
implies an ordering on the complex indices {I/l(i), ce Vl(j)}. We can do this by simply remov-
ing the elements from ([5.50) which do not correspond to indices in the set {ul(i), ce Vl(f)}

whilst otherwise preserving the ordering.

Now consider a single term (o, X;), ¢ = 1,...,0. Firstly, we reindex the complexes
so that the relevant cycle is {1,2,...,l;;1}. We let p; denote the permutation operator

which preserves the ordering implied by p on this reduced index set, after reindexing. (For
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example, consider a system with five complexes and the cycle {2,4,1,2}. Consider the
permutation operator u([1,2,3,4,5]) =[2,5,3,1,4]. Then we reindex the cycle so that we
have {1,2,3,1} and p;([1,2,3]) =[1,3,2] since 2 > 1 > 4 in the original ordering implied
by p.)

Since X; is cyclic and complex balanced, we can apply all of the results used in the

proof of Lemma to get

x-S ((Z) - (2) ) e S0 551)

* *
=1 X X

where s, (j) = 2, (j)+1~Zpu,(j)- Since the ordering of the complexes corresponding to elements

in the i** cycle satisfy (5.50), we have

x \Zui(h) X\ Zri(3+1)
- >0
xX* xX*

for all x € gu' Similarly, we can apply Lemma to show that

i 1-1
<04, lem(ﬁ) = 21 Ai{Zii) = 2y ) < 0 (5.52)
j= j=
where \; € Zg for j=1,2,...,];-1. This implies ;(c, X;) < 0. Since we can carry out this
procedure for all © =1,...,d, we have

(o, £(x)) = ki{a, Xq) + -+ ks{a, X5) <0

and we are done.
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5.3.5 Applications

Several global stability results follow immediately from Theorem [5.3.3] In particular, this
theorem is sufficient to guarantee solutions of do not approach the boundary for
general complex balanced systems if they remain within a single stratum. This is clear
because, if we take 7" > 0 to be the final time that a trajectory x(t) enters the relevant
stratum, the linear functional H(x(t)) = (o, x(¢)), where « satisfies (5.35)), must satisfy
H(x(t)) < H(x(T)) < 0 for all ¢ > T since £ H(x(t)) = (o, £(x(t))) < 0 for all ¢ > T by

Theorem [5.3.3] This contradicts the observation that, if x(¢) converges to x* € L; then

}Lrglo H(x(t))=H(x*)=0.

If multiple strata S, intersect a given set L;, however, we cannot guarantee the existence
of a common « satisfying (o, f(x)) < 0 simultaneously within all such strata. Consequently,
we cannot rule out the possibility that trajectories approach the boundary through creative

maneouvering between strata.

This difficulty, however, does not always arise. In cases where there is a common «
“near” each Ly, trajectories are pushed away from the boundary according to Theorem

5.1.3} The following lemma relates this result to the methodology of Section |5.3.4

Lemma 5.3.6 (Lemma 3.14, [54]). Let M; denote the set of permutation operators p such
that gu NnL;# @ for a fited I. Then, for every compact subset K of Ly, there exists a
neighbourhood U of K in RY such that

uc U S,

peMy
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Proof. Suppose there is a compact subset K of L; such that, for every neighbourhood U of
K in R7, U € Uuear, S, is violated. It follows that there exists a sequence {x*} € U7, S,
such that x* approaches L; as k — oo. Since K is compact, we may select the sequence so

that x* — x for some specific x € L.

Since there are finite strata, we can select a subsequence {x*} ¢ S, for a fixed p ¢ M;;
however, this implies limx* = x € gu N L;. This contradicts p ¢ M;. Consequently, our
1—>00

assumption was in error, and U € U, Mzgu for some neighbourhood U of K in RJj. The

result follows. O

Given Lemma and Theorem we can see that corresponds to the exis-
tence of a common «; existing in all strata adjacent to a given set L, which is the desired
condition. In general, however, it is difficult to verify this condition directly. The following
result gives testable conditions from which follows. It also answers the question of
global stability.

Corollary 5.3.1 (Corollary 3.15, [54]). Consider a complex balanced system. Let M de-
note the set of permutation operators p such that gu NL;# @ for a fivred I. Suppose that
for every fixed I, 1 < |I| < m, corresponding to a semi-locking set one of Condition 1 or
Condition 2 given below is satisfied. Then the unique positive complex balanced equilibrium

x* of Cy, s a global attractor for Cy,.

Condition 1: We will say Condition 1 is satisfied if there exists an oy € RYy satisfying

(@ such that, for alli=1,2,....,n-1 and all € My,

(Z,u(i) = Zu(i+1), Oé[) > 0.
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Condition 2: Consider the cycles {Vfi),l/éi),...,Vl(:),l/fi)}, 1 =1,2,...,0, in the cyclic
decomposition of a complex balanced system according to Lemma [3.3.5 We will reindex
each cycle to {1,2,....1;,1} and let p;, © = 1,...,9, denote the appropriately reindered
permutation operator restricted to the complexes in the it cycle. We will say Condition 2
is satisfied if there exists an oy € RYYy satisfying (@) such that, for all i =1,2,...,6 and

CL”/LEM[,

k
<Zsm(j),a]>£0, fork=1,2,...,0; -1,
j=1

Where Sy, () = Zp,() = Buy(5)+1-

Proof. The proof will proceed in the following steps. We will prove firstly that Condition 1
or 2 is sufficient to show (ar, f(x)) <0 for all x € U,epr, S, We then show by Lemma
that the such systems satisfy the hypotheses of Theorem so that w(xg)NOR” = @. We
then show that for complex balanced systems this is enough to prove the global stability

of the positive equilibrium concentration in each positive compatibility class.

Consider a complex balanced system. We know that w(xg) n L; = @ for all sets L;
corresponding to non-semi-locking sets I by Lemma [5.3.3] We also know that for complex
balanced systems we have w(x¢) N {0} = & (see Proposition 20 of |13], for one proof). That
is to say, we need only consider sets L; corresponding to semi-locking sets I such that

1< |I] < m.

It is clear by the proof of Theorem that either Condition 1 (by ([5.52])) or Condition
2 (by (5.51)) is sufficient to prove that (az,f(x)) < 0 for all x € U,ear,S,. This implies by
Lemma that for every compact subset K of L; there is a neighbourhood U of K in
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R7 such that (o, f(x)) <0 for all x € U. We know that solutions of (2.4)) are bounded for

complex balanced systems since, for the function
L(x) = le(ln(atl) —In(z})-1) +x], (5.53)
i=1

we have £ L(x(t)) <0 for all ¢t > 0 and xo € R7 [33]. It follows by Theorem m that
w(xg) N L; = @ for all such sets L;. Since we have considered all sets Ly, it follows that

W(Xo) n aR% = .

Since our system is complex balanced, it follows by Theorem [3.3.1]that there is precisely
one equilibrium concentration x* € R7 in each positive stoichiometric compatibility class
Cx,- Since there are no w-limit points on the boundary of the positive orthant, by Theorem
it follows that the only w-limit point is the positive equilibrium concentration. It

follows that x* is a global attractor for Cy, and we are done. O

Since Condition 1 implies Condition 2 by Lemma [5.3.4, but the converse does not
necessarily hold, it is typically preferable to check Condition 2. In the following section,
our approach will be to define a set P of vectors Z?:l Sy t=1,...,0,k=1,...,l;-1, and

check Condition 2 relative to this set.

The following result corresponds to Corollary 4.5 of [3]. It is a generalization of Theorem

23 of [13] (stated Theorem here) to complex balanced systems.

Corollary 5.3.2 (Corollary 3.16, [54]). Consider a complex balanced mass-action system
whose stoichiometric subspace S is two-dimensional. Then the unique positive complex

balanced equilibrium x* of Cx, is a global attractor for Cy,.

Proof. With application of Corollary the proof follows identically to the proof of
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Theorem 23 contained in [13]. We also notice that since trajectories of any complex bal-
anced system are bounded by L(x(t)) < L(xg) for all ¢ > 0, we may remove the assumption

of boundedness. O

Example 5.3.2. The following example is given in [5] as an example of a three-dimensional
complex balanced system for which a general method of guaranteeing global stability is not

known. The system considered is
.A] s .Ag = ./41"1'./42 = ./41+./43. (554)

We assign C; = Ay, Co = Ay, C3= A1+ As, and Cy = Ay + A3, and x1 = [A1], 2 = [A2], and
xy = [As]. The system is complex balanced at all equilibrium concentrations so we need
not consider the rate constants. The compatibility class Cyx, = R3, is three-dimensional and
the only non-trivial semi-locking set is I = {1,2} so that we need only consider the set Ly

corresponding to this index set.

We will show that all strata such that 3# NLg 9y # @ have a common oy € R satisfying

and Condition 2 of Corollary|5.3.1. There are six p such that gu N Loy # 9:

(1) u([1,2,3,4]) = [2,4, 1,3] (4) u([1,2,3,4]) = [2, 1,4,3]
(2) M([1’27374]) = [4727 173] (5) M([1727374D = [1727473]
(3) ,u([1,2,3,4]) = [4, 1,2,3] (6) u([1,2,3,4]) = [1,4,2,3].

Since the wvectors Zle Su.(jy are the wector coefficients of the bracketed strata terms in
5.41), it is instructive to rewrite the system of differential equations implied by the
network according to Theorem [5.53.4 (This analysis is not, however, required to

determine the set of all admissible vectors Z;ll Su()-) We will carry out the analysis for
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one stratum and leave the rest as an exercise.

The first stratum is given by

Su= {XE R?,

To T1 T3 _T1 X1 T2

(5.55)

*

* * * * *
Lo Ty Tz Ty Xy Ty

Since the system can be decomposed into the cycles {1,2,1}, {2,3,2}, and {3,4,3}, accord-
ing to Lemma and Theorem the system can be written

1 1
dx To X1 Ty T1 T2
_:l{l _ _— +/{2 O _____
dt x5 X} xy x] T
0 0
(5.56)
0
r1 X3 1 T2
+I‘<(:3 1 _______
(ﬂ T3 Ty 565)
-1

where x* = [x], x5, x5 |7 is the unique positive complex balanced equilibrium point and Ky, Ko
and k3 are positive constants determined by the rate constants. In S, the bracketed terms
of are strictly positive so that the sign of (ay, f(x)) is determined by the vector terms

alone. Consider a vector oy € R, satisfying @) for which
Oé[:)\1(—1,0,0)+)\2(—1,—1,0), )\1 20,)\220.

For any such a; we have {(ay,f(x)) < 0, which is sufficient to show the linear function

H(x(t)) = (o, x(t)) repels trajectories from the set L oy in the first stratum.

A similar analysis can be carried out in the five other strata. Removing repetition, the
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set of admissible vectors Z;?:l Su(j) 18

1 -1 1 0
P = -1 (s 1T |5 O [s] 1
0 0 0 -1

Since ay = (-1,-1,0) satisfies {(ay,v) <0 for all v e P, we have that (a;,f(x)) <0 for all
X € gu where S, is such that EumL{m} + @. It follows by Corollary that x* is a global

attractor for Cy, = R3. and we are done.
0 >0
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Chapter 6

Linear Conjugacy of Chemical

Reaction Networks

In this chapter we introduce the concept of linearly conjugate reaction networks. The
primary result of Section is Theorem which gives conditions under which two
networks are linearly conjugate [36]. In Section we adapt the mixed-integer linear pro-
gramming framework introduced by G. Szederkényi in the series of papers [58-61] to con-
sider linear conjugate network and refine the procedure for determining weakly reversible

networks [38]. We illustrate the important points with examples.

6.1 Background

In the typical analysis of chemical reaction networks, we are given a network and asked to
analyse its qualitative behaviour based on some set of kinetic assumptions. We are also

often asked the inverse problem, that is to say, we are often given kinetic information and
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asked to determine the network structure.

This immediately gives rise to the following question: Is the network structure unique?
Or is it possible for two different networks to give rise to the same dynamics? Consider
the following example, which was originally given in the paper [18] by G. Craciun and C.

Pantea.

Example 6.1.1. Consider the networks

2/9

Al — A2+A3

1/6

N3 Al — 2./42 (61)

11/18

.Al i 2./44

and

5/9

.A1 —> A2+A4

1/9

N’i .Al —> 2A3 (62)

1/3

.Al —> 2A4.

It can be easily checked that under the assumption of mass-action kinetics, both and

give rise to the following system of differential equations

dry oo dw 5 0 deg 2 du 11 (6.3)
e~ " 9" 9" a9 '

according to .

In other words, (6.1) and (6.2) give rise to exactly the same dynamics! If the only

information we were provided was kinetic information of the form (6.3) we would not
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be able to determine whether (6.1)) or (6.2) was the correct network structure—even in
principle. Within the literature, this fact is sometimes referred to as the “fundamental

dogma of chemical kinetics” [20,,58,/59].

This realization has given rise to the following terms.

Definition 6.1.1. Two reaction networks N and N are said to be dynamically equiv-

alent if they generate the same mass-action kinetics .

Definition 6.1.2. The reaction networks N will be called a realization of the kinetics
if N gives rise to the system under the assumption of mass-action kinetics. In
the case that two networks N and N give rise to the same mass-action kinetics (i.e.
they are dynamically equivalent) we will say that N' is an alternative realization of N, or

VICe-Versa.

The most comprehensive study of realizations has been conducted in [18] wherein G.
Craciun and C. Pantea consider conditions under which two networks can produce the
same dynamics. G. Craciun, C. Pantea and G. Rempala have followed up upon this work
by presenting results which attempt to quantify which networks with equivalent dynamics
are most likely to correspond to the physically realized network [20]. Other related work
can be found in E. Averbukh [6], F. Horn and R. Jackson [33], F. Krambeck [39], D.
MacLean |42], J. Téth, G. Li, H. Rabitz and A. Tomlin [62], and J. Wei and J. Kuo [64].

An important aspect of the study of dynamically equivalent networks is that, if one
network has known dynamics and the other system does not, then the system with unknown
dynamics inherits the known dynamics of the first. This is particularly powerful when the
network with known dynamics has dynamics known from the reaction structure alone as

in networks satisfying the Deficiency Zero Theorem (Theorem [3.4.2).
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This also gives rise to the follow up question: Is it possible to relate the dynamics of two
networks when the kinetics differ from one another? That is to say, can we relate important
properties such as persistence, number and stability of equilibrium points, dimensions
of kinetic and stoichiometric subspaces, etc., between networks which do not generate

identical mass-action systems ([2.3[)7

This was the question which we posed in the paper [36], the results of which we summa-
rize in Section[6.2] In that paper, we attempted to bring these known results on realizations
together into a unified framework and language. We chose to borrow from dynamical sys-
tems theory in calling two networks which exhibit the same qualitative dynamics conjugate
networks [46,/65]. More specifically, we have called two networks conjugate if there is a
mapping which takes trajectories of one network into trajectories of the other. For net-
works where the governing differential equations for two networks are identical, the required
conjugacy mapping is the identity. We go further than the results of [18] with Theorem
by giving conditions on the network for which a non-trivial mapping is required to

demonstrate conjugacy.

Another important question is, given a specified network, can we actually find a network
which is conjugate to it? The papers [18] and [36] present conditions under which two
networks can be shown to be conjugate but they provide no mechanism by which a second
network with conjugate dynamics can be found. This is an important problem since, if a
network with unknown dynamics can be shown to be conjugate to a network with known
dynamics, the dynamical properties of the second network will apply to the first as well.
Consequently, for networks with unknown dynamics, if possible, we would like to be able

to find networks which are conjugate to it with known dynamics.
Significant headway on this problem has been made recently by G. Szederkényi. In [58],
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he proposed a mixed-integer linear programming (MILP) algorithm capable of determining
sparse and dense realizations of a given kinetics (i.e. networks with the fewest and greatest
number of reactions for a fixed complex set). This work has been continued in a series
of papers which address specific supplemental conditions which can be imposed upon the
networks. With K. Hangos and T. Péni, he considers the problem of determining when
networks have equivalent dynamics to a detailed or complex balanced network for specific
rate constant choices [59,/60], and with K. Hangos and Z. Tuza he considers conditions

which guarantee weak reversibility [61].

In Section [6.3], we summarize these results and present the results of our own collabo-
ration with G. Szederkényi [38]. In particular, we extend the MILP framework of his series
of papers to include the notion of linear conjugacy which we will present in Section [6.2]
We also show how weak reversibility can be formulated as a linear constraint within this

framework, which is an important improvement over the results of [61].

6.2 Linearly Conjugate Networks

In this section we introduce the a concept which guarantees that two mass-action systems
have the same qualitatively behaviour despite disparate reaction network structure. Our
approach to this problem is to show that there is a suitably nice mapping between the
flows of for one network and another. In the standard theory of differential equations,
the notion of equivalence between trajectories is captured in the well-studied concept of

conjugacy (see [46,65]).
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Consider two general systems of autonomous ordinary differential equations

d);(tt) =f(x(t)), x(0) =xp € R? (6.4)
PO _g). v =yoek (6.5)

and associate to them the flows ®(xg,t) and ¥(yyo,t), respectively. We now introduce the

concepts relevant to the conjugacy of systems (/6.4 and (6.5)) (see [65]).

Definition 6.2.1. The function h: R® » R is called a C*-diffeomorphism if all partial

derivatives of h(x) and h™'(x) exist up to the k" order.

Definition 6.2.2. The systems and are said to be C*k-conjugate if there exists
a Ck-diffeomorphism h : R™ » R"™ such that h(®(xo,t)) = ¥(h(xg),t) for all xg € R* and

t>0.

The notion of conjugacy is generally considered a strong condition in that it requires
the CF-diffeomorphism h(x) to not only map orbits of one system into another but also
to exactly preserve the parametrization of time. Due to how stringent this requirement
typically is, researchers often use the weaker notion of equivalence, whereby orbits are again
mapped into orbits but only the orientation of time is preserved; the exact parametrization
of time is left undetermined. In our study of mass-action systems, however, we will be able

to satisfy the standard notion of conjugacy.

We now move the notion of Ck-conjugacy to the framework of chemical reaction net-
works. It should be noted that conjugacy is a special case of chemical lumping introduced
by J. Wei and J. Kuo in [64] and developed further by J. Téth, G. Li, H. Rabitz and A.
Tomlin in [62]. In their notion of lumping, several species are grouped together to (poten-

tially) reduce the dimension of the kinetic system; conjugacy is implied in the case when
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the dimension is not reduced. The notion of linear conjugacy is specifically considered by
Gy. Farkas in [22], although our main result (Theorem [6.2.3]) goes further in presenting
verifiable conditions under which conjugacy holds. Several other results also related to

conjugacy exist within the literature [6,/18,39,/42} 58, 59].

We define the reaction network N’/ = (S,C’,R’) as consisting of the reaction set

Mz

1l
—

j=1

J

or, alternatively,

R.: C; — C, i=1,...,7. (6.7)

The associated mass-action system will be denoted (S,C’,R’,k’) where the rate constants
are given by ki>0,i=1,...,7 We will let ®(x,t) denote the flow associated with the
mass-action kinetics for N and ¥(yo,?) denote the flow associated with the mass-
action kinetics for A". We will adopt the convention of referring to N as the original

network and N’ as the target network.

Note that, while we follow the notation of [18] in denoting any second network by
N = (8,0, R"), we distinguish the relevant components of the second network using tildés
to avoid confusion with the vectors z; from the first system. Also notice that the networks
N and N’ are allowed to have not only different complexes and reactions, but different
numbers of complexes and reactions; the number of species |S| = m, however, is required

to be the same.
We are now prepared to define our notion of conjugacy of chemical reaction networks.

Definition 6.2.3. Consider two mass-action systems N and N'. We will say N and N are

Ck-congugate if there exists a CF-diffeomorphism h: Ry — R such that h(P(xo,t)) =
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U(h(xp),t) for all xo € R7.

Definition 6.2.4. We will say N and N' are linearly conjugate if they are C*-

conjugate and the diffeomorphism h: Ry = Ry is linear.

We will focus on the notion of linear conjugacy. Note that any linear diffeomorphism is
necessarily C* so that any linear conjugacy is a C*-conjugacy. The following results clarify
the form the linear mapping h : R} = R7} may take and the implications of conjugacy. It

should be contrasted with Lemma 1 and Theorem 1 of [22].

Lemma 6.2.1. A linear, bijective mapping h : R7, — RT may consist of at most positively

scaling and reindexing of coordinates.

Proof. Consider a linear, bijective mapping h : R” ~ R”. Since h(x) is linear, it can
be represented h(x) = Ax where A € R™™ and since h(x) is bijective, it has an inverse
h=1(x) = A-'x. Since the mappings are from R” to R7, all entries in A and A~! must be

non-negative and every row of A and A~! must contain at least one non-zero entry.

Suppose there is a row of A with more than one non-zero entry. Since A and A~!
may contain no negative numbers, in order to satisfy A A~! = [ this implies that there
are at least two rows of A~! which contain zeroes in the same m - 1 columns. Such an
A1 however, would have a zero determinant and therefore be non-invertible, which is a

contradiction.

It follows that each row of A has precisely one positive entry. Since A is invertible it
follows that each column of A also has precisely one positive entry so that A is a positively
weighted permutation matrix. In terms of the transformation h(x) = Ax this means the
mapping may only positively scale and re-index the components of the vector x, which

completes the proof. O
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Lemma 6.2.2. If a mass-action system N is linearly conjugate to a mass-action system

N’ and N exhibits locally stable dynamics, then N exhibits locally stable dynamics.
Proof. The result follows trivially from Lemma [6.2.1] and Definition [6.2.3] m

It is worth noting that other qualitative properties of mass-action systems are also pre-
served by linear conjugacy (multistability, persistence, boundedness, etc.). Some aspects of

qualitative equivalence of N' and N’ can, however, fail for non-linear conjugacies (see [62]).

6.2.1 Known Results

In this section, we give a brief summary of the results which are, to the best of our

knowledge, the only attempts to demonstrate conjugacy of two mass-action systems.

For the first few results considered, conjugacy is demonstrated by showing an exact
equivalence between the governing differential equations for N and N’. This phe-
nomenon is called macro-equivalence in [33] and confoundability in [18]. In [58] and the
related literature, two networks with identical dynamics are called two realizations of the
same reaction kinetic differential equations (see Definition [6.19). We will also consider
the notion of lumping introduced in [64] and further developed in [62], which allows for

non-trivial conjugacies and also dimension reduction.

The most thorough study of realizations to date has been conducted by G. Craciun
and C. Pantea [18]. In that paper, the authors considered the problem of experimentally
assigning values to rate constants to systems with linearly dependent reactions flowing
from the same reactant complexes. The following is a corrected version of their main
result. We will let C,..t denote the set of reactant complexes in either the complex set C

or the complex set C'.
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Theorem 6.2.1 (Theorem 4.4 (corrected), |18]). There exist rate constants choices such
that the mass-action systems N and N are conjugate with h(x) = x if and only if Cr(C%)n

Cr/(C°) # @ for every complex C° € Creqer, where
Cr(C%) = {Z ai(zl-2) | a; >0 ifz; =2 a; =0 otherwise} : (6.8)
i1

This theorem gives necessary and sufficient conditions for two chemical reaction net-
works N and N’ to admit rate constant vectors which generate the same set of governing
differential equations . It is clear that conjugacy follows according to Definition .
It should be noted, however, that conjugacy may only hold for specific choices of the rate
constants. (The original result in [18] overlooked the possibility that the net flow from
a reactant complex in either ANV or N7 could equal zero. It was noted by G. Szederkényi
in [57] that conjugacy could hold for networks with different reactant complexes so long as

the corresponding outflows cancel in (£2.3)).)

Averbukh also considers conditions which relate the dynamics of an undetermined net-
work A to a network A/’ with known dynamics. In particular, he presents conditions under
which a general network has the same dynamics as a detailed balanced network (Theorem
2 of [6]). This is a powerful result since detailed balanced networks are known to exhibit

locally stable dynamics [33}63].

Conjugacy is also considered by F. Krambeck in Section 6 of [39] for detailed balanced

systems where it is referred to as non-uniqueness of the rate constants. F. Horn and R.
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Jackson briefly consider conjugate systems in [33]. Their primary example is the network

2./41 + Az —1> 3./41
N5 € T »L €
3A2 <1— ./41 + 2./42

where € > 0. (This was previously considered as Example M) They show that the
network exhibits locally stable dynamics for € > 1/6 and that the network possesses the
same mass-action kinetics as a complex balanced network N’ for € > 1/2. The Master’s
thesis of D. MacLean also contains specific examples of networks which are conjugate to
complex balanced systems [42]. This connection with complex balanced systems is made
more explicit in her unpublished research notes, to which much of the inspiration for the

idea of linear conjugacy is indebted.

Another related strain of research has been conducted on the concept of chemical lump-
ing. In [64], J. Wei and J. Kuo introduced the notion of lumping for monomolecular re-
actions. This was extended to general kinetics and transformations by J. Téth, G. Li, H.
Rabitz and A. Tomlin in [62]. They give the following definition, which is based on the

following set-up.

Consider two general systems of autonomous ordinary differential equations

dx(t) 3 n
7 =f(x(1)), x(0) =xp € R (6.9)
PO _gy). vy =yperr (6.10)

where m <n and f: R” » R" and g : R™ —» R™ are continuously differentiable. Associate

to these systems the flows ®(x,t) and V(yyo,t), respectively.
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Definition 6.2.5. Suppose there exist positive integers n and m such that m < n, a C?
transformation h : R » R™ satisfying h(0) =0, and a C' transformation u: R" » R»™.

Consider the transformation

. h(x
oo | M9
u(x)

We will say that is exactly lumpable into via the transformation y = h(x)
of

1. h(®(xo,t)) = V(h(xo),t) for all xo € R",

2. The Jacobian of fl(x) 1s nonsingular for all x € R™, and

3. lim |h| = co.

[0

In other words, a system is lumpable into another system if there is a (potentially
dimension-reducing) transformation for which the kinetics of the second system depends
solely on the lumped variables of the transformation. In the case where m = n (i.e. the
dimension of the system is not reduced) the notions of lumping and conjugacy coincide
aside from small technical requirements (e.g. condition 3 above). The following result is

also provided in [62].

Theorem 6.2.2. The system 18 exactly lumpable into the system via the non-

degenerate transformation h(x) if and only if
g(h(x)) = h'(x)f(x)
for all x e R™.
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In [62], the authors prove that many dynamical properties of dynamical systems are
transferred to their corresponding lumped systems. The case where h(x) is linear is con-
sidered by Gy. Farkas in [22]. Our approach here will be different in focusing on how the

reaction graph is alterred for conjugate networks.

6.2.2 Original Results

In this section, we present our main original result regarding linear conjugacy of chemical
reaction networks. In Section [6.2.3] we show how Theorem [6.2.3| can broaden the scope of

weakly reversible networks theory through several illustrative examples.

Theorem 6.2.3 (Theorem 3.2, [36]). Consider two mass-action systems N and N'. Sup-

pose that for the rate constants k; >0, i =1,...,r, there exist constants b; >0, i=1,...,T,
and ¢; >0, j=1,...,m, such that, for every CY € C,eqct,
Y ki(zi-2z) =T ) b(z;-2) (6.11)
i=1 i=1
€;=CO C;=CO

Then N is linearly conjugate to N' with rate constants

where T =diag{c; };nzl .

ki=bi ][, i=1,...F. (6.12)

It is important to note that the reactant complex set for C need not be the same as
that of C’. When C° € C,eqer is not an element of the reactant complex set of C, we will

consider the summation on the left-hand side of (6.11)) to be empty, and similarly for the
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right-hand side of (6.11)) when C° is not an element of the reactant complex set of C’, i.e

ET: ki(z.-z;)=0 and zT: bi(z;-z;) =0,

=1 =1
C;=CY C;=CO

respectively. In order to satisfy (6.11]), therefore, if one system contains a reactant complex
not contained in the other, it is necessary for the origin to lie in the cone generated by the

reaction vectors flowing from that reactant complex in the other system.

Proof. Let ®(xq,t) correspond to the flow of the mass-action system ([2.3)) associated to
the reaction network N given by ([2.1). Consider the linear mapping h(x) = T-'x where
T =diag{c;}_,. Now define ¥(yy,t) = T'®(xq,t) so that ®(xo,t) = T¥(yo,1).

Since ®(xg,t) is a solution of (2.3|) for the reaction set (2.1)), we have
V' (yo,t) = T ®'(x0,t)
=T! Z ki(z; - z;) ®(x,t)*
i1

=7 > ZT: k(2! - z;) ®(x0,t)%

Coecreact i=1
C;=CO
=77 Y T ) bi(zi- 2)(T V(yo,1))*
Coecreact i=1
C;=C"
-3 (016 @2 v
i= j=

It is clear that W(yy,t) is the flow of (2.3)) for the reaction network with rate constants
given by (6.12). We have that h(®(x,t)) = ¥(h(x),t) for all xo € R” and ¢ > 0 where
yo = h(xg) since yo = ¥U(yo,0) = T-1®(x0,0) = T-'x¢. It follows that the networks N and

N are linearly conjugate by Definition and we are done. O]
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This result gives conditions under which two mass-action systems N and N’ are linearly
conjugate. This is a particularly useful result when the qualitative properties of the original

network are obscure while the behaviour of the target network is well understood.

With the exception of the scaling matrix 7', condition (|6.11]) is very similar to the cone
intersection condition in Theorem where the constants k; >0, 7=1,...,7, and b; > 0,
i=1,...,7, correspond to the magnitudes of the cone generators (i.e. the reaction vectors).

If we allow k; and b; to vary we have

C’R(CO): Z ki(Zg—Zi)’ki>O,7;=1,...,T
i=1

C;=C0

and

%

C’R/(CO): b2(22—21)|bz>077,=1,,f
=1
¢;=Co

according to .

The following two results can be obtained from Theorem by allowing the rate
constants of the original network A to vary. In these results we let 7" =diag{c;}", and

consider ¢; >0, j=1,...,m, to be fixed.

Corollary 6.2.1 (Corollary 3.1, [36]). Consider two mass-action systems N and N'. Then
there exist rate constant vectors k € RZ, and k' € RZ, such that N and N are conjugate

with h(x) = T-'x if and only if for every C° € Creqer we have Cr(CO)n [T Cr/(C%)] # @.

Corollary 6.2.2 (Corollary 3.2, [36]). Consider two mass-action systems N' and N'. Then
for every rate constant vector k € R7, there exists a rate constant vector k' € RZ, such

that N is conjugate to N with h(x) = T='x if and only if for every C° € Creaer we have
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O (C%) € [T Cro(CO)].

Proof. The forward implications follow directly from Theorem [6.2.3

To prove the only if portions of the results, notice that the assumption of conjugacy

with h(x) = T-!'x implies that

T

V= Y zT-l(kiﬁcjﬁ)@;—z»\If<yo,t)zo (6.13)

COCreact =1
C;=CO

while we have

V(yo,t)= Y. ki(Z) - 2;) U (yo, )% (6.14)
Coecreact =1
=C

C;=Co

from (2.3)). In order to have equality between (6.13]) and (6.14)) we require that

r
i=1
C;=C

(ki I cjz-”) @ -2)=T Y h(z - )

j=1 =1
0 C;=CO

for every C° € Creqet. The desired cone conditions follow immediately from the conditions

on the rate constants vectors k € R7, and k’ € R7. O

6.2.3 Examples

In Section [6.2.2] the results depended on having two given networks N and N/ to compare.
In standard practice, however, we have only a single network N whose dynamics are

unknown and we need to find the target network A" whose dynamics are understood.

In this section, we will consider a particularly broad and well-understood class of such

target networks in weakly reversible networks. Since it is known that weakly reversible
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systems are complex balanced for at least some values of the rate constants (Theorem
, and therefore exhibit locally stable dynamics for those rate constants values, it is
a reasonable starting point when considering a network A which seems to exhibit locally
stable dynamics to search for weakly reversible target networks A/ to which it could be

conjugate.

In practice, however, there are many sensitivities which can arise in choosing a suitable
target network N’ which is weakly reversible. We will illustrate the applicability, and lim-
itations, of Theorem to such cases through four examples. The first is an example
where linear conjugacy to a weakly reversible network which exhibits locally stable dynam-
ics can be universally shown. The second is an example where linear conjugacy to a weakly
reversible network can only be shown for certain choices of the rate vector k € R7,,. This is
also an example where S* and S do not always coincide for the original network A'. The
third is an example where linear conjugacy to a weakly reversible network holds univer-
sally but conditions on k € R are still required to guarantee locally stable dynamics. This
example also demonstrates how these conditions can be reduced by creatively “splitting” a
reaction in the target network N’. The fourth is an example where a “phantom” reactant

complex is used to demonstrate linear conjugacy to a weakly reversible network.

Our general technique in this section will be to search for weakly reversible target net-

works N’ which involve the same reactant complexes as the original network N.

Example 6.2.1. Consider the chemical reaction network N given by

A1+2A2 L A1+3A2 g A1+A2 23./41
24, 5 A,
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A quick analysis of reveals that N appears to exhibit locally stable dynamics which
suggests the network may be conjugate to a complex balanced network. We want to find
a weakly reversible network N such that we can apply Theorem [6.2.5. To start, we can
consider networks with reactions flowing between the complexes in the reactant set of N,
which s

{Al + 2./42,./41 + 3./42,./41 + .AQ, 2./41} .

Many such networks can be eliminated for failing to be weakly reversible, leaving a relatively

small set of possibilities. One such possibility is the network N’ given by

ky
.Al + 2./42 ~<_—) Al + 3./42
! . kQ
N': i
./41 + AQ ~<_—> 2./41

ka

In order for N and N to be conjugate, we need to find b; >0, ¢; >0, i=1,...,4, j=1,2,

such that
0 ci 0 0
kl = b1
1 0 Co 1
0 ¢t 0 0
kg = bg
-2 0 co -1
2 C1 0 1
k’g = bg
-1 0 Co -1
-2 C1 0 -1
]{?4 = b4
1 0 Co 1
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It can be easily found that by = ky, by = 2ky, by = ks, by = k4, c1 =2, co =1 works.

It follows from that N is conjugate to N with rate constants given by ki = 2ki,
];:2 = 4k, l~€3 = 2ks and /;;4 = 4k,. We know that the network N is deficiency zero which
implies by Theorem |5.4.2 and Theorem that it exhibits locally stable dynamics for
every set of rate constants k;, i = 1,...,4. It follows that the original network N exhibits
locally stable dynamics for all sets of rate constants k;, i =1,...,4. It could also be noted
that Cr(C%) =T Cr/(C°) for every CO € Creaer S0 that N and N7 satisfy the hypotheses of
Corollary and therefore conjugacy holds unconditionally.

Example 6.2.2. Consider the chemical reaction network N given by

18

N Al 2 2A4,.

In order to satisfy , we need to find by >0, by >0, ¢q >0, and ¢y >0 such that

-1 a 0 || -1
]{Zl = bl
1 0 Co 2
- - (6.15)
1 3 ca 0 1
k?g + kg = bg
-2 -2 0 ¢ -2
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while satisfying requires

]%1 = blcl, and ];2 = b2c§. (616)

The system corresponds to satisfying ki = bicy, ki = 2b1ca, ko + 3ks = bacy, and
ks + k3 = bacy. From the first two equations, we have c¢1/ca = 2 while from the last two we
have c1/cy = (ko +3k3) [ (ko +k3), which implies can be satisfied if and only if ko = k3.
With this restriction, the system can be satisfied for by = ki, by = 2ky = 2k3, ¢1 =2, co = 1.
It follows from that l;:l =2k, and 1232 =2kqy = 2ks3.

It is known that N' is complex balanced, and therefore exhibits locally stable dynamics,
for all values of k1 > 0 and ky > 0; however, because we required a condition on the rate
constants of N in order for condition to be satisfied, N' does not exhibit locally stable
dynamics unconditionally. In fact, it exhibits locally stable dynamics only for ko = ks.
For ko > ks, all trajectories tend to the origin, while for ks > ko all trajectories become

unbounded.

It is worth noting that the kinetic subspace S* is two-dimensional for N for all rate
constants values except ke = k3 when it collapses to a single dimension and we have the
strict inclusion S* ¢ S. Since N’ is weakly reversible, we always have S* = S for N by
Lemma |2.4.1 and we notice that this is always one-dimensional. The systems will only
be conjugate when the dimensions of the kinetics compatibility classes match, which only

occurs when ky = k3.

It could also be noted that Cr(C%) N [T Cr/(C°)] # @ for every C° € Creqer but Cr(C°) ¢
[T Cri(C%)] for CO = 2A5 € Creaet- Consequently, the networks N and N satisfy the hy-

potheses of Corollary but not Corollary [6.2.9; linear conjugacy with h(x) = T-'x
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cannot therefore be guaranteed for all rate constant vectors k € R3.

Example 6.2.3. Consider the chemical reaction network N given by

A1+2A2 _6> Al
N3 2A1+A2 —1> 3./42
A +34, -5 Aj+ Ay -5 34+ Ay

for e>0.

We search for target networks N with reactions flowing between the complexes in the

reactant set of N, which is
{Al + 2.A2, 2.A1 + A27.A1 + 3A2,A1 + .AQ} .

Many such networks can be eliminated for failing to be weakly reversible, leaving a relatively

small set of possibilities. We will choose the network N given by

A1+2A2 ﬁ) A1+A2

N': kg ks iy
.Al +3A2 <~ 2./41 +A2
k3

where we have chosen to “split” the reaction flowing from the reactant complex Ay + 3As

into two weighted reactions. The utility of this technique will become apparent momentarily.

In order to satisfy we need to find constants b; >0, ¢; >0,i=1,...,5, j=1,2,
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such that

0 ca 0 0
€ = bl
-2 0 Cy -1
2 ca 0 1
= by
0 0 ¢ 0
-2 C1 0 -1
= by
2 0 ¢ 2
0 c 0 0 0
= b4 + b5
-2 0 c -1 -2

We will choose the solution set by = 2¢€, by =bg =1, by =2(1-1t), by =t, c1 =2, c5 =1
where 0 <t <1 is a weighting constant. This gives rise to the rate constants ky = 4e, ko = 2,

ks =4, ky=4(1—1t) and ks = 2t according to .

There is one condition on the rate constants of N' in order for the mass-action system

to be complex balanced. That condition is

1-t
2-t

Fach 0 <t <1 corresponds to specific network N which is conjugate to N'. Consequently,
we can quarantee that N is conjugate to a complex balanced system, and therefore exhibits
locally stable dynamics, for the range of values 0 < € < 1/5/2. Notice that if we had not
split the reaction flowing from the complex Ay + 3Ay and instead had all of the weight
represented in k4, we would have only been able to show that N exhibits locally stable

dynamics for e = 1/\/2.
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It can be checked empirically that locally stable dynamics appears to be exhibited for
N for all values € > 0. There is a unique positive equilibrium concentration given by
(x5, 23) = (1,—€/2 +\/(e/2)% + 1) which is locally asymptotically stable for all € > 0 ac-
cording to standard linearization theory. It is not our claim, therefore, that this theory
represents a complete classification of locally stable dynamics, even for networks which ex-

hibit locally stable dynamics for some values of the rate constants.

Example 6.2.4. Consider the chemical reaction network N given by

Al g 2A1+2A2 g AQ ﬁ, A1+A2-

A quick analysis reveals that N appears to exhibit locally stable dynamics which
suggests that the network may be lienarly conjugate to a complex balanced network; however,
there is no weakly reversible network N involving the same reactant complexes as N which

serves as an obvious candidate to satisfy the requirements of Theorem |6.2.5,.

We recall, though, that Theorem did not require the target network N’ to use
the same reactant complexes as N'. We can have a reactant complex C° from the reactant

complex set of C' which is not in the reactant complex set of C so long as

bi(Z - ;) = 0.

T
i=1
=C

C;=CO

One possible target network N’ which makes use of such a “phantom” reactant complex is
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given by

ks
.A1 +./42 f—_> .AQ
ke

N': ’~€4l ks \ Tk2 (617)
.A1 - 2./41 + 2A2.

k1
Since the reactions corresponding to 151, ky and ks in N are the same as those for ki, ko,
and ks in N, we set ¢y =cy =1, by = ki, by = ko, and bz = ks. Since the complex A; + Ay is

not a reactant complex in C, in order to satisfy it 15 required that

This can be satisfied if ky = ks = kg =t for any ¢ > 0.

The network N is weakly reversible and has a deficiency of one (6 = n—l-s=4-1-2=1).
According to Theorem there is one condition on the rate constants required for the

network to be complex balanced. That condition in terms of the rate constants of N is
613 = ki koks.

Since every value of t > 0 corresponds to a valid conjugate network N, this is no restriction
at all. It follows that the original network N is conjugate to a complez balanced system for

all choices of rate constants and therefore universally exhibits locally stable dynamics.

In other words, we are able to demonstrate the network N is universally conjugate to a
complex balanced network N, and therefore possesses very predictable dynamics, by adding

a “phantom” reactant complex which contributes no dynamical information to the mass-
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action kinetics . It should be noted, however, that in order for the target network
N satisfying to be weakly reversible it is necessary that any such phantom reactant
complez at least appear in the set of product reactants of N'. (This example is further

considered in Fxample m where the use of a “phantom” reactant is not required.)

6.3 Dynamical Equivalence as an Optimization Prob-

lem

Theorem is powerful in that it gives verifiable conditions under which two networks
are linearly conjugate and therefore exhibit the same qualitative dynamics. This is useful
when two networks are specified. In all of the examples in Section however, the target
networks N’ were carefully selected to illustrate how the dynamics of a known system can
be transferred to a system with unknown dynamics. No intuition for finding such a suitably

well-behaved target network A/ was provided.

An immediate question is raised: In the case where only one reaction network is speci-
fied, is there a general mechanism by which we can find conjugate networks? In particular,
can we find a target network within a broader class of networks with well-known and suit-
ably well-behaved dynamics (e.g. complex balanced networks, weakly reversible networks,

etc.)?

The related problem of determining alternate realizations of a given dynamics has
been attempted from within an optimization framework by G. Szederkényi. In [5§] he
gives a mixed-integer linear programming (MILP) algorithm for finding sparse and dense

realizations (i.e. realizations with the fewest and greatest number of reactions). In [59]
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and [60], together with K. Hangos and T. Pena he extends the algorithm to determine
sparse and dense detailed and complex balanced realizations. In [61], together with K.

Hangos and Z. Tzusa he gives an algorithm for determining weakly reversible realizations.

In this section, I summarize the results of these papers. I then show this approach can
be extended to linear conjugacy. Finally, I show how weak reversibility can be introduced

as a linear constraint [38].

Throughout this section, I will use the complex-oriented notation of (2.2)) and the
complex-oriented mass-action kinetics schemes (2.4]) and (4.18]).

6.3.1 Sparse and Dense Realizations

The problem of algorithmically determining alternate realizations of a given kinetics was
first addressed by G. Szederkényi in [58]. He considers the problem of determining realiza-

tions satisfying the following definitions.

Definition 6.3.1. A realization N = (S,C,R) of a given kinetics scheme is called
sparse if |R| <|R'| for all other realizations N" = (S,C,R").

Definition 6.3.2. A realization N = (S,C,R) of a given kinetics scheme is called
dense if [R| > |R’| for all other realizations N' = (S,C,R’).

That is to say, a realization is sparse if it contains the minimum number of reactions
required to generate the kinetics (4.18)) for a fixed complex set while a realization is dense

if it contains the maximal number of reactions for a fixed complex set.

That the complex set must be fixed is necessary for both theoretical and applied reasons.

In terms of application, we must search for realizations over the set of available complexes,
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and if this is not a bounded set this process will never terminate. More interestingly,
however, is the observation that for some networks there is no upper limit for the number
of complexes involved in a realization and hence no well-defined dense realization. Consider

the following example.

Example 6.3.1. Consider the reaction network
N: 05 A

Under the assumption of mass-action kinetics, this network gives rise to the dynamics

da:_

—=k 1
L (6.18)

according to .

Now consider the networks of the form
k/(in
N': O AGQ 1A, i=1,...,n,

form >1. It is easy to check that this set of networks generates the kinetics scheme
for allm > 1 so that they are dynamically equivalent. We can see that as n grows, however,
the number of complexes and the number of reactions grows with n so that realizations of

exist involving an arbitrary number of complexes and reactions. It follows that no

dense realization is defined.

Consequently, for any algorithm searching for realizations of a particular kinetics, and

in particular dense realizations, it is important to specify the complex set. This raises the
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question of which complexes from the original network A should be included in the search

for a suitable target network N”.

In [58], G. Szederkényi fixed the stoichiometric matrix ¥ e ZZ{*" to contain only the
(source or product) complexes contained in the network N”. Since fixing Y also fixes the
mass-action vector W(x), the only variables remain in the kinetics matrix Ay, so that the
problem of finding an alternative realization N of N7 then becomes one of finding a kinetics
matrix Ay such that

Y- AV (x)=Y A - U(x).

If we set M =Y - A and impose that Aj be a kinetics matrix, dynamical equivalence can

be guaranteed by the conditions

(DE) =1 - (6.19)

A sparse (respectively, dense) realization is given by a matrix Ay satisfying
with the most (respectively, least) off-diagonal entries which are zeroes. A correspondence
between the non-zero off-diagonal entries in A, and a positive integer value can be made
by considering the binary variables d;; € {0,1} which will keep track of whether a reaction

is ‘on’ or ‘off’, i.e. we have

5ij:1<_)[Ak]ij>€7 i,jzl,...,n, Z#]
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for some sufficient small 0 < € «< 1, where the symbol ‘<>’ denotes the logical relation
‘if and only if’. This proposition logic constraint for the structure of a network can be

accomplished with the constraint
OSE(;Z'J' < [Ak]w Suij@-j, Z,] = 1,,n,17é] (620)

where u;; >0 for 4,5 =1,...,n,i # j. These constraints (6.20)) can be reformulated as the

following linear mixed-integer constraints (see, for example, [47]):

OS[Ak]ij—eéij, i,j=1,...,n, l%j
(5) 0< —[A)ij+uijds;, 6,5=1,....n, i#j (6.21)

8;€{0,1}, i,j=1,...,n,i#].

The number of reactions present in the network corresponding to A, is then given by
the sum of the ¢;;’s so that the problem of determining a sparse network corresponds to

satisfying the objective function
(Sparse) { minimize | Z 0ij (6.22)

over the constraint sets (6.19) and (6.21). Finding a dense network corresponds to maxi-

mizing the same function, which can also be stated as a minimization problem as

(Dense) { minimize > =0y (6.23)

i,j=1,i#j
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Example 6.3.2. Consider the reaction network

N: 2./41 —1> 2./42 —1> A1+./42.

According to this generates the kinetics

dn

= 222 + 22
dt (6.24)
d$2 2 2
% = 23?1 — Ty.

We want to find the sparse and dense realizations capable of generating . We

have the matrices

YO T R R
2 -1 0 0 21
so the relevant constraint set is
2[Ax]11 + [Ar]sr = -2 0<[Ar]i2 - €dio 0<—[Ag]io + 12010
2[Ax]i2 + [Ak]32=0 0 < [Ag]is - €d3 0 < =[Ag]i3 +u13013
2[Agliz + [Axlsz =1 0 < [Ax]ar — €0 0 < ~[Ag]o1 +ugi021
2[Ar]o1 + [Ax]31 =0 0 < [Ar]os — €da3 0 < —[Ag]2s + uo3dos
2[Ag]2z + [Aks2 =2 0 < [Ax]s1 — €l 0 < —[Ag]s +us1051 (6.25)
2[Ar]os + [Ar]ss = 1 0 < [Ar]s2 — €3 0<—[Ag]s1 +us103

—
I
Eo
—
—_
no
+
—
I
kol
[E— — —
N
no
+
—
s
Eo
—
w
no
I
)
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over the decision variables

[Aklia, [Akliz, [Ax]2r, [Ak]2s, [Ak]sr, [Ak]z2 2 0
[Ak]lb [Ak]22, [Ak]33 <0

12, 013, 021, 023, 031, 032 € {07 1}-

Running the MILP optimization problem with the optimization package GLPK with
bounds € = 0.1 and u;; = 10, 4,5 = 1,...,n, yields the sparse and dense realizations given
in Figure [6.1. We can see that any network involving the complex set 2A;, Ay + Ay and
2A, must involve at least two reactions and can contain up to six. It is interesting to
note that the original network also contained only two reactions and therefore also qualifies
as a sparse network. This illustrates the fact that the structure of sparse networks is not

necessarily unique.

0.1
(a) ] b) 2A1 ﬁ 2A2

(
2A; T2 2A, /\/80'4‘2 i
0.5 0.1 0.1

Figure 6.1: Sparse (a) and dense (b) networks which generate the kinetics scheme (/6.24)).
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6.3.2 Generating Realizations

It is often useful to generate realizations N from polynomial systems of the form

Fi(x) =Y my [[2*, i=1,....m (6.26)
k=1

J=1

where r; is the number of polynomials in the i** expression. That is to say, given a
polynomial system (|6.26)), we are often interested in algorithmically producing a reaction
network A which could be responsible for the given kinetic output, if one exists. Such a
network could then be used as the starting point for subsequent network and dynamical

analysis.

Such an algorithm is presented in [28] and reproduced in [59]. In the algorithm which

follows, we let e; denote the " standard basis vector in R™.

Algorithm 1 (from [2§], reproduced in Section 2.3 of [59]): For each i =1,...,n and

for each 7=1,...,r; do
1. C; = Bj+sign(m;;) - e
2. Add the following reaction to the graph of the realization
Z bjpAr — chk-Ak
k=1 k=1
with reaction rate coefficient |m;;|, where C; = [¢j1 -+ ¢jn].

Algorithm 1 essentially dictates that, for each monomial in the set of differential equa-

tions (6.26) we add a reaction corresponding to either an increase or decrease in the it
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species, depending on the sign of the coefficient, and then assign the reaction its rate ac-
cording to the magnitude of that coefficient. It is easy to see that a reaction network
generated in this fashion, if one exists, generates a polynomial system according to
the mass-action assumption

There is no reason to believe that the reaction network produced by Algorithm 1 will be
well-structured or physically sensible, but the algorithm is guaranteed to produce a reaction
network if the system was indeed generated by a chemical reaction network operating under
the assumption of mass-action kinetics. Such networks have the restriction over general
polynomial differential equations that there may be no negative cross-effects [28] (i.e. no
equation f;(x) may have a negative coefficient corresponding to a term which does not
contain x; since this would correspond to a reaction “using up” a species which did not

appear as a reactant for the given reaction).

Example 6.3.3. Consider the set of polynomial differential equations

Ty = :Clxg - Zx% + a:lx%
iy = —xia5 + 1175 (6.27)
i3 =22 - 3w03

considered in [38]. We want to find a reaction network N which generates the dynamics

according to Algorithm 1. We will systematically consider the monomials in order.

Consider the monomial x12% which has a coefficient of 1. Since the coefficient is positive,
has magnitude 1, and the term appears in the expression for x1, we add an Ay to the complex

Aq +2A; to get the reaction

.Al + 2./42 —1> 2./41 + 2./42
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Now consider the monomial —z3x3 which has a coefficient of —=1. Since the coefficient
s negative, has magnitude 1, and the term appears in the expression for xo, we subtract

an Ay from the complex 2A; + 2As to get the reaction

2./41 + 2./42 —1> 2./41 + AQ.

The rest of the monomials can be analyzed similarly. The end result of the algorithm

18 the network
./41 + 2A2 —1> 2./41 + 2./42 —1> 2./41 + AQ

A <2 24, -5 24, + As
QA + 245 — Ay +24;5 —> Aj+ Ay + 24,
I3
A+ As.

It is easy to see that this network generates the kinetics under the assumption of
mass-action kinetics .

6.3.3 Complex Balancing as a Linear Constraint

We are typically interested in more important information than simply whether there is
or is not an alternative realization of a kinetics scheme (4.18)). Ideally we would like
the realization we find to tell us dynamical information about the original network, e.g.
whether the system is persistent, how many equilibria there are, what their stabilities are,
etc. Consequently, it is useful to restrict our search space to classes of networks which are

known to exhibit the behaviour we suspect the original network to exhibit.
Since complex balanced networks exhibit locally stable dynamics (see Definition m
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and Theorem , for networks which appear to exhibit locally stable dynamics it is
often desirable to restrict our search space to complex balanced networks. This requires a
reformulation of our complex balancing condition . In matrix form, and considering
the mass-action kinetic form , we have that a system is complex balanced at x* € R7},
if and only if

A U (x*) =0. (6.28)

We can now formulate the complex balancing condition as a linear constraint. If we let
x* € RZ}y be an equilibrium concentration of the original network, we can impose complex

balancing by introducing the set of constraints

(CB) { iAk 1o (x*) =0, i=1,...,n. (6.29)

Example 6.3.4. Reconsider the network given in Example[0.3.9. We determined a sparse
and dense realization involving the complezes 241, Ay + Az, and 2As (see Figure .
It is easy to check that the sparse metwork is complex balanced. From the differential
equations we have that the equilibrium set is given by x5 = \/§:L‘f so that we have
Uy (x*) = (2%)2, Uy(x*) = (23)2 = 2(2*)2 and U3(x*) = (21)(23) = V2(x})2. Complex
balancing follows by because

-1 05 0 (27)2 0
1 -05 0 2(22)2 |=] 0
0 0 0[] v2(a2)? 0
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For the dense network given in Figure[6.1)(b) we can see that

-1.9 045 0.1 (x7)2 0
0.1 -0.55 0.1 2(z1)2 |#] 0
1.8 01 -02 || V2(z1)? 0

so that the network is not complex balanced. We can impose that the realizations be complex

balanced by imposing the conditions

[Ag]in +2[Ag iz + \/i[Ak]lS =0
[Ag]ar +2[Ag]oz + \/i[Ak]ZS =0

[Ak]Sl + Z[Ak]Sz + \/i[Ak]gg =0

according to (the (z7)?’s factor out if they are included). Appending these constraints
to yields the network given in Figure . It can be verified that the network is
complex balanced, and therefore satisfies all of the properties given in Theorem by

checking that

-1.05 045 V2 (z7)? 0
0.95 -0.55 22 2(z)2 |=| 0
0.1 01 -2v2 [ V2(27)? 0

6.3.4 Weak Reversibility as a Linear Constraint

We know from Theorem that weakly reversible networks always possess the capacity
for locally stable dynamics (see Definition [3.0.6). Consequently, it is very desireable to be

able to restrict our attention to networks which are weakly reversible.
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A1 +A2
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OJE 0.1

Figure 6.2: A complex balanced dense realization of the kinetics scheme (6.24)).

In [61] the authors introduce an algorithm for determining dense weakly reversible
realizations of a given kinetics. The algorithm is based on the fact that there are no cycles
involving elements in different strongly connected components of a reaction network [11],
and that for a fixed complex set the structure of the dense realization of a network is unique
and contains the structures of all other possible realizations as sub-graphs (Theorem 3.1

of [60]). Omitting technical details, the algorithm can be summarized as:

1. Define the matrices Y and M and initialize K = {&}.
2. Force the edges in K to be excluded and compute a dense realization Ay.
3. Check whether Ay is weakly reversible (if so, end algorithm and return Ay).

4. Find all edges in A; which lead from one strongly connected component to another

and add them to K.

5. Check whether these edges may be removed (if so, repeat steps (2)-(4); if not, end

algorithm and return Ay =0).
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The algorithm has the drawbacks that it can only compute dense realizations and not
sparse ones, and that it requires potentially multiple MILP optimizations which are known
to be NP-hard. In this section we show that the requirement of weak reversibility can be

formulated as a linear constraint.

We require the following classical result about weakly reversible networks, which is

modified from Theorem 3.1 of [26] and Proposition 4.1 of [24]:

Theorem 6.3.1. Let A, be a kinetics matriz and let A;, i =1, ... L, denote the support of
the it linkage class. Then the reaction graph corresponding to Ay is weakly reversible if

and only if there is a basis of ker(Ax), {bM, ... . bO} such that, fori=1,...,(,

b > 0, jeA;

b® =

An immediate consequence of Theorem is that there is a vector b € R n ker(Ay)
if and only if the reaction graph corresponding to A, is weakly reversible. In other words,

we can guarantee weak reversibility by imposing the condition
Ap-b=0 (6.30)

for some b € RY,. This, however, is a nonlinear constraint in the k;;’s and b;’s. In order to

make it linear, we consider the matrix A; with entries

[Axlij = [Axlij - b (6.31)

It is clear from (6.31)) that A, encodes a kinetics matrix and that 1 € R™ (the m-dimensional
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vector containing only ones) lies in ker(Ay). Moreover, it is easy to see that A, encodes
a weakly reversible network if and only if Ay corresponds to a weakly reversible network.
We can therefore check weak reversibility of the chemical reaction network corresponding

to Ay with the linear conditions

(Wry) | g0 st (6.32)

By solving for the diagonal elements of Ay, the set of constraints ‘D can be simplified

to

N A= > [Adj j=1....n
(WR) =Tt =Tt (6.33)

[Ak]”ZO, 7’7]:17777’7 Z?é]

No condition comparable to Y - Ay, = M exists for the matrix Ay so that we are left to
optimize with respect to the internal entries of both Ay and A,. Given appropriate choices
of 0<e<«1landu;>0,4,7=1,...,n,i#j, we can impose

0< A Z“—Eéi‘, i,':l,...,n, 1 ]
(WR-S) [Aely = by, g #i (6.34)

0<—[Aelij+uiibyy, 4,5=1,....n, i#j

as well as (6.21)) to ensure that both Aj and Aj contain zero and non-zero entries in the

same places so that they correspond to reaction graphs with the same structure.
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Example 6.3.5. Reconsider the network N given by
Al = 241424y — Ay —> Aj+ A, (6.35)

which was originally considered in Example|6.2.4).

It is clear that no realization could contain fewer than three reactions since there are
three source complexes. Consequently this is an example of a sparse realization. It is not,
however, a weakly reversible network. We saw that the weakly reversible network given
mn was linearly conjugate to N with conjugacy constants ¢, = c¢o = 1 (i.e. they
are alternative realizations of one another) but we might still wonder if there is a weakly

reversible realizations with fewer than siz reactions.

Solving for the sparse weakly reversible realization in GLPK with the constraints ,
, and gives the network in Figure . We can see that the sparse weakly

reversible realizations in fact contains four reactions.

A1 % 2A~| +2A2

1
N\ Y/
3
A;
Figure 6.3: Sparse weakly reversible network which generates the same mass-action kinetics

as ([6.35)).
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6.3.5 Linear Conjugacy as a Linear Constraint

In Section we were introduced to the concept of linear conjugacy of chemical reaction
networks. In this section we will extend the MILP optimization framework introduced
so far in Section to include the possibility of networks related by a non-trivial linear

conjugacy.

The notation we will use in this section will be different than that used in Section [6.2]
As a result, we will prove agian the main result of that section, Theorem [6.2.3], with this

new notation.

Theorem 6.3.2. Consider two mass-action systems N = (S,C,R) and N' = (§,C",R")
and let Y be the stoichiometric matriz corresponding to the complexes in either network.
Consider a kinetics matriz Ay corresponding to N and suppose that there is a kinetics

matriz Ay with the same structure as N' and a vector ¢ € R" such that

Y A,=T-Y A (6.36)

where T =diag{c}. Then N is linearly conjugate to N' with kinetics matriz

Al = Ay diag{¥(c)}. (6.37)

Proof. Let ®(xq,t) correspond to the flow of (4.18)) associated to the reaction network
N. Consider the linear mapping h(x) = 7-! - x where T =diag{c}. Now define ®(yo,t) =
T-1-B(xo,t) so that ®(xo,t) =T - P(yo,t).
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Since ®(x,t) is a solution of (4.18) we have

B (yo,t) = T @ (x,1)
= T71 Y. Ak . ‘I/(q)(x(bt))
=TT Ay U(T- d(yo,t))

=Y - A, - diag {¥(c)} - W(D(yo,1)).

It is clear that ®(yo,t) is the flow of (4.18)) corresponding to the reaction network A with
the kinetics matrix given by (6.37). We have that h(®(xo,t)) = ®(h(xq),t) for all x, € R?,
and ¢ > 0 where y, = h(xg) since yo = ®(yo,0) = T-1-®(x0,0) = T-1-x¢. It follows that the

networks A and N are linearly conjugate and we are done. O]

This result give conditions for two networks to be linearly conjugate, and therefore
exhibit the same qualitative dynamics, but says nothing as far as how to find a linearly

conjugate network when only a single network is provided.

However, we can easily extend the MILP framework to include linear conjugacy. This

can be accomplished by replacing the set of constraints (6.19)) with

Y Ay=T"- M
g[Ab]m—O, j=1,....n
(LC) [4);j20, 4,5=1,....n,i#] (6.38)
[Ap]ii <0, i=1,...,n
e<ci<lle, j=1,...,m
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where M =Y - Ay, T =diag{c}, and 0 < € «< 1, and replacing the set of constraints (6.21)) by

OS[Ab]ij—Eaij, i,j=1,...,n, ’L?I:j

52']'6{0’1}7 i?jzlw"?n?i%j)

where u;; >0 fori,j=1,...,n,i# j.

Ay has the same structure as the kinetics matrix Aj corresponding to the conjugate
network, and this matrix has the same structure as the matrix A, given by (replacing
Ay by A7). Consequently, the problem of determining a sparse or dense weakly reversible
network which is linearly conjugate to a given kinetics can be given by optimizing either

(6.22)) or (6.23)), respectively, over the constraint sets (6.38]), (6.39), (6.33]), and (6.34). The
kinetics matrix Aj for the linearly conjugate network is given by (6.37)).

Example 6.3.6. Reconsider the kinetics scheme

Ty = xlxg - Qx% + l‘1$§
iy = —ziwd + 1 72 (6.40)

i3 =2} - 31123

given in Example[6.3.5 Using the algorithm given in Section[6.3.9 (see also [28] and [59)),

we determined a kinetic realization involving the complexes

Cl = Al + 2A2, Cg = 2A1 + 2A2, 03 = 2A1 + AQ,
04 = 2A1,C5 = Al,Cﬁ = 2A1 +A3,C7 = Al + 2A3

Cg = 2A1 + 2A3,Cg = Al + AQ + 2A3,010 = Al + Ag.
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With this fixed complex set, we can carry out the MILP optimization procedure out-
lined in this section to find sparse and dense weakly reversible networks which are linearly

conjugate to a network with kinetics . We have

1222121211
Y=[22 10000010
000O0O0OT1Z2221

and

1 0 0-2001 0O0O
M=10-10 0 00 1 000
0 001 00 -3000

With the bounds € = 1/20 and u;j = 20 fori,j =1,...,10, i # j, the algorithm gives us
the sparse network given in Figure (a) (conjugacy constants c; =20, ca =2, and ¢3=5)
and the dense network given in Figure (b) (conjugacy constants ¢ = 20/3, ¢y = 20/33,
and c3 =5/3). It is interesting to note that the sparse and dense networks utilize different
complezes and that the ratio of conjugacy constants differ between the sparse and dense
networks. It is worth noting that the sparse realization is also deficiency zero so that
the Deficiency Zero Theorem (Theorem can be applied (25,30, 35]. Consequently,
solutions of satisfy all of the stringent dynamical restrictions typically reserved for

complex balanced systems.
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(@) A+2A, —=> 2A,+2A, (b) A+2A, 225 2A,+2A,

0.926 0.816
13.1
12l5\ \Z4oo 13,%‘// 1.3/;
2

5 0.926
A+2A; T2 2A, A+2A; &2 2A, &5 2A+A,
0.926

Figure 6.4: Weakly reversible networks which are linearly conjugate to a network with
the kinetics (6.3.6). The network in (a) is sparse while the network in (b) is dense. The
parameter values in (b) have been rounded to three significant figures.
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Chapter 7

Conclusions and Future Work

In this thesis, I have presented a number of original results on topics pertaining to chemical

reaction network theory.

In Chapter [l a number of results were demonstrated using the method of linearization
about equilibrium points. Theorem shows that the results of F. Horn and R. Jackson
contained in [33] can be reproduced in the setting of linearization about equilibrium values.
In particular, it was shown that the local stable manifold about a complex balanced equi-
librium concentration corresponds to the relevant stoichiometric compatibility class, and
the centre manifold corresponds to the tangent plane to the equilibrium curve as it meets
that compatibility class. Theorem [4.3.6] shows that the convergence toward a complex
balanced equilibrium concentration is exponential in nature and the decay constant can be
taken to be arbitrarily close to the slowest converging subspace of the corresponding linear

problem.

In Chapter 5], the question of persistence of chemical reaction networks was investigated.

Theorem [5.2.6] shows that a chemical reaction network for which all sets I corresponding
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to semi-locking sets are weakly dynamically non-emptiable is persistent. This is a general-
ization of Theorem 4 of [5]. It was shown that weak dynamical non-emptiability captures
more persistent chemical reaction networks than the notion introduced in that paper. The-
orem shows that any stratum which intersects a boundary of the positive orthant R7}
has a linear functional which pushes trajectories away from that portion of the bound-
ary while trajectories remain within the stratum. Supplemental conditions were provided

which guarantee persistence (Corollary [5.3.1)).

In Chapter [0, the concept of two chemical reaction networks being linearly conjugate
was introduced (Definition and Theorem . Importantly, linearly conjugate net-
works exhibit the same qualitative dynamics even if their network structures differ signifi-
cantly. The linear constraint set was added to the mixed-integer linear programming
procedure introduced by G. Szederkényi in [59] to allow the algorithm to search for linearly
conjugate networks instead of simply dynamically equivalent ones. Additionally, the linear
constraint sets and were introduced. These constraints provide a single step
procedure for determining weakly reversible chemical reaction networks which are linearly
conjugate to a given network. They represent a significant improvement in computational

efficiency over the algorithm introduced in [61].
There are a number of open problems within the scope of these topics which would be

ideal grounds for future work.

1. Linearization (Chapter {4

e It is worth noting that the linearized form (4.20) does not depend on the cor-
responding chemical reaction network being complex balanced. Expanding this

approach to networks which are not complex balanced could potentially be very
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insightful.

e We have only considered linearization about strictly positive equilibrium concen-
trations. Applying this approach to equilibrium concentrations lying on ORZ}
would give us information about the dynamical behaviour on faces, and also

information about how trajectories behave near the boundary.
2. Global Stability and Persistence (Chapter [3)

e Significant work has been conducted recently on the Global Attractor Conjecture
(Conjecture . It is now known to hold, for instance, when the reaction
network contains only one linkage class [2], when there are only three species |19],
and when the stoichiometric compatibility classes are three-dimensional [44].

The general case, however, remains unproved.
3. Linear Conjugacy (Chapter @

e We have only considered linear conjugacies and mass-action kinetics. Adapt-
ing the methodology outlined here to nonlinear conjugacies and kinetic schemes
other than mass-action (e.g. Michaelis-Menten or Hill kinetics) could yield po-

tentially powerful results.

e The computational procedure outlined for determining linearly conjugate net-
works depended on the rate constants for the original network being specified.
Consequently, we may be overlooking behaviours admitted by the network as a
result of poor rate constant selection. Expanding the algorithm to search over
the rate constant values of the original network as well as those of the target

network would be an insightful step forward.
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