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Abstract

A risky project evaluation technique called the fuzzy real options analysis is devel-

oped to evaluate brownfield redevelopment projects. Other decision making techniques,

such as multiple criteria analysis and conflict analysis, can be incorporated into fuzzy

real options analysis to facilitate negotiations on brownfield redevelopment among decision

makers (DMs). The value of managerial flexibility, which is important in negotiations and

policy making for brownfield redevelopment, is overlooked when the traditional evaluation

method, net present value (NPV), is employed. Findings of this thesis can be used to pro-

mote brownfield redevelopment, thereby helping to eliminate environmental threats and

enhance regional sustainability.

A brownfield is an abandoned or underutilized property that contains, or may con-

tain, pollutants, hazardous substances, or contaminants from previous usage, typically

industrial activity [45]. Brownfields often occur when the local economy transits from in-

dustrial to service-oriented seeking more profit. Governments actively promote brownfield

redevelopment to eliminate public health threats, help economic transition, and enhance

sustainability. However, developers are reluctant to participate in brownfield redevelop-

ment because they often regard these projects as unprofitable when using classic evaluation

techniques. On the other hand, case studies show that brownfield redevelopment projects

can be good business opportunities for developers. An improved evaluation method is

developed in order to estimate the value of a brownfield more accurately.

The main reason that makes the difference between estimates and “actual” values lies

in the failure of the deterministic project evaluation tool to price the value of uncertainty,

which leads to efforts to enhance the decision making under uncertainty. Real options

modelling, which extends the ability of option pricing models in real asset evaluation,

is employed in risky project evaluation because of its capacity to handle uncertainties.

However, brownfield redevelopment projects contain uncertain factors that have no market

price, thus violating the assumption of option pricing models for which all risks have

been reflected in the market. This problem, called private risk [106], is addressed by

incorporating fuzzy numbers into real options in this thesis, which can be called fuzzy

real options. Fuzzy real options are shown to generalize the original model to deal with

additional kinds of uncertainties, making them more suitable for project evaluation.

A numerical technique based on hybrid variables is developed to price fuzzy real options.
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We proposed an extension of Least Squares Monte-Carlo simulation (LSM) that produces

numerical evaluations of options. A major advantage of this methodology lies in its ability

to produce results regardless of whether or not an analytic solution exists. Tests show

that the generalized LSM produces similar results to the analytic valuation of fuzzy real

options, when this is possible.

To facilitate parameter estimation for the fuzzy real options model, another numeri-

cal method is proposed to represent the likelihood of contamination of a brownfield using

fuzzy boundaries. Linguistic quantifiers and ordered weighted averaging (OWA) techniques

are utilized to determine the likelihood of pollution at sample locations based on multi-

ple environmental indicators, acting as a fuzzy deduction rule to calculate the triangle

membership functions of the fuzzy parameters. Risk preferences of DMs are expressed as

different “ORness” levels of OWA operators, which affect likelihood estimates. When the

fuzzy boundaries of a brownfield are generated by interpolation of sample points, the pa-

rameters of fuzzy real options, drift rate and volatility, can be calculated as fuzzy numbers.

Hence, this proposed method can act as an intermediary between DMs and the fuzzy real

options models, making this model much easier to apply.

The values of DMs to a brownfield can be input to the graph model for conflict resolu-

tion (GMCR) to identify possible resolutions during brownfield redevelopment negotiation

among all possible states, or combinations of DMs’ choices. Major redevelopment policies

are studied using a brownfield redevelopment case, Ralgreen Community in Kitchener,

Ontario, Canada. The fuzzy preference framework [5] and probability-based comparison

method to rank fuzzy variables [53] are employed to integrate fuzzy real options and GMCR.

Insights into this conflict and general policy suggestions are provided.

A potential negotiation support system (NSS) implementing these numerical methods

is discussed in the context of negotiating brownfield redevelopment projects. The NSS

combines the computational modules, decision support system (DSS) prototypes, and ge-

ographic information systems (GIS), and message systems. A public-private partnership

(PPP) will be enhanced through information sharing, scenario generation, and conflict

analysis provided by the NSS, encouraging more efficient brownfield redevelopment and

leading to greater regional sustainability.

The integrated usage of fuzzy real options, OWA, and GMCR takes advantage of fuzzi-

ness and randomness, making better evaluation technique available in a multiple DMs
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negotiation setting. Decision techniques expand their range from decision analysis, multi-

ple criteria analysis, to a game-theoretic approach, contributing to a big picture on decision

making under uncertainty. When these methods are used to study brownfield redevelop-

ment, we found that creating better business opportunities, such as allowing land use

change to raise net income, are more important in determining equilibria than remediation

cost refunding. Better redevelopment policies can be proposed to aid negotiations among

stakeholders.
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Chapter 1

Introduction

A brownfield is an abandoned or underutilized property that is, or suspected to be, con-

taminated from previous usage, typically industrial activity [45]. Governments across the

world have established programs to promote brownfield redevelopment in order to elim-

inate public health threats, help economic transition, and enhance sustainability. Local

governments in Canada also attempt to address brownfield problems via public-private

partnership (PPP) [88]. However, developers are generally reluctant to participate in

brownfield redevelopment because they often regard these projects as unprofitable, leading

to slow progress of redeveloping brownfield sites in Canada [26]. On the other hand, case

studies show that brownfield redevelopment projects can be good business opportunities

for developers, indicating that developers actually underestimate the value of brownfields.

The difference between the higher value of a brownfield revealed in case studies and the

lower value estimated using the classic project evaluation method must be addressed by

including the value of uncertainty. Demonstrating that brownfield redevelopment is a good

opportunity for developers is critical to facilitate negotiation on redeveloping contaminated

sites; a better project evaluation technique also helps governments to design more effective

brownfield initiatives. Because a brownfield redevelopment project has highly uncertain

payoffs, techniques of decision making under uncertainty are studied in this thesis.
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1.1 Problem Statement

A developer normally employs net present value (NPV) or internal return rate (IRR) to

evaluate a project [40]. But these techniques are all deterministic in nature. Because un-

certainty plays a significant role in brownfield redevelopment, both NPV and IRR provide

little assistance to developers searching for optimal decisions. Models capable of pricing

uncertainty should be considered instead.

This research attempts to employ and customize the option pricing model for better

evaluation of brownfield redevelopment projects. But as options become “real”, the un-

derlying uncertainties become more difficult to deal with. Some risks associated with real

options are not priced in the market, challenging the validity of using option pricing mod-

els. Hence, volatilities in real options usually cannot be accurately estimated. These risks

are usually referred to as private risk, which are prevalent in brownfield redevelopment

projects. The private risk problem places a major obstacle on adopting the real options

approach to evaluate brownfields. Fuzzy real options, initialized by Carlsson and Fuller

[12], are employed to accommodate private risks in brownfield redevelopment. The pro-

posed model is able to tackle private risks and preferences, making it more suitable for

employment in risky project evaluations, such as the brownfields.

When the risky projects evaluation technique is developed, decision makers (DMs)

have clearer ideas on the value of uncertainties. The way to integrate fuzzy real options

into game-theoretic approach is also studied to support negotiation among multiple DMs.

Conflict resolutions on brownfield redevelopment can be identified with the aid of multi-

criteria analysis and conflict analysis. Suggestions on brownfield redevelopment policies

could be provided to enhance regional sustainability.

1.2 Research Objectives

The overall goals can be divided into three objectives: to explore fuzzy real options anal-

ysis for risky project evaluation, to employ fuzzy real options to evaluate brownfields, and

to integrate a game-theoretic approach with fuzzy real options in order to facilitate ne-

gotiations. These three objectives, which are discussed in the next three subsections, are

investigated thoroughly within this thesis.
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1.2.1 Risky Project Evaluation Technique

An option is the right, but not the obligation, to buy or sell a certain security at a specified

price at some time in the future [4]. Because option pricing models quantify the value of

uncertainties, this technique has been migrated to broader usage, such as strategy selection

[4], risky project valuation [106] [98], and policy assessment [24]. The idea of employing

an option pricing model to value real assets or investments with uncertainties is usually

called real options analysis or real options modelling [4] [30].

However, risky projects sometimes contain uncertainties that cannot be reflected in

markets, violating the basic assumption underlying option pricing models. This problem

is normally called private risk [106] [79]. Because the remediation and redevelopment costs

can be regarded as private risk, methods addressing private risk must be found before

applying real options analysis to brownfield redevelopment evaluation. An objective of

this thesis is to utilize fuzzy real options analysis to deal with private risk. If a fuzzy

representation could reflect private risk, fuzzy real options could be used to evaluate risky

projects in a much broader area, therefore, for contaminated site pricing.

1.2.2 Decision Support in Brownfield Redevelopment

Another objective of this research is to utilize the fuzzy real options approach developed

in this thesis to evaluate brownfields. To accomplish this task, three problems must be

addressed:

• Numerical Method of Fuzzy Real Options: Analytic-form solutions of fuzzy real op-

tions are difficult to identify and even impossible in some cases. Hence, to ensure

that the fuzzy real options model can evaluate any brownfield, a numerical method

of fuzzy real options is designed.

• Risk Preference: Because fuzzy variables are utilized to represent expert estimates,

the risk preference of the expert must have an impact on the value of a brownfield.

The way to consider risk preferences of DMs is therefore explored.

• Parameter Estimation for the Brownfield Evaluation Model: Fuzzy real options mod-

els are much more complex than classic evaluation methods such as NPV. Thus, an
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intuitive process to facilitate usage of fuzzy real options to evaluate brownfields is

required. An algorithm linking experts’ subjective estimates on a brownfield site

to parameters of fuzzy real options is proposed, which is a key component in the

negotiation support system (NSS) design.

1.2.3 Negotiation and Conflict Analysis

When the conflicting values of different DMs are identified with respect to a brownfield

project, conflict resolution can be suggested to facilitate negotiation and policy making. A

game-theoretic approach is incorporated into fuzzy real options, thereby extending single

decision making to the case of mulitple DMs’. Accordingly, a fuzzy game approach is added

to the decision making under uncertainty framework due to its compatibility with fuzzy

real options. In this thesis, fuzzy real options can provide DMs’ fuzzy payoffs. Negotiation

results are suggested as some kind of equilibria, which in turn can generate strategic insights

into brownfield redevelopment policy making in Section 5.4.

1.3 Main Findings

The relationships among concepts and research areas considered in this thesis are summa-

rized in Figure 1.3. Briefly, fuzzy real options are employed to evaluate risky projects with

private risks, in order to integrate uncertainty representation of fuzziness and randomness

[118]. Tests carried out in Section 4.3 and 5.3 show that private risk slightly increases the

value of a brownfield, which is similar to the effect of market risk.

To determine values of fuzzy real options, a numerical method of option pricing models

called NSS is extended to accommodate fuzziness. A program implementing this method

is developed firstly using Python, then in C with parallel capacity, which becomes the core

module in the NSS design [121].

Multicriteria analysis is employed for parameter estimation in fuzzy real options. DMs’

risk preferences are reflected as different values of parameters in the fuzzy real options

model, then different values on brownfield sites. A geographic information system (GIS)

module is added on top of fuzzy real options to facilitate the multicriteria analysis procedure

for DMs to determine the likelihood of contamination of a brownfield [119].
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Figure 1.1: Conceptual Map of Research Areas in this Thesis
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The case of the Ralgreen community redevelopment located in Kitchener, Ontario,

Canada, is studied using these proposed methods. The values of DMs under various situa-

tions (policy settings) are identified. Results reveal that these fuzzy variable with trapezoid

membership functions as brownfield values overlap, therefore are highly uncertain in pref-

erence comparison. In this case, fuzzy preference framework under the graphic model for

conflict resolution (GMCR) is utilized to analyze brownfield redevelopment conflict [5].

Insights on redevelopment settings are summarized.

1.4 Thesis Structure

The structure of this thesis is illustrated in Figure 1.2. After the introduction, a background

to brownfield redevelopment is provided, such as brownfield characteristics, redevelopment

difficulties, and redevelopment initiatives in Chapter 2. Then, the fuzzy real options mod-

elling is discussed in Chapter 3 as a better evaluation tool to address the underestimation

problem in pricing brownfields.

Obstacles in applying fuzzy real options to evaluate brownfields are addressed in Chap-

ter 4, which are numerical methods of computing fuzzy real options and their parameter

estimates. Least squares Monte-Carlo simulation (LSM) is extended based on chance the-

ory to calculate fuzzy real options. Ordered weighted averaging (OWA) is also added to

identify the likelihood of contamination in a brownfield with linguistic quantifiers reflecting

a DM’s risk preference. Then, equations linking contamination likelihood to parameters in

fuzzy real options for brownfields are proposed to evaluate brownfield sites.

A brownfield redevelopment conflict among stakeholders is analyzed using GMCR and

fuzzy preference framework in Chapter 5. Fuzzy numbers with trapezoid membership

functions derived from fuzzy real options are ranked under a fuzzy preference framework.

The overlapping fuzzy numbers are converted into fuzzy degrees of preference. GMCR is

used to determine equilibria with DMs’ attitudes as the parameter of α-cut levels, which

convert a fuzzy variable into an interval. The effectiveness of policy choices can be ranked

by studying generated equilibria in various situations.

To facilitate negotiation in a brownfield redevelopment project, a NSS, which extends a

couple of decision support system (DSS) prototypes, is designed and discussed in Chapter

6. Finally, conclusions and future work are summarized in Chapter 7.
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Chapter 2

Brownfield Redevelopment

2.1 Brownfield Redevelopment

A brownfield, the opposite of a greenfield, refers to a developed property that is abandoned

or underutilized [45]. Brownfields usually occur when an industrialized region evolves into

a service-oriented economy [111]. For instance, Hamilton, one of the major industrial cities

in Ontario, Canada, is famous for its steel and chemical plants. However, many factories

are relocating to developing countries, and these properties have been left as unproductive

brownfields, as suspicion of contamination has prevented redevelopment.

Brownfields represent an unsustainable development pattern because existing infras-

tructure is wasted and greenfields are irreversibly developed for business or residential

purposes. In addition, brownfields usually pose a threat to public health as the hazardous

materials left in these properties may eventually leak into groundwater. Hence, leaving

brownfields intact reduces the sustainability of cities.

On the other hand, redeveloping brownfields can revive the downtown areas of cities.

Historically, many cities were developed around major plants; factories, residential areas,

and community facilities constituted the urban core. Redeveloping brownfields reduces not

only public health threats, but also unemployment. Therefore, brownfields are challenges to

local governments, but also provide opportunities if redevelopment is properly conducted.

Hence, many countries have launched their brownfield redevelopment programs to revitalize

brownfield to a sustainable way.

8



But brownfield redevelopment is a typical system of systems (SoS) problem [55], as it

involves various systems with complex interconnections, as shown in Figure 2.1. Brown-

field redevelopment has many characteristics of an SoS, such as possessing high uncertainty,

exhibiting nonlinear behaviour, and being interdisciplinary in nature [47]. Due to the com-

plex interactions of soil-groundwater and societal systems, uncertainties in redevelopment

costs, knowledge and technologies, and liabilities, are high and thereby play a critical role

in preventing redevelopment [120]. These redevelopment projects are too risky to be un-

dertaken by any single stakeholder. Uncertainties involved in brownfield redevelopment

can be classified into the following categories:

• Uncertainties due to limited knowledge of a brownfield: Generally, knowledge and

data about brownfields are limited. Identifying appropriate models, characteristics,

and parameters can be costly and time-consuming;

• Uncertainties originating from environmental systems: Environmental systems have

complex interactions, especially between groundwater and soil. Complex site-specific

characteristics hinder remediation and redevelopment, because they imply highly

uncertain remediation costs [32];

• Uncertainties originating from societal systems: Many stakeholders, with different in-

terests, are involved in brownfield redevelopment. Complex conflicts and interactions

create high levels of uncertainty in liabilities and cost sharing polices.

Hence, an effective and fair allocation system of liabilities, costs, and knowledge are

required for financial resources and technical support in dealing with brownfields redevel-

opment across different levels of public sectors, non-governmental organizations (NGOs),

and private entities. Coordinated efforts from all stakeholders are important in brownfield

negotiation and redevelopment policy design.

2.2 Brownfield Redevelopment Situation in Canada

To discuss the situation of brownfield redevelopment in Canada, main factors in redevelop-

ment policy design identified by United States environmental protection agency (USEPA)
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Figure 2.1: Systems Diagram of Brownfield Redevelopment

are summarized and classified them in the following based on lessons learned from pilot

projects conducted in the United States (US) [112]:

• Community Profiling: Sustainable development is an evolutionary concept. Local

sustainable development can only be realized when the community profile is clear,

which means comprehensive surveys on environmental baseline, landscape situation,

social and economic structure profile, labour knowledge and skills, and so on;

• Comprehensive Community Planning: Brownfield redevelopment should be integrated

into a comprehensive community planning and not run as a sole program. A com-

mon vision and goals through public participation process are critical to the success

of brownfield redevelopment;

• Organizational Focus and Structure: Unsuccessful brownfield redevelopment projects

often originate from lack of government commitment and funding [27]. Brownfields

redevelopment programs should be combined into the political and administrative

workings of local government;

• Site Identification and Characterization: Adopting better site identification technol-

ogy can reduce uncertainty and environmental risks, which have great impacts on
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remediation costs, marketing, and redevelopment process;

• Risk Management and Restoration: Uncertainty always leads to miscalculations and

misunderstandings of redevelopment projects, ruining negotiating and wise decision-

making for DMs. Rigid risk management balancing benefits with costs is one of the

key factors of successful brownfield redevelopment projects;

• Legal/Regulatory Issues: Legislation for environmental remediation is important in

clarifying stakeholders rights and liabilities. Liability exemption for brownfield rede-

velopment is helpful in sharing uncertainty and encouraging potential developers to

participate in by ensuring them that they will not be responsible for environmental

risks caused by former owners;

• Site Marketing and Redevelopment : Promoting the concept of brownfield redevelop-

ment to the general public is critical in establishing positive image on redevelopment

projects and correcting developers overestimation on redevelopment [27];

• Technology Applications: A state-of-the-art technology is always needed in improving

site identification, hazardous removal rate, and associate costs cutting. Both hard

and soft science and technologies are very useful;

• Project Funding and Finance: Providing fiscal basis to initiate programs and ensure

their continued operations are important because market alone usually fails to handle

environmental issues until better systems are established [117];

• Environmental Justice: Ensuring environmental equality and fair benefits and costs

allocation in stakeholders are one of the most important goals in sustainable devel-

opment. Realizing justice is the only way to gain local communities supportive to

brownfield redevelopment.

Considering Canadian characteristics in legal and economic situations, above factors

can be simplified into three categories: liability clarification and exemption, costs sharing

and financial resources allocation, and technical supports. A conflict analysis on a brown-

field case, called environmental remediation and site enhancement (ERASE) program in

Hamilton, Ontario, Canada, is conducted to derive insights on redevelopment policy design,

which supports the study using fuzzy real options [120].
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Stakeholders in Canada generally complain about the complexity, uncertainty, and vari-

ability of regulatory systems supervising redevelopment issues [88]. Financial, human, and

technological resources distribute in various entities, such as federal government, provin-

cial government, local government, communities, NGOs, consulting companies, and so on.

However, environmental laws (federal or provincial level) in Canada put entire liability

for pollutions on brownfields landowners. This liability even includes personal liability for

responsible individuals [22]. Plea for “innocent landowner defense’ is invalid in Canada.

Potential developers are reluctant to enter and take over brownfields, fearing of being

solely responsible for all environmental risks, including pollutants emit by former owners.

Hence, when facing high uncertainty in brownfield redevelopment, an improved legislation

system of various liabilities allocation is needed for risk sharing in different stakeholders.

Regulatory liability exemption is especially in need for attracting new comers in brownfield

redevelopment.

Another major obstacle in brownfield redevelopment lies in costs sharing. Unlike US

and European Union (EU), Canada does not regard brownfield redevelopment as a serious

problem [27]. Public funding for brownfield redevelopment is not enough because of the

Canadain political structure. Environmental legislation is on the provincial level, restrict-

ing the power of the federal government other than coordinating related regulations in

provincial governments [88]. Furthermore, provincial governments usually regard brown-

field redevelopment as a low priority task, given that regional planning and infrastructure

maintenance are main responsibilities of local governments. This fact forces stakeholders

in Canada to find more innovative way of getting financial resources and sharing redevel-

opment benefits and costs.

Technical support, the assumption of adequate information on system is hardly to

satisfy in brownfield redevelopment. In fact, information on brownfield is far from enough

[111] [112]. Unified knowledge source accumulating knowledge in brownfield redevelopment

is in high need [27]. Coordination efforts of collecting knowledge and founding specialized

entities (NGOs and private consultancies) are underdeveloped up to now.

Learnt form the ERASE program, brownfield redevelopment can achieve great success

if the local government is active in promoting brownfield redevelopment with sufficient

technical support. A strong PPP can form and effectively clean brownfield sites. In

response to the regal system regulating brownfields, Ontario passed Ontario Bill 56 and
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Regulation 511/09 in support of redevelopment. The property development process is

resigned considering environmental risks. Partial liability is exempted as long as a record

of site condition (RSC) is submitted to ministry of environment (MOE). site-specific risk

assessment (SSRA) is also permitted if the typical environmental site assessment (ESA)

cannot be conducted.

Technical support and guidance is effective at reducing uncertainty in brownfield rede-

velopment. Staff with appropriate expertise can facilitate and promote the redevelopment

process. In addition, specialized technical staff and marketing can reduce potential de-

velopers’ misconceptions about brownfield redevelopment costs, which are usually lower

than expected [26]. Hence, provision of technical support is an indispensable option to

encourage brownfield redevelopment.

Given that the primary goal of private developers is profit, monetary compensation

is supposed to stimulate developers to participate. There are two ways to reduce the

costs of brownfield redevelopment: reduce taxes and supply funds. Tax reduction usually

covers a portion of redevelopment costs. But even with this cost sharing, developers face

uncertain costs. On the other hand, funds provision generally allows for full recovery of

redevelopment costs [26].

Because basic legal system and technical support have been provided in Ontario,

Canada, the focus will be decision technique of brownfield evaluation, more specifically, real

options analysis that will be explained in the next chapter. A game-theoretic approach will

be employed combined with fuzzy real options to study policy options mentioned above.

2.3 Literature on Brownfield Redevelopment Evalua-

tion

The uncertainty on the pollutants’ dissemination in the unsaturated layer, called the vo-

dose zone, is systematically discussed in [32]. Sources of uncertainty in modelling vodose

zone are also summarized. The redevelopment cost, which directly relates to the extent of

contamination, can be represented as a stochastic process, which naturally leads researcher

to think about using real options. Related studies have been made from various perspec-

tives as explained below. However, a real options model that recognizes private risk in
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brownfield redevelopment has not been developed.

• Real options on brownfield redevelopment: Erzi [34] conducts a systematic study on

brownfield redevelopment projects using real options approach, which is one of the

major contributions in this area. However, the real options model derived by Dixit

and Pindyck [30] does not take private risk into consideration and assumes only two

options: the option to defer and the option to exit;

• Contaminated property redevelopment evaluation: Lentz and Tse [66] establish one

of the first valuation formulae in contaminated property redevelopment using a real

options approach. Their paper is a milestone in contamination remediation field.

Private risk problem is considered as coefficients between underlying properties and

derived securities and between costs and benefits. This approach not only requires

subjective setting of the coefficient, but also results in complex and inflexible formu-

lae;

• Fuzzy real options on private risk: As fuzzy real options are introduced [12], many

applications adopt this approach if subjective uncertainty estimation is required. An

effective DSS based on the fuzzy real options is built [110]. The fuzzy real options

approach is applied to the brownfield redevelopment problem in order to overcome

the private risk issue.

• Real options on gas stations : Yu [134] studied the contamination problem of gas

stations when methane is added. Physical simulations are conducted in order to

determine parameters in an extended numerical model for the vodose zone modelling.

Although Yu’s contribution was mainly on ground water modelling when cosolvent

existis, she also proposed to use the real options analysis to determine a “fair” price

of the environmental issuance premium.

Of the available real options models, the one proposed by Lentz and Tse is chosen for

brownfield redevelopment. Pricing formulae of contaminated properties are derived using

the option pricing approach and have the following advantages, making their work the

basic case to extend toward fuzzy real option in this thesis:

• Analytic framework: Valuation formulae come from analytic framework. Hence, the

result is simple and does not have the problem of overlapping portfolio as using the
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numerical framework, in which may repeatedly count some options’ values [84]. For

instance, the option to expand and the option of staging are overlapped since they

both allow to expand the project at some time points. Therefore, adding both options

using numerical methods will lead to higher-than-actual project value;

• Reasonable options: Unlike the options considered in the Dixit and Pindyck model

[30] [34], which includes the option to exit, Lentz and Tse devise the option to

remove and option to redevelop instead. This is more realistic because once the

site is contaminated, property owners have the liability to conduct environmental

remediation, which eliminates the option to abandon in the Dixit and Pindyck’s

model;

• Consideration of private risk: The Lentz and Tse’s model explicitly considers the

private risk problem via uncertainty coefficients between hedging portfolio and un-

derlying cash flow, hedging portfolio and underlying redevelopment cost, and cash

flow and redevelopment cost, which can also be fuzzy variables;

• Simple implementation: Given that their model is just a group of equations, it is

easy for it to be implemented in the MatLab. Modification is also easier, facilitated

by symbolic computation in MatLab.

In the Lentz and Tse’s model, the value of a brownfield site is regarded as two Geometric

Wiener Motions, which can be generally written as as dS
S

= µdt+σdz, where the parameter

µ denotes the growth rate, the parameter σ the volatility, t the time, and z the Wiener

process: the cash flow generated from this site without contamination (denoted x) and the

redevelopment cost for this site (denoted R). To make private risk distinct from market

risk, both are treated as partially hedged portfolios, a cash flow portfolio (denoted P ) and

a redevelopment cost portfolio (denoted K). Three coefficients are included: the coefficient

of the cash flow and its hedged portfolio (ρxP ), the coefficient of the redevelopment cost

and its hedged portfolio (ρRK), and the coefficient of the cash flow and the redevelopment

cost (ρxR). Formal introduction of the real options, which is the basis of Lentz and Tse’s

work, is in Section 3.2.

In addition, the model includes four coefficient parameters. The parameters ϕ1, ϕ2, and

φ focus on cash flows. As cash flows from all states are proportional to the cash flow from

the clean state, the cash flow generated under contamination is ϕ1x; the cash flow after
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removal to the clean flow ϕ2x; and cash flow after redevelopment is φx. The coefficients

α1 and α2 denote the removal and restoration costs α1R and α2R, which are assumed to

be proportional to the total redevelopment cost R. Therefore, the cleanup cost C equals

(α1 + α2)R. Furthermore, the riskless growth rate is denoted as r, which is a common

notation in economic literature.

Lentz and Tse apply the contingent claim approach to analyze their model. Because

the option to switch is a option to option, a multi-stage analysis is employed [66]. In other

words, the value of the option to switch relies on the value of another option. Hence, the

problem will be studied in a backward induction manner. The value of the underlying

option is determined first by constructing a portfolio (denoted as H) holding the riskfree

hedging position. Then the option to switch is identified on its basis.

To evaluate the contaminated properties, Lentz and Tse studies the value of a “clean”

property first to determine whether to redevelop at all. If the value of the property to

determine is denoted as V , the riskless portfolio can be expressed as dH = dV −mdP −
ndK +ϕ2xdt, where m and n is unknown parameters while ϕ2xdt is regarded as a kind of

dividend. By doing this, the option to redevelop can be determined as Formula 2.1. Its

critical value is reflected in Z = x
R

. The parameters can be found in Formula 2.2 in [66],

where g represents the risk-adjusted rate of the cashflow x and ωK is the risk-adjusted rate

plus the risk premium of the uncertain redevelopment R.

V =

{
ϕ2x
r−g + ( (q−1)q−1

qq
)(φ−ϕ2

r−g )q xq

Rq−1 , if Z ≤ Z∗;
φx
r−g −R if Z > Z∗;

(2.1)

If the optimal decision is not doing nothing, the redevelopment problem can be divided

into two subproblems: to clean and redevelop sequentially or simultaneously. They are

studied as separate cases. If the contaminated properties were to be cleaned and redevel-

oped sequentially, their values can be expressed as Formula 2.3 in [66], depending on the

critical value of Y ∗, the ratio of the clean cash flow (x) to the cleanup cost (C), as Formula

2.4 in [66]. If Y > Y ∗, the removal action should be taken right now. Otherwise, the

optimal executing time is in Formula 2.6 in [66]. After the cleanup action, redevelopment

is better to be conducted when Z > Z∗ in Formula 2.6.
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

σ2 = σ2
x + σ2

R − 2σxR

γ = ωk − µR
δ = g − (µR − µK + r)

g = µx − (µP − r)βx
βx = ρxP

σx
σP

βR = ρRK
σR
σK

ωK = r + (µK − r)βR
q = 0.5(σ

2−2δ
σ2 +

√
(2δ−σ2)2+8γσ2

σ4 )

(2.2)

V1 =

{
ϕ1x
r−g + ( (q−1)q−1

qq
)((1−ϕ1

r−g )q( x
C

)q−1 + (φ−1
r−g )q( x

R
)q−1)x, if Y ≤ Y ∗;

x
r−g + ( (q−1)q−1

qq
)(φ−1
r−g )q( x

R
)q−1x− C, if Y > Y ∗;

(2.3)


Y ∗ = r−g

1−ϕ1

q
q−1

W ∗ = r−g
φ−ϕ1

q
q−1

Z∗ = r−g
φ−1

q
q−1

(2.4)

If the brownfield sites were to be cleaned and redeveloped simultaneously, their values

can be expressed in Formula 2.5 in [66], depending on the critical value of W ∗ in Formula

2.4, the ratio of the clean cash flow (x) to the combined cost of removal and redevelopment

as a joint action. If W > W ∗, the removal action should be taken right now. Otherwise,

the optimal executing time is in Formula 2.6.

V2 =

{
ϕ1x
r−g + (φ−ϕ1

r−g )q( (q−1)q−1

qq
) xq

(α1R+R)q−1 , if W ≤ W ∗;
φx
r−g − (α1R +R), if W > W ∗;

(2.5)


τY = lnY ∗−lnY

mx−mR

τW = lnW ∗−lnW
mx−mR

τZ = lnZ∗−lnZ
mx−mR

(2.6)

for mx > mR, where mx = µx − 0.5σ2
x and mR = µR − 0.5σ2

R.

The final value of the brownfield site is the maximum of V1 and V2. When Y or W

exceeds its corresponding critical value, the formula are very similar to NPV equations.

Otherwise, we can find the formula are a summation of a NPV term with some additional
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option values. An optimized redevelopment strategy can also be formed based on where it

locates in the decision region, since all critical values can be converted into x/R.
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Chapter 3

Fuzzy Real Options

Profitability of a project is perhaps the most important factor affecting developer’s deci-

sion on whether to undertake it. There are many techniques available to assess economic

feasibility, such as NPV and IRR [40]. But these techniques are all deterministic in na-

ture. When uncertainty plays a significant role, they provide little assistance to developers

searching for optimal decisions.

Efforts using various uncertainty representations have been made to enhance the decision-

making under uncertainty. In this chapter, uncertainty representations will be introduced

first. Real options analysis, a popular approach based on stochastic calculus, is reviewed.

Its obstacle to application, namely, private risk is explained. Then, an innovative solution

called fuzzy real options is discussed, which addresses private risk using fuzzy presentations.

3.1 Uncertainty Representations

The uncertain future costs and income of a project can be modelled as stochastic pro-

cesses, the main model used in real options analysis [30]. However, other representations

of uncertainty might be helpful in extending real options analysis, which can be classified

into two categories: those having underlying distribution, and those with an interval but

no underlying distribution [46]. The first class relies on the distribution to quantify the de-

gree of uncertainty. It can differ from classical probability theory by modifying the axioms,

thereby allowing for different measurements of uncertainty [60] [61].
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Fuzzy theory, developed by Zadeh [135], is one of the most frequently-used representa-

tions of uncertainty. It can serve as the basis of possibility theory [136]. Its major difference

from probability theory lies in the principle that fuzzy measure of multiple events equals

to the maximum rather than the sum [60] [73]. Fuzzy theory has had great success as a

bridge between quantitative information and qualitative description, and is appropriate for

expert estimates utilizing descriptive terms [137].

Dempster-Shafer Theory (DST) of evidence can be regarded as a generalization of

subjective probability. It allocates probability to events, which are elements of the power

set of A, rather than elements in the set A itself, making room for the storage of prior

knowledge [60] [61]. For events with non-void intersections, DST measure is not additive

[61].

When applying DST, two steps are modifications of subjective probability. One is

that the distribution of probability on events is determined using a belief function, which

is also called a basic probability assignment in DST. The other is that, since additivity

does not hold, the evidence of the combination rule must be employed in calculations [61].

The main advantage of these modifications is that the imprecision of subjective estimation

can be modelled as ignorance and vagueness [16]. DST has been used in many areas,

such as health care and medicine [109], decision making and business [122], and artificial

intelligence [100].

As opposed to distribution-based uncertainty representations, the min-max principle

and info-gap theory can be utilized to produce boundaries on estimation when severe

uncertainty affects the decision process [8]. Information gap theory defines a measure of

robustness and aims at finding a safe boundary within a set of nested functions [7]. In

fact, the distribution of uncertainty is not needed to calculate the envelope. Due to its

reduced need for information, info-gap theory is widely used in engineering design and

safety analysis [46]. Finally, a unique approach to handling uncertainty, for the case of

preferences, which is non-probabilistic, non-fuzzy and non-info-gap, is provided by Li et

al. [67].

Since different uncertainty representations have advantages in different application ar-

eas, some researchers have considered integrating them for more general purposes. Combin-

ing fuzziness and randomness has been carefully designed in combination with appropriate

axioms and suitable implementation algorithm as a basis for further studies [61] [70]. This

20



thesis utilizes these results and attempts to find a numerical method for hybrid processes.

3.2 Real Options Analysis

The cash flow of a project is usually classified into income and costs [40]. For a risky project,

income or costs (or both) are highly unpredictable. For instance, a toll highway could have

very different incomes, depending on whether or not people choose it as their main route.

The costs of extracting oil vary greatly, determined by the geology of the oil site. Research

and development (R & D) projects have both highly uncertain income and costs. The

market for products cannot be accurately predicted. While the development costs, such

as patents and human resources, are also largely unknown ahead of time. As a result, the

values of these risky projects are uncertain. Accordingly, a single value calculated using

NPV is inappropriate to help decision makers identify correct decisions.

To make better estimates of risky projects, various NPV based methods have been

suggested. Correlation pricing formula (CPF) changes the riskless discount rate into a

risk-adjusted one, so that the risk premium is included [77]. Expected NPV calculation

combines several scenarios into one. Fuzzy NPV can help in this situation, but gives the

final value as a fuzzy number [95]. Another way of evaluating risky projects is called real

options, which is the one of the main focus of this thesis.

In this section, option pricing model, real option analysis, and numerical methods to

solve options are explained in subsections in order. The process of applying real options

analysis, its results, and advantages and disadvantages of real options modelling will be

discussed to establish the basis of fuzzy real options.

3.2.1 Option Pricing Models

Option pricing models were used in the financial market to price derivatives, whose value

depends on underlying securities. Black, Scholes and Merton proposed their option pric-

ing frameworks (Formula 3.1 and 3.2) [9] [81], regarding the value of underlying asset as

the Geometric Brownie Motion. The risk-neutral approach they employed is also widely

adopted for deducing other option pricing models [52] [21].
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Call = SN(d1)−Xe−µTN(d2) (3.1)

Put = Xe−µTN(−d2)− SN(−d1) (3.2)

where d1 = ln(S0/X)+(µ+σ2/2)T

σ
√
T

; d2 = d1 − σ
√
T ; S is the current price of the stock; X is the

exercise price of the option; Call and Put denote respectively the European call and put

option prices; and N(x) is the cumulative distribution of the normal distribution.

Option pricing models explicitly acknowledge uncertainty (Table 3.1). By adding the

term σdz, they regard the assets underlying derivatives as stochastic processes, not deter-

ministic ones, thus dealing with risks and uncertainties more realistically. The volatility

reflects uncertainties that can be estimated using historical data and has a solid mathe-

matical basis. The values of uncertainties are reflected in the option prices.

Table 3.1: Comparison of Option Models and NPV

NPV Option models

Value of underlying assets dS
S

= µdt dS
S

= µdt+ σdz

Value of derivative options 0 Black-Scholes

With option pricing models, the value of flexibility can be more accurately valued. For

instance, if we are certain that Google stock price will be 700 dollars one year later from

NPV, the ability to sell the stock of Google at 650 dollars after a year is worthless. However,

if we admit that the probability of Google stock to fall behind 650 dollars exists (say 10%),

the put option at $650 will have some value, which can be determined by Black-Sholes

equation.

3.2.2 Real Options

The idea of using option pricing model to price real assets is called real options analysis, or

real options modelling [4]. The ability to evaluate managerial flexibility makes real options

appropriate for employment in many applications. The relationship between the value of
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managerial flexibility and the level of uncertainty, which is important in risk management,

decision making, and policy making, can be identified using real options analysis. For

instance, real options analysis has been applied to supply chains [83], infrastructure devel-

opment [29] [1] [103], energy management [28] [89], and environmental management [97]

[24].

Since the value of a project is mainly determined by the market values of its products

or consumed resources, real options analysis can be utilized to evaluate risky projects. In

the literature, real options analysis has been applied to different risky projects, such as

information technology [71], product development [38] [82], and oil extraction [105].

A project can be regarded as a cash flow and a portfolio of options reflecting managerial

flexibilities, such as closing the project at any time, expanding project scale at specified

times, and so on [21]. The following options may exist in different kinds of projects and

situations, and can be evaluated using option formulae developed for the financial market

[4] [98] [30] [21] [84].

• The option to defer: The option of waiting for the best time to start a project can

be valued as an American call option or a Bermuda call option;

• The option to expand: The option of expanding the scale of a project can be valued

as an American call option or a barrier option;

• The option to contract: The option of shrinking the scale of a project can be valued

as an American put option;

• The option to abandon: The ability to quit a project can be valued as an American

put option or a European put option;

• The option of staging: The ability to divide a project into several serial stages, with

the option of abandoning it at the end of each stage (“option on option”), can be

valued as a compound option, also known as a learning option;

• The option to switch: The flexibility to convert a project to another use can be valued

as a switch option.

• Options with multiple uncertainties: When the underlying asset of an option has

more than one uncertainty, it is called a rainbow option and requires a more complex

pricing formula.
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There are normally four steps in the process of valuing a risky project using the real

options approach [4]. Real option modeling involves iterative design, implementation,

testing, and modification:

1. Frame the application: Identify relevant aspects of the decision problem, including

uncertainties, decision rules, and available information:

• The decision problem: Start from a big picture of the application and identify

the appropriate problem to study;

• The uncertainties: Identify all sources of uncertainty and classify them into

market uncertainties and private uncertainties (also called private risks), which

can be treated differently;

• The decision rule: Express decision rules in a simple mathematical form, such

as the stochastic processes of the uncertainties and the optimization goal (profit

maximization or risk minimization);

• The available market information: Find data supporting parameter estimation

and uncertainty calculation.

2. Implement an option pricing model: This step involves establishing all inputs and

then calculating the result using analytic formulae or an option calculator, which is

normally pre-installed with frequently used option equations, i.e. European option

equations.

• Establishing inputs: Obtain the current value of the underlying asset, plus the

historical data needed for parameter estimation;

• Calculating the result: A value can be determined using an option calculator

with pre-built option valuation functions. Alternatively, formulae for options in

a specific situation can be deduced analytically using the risk-neutral approach

[30].

3. Review the result: Outputs from real options modelling should be reviewed not only

to identify insights and conclusions, but also to assess the model and recalibrate it if

necessary;

4. Redesign if necessary: If the quality of the model is not satisfactory, it should be

improved iteratively.
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The output of option valuation models usually includes valuations, critical values, and

strategy regions to help a DM to make decisions [4]. These important products are ex-

plained next:

• Evaluation: The most important output is the value of the risky project, the original

goal of the real options model;

• Critical values: In project valuation, there are usually formulae for calculating critical

values, which are thresholds for deciding whether to undertake the project. Critical

values thus play the same role as the NPV zero;

• Strategy space: The multi-dimensional strategy space is divided into regions, corre-

sponding to which option is best to implement. This output is often optional.

3.2.3 Numerical Methods of Real Options

Numerical analysis focuses on determining the fair price of options with the aid of a com-

puter. Although numerical results are approximate, numerical methods can be intuitive

and convenient to use. Three main classes of numerical methods are binomial trees, Monte-

Carlo simulations, and differential equations [52].

• Binomial tree: The binomial (and trinomial) trees simulate the up-and-down paths of

the random walk. Its structure is similar to a decision tree, using nodes to represent

events and linking them with probabilities. The two main steps are predicting future

events with known parameters, and then calculating values of real options at the root

node by finding the expected values backward from the bottom level to the top. In

fact, the binomial tree approach is a kind of explicit numerical solutions for partial

difference equations. But, because it is very popular among real options practitioners,

it is made as a distinct type of solutions.

• Monte-Carlo simulation: Steps in applying Monte-Carlo simulation are similar to the

binomial tree. The key difference from the binomial tree is that nodes on different

paths have no linkages. The probability of going from one node to the other is

unknown in Monte-Carlo simulation, while it is predetermined in the binomial tree

approach.
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• Numerical differential equation solution: This solution normally employs the numer-

ical solution of partial differential equations. The whole space will be divided into

grids. Boundary conditions are used to identify feasible regions. Then, forward or

backward algorithm are utilized to find the final result.

Each numerical method has its own advantages and disadvantages. A binomial tree is

intuitive and easy to implement. However, the complexity of a binomial tree algorithm has

exponential growth as the number of random variables increases. Monte-Carlo simulation

is also intuitive and easy to be parallelized, making it favoured by financial engineers.

Nonetheless, it requires higher computer power than other methods if the problem is not

too complex. A numerical differential equation method is more accurate and previously

widely used. But this algorithm is more difficult to understand than the previous two,

thereby preventing others from building more complex real options models.

3.3 Private Risk and Solutions

Risks considered in the option pricing models are market risks, assumed to satisfy the

requirements given below. However, these assumptions may not be realistic for real assets.

Many uncertainties cannot be matched by any basketed of market goods, and hence, are

unable to be included in the option pricing models [79]. Risks violating these assumptions

are referred as private risks [30] [106], which have to be considered in real options analysis.

• Complete Market: All risks can be hedged by a portfolio of options [86]. In other

words, all risks are reflected in the market price. In some publications, it is also

called market asset disclaimer (MAD) [106];

• Arbitrage-free Market: Unless a player in the market is willing to take some risk, there

is no opportunity for profit [106]. In other words, there is no risk-free way of making

profit;

• Frictionless Market: There are no barriers to trading, borrowing, shorting, or any as-

sociated transaction costs. Furthermore, the underlying assets are infinitely divisible

[79].
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These assumptions are generally realistic in the financial market, but these may not

be the case for real options. In fact, it is unusual for project-specific uncertainties to be

replicated as a market portfolio. The options modelling process must be customized to

make the valuation framework flexible enough to fit real options.

While Dixit and Pindyck [30] linked the real options model with decision analysis

implicitly, Smith and Nau [106] realized the similarity between the two in the presence of

private risk, and conducted the first study on comparing and integrating them in order to

handle private risk. This idea was further studied in [96], [10], and [101].

Given that private risk violates the MAD assumption, Smith suggests that there is

no unique value of the project, but instead an interval of value, between the dominating

and dominated replicating trading strategies [106] [33]. The dominating trading strategy

is defined as a strategy that generates a cash flow that is always greater or equal to the

project; while a dominated trading strategy is the strategy that always produce a cash flow

smaller or equal to the project. Therefore, we are able to achieve the value interval of a

project with private risk.

If “incompleteness” can be reduced to “partially complete” (Definition 3.3.1), the in-

tegrated valuation procedure (IVP) can be applied for better real options valuation [105].

The basic idea of IVP is to evaluate market-priced uncertainties using a real options model

while pricing private risks using decision analysis.

Definition 3.3.1 The market is partially complete if it satisfies [106]:

• Replicated security prices rely only on market states and can be expressed as s(t, ωmt );

• The market is complete in terms of treating market-priced uncertainties;

• Private events do not provide any information about future markets, implying that

ωmt and ωpt−1 are independent.

where s(t, ωt) denotes a vector of all prices in the portfolio at time t in state ωt; and ωm

and ωp represent states of market and private information, respectively.

When two preference restrictions, namely, the additive independence (Definition 3.3.2)

and ∆-Property (Definition 3.3.3) are added, the decision analysis technique can be ap-

plied to solve the investment problem. While option pricing model is used to tackle the
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investment problem under a partially complete market. Then, based on the separation

theorem [48], these two parts can be combined to solve the grand problem.

Definition 3.3.2 A firm’s preference is an additive independence one if it does not rely

on the joint distributions of its net incomes at each period [106]:

Definition 3.3.3 ∆-property means that a firm’s preference toward its net income at a

specific time t has constant absolute risk aversion. If the firm has no preference between

an uncertain cash flow x̃(t) and a deterministic one x(t), ∆-property requires this firm to

be indifferent between x̃(t) + ∆ and x(t) + ∆ [106]:

Smith’s work established an important approach to the private risk problem with dy-

namic programming [116] [10] [80] [33] [105]. Given its numerical simplicity, this method

is frequently used by real options practitioners. Mattar [80] extends IVP by differentiating

unique and private risks, which were both previously regarded as private risks. Unique risk

is private risk that can be diversified by holding various assets in the portfolio, and requires

no risk premium. With this extension, Mattar allows the exercise price to be stochastic

and to have a project-specific risk, making the valuation framework more flexible.

Monte-Carlo simulation is another option to handle the private risk problem, and is

widely adopted by real options practitioners. Because of its intuitive approach and conve-

nience of implementation, Monte-Carlo simulation is one of the default volatility estimation

methods in major real option software, such as Crystal Ball [13] and @Risk [44]. The key

idea lies in to represent the uncertainty in parameter estimation using subjective probabil-

ity [44]. Sample points will be generated using Monte-Carlo simulation and then used to

obtain a value distribution as outputs [84] [21]. Monte-Carlo simulation normally involves

the following steps [21]:

1. Define assumptions: Specify the distributions of the uncertainties of each variable ,

i.e. uniform, normal, lognormal, beta, etc, by consulting experts;

2. Set autocorrelations: Set the autocorrelation parameter for each variable, which is

important in time series analysis;

3. Define forecast variable: The forecast variable is the target of the estimation;
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4. Run the simulation: Run Monte-Carlo simulation to construct present value event

trees, so that the distribution of the output values can be obtained.

On the other hand, although the basis of Monte-Carlo simulation is similar to IVP,

the assumptions of Monte-Carlo simulation is frequently not met in the brownfield con-

text. An equivalent riskfree portfolio is difficult to construct because the MAD condition

fails. Therefore, the contingent claim approach cannot be applied to obtain the value of a

brownfield.

Besides dynamic programming and the Monte-Carlo methods used by financial en-

gineers, economists focus on finding better market-priced counterparts for private risks.

Historical data used to estimate the volatility of private risk can be classified as estima-

tion using the market price of the underlying asset, the market price of compatible assets,

the market price of the company’s stock, and related industry indexes [44] [34]. This

classification provides guidance to real options users on how to find the most appropriate

market-priced target for private risk estimation.

The idea of finding similar market-priced items can be rationalized into CPF (Formula

3.3) [77]. CPF is very similar to the capital asset pricing model (CAPM) model. The only

difference is that CPF does not require Y to be a market portfolio [86]. Another mathe-

matical treatment is to add a correlation coefficient ρud between the Brownian processes of

derivatives dzd and underlying asset dzu (Formula 3.4) [66] [102]. Because the coefficient is

added, it implies that a riskless portfolio can be constructed by holding diversified goods.

µw =
1

r
[w − βwy(y − rSy)] (3.3)

where y is the normalized market asset that is the most similar to the project w to be priced;

βwy is the beta between w and y; S, µ and r is defined the same as in previous sections.

dzd = ρuddzu +
√

1− ρ2
uddzud (3.4)

where the random variable dzud is assumed to be unsystematic with zero mean and variance

dt of a normal distribution.
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3.4 Fuzzy Real Options

Fuzzy real options were first introduced by Carlsson and Fuller [12], who attempted to

identify optimal strategies using real options analysis with uncertain parameters. The

possibility mean and variance were introduced in combination of real options analysis [31]

[11]. Unlike the crisp parameters required in real options analysis, fuzzy real options allow

parameters as fuzzy numbers.

This idea can be extended to tackle the private risk problem [121]. Similar to the IVP,

random variables model market uncertainty, while fuzzy representations are used for pri-

vate uncertainty. More specifically, the triangle fuzzy membership function is usually used

to represent the three-point estimation of experts, which is widely applied in project man-

agement [93]. The probabilistic mean is calculated first using the Black-Scholes equations,

and then the possibilistic mean is applied to obtain the final answer.

When the effects of private risk are not negligible and expert estimation is unavoidable,

fuzzy real options may be more appropriate to use than (crisp) real options, even though

the models are more complex. In areas such as environmental management, infrastructure

development [79], and strategy selection [12], fuzzy real options are more convenient to

employ, as they require fewer assumptions and include fewer correlated market factors.

Since fuzzy real options modelling incorporates fuzzy variables into stochastic processes,

it integrates fuzziness and randomness. The advantage of this combination is that it meets

practical needs in many applications, especially when descriptive expert knowledge, which

can be fuzzy in nature, is used to calibrate the parameters of a stochastic process. In such

cases, it is convenient to employ fuzziness and randomness at the same time.

Randomness is widely used in modelling natural and societal phenomena either because

it is inherent or because specific detailed information is missing. In view of the complexity of

the model, the latter situation is common. Even though unknown disturbances to a system

may be very small, their overall impact is not negligible in many cases. Probability and

stochastic processes are the prevalent modelling paradigm in fluid dynamics, the financial

market, and thermodynamics. Fuzzy representation cannot replace randomness in these

applications, given that these behaviours are countably additive, and thereby in conformity

with the axioms of probability.

However, the parameters determining these processes, such as drift rate and volatil-
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ity, may not be easy to estimate. In fact, selecting parameters is more art than science,

and typically involves some subjective judgement, an area where fuzzy representation has

demonstrated its effectiveness. Compared to the Bayesian subjective probability approach,

fuzzy representation is more tolerant of the inaccuracy of human expression. Fuzzy pa-

rameter estimates are like likelihood estimates in that they are not normalized - their sum

is not a constant. Additionally, the minimum and maximum operators used with fuzzy

variables are cognitively simpler than addition. Because of these advantages, fuzziness has

been widely applied to natural language processes and gained considerable success in this

area.

Hence, combining fuzziness and randomness is natural in some real-world applications,

and sometimes even seems inevitable. Related mathematical concepts such as a fuzzy

random variable and a random fuzzy variable, and their applications, have been explored

by authors in many papers, such as [70], [62], [63], [94], [133], and [23].

Fuzzy real options can utilize fuzziness and randomness in a complementary fashion

when needed in evaluating risky projects. Its basis, the hybrid process, is further discussed

in [133], [74], [70], [18], and [19]. Treatments differ in terms of the processes, the definitions

of means, and the definitions of variances. But all of them generate very similar results

for a basic case such as a fuzzy variable with a triangular membership function and a

normally distributed random variable. In this thesis, Chance Theory and the hybrid process

developed by Li and Liu [70] is employed, thereby taking advantage of their systematic

study of different uncertainty representations [74] [70].

In Liu’s theory [74], fuzziness is measured as credibility (Definition 3.4.1). Then the

chance space is defined as the product of a credibility space and a probability space (Def-

inition 3.4.2). The hybrid variable that integrates fuzziness and randomness is defined in

Definition 3.4.3. Then, the chance measure is defined in Definition 3.4.4. It can be proved

that the chance measure is subadditive (Theorem 3.4.5 [70]). Since people normally weigh

facts differently, subadditivity is more appropriate to model human assessment of evidence

[61].

Definition 3.4.1 [74] Credibility (denoted as Cr) is a measure on a nonempty set Θ,

which satisfies the following axioms:

1. Normality: Cr{A} = 1
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2. Monotonicity: Cr{A1} ≤ Cr{A2} if A1 ⊂ A2

3. Self-duality: Cr{A1}+ Cr{Ac1} = 1, where Ac1 is the complementary set of A1

4. Maximality: Cr{∪iAi} = supi Cr{Ai} for any events {Ai} with supi Cr{Ai} < 0.5,

where sup denotes the largest set among Ai

where A is a σ-algebra over Θ [124]. And Ai represents an event, which is essentially a

subset of A.

Definition 3.4.2 Let (Ω, P,Pr) denote a probability space and (Θ, A,Cr) a credibility

space. Then the product of these two spaces, (Θ, A,Cr) × (Ω, P,Pr), is a chance space

[70].

In this definition, Ω is a nonempty set; P is a σ-algebra over Ω; Pr is a probability

measure. Similarly, Θ is a nonempty set; A is a σ-algebra over Θ; and Cr is a credibility

measure. The tuple of these three elements defines a credibility space.

Definition 3.4.3 A hybrid variable is a measurable function from a chance space (Θ, A,Cr)×
(Ω, P,Pr) to the set of real numbers. For instance, for any Borel set B of real numbers,

which is generated from open spaces (intervals) of real number sets, the set {Λ ∈ B} =

{(θ, ω) ∈ Θ× Ω|Λ(θ, ω) ∈ B} is an event as θ ∈ Θ and ω ∈ Ω [70].

Definition 3.4.4 Given a hybrid space (Θ, A,Cr) × (Ω, P,Pr), the chance measure of a

hybrid event Λ is defined as [70]:

Ch(Λ) =


sup
θ∈Θ

(Cr{θ} ∧ Pr{Λ(θ)}), if sup
θ∈Θ

(Cr{θ} ∧ Pr{Θ(θ)}) < 0.5

1− sup
θ∈Θ

(Cr{θ} ∧ Pr{Λc(θ)}), if sup
θ∈Θ

(Cr{θ} ∧ Pr{Θ(θ)}) ≥ 0.5
(3.5)

Theorem 3.4.5 The chance measure is subadditive, which means that, for any events Λ1

and Λ2, Ch(Λ1 ∪ Λ2) ≤ Ch(Λ1) + Ch(Λ2) [70].

We often meet situations that a random variable contains parameters as fuzzy variables.

In other words, the probability density of a random variable cannot be determined without
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fuzziness on its function parameters. The density of this random variable rv can be ex-

pressed as φ(rv; fv1, fv2,· · · , fvm), where φ is the density function on rv, with the number

of m fuzzy parameters as fv1, fv2, . . . , fvm. Every fuzzy variable has its own membership

function µi(fvi) (i = 1, 2, . . . ,m). In this case, the chance measure defined in Definition

3.4.4 can be more specific as follows Formula 3.6.

Ch(ξ ∈ B) =



sup
fv1,fv2,...,fvm

(( min
1≤i≤m

µi(fvi)
2

) ∧
∫
B
φ(rv; fv1, fv2,· · · , fvm)drv),

if sup
fv1,fv2,...,fvm

(( min
1≤i≤m

µi(fvi)
2

) ∧
∫
B
φ(rv; fv1, fv2, . . . , fvm)dx) ≤ 0.5

1− sup
fv1,fv2,...,fvm

(( min
1≤i≤m

µi(fvi)
2

) ∧
∫
Bc φ(rv; fv1, fv2,· · · , fvm)dx),

otherwise

(3.6)

Among all types of hybrid variables, the normal distributed random variable with tri-

angle formed fuzzy parameter may be the simplest while most useful ones. From the

randomness perspective, the normal distribution is the most frequently used form with

only two parameters. According to the central limit theorem, the sum of numerous small

random disturbances will form the normal distribution regardless to their own distribu-

tions. On the other hand, the triangle-form membership function is easy to be applied

to natural language process and three-point estimation, which are important in subjective

parameter estimation. Therefore, this type of hybrid is employed in fuzzy real options

modelling in this thesis.

The distribution of the hybrid variable is shown in Figure 3.1. This hybrid variable

is a combination of a fuzzy variable and a random variable. It appears to follow the

normal distribution function in some intervals, while becoming a straight line elsewhere.

The hybrid variable is continuous, since both fuzzy variables and random variables are

continuous, while its derivative is not.

When fuzzy real options are applied to evaluate brownfields, the same input data is

adopted for the sake of result comparison. The private risk of redevelopment cost, reflected

in the volatility rate of the redevelopment cost, σR, is deemed to be a fuzzy variable. The

volatility of the redevelopment cost is difficult to estimate due to the complexity of the

vodose zone modelling [32]. For instance, groundwater passes through peat (or cinders) at
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Figure 3.1: Chance Distribution of a Typical Hybrid Variable

the velocity of 177cm/day, which is hundreds of times the speed in the silt till (0.49cm/day)

at the site of the Ralgreen Community in Kitchener, Ontario, Canada [54]. Moreover,

redevelopment cost also depends on the residual rate of pollutants and excavation cost,

which are hard to estimate using market data neither.

The redevelopment volatility is represented as a fuzzy variable with a triangle member-

ship function, because project managers and experts usually use the three-point estimation

method [93]. Based on the hydraulic conductivity, volume of contaminated soil, and ele-

vations, we found the 20% volatility rate is valid and roughly realistic. Nonetheless, since

there are only two wells drilled for sampling, a relatively large interval should be added.

As the result, the fuzzy redevelopment volatility is inputted as (0.15, 0.2, 0.25). The three-

point parameter estimation will be extended with OWA in Section 4.2, which is a kind of

fuzzy deduction rules.

The main result indicates that the private risk of redevelopment volatility has impact

on the value of brownfields. And because the output indicators are less than their corre-

sponding critical values, the optimal decision is to wait and see, which helps to explain
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why developers are reluctant to undertake brownfield redevelopment projects.

Moreover, the critical values become fuzzy outputs since there is fuzzy input. These

critical values can be converted into the ratio of x/R and shown in one figure as different

decision regions in the strategy space. Fuzzy areas are calculated based on their fuzzy

means and standard deviations, providing DMs an intuitive decision suggestion with the

aid of the decision region chart.
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Chapter 4

Using Fuzzy Real Options in

Brownfield Evaluation

4.1 Extended Least-Squares Monte Carlo Simulation

Finding numerical valuations of fuzzy real options is challenging. Up to now, fuzzy real

options have been used only when a closed-form solution is available [12] [118]. If the

analytic form cannot be found, fuzzy real options are hard to evaluate. This thesis uses

a Monte-Carlo simulation based algorithm to find numerical results for fuzzy real options,

attempting to fill this gap.

In the following subsections, Monte-Carlo simulation and LSM are explained. Then

the hybrid process and extended LSM algorithm are introduced [70]. The design of the

associated tests is also discussed in connection with optimization of these algorithms.

4.1.1 Monte-Carlo Simulation and Real Options

Monte-Carlo simulation is one the major classes of numerical algorithms to price options.

There are three major steps involved in Monte-Carlo valuation [3]:

1. Generate sample paths: Discretize the continuous sample paths and generate them

based on specified random variables, such as Geometric Brownian Motion, using
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S(t + ∆t) − S(t) = µS(t)∆t + σS(t)ε
√

∆t, where S represents the present value, t

represents time, ε is a standard normal variable distributed as N(0, 1), µ represents

the drift rate (or called growth rate), and σ represents the volatility rate.

2. Apply backward induction to price the option for every path: Calculate the maximum

value on every path Vi = max(Vi,t), where Vi,t stands for the value of the option at

the time t ∈ [0, T ] on the ith sample path and T is the expiration time. The maximum

value can be obtained by recursively finding the higher value between the value of

executing the option at the time t with the continuation value without execution at

the time t+ 1 (Vi,t+1) when the option becomes exercisable at t. Backward induction

means that calculation starts from the expiration time T , where Vi,T is only deter-

mined by payoff and option execution cost, and backwards induction processes until

t = 0.

3. Estimate expectation on all paths as the value of the option: Calculate the price of

an option as the expectation of all sample paths, which is the mean of values on all

paths V = E[V0] = 1
N

N∑
i=1

Vi,0, where N is the number of sample paths.

Monte-Carlo simulation is popular among financial engineers and real options practi-

tioners, because of several advantages, described below (see [52] for details):

• Stable converge speed: The error rate of the Monte-Carlo simulation is Error =

O(Max[∆t, 1√
N

]), where ∆t is the time interval in discrete time values and N is the

number of samples generated. Intuitively, both the number of samples (according

to the Law of Large Numbers) and the number of time steps have impact on the

accuracy. Hence, the larger one is the bottleneck. In other words, if the number of

samples is small, therefore the bottleneck, it is impossible to achieve high precision

no matter how small the ∆t is.

• Linear growth of algorithm complexity as the number of random variables increases:

Unlike the binomial tree approach, where complexity grows exponentially with the

number of random variables, the complexity of Monte-Carlo simulation has only a

linear increase. In real situations, Monte-Carlo simulation is particularly appropriate

when the number of random variables is large.
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• Greater flexibility in parallel computing: The Monte-Carlo simulation algorithm is

easily parallelized and therefore benefits from multi-core development in the chip

industry [17].

• Expandability: Monte-Carlo is easily combined with the Quasi-Monte Carlo random

number generation algorithm, double sampling technique, and so on. All these tech-

niques can greatly accelerate the performance [57].

The flexibility of scale expansion justifies the choice in this thesis of Monte-Carlo sim-

ulation as the basis for the numerical algorithm to price fuzzy real options. Once the

proposed algorithm is demonstrated to be effective, it can quickly be applied to large-scale

real applications. But when Monte-Carlo simulation is used to evaluate real options, there

are some problems that must be addressed:

• Early executable options: Since real options are usually used to evaluate real assets,

in most cases the execution time of real options is flexible. Asset owners have great

power to deal with their own properties. The value of a sample path depends on when

the option is executed, and therefore on the path. The normal backward algorithm

in the Monte-Carlo Simulation must be modified in order to deal with this situation

[76]. In addition, the analytic solution of the Black-Scholes equation is hard to find

due to the unknown execution time [52].

• Infinite time horizon: Once an asset, real estate, is purchased, in theory ownership

lasts forever. Many real options can be executed at any time with no expiration [30].

However, sample path generation in Monte-Carlo simulation cannot extend forever,

as there must be an end in order to begin backward induction.

• Critical values and expected execution time: Unlike options in financial markets, DMs

want to know not only the value of options, but also the optimal decisions and

expected time to execute their options. The algorithms of finding these values must

be part of the evaluation algorithm.

To evaluate early executable options using Monte-Carlo simulation, Longstaff and

Schwartz [76] proposed the LSM, which has gained wide acceptance. The key point of

LSM is to compare the expected payoff of continuation of the status quo against the payoff
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for immediate execution at every step. The expectation is calculated by utilizing informa-

tion from all sample paths, and is estimated using a least squares method.

In carrying out the backward induction, the continuation values at time t − 1 on all

sample paths, which normally equal the expected values (E[Vt]) at the next step (t), are

calculated using least-squares estimation. The payoffs at the next step (t) are converted

to present value using Vt−1 = e−r∆tVt. These values are collected in a vector denoted ~Y .

The known payoffs at time t− 1 on all sample paths form a vector ~X. Then, the following

steps are conducted to find the expected payoffs at the next time t:

1. Select functional form: Various functional forms can be used in least squares estima-

tion [64], such as ~Y = f(x) = a0 + a1
~X + a2

~X2 + a3
~X3 + a4

~X4 + a5
~X5.

2. Conduct least squares estimation: Use least squares estimation to estimate all of

the coefficient parameters in the function by E[Y |X] = Ŷ = f(x) (for instance,

(a0, a1, a2, a3, a4, a5) in the above example).

3. Calculate the expected continuation value: The expected continuation value on every

sample path is calculated as E[Y = y|X = x] = ŷ = f(X = x).

The LSM approach is elegant and powerful, extending the application of the Monte-

Carlo method to almost all path-dependent options. However, least squares estimates of

continuation values are proven valid within the realm of probability theory, and therefore

limited to the stochastic case. Whether LSM can price fuzzy real options credibly is

unknown, and should be tested [105]. As usual, the critical value and infinite horizon

problems will be addressed in algorithms proposed below. All of these considerations are

summarized in Figure 4.1, which are all included in the newly developed extended LSM

introduced in the next subsection 4.1.2 .

4.1.2 Extending the LSM Algorithms

The Hybrid Process

Similar to stochastic processes, we define a hybrid process to be a sequence of real numbers

retrieved from hybrid events indexed by an index set T [74]. A hybrid process is incremen-

tally stationary if and only if for all t, Xt+1 − Xt is an independent and identical hybrid
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Figure 4.1: Conceptual Map of Considerations for Extending Option Pricing Models to

Fuzzy Real Options

40



variable. Following the assumptions made in real options analysis, the hybrid processes

used to value fuzzy real options are incrementally stationary [70].

The hybrid variable used as stationary increment in this thesis is a normally distributed

random variable N ∼ (µ, σ) with parameters (µ and σ) that are fuzzy variables with

triangular membership functions. This hybrid variable is selected because it is analogous

to the normal random variable that is the basis of Wiener process. When private risk

is present in fuzzy real options, parameter estimates from experts are often expressed as

fuzzy variables with triangle membership functions. Hence, a normally distributed random

variable with triangle-form fuzzy parameters must be studied as the base case.

To generate sample paths for the hybrid process, two separate steps are required: first

the fuzzy samples are generated, as these processes have different parameters; second the

hybrid process is simulated by splitting it into sets of stochastic processes, each corre-

sponding to possible values of the fuzzy parameters. Because all of the increments on

every sample path come from the same hybrid variable, it is easy to repeatedly simulate

the entire hybrid process. The algorithm is set out as Algorithm 1.

Algorithm 1 divides the hybrid process into two levels to deal with the fuzzy parameters

and the stochastic process separately. This helps to cope with the difficulty of fuzzy variable

simulation. Separating fuzziness and randomness also facilitates following steps, such as

backward induction and calculation of expectation. Validation tests are conducted in each

case study.

Least Squares Estimation of Conditional Expectation of Hybrid Variables

As mentioned above, LSM employs the least squares estimation to find the expected value

of continuation with no action and compares it with the payoff of option execution at the

present time. The least squares estimation can utilize a cross-section of information to find

the expected value of continuation on every sample path. Hence, there is a question about

the validity of the least squares estimation when a hybrid process is introduced.

This problem can be answered using levelled least-squares estimation. If least-squares

estimation is conducted on a group of stochastic processes with the same fuzzy sample,

LSM can be assumed valid, as the hybrid variable has been degraded back to a random

variable. When the backward induction is complete, values with fuzzy membership degrees
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Algorithm 1 Hybrid Process Sample Paths Generation Algorithm

Require: Parameters of normal distribution with fuzzy three-point estimates of µ and σ

Ensure: A SamNum ∗ Step matrix (out[][]) of all hybrid sample paths.

. Where SamNum is the number of sample paths

. CrNum is the number of fuzzy samples

. PrNum is the number of random samples

. Steps is the number of induction steps, which equals T/∆t

. Where SamNum is the number of sample

1: SamNum← CrNum ∗ PrNum
. Fuzzy samples generation with (min, most, max) triangular membership functions

2: for i = 1 to CrNum do

3: CrV alue[i]← Random.uniform(min,max)

4: if CrV alue[i] ≤ most then

5: CrDegree[i]← CrV alue[i]−min
2(most−min)

6: else

7: CrDegree[i]← CrV alue[i]+max−2most
2(max−most)

8: end if

9: end for

10: for i = 1 to CrNum do

11: sigma← CrV alue[i]

12: for j = 1 to CrNum do

13: out[i ∗ CrNum+ j][1]← IntialV alue

14: for k = 2 to Step do

15: out[i ∗ CrNum + j][k] ← out[i ∗ CrNum + j][k − 1] ∗ exp(mu ∗ dT − 0.5 ∗
sigma2 ∗ dT + sigma ∗

√
dT ∗Random.gauss(0, 1))

16: end for

17: end for

18: end for
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are obtained. Steps of finding the expected value will be applied later. The algorithm is

listed as Algorithm 2.

In addition, the validity of the non-levelled least-squares estimation can be checked

by comparing its result to the levelled one. Since the separated estimates do not utilize

cross-sectioned information across different fuzzy parameters, they can be regarded as a

test bench for the non-levelled algorithm.

Expected Value Estimation

The final vector calculated using Algorithm 2 is associated with a fuzzy membership de-

gree for every sample path. Each option value at this last step has an associated fuzzy

membership. The mean of this fuzzy vector cannot be calculated as the average of all

samples. so the definition of the expected value of a fuzzy variable is employed to obtain

a final value. The algorithm is based on [73].

Further, normalized fuzzy membership averaging can be used to compare results. After

the fuzzy membership function is normalized, weighted averaging is employed to calculate

the expected value. Because normalization makes the fuzzy membership degree to be

additive, the mean obtained can also be used to explore the linkage between fuzziness and

randomness. Results can be compared using previous cases, so that better candidates are

identified for further study.

Critical Values and Optimal Strategies

Critical values divide the state space into decision regions with different optimal strategies.

For an American put option, such as the ability to abandon a project at anytime, a critical

value splits the space into two decision regions: keep the project running if the value of

the state variable is higher than the critical value; and reject the project once the state

variable becomes lower than the critical value. Execution of the option to abandon occurs

when the state variable falls from keeping the project to rejecting it.

When finding critical values using Monte-Carlo simulation, infinite horizon is an im-

portant problem to overcome. Since Monte-Carlo simulation must have an end node to

start backward induction, infinite horizon is treated in two parts: a long time to simulate
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Algorithm 2 Hybrid Process Backward Induction Algorithm

Require: The SamNum ∗ Step payoff matrix of all hybrid sample paths

Ensure: The present value vector for all hybrid sample paths

. Valcont and ValExec denote the value of continuation and execution respectively.

1: for i = 1 to SamNum do

2: if V alCont ≤ V alExec then

3: Payoff[i][Step]← V alExec

4: else

5: Payoff[i][Step]← V alCont

6: end if

7: end for

8: for i = 1 to CrNum do

9: for j = Step− 1 to 1 do

10: for k = 1 to CrNum do

11: RealContV al[i∗CrNum+k][j]← Payoff[i∗CrNum+k][j+1]∗exp(−r∗dT )

12: Y [k] = RealContV al[i ∗ CrNum+ k][j]

13: X[k] = Payoff[i ∗ CrNum+ k][j + 1]

14: RealExeuV al[i ∗ CrNum+ k][j]← (Payoff[i ∗ CrNum+ k][j + 1] + out[i ∗
CrNum+ k][j]) ∗ exp(−r ∗ dT )

15: end for

16: Coef← LeastSquareEstimate(Y , X)

17: for k = 1 to CrNum do

18: ExptContV al[i ∗ CrNum+ k][j]← Coef ∗X[k]

19: if ExptContV al[i∗CrNum+k][j] ≤ RealExeuV al[i∗CrNum+k][j] then

20: Payoff[i][Step]← RealExeuV al[i ∗ CrNum+ k][j]

21: else

22: Payoff[i][Step]← ExptContV al[i ∗ CrNum+ k][j]

23: end if

24: end for

25: end for

26: end for
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so that the value approximately equals the infinite one; and the expected project value

after the last simulated nodes, which will be regarded as an added constant during the

backward induction to make the simulation more accurate.

Stated as the continuous and smooth pasting conditions [30], critical values are the

points where both the payoff and its derivative equal the value and its derivative of the

option. Meeting critical values from the no-execution zone to another usually implies

executing the option. To simplify the process of identifying critical values and expected

execution time, this paper suggests a process utilizing properties of infinite horizons.

Since every node can be regarded as a start node with only one sample path, critical

values can be identified at the last time where the continuous and smooth pasting conditions

are satisfied in the backward process. The execution time at this node is recorded for the

expected execution time calculation. In other words, critical values and execution time can

be identified by adding some conditional statements to the backward induction algorithm.

When implementing a given algorithm, a parameter such as 10 years out of 200 years

simulated time, is assumed to be the latest time for critical values and execution time

identification. This is because nodes near the bottom cannot be regarded as starting

nodes. Once the nodes are identified, the control parameter has to be traced back. This

algorithm is proposed as Algorithm 3.

In Algorithm 3, tracing back to the control variable is conducted via the linkage between

the control variable and its payoffs, which are stored in the price matrix and payoff matrix.

With this mapping, one can always find the value of the control variable.

Algorithm 3 becomes more complex when applied to a hybrid process. As usual, the

critical values and execution times will be identified first. But, for hybrid processes, sample

paths have fuzzy memberships, so the final critical values and expected execution times

are fuzzy variables as well.

4.1.3 Illustrative Applications using Extended LSM

Two illustrative applications will be introduced in the following sections for two main

reasons: to test proposed algorithms by comparing their outputs with previous results,

and to demonstrate what information fuzzy real options can provide to DMs. The first

is a brownfield study, while the second is an oil development evaluation. Although oil
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Algorithm 3 Algorithm for finding critical values and expected execution time

Require: The SamNum∗Step cash flow matrix (out) and the option value matrix (Payoff)

Ensure: Critical Values and Execution Times

1: Y ear ← TotalY ear ∗ 5%

2: Tol← 0.01

3: for i = Step− 1 to 1 do

4: for j = 1 to SamNum do

. Comparison based on the continuous and smooth pasting conditions

5: if i∗δt < Y ear and out[i][j]−Payoff[i][j] ≤ Tol and out[i][j+1]−out[i][j] ≤ Tol

then

6: ExeT ime[i]← i ∗ δt
7: CriV al[i]← P which leads to out[i][j]

8: end if

9: end for

10: end for

development is not a typical brownfield, it relates to brownfield problem due to its risk to

groundwater, and therefore, the possibility of becoming a brownfield. Backgrounds, input

information, result comparisons, and insights are explained later.

Brownfield Evaluation using Fuzzy Real Options

The same data of a brownfield example from Lentz and Tse, a classic real options study

on brownfield evaluation, is used so that outputs of the extended LSM algorithm are

comparable to results in literature. Numerical outputs and analytic result [66] are compared

and analyzed. Interpretation of fuzzy outputs of the extended LSM is further discussed

later. Studies are conducted as follows:

• Least-square Estimation: Two ways of applying least-square estimation are tested.

One is to restrict least-square estimation within a group with the same fuzzy pa-

rameter, which is called levelled LSM in this paper. The other is to use least-square

estimation in all sample paths, the same as the original without any consideration of

fuzzy values, which is called non-levelled LSM.
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• Expected Value: Identify appropriate method of calculating the expected value of the

hybrid process, including fuzzy expected value definition, expected value as averages,

and normalized averages as a quick way, which normalizes the resulted fuzzy variable

at first, and then compute the expected value as the weighted average.

• Critical Values: Similar to the value of brownfields, algorithms to find critical values

differentiating optimal decisions will be compared with results in the literature having

the same parameters. Fuzzy critical values are plotted to check the effect of fuzziness.

When applying fuzzy real options to evaluate brownfields, income (x) and cost (R)

are assumed to be uncertain, for which both follow normal distributions. Although uncer-

tainty in incomes (x ∼ N(µx, σx)) is reflected in the market data, uncertainties regarding

remediation and redevelopment costs are private risks. Therefore, redevelopment cost (R)

is represented by a hybrid variable, R ∼ N(µR, σR) with its variance as a triangular-form

fuzzy variable (σR ∈ (aR, bR, cR) [118].

The above variable definitions for brownfield redevelopment fit Model IV of Liu [73], as

both hybrid variables has a probability density function (normal distribution) with fuzzy

parameters with triangle membership functions. Liu’s Model IV is used in this case study

[73].

In order to compare results, the brownfield model remains the same except for differ-

ences in private risk treatments. They are compared as follows [66] [121]:

• Brownfield modelling

– There are two uncertain parts: payoffs and redevelopment costs. Payoffs are

continuous cash flows, while redevelopment costs are one-time payments;

– There are three stages in brownfield redevelopment: before remediation, after

remediation, and after redevelopment. The payoffs are assumed to be propor-

tional in these stages;

– Redevelopment costs have two components: remediation and redevelopment;

– There are three strategies a developer can choose: take no action; clean and

redevelop brownfield sequentially; and clean and redevelop simultaneously.

• Private Risk
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– Real options: Both payoffs and redevelopment costs are private risks, but cor-

related to two market-priced variables;

– Fuzzy real options: Income only has market risk, while uncertainty about rede-

velopment costs is private risk. The volatility of costs (σ) is typically estimated

by experts using three-point estimation as a triangle-form fuzzy variable.

When parameters similar to those given in the literature are used (Table 4.1), similar

results are obtained (Table 4.2). The value of the brownfield is found to be slightly higher

than the output using NPV. The optimal decision, to wait and develop simultaneously

later, is suggested. The expected waiting time is also provided. In addition to the NPV

value of the property, DMs can find the value of the managerial flexibility of waiting for a

better market environment and the way to realize it. Furthermore, because fuzzy variables

are added, decision boundaries marked by critical values become fuzzy. The critical value

using non-levelled LSM is plotted in Figure 4.2 as an example.

When comparing results from different approaches, the findings suggest that numerical

methods can produce answers consistent with analytic methods. When the analytic form

of fuzzy real options is difficult to derive, extended LSM can help to evaluate fuzzy real

options. But, we can also see that the result of expected time and critical value from

the non-levelled LSM is not satisfactory, indicating that the levelled LSM algorithm is

preferred over the non-levelled one.

Furthermore, in terms of the estimator used in the least-square estimation, the fifth

level of polynomial function is found to be appropriate because it achieves both satisfactory

performance and good quality of estimates. The impact of different estimators does not

significantly affect the results, but has various performance times. Polynomial function is

selected due to its flexibility in curve fitting. As a higher level is included, the running

time grows exponentially. The balance between satisfactory estimates and tolerable per-

formance must be kept. A better discussion on selection of different types of estimators

and associated parameters can be found in [64].

As for the methods to determine expected value (Table 4.3), we found that when the

fuzzy interval approaches zero, the fuzzy expected value definition, average, and normalized

average share similar results, suggesting that when the fuzzy variable becomes a crisp one,

real options and fuzzy real options are identical. But, even though the fuzzy expected

value definition is accurate in theory, the normalized average is suggested, given that the
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Table 4.1: Input Data of a Brownfield [66]

Benefit

drift rate µx = 2.5%

volatility σx = 20%

present annual income x0 = $ 300,000

Cost
drift rate µR = 7 %

present redevelopment cost R0 = $ 5,000,000

Parameters

income rate with contamina-

tion
ϕ1 = 0.4

income rate after clean-up ϕ2 =1.0

income rate after redevelop-

ment
φ =2.0

clean-up cost rate α1 = 0.3

redevelopment cost rate α2 = 1.0

riskless interest rate r= 5%

Private

Risk

real options
correlations ρxP = 0.7 and ρRK =

0.8

fuzzy real options
Fuzzy σR with triangular distribu-

tion (0.15;0.2;0.25)

Note:

The main data source comes from Lentz and Tse [66], whose parameters are explained in

Section 2.3.
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Table 4.2: Main Result Comparison between Analytic and Numerical Outputs

Analytic Levelled Non-levelled

Value (Million Dollars) 17.838 16.896 17.122

Critical Value (x/R) 0.0823 0.0733 0.0747*

Current Ratio (x/R) 0.06

Expected Time (Year) 10.5 9.18 6.63

Optimal Decision Wait and develop simultaneously in future
Note: Critical values and expected times are fuzzy variables. Crisp values in the table are

expected value of these fuzzy variables. The fuzzy critical value retrieved from

non-layered method is plotted in Figure 4.2 as an example.
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Figure 4.2: A Fuzzy Critical Value

Notes: The vertical measurement “Credibility” is essentially the fuzzy membership

degree, while the horizontal measurement “value”is the ratio of the annual income to the

redevelopment cost (x/R).
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output of the fuzzy expected value definition is unstable when the sample number is small.

Generating a large number of fuzzy samples requires too much computing resources. The

normalized average is also superior to the average, as there is no distribution consideration

in calculating the average. The result will be the same regardless of the fuzzy membership

distribution if the average is examined. The normalized average was selected due to its

consistency and precision. The appropriate sample number can be determined by observing

the convergence rates of different sizes with a much shorter time parameter T . We found

the sample size is better to be set between 100 and 200 in fuzzy real options modelling.

Table 4.3: Comparison of Methods to Calculate the Expected Value (Million Dollars)

Sample Number

30 (T=200 years) 200 (T=15 years)

mean interval mean interval

Mean 16.724 3.2 5.442 0.8

Unified 17.106 3.6 5.478 0.9

Fuzzy 18.092 18.7 5.650 0.9

Studying the effect of fuzzy uncertainty shows that the brownfield evaluation increases

as fuzzy uncertainty increases (Figure 4.3). This phenomenon confirms a finding in liter-

ature [12] [118], indicating that the private risk has similar effect on the output values to

market risks. The higher uncertain the future is, the larger value of managerial flexibility

(or the adaptivity) becomes.

Oil Extraction using Different Private Risk Solutions

Oil extraction is a classical problem used in studies of real options modelling and decision

analysis [43] [91] [41] [92]. One popular case is a study of oil extraction in Southwestern

United States based on the original work of Smith and McCardle [105], whose data are

derived from Gibson [41].

The purposes of this case study are to compare fuzzy real options with IVP, the fuzzy

effect on the growth rate, and an initial study on how value changes as preference varies.
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Figure 4.3: Brownfield Value as Fuzzy Interval Increases

Note: The property value is measured in dollars. The distance between minimum and

maximum value refers to the three-point estimation on the volatility. In this diagram, the

triangle is assumed to be symmetric representing the risk-neutral case. Therefore, the

distance is actually measured between the most likely and the minimum (or maximum)

values, which is a half of the distance between minimum and maximum value. The value

shown in Table 4.2 is the point at 0.05 in this figure.
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Table 4.5 shows the main results, including value and critical value using input data that

are similar to Smith and McCardle’s (Table 4.4).

Table 4.4: Data used in Evaluating Oil Properties [41]

Input Variables Value

Riskless interest rate r 0.5 %

Drift rate of oil price µprice -8%

Volatility of oil price σprice 33%

Drift rate of oil production µproduction -10%

Volatility of oil production σproduction 2%

Present oil price P0 $ 18.00

Present oil production per day V0 $ 600

Annual operation cost OpC $ 255500.0

Tax rate tax 74.192%

Decommissioning cost abandon $ 350000.0

In addition, the value of fuzzy real options, risk neutral, and IVP cases can be compared

as the initial value changes from 0 to 20 million dollars, which can be calculated out by

P0 × V0 × 365. For the case shown in Table 4.4, the inivial value is around four million

dollars, because 18×600×365 = 3942000. Consistent with previous results, the uncertainty

in fuzziness slightly increases the value of oil property compared to the risk neutral case.

Risk tolerance requires some premium to compensate the private risk.

Figure 4.5 shows the consequences of using the skewness of the triangle membership

function as an indicator of preference. It shows the effect of moving the most likely value

from maximum to minimum. The closer the most likely value to the minimum, the lower

the value it indicates. Note that the most pessimistic value is less than the risk neutral

value. This phenomenon is similar to the IVP case when the risk tolerance is added.

Overall, this analysis confirms that fuzzy real options are appropriate to represent private

risk.

Hence, we find that fuzzy real options also provide DMs a way of reflecting their risk

preference into the risky project evaluation. Estimates from experts contain their prefer-
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Figure 4.4: Value Comparison between IVP (risk neutral) and Fuzzy Real Options

Note: The property value is measured in dollars. The oil annual income is shown in

million dollars. The data shown in Table 4.4 is around the point 4 million dollars,

because 18× 600× 365 = 3942000.
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Table 4.5: Result Comparison for Oil Property

Real Options IVP Fuzzy Real Options

risk neutral R = 10 µproduction = (−0.2;−0.1; 0.0)

Value 12.096 11.923 12.231

Critical Value 267.383 263.122 NA

Optimal

Strategy

Acquire immedi-

ately

Acquire immedi-

ately
Acquire immediately

Note: The critical value of fuzzy real options is omitted here because it is a fuzzy

number. Except for the fuzzy drift rate, all other numbers shown in this table are

measured in million dollars.

ences, and therefore affect the evaluation of the project. DMs can understand the impact

of their risk preferences on their optimal decision by utilizing fuzzy real options.

In conclusion, extended LSM can generate numerical results for fuzzy real options

modelling. The numerical and analytic results are approximately equal in cases where

comparison is possible. Fuzzy estimation normally slightly increases the value of fuzzy real

options, which is easily understood as the value of managerial flexibility in dealing with

private risk. As the skewness of the fuzzy membership function changes, the value of fuzzy

real options also changes. Compared to the IVP, extended LSM produces similar results

and can be regarded as another option for representing preference toward private risks.

The numerical method studied in this thesis enables DMs to use fuzzy real options in

more applications. The flexibility of fuzzy real options generalized to stochastic models

can be utilized whenever DMs are unsure on certain parameters. Both market and private

risk can be accommodated in fuzzy real options, and can be calculated even if no analytic

solution can be found. This advantage can promote the usage of real options analysis in

areas where private risk cannot be overlooked. DMs can learn the value of the managerial

flexibility, the impact of their risk preferences, and the optimal decision regarding a risky

project.
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Figure 4.5: Value as Preference Changes

Note: The property value is measured in dollars. The minimum and maximum value of

the three-point estimation on the volatility are 0.1 and 0.3 respectively. The horizontal

axiom shows the value of the most likely point, changing from the maximum to the

minimum.
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4.2 OWA for Contamination Likelihood Estimation

4.2.1 Brownfield Redevelopment Process in Ontario, Canada

In Ontario, Canada, brownfield redevelopment contains two main stages: redevelopment

and long-term monitoring according to the Ontario Regulation 511/09 [90]. The redevel-

opment process can be further divided into three phases. Phase I is ESA I. An expert

investigates the brownfield site and uses his or her judgement to decide whether this site

has been contaminated. If so, the scope of Phase II (ESA II) will include surveying, mon-

itoring, and remediation; if not, a RSC will be submitted to the MOE. Then the site

undergoes long-term monitoring. This process is illustrated in Figure 4.2.1.

Figure 4.6: Process of Brownfield Redevelopment in Ontario, Canada

Human judgement plays a critical role in determining the likelihood that contaminants

have affected the property; therefore, subjective uncertainty should be included in pollution

estimates. A fuzzy boundary is an appropriate representation for dividing contaminated

and clean regions, which can be determined using an OWA operator including judgements

57



on different environmental indicators [115]. The proposed numerical method of calculating

the fuzzy boundaries will be further discussed later.

A typical brownfield redevelopment negotiation process occurred in the brownfield rede-

velopment case in the Ralgreen Community, Kitchener, Ontario, Canada [54]. At first, the

community observed the degradation of some environmental indicators, including odour

in basements, sinking of garages, and killing vegetation. They complained to the City of

Kitchener, since the landowner was bankrupt. After a year-long negotiation, an air photo

showing a landfill site in 1950s under some properties in Ralgreen was found, providing

strong evidence of pollution. Since all phenomena indicated that the community has been

polluted, corresponding to ESA I, a land survey was conducted by a third-party engi-

neering consulting company (similar to ESA II). A redevelopment plan was proposed and

implemented after hazardous materials were detected.

Through this negotiation process, subjective judgements on the likelihood of contami-

nation were critical. This is especially true in ESA I, when surveying and monitoring efforts

were minimal. In addition, DMs may have different judgements based on the same evi-

dence. For instance, residents in a community are more likely to believe their community is

contaminated than a landowner. Multi-criteria aggregation with preference characterizes

this process.

To facilitate the estimation of contamination likelihood, OWA can be employed to

generate fuzzy boundaries around a brownfield, dividing contaminated and clean areas

with degrees of fuzzy membership. In this case, OWA acts as the fuzzy deduction rule to

determine the triangle membership functions of the parameters in the fuzzy real options.

Unlike crisp boundaries, overlaps between polygons are allowed [115]. Fuzzy boundaries

reflect the reality that the transition of a contaminated area to a non-contaminated area

occurs gradually, rather than abruptly. The transition can be represented using fuzzy

membership functions.

DMs and experts can mark their judgement at some sample spots on the conceptual

site model (CSM) (Figure 4.7), which records the contamination information through the

ESA processes, such as site-specific hydrogeology, site layout, and map of surrounding area

in Ontario. Their descriptive estimates and preference are represented as fuzzy member-

ship degrees. An OWA operator is applied to compute the likelihood on the spot, where

preference is added via linguistic quantifiers [132]. The process is illustrated in Figure

58



4.8. Interpolating the pollution level on sample spots to the whole site generates the fuzzy

boundaries of a brownfield, which is used to determine parameters of its fuzzy real options

model.

Figure 4.7: Conceptual Site Model of a Brownfield

4.2.2 Introduction to OWA

Formally, OWAs are defined in Definition 4.2.1. They assume a total weight of 1 (
∑n

i=1wi =

1), and produce expected value of the form w1b1 +w2b2 + . . .+wnbn. OWAs are generalized

T-norm and S-norm operators in fuzzy logic, and can be used to find membership degrees

in a fuzzy set from multiple factors.

Definition 4.2.1 An ordered weighted operator F is a mapping that converts the multi-

dimensional unit interval into the one-dimensional unit interval: F : In → I, where

I = [0, 1]. F is determined by a vector with n elements, denoted
−→
W = [w1, w2, . . . , wn], and

follows the rule [132]:

F (a1, a2, . . . , an) = w1b1 + w2b2 + . . .+ wnbn (4.1)
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Odour? 65% true

Dirty water? 85% true

Sick tree? 75% true

Dead fish? 30% true

Expert Estimates

OWA
70% possibility of 

contamination

Figure 4.8: An Example of using OWA in Determining Pollution Likelihood

where a1, a2, . . . , an are the multiple inputs with values between 0 and 1 and b1, b2, . . . , bn

is the ordered vector of these inputs from the maximum (b1 = max(a1, a2, . . . , an)) to the

minimum (bn = min(a1, a2, . . . , an)). The elements in
−→
W satisfy two conditions: wi ∈ [0, 1]

for all i = 1, 2, . . . , n and
∑n

i=1wi = 1.

The “ORness” measurement of F is defined as Orness = 1
n−1

∑n
i=1(n−i)wi [131]. There

are three special cases: if w1 = 1 and all other wi = 0, F becomes the “OR” operator in

fuzzy sets F (a1, a2, . . . , an) = max(a1, a2, . . . , an); if wn = 1 and all other wi = 0, F turns

into the “AND” operator in fuzzy sets F (a1, a2, . . . , an) = min(a1, a2, . . . , an); if all wi = 1
n
,

the OWA is an average, the arithmetic mean.

There are many ways of determining OWA operators [129]. In the context of negoti-

ation and expert knowledge representation, the equation of determining weights from the

linguistic quantifier can be utilized, such as “all”, “any”, and “most”. The template “Q

criteria must be met” can be applied to identify a function Q. An OWA can be determined

with Q according to wi = Q( 1
n
)−Q( i−1

n
) (for all i = 1, 2, . . . , n). Preference inherent in lin-

guistic quantifiers can be found using the indicator value of individual disapproval (VOID)

V OID = 1−
∫ 1

0
Q(x)dx [132].
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4.2.3 OWA and Fuzzy Boundaries

The proposed numerical method contains three main parts. First, OWA is used to aggre-

gate DMs judgements on multiple environmental indicators. The three-point estimates are

calculated with different preference parameters. While the minimum and maximum cor-

responds to the two extreme cases, the most likely contamination level will be determined

by DMs risk preferences expressed in linguistic quantifiers.

Second, once the likelihood of pollution at sample points is determined, an interpolation

method must be applied to compute the contamination level in the entire brownfield. Dif-

ferent interpolation techniques are discussed. The method called inverse distance weighting

(IDW) is suggested due to its flexibility in dealing with discrete layer boundaries. Then

the equations for calibrating parameters in fuzzy real options are derived.

Third, the likelihood of contamination will be visualized and stored as fuzzy objects

in a GIS system, enabling iterative modification and negotiation. Ways to store such

information in databases are introduced and implemented. All the three parts are further

explained in the following parts.

OWA and Interpolation

Since brownfield redevelopment involves geographic information, spatial analysis and GIS

are helpful in decision-making and negotiation. Techniques in GIS software to combine

multiple geographic factors include spatial logic operators (i.e. union and intersection)

and simple additive weighting [78]. OWA can be regarded as a generalization of both

methods, so it is entirely appropriate for a spatial decision-making environment.

Because the condition of brownfields varies greatly, there are both generic and site-

specific approaches to brownfield redevelopment [90]. Criteria in judging pollution level

differ case-by-case. Furthermore, the number of criteria may be too great for DMs to

keep them in perspective [87]. Thus, linguistic quantifiers are helpful in making criteria

cognitively manageable [78]. Linguistic quantifiers can also be extended to processing

descriptive assessments [137].

The function Q = xq is employed here to determine VOID and the associated OWA

weights. DMs can express their risk preferences descriptively, or by changing the parameter

61



q. Using this function, VOID, q, and ORness level are linked, where V OID = 1
q+1

[132].

This relationship will be shown graphically in the planned NSS, making DMs aware of

the impact of changing their risk preference on the OWA weights generated. The steps

involved in determining the likelihood of contamination are as follows:

1. Identify criteria used in judging the contamination level and select appropriate lin-

guistic quantifiers expressing DMs risk preferences.

2. Let DMs express their judgements ranging from 0 to 1 at sample points.

3. Calculate the likelihood of contamination of the entire brownfield site by interpola-

tion, which will be explained below.

4. Map the result and encourage iterative modification if appropriate.

The main interpolation methods are IDW and Kriging. In the brownfield redevelopment

application, Kriging is inappropriate for the following reasons: Firstly, Kriging is based on

stationary spatial stochastic processes with spatial correlations. Since fuzzy real options

assume independent and identical distributed stochastic processes with exponential growth,

Kriging fails to satisfy independence and no correlation [42]. Secondly, Kriging tends

to generate continuous results. However, as geological layers are often discrete, Kriging

is inappropriate when some crisp boundaries must be accounted for [2]. Furthermore,

Kriging demands considerable computational power and is difficult to implement. Hence,

IDW, with none of these drawbacks, is selected as the interpolation technique.

The idea of IDW is to utilize the distances between each sample point and the estimated

positions as the main factor in determining weights (Formula 4.2), where u is the estimate

value; v is the real value at the sample point; and d the the distance between two points.

u(x) =
N∑
k=0

vk(x)∑N
i=0 vi(x)

vk, where vk(x) =
1

d(x, xk)p
(4.2)

The parameter p affecting weights is often greater than 1. Since gravity decreases as

the square of distance, is a frequently-used value. Other possible values can be also tested

in the future.
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The combined utilization of OWA, VOID, and IDW enables DMs to make subjective

judgements on the brownfield site. The fuzzy membership degree for each point of the site

can be fed into equations to compute the parameters in fuzzy real options and displayed

as a map for iterative modification and negotiation, as will be further discussed below.

Parameter Estimation

The OWA and interpolation stages produce three maps of the likelihood of contamination.

Each of them shows a contamination area with fuzzy membership degrees, corresponding to

minimum, most likely, and maximum scenarios. This information can be used to estimate

the parameters of fuzzy real options.

Because remediation cost is assumed to satisfy dS
S

= µdt+σdz, there are three parame-

ters to be estimated: the initial (or current) remediation cost S0 , the drift rate (for cost) µ

, and the volatility σ [119]. Initially, the contamination disseminates rapidly in the vodose

zone but the rate of spread quickly decreases to nearly zero. Therefore, the contamination

volume can be assumed to remain constant after a short initial period [134] [32]. Hence,

given that remediation cost directly depends on the contamination volume, remediation

cost and volatility must be fuzzy numbers, while the growth rate can be assumed to be

crisp and independent of remediation volume. The rate of growth of the clean-up cost can

be estimated based on market data.

In hydrogeological models, five main factors determine pollutant dissemination: advec-

tion, diffusion, dispersion, sorption, and biodegradation [32]. Parameters for these pro-

cesses are difficult to calibrate. Uncertainties are represented by fuzzy boundaries around

the brownfield site, which reflect the volatility.

The initial remediation cost must be proportional to the contaminated volume, which

can be regarded as constant as long as pollutants have not entered the saturated zone

[134]. This relationship can be expressed as Formula 4.3, where k is a coefficient and Ahigh

denotes the area value with a high membership degree that is decided by the expert as an

empirical parameter, which is similar to Alow later. Although the initial remediation might

be functionally related to the area in a more complex manner than expressed in Formula

4.3, this relationship does not have a great impact on the final result and is easy to improve

in future work. With three different risk preferences, a three-point estimate of initial cost

can be determined.
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S0 = kAhigh (4.3)

The volatility will be computed based on the difference between Ahigh and Alow, the

areas that are certainly polluted and clean, which is shown in Formula 4.4. This formula

is derived from the variance equation for a triangular fuzzy variable, x = (a, b, c), which is

σx = 33α3+21α2+11αβ2−β3

384α
, where α = (b− a)∨ (c− b) and β = (b− a)∧ (c− b) [73]. Because

subjective estimates of pollution level are usually linear and fit the triangular form, the

transition from contaminated to clean area is assumed to follow a right-angled triangle

form. In this case, we can assert that a = b, leading to α = c− b = Alow−Ahigh and β = 0.

With Formula 4.3 and 4.4, the parameters needed to evaluate fuzzy real options can

be calculated. Although the area value used might be replaced by a function of the area,

it is believed that both equations are approximately correct due to the layered structure

of the hydrogeology [134]. For now, the equations are simple to use and easy to modify if

necessary.

σ =

√
11

128
(Alow − Ahigh) (4.4)

Fuzzy Boundaries

The mapping capacity of GIS can be utilized to facilitate iterative multi-criteria analysis,

which is helpful in negotiation. As Jankowski et al. [56] emphasized, exploratory decision

analysis is critical in multi-criteria decision-making. Given that preference and subjective

judgement are often expressed with intrinsic vagueness, the mechanism of allowing a DM

to check the output and modify unsatisfactory inputs will likely be useful. Hence, fuzzy

boundaries of a brownfield are proposed in order to employ mapping tools for aid.

As mentioned in the previous subsection, every location in a brownfield site has a

fuzzy membership degree measuring likelihood of contamination. Unlike crisp logic used

in GIS either within or outside a parcel, fuzzy boundaries of a brownfield are a challenging

representation problem for a GIS system. The representation of fuzzy boundaries has been

studied in the literature, such as [115] and [99].

Since representations of geographic features can be classified in vector-based or grid-

based storage [138], efforts may be made in both directions. The representation of fuzzy
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boundaries in vector form is preferred in normal GIS applications because of its compact

format and compatibility to structured query languages like structured query language

(SQL) and relational database.

However, the vector form representation of fuzzy boundaries normally requires a known

fuzzy membership function, which may be difficult to obtain. In addition, the performance

of spatial operations, such as union, intersection, and buffering, is weaker than that of the

grid form. In the brownfield redevelopment application, little information other than the

fuzzy membership degree is required, so the advantages of vector form do not compensate

for its performance burden. Hence, the grid-form of representation of fuzzy boundaries

should be considered.

When more information is to be associated with locations, the vector form representa-

tion of fuzzy boundaries can be implemented. The work on fuzzy representations, fuzzy

query language, and even a fuzzy relational data model for geographic information can be

added to existing work toward a more integrated system that is capable of processing nat-

ural language [115] [75]. A membership degree will be associated with each tuple (record)

in the database, just as for other mandatory geographic attributes [138].

4.3 A Case Study applying Extended LSM and OWA

In this thesis, the case of the Ralgreen Community redevelopment in Kitchener, Ontario,

Canada is employed to illustrate how to apply proposed numerical methods. This case

was selected due to the relatively rich set of available documents and to the long history

of controversy concerning the contamination of the site, which is typical in brownfield

redevelopment.

Background information on the Ralgreen Community redevelopment is introduced first.

Subsequently, steps for determining the likelihood of contamination are shown. Results are

discussed in comparison to the case documents.

4.3.1 Ralgreen Community Redevelopment

Until 1948, the Ralgreen property was farmland with a small pond. Then, with the owner’s

agreement, the City of Kitchener dumped garbage into the pond and surrounding area as
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land-fill. Some twenty years later, the property was developed into a residential community

in 1968-69 [20]. On August 22, 1969, 65 and 67 Ralgreen Crescent were devastated by fire,

caused by methane gas. During the subsequent investigation, three other semi-detached

buildings, 64-66, 68-70, and 94-96 Ralgreen Crescent, and three houses, 1257, 1259, and

1261 Queens Boulevard were found to be in a potentially hazardous situation [20].

In response to this danger and a by-law, the Building By-law (Special Requirements

on Filled Lands), was passed by the City of Kitchener in October 1969, requiring venting

systems to be installed in all buildings in potential danger. Furthermore, garbage and

organic materials were removed and replaced with compacted granular fill (HEATH, 1997).

All properties passed a methane gas test on June 20, 1978, and were not listed as closed

disposal sites by the Ontario Ministry of the Environment.

After 67 Ralgreen Crescent was sold around 1993, the possibility of contamination

arose again. At the end of 1995, the homeowner reported a leaked sewage-like water in the

basement. A high level of combustible gases was detected in April 1996. In the following

year, underground monitoring was conducted and contamination was confirmed in the

surrounding area, which roughly coincided with the original pond [54].

In 1999, a group of residents undertook legal action against the City of Kitchener.

In the following year, an agreement was reached by the parties, under which the City of

Kitchener purchased 15 properties in the former pond area and cleaned the land according

to the MOE 1997 guidelines [54]. In the end, the Ralgreen Community was remediated

and redeveloped based on the agreement.

The evidence of pollution found through this process can be classified into five cate-

gories: foundation settlement, interior methane gas levels, soil and groundwater quality,

basement water leakage, and indoor air quality [20]. Each class contains several indicators,

around 20 in total, ranging from garage tilting, leaking sewage-like water, and odour, to

mould on the wall [54].

4.3.2 Main Steps in Pricing Brownfield using Proposed Method

The steps involved in determining the value of a brownfield based on subjective judgements

are: identify the judgement criteria, assess the likelihood of contamination at sample points,

derive the map of the pollution extent of the brownfield as fuzzy boundaries, estimate
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parameters in a fuzzy real options model of the brownfield, and calculate the value. The

case of Ralgreen Community is used to demonstrate this process.

As mentioned in the previous subsection, five criteria were employed to measure the

contamination level. The assessment is given in Table 4.6, summarized from the literature

[20].

Table 4.6: Criteria and Assessment used in Contamination Judgement

Criteria Assessments

Foundation settle-

ment

Confirmed problem (100%); main structure settlement

(80%); shear cracking (60%); attached garage settlement

(40%); detached garage settlement (20%); and no prob-

lem (0%).

Interior methane gas

levels

Methane gas level is at least 200 ppm (100%); 100-200

ppm (50%); greater than 0% (25%); and zero (0%).

Soil and groundwater

quality

At least 5 contaminants (100%); 4 contaminants (80%);

3 contaminants (60%); 2 contaminants (40%); 1 con-

taminant (20%); none (0%).

Basement water leak-

age

Confirmed problem (100%); detected (measured) con-

taminants (70%); odour (40%); none (0%).

Indoor air quality
Confirmed problem (100%); detected (measured) con-

taminants (50%); none (0%).

The linguistic quantifiers used are “most”, “average”, and “few” for community resi-

dents, the non-partisan expert, and the City of Kitchener, respectively, where the param-

eter q is set as 10, 1, and 0.1. The weights of the OWA operator are listed in Table 4.7,

ordered from largest (applies to maximum assessment) to smallest (applies to minimum

assessment).

When a IDW system is applied to determine the likelihood of contamination in the

Ralgreen community, five maps based on different linguistic quantifiers are generated as

shown in Figure 4.9-13. In these figures, the rectangles denote individual properties, the

lighter areas are more polluted and the darker shading indicates less pollution. Points

spreading in the community are samples where judgements are made. In fact, the lightest
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Table 4.7: OWA Weights of Different Linguistic Quantifiers

Linguistic

quanti-

fiers

Parameter

q
VOID Weight 1 Weight 2 Weight 3 Weight 4 Weight 5

Max ∞ 0 1.0000 0.0000 0.0000 0.0000 0.0000

Most 10 0.0909 0.8926 0.1013 0.0059 0.0001 0.0000

Average 1 0.5 0.2000 0.2000 0.2000 0.2000 0.2000

Few 0.1 0.9091 0.0221 0.0277 0.0378 0.0611 0.8513

Min 0 1 0.0000 0.0000 0.0000 0.0000 1.0000

patch in this figure is the location of the former pond, which has the highest level of

pollution as mentioned in various reports [20]. A 50% possibility of contamination is

selected as the high threshold, and 10% as the low level.

For the areas exceeding the α50 and α10 thresholds, the parameters of the initial re-

development cost and volatility are shown in Table 4.8. The excavation and refill cost is

assumed to be $100/m2. The volatility coefficient is set to 106. Other parameters are listed

in Table 4.9.

With the inputs shown in the above tables, the fuzzy real options model of brownfields

generated the results in Table 4.10. We see that differing risk preferences among DMs

generates different property values. But the differences are minor compared to the overall

value. The less the likelihood of contamination, the less the lower redevelopment cost, and

the higher the property value. Since current income/cost ratio exceeds the critical value in

each scenario, all DMs tend to select the option to wait, with an expected time of 6 years.

4.4 Insights

As shown in the results, the proposed method can help determine the likelihood of con-

tamination and the corresponding value of the brownfield. The results can be understood

from the perspectives of fuzzy boundaries, property values, critical values, and expected

time.
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Figure 4.9: Fuzzy Boundaries of the Ralgreen Brownfield for the Min Likelihood

Figure 4.10: Fuzzy Boundaries of the Ralgreen Brownfield for the Likelihood based on

“Few”

69



Figure 4.11: Fuzzy Boundaries of the Ralgreen Brownfield for the Average Likelihood

Figure 4.12: Fuzzy Boundaries of the Ralgreen Brownfield for the Likelihood based on

“Most”
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Table 4.8: Estimated Parameters derived from Pollution Judgements

Scenario α50 Area (m2) α10 Area (m2) S0 ($) Volatility

Max 39845.25 1137538.00 3984525 0.321790

Most 27575.00 1137311.00 2757500 0.325320

Average 1006.50 1115614.00 110650 0.326748

Few 37.75 3715.25 3775.00 0.001078

Min 0.00 1511.50 0.00 0.000443

Table 4.9: Parameters other than Fuzzy Inputs in Ralgreen Case Study

Parameter Value

Riskless Rate (r) 5%

Payoff Drift Rate (µx) 2.5%

Payoff Volatility (σx) 0.2

Initial Annual Payoff (S0x) 216000

Table 4.10: Results of Fuzzy Real Options Model for Brownfields with OWA

Property Value (Million $) Critical Value Expected Waiting Time (Year)

Few 6.813 0.1811 6.34

Average 6.607 0.1976 6.25

Most 6.440 0.1353 5.91
Note: The critical values have been “defuzzified” by calculating the fuzzy expected values.
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Figure 4.13: Fuzzy Boundaries of the Ralgreen Brownfield for the Max Likelihood

The fuzzy boundaries of the brownfield reflect the reality of contamination in literature

[20] [54]. Depending on the linguistic quantifiers, the polluted areas of “max”, “most”,

and “average” spread around the former pond, although the “average” quantifier is much

less probable than the other two. With the linguistic quantifier “few”, the contaminated

area is restricted to the two most problematic properties: Ralgreen 65 and 67. The “min”

operator even suggests that there was no contamination in the Ralgreen Community. The

conflict over pollution extent between residents and developers is clearly shown in these

different scenarios.

Comparing the five OWA weight vectors and the scenarios they generated, it is observed

that the “most” and “max” cases are similar, as are the “few” and “min” cases. Hence,

the derived triangle-form fuzzy estimates are skewed, indicating that DMs have strong risk

preference.

When fuzzy real options analysis is employed, we found minor differences (about 3%)

in values for the brownfield. The major factor affecting values should be the estimates

of the initial redevelopment cost. Volatility also has an impact on value, but it is not as

influential.
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Under all scenarios, critical values are slightly greater than the current x/R ratio.

Hence, the optimal decision should be to wait. Otherwise the strategy should be to rede-

velop now, which generates identical value with NPV. In addition, given that the difference

between the critical values and the current x/R ratio, the values generated using fuzzy real

options analysis should be only a little higher than those of NPV. A similar result was

found in a case study in US [34]. In particular, only a minor modification or compensation

would change the developer’s decision from wait and see to participate immediately.

All expected waiting times are around 6 years, which roughly equals the negotiation

process from 1995 (contamination found) to 2001 (redevelopment complete). In contrast

to the brownfield value, in which the DM became more optimistic about the pollution

level, the expected waiting time increases when preference becomes less risk adverse. The

reason is the volatility of redevelopment cost, which increases as pollution extent shrinks.

Therefore, DMs tend to wait longer in anticipation of more business opportunities due to

higher uncertainty. This result explains why developers are reluctant to redevelop, even

though they understand the value of brownfields. On the other hand, it is unclear whether

fuzzy real options can model the behaviour of community residents. Since community

residents live in the contaminated properties, concerns for public health may be a more

important factor than property value.

When the proposed method is applied to the Ralgreen Community case study, outputs

reflect the reality of the negotiation process. Conflict among DMs is shown as different

values for the same brownfield, using fuzzy real options and OWA. Even when brownfields

have a high value, developers usually select the option to wait, seeking business opportu-

nities that maximize the price. The fuzzy real options model of brownfield pricing thus

explains DMs behaviour under different policy scenarios.
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Chapter 5

Brownfield Redevelopment

Negotiations and Policy

5.1 Conflict Analysis

Brownfield redevelopment is a situation of strategic conflict, where multiple independent

DMs choose options, leading to one of many possible outcomes over which every DM

has preferences [59]. DMs usually have conflicting value systems, and therefore different

preferences. In brownfield redevelopment, developers prefer states when the government

shares remediation costs, while the government usually has the opposite preference. Since

all DMs have some power to change outcomes, each DM must consider not only his or

her own preference, but also others’ choices. Hence, the final output will be a compromise

resolution that all parties can agree on.

However, methodologies to understand conflict decision-making and identify potential

resolutions were not systemically developed until recent years. Two major approaches

are non-cooperative game theory (quantitative) and conflict analysis (non-quantitative)

(Figure 5.1). The game-theoretic approach has a large and well-developed body of theory

[113]. But game-theoretic approaches impose some restrictions on strategic conflict, such as

predefined order of moves and quantitative utility, and may suggest mixed strategies, which

are difficult to convince decision-makers are optimal choices [59]. Thus, conflict analysis is

selected to analyze brownfield redevelopment, due to its simplicity and flexibility.
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Figure 5.1: Genealogy of Conflict Analysis Models [35]
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Conflict Analysis studies a strategic conflict or policy problem qualitatively from the

perspective of actors’ behaviour. It started from Metagame Analysis by Howard [49].

Fraser and Hipel [39] expanded metagame analysis into conflict analysis by introducing

more equilibrium definitions to model human behaviour under conflict and computerized

implementation of modelling and analytical techniques. Later, Fang, Hipel and Kilgour

proposed the GMCR to enhance model flexibility and breadth [35]. The GMCR model

is applied in this thesis to analyze brownfield conflict, because a graph model provides

an intuitive representation of the potential moves and counter-moves of each DM and,

establishes a solid foundation that makes many novel expansions possible.

A graph model for conflict resolution is normally implemented in two stages (Figure

5.2): a modelling stage through which all required information is input, and an analysis

process, that conducts stability analysis, equilibrium identification, and so on. Following

this structure, modelling components are introduced in the next subsection. Then different

types of stabilities are defined. New extensions of GMCR are discussed, preparing for the

combination of fuzzy real options analysis and the GMCR system.

5.1.1 Components in GMCR

At the modelling stage, the DMs are identified and the available options for each DM are

determined. State are generated as combinations of options for all DMs. Then, infeasible

states are removed from the model. Then, all that is required for a graph model analysis is

knowledge of each DM’s preference ranking over the feasible states, where ties are allowed

[120]. The graph model components can be summarized as follows:

• DMs: A DM may be an individual or a group who makes a single decision. In

brownfield redevelopment conflict, typical DMs may be stakeholders such as local

government, federal governmental agencies, community, developer, land owner, and

NGO. In previous research, a DM is also referred to as a player, actor, stakeholder,

or participant. Mathematically, DMs can be denoted as a finite set N = {1, 2, ..., n};

• States: States, or called outcomes, are generated from the combination of the options

DMs choose with logical restrictions. For a conflict with q options, where q is the sum

of DMs’ options, a state can also be represented as a q-dimensional vector, which
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“Y” at the i-th position means the i-th option is selected or “N” for not chosen.

Therefore, a conflict with q options can have 2q states at the most, which can be

denoted as S = {s1, s2, . . . , st};

• State Transitions: State transition employs graph model to keep track of the possible

evolution of a conflict. If a DM can cause a state transition on his or her own, then

this transition is called a unilateral movement (UM) for that DM. Formally, for each

DM i ∈ N , a directed graph Gi = (S,Ai), where Ai ⊂ S × S is a set of oriented arcs

representing all possible UMs by DM i;

• Preferences: For each DMi (i ∈ N), relative preferences are required, which can be

obtained by pairly compared all possible states. There are various approaches in

representing preferences. More specifically, the fuzzy preference is employed in this

paper, which will be introduced in later section. But the most basic way to express

preference is a pair of binary relations, �i and ∼i on S, where s �i q indicates

DMi strictly prefers state s ∈ S to state q ∈ S, and s ∼i q means DMi is indifferent

between s and q. This fundamental representation is compatible with other extended

approaches.

In addition to the components that requires inputs from modellers, various definitions

of movements are important in analyzing a graph model. In particular, let i ∈ N and

s ∈ S. Then Ri(s) = {q ∈ S : (s, q) ∈ Ai} is called DMi’s reachable list from state s,

and represents all the states to which DMi can move the conflict, in one step, starting at

state s. Unilateral improvements (UIs) are UMs by a DM that result in a preferred target

state. They are defined by R+
i (s) = {q ∈ Ri(s) : q �i s}, which is a subset of Ri(s). If

there are more than two DMs in a graph model, there may be joint movements and joint

improvements. These concepts are similar to UMs and UIs, and may involve sequences

of moves by different DMs in which a particular DM may move more than once, but not

twice consecutively. These movement definitions are widely used in determining a state’s

stability for one DM.

5.1.2 Stability Analysis in GMCR

At the analysis stage, the stability of each state for each DM is calculated. A state is

deemed to be stable for a given DM if it is not advantageous for the DM to unilaterally
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move away from it according to a specific stability definition of how DMs behave in a

conflict situation. A state that is stable for all DMs, is a possible equilibrium or resolution

to the dispute. Sensitivity analysis can then strengthen the interpretation of the modelling

and analytical results.

In GMCR, a stability definition (or solution concept) is a set of rules for DMs to

determine whether he or she should stay at a state or unilaterally move toward a more

preferred one. A stability definition is therefore a model of a DM’s strategic approach, or

more generally of human behavior in strategic conflict. An equilibrium is a state that is

stable for all DMs. Since all DMs have no incentive to move to another state, equilibria

can be regarded as potential conflict resolutions [35].

The main stability definitions frequently used in GMCR contain Nash stability (Nash),

general metarationality (GMR) stability, symmetric metarationality (SMR) stability, and

Sequential rationality (SEQ) stability. Table 5.1 describes some features of these definitions

that relate them to behaviour in conflicts. The main classification scheme is foresight, which

refers to the number of moves a DM considers to determine stability, and disimprovement,

which is defined as when any opponent is likely to move to a state less favoured by the

focal DM [59]. More details about formal definitions, explanations, examples, and original

references can be found in Fang et al. [35].

Table 5.1: Main Stability Definitions used in the Graph Model [59]

Stability Foresight Disimprovement Definition

Nash 1 Never The focal DM has no UIs.

GMR 2 Sanctions only
All of the focal DM’s UIs are sanctioned by

subsequent UMs by other DMs.

SMR 3 Sanctions only

All of the focal DM’s UIs are sanctioned by

subsequent UMs by other DMs, which cannot

be sanctioned by any focal DM’s UM.

SEQ 2 Never
All of the focal DM’s UIs are sanctioned by

subsequent UIs by other DMs
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5.1.3 Some Extensions of GMCR

Main extensions that are useful in analyzing brownfield redevelopment are matrix represen-

tation of GMCR, coalition analysis, and status-quo analysis. Hence, they are introduced

in in the following subsections.

Matrix Representation of GMCR

We now turn to the matrix representation of a graph model, a newly developed procedure

that simplifies the analysis by allowing for convenient computing using software such as

MatLab [126]. With the help of matrix representation of GMCR, all stability calculations

can be expressed in program modules that are easy to extend, embed, and reuse. This

paper employs graph models in matrix form to calculate equilibria [125].

It is a remarkable fact that all operations and solutions of the graph model for conflict

resolution can be expressed using matrices and matrix operations in place of logical state-

ments. All definitions in GMCR have corresponding concepts in matrix form [125], which

are introduced according to the process of applying matrix representation of GMCR.

At first, two kinds of matrices are required as inputs: the UM matrices and preference

matrices. They are defined as follows:

• UM: UMs are recorded in m × m 0-1 matrices, denoted as Jis, where i ∈ N and

m =| S |. If Ri(s) represents DMi’s reachable list of the state s, then Ji is defined as

Ji(s, q) =

{
1 if q ∈ Ri(s)

0 otherwise.
(5.1)

• Preference Relation Matrices: Several preference relation matrices (P+
i , P=

i , and P−i )

can be defined as,among whom the most important is P+
i and can be extended by

fuzzy preference later

P+
i (s, q) =

{
1 if q �i s,
0 otherwise.

(5.2)

P=
i (s, q) =

{
1 if q ∼i s,
0 otherwise.

(5.3)
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P−i (s, q) =

{
1 if q ≺i s,
0 otherwise.

(5.4)

When information is inputted, there is an intermediate step that focuses on calculating

UI matrices. Related concepts and equations are listed as follows:

• UI: Similar to UM, the UI matrix, denoted as J+
i , is defined as

J+
i (s, q) =

{
1 if q ∈ Ri(s) and q �i s,
0 otherwise.

(5.5)

• n−Step Movement Matrix: For a n−DMs conflict, a DM should not only consider

movements from all other individual DMs, but also their possible joint movements,

which are reflected in some stability definitions. To do so, UM matrix is extended

to n−Step movement matrix, which is defined as: For a DMi (i ∈ N) and a series of

steps t = 1, 2, 3, . . .

M
(t)
i (s, q) =


1 if q ∈ S is reachable from s ∈ S in exactly t legal UMs

with first mover DMi,

0 otherwise.

(5.6)

• n−Step Improvement Matrix: Similarly, UI matrix is extended to n−Step improve-

ment matrix, which is defined as: For a DMi (i ∈ N) and a series of steps t =

1, 2, 3, . . .

M
(t,+)
i (s, q) =


1 if q ∈ S is reachable from s ∈ S in exactly t legal UIs

with first mover DMi,

0 otherwise.

(5.7)

• Two Important Operators: There are two operators that should be introduced to

simply formula. The first is Hadamard product ◦. For two m ×m matrices M and

G, W = M ◦G means that each entry of W satisfies W (s, q) = M(s, q) ·G(s, q). The

other is
∨

. H = M
∨
G is defined as

H(s, q) =

{
1 if M(s, q) +G(s, q) 6= 0

0 otherwise.
(5.8)
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• An important formula: The relationship between UI, preference, and reachable list

can be expressed as J+
i = Ji ◦ P+

i .

• Joint Movement Matrix: Joint movement matrix MH is a 0-1 matrix as well, whose

entry MH(s, q) will be 1 if and only if q is in the joint reachable list RH , where H ⊆ N

and H 6= ∅. In a sense, it is the union of all reachable lists for every DMi and their

joint reachable lists. MH is easy to calculate under matrix representation based on

the equation of MH =
∨δ
t=1

∨
i∈HM

t
i , where δ determines the time of iteration, which

can be set to a large number, normally, n×m×m.

• Joint Improvement Matrix: Similar to the joint movement matrix, joint improvement

matrix M+
H is a 0-1 matrix, whose entry MH(s, q) will be 1 if and only if q is in the

joint improvement list R+
H , where H ⊆ N and H 6= ∅. M+

H can be computed as

MH =
∨δ
t=1

∨
i∈HM

t,+
i .

When UIs and joint improvement matrices are calculated, the m×m stability matrices

can be derived using some formula. If a diagonal element for a specific stability concept is

zero, the corresponding state is a stability of that type for the DM. Therefore, if all DMs

have stability on this state, it is an equilibrium [125]. These formula are as follows:

• Nash Stability Matrix MNash
i : Let i ∈ N . MNash

i = J+
i · E.

• SEQ Stability Matrix MSEQ
i : MSEQ

i = J+
i · [E − sign(M+

N−i · (P
−,=
i )T )], where the

symbol sign(M) is the sign function for the m×m matrix M , where each entry (s, q)

equals 1 if M(s, q) is positive, 0 if M(s, q) is zero, and -1 if M(s, q) is negative and

P−,=i = P−i
∨
P=
i .

• GMR Stability Matrix MGMR
i : MGMR

i = J+
i · [E − sign(MN−i · (P−,=i )T )].

• SMR Stability Matrix MSMR
i : MSMR

i = J+
i · [E − sign(MN−i) · W ], where W =

(P−,=i )T ◦ [E − Ji · (P+
i )T )]

A program implementing above definitions and equations is developed in MatLab by

Xu [125]. In this thesis, this program is modified to fit the case of fuzzy preference, which

is listed in the Appendix C. The four kinds of stabilities mentioned above can be easily

identified with the aid of this program.
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Status Quo Analysis

Status quo analysis focus on the evolution of the conflict from the current state (situation)

to possible stabilities, which extends GMCR to dynamic analysis [69]. Essentially, status

quo analysis employs the directed graph in GMCR to keep track of moves and countermoves

starting from the status quo and a table to store the reachability status of states from it.

Applying status quo not only provides the track of how a conflict might evolute, but also

is able to eliminate unreachable equilibria.

Depending on cases, four algorithms with different computation complexity and gener-

ality are developed, depending on properties of moves and preferences hold in a conflict.

The lists of moves from status quo at most h moves, at exact h-th move, the states for

DMi to move from the current state will be initially constructed as empty. Then these

lists will be iteratively updated as the number of moves increases until the termination

condition is satisfied (basically, no move toward other states for all DMs) [69]. In case of

the brownfield redevelopment conflict, only the general case can be applied as preferences

are intransitive.

Because of the complex process to run through, the matrix representation is employed

in this thesis due to its simplicity [128]. Xu et al. observed the similarity between the

reachable list employed in status quo analysis and the joint movement (and improvement)

matrix. They defined status-quo joint movement MSQt

i (and improvement MSQt,+

i ) matrix

based on M t
i (and M t,+

I ) as follows, where V t
i (s) denotes all states reachable from s in at

most k legal UMs and V t,+
i (s) for UIs:

MSQt

i (s, q) =

{
1 if q ∈ V t

i (s)

0 otherwise.
(5.9)

MSQt,+

i (s, q) =

{
1 if q ∈ V t,+

i (s)

0 otherwise.
(5.10)

Then they proved that the relationship between MSQk

i and Mk
i for any integer k > 1

is MSQt

i =
∨k
t=1M

t
i , while the improvement linkage is MSQk,+

i =
∨k
t=1M

t,+
i [128].

As a follow-up analysis, status quo analysis provides information on predicting the

conflict evolution toward equilibrium. Possible paths will be drawn and discussed based

on the case study.
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5.2 Preference Ranking based on Values Generated

from Fuzzy Real Options

Since fuzzy real options can be combined with multicriteria analysis to identify DM’s

values on a brownfield, it is natural to think how to utilize this result in a multiple DM

setting. Intuitively, conflicting values lead to a compromise outcome. Hence, a kind of

game-theoretic approach should be incorporated into the fuzzy real options model, so that

suggestions on resolving the brownfield conflict can be provided.

In this section, literature on the combination of real options analysis and games is

reviewed. The advantages of combining GMCR and fuzzy real options are explained.

Then, the difficulty of integrating these two models, namely, representing preferences under

uncertainty in GMCR, is discussed with several approaches. At the end of this section, the

process of converting values from fuzzy real option into fuzzy preferences are explained.

5.2.1 Fuzzy Real Options and Game-Theoretic Approaches

Researches on real options and games have been conducted in area of infrastructure [103]

[104], supply chain [25], and invesetment assessment [85]. Other than the attempt to

link equilibria and Black-Sholes equation together [25], the integration of real options and

games mainly starts from two approaches.

One approach is to embed real options into extensive form of games [103]. In the tree

showing the game evolution, real options analysis is applied to obtain the value on each

node under certain state. Essentially, the algorithm runs iteratively from the bottom to

the top. In every iteration, the analytic formula of real options are applied to determine

the value (or utility) under uncertainty. This method requires to strictly follow the order

of movements due to the use of extensive form of games, .

The other is to apply game-theoretic approach under the real options framework [25].

Monte-Carlo simulation is usually employed to generate sample paths in order to evaluate

real options. At every step on the sample paths, some kind of equilibrium formula is applied

to take the interaction among DMs (or players) into consideration. From the real options

analysis perspective, equilibira act as some payoff maximization condition in the path-

dependant options. Obviously, this approach normally assumes that interaction among
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DMs (or the game) occurs all the time while can reach some equilibrium immediately.

However, these quantitative game-theoretic approach seem inappropriate to be com-

bined with fuzzy real options. The order of moves in a brownfield redevelopment conflict

is not clearly specified, making extensive form of games difficult to apply. In addition,

all above methods require some analytic form solution in order to reduce computational

complexity. Unfortunately, given that fuzzy real options usually have to be evaluated using

numerical method, it is impractical to execute the numerical method of fuzzy real options

at every step in a loop. Furthermore, assuming the conflict can reach an equilibrium at

any time seems unrealistic. In this case, GMCR is utilized as a game-theoretic approach

due to its flexibility.

As a qualitative game-theoretic approach, GMCR has the advantage of accepting vari-

ous preference information in addition to ordinal values. Since the output value of a fuzzy

real options model is essentially fuzzy, representations of preferences under uncertainty in

GMCR will be introduced first. The newly developed fuzzy preference framework will be

discussed in detail. The process of converting outputs from fuzzy real options to fuzzy

preference rankings will be proposed and applied to the brownfield redevelopment conflict

as a case study.

5.2.2 Preferences under Uncertainty in GMCR

Efforts on representing preferences under uncertainty includes information-gap theory [6]

, fuzzy multicriteria analysis and fuzzy move [68] , uncertain preference [67], and fuzzy

preference framework [5]. The information-gap models are designed to deal with situations

when a DM has severe preference-uncertainty in a conflict. Information-gap theory can be

regarded as a sensitive analysis technique based on the set theory. The unit modification

π(s, p) and distance between different preference rankings is defined first. Then the upper

and lower boundary with associated parameter α and β is determined based on set theory,

which can be calculated iteratively [6] . Then the robustness of a conflict is defined and

used as an indicator of the uncertainty of preferences associated with its impact on the

stability [6].

In Li et al. [68] , fuzzy muliticriteria analysis and fuzzy moves are proposed to analyze

uncertain preference. Besides fuzzy moves that does not deal with preference, fuzzy mul-

ticriteria analysis considers a DM’s attitude toward other DMs. In other words, a DM’s
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utility is determined by not only his or her own payoff but also others’, expressed as fuzzy

membership degrees. The multiple objectives are aggregated with weights. Results indi-

cate that, based on attitudes among DMs, equilibria can be cooperative or noncooperative.

This conforms to people’s intuition that personalities affect game’s outcomes. However,

the fuzzy multi-criteria analysis approach is difficult to apply when more than two DMs

participate [107].

Another major work is uncertain preference, which is defined as another kind of relation

than �, ∼, and � [67]. Depending on the strength of incentive to depart and sanction,

four methods of dealing with uncertain information are proposed, leading to four times of

original stability definitions. Equilibria derived with uncertain preference can be updated

as new information on preference is input. The uncertain preference can also be represented

under the matrix representation framework [127]. The main extension is including the

uncertain preference matrix into the UM and UI matrices, which are extended and defined

as UIUUM. Since the union of original preference set and uncertain preference set can

be expressed as the add operation of UI (or UM) and uncertain preference matrix, the

rest operations in the matrix representation are parallel to the original one mentioned in

Section 5.1.3 [127].

Apart from above approaches, fuzzy preference framework for GMCR is proposed by

Barshar et al. [5] based on fuzzy preference orderings [108]. Similar to the ordinal prefer-

ence relations, the fuzzy preference ranking focuses on binary comparison, which usually

satisfies reciprocity and max-min transitivity [108]. Fuzzy preference framework has many

advantages over other approaches. As a binary relation framework, its measurement has a

solid basis. In addition, fuzzy preference is also more compatible with GMCR, which does

not require mixed strategy or uncertain moves. More importantly, fuzzy preference can be

regarded as a extension of crisp state comparison. GMCR becomes more flexible under the

fuzzy preference framework using the α-cut parameter without great changes on stability

definitions [5]. The two contradictory features, simplicity and flexibility, are unified under

this theory.

Since the fuzzy preference framework is employed in this thesis to combine fuzzy real

options and GMCR, its definitions and properties are listed below [5] [15]. The method of

converting fuzzy numbers into fuzzy preferences will be explained in Section 5.2.3, based

on possibility theory.
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• Fuzzy Preference Relation: A fuzzy relation on S is a membership function µR :

S × S → [0, 1], mapping any two states s, q ∈ S into a fuzzy membership degree

between 0 and 1. The preference degree of s over q is denoted as µR(s, q) = rsq, and

satisfies rsq + rqs = 1, therefore rss = 0.5 [15] [130]. The matrix representation can

be employed to define a m×m (m =| S |) fuzzy preference relation matrix, R, whose

entries are rsq.

• Fuzzy Relative Strength of Preference: Fuzzy relative strength of preference is defined

based on fuzzy preference relation. For a DMi (i ∈ N), the fuzzy relative strength of

preference of state s ∈ S over q ∈ S is defined as αi(s, q) = rsq − rqs. It is clear that

fuzzy relative strength of preference is just a linear transformation of fuzzy preference

relation. The key difference is that the indifference value, 0 rather than 0.5, is easier

to identify.

• Fuzzy UI: For a given α-cut level γ ∈ [0, 1], a fuzzy UI for a DMi (i ∈ N) from

state s ∈ S is defined as any state q that satisfies αi(q, s) > γ. The α-cut parameter

for DMi, γ
i, is usually called the fuzzy satisficing threshold. We can see that when

the fuzzy satisificing threshold is applied, the fuzzy preference relation matrix, R,

will be converted to J+
i . This property is critical in extending matrix representation

program to accommodate the fuzzy preference framework.

Once above definitions are employed to use the fuzzy preference relation in GMCR,

stability and equilibria definitions are very similar to the original ones. The key difference

is the involvement of fuzzy satisficing threshold in determining fuzzy UI. One feature

should be noted is that multiple fuzzy satificing thresholds must be considered, because

by definition, the thresholds in stability definitions are for different DMs.

Fuzzy preference framework extends GMCR applications when uncertain utility or fuzzy

multicriteria analysis are applied. Since fuzzy real options is a generalized model of real

options, which can produce fuzzy numbers, the feasibility of integrating fuzzy real options

and GMCR is ensured. A detailed conversion procedure will be explained in the next

section using the probabilistic approach.
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5.2.3 Ranking of Feasible States

Fuzzy numbers generated from fuzzy real options models are trapezoids, and therefore

convex Type-I fuzzy sets. Huynh et al. [53] proposed a useful probability-based comparison

method to rank fuzzy variables. For two fuzzy numbers, A and B, fuzzy preference degree,

defined as P (A � B) =
∫ 1

0
P (Aα � Bα)dα [53] can be extended to a likelihood-based

approach with a satisfaction function [65]. These ideas are consistent with fuzzy preference

relations [14].

For the simple comparison of two intervals X = (a, b) and Y = (c, d), which can be

regarded as α-cuts, the result is illustrated in Figure 5.3. The fuzzy preference degree of

X � Y is the ratio of area below and to the right of the line of x = y to the area of the

entire rectangle. In other words, the fuzzy preference degree of X � Y is the probability

that a randomly chosen point in the rectangle falls in the right-hand part.

0	
   X	
  

Y	
  

a	
   b	
  

c	
  

d	
  

Figure 5.3: Geometric Interpretation of Two Intervals’ Comparison [53]

Note: This plot diagram is illustrative. The axioms can be any measurement.

Following this geometric interpretation, we could regard an interval X as a fuzzy vari-

able, whose fuzzy membership degree is 1 within a and b and 0 otherwise, etc, and then
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calculate the preference relation as the area under membership function. In other words,

instead of integrating values horizontally based on α-cut levels, we can also conduct inte-

gration vertically as usual, formally as P (X � Y ) =
∫∞
−∞ PX(x)[

∫ x
−∞ PY (y)dy]dx [53].

When comparing two trapezoids X = (a1, a2, a3, a4) and Y = (b1, b2, b3, b4), the gener-

alized procedure depends on the membership functions of a trapezoid and split into three

cases. We denote the function in (a1, a2) interval as µXA , function in (a2, a3) as µXB , and µXC
for the case of (a3, a4). The notation is similar for Y , with a different super-script, µYA|B|C .

Then the following procedure can be applied based an illustrative example in Figure 5.4:

0	
   X	
  

Y	
  

a1	
  

1	
  

a2	
   a3	
   a4	
  b1	
   b2	
   b3	
   b4	
  

Figure 5.4: Trapezoid Comparison Diagram

Note: This plot diagram is illustrative. The axiom Y is the fuzzy membership degree,

while the axiom X can be any measurement.

1. Identify the trapezoid to the left by comparing a1 and b1, say a1 in Figure 5.4, which

means that X is the “left” fuzzy variable in the illustrative example.

2. Determine the comparison region. Since the “left” fuzzy variable can not exceed the

value of its right boundary, which is a4 in the example, the likelihood for X of being

greater than a4 is 0. Therefore, we only need to calculate values in intervals between

a1 and a4 in this case.

3. Divide the left trapezoid into two regions based on the left boundary of the other

trapezoid, which is b1 in the example. We are certain that Y > X if the value of X

is less than b1, but not sure when these two intervals overlap (shaded area in Figure

5.4).
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4. Rank the eight values in X and Y in order and form several intervals on which

membership functions, such as µXA , µXB , µXC , µYA, are to be integrated. If the interval

falls in the certain area, only fuzzy membership function of one trapezoid is non-zero.

5. Integrate on these intervals (denoted 1, 2, . . .) until a4 is met (there are five intervals

(a1, a2), (a2, b1), (b1, b2), (b2, a3), and (a3, a4) in the example). Accumulate the fuzzy

preference value based on the following equations:

• For an interval i in the certain area, the contribution to P (X � Y ) is 1
SX

∫
i
µXi dx,

where SX is the area of the trapezoid of X.

• If the interval i falls in the uncertain area, then the contribution to P (X � Y )

is 1
SXSY

∫
i
µXi (SY − yµYi )dxdy, where SY is the area of the trapezoid for Y .

6. Add the contributions of all intervals identified in 5.

5.3 Case Study

5.3.1 Background and Models

The Ralgreen community case mentioned in Section 4.3 is employed for the further explo-

ration from the policy making perspective. Different choices in policy design are tested in

the multiple DMs environment. Equilibria derived under various settings are provided as

possible conflict resolutions and discussed for policy design insights into brownfield rede-

velopment.

There are three DMs involved in the Ralgreen community conflict: community residents

who suspected to be exposed to contamination, municipal government who is promoting

brownfield redevelopment, and private developers who seek to business opportunities in

redevelopment. Their options are listed in Table 5.2. Each option corresponds to the

setting of a parameter, which is shown in Table 5.3. The values employed are generated

in the fuzzy real options modelling of brownfield redevelopment with different parameter

settings for all DMs in Section 4.3.

Since each state in the GMCR associates with a specific combination of parameter

settings, DMs’ values can be calculated out for each state. Sample values with fuzzy
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Table 5.2: DMs and Their Options

Local government

(DMGOV )
Main power to make policies

Wait Wait Permission
Allow developers to delay action to wait for op-

timal situation

Redev Landuse Change
Authorize the brownfield to be redeveloped for

more profitable usage

Cost Cost Sharing Share a portion of the redevelopment cost

Community (DMCOM) Property owners who lilve in the community

Risk Risk Sharing Reduce risk sensitivity and permit SSRA

Developer (DMDEV )
Private developers who seek profit maximiza-

tion

Dev Development Participate in brownfield redevelopment

Table 5.3: DMs’ Options and Associated Parameter Settings

Op-

tion

Choice Parameter Setting

Wait
Y The option to wait is included.

N Only NPV is considered.

Redev
Y Income after redevelopment increases twice.

N Income after redevelopment resumes to the clean state.

Cost
Y Government shares 30% redevelopment cost.

N Developers pay the entire redevelopment cost.

Risk
Y Community agrees to smaller contamination level with lower

redevelopment cost.

N Developers must remediate contamination according to community’s

requirement.

Dev
Y The brownfield value is higher than the status-quo value.

N The brownfield value is lower than the status-quo value.
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membership degrees are generalized into the trapezoid-shape fuzzy numbers. Values of

all states for every DM are plotted in Figure A.1, A.2, and A.3. A sample of trapezoid

fuzzy numbers is illustrated in Figure 5.5. We can easily identify that these fuzzy outputs

overlap a great deal, indicating that the preference ranking in GMCR is highly uncertain.

This phenomena leads to the use of fuzzy preference relations for state ranking, so that

GMCR can be applied.
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Figure 5.5: Sample Fuzzy Trapezoids Comparison

States in the GMCR for brownfield redevelopment is shown in Table 5.4. Other than the

easy-to-understand states (1 - 16), state 17 is a combined state, which essentially means
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that the conflict will stay in stagnant if only no developer is willing to undertake this

redevelopment project. This state can be regarded as status-quo with a certain threshold

value that must be exceeded with some policies. In addition, state transition is simple

in this GMCR (Figure 5.6). Since all UMs are bidirectional, the property of transitivity

holds. All linked nodes in graphs are connected to each other, even though no direct link

is drawn for the sake of simplicity.

Table 5.4: The Feasible State List
Local Government (DMGOV ))

Wait N N N N N N N N Y Y Y Y Y Y Y Y -

Redev N N N N Y Y Y Y N N N N Y Y Y Y -

Cost N N Y Y N N Y Y N N Y Y N N Y Y -

Community (DMCOM)

Risk N Y N Y N Y N Y N Y N Y N Y N Y -

Developer (DMDEV )

Dev Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y N

No. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

Trapezoid fuzzy values of all states for every DM in Figure 5.5 are paired compared,

which produces three fuzzy preference matrices (Table 5.5, 5.6, and 5.7). From these

matrices, we can find that transitivity does not hold for fuzzy preference matrices. Most

values are only slightly greater than 0.5, confirming our observation that fuzzy numbers

under different parameter settings are similar to each other. When α-cut levels of DMs are

applied, fuzzy preference matrices can be converted into crisp ones and used to determine

fuzzy UI lists.

5.3.2 Results

Since the fuzzy preference matrices and reachable lists have been prepared, algorithms

of matrix representation of GMCR implemented in MatLab, are applied to determine

stabilities and equilibiria. Equilibrium of various definitions under different α-cut level

parameters are listed in Table 5.8. It is obvious that, because almost all states are stable

for all DMs, GMR equilibrium provides little insights. This may be due to the highly
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Figure 5.6: DMs’ Unilateral Movements
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Table 5.5: The Fuzzy Preference Matrix of DMGOV

M
at
rix

1
2

3
4

5
6

7
8

9
10

11
12

13
14

15
16

17
1

0.
50
00

0.
50
00

0.
56
69

0.
56
69

0.
05
87

0.
05
87

0.
06
23

0.
06
23

0.
32
78

0.
32
78

0.
35
78

0.
35
78

0.
01
74

0.
01
74

0.
02
81

0.
02
81

0.
42
19

2
0.
50
00

0.
50
00

0.
56
69

0.
56
69

0.
05
87

0.
05
87

0.
06
23

0.
06
23

0.
32
78

0.
32
78

0.
35
78

0.
35
78

0.
01
74

0.
01
74

0.
02
81

0.
02
81

0.
42
19

3
0.
43
31

0.
43
31

0.
50
00

0.
50
00

0.
05
30

0.
05
30

0.
05
64

0.
05
64

0.
28
74

0.
28
74

0.
31
38

0.
31
38

0.
01
66

0.
01
66

0.
02
63

0.
02
63

0.
37
12

4
0.
43
31

0.
43
31

0.
50
00

0.
50
00

0.
05
30

0.
05
30

0.
05
64

0.
05
64

0.
28
74

0.
28
74

0.
31
38

0.
31
38

0.
01
66

0.
01
66

0.
02
63

0.
02
63

0.
37
12

5
0.
94
13

0.
94
13

0.
94
70

0.
94
70

0.
50
00

0.
50
00

0.
54
97

0.
54
97

0.
90
62

0.
90
62

0.
91
12

0.
91
12

0.
34
16

0.
34
16

0.
50
87

0.
50
87

0.
98
83

6
0.
94
13

0.
94
13

0.
94
70

0.
94
70

0.
50
00

0.
50
00

0.
54
97

0.
54
97

0.
90
62

0.
90
62

0.
91
12

0.
91
12

0.
34
16

0.
34
16

0.
50
87

0.
50
87

0.
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83

7
0.
93
77

0.
93
77

0.
94
36

0.
94
36

0.
45
03

0.
45
03

0.
50
00

0.
50
00

0.
89
99

0.
89
99

0.
90
51

0.
90
51

0.
39
85

0.
39
85

0.
45
17

0.
45
17

0.
99
11

8
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77
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77

0.
94
36
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0.
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00
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26
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26
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38
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38
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00

0.
50
00
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17

0.
53
17
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22
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22
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04
87
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0.
64
32
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Table 5.6: The Fuzzy Preference Matrix of DMCOM

M
at
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0.
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0.
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0.
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Table 5.7: The Fuzzy Preference Matrix of DMDEV

M
at
rix

1
2

3
4

5
6

7
8

9
10
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13
14

15
16
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1
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00
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0.
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83

0.
41
85

0.
05
67

0.
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0.
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0.
03
41

0.
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0.
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0.
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0.
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25

0.
04
21

0.
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21

0.
02
42

0.
02
80

0.
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05

2
0.
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0.
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00

0.
46
62

0.
42
27

0.
04
33

0.
05
87

0.
01
41

0.
02
08

0.
34
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0.
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0.
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0.
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0.
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0.
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0.
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49

3
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0.
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38
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00

0.
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64

0.
05
55
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07
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41

0.
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09
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11
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89
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00

0.
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0.
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0.
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01

0.
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43

0.
45
27
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15

0.
57
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36
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50
00

0.
05
83
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58
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22

0.
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05
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20

0.
39
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0.
03
95
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0.
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0.
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28
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45
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uncertain preferences in the brownfield redevelopment conflict. Thus, GMR equilibrium

are only provided for the first two settings and excluded in later computation.

If all DMs’ α-cut levels are set to 0.5, no Nash equilibrium exists in this conflict. This is

a major difference between quantitative game theory approach and GMCR. Since the states

become discrete, Existence of Nash equilibrium is not ensured. However, SEQ equilibrium

must exist based on Fraser-Hipel Theorem [39].

Table 5.8: Parameters and Equilibria

Equilibirum γGOV γCOM γDEV States

Nash

0.5 0.5 0.5

φ

GMR 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17

SMR 15

SEQ 14, 15, 16

Nash

0.55 0.55 0.55

14

GMR 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17

SMR 14, 15

SEQ 14, 15

Nash

0.6 0.6 0.6

13, 14, 15, 16

GMR unknown

SMR 13, 14, 15, 16

SEQ 13, 14, 15, 16

Nash

0.5 0.55 0.6

13, 14

GMR unknown

SMR 13, 14, 15, 16

SEQ 13, 14

Nash

0.6 0.5 0.6

13

GMR unknown

SMR 13, 14, 15, 16

SEQ 13

Seen from the Table 5.8, the number of equilibrium normally increases when higher

α-cut levels are selected, which can be explained by the smaller UI set resulted from

98



higher α-cut level, leading to more stable states. However, SEQ equilirium does not follow

this thumb of rule. When α-cut levels of all DMs are raised to 0.55 from 0.5, state 16

becomes unstable and removed from equilibrium. By definition, unlike other definitions,

SEQ involves UIs of other DMs. Such interactions make SEQ behaves differently.

5.4 Implications

The likely equilibria are clearly states 13, 14, 15, and 16. These states share the common

policy options of allowing flexibility: developers can wait to develop, or redevelop for other

usage. Flexibility of choosing the best time and changing land use are critical factors

in promoting brownfield redevelopment. On the other hand, risk and cost sharing are

not as important as expected. In other words, the real estate business component is

more important than the land remediation component in brownfield redevelopment. This

conclusion is similar to Erzi’s work [34].

Furthermore, when land use change permits and wait-and-see flexibility in redevelop-

ment are compared, changing land use is more effective in promoting brownfield redevelop-

ment. Economic transition, which can attract more property income, is the most important

factor in determining the success of a brownfield redevelopment project. In terms of the

risk sharing and cost sharing options, risk sharing is more important. If the community has

a more positive attitude toward the other two DMs and allows SSRA, the brownfield rede-

velopment is more likely to be successful [114]. Hence, the ranking of options in decreasing

order of importance is the redevelopment option, the wait-and-see option, the risk-sharing

option, and the cost-sharing option.

From the stability types perspective, sequential equilbrium seems to be the most appro-

priate, given that it considers not only a DM’s own incentive to move, but also other DM’s

incentives as sanctions. SMR is also appropriate, although it is less sensitive to the change

of α-cut levels among DMs. Nash equilibrium is not very meaningful, since there are few

stable states. When fuzzy preference relations are highly uncertain, Nash equilibrium is

not very helpful.

When we study on the relationship between α-cut levels and equlibria, we can find

that the α-cut level can be interpreted as the DM’s attitude toward change of brownfield

value. In other words, a higher α-cut level means the DM is reluctant (or less incentive)
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to change. Unless this DM is “sure” the state transition is good, he or she prefers to stay

at the status-quo. The GMCR model of brownfield redevelopment is more sensitive to the

developer’s α-cut level, which implies that persuading the developer to be more positive

toward redevelopment is more important.

From the redevelopment policy perspective, it is interesting to find that cost sharing

is not an effective as many people think. This result is not difficult to understand, since

cost-sharing is a zero-sum process. If the developer’s remediation cost is less, the local

government pays more anyway. Thus, either local government or developers are reluctant

to change to another state, leading to stability of both states that differ only in the option

of cost sharing. In this case, we suggest that the local government focus on creating

better business opportunities. Joint risk sharing is more useful in promoting brownfield

redevelopment.

This case study of fuzzy preference and GMCR demonstrates the feasibility and use-

fulness of the fuzzy preference extension on GMCR. For instance, we find that, when the

α-cut level of the community is changed from 0.6 to 0.5 with all other parameters fixed,

state 14 is removed from the equilibria and only state 13 remains. This result is easy to

understand given that the community becomes more sensitive to incentives, therefore less

tolerant of fuzzy utility decrease. Fuzzy preference generalizes the application of GMCR

in a simple but powerful way. More insights can be provided in this approach.

Beside factors considered in this GMCR model of brownfield redevelopment, future

study can include developing environmental insurance as an improved way of cost sharing.

Rather than sharing cost proportionally, insurance usually takes into account all unex-

pected remediation cost that exceeds a certain level. Insurance design can be discussed

based on [34] [134]. In addition, the comparison of fuzzy numbers other than trapezoids

must be extended in future work, which will be built on a better GMCR model.

100



Chapter 6

Negotiation Support System Design

6.1 NSS for Brownfield Negotiation

A NSS to facilitate brownfield negotiation is proposed in order to simplify the use of

complex evaluation model. Compared to the usual DSS, an NSS aims to find optimal

multi-party agreements, utilizing innovative models, workflows, and associated communi-

cation support, sometimes with a non-partisan mediator [58]. NSS can be regarded as a

superset of DSS, implementing not only decision making techniques, but also additional

communication subsystems for negotiation.

From the negotiation process perspective, NSS can be employed at the stages of prepara-

tion, position and interest assessment, and proposal [123]. In addition to a DSS component

using models based on decision analysis, game theory, or economic theory, an NSS often

includes an coordination module based on psychological and behavioural theory [72].

Negotiations are inevitable in promoting brownfield redevelopment. To facilitate nego-

tiations among stakeholders of brownfield redevelopment, the following difficulties must be

addressed:

• Evaluation techniques: Benefits and costs of brownfield redevelopment projects are

highly unpredictable, making deterministic evaluation tools, such as NPV, inappro-

priate for pricing brownfields. A better pricing technique called fuzzy real options

analysis can be employed in order to evaluate uncertainties involved in brownfield

101



redevelopment [121]. The more accurate estimates generated using fuzzy real options

provide a solid basis for negotiation.

• Information sharing: Another obstacle to negotiation is the limited information avail-

able on brownfield redevelopment, especially for site-specific conditions. Information

sharing will be very helpful in building a positive environment for negotiation.

• User friendly interface: The utilization of the complex fuzzy real options model

should be automated and concealed so that it will not be an obstacle for DMs.

Hence, the proposed method will act as a bridge between the interface, which al-

lows end users to mark their judgements on a brownfield map, and the fuzzy real

options model for brownfield evaluation, which needs this information for parameter

estimation.

In the context of the brownfield negotiation, OWA is appropriate to estimate the pa-

rameters of the fuzzy real options, and hence to determine the values of a brownfield to

different DMs, which can be used as the basis of negotiation. Expert judgements of con-

tamination likelihood and risk preferences of decision makers can be expressed graphically

and reflected using fuzzy real options.

A non-partisan professional (qualified person (QP)) should be added to facilitate the

brownfield negotiation. A QP can be invited to offer professional opinions on the likelihood

of contamination, which will be used as the reference point of pollution likelihood. The

QP can help in building trust and identifying solutions in the negotiation process.

Maps and fuzzy boundaries will be used to facilitate information sharing and communi-

cation based on a GIS module. DMs judgements can be illustrated using fuzzy boundaries

for iterative assessment in order to obtain an accurate subjective estimation. The GMCR

and report generation functions will be incorporated into the proposed NSS in the future.

6.2 Structure and Process Design

The structure of the proposed DSS illustrated in Figure 6.1 will also be the core module of

a NSS. The DSS will be distributed across three locations: a server with powerful compu-

tational capacity where the core DSS component is installed, a server sharing geographic
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information publicly, and a mobile device with graphic interface to capture judgements on

site.

• Geographic Information Server: This component provides public information to all

decision makers, facilitating negotiation by information sharing. All contamination

information will be updated here, avoiding information management issues, such as

version control, accessibility, and backup.

• Core Components for Brownfield Evaluation: Because fuzzy real options models re-

quire computational power even in a parallel computing environment, the parameter

estimation and option evaluation algorithms will be installed and utilized on a pow-

erful server via web services. This mechanism reduces costs while increasing the

availability of fuzzy real options models.

• Mobile Device connected to the Internet: A mobile device is easily portable, enabling

DMs to record and modify their judgements on site or during the negotiation process

anywhere. Exploratory decision making and negotiation will be facilitated through

this arrangement.

Negotiation using the proposed DSS can follow a process briefly described below:

1. DMs take a mobile device to the brownfield, retrieving maps with appropriate ge-

ographic information from local government, and then mark their judgements at

sample locations. OWA will be called from another server to combine multiple as-

sessments and interpolate across the brownfield. The output will be fed back to the

mobile device, adding the likelihood of contamination as a layer on the map. Decision

makers can modify their estimates if they prefer. Final outputs will be stored on the

public server.

2. Once judgements are fixed, the parameters for fuzzy real options will be computed,

and the fuzzy real options model for brownfield evaluation will be called to determine

the value of the site, critical values, and optimal decisions for DMs with different risk

preferences.

3. Since the values of the brownfield for DMs have been determined, conflicts are now

clear. Negotiation can be facilitated through equilibria found using conflict analysis
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Figure 6.1: Structure of the Proposed DSS
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methods. DMs can also compromise by adjusting their judgements, changing their

attitudes, or adding more options.

Negotiation workflow can be optimized in the future and added as another module on

top of the DSS. Better negotiation processes that encourage candid reporting of judgement

may be added. Another possible improvement would be an additional component dealing

with communication.

6.3 NSS Components and Prototypes

6.3.1 Fuzzy Real Options

A DSS prototype using fuzzy real options is designed for to convenient evaluation of brown-

field projects. It has the following features [121] :

• Ease of use: All input parameters are easily input, including riskless rate, volatility,

and fuzzy variables. Users can quickly understand the DSS;

• Optimal operation suggestions: Since the fuzzy real options approach has not been

widely adopted by developers, giving values and associated operation suggestions can

help to convince DMs that higher than NPV estimated brownfield values generated

from fuzzy real options are achievable;

• Strategy spaces shown graphically: Plotting the strategy spaces and boundaries can

clarify the project situation and give DMs intuition about how to choose options in

order to attain the maximum value of a brownfield;

The system architecture of the prototype DSS is shown in Figure 6.2. Experts input

parameters via the Windows presentation foundation (WPF) layer shown in Figure 6.3.

Then, an event and process management module controls the work flow to convert all

information to the MatLab format and directs the computation. Finally, the output is

presented graphically via WPF.
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Figure 6.2: A DSS Prototype of Fuzzy Real Options

Figure 6.3: GUI for Input of the DSS
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6.3.2 Fuzzy Boundaries and Numerical Methods

Two major extensions to the DSS prototype toward the proposed NSS are browser-server

structure mentioned in Figure 6.1, which is critical in collaborative process integration,

and the mapping capacity that can make judgements on the likelihood of contamination.

As shown in Figure 6.4, DMs can add sample points on a base map, such as Google Maps,

and then make multicriteria assessments. Local-government-owned data can also be added

as layers on the map, providing more information. All information can be integrated under

the geographic markup language (GML) standard.

When the “Submit” button is clicked, input information, including the subjective es-

timates on the map, will be sent to the server implemented in Geodjango. The generated

fuzzy boundaries of a brownfield are then fed back as a layer overlaying the contaminated

site. Geodjango is employed due to its backbone programming language, Python. The

extended LSM algorithm is written in Python (Appendix B).

Python has the ability to integrate different components and act as “system glue”.

Information retrieved from clients can be input to the GeoStat module for interpolation

via the R-Python interface. Once the parameters of the fuzzy real options model have

been estimated, the parallelized C program under the multiple processing interface (MPI)

is called by Geodjango via C-Python interface. Values generated by the fuzzy real options

model are passed into the GMCR model, which can be easily rewritten in Python.

6.3.3 GMCR and Matrix Representation

A DSS is developed implementing GMCR in C++ and Microsoft foundation class (MFC)

[36] [37]. With this system, users can follow the modelling process by switching among tabs

(Figure 6.5) and obtain equilibria as suggestions. This DSS is mature and has demonstrated

its effectiveness for years.

But because MFC is essentially a closed-form solution, it is difficult to accommodate

this DSS as a module in the proposed NSS. Therefore, a MatLab program using the matrix

representation of GMCR is utilized as a basis for multiple DM analysis (Appendix C). To

ensure system integration, this program would be better rewritten in Python, which has a

counterpart matrix system called SciPy.
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Figure 6.4: Client of the Proposed NSS
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Figure 6.5: GMCR DSS
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6.4 Summary

In summary, the proposed NSS will be based on browser-server architecture integrating

different DSS prototypes. On the client side, AJAX, which is also compatible to WPF,

will be used for user interface building. On the server side, workflow will be controlled

using Python as a central language linking everything. Mapping capacity and location-

based services (LBSs) are provided via Geodjango. The geostatistical module is called

via an R-Python bridge, and then sends output to the fuzzy real options model in the C

programming language.

Further development will be easy using Python, and customization will also be easy.

This flexible structure balances the requirements of mobility, computation power, and com-

patibility. Handheld devices can be used providing web browsers are installed. Computing-

intensive operations are allocated on the server grid, forming a cloud-computing environ-

ment. The usage of XML format enables data exchange across platforms.

All in all, the proposed NSS implements the process recommended earlier in this thesis.

Equilibria under different settings provide DMs with insights into brownfield redevelopment

conflicts. Effective collaboration can be enhanced using this NSS in design, and positive

results are expected.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

This thesis follows the tasks outlined in the research proposal submitted in the compre-

hensive examination, which is shown in Table 7.1. Decision techniques are studied in order

to facilitate brownfield negotiations. To assist a single DM’s decision making, fuzzy real

options and OWA are combined to calculate the value of a brownfield. Fuzzy boundaries

and an online mapping module are employed to extend the fuzzy real options model and

strengthen communication among DMs. Outputs are used as input into GMCR, which

generates equilibria as suggestions for resolution of redevelopment conflicts. Main findings

on decision-making under uncertainty, as well as brownfield negotiations, are summarized

respectively in the following subsections.

7.1.1 Decision-making under Uncertainty

This thesis covers most decision-making techniques classified in Table 7.2. In other words,

a line of methods to make decisions under uncertainty is extended, studied, and combined

for synthesized application, such as brownfield redevelopment. Findings are listed below:

• Fuzzy Real Options: Fuzzy real options can be employed for risky project evaluation,

regardless of the existence of analytic results or the types of risk. Compared to IVP,
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Table 7.1: Comparison of Plan and Implementation

Tasks in Proposal Results in Thesis

1. Fuzzy real options

1.1. Numerical methods for fuzzy real options
Extended LSM based on chance theory

1.2. Uncertainty of fuzziness and randomness

1.3. More computational intelligence meth-

ods

OWA and linguistics quantifier to repre-

sent risk preference

2. DSS extension with a GIS module
NSS design

Fuzzy boundaries and geostatistics

3. Fuzzy real options and game-

theoretic approaches
GMCR and fuzzy preference

Table 7.2: Classification of Decision Making Models [35]

Objectives

One Two or More

DMs
One Decision Analysis Models Multi-Criteria Decision Making

Two or More Team Theory Conflict Analysis
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the fuzzy real options approach is compatible with other artificial intelligence tech-

niques, especially for linguistic quantifiers, because of the importance of descriptive

knowledge in subjective estimation. In addition, exploration of fuzzy real options

contributes to the integration of various uncertainty representations, aiding further

research. More specifically, the fuzzy real options method enriches the application of

possibility theory, which can be very useful for practitioners.

• GMCR: Newly developed extensions of GMCR are utilized to combine fuzzy real op-

tions and the original GMCR. The fuzzy preference framework demonstrates its ad-

vantages in representing state ranking under uncertainty, acting as a bridge between

fuzzy real options and GMCR. The matrix representation of GMCR is convenient to

implement and build with other modules [125]. We can see that GMCR and fuzzy

real options are compatible with each other, making an integrated NSS possible.

• NSS for brownfield negotiations: An NSS for brownfield redevelopment is designed

in this thesis. The fuzzy boundary representation is proposed with the aid of a

distributed GIS module. The brownfield negotiation process, NSS architecture, and

technical issues are discussed. The infrastructure supporting the proposed NSS,

which has been tested via DSS prototypes, can be based on internet protocols. On the

server side, Python modules and a parallel computer environment are also explored

via SharcNet, the supercomputer grid in Ontario, Canada, and other servers. Hence,

the feasibility of the proposed NSS is ensured.

7.1.2 Brownfield Redevelopment Negotiation

Because decision analysis methods have been improved for dealing with uncertainty, new

results are found for these methods when addressing brownfield redevelopment cases. Fuzzy

real options and GMCR provide the following results:

• Impact of redevelopment cost: The application of OWA confirms that the redevelop-

ment cost is high and varies greatly case by case. However, the impact of uncertain

cost on the brownfield value is not as high as people estimate. Therefore, brownfield

projects are determined more by their real estate value than their remediation fac-

tors. This result partially explains why prosperous cities regenerate quickly leaving

few brownfields, while others have to be abandoned entirely with no new investment.
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• Value of managerial flexibility: The managerial flexibility adds some value to the

project, which is roughly 5% - 10% higher than NPV estimates in brownfield case

studies. But the flexible value should be higher than the appeared number, given that

the redevelopment cost could dramatically rise in the future. The value of managerial

flexibility is often higher than the value added when cost sharing is allowed. In other

words, managerial flexibility is important in brownfield redevelopment.

• Impact of risk preference: The conflict among values of a brownfield, caused by risk

preferences, is important, accounting for about 10% of the total value in the Ralgreen

community case study. Nontheless, the difference is also not as high as one might

imagine. When a non-partisan professional participates in the negotiation, one whom

all stakeholders trust, redevelopment deals are much easier to make.

• Issues in brownfield negotiation: Because the differences between fuzzy values of a

brownfield under several scenarios are not high, the DMs’ attitudes are important

in determining the equilibria, which constitute potential resolutions. The degree of

tolerance of the community to contamination, as well as the eagerness of developers

for taking advantage of business opportunities, are critical factors. Land use change

is the most important factor in defining such opportunities.

• Monte-Carlo simulation with fuzzy variables : The impact of increasing the number

of fuzzy samples on the result accuracy leads to an interesting question - what is the

converge rate when fuzzy samples are generated in Monte-Carlo simulation. Although

there has been no analytical work completed in this area yet, some tests can be

conducted to obtain some empirical rules, which is very helpful in practise.

• Implications of brownfield policy design: In terms of identifying effective brownfield

redevelopment policy, the creation of better economic opportunity is critical. Local

governments need to design and implement innovative plans to attract developers. By

contrast, cost sharing might not be effective in promoting redevelopment. A property

tax cut after redevelopment is suggested over cost sharing due to its greater impact

on future payoffs. In addition to these policies, employing non-partisan professionals

and establishing risk-sharing policies are helpful.
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7.2 Future Work

Although novel framework of decision making under uncertainty is proposed, there are

many improvements that can be made. Some interesting ideas are as follows:

• IVP and subjective probability: Subjective probability is another good choice in deal-

ing with private risks. The application of IVP can be further studied with the inclu-

sion of Bayesian method, which can create a learning process gradually changing the

estimate from subjective to objective. Transition between market and private risks

would be a great discovery.

• More types of real options: Similar to the evolution of options in financial markets,

more complex options will emerge when people realize the importance of real options

and deliberately use them in contract negotiations. Timely value computation of

options must be found in the future, this being very important to practitioners.

• More types of processes: The political uncertainty, such as regulation update, has not

been included in the current model yet. But it can be added as a jump process or

a fuzzy process. This will be another interesting topic for further research, which

enhances the uncertainty study in SoS.

• More game theoretic approaches: Apart from GMCR, drama theory can be explored

for possible combination with fuzzy real options [50] [51]. Also, quantitative games

will also be tested in order to study the evolution of a conflict. Multi-agent simulation

can be conducted in order to avoid the complexity of finding analytic results, while

fully utilize computation power for complex system studies.

• More flexible NSS design: State-of-the-art information technology can be employed

for developing a more flexible NSS design, namely, cloud computing. Cloud comput-

ing has a parallel structure, which can allocate computing resource effectively and

accommodate various mobile devices. Better technologies should be used to develop

improved NSS.

• More application areas: Because fuzzy real options and GMCR have demonstrated

their advantages in studying environmental problems, more specifically, evaluating

hydrogeolocial uncertainties, more applications can be executed. For instance, the
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oil sands development in Alberta, Canada, which requires large amounts of water

resources and threatens the quality of ground water, can be studied within the re-

search framework of this thesis. Better policy suggestions can be expected since

decision-making under uncertainty is improved.
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Figure A.1: DMGOV ’s Values on Options
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Figure A.2: DMCOM ’s Values on Options
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Figure A.3: DMDEV ’s Values on Options
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Appendix B

Code of the Extended LSM

Algorithm

from numpy import *

import random

import math

from math import sqrt

from Scientific.Functions.LeastSquares import leastSquaresFit

import cPickle, Gnuplot

Sam_num = 60 * 60; T = 200; dT = 0.25; Step_num = T / dT

Cr_num = sqrt(Sam_num)

abandon = 0; r = 0.05

# ----------------------------------------------------------------------------

# Cash Flow part

phi1 = 0.4; theta = 2.0;

alpha1 = 0.3

mu_in = 0.025; sigma_in = 0.2

mu_out = 0.055; low = 0.1; mode = 0.2; high = 0.3
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dZ_in = array([random.gauss(0, 1) for i in xrange(Sam_num * Step_num)])

dZ_in.shape = (Sam_num, Step_num)

inFlow = zeros((Sam_num, Step_num))

Price = zeros((Sam_num, Step_num - 1))

V_P = zeros((Sam_num, Step_num - 1))

dZ_out = array([random.gauss(0, 1) for i in xrange(Sam_num * Step_num)])

dZ_out.shape = (Sam_num, Step_num)

outFlow = zeros((Sam_num, Step_num))

inFlow[:, 0] = 72341.067

outFlow[: , 0] = 5000000.0

Price[:, 0] = 300000.0 # will be the x-axis all the time

for i in xrange(Step_num-2):

inFlow[:, i+1] = inFlow[:, i] * exp((mu_in - 0.5*sigma_in**2 - r)*dT \

+ sigma_in*sqrt(dT)*dZ_in[:, i])

Price[:, i+1] = Price[:, i] * exp((mu_in - 0.5*sigma_in**2)*dT \

+ sigma_in*sqrt(dT)*dZ_in[:, i])

inFlow[:, Step_num-1] = inFlow[:, Step_num-2] / (r - mu_in) * exp(-r*dT)

# Credibility

Cr_sigma = array([random.uniform(low, high) for i in xrange(Cr_num)])

Cr_Cred = where(Cr_sigma < mode, (Cr_sigma - low) / ((mode - low)*2.0), \

(high + Cr_sigma - 2.0*mode) / (high - mode))

for i in xrange(Cr_num):

sigma_out = Cr_sigma[i]

for j in xrange(Step_num-1):

outFlow[Cr_num*i:Cr_num*(i+1), j+1] = outFlow[Cr_num*i:Cr_num*(i+1), j] \

* exp((mu_out - 0.5*sigma_out**2 - r)*dT \

+ sigma_out*sqrt(dT)*dZ_out[Cr_num*i:Cr_num*(i+1), j])

# ============================================================================
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# ----------------------------------------------------------------------------

# Cashflow

net = zeros((Sam_num, Step_num))

net = inFlow

net_sum = zeros((Sam_num, Step_num)) # V(P)

option = zeros((Sam_num, Step_num)) # F(P)

Cost = outFlow * (1.0 + alpha1)

del inFlow; del dZ_in; del dZ_out; del outFlow

# Base function for least squares estimation

def basefunction(p, x):

a1, a2, a3, a4, a5, b = p

e = b + a1 * x + a2 * x**2 + a3 * x**3 + a4 * x**4 + a5 * x**5

return e

# ----------------------------------------------------------------------------

# Backwards Valuation

net_sum[:, Step_num-1] = net[:, Step_num-1]

E = zeros((Sam_num, 1))

ValCont = net_sum[:, Step_num-1] * phi1

ValExec = net_sum[:, Step_num-1] * theta - Cost[:, Step_num-1]

option[:, Step_num-1] = where (ValCont > ValExec, ValCont, ValExec)

CriticalValue = zeros(Sam_num)

ExpTime = zeros(Sam_num)

ExpTime[:] = T

for i in range(Step_num, 1, -1):

net_sum[:, i-2] = net[:, i-2] + net_sum[:, i-1]

ValCont = net_sum[:, i-2] * phi1

ValExec = net_sum[:, i-2] * theta - Cost[:, i-2]

option[:, i-2] = where(ValCont > ValExec, ValCont, ValExec)
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CriticalValue = where (ValCont <= ValExec, Price[:, i-2] \

/ Cost[:, i-2], CriticalValue)

ExpTime = where (ValCont <= ValExec, i*dT, ExpTime)

for j in range(Cr_num):

data = [(option[Cr_num*j+k, i-1], option[Cr_num*j+k, i-2]) for k \

in range(Cr_num)]

par = leastSquaresFit(basefunction, (0, 0, 0, 0, 0, 0), data)

E[Cr_num*j:Cr_num*(j+1), 0] = basefunction(par[0], option[Cr_num*j: \

Cr_num*(j+1), i-1]) # expected cashflow next step

for l in range(Cr_num):

option[Cr_num*j+l, i-2] = max(option[Cr_num*j+l, i-2], E[Cr_num*j+l])

print "%.2f percent is finished" % ((Step_num - i) / Step_num * 100)

# =============================================================================

# -----------------------------------------------------------------------------

P = zeros((Cr_num, 1))

su1 = zeros((Cr_num, 1))

su2 = zeros((Cr_num, 1))

C = zeros((Cr_num, 1))

for i in range(Cr_num):

C[i] = mean(option[Cr_num*i:Cr_num*(i+1), 0])

l = min(C[:, 0])

m = max(C[:, 0])

e = 0.0

N = 10000

for k in range(N):

r = random.uniform(l, m)

L = 0.0; temp = 0.0; sup1 =0.0; sup2 = 0.0;

if r >=0:

for i in range(Cr_num):

if (C[i, 0] >= r) & (sup1 < Cr_Cred[i]):
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sup1 = Cr_Cred2[i]

if (C[i, 0] < r) & (sup2 < Cr_Cred[i/Cr_num]):

sup2 = Cr_Cred2[i]

e = e + (sup1 + 1 - sup2) / 2.0

else:

for i in range(Cr_num):

if (C[i, 0] <= r) & (sup1 < Cr_Cred2[i]):

sup1 = Cr_Cred[i]

if (C[i, 0] > r) & (sup2 < Cr_Cred2[i]):

sup2 = Cr_Cred[i]

e = e - (sup1 + 1 - sup2) / 2.0

average = max(l, 0.0) + min(m, 0.0) + e * (m-l) / N

print "The fuzzy mean is %.2f" % average

ttt = 0.0

for i in range(Sam_num):

ttt = ttt + Cr_Cred[i/Cr_num]*option[i, 0]

print "The united value is %.2f " % (ttt/sum(Cr_Cred)/Cr_num)

# =====================================================================

# ---------------------------------------------------------------------

su=zeros(Cr_num); n=zeros(Cr_num); TT = zeros(Cr_num)

for i in range(Cr_num) :

for j in range(Cr_num) :

if ExpTime[i*Cr_num+j] != min(ExpTime[i*Cr_num:(i+1)*Cr_num]) \

and ExpTime[i*Cr_num+j] !=max(ExpTime[i*Cr_num:(i+1)*Cr_num]) :

TT[i] = su[i] + ExpTime[i*Cr_num+j]

n[i] = n[i] + 1

su[i] = su[i] + CriticalValue[i*Cr_num+j]

if n[i] == 0:

n[i] = 1
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for i in range(Cr_num) :

su[i] = su[i] / Cr_num

TT[i] = TT[i]/ n[i]

print "The rough time is %.2f " % (mean(TT))

# ====================================================================
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Appendix C

Code for the Matrix Representation

of GMCR with Fuzzy Preferences

% Qian Wang 2011 (c)

% Ralgreen Community

%______________________________________

% Code modified based on Haiyan Xu (c) 2007

n = 3; % the number of decision maker

m = 17; % the number of state

delta = m * n; % delta = |UA|

J = zeros(m,m,n);

Jp = zeros(m,m,n);

Pp = zeros(m,m,n);

Pne = zeros(m,m,n);

alpha = zeros(n, 1);

Mh = zeros(m,m,n);

Mhp = zeros(m,m,n);

M = zeros(m,m,n,n,delta);
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Mp = zeros(m,m,n,n,delta);

Mnash = zeros(n,m);

Mgmr = zeros(m,m,n);

Msmr = zeros(m,m,n);

Mseq = zeros(m,m,n);

E = ones(m,m);

%___________________________________________

% Only need to input J and Pp

Pp(:, :, 1) = GOV’;

Pp(:, :, 2) = COM’;

Pp(:, :, 3) = DEV’;

alpha(1) = 0.5;

alpha(2) = 0.5;

alpha(3) = 0.6;

J(:, :, 1) = Jgov’;

J(:, :, 2) = Jcom’;

J(:, :, 3) = Jdev’;

for i = 1: n

for j = 1 : m

for k = 1: m

if Pp(j, k, i) > alpha(i)

Pp(j, k, i) = 1;

else

Pp(j, k, i) = 0;

end

end

end

end
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%______________________________________________

% calculate Pne

for i = 1:n

Pne(:,:,i) = ones(m,m) - Pp(:,:,i) - eye(m,m);

end

%______________________________________________

% calculate Jp

for i = 1:n

Jp(:,:,i) = J(:,:,i).*Pp(:,:,i);

end

Jp = sign(Jp);

%______________________________________________

% calculate M, Mp

for i = 1:n

for j = 1:n

M(:,:,i,j,1) = J(:,:,j); % initial

Mp(:,:,i,j,1) = Jp(:,:,j);

end

end

for k = 2:delta

for i = 1:n

for j = 1:n

if j ~= i

tempM = zeros(m,m);

tempMp = zeros(m,m);

for t = 1:n

if (t ~= i) && (t ~= j)

tempM = tempM + M(:,:,i,t,k-1);
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tempMp = tempMp + Mp(:,:,i,t,k-1);

end

end

M(:,:,i,j,k) = sign(J(:,:,j)*tempM);

Mp(:,:,i,j,k) = sign(Jp(:,:,j)*tempMp);

end

end

end

end

%___________________________________________

% calculate Mh, Mhp

for i = 1:n

for k = 1:delta

for j = 1:n

if j ~= i

Mh(:,:,i) = Mh(:,:,i) + M(:,:,i,j,k);

Mhp(:,:,i) = Mhp(:,:,i) + Mp(:,:,i,j,k);

end

end

end

Mh(:,:,i) = sign(Mh(:,:,i));

Mhp(:,:,i) = sign(Mhp(:,:,i));

end

%__________________________________________

% stability

for i = 1:n
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e = ones(m,1);

for j = 1:m

es = zeros(m,1); es(j) = 1;

Mnash(i,j) = es’*Jp(:,:,i)*e; %Nash

end

Mgmr(:,:,i) = Jp(:,:,i)*(E - sign(Mh(:,:,i)*Pne(:,:,i)’)); %GMR

Msmr(:,:,i) = Jp(:,:,i)*(E - sign(Mh(:,:,i)*(Pne(:,:,i)’.*(E - sign(J(:,:,i)* ..

Pp(:,:,i)’))))); %SMR

Mseq(:,:,i) = Jp(:,:,i)*(E - sign(Mhp(:,:,i)*Pne(:,:,i)’)); %SEQ

end

Mgmr = sign(Mgmr);

Msmr = sign(Msmr);

Mseq = sign(Mseq);

MgmrT = diag(Mgmr(:,:,1))+diag(Mgmr(:,:,2))+diag(Mgmr(:,:,3));

MsmrT = diag(Msmr(:,:,1))+diag(Msmr(:,:,2))+diag(Msmr(:,:,3));

MseqT = diag(Mseq(:,:,1))+diag(Mseq(:,:,2))+diag(Mseq(:,:,3));

%MgmrT’,MsmrT’,MseqT’,

GMR = []; SMR = []; SEQ = [];

for i = 1:n

GMR = [GMR; diag(Mgmr(:,:,i))’];

SMR = [SMR; diag(Msmr(:,:,i))’];

SEQ = [SEQ; diag(Mseq(:,:,i))’];

end

MH=zeros(m,m); MHp=zeros(m,m);

for i=1:n

MH = MH + Mh(:,:,i);
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MHp = MHp + Mhp(:,:,i);

end

MH=sign(MH);

MHp=sign(MHp);

Mnash=Mnash

GMR = GMR;

SMR = SMR

SEQ = SEQ
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