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Abstract

This dissertation deals with the problem of scheduling in wireless MIMO (Multiple-
Input Multiple-Output) downlink systems. The focus is on the large-scale systems
when the number of subscribers is large.

In part one, the problem of user selection in MIMO Broadcast channel is stud-
ied. An efficient user selection algorithm is proposed and is shown to achieve the
sum-rate capacity of the system asymptotically (in terms of the number of users),
while requiring (i) low-complexity precoding scheme of zero-forcing beam-forming
at the base station, (ii) low amount of feedback from the users to the base station,
(iii) low complexity of search.

Part two studies the problem of MIMO broadcast channel with partial Channel
State Information (CSI) at the transmitter. The necessary and sufficient conditions
for the amount of CSI at the transmitter (which is provided to via feedback links
from the receivers) in order to achieve the sum-rate capacity of the system are
derived. The analysis is performed in various singnal to noise ratio regimes.

In part three, the problem of sum-rate maximization in a broadcast channel
with large number of users, when each user has a stringent delay constraint, is
studied. In this part, a new definition of fairness, called short-term fairness is intro-
duced. A scheduling algorithm is proposed that achieves: (i) Maximum sum-rate
throughput and (ii) Maximum short-term fairness of the system, simultaneously,
while satisfying the delay constraint for each individual user with probability one.

In part four, the sum-rate capacity of MIMO broadcast channel, when the
channels are Rician fading, is derived in various scenarios in terms of the value of

the Rician factor and the distribution of the specular components of the channel.
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Chapter 1

Introduction

1.1 MIMO Systems

Recently, there has been an increasing demand for high speed wireless multimedia
services. Traditionally, the achievable bit rate of a communication link is limited
by the available bandwidth and power. In traditional wireless systems based on
single transmit and single receive antenna, the only way to increase the bit rate is to
increase either the bandwidth or the power budget. Another interesting approach
to increase the bit rate in wireless systems without increasing the bandwidth or
power budget is to use multiple transmit and/or multiple receive antennas. This
transforms the channel into a Multiple-Input Multiple-Output (MIMO) system.
MIMO systems offer two main advantages: spatial diversity (independent fading
for different antennas) and multiplexing gain (creating multiple transmission chan-
nels). More precisely, using multiple antennas at the transmitter and the receiver
can increase the transmission rate up to min(M, K), where M is the number of

transmit antennas and K is the number of receive antennas [I,2], or increase the
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reliability of transmission up to MK [3]. MIMO systems can be designed to sac-
rifice diversity to support high transmission rates (Bell Labs Layered Space-Time
(BLAST)), or to sacrifice the rate to create diversity (space-time codes). Space-
time codes, invented by Tarokh et al. [3], are a new family of codes for transmission
of data using multiple transmit antennas over Rayleigh or Rician wireless channels
using a trellis structure. More generally, space-time code is a combination of chan-
nel coding, modulation and transmit and receive diversity. BLAST [2] is based on
using the independence of the fading between pairs of antennas to create multiple
transmission channels. These channels overlap in time and frequency, however,
these are separate in space.

Most of the research work reported in the literature on MIMO systems have
addressed one of these two extreme solutions. However, in many cases, an inter-
mediate solution providing an appropriate tradeoff between “rate” and “diversity”
may be more appropriate. It is also desirable that such an intermediate solution
can adjust the tradeoff point in an adaptive fashion depending on the channel
condition.

MIMO systems with either transmit diversity or with spatial multiplexing has
proved their ability in terms of increasing the spectral efficiency of the wireless
systems. The large spectral efficiency obtained by using MIMO systems for a point-
to-point wireless communication, suggests applying MIMO systems into network

wireless systems.
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1.2 MIMO Downlink Systems

Network information theory generalizes Shannon point-to-point (two terminals)
communication to systems with more than two terminals. This general framework
allows us to consider transmission of more than one source, and/or over more
than one channel. For many years, theoretical studies in this subject have shown
potential for realizing high gains over conventional point-to-point communication
techniques. However, the lack of practical schemes has limited the application
of these ideas in the past. With the advances in hardware, these subjects have
received considerable attention over the last few years and are widely believed to
provide a viable solution for the future wireless networks.

One of the most important aspect of wireless communications is cellular com-
munications in which a Base Station (BS) communicates with several mobile users.
In a cellular systems, the communications takes place in two scenarios; (i) downlink
scenario in which the BS transmits data to the users, and (ii) uplink scenario in
which the users transmit data to the BS. When the BS is equipped with multiple
antennas, the downlink channel can be modeled as a MIMO Broadcast Channel
(MIMO-BC) and the uplink channel can be modeled as MIMO Multiple-Access
Channel (MIMO-MAC).

Unlike the MIMO-MAC, finding the capacity region of MIMO-BC is challenging
and can not be performed using the conventional coding methods. This is due to
the fact that MIMO-BC belongs to the category of non-degraded broadcast chan-
nels. Recently, there has been a lot of interest in characterizing the capacity region
of this channel FLELGAE]. In [5]- [7], it has been shown that the sum-rate capacity
of MIMO broadcast channels can be achieved by exploiting the surprising result of

Costa [9] on known-interference cancellation at the transmitter, so-called Dirty Pa-
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per Coding (DPC). Briefly, Costa showed that the capacity of the standard scalar
single-user additive white Gaussian noise channel is unchanged in the presence of
an independent additive Gaussian interferer, provided that the interferer’s signal
in known noncausally to the transmitter. This result effectively shows that, while
encoding the desired user’s signal, the transmitter can perform a pre-cancellation
of the interfering signal without a power or rate penalty. Several researchers have
investigated practical techniques to achieve the sum-rate capacity (the maximum
achievable sum of long-term average data rates transmitted to all users) promised
by dirty paper coding. Nested lattices are used in [I0] for the interference channel,
as well as the general multiuser channel. Trellis coding for the broadcast channel
is presented in [I1], [T2] as a practical technique for the multiuser channel.

There has been another line of work studying the capacity of MIMO broadcast
channels. Randomization form of the fading channels in a wireless network for dif-
ferent users motivates utilizing a new technique called multiuser diversity [16], [I7].
Traditionally, diversity can be achieved over fading channels either over space
(multiple antenna in reception and/or transmission ), over time (interleaving) or
in frequency (using of RAKE receiver in spread spectrum systems). In a point-
to-multipoint wireless network, multiuser diversity can be obtained exploiting the
time varying characteristics of the users’ channels. Multiuser diversity gain arises
from the fact that in a system with many users whose channels vary independently,
the overall throughput is maximized by allocating the channel resource to the user
which, at that time, can best exploited. The fading rate and the dynamic range
of the channel fluctuations are essential parameters for the exploitation of mul-
tiuser diversity, i.e., the larger the fluctuation, the larger the diversity gain. In

the single-input single-output (SISO) case, it has been shown that transmitting to
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the user with the strongest channel in the given time slot is a strategy that can
achieve sum-rate capacity [B5]. However, in the case of multiple-antenna trans-
mitter, simultaneous transmission of data streams to multiple users is required to
achieve the sum-rate capacity. The challenge is to find the best sub-set of users
for achieving the sum-rate capacity (user selection problem), which is addressed in
the second chapter of this dissertation.

Unlike the point-to-point MIMO link, in the MIMO-BC, it is crucial for the
transmitter to have the channel state information for all the users. This is obtained
by providing a feedback channel from the receivers to the transmitter, which is very
impractical for large-scale networks. Hence, it is interesting to study the problem
of MIMO-BC with partial channel state information at the transmitter. More
precisely, what is the performance degradation in the system when the transmitter
knows only partial information about the users’ channels (instead of the whole
information), and what is the minimum amount of the channel information at the
transmitter (or equivalently, the minimum amount of feedback from the users to
the transmitter), in order not to have any degradation in the system performance?
This problem is addressed in chapter

One of the most important challenges in wireless networks is to provide the sub-
scribers their quality of service demands, including throughput, delay, and fairness
constraints. Most of the conventional scheduling schemes try to either maximize
the throughput of the system (by exploiting multiuser diversity) or to maximiz-
ing the fairness (like the Round-Robin scheduling). Although lots of schedulings
proposed in the literature have considered both throughput and fairness in the
scheduling, it is interesting to know whether or not one can simultaneously max-

imize the throughput and fairness in a wireless system. Chapter @l studies this
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problem in a large-scale wireless downlink system.

Most of the research done in the literature on MIMO broadcast channels have
considered either a deterministic model or Rayleigh fading model for the channels.
It is important to study how would the results change if a different model is used
for the channels. In chapter B, the capacity of MIMO-BC is derived assuming

Rician fading model for the channels.

1.3 Summary of the Dissertation

In chapter B, we consider a Rayleigh fading MIMO-BC with large number of users
and propose an efficient sub-optimum algorithm that assigns the coordinates of
transmission space to different users in order to achieve the best performance in
terms of the sum-rate throughput. It is assumed that the zero-forcing beam-
forming is used at the base station as the precoding scheme. The algorithm starts
by setting a threshold value. By applying Singular Value Decomposition (SVD)
to all users’ channel matrices, only the eigenvectors whose corresponding singular
values are above the set threshold are considered. Then, among these candidate
eigenvectors, the algorithm chooses a set of size M which are nearly orthogonal
to each other. For the asymptotic case of N — oo, we give the necessary and
sufficient conditions for the threshold value in order to achieve the optimum sum-
rate capacity, such that the difference between the sum-rates approaches zero.
Moreover, it is demonstrated that the complexity of search and the amount of
feedback required at the base station is significantly reduced. Simulation results
indicate that the proposed algorithm performs well for practical scenarios as well.

In chapter B a large-scale Rayleigh fading MIMO-BC is considered, in which
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the channel state information is provided from the users to the transmitter via
feedback links. First, we define the amount of feedback as the average number
of users who send information to the BS. In the fixed and low SNR regimes, our
results show that it is not possible to achieve the maximum sum-rate with a finite
amount of feedback. Moreover, in the fixed SNR regime, in order to reduce the
gap between the achieved sum-rate and the optimum value to zero, the amount
of feedback must be greater than Inlnln N. In the second part, we define the
amount of feedback as the number of information bits sent to the BS. In the fixed
SNR regime, our analysis shows that the minimum amount of feedback, in order to
reduce the gap to the optimum sum-rate to zero, scales as ©(InlnIn N), which can
be achieved using the Random Beam-Forming scheme proposed in [26]. However,
the optimality of Random Beam-Forming only holds for the region In P # Q(In N).
In the regime of In P = Q(In V), we consider two cases. In the case of K < M, we
prove that the minimum amount of feedback bits to reduce the gap between the
achievable sum-rate and the maximum sum-rate to zero grows logarithmically with
SNR, which is achievable by the “Generalized Random Beam-Forming” scheme,
proposed in [51]. In the case of K = M, we show that by using the Random Beam-
Forming scheme and the amount of feedback not growing with SNR the maximum
sum-rate capacity is achievable.

In chapter @l we consider a hard delay constraint D for each user, which is
enforced by the application or physical limitations (e.g. buffer size). We define
a dropping event as the event that there exists a user who does not meet the
desired delay constraint. We propose a scheduling scheme for maximizing the
throughput of the system, while satisfying the delay constraint for all users. The

proposed scheduling algorithm works based on setting a threshold on the channel
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gain of the users and among the users with channel gains above the threshold,
the user with the minimum Packet Expiry Countdowns (PEC), which is defined
as the remaining time to the expiration of that users’ packet, is served. By doing
asymptotic analysis, it is proved that by selecting the threshold level properly,
the proposed scheduling algorithm achieves the maximum throughput, maximum
fairness, and minimum delay in the network, simultaneously, in the asymptotic
case of N — oo. The analysis is based on characterizing the probability mass
function of PEC in terms of N, D , and the threshold value, and evaluating
the network dropping probability accordingly. It is also demonstrated that the
Round-Robin (RR) scheduling, which focuses on maximizing the fairness and min-
imizing the delay in the network, and Multi-User Diversity (MUD) scheduling,
which focuses on maximizing the throughput in the system, are two extreme cases
of the proposed algorithm, where the former suffers from the weak performance
in terms of throughput and the latter increases the network delay by a factor of
log N. Moreover, we have introduced a new notion of performance in the network,
called “Average Throughput”, which is defined as the product of the packet arrival
rate and the amount of information per channel use in each packet, and proved
that the proposed algorithm maximizes the Minimum Average Throughput in a
broadcast channel. It is also established that the proposed algorithm reaches the
boundaries of the capacity region and stability region of the underlying system,
simultaneously, in the asymptotic case of N — oco. The proposed algorithm is also
generalized to MIMO Broadcast Channels (MIMO-BC) by modifying the Random
Beam-Forming scheme proposed in [26]. It is shown that the proposed algorithm is
capable of achieving the maximum throughput, maximum fairness, and minimum

delay, simultaneously, in the asymptotic case of N — oo, in a MIMO-BC.
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In chapter Bl, we consider a Rician MIMO-BC, in which a transmitter equipped
with M antennas communicates with N (N > 1) single-antenna users. The chan-
nels are assumed to be perfectly known at both the transmitter and receiver sides.
The asymptotic (in terms of the number of users) sum-rate capacity of the system,
as well as the capacity-achieving strategies, are derived. The main results of the
chapter are as follows: i) in the region of K = o(log N), where K denotes the Rician
factor, the sum-rate capacity scales as M log(1 + ﬁn), where P denotes the SNR

A log N
and 7 £ T8,

which is achieved by Zero-Forcing Beam-Forming (ZFBF) along
with a low-complexity user selection algorithm that considers only the scattered
component of the users’ channels, ii) in the region K = w(log ), in the case of co-
located transmit antennas, the capacity scales as log(1 + M P), which is achieved
by TDMA, iii) in the region K = w(log N), in the case of isotropically-distributed
specular components, the sum-rate capacity behaves as M log(1 + P), which is
achieved by ZFBF, along with a user selection algorithm that considers only the
specular component of the users’ channels. Simulation results confirm the validity
of analytical results.

Chapter Bl presents a summary of the thesis contributions and discusses several

future research directions.



Chapter 2

User Selection in MIMO

Broadcast Channels

2.1 Introduction

Multiple-input multiple-output (MIMO) systems have proved their ability to achieve
high bit rates on a scattering wireless network [I]. In a MIMO broadcast chan-
nel, the base station equipped with multiple antennas communicates with several
multiple-antenna users. Recently, there has been a lot of interest in characteriz-
ing the capacity region of this channel [4,B,6,7,K8]. In [5]- [, it has been shown
that the sum-rate capacity of MIMO broadcast channels can be achieved by ap-
plying dirty-paper coding (DPC) [0] at the transmitter. Practical schemes for
approximate implementation of DPC are proposed in [10], [T1], [12], [13], [T4], [15].
However, achieving the theoretical limits promised by DPC faces many challenges.

In a network with a large number of users, the base station can increase the

throughput by selecting the best set of users to communicate with. This results in

10
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the so-called “multiuser diversity” gain [16], [I7]. However, achieving the optimum
multiuser diversity gain requires an exhaustive search over all possible combination
of the users, which is not practical for large-scale networks. To overcome this
problem, references [I8] and [19] propose sub-optimum methods for user selection.
These methods exploit the multiuser diversity gain, but are based on assuming
DPC at the base station.

To avoid the complexity of DPC, the simple precoding scheme of “zero-forcing
beam-forming”, which is also called “channel inversion”, is considered by some
authors [20], 2], [, 22]. In these works, it is assumed that the users are equipped
with a single antenna. Using zero-forcing beam-forming, the downlink channel with
M transmit antennas is decomposed into N < M interference-free subchannels,
serving N users. Unfortunately, in cases that the number of users is equal to
the number of transmit antennas, this method does not offer a good performance
[22]. However, the case of N > M is more common in practical networks. In
this case, selecting the best set of users improves the performance of this scheme
significantly [§] , [23] (multiuser diversity gain). Due to the high complexity of
selecting the best set, reference [24] proposes a suboptimum algorithm for user
selection in order to maximize the sum-rate. This algorithm is based on using
zero-forcing beam-forming at the transmitter. The complexity of this algorithm is
shown to be O(M3N).

To achieve a good performance by using zero-forcing beam-forming, the selected
sub-channels must have high gains and be nearly orthogonal to each other. As the
number of users increases, it becomes easier to satisfy these requirements. However,
the exhaustive search for selecting the best set of users is very complex. In [25],

the authors propose a suboptimum algorithm for selecting such a set of users in a
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downlink environment with large number of single-antenna users. This algorithm
is similar to the greedy algorithm proposed in [I8], with the difference in using
an orthogonality threshold for selecting the users in each step. As a result, the
channel vectors of the selected users become nearly orthogonal to each other with
considerable gains. It has been shown that using this algorithm, the optimum sum-
rate throughput of the system is asymptotically achieved as N — oo. However,
in their approach, the base station must have perfect Channel State Information
(CSI) for all users.

To avoid the huge amount of feedback required by providing perfect CSI to
the base station, reference [26] proposes a downlink transmission scheme based on
random beam-forming relying on partial CSI at the transmitter. In this scheme,
the base station randomly constructs M orthogonal beams and transmits data to
the users with the maximum Signal to Interference plus Noise Ratio (SINR) for
each beam. Therefore, only the value of maximum SINR, and the index of the
beam for which the maximum SINR is achieved, are fed back to the base station
for each user. This significantly reduces the amount of feedback. Reference [20]
shows that when the number of users tends to infinity, the optimum sum-rate
throughput can be achieved. However, for practical number of users, it does not
perform well [25].

In this chapter, we consider a Rayleigh fading MIMO-BC with large number of
users and propose an efficient sub-optimum algorithm that assigns the coordinates
of transmission space to different users in order to achieve the best performance
in terms of the sum-rate throughput. It is assumed that the zero-forcing beam-
forming is used at the base station as the precoding scheme. The algorithm starts

by setting a threshold value. By applying Singular Value Decomposition (SVD)
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to all users’ channel matrices, only the eigenvectors whose corresponding singular
values are above the set threshold are considered. Then, among these candidate
eigenvectors, the algorithm chooses a set of size M which are nearly orthogonal
to each other. For the asymptotic case of N — oo, we give the necessary and
sufficient conditions for the threshold value in order to achieve the optimum sum-
rate capacity, such that the difference between the sum-rates approaches zero. The
proposed algorithm follows the same approach as that of [25], with a difference in
the user selection strategy. The main advantage of our algorithm is that the
coordinates are selected among the eigenvectors with singular values above a given
threshold, and for the rest of the eigenvectors no information is sent to the base
station. Therefore, the complexity of search and the amount of feedback required
at the base station is significantly reduced. Moreover, we give the necessary and
sufficient conditions for the threshold value in order to achieve the optimum sum-
rate, such that the difference between the achievable sum-rate and the optimum
value approaches zero.

This chapter is organized as follows. In section 22, we introduce the system
model, and describe the proposed algorithm in section EZ3 Sections P24 and
are devoted to analyzing the performance, in terms of the sum-rate throughput,
and the complexity of our proposed algorithm, respectively. Finally, section

concludes the chapter.

2.2 System Model

In this work, a MIMO-BC in which a base station equipped with M antennas

communicates with /N users, each equipped with K antennas, is considered. The
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channel between each user and the base station is modeled as a zero-mean circularly
symmetric Gaussian matrix (Rayleigh fading). The received vector by user k can
be written as

yi = Hpx + ny, (2.1)

CM><1 CKXM

where x € is the transmitted signal, Hy € is the channel matrix
from the transmitter to the kth user, which is assumed to be perfectly known at
the receiver side and provided to the BS via a noiseless feedback channel l, and
n;, € CEX1 ~ CN(0,If) is the noise vector at this receiver. We assume that the
transmitter has an average power constraint P, i.e. E {Tr(xx")} < P. The power
constraint is assumed to be per frame. In other words, the power constraint is
independent of the channel realization. The channels are assumed to be quasi-
static block fading, in which each channel H; is drawn randomly at the start of
each transmission frame and remains constant for the whole transmission frame,
and changes independently to another realization in the start of the next frame.
The frame itself is assumed to be long enough to allow communication at rates
close to the capacity. Defining the sum-rate capacity of the system in the channel
realization H £ {H;}~_ |, when the transmitter has perfect CSI about all users’
channels, as Cqum(H), the average sum-rate capacity, denoted as Cgym, is defined as
the average over time of Cgy,(H), which is by the ergodicity of the channel, equal
to Ey {Zopt(H)}.

LAs we will show later, the BS does not need to have the perfect CSI about all the users’

channels. However, the partial CSI that the BS receives through feedback is based on the perfect
CSI that the receivers have.
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Csum is shown in [5] to be equal to

Coum = Ex max In , (2.2)

N
I H
; M+ Z H,’ Q.H,
> Tr(Qk)=P

k=1

where Qy, is the transmit covariance matrix of the kth user. The capacity achieving
transmission strategy is shown to involve at least M, and at most M? data streams
in total [27]. However, experimental results show that M data streams are adequate
to achieve a significant portion of the capacity [I8], [19].

As discussed earlier, the capacity achieving strategy in a downlink environment
requires applying dirty-paper coding at the base station, which is not practical in
many applications. For this reason, it is desirable to utilize a precoding scheme
with less complexity. Among the known precoding schemes, zero-forcing beam-
forming has received considerable attention, as it uses a simple structure of channel
matrix inversion. This scheme results in having M interference-free sub-channels.
Although this scheme does not yield a good performance for the case M = N 22,
for the case of N > M, which is more common in wireless networks, by selecting an
appropriate set of dimensions, the corresponding performance is shown to be good
[25], [24], [28]. In this work, using zero-forcing beam-forming at the base station,
we propose an efficient algorithm to find M coordinates for data transmission,

focusing on maximizing the sum-rate throughput.

2.3 Proposed Algorithm

As mentioned earlier, to maximize the sum-rate using zero-forcing beam-forming,

the selected eigenvectors must be nearly orthogonal to each other, and their cor-

2The result is derived for the case of single-antenna users
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responding singular values be sufficiently large. The measure of orthogonality

between two M x 1 vectors v and ¢ is defined as,

ot
200 = LRE (23)

It is evident that the smaller is z(v, 1)), the more orthogonal will be v and .

Using Singular Value Decomposition (SVD), Hy can be written as
H;, = UsA V], (2.4)

where Ay is a K x M diagonal matrix containing the singular values of H;, Uy
and Vi are K x K and M x M unitary matrices, respectively. Multiplying both
sides of (2X1I) by UkHJ, where Uy, ; is the jth column of Uy, it is easy to show that

Tkj = Bk,jX + Wk ;- (2.5)

In the above equation, 14, = Ugjyk, 8k = \/WV,?J, where V; is the jth
column of V; and \/W is the jth singular value of Hy, corresponding to Vy ;,
and wy; ~ CN(0,1) is AWGN. This equation suggests that for selecting the di-
mensions with high gains, the norm of the equivalent channel introduced by (Z3),
namely gy ;, which is equal to y/\;(k), can be compared with a threshold. This
threshold is set by the base station at the beginning of the transmission. Using
such a threshold reduces the amount of feedback and the size of search space for
selecting the coordinates. To satisfy the orthogonality criterion, the base station
can perform an exhaustive search for finding the “most orthogonal set”H among the
pre-selected eigenvectors. Due to the large complexity of exhaustive search, the

coordinates can be chosen one by one. In other words, in each step the eigenvector

3In general, the orthogonality of a set {h;}}, can be measured by the orthogonality defect,

defined as Tl where H = [b] |- [hf]”.
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which is the most orthogonal to the previously selected coordinates, is selected.
The first coordinate is chosen as the eigenvector with the maximum corresponding

singular value. The steps of the algorithm are given in the following:

Proposed Algorithm (Algorithm 1):

1. Using SVD, each user computes the eigenvectors and singular values of its
channel matrix and sends back the singular values which are larger than a
predetermined threshold ¢, along with their corresponding “right” eigenvec-
tordl, to the base station. The indices of these eigenvectors form the following

set:

So = A{(k. ) (k) >t} (2.6)

2. Base station selects the index in &y, corresponding to the maximum eigen-

value. Let us define this index as (s1,d;), i.e., the dith eigenvector of the

s1th user.
3. Define
S = S —{(s1,d1)},
and
Ye; (1) = 2(Vsia, Vij), V(k,j) € Sy, (2.7)
where z(.,.) is defined in (Z3). Note that as [|[Vi,| = |[Vsall = 1,
2(Varars Vig) = IVE 1 Vi,

4In the SVD of H as UAV, U is called right eigenvector matriz and V is called left eigenvector

matriz.
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4. For 2 < m < M, repeat the followings:

madm = 1 j -1
(s ) arg min Vi,j(m — 1)

Sm = Sm—l - {(va dm)}
Yej(m) = 2(Vs,.dm, Vi) + Ve;(m —1), V(k,j) € S (2.8)

In the above, v;;(m — 1) = 277" 2(V,,.a,, Vi) is used as the measure of orthog-
onality between a candidate eigenvector Vy ; and the set of previously selected
eigenvectors, {Vsi’di}?l_ll. Since these eigenvectors are nearly orthogonal to each
other by the algorithm, with a good approximation, 7 j(m — 1) can be interpreted
as the square magnitude of the projection of V ; over the sub-space spanned by
{Vsi’di}?:ll. It is obvious that the smaller is this projection, the more orthogonal
will be Vi ; to this sub-space. The recursive structure of -, ;(m) facilitates its
computation at each step of the algorithm.

After selecting the dimensions, we construct the “selected coordinate matrix”

as
H=[ghalehal el - (2.9)
Using zero-forcing beam-forming, the transmitted vector x can be written as
x = H 'u, (2.10)
where w = [ug, 4y, ", Usy,.a,,)" 18 the information vector. Using (Z2H) and (ZI0),

the received signal over the mth coordinate is equal to

H
T577L7d7rl - Usm,dm ySm

= gsmydmx _'_ wsﬂ‘udm
-1
= gsmyde u _'_ wsﬂ‘udm

= us'rmdm + wSm,dm' (211)
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It can be seen that by applying zero-forcing beam-forming, the downlink channel

is decomposed to M interference-free sub-channels.

2.4 Performance Analysis

In this section, we examine the performance of our proposed algorithm in terms of

the sum-rate throughput. First, we consider the asymptotic case of N — oo.

2.4.1 Asymptotic Analysis

The sum-rate capacity of MIMO-BC has been shown to scale as M Inln N, as N
tends to infinity [26]. This implies that to achieve the optimum sum-rate, the
singular values corresponding to the selected dimensions must behave like In N.
In other words, the threshold value should scale as In N. The following theorems

indicates this fact with more details:

Theorem 2.1 The necessary condition to achieve imy_ oo Coum — Rprop = 0 15

having
t=InN+ (M+ K —2)lnlnN — p(N), (2.12)
where p(N) satisfies
p(N) = o(lnN),
and
Inlnln N

p(N) = 1n1n1n1nN+1n[r(K)r(M)]+w(L),

where T'(n) £ (n — 1)!, for integer values of n.
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Proof - We show that by violating any of the above conditions, the optimum

sum-rate can not be achieved.
The necessity of p(N) ~ o(In N):
It is sufficient to show that

t
lim —— =1. 2.13
NZoe In N (2.13)

For this purpose, we consider the following cases:

t
Case I; limy_ .t = oo, limpy_ N < 1: The achievable sum-rate of the
n

proposed method, denoted by Rpyp, can be upper-bounded as

(
M

< 11gs |

7Q’PI‘Op — E mPa’X Zln(l + PZHgsudzH )

M =1
\Zi:1 Pi=P "™
(

M
= Eq max D In(1+ Pdg(s) ¢ - (2.14)

1 _1
Zfil P=P =

where g, 4, and A, (s;) are defined in ().
Since the optimum sum-rate is shown to be MIn (4 In N + O(Inln N)) [26], we
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have

Csum - RProp

M In <%1nN+O(lnlnN)) —

E Zln1+P>\d( e

ZMPle

= Mln <%1nN+O(lnlnN)) —

1
E In(P;Ag, (s; In{1l4+——
Zn 4 (8:)) + n( _'_Pi)\di(si))
Z M P —p =1
(2.15)
The right hand side of the above equation can be written as follows:
(a) M
RHEZIH) > min In % +MIn(InN +O(Inln N))
MPi Hi:l b
i=1 Pi=FP
- 1
—Y (g (s)} + 0 (t)
i=1
= MIn(InN +O(Inln N)) ZE{ln)\d }+O< )
®)
> Mhh(InN+O(nlnN))—E {k_n{lalen )\maX(Hk)}
1
—(M—I)E{ln)\/)\>t}+0(¥) , (2.16)

where Apax(A) is the maximum singular value of AA | and )\ is a random variable,

denoting an unordered eigenvalue of a K x K Wishart matrix. (a) comes from
writing In(P/M In N +O(Ilnln N)) as ln(P/M) +In(In N+ O(Inln N)) and In(1 +
PiAg,(s;)) asIn Pi+In Ay, (s;)+In (1 + 3, ( )> using the approximation In(14z) ~

O(x), x < 1, noting that the solution to the maximization problem (2I4) satisfies
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P (d;)) > 1,i=1,--- M. (b) results from the fact that excluding the largest
maximum singular value from the set of singular values, which are greater than t,
reduces the expectation in the second line of ([ZI). In writing (b), we also used the
fact that the eigenvectors and their corresponding singular values of a circularly
symmetric Gaussian matrix are independent. The distribution of A\, denoting as
f(A) is derived in [1] as
1 «— il
FO) = 5 3 LM (AN exp(—N), (2.17)

T . [z
K 2= (M~ K + )]

where wa ~K()\) is the associated Laguerre polynomial of order k [29]. Using the
above equation, it is easy to show that
ftoo In Af(A)dA

1— F(t)

oo 1-F(\
| a=tao))

C1-F(t)
= Int+0O G) : (2.18)

E{lnA/\ >t}

= Int+

where F(.) stands for the CDF of A\. Moreover, we can write

E{ max lnAmaX(Hk)} SE{ max lnHHkHQ}, (2.19)
k=1, ,N k=1, ,N

=1,

where ||A||* denotes the Frobenius norm of matrix A. In [26], it has been shown

that with probability one,
max ||[Hg|> =In N + O(Inln N).
k=1, ,N
Therefore,

E {k_l ax In )xmax(Hk)} <In(InN +O(Inln N)) (2.20)
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Combining (ZTd), (218), and ([Z20), we get

1
Comn — Rpropy > (M — 1) 1n¥ +0 (MHN) +0 (2) . (221

In N

Consequently, for limy_,. ¢t = 0o and limy_, < 1, imn_ 00 Coum — Rprop # 0.

t
In N
Case II; limy_ .t = ¢, where ¢ is a constant: In this case, ([2I6]) can be

written as

M
Coum — Rprop > Mn (% In N + O(lnln N)) =Y "E{In(1 + PAg,(s:))}

1=1

P
> MIn (M 1nN+O(1nlnN)) —

E {ln (1 + P max )xmax(Hk)) } —
k=1, ,N
(M —DEA{In(1 + PA\)/X > t}. (2.22)
Similar to (Z20), it is easy to see that

E {ln <1 + Pk_IrllaxN )xmax(Hk)) } <InP+In(lnN+O(lnln N)).  (2.23)

Moreover, since E{Iln(1+ PA)} < oo, we have E{In(1+ PA\)/A >t} = O(1).

Hence,
Csum — Rprop > (M —1)Inln N 4+ O(1). (2.24)
As a result, limy_.oo Coum — Rprop # 0. This completes the proof of

. t .
]\}l—ril)o m <l= ]\}E{l)ocsum - 7—\)fProp 7& 0.

t
Case III; limy_. v > 1: Let us define p; as the probability that the
n

maximum singular value of a randomly chosen user k is greater than ¢t. In [19], it



User Selection in MIMO Broadcast Channels 24

is shown that for a K x M matrix A, whose entries are i.i.d Gaussian with zero

mean and variance one, we have

Pr{Amae(A) > ) = . ;(A;)‘;X(%)_t) [1+0 (). (2.25)
Therefore,
b= S o), (220

which is independent of k, and we denote it with p. We define L as the number
of users whose maximum singular values are greater than ¢. Since L is a binomial
random variable with parameter p, E{L} = Np.

Using Theorem in the next chapter, we can write
Csum - 7—\)fProp Z (1 - p)N(Rl - R.,IXCSI% (227)

where Ry = E {max Q. In ‘IM + Zivzl H7Q,H, A}, A is the event that
> Tr(Qn)=P

L =0, and R stands for the sum-rate of MIMO-BC when no CSI is available

at the base station, conditioned on A. In [3T], it has been shown that
RN = R, {m } : (2.28)

Since limy_.o o > 1, using [Z2Z0), it can be easily shown that Np — 0. As a

RO = Emya {m A}

— 0(1). (2.29)

P
I+ MHkaH

result, with a similar approach as in [30], we have

P
I+ MHkaH

Moreover, we can write

Ri > E{In(1+ Pbrax) |fmax < t}
> EA{In(1 4 PbOnax) |fmax < t,0max > In N} Pr{lax > In N |0 < t}

> In(1+ Pl N), (2.30)
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where Opax 2 max; Anax(H), and 9 2 Pr{0uac > In N|Opay < t}. Using E2Z8), 0

can be written as follows:

< — tM+K2et(1+O(t1))>N B (1 [ N]MHE-2(140([In N]~ 1))
) TR NT(M)I(K)

) . (2.31)

(1 _ tM+K2@t(1+O(t1)))N
I(M)I'(K)

Since limy_.o o > 1, it can be shown that ¥ = 1 — o(%). Substituting ¢ in

([Z30), yields

Ri > In(1+PlN) (1 —0(%)) (2.32)

Using the above equation and (Z29), the right hand side of (Z27) can be lower-

bounded as,

RHEZD) > (1—p)V[nln N+ O(1)]
e NPAFO@)InIn N 4+ O(1)]

= InlnN. (2.33)

The last line in the above equation follows from limy_. ﬁ > 1, which incurs
Np — 0. As a result, Csym — Rprop 7 0. This completes the proof for the necessity
of p(N) ~ o(ln N).

| 1
The necessity of p(N) =Inlnlnln N + In[I"(K)I'(M)] + w <m)

Let p(N) =Inlnlnln N + In[['(M)['(K)] + o(N). Suppose that
1
p(N)#Inlnlnln N + In[I'(K)['(M)] + w (m) , (2.34)
which incurs o(N) = O (== ), or o(N) < 0. Using (1), we have

Csum - RProp > (1 - p)N[R1 - RJIECSI]. (235)
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Similar to (229) and (Z32), under the assumption of ([Z34)), it can be shown that

Ri > In(l+PInN) (1—0(%)),
RJIECSI = O(1). (2.36)

Using the above equations and (226]), we can write

(1 B tM+K=2 eXp(—t
T(M)D(K)

_ (1 — % [1 1O (?EVN)DN nln N + O(1)]

eP(N)
= o e
= exp {—e”(N) Inlnln N} [Inln N + O(1)] [1 + o(1)]

Csum - RProp ) [1 + O(t_l)}) [hl InN + 0(1)]

} [1+0(1)][Inln N + O(1)]

= Mexp{[l—e"™]Inlnln N} [1 + o(1)]. (2.37)

: . 1 :
Under the assumption of (2234, in the case of o(N) = O <m), ie.,

lim o(N)Inlnln N = ¢ < o0,

N—oo

using (E31), we have
Csum — Rprop > exp {[—0(N) + O(c*(N))]InInln N'} [1 + o(1)]
= exp{—0c(N)Inlnln N} [1 + o(1)]. (2.38)
Hence,

lim Csum - RProp Z e *
N—o0

£ 0. (2.39)
Also, in the case of o(N) < 0, using (Z31), we have

lim Csum - RProp > 1

N—oo -

£ 0. (2.40)
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This completes the proof for the necessity of p(N) = Inlnlnln N +In[['(K)I'(M)]+

1
“ <1n1n1nN)‘

Theorem 2.2 The sufficient condition to achieve limy_.oo Coum — Rprop = 0 15

having
t=InN+(M+ K —2)lnlnN — p(N), (2.41)

where p(N) satisfies

and
p(N) = Inlnlnln N 4+ w(1).

Proof - First, we state and prove lemmas In Lemma Z3, we show that the
pre-selected eigenvectors in the first step of Algorithm 1 must correspond to the
maximum singular values of some users’ channel matrices, with probability one.
Having this, in Lemma [Z4] we obtain the number of pre-selected users in the first
step of Algorithm 1 in terms of p(N). Then, by deriving the pdf of the orthog-
onality measure defined in Lemma 1, in Lemma P71, we give a lower-bound on
the measure of orthogonality between the selected eigenvectors in terms of p(N).
Finally, the theorem is proved by obtaining a lower-bound on the achievable rate
of the proposed scheme and showing that if p(/V) satisfies the conditions in The-
orem LA the difference between this lower-bound and the sum-rate capacity of

MIMO-BC approaches zero, as N — oo.
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Lemma 2.3 Assuming K > 1, define Q; as the probability of existing at least
one user from which J eigenvectors (J > 1) are selected in Algorithm 1. Setting

t=InN+(M+K—-2)InlnN — p(N), in which p(N) satisfies the conditions of

Theorem [Z4, we have
eo(lnN)

Proof- Consider the following eventléz
Ar={Nk)>t, 1=1,---J, N(k)<t, i=J+1,--- K} (2.43)
We have

[H: | = Tr{HH}
K
= > Nilk)
=1

J
> > Nilk). (2.44)
i=1
Since t = In N + o(ln N), we can write
Pr{A;} < Pr{|H||* > JIn N + o(In N)}, (2.45)

As ||H.||? has a chi-square distribution with 2M K degrees of freedom [32], the
right hand side of (Z4H)) can be written as

0o MK-—1
Pr{|H,|> > JInN +o(ln N)} = / v ew(=r),
{H kH ( )} JIn N+o(In N) F(MK)
MK-1 "
_ Z [JIn N + o(In N)] o~ In N+o(n N)
— m!
B ([J In NJME=L 4 o([In NJME=1)) golin )
- NI(MK —1)!
In N MK—leo(lnN)
= \IIJ[ ) N7 1+ 0o(1)], (2.46)

5We have assumed that the singular values are in the decreasing order, i.e., A\; > Ay > -+ > Ak
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JMK-1

where V) = & Using @43), and (Z44d), we can write €, as

N
QJ = H 1— Pl"{Ak}
k=1
In N1ME—10(in N) N
< 1—{1—%[“ ] NJe [1+0(1)]]
MK-1_o(InN)
= 1—exp{Nln[1—\IfJ[lnN] NJ€ [1—1—0(1)]}}
In N MK—leo(lnN)
= 1—exp{—\IfJ[ ]NJ—l [1+0(1)]}
eo(lnN)
n

As a result, limy_o, Q2; = 0, for J > 1. This implies that as N — oo, with
probability one, at most one eigenvector for each user is likely to be selected by
this algorithm. This eigenvector corresponds to the maximum singular value of

that user.

Lemma 2.4 Lett =In N+ (M + K —2)Inln N — p(N), in which p(N) satisfies
the conditions of Theorem[ZZ, and L be the number of users being selected in the
first step of Algorithm 1. Then, as N — oo, with probability one

eP(N)

L= ranrag e (2.48)
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Proof- Using (226)), the probability of a randomly chosen user k being pre-selected
in the first step of Algorithm 1 can be calculated as,

p = Pr{lmax(Hg) >t}
tM+K_2€_t .
= QT (1+0@™)
eP(N)
= Nranr L el

Inlnln Ned™)
= wronrm e (249

where ¢(N) = p(N) —Inlnlnln N. Consider the following probability:

E=Pr{Np(l—¢) <L < Np(l+e)}, (2.50)

—4q

where € = /2I'(M)I'(K)e 7. Note that since q(N) = w(1), we have limy_o € =

0. &£ can be computed as

LRI
— 1 1— N—I
3 > | ( z )p( p)

I=[Np(1—¢)
1 Np—Np(l—¢)\ Np(l+¢€)— Np
= Q( Np(l—p)> Q( Np(l—p)>
V/Npe
1_2Q<\/1—p>

) 21T —p . < Npe? )
————exp | ——— | .
V2m\/Npe P 2(1—p)
—q(N)

Substituting p from ([ZZ9), and having €2 = 2I'(M)T'(K)e 2 , we have

(2.51)

—a(N)
£ = 1-0 (ﬁ) exp {—lnlnln Ne*s 1 + 0(1)]} (2.52)
nimin
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Thus, limy_... & = 1. Finally, using (Z49) and ([Z52), with probability one we

have

L = Np(1+0(e))
eP(N)
= TR [1+0(1)]. (2.53)
|

Since p(N) = o(InN), from Lemma 4, it is evident that limy_ & = 0.
Therefore, only a small fraction of users are pre-selected. This results in reducing
the amount of feedback sent to the base station.

As shown in Lemma EZ3 in the asymptotic case of N — oo, at most one
eigenvector from each user is likely to be selected. This eigenvector corresponds
to the maximum singular value of that user’s channel matrix, and is denoted by
Vimax. Hence, for the sake of simplicity of notation, we define the measure of
orthogonality between the users i and j, denoted by O(i, j), as the orthogonality
measure between V; nax and V; ., defined in (23) as 2 (Vi max, Vjmax). In other

words,

O(Z7.]) = ‘Vz{{maxvj,maXP‘ (254>
Lemma 2.5 The pdf of O(i,j) defined in ([2.04) can be computed from
fouy(z) = (M —1)(1—2)M2 (2.55)

Proof- In Appendix [Al

Definition 2.6 A set S = {hi}f\il, in which h; € CYM | is called e-orthogonal if
we have z(h;, hj) <€, for every h; # h; € S.
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Lemma 2.7 Lett =In N+ (M + K —2)Inln N — p(N), where p(N) satisfies the
conditions of Theorem[ZZA. Then, as N — oo, the selected coordinates by Algorithm

1 construct an e(N)-orthogonal set, with probability one, where e(N) = 6_%, and

g(N)=p(N) —Inlnlnln N.

Proof- After selecting the first user, s;, with largest maximum singular value,

the user which is most orthogonal to s; is selected. In other words,

sp=arg min O(l, s1), (2.56)

where S is defined in (7). First, we show that the users s; and s, are with
probability one €(N)-orthogonal to each other, or equivalently, O(ss,s1) < €(N).
To do this, consider the following probability:

pw = Pr{O(sqe,s1) <e(N)}. (2.57)
Using (Z53), this probability can be written as

§o= Pr{n1lin(9(l,sl)<e(]\f)}
= 1—(Pr{O(,s) >N}

= 1- (/;m(M —1)(1— z)M_de) -

= 1—[1—e(N)EDMD
= l—exp{—(L—1)(M —1)In[1 —€(N)]}
= l—exp{—(L—1)(M —1)[e(N)+ O (e(N))]}. (2.58)
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Defining the event D = {Np(l —¢) < L < Np(1l + ¢€)}, with p and € defined in
(ZZ9) and (Z320), and using (Z52), a lower bound for 4 is found as,

p > Pr{D} [l —exp{—(Np(l—¢€) —1)(M —1) [e(N)+ O ((N))]}]

i —q(N)
= -1 -0 (W) exp{ Inlnln Ne®s [1 +0(1)]}] X
r (M—1)q(N)
- {_lnrl?]:;]—vel)r(K) 1+ 0(1)]}] . (2.59)

Since ¢(N) ~ w(1), the above probability approaches one as N — oco. Therefore,
with probability one users s; and sy are €(V)-orthogonal to each other.

Now, assume that m users, which construct an e(/N)-orthogonal set A,,, are se-
lected up to the mth step of Algorithm 1. We show that the selected user in
the (m + 1)th step of this algorithm, s,,., is such that with probability one,
A1 = A+ {Smi1} is €(N)-orthogonal, or equivalently, s,,+1 is €(IN)-orthogonal
to all users in A4,,. To this end, we define the following probability:

Vim = Pr{O(s1, k) < o, O(s2,k) < a,- -+ ,O(sm, k) < a}, (2.60)

€(N)
iR

where a = V.m is the probability that a randomly selected user k is a-

orthogonal to all users in \A4,,. This probability can be written as

= Pr{O(s1,k) < a} H K, (2.61)

where k; = Pr{O(s;,k) <a| O(s,k) <a,---,0(s;-1,k) < a}. From (Z31H),
the first term in the right hand side of the above equation can be written as
Pr{O(s1,k) < a} — / (M —1)(1 — 2)M 24z
0
= 1-(1—-a)M!

= (M —1a+0(a?). (2.62)
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In Appendix [Bl it has been proved that
ki = (M —i)a+ O(a®?). (2.63)

Hence, using ([261)), (Z62), and Z63), we can write

m

Vkm = [(M—1a+0 H M —i)a+ O(a 3/2)}
P(MFEAQ) ~im [EN)]™ + O ([e(N)) /)] (2.64)

Now, we define w,, as the probability of existing at least one user a-orthogonal to
the users in the set A,,. Noting that 14 ,, is the same for all k£, we obtain,

L—m

wn = 1= J] 0= vim)
= 1l—exp{(L—m)In (1 —vpm)}
= l—exp{(L—m) [~vim+OW;,)]} (2.65)

Similar to (Z59), we can compute w,, as,

—a(N)

e 4 a(N)
Wy = |1 -0 ———=|exps—Inlnln Ne 2z |1+ 0o(1 X
I (\/111111111]\7) p{ | ( )]}]

B (M—m)q(N)
1 — exp {_;?]Elil]ﬂ\iijF(K) 1+ 0(1)]}] . (2.66)

Since m < M — 1, it follows that limy_ . w,, = 1. In other words, as N tends to
infinity, with probability one there exists at least one user u,,.;, a-orthogonal to

all users in A,,.
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Consider user $,,,1 which is selected in the (m + 1)th step of Algorithm 1. Obvi-

ously, we have

m
Z 3m+1759 S Zo(um-l-l’Sj)

IN
2
S

M
< €(N). (2.67)
Knowing the fact that O(s;,41,5;) > 0, for j = 1,---m, we can write

O(sm+1>$j) < G(N)> ] = 1a e

which means that with probability one, s,,41 is €(IV)-orthogonal to the users in
the set A,,, and consequently, A,,.; is an €(N)-orthogonal set.

Let us define A, as the event that the set A,, is €(/V)-orthogonal. We can
write

Pr{Xy} = Pr{Xs} ﬁ Pr{ X X1 }. (2.68)

m=3

From (Z29) and (ZGH), the above probability is lower-bounded as

Pr{Xy} > pn me

B —q(N) M-1
e 1
1—-0| ———— | ex Inlnln Ne 2~ o 1+ o0(1 X
I (\/lnlnlnN) p{ [ ( )]}]

- (M—1)q(N)
1—exp { lnll?]:; ]—Vel)l“(K) 1+ 0(1)]}] X

M—1 (M—m)q(N)
- -

~ 1 exp {—Mu + 0(1)]} | (2.69)

v
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Therefore, limy_ o Pr{X);} = 1. In other words, the selected coordinates by Al-
gorithm 1, with probability one, construct an e(N)-orthogonal set as N tends to
infinity, which completes the proof of Lemma P71

[ |
As mentioned earlier, after selecting the coordinates, the “selected coordinate ma-
trix”, H, is constructed using (). By applying zero-forcing beam-forming, the

information vector, u, is multiplied by ™' to construct the transmitted signal as

(ZI0). Using (ZIT), we can write

r=u+w, (2.70)

_ T _ T _ T
wherer = [r817d1a T >T8M7dM] U= [u817d1> e auSM,dM] ) and w = [wshdw e >w8M,dM]

Having the power constraint P for x, the sum-rate capacity can be computed as [4],

M
RProp = E’H max Z hl(]- + Pm) y  Ym = [(HHH>_1i| s (271)

M m —1 m,m
Zm:1 Ym Pm <P m=

where [A]; ; denotes the entry of matrix A in the ¢th row and the jth column. The
optimal P,,’s in (Z7]]) can be obtained by “water-filling”. Here, we assume that

P,.’s are all equal (uniform power allocation). Thus,

P, = P . (2.72)

Tr { [’HH'H} _1}

Consequently,

U P
=Ex< Mln 1+Tr{[’HH’H}_1}

R (2.73)

Prop

where R}Jmp stands for the sum-rate achieving by the proposed method, when the

power is uniformly allocated among the coordinates.
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Having defined X); in (Z68) and using (Z269), the above equation can be written

as follows:
P
RU., = Ead MIn |1+ — || A p Pri{du} +
Tr{['HH'H} }
P
Ex{ MIn |1+ X5 » (1 —Pr{Xy})

Tr { ['HH'H] _1}

P

Tr { [’HH'H] _1}

a(N)

P
End MIn |1+ Xur v, (2.74)

Tr { ['HH'H] _1}

A%

where X is the complement of Xy;.

From Algorithm 1, it is obvious that the corresponding singular values of the
selected eigenvectors are greater that ¢ = InN + (M + K — 2)Inln N — p(N).
However, the following lemma which is proved in Appendix [0 states that the

singular values of all selected dimensions, with probability one, can not exceed

InN+(M+K-—1)InlnN:

Lemma 2.8 Lett=InN + (M + K —1)Inln N. Then,

1
n = Pr{k:ran_i__)fN Amax(Hg) > t} =0 (ﬁ) : (2.75)

As a result of this lemma, the singular values corresponding to the all selected

dimensions can be expressed as In N + o(In N).
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o). a7 P
To compute the conditional probability Eqg {M In (1 + P PYTP EaY {['HH’H]l}) ‘ XM},
we define B = HH. Conditioned on Xy, i.e., having e(N)-orthogonality among
the selected dimensions, using (Z9), and the results of Lemma P and Lemma 28,

we can write

B“ = ||g3i7di 2= In N + f(N>7 (276>

and

Byl = llgeal?llgeal?z (Ve V)
= O(InN) x O(InN) x O (¢(N))

= O(e(N)InN), (2.77)

where f(N) = o(InN). In Appendix [D it has been shown that any diagonal

element of B! can be expressed as [In N]™' + O (ﬁ?@), where
a f(N) _
h(N) = max ( N ,e(N)) =o(1). (2.78)

Having this, and using the fact that Tr { [’HH'H} _1} =Tr {B_l}, we can write

Eﬁ{Mln 1+Tr{[H];H}_1} XM}EB{M1n< (B 1}) }

P
- M 1+M1nN] +O("(N))

In N

1 P
MYt R +O(h(N))])

P

= Mln{—InN+O(h(N )lnN)). (2.79)

AA
<l



User Selection in MIMO Broadcast Channels 39

From Z74) and (Z79), we have

R}’Jrop

> M (% I N + O(h(N) In N)) «

a(N)
(1 ~exp {—%[1 +o(1)] }) . (2.80)

Since adaptive power allocation (using “water-filling”) results in higher sum-rate
than that of uniform power allocation, we have Rpop > Rgop. Having the fact

that [26]
P
Coum = M In (M In N+ O(Inln N)) , (2.81)
and using (Z80), we have

P
Csum_RProp < MIn Mll’lN"‘gl(N))—

(
Min (% I + go(N) ) (1 — g5(V))
(

Mgs(N)In (% In N + 92(N)) : (2.82)

where g1(N) = O(Inln N), go(N) = O (h(N)In N), and

a(N)
g3(N) = exp {—%[1 + 0(1)]} =0 (11’1111]\7) . (2.83)

From (ZT8) and (Z83)), and Using the approximation In(1 + z) =~ z, for z < 1,

and we can write

Coums — Rprop ~ M (M[gl(gin—]\[gz(f\f)]) + Mgs(N)In (% In N+ gl(N))

= o(1). (2.84)
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Consequently,
lim Csym — Rprop = 0, (2.85)

N—oo

which completes the proof of Theorem
|
Theorem implies that using Algorithm 1, and applying zero-forcing beam-
forming at the base station, the same performance as when the optimum user
selection algorithm and optimum precoding scheme is utilized, can asymptotically

be achieved.

Remark 1- Although in the proof of Theorem 22, we showed that limy_, o Csum—
Rerop = 0, it is interesting to minimize the order of difference.

Rewriting (&), we get

Inlnln Nel/¢(N)
MM-1T(K)

Com = Ry = 0 (2(N) +xp { - 1-+0()]{ Oflatn V),

(2.86)

where o(N) = max (h(N), I2Y) "and h(N) is defined in [ZZ8). Hence, in order

to minimize the order of difference, we must have h(N) = O (22) which incurs

e(N) =0 (B2X) and f(N) = O(Inln N). As a result,

InN

g(N) = —MIne(N)
= MInlnN — MInlnln N + ¢(N), (2.87)

where ¢(N) is an arbitrary function with the condition limy_.., ¢¥(N) = ¢ > 0.

Hence, using the definition of ¢(/N) in Lemma T, we can write

t = MN+(K-2)nln N+ MInlnln N —Inlnlnln N — ¢(N).
(2.88)
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Also, to guarantee f(N) = O(Inln N), we must have
t=InN+O(InlnN), (2.89)

which means ¢¥(N) = O(Inln N). Having these conditions on ¢, we can guarantee

Coum — 7Q'Prop =0 (h; lr}vN) .

n

Remark 2- It is important to note that satisfying limy_.oc Csum — Rprop = 0,

RProp

Csum

is much more challenging than that of limy_, ., = 1. The following lemma,

which is proved in Appendix [E] clarifies this fact:

Lemma 2.9 Suppose that in Algorithm 1, t =1In N, and the coordinates are cho-
sen randomly among the pre-selected eigenvectors. Then,
R Tro
lim ZPop 1, (2.90)

RProp
Csum

The above lemma states that to satisfy limy_, = 1, the orthogonality among

the coordinates is not a necessary condition.

2.4.2 Comparison with other Downlink Strategies

In this section, we compare the performance of our proposed scheme with some
other downlink strategies in terms of sum-rate capacity. To have a good measure

for comparison, we give the following definition:

Definition 2.10 For a MIMO-BC in which a base station, and average power

constraint P communicating to N users, using strategy S, the multiplexing gain
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1s defined aSH

.. Rs(P,N)
TS M TP 290
and the multiuser diversity gain is defined as
PN
dg = 1im 25N (2.92)

N=co rglnln N’

where Rg(P, N) is the achievable sum-rate.

Lemma 2.11 Using the proposed algorithm, and applying zero-forcing beam-forming,
we can achieve r = M, and d = 1, which are the mazimum achievable values in a

MIMO-BC.

Proof- Appendix [E.

Time Division Multiple Access (TDMA)

In this scheme, the base station only serves one user in each time slot. Hence,
to achieve the maximum sum-rate, the user which has the maximum single-user
capacity should be served. Because of its simplicity, this strategy is widely used
in the downlink of the cellular networks. The achievable sum-rate of this scheme

can be written as

Rrpma = E ml?x I%ax In IKXK+HkaHkH‘ ) (2.93)
Tr{Qu}=P

6 More precisely, as in [33], r is the maximum achievable multiplexing gain when diversity

gain approaches zero.
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where Qy is obtained by “water-filling”. Using (291]) and £392), and the result
of Lemma in [34), the multiplexing gain and multiuser diversity gain for this

scheme can be obtained as,

r —  lim RTDMA(P7 N)
TDMA Pooo In P

e (i (i) )

P—oo InP
= min(M, K), (2.94)

and,
d _ lim RTDMA(Pa N)
TDMA N—oo min(M, K)Inln N
" (2.95)

Hence, this scheme achieves the full multiuser diversity gain, while achieving the
full multiplexing gain only in the case of K > M.
Although this method has been shown to be optimal for single-antenna broadcast
channel (M = 1) [35], for the case of M > K > 1, as a result of losing the
multiplexing gain, this method is no longer optimum [].

From the proof of the Lemma in [34], it can be observed that the upper
and lower bounds for Rrpya have the same behavior asymptotically almost surely,

when N — oco. In other wordd,
P P P H
Kn {1+ 7 max Amin(HLH, ) | =~ Kln 1+ 72 ax Tr(HH,)
P
~ Kln(l+ e In N), (2.96)

"For the case of K > M, this scheme is not optimal either. This fact will be discussed in more

details later.
8 It is assumed that K < M.
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where H), (K x K) is a truncated version of Hy by omitting the M — K columns
of Hy. From (Z39d), and having the fact that )\min(H;H;H) < Amin(HkaH), the
following observations can be obtained:

Observation 1- For the user which maximizes the single-user capacity in (293),

(1), all the eigenvalues should be of the same order. In other words,

In N

N (HHT) = -+ O(nlnN), j=1,--- K. (2.97)

As a result of this, H;H tends to the identity matrix.
Observation 2- The user with maximum single-user capacity has the maximum
Amin, asymptotically.

For the case of K > M, similar to (90]), the asymptotic sum-rate capacity

can be computed as

P
RTDMA ~ MIn (W ll’lN) . (298)
In this case, it can be easily shown that limy_ . % = 1. In other words,

the optimum sum-rate can asymptotically be achieved. However, the selected
dimensions by TDMA belong to the same user and have the asymptotic behavior
of %, while in our proposed method the selected dimensions belong to different

users with the asymptotic behavior of In N. Moreover, we have

P P
Coum — RTDMA =~ M1n<1+MlnN)—Mln<1—l—WlnN)
~ Mln M. (2.99)

As can be observed from figure 22 this gap affects the performance significantly,

especially when M is large.
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Random Selection

In this method, the base station randomly selects M users for transmission. This
results in having fairness in the system. This strategy can also be regarded as
Round-Robin scheduling algorithm, when the users are randomly divided into
groups of size M, and the base station serves one group in each time slot.

In Appendix [Gl it is shown that using multiple dimensions for transmission results
in having multiplering gain equal to M. However, because of random selection of
the users, this scheme does not provide multiuser diversity gain. More precisely,

. Rgs(P,N)
pr— 1 _—
drs Nose MInln N

En, ... 1y, {max Qe In (I, + 2%21 HﬁQmHm‘}
ZTr(Qm):P

N—oo MInln N
. o(1)
o z\}l—rgo MInIn N
= 0. (2.100)

As a result of lacking multiuser diversity gain, this scheme shows a weak perfor-

mance especially for large number of users. (Figure 22))

2.4.3 Simulation Results

So far, we have shown that as N tends to infinity, our scheme achieves the optimum
sum-rate which scales like M In (ﬁ In N ) In this section, simulation results are
provided to examine the performance of our proposed scheme in practical networks
with finite number of users.

Figure 211 shows the optimum threshold (computed by exhaustive search) as a

function of the number of users for M = 2, K = 1, and M = 4, K = 1. These



User Selection in MIMO Broadcast Channels 46

curves show that the optimum threshold for each NV, lies between In N — Inln NV,
and In N, which is consistent with (88), in which we showed that the optimum
threshold behaves as In N + (K — 2)Inln N + O(Inlnln N), which lies between
InN + (K —2)lnln N and InN + (K — 1)Inln N. Note that, in general, the
optimum threshold value depends on both SNR and N. However, as N increases
(or SNR increases) this dependency decreases.

Figures presents the plots of the corresponding sum-rate versus the number
of users for different number of transmit and receive antennas. The Signal to Noise
Ratio (SNR), which is equal to the transmitted power P, is fixed to 10 dB in all
curves. For comparison, the plots of the sum-rate when using TDMA and Random
Selection algorithms, as well as the optimum scheme of dirty-paper coding are also
given. For Random Selection algorithm, it is assumed that the optimum precoding
scheme of dirty-paper coding is used.

Figure depicts the plots of sum-rate capacity versus SNR (P), for M =
2, K =1and M =4, K = 1. The number of users is fixed to 100 in both curves.
It can be observed that the sum-rate achieving by the proposed scheme shows a
linear increase with In P in high SNRs with the slope equal to M. This confirms
achieving the multiplexing gain of M by the proposed scheme. The fading model
we have considered in our work is Rayleigh fading. However, it is interesting to
investigate the performance of our proposed algorithm for more general fading
models. Figure Z4] depicts the achievable sum-rate of the proposed algorithm, as
well as the maximum sum-rate and achievable sum-rates of TDMA and Random
Selection schemes, versus the number of users . The fading model is assumed to be

Rician with Rician FactorH equal to one. It is also assumed that M =2, K =1

9Rician Factor is defined as the ratio of the power of Line of Sight (LOS) to the power of
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M=2,K=1 M=4, K=1

optimum threshold
=~ log(N)-log log (N)

=&~ optimum threshold
. - log(N)-log log(N)
-~ log(N) ' | -~ log(N)

10° 10° 10* 10 10° 10*

Number of Users Number of Users

Figure 2.1: Optimum threshold versus the number of users.

and P = 10 dB. As can be observed, the proposed algorithm almost achieves the
capacity of the system. However, the convergence rate of the sum-rates is slower

than that of the Rayleigh fading case.

2.5 Complexity Analysis

2.5.1 Amount of Feedback

As can be observed in the proposed algorithm, only the eigenvectors that belong
to Sp, defined in (Z), must be sent back to the base station, along with their
corresponding singular values. For the asymptotic case of N — oo, from Lemma

P4 we conclude that the cardinality of Sy scales as F(GP(N) Assuming that

MT(K)

for each eigenvector and its singular value 2M real values must be fed back, the

total number of real values required at the base station is asymptotically equal to

Non-Line of Sight (NLOS) component.
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2MerV)
T(MT(K)"

From Theorem I, we observe that to achieve the optimum sum-rate, i.e.,

limy 00 Csum — Rprop = 0, the following condition must be satisfied:

1

p(N) = lnlnlnlnN+1H[P(K)F(M)]+w<m

) . (2.101)

As a result,
Newop = 2MInlnln N + w(1), (2.102)

where Npyp, stands for the amount of feedback (in terms of the total number of
real values required at the base station) in the proposed method. From the above
equation, it follows that the minimum amount of feedback required to achieve the
optimum performance is lower-bounded by Inlnln N, in the proposed algorithm.
However, in [30)], it has been shown that the same result holds for any other strate-

gies.

In order to guarantee limy_ oo Csum — Rprop = 0 in the proposed scheme, using

Theorem 22, the following condition must be satisfied:
Nerop = w(Inlnln N). (2.103)

Note that the computation of - ;’s in Algorithm 1 (eq. (8)) can be performed
in the mobile sides, which reduces the amount of feedback further. This idea is
described in details as the following algorithm:

Algorithm 2 (Modified version of Algorithm 1):

1. Set the thresholds t and (.
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2. Define
So = {(k, )| A;(k) > t}.

For all (k,j) € Sp, send Aj(k) to the base station.

3. Let (s1,d1) = arg  maxg jjes, Aj(k). Base station informs the user s; to
feed back the eigenvector corresponding to its maximum singular value and

after receiving it, sends these information to all the users in Sy — {(s1,d;)}.

4. Define 7 ;(0) = 0 for all (k,j) € Sp. For m =1 to M — 1 the following steps

are repeated:

— Define S,,, = {(k, j)|(k, ) € Sm-1,|VE , V> <8} and i ;(m) =

VI o Viil? + 2(m — 1), for all (k,j) € Sp. All users in S, feed

back their corresponding 7y j(m) to the base station.

— Select (Spm+1,dmt1) = arg  ming jjes,, Yk,;(m). Base station inform
the user s,, to feedback its d,,th eigenvector, and after receiving, sends

it to all users in S, — —{(Sm, dn) }-

For the asymptotic case of N — oo, having t = InN + (M + K — 2)Inln N —
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)

Inlnlnln N —g(N) and 8 = e~ "3, and using equations ([Z53) and (264), we have

M-1

NProp = |Sm| +2M2

m=0
M-1 )
= L+LY O " )+2M
m=1
q(N)
) [1 +0 (a‘T)}
_ W 2.104
= TODNE) (2.104)

Figure depicts the plots of the required amount of feedback versus the number
of users for M =2, K =1 and M =4, K = 1, when Algorithm 1 and Algorithm
2 are used. The measure for the amount of feedback is defined as the number of
real components per user that should be sent to the base station. In these curves,
the optimum values for the thresholds (¢ and () are found by exhaustive search.
Since the optimum threshold ¢ is used in Algorithm 2, the achievable sum-rate of
this algorithm is the same as that of Algorithm 1.

Although Algorithm 2 decreases the amount of feedback significantly, however,
it increases the feedback delay. This can degrade the performance of the system

in practical scenarios, as the CSI can become outdated.

2.5.2 Search Complexity

Since at the first step of the algorithm, only a fraction of eigenvectors are pre-
selected, the size of the search space for next steps is decreased from NK to

L, which is defined in Lemma 24l As can be observed, at the mth step of the
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Figure 2.5: Amount of feedback

algorithm, the base station searches for the dimension with the smallest 7 ;(m—1)
among S,,_1, which requires L — m + 1 searches. Therefore, the total number of
searches for selecting the desired set is equal to an‘f:l(L —m+1)=ML- %,
which is linear in L. Again, we can restrict our search space if the modified
algorithm stated in the previous section is used.

As mentioned earlier, the best M eigenvectors for maximizing the sum-rate
capacity can be found by exhaustive search. In this case, the size of the search
space is equal to (Ajf\f)

In the asymptotic case of N — oo, from Theorem EZ2 the total number of
searches in the proposed algorithm is ©(e”™)) = o(N) and can be as low as
w(lnInln N), which is much less than that of exhaustive search (©(N*)), and also
the algorithm in [25] (©(N)). Therefore, using our algorithm the complexity of

search at the base station is decreased significantly.
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2.6 Conclusion

In this chapter, we have considered a downlink communication system, in which a
base station equipped with M transmit antennas communicates with N users, each
equipped with K receive antennas. We have proposed an efficient suboptimum al-
gorithm for selecting a set of users in order to maximize the sum-rate throughput
of the system, using zero-forcing beam-forming at the base station. For the asymp-
totic case of N — oo, we have derived the necessary and sufficient conditions to
achieve the optimum sum-rate capacity, such that limy_ o Csum — Rprop = 0. We
have also investigated the complexity of our scheme in terms of the required amount
of feedback from the users to the base station, as well as the number of searches
needed for selecting the coordinates. The proposed algorithm is compared with

some other downlink strategies like TDMA and Random Selection algorithms.



Chapter 3

Feedback in MIMO Broadcast

Channels

3.1 Introduction

Multiple-Input Multiple-Output (MIMO) systems have proved their ability to
achieve high bit rates in a scattering wireless network. In a point-to-point scenario,
it has been shown that the capacity scales linearly with the minimum number of
transmit and receive antennas, regardless of the availability of Channel State Infor-
mation (CSI) at the transmitter [I] [2]. This linear increase is so-called multiplexing
gain.

In a MIMO Broadcast Channel (MIMO-BC), a BS equipped with multiple
antennas communicates with several multiple-antenna users. Recently, there has
been a lot of interest in characterizing the capacity region of this channel [5], [6],
[[, []. In these works, it has been shown that the sum-rate capacity of MIMO-

BC grows linearly with the minimum number of transmit and receive antennas,

55
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provided that both transmitter and receiver sides have perfect CSI. Moreover, in
a network with a large number of users, the BS can increase the throughput by
selecting the best set of users to communicate with. This results in the so-called
multiuser diversity gain [16], [I7].

Unlike the point-to-point scenario, in MIMO-BC it is crucial for the transmitter
to have CSI. It has been shown that MIMO-BC without CSI at the BS is degraded
[31]. Moreover, for the case of single antenna users, multiplexing gain reduces to
one, and multiuser diversity gain disappears [40].

Due to the weak performance of having no CSI at the BS, some authors have
considered MIMO-BC with partial CSI [AT], A2, 43, 26], 44 45, 46l 47, A8, 49, K0l B1).
In [T, the authors have proposed a user selection strategy in a single-antenna
broadcast channel, which exploits the maximum sum-rate capacity with only one
bit feedback per user. This idea has been generalized for MIMO-BC in [42], using
the idea of antenna selection. In [43], the authors propose a scalable feedback
protocol, in which time slots for channel feedback correspond not to users, but to
a channel value. Through asymptotic analysis, this scheme is shown to achieve the
asymptotic sum-rate capacity of MIMO-BC, with the amount of feedback scaling
as In V.

Reference [26] proposes a downlink transmission scheme based on random
beam-forming, relying on partial CSI at the transmitter. In this scheme, the BS
randomly constructs M orthogonal beams and transmits data to the users with the
maximum Signal to Interference plus Noise Ratio (SINR) for each beam. There-
fore, only the value of maximum SINR, and the index of the beam for which the
maximum SINR is achieved, are fed back to the BS for each user. This significantly

reduces the amount of feedback. Reference [26] shows that when the number of
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users tends to infinity, the optimum sum-rate throughput can be achieved. In [44],
a variant of Random Beam-Forming is introduced and shown to achieve the max-
imum sum-rate capacity of MIMO-BC with only one bit feedback per user.

Reference [45] considers a downlink channel where a transmitter with M anten-
nas communicates with M single-antenna receivers. It is assumed that receivers
have perfect CSI, but the transmitter only has the quantized information regard-
ing the channel instantiation. This reference shows that assuming Zero-Forcing
Beam-Forming (ZFBF) precoding at the transmitter, the full multiplexing gain
can be achieved with partial CSI, if the quality of the CSI is increased linearly
with the SNR. This result is generalized in 6] to the case of multiple-antenna
receivers, when the number of receive antennas is less than M, and also in [A7]
to the case of multiple antenna receivers, where the aggregate number of receive
antennas equals the number of transmit antennas and the transmitter performs
block diagonalization. In [48], the authors compare the performance of quantized
(digital) channel feedback versus analog channel feedback for MIMO-BC and show
that the digital feedback is potentially superior, when the feedback channel uses
per channel coefficient is larger than 1. In [49], the authors consider a MIMO-
BC when a transmitter with two antennas transmits data to two single-antenna
receivers. They show that if the transmitter has the channel state with finite pre-
cision, the maximum achievable multiplexing gain is upper-bounded by % . In
fact, references 456,47 A8 A9] study the performance degradation of MIMO-BC
due to the imperfect CSI, at the high SNR regime. The size of the network (the
number of users) is assumed to be fixed in these references.

In [50], we have considered a downlink scheme based on ZFBF and have proved

Tt is assumed that the transmitted signal and the channel coefficients are real.
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that when the number of users, N, tends to infinity, the maximum sum-rate ca-
pacity is achievable with the amount of feedback scaling as w(lnlnln N). In [51],
the authors have considered a MIMO-BC with large number of users at high SNR.
They have shown that it is possible to achieve the maximum multiplexing gain with
the amount of feedback per user decreasing with N. However, it is still required
that the feedback load per user grows logarithmically with SNR. Two essential
questions arise here: i) Is it possible to achieve the maximum sum-rate capacity
with finite feedback in a large network (N — 00)? ii) If not, what is the minimum
feedback rate (in terms of N and SNR) in order to achieve the sum-rate capacity
of the system?

In this chapter, we aim to answer the above questions. First, we define the
amount of feedback as the average number of users who send information to the
BS. In the fixed and low SNR regimes, our results show that it is not possible to
achieve the maximum sum-rate with a finite amount of feedback. Moreover, in the
fixed SNR regime, in order to reduce the gap between the achieved sum-rate and
the optimum value to zero, the amount of feedback must be greater than Inlnln N.
In the second part, we define the amount of feedback as the number of information
bits sent to the BS. In the fixed SNR regime, our analysis shows that the minimum
amount of feedback, in order to reduce the gap to the optimum sum-rate to zero,
scales as O(Inlnln V), which can be achieved using the Random Beam-Forming
scheme proposed in [26]. However, the optimality of Random Beam-Forming only
holds for the region In P # Q(ln N). In the regime of In P = Q(In N), we consider
two cases. In the case of K < M, we prove that the minimum amount of feedback
bits to reduce the gap between the achievable sum-rate and the maximum sum-rate

to zero grows logarithmically with SNR, which is achievable by the “Generalized
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Random Beam-Forming” scheme, proposed in [51]]. In the case of K = M, we show
that by using the Random Beam-Forming scheme and the amount of feedback not
growing with SNR the maximum sum-rate capacity is achievable.

The rest of the chapter is organized as follows: In section B2, we introduce
the system model, while section is devoted to the asymptotic analysis of the

amount of feedback. Section B4 concludes the chapter.

3.2 System Model

In this work, we consider a MIMO-BC in which a BS equipped with M antennas
communicates with N users, each equipped with K antennas, where we assume
that K < M. The channel between each user and the BS is modeled as a zero-mean
circularly symmetric Gaussian matrix (Rayleigh fading). The received vector by
user k£ can be written as

yr = Hgx + ny, (3.1)

CM><1 CKXM

where x € is the transmitted signal, Hy € is the channel matrix
from the transmitter to the kth user, which is assumed to be perfectly known at
the receiver side and partially known (or completely unknown) at the transmitter
side, and n, € C**! ~ CA(0,If) is the noise vector at this receiver. We assume
that the transmitter has an average power constraint P, i.e. {Tr(xxH)} < P.
The power constraint is assumed to be per frame. In other words, the power
constraint is independent of the channel realization. The channels are assumed to
be quasi-static block fading, in which the channel is drawn randomly at the start

of each transmission frame, remains constant for the whole transmission frame,

and changes independently to another realization in the start of the next frame.
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The frame itself is assumed to be long enough to allow communication at rates
close to the capacity. Defining the sum-rate capacity of the system in the channel
realization H = {H,}Y,, when the transmitter has perfect CSI about all users’
channels, as Cqum(H), the average sum-rate capacity, denoted as Cgym, is defined as
the average over time of Cyym (H), which is by the ergodicity of the channel, equal to
Ex {Csum(H)}. Similarly, for any scheme S E, Rs is defined as Ey {Rs(H)}, where
Rs(H) denotes the achievable sum-rate of scheme S. It is assumed that there is a
separate error-free feedback channel from each user to the BS. The parameters of
interest in this chapter are: i) Ns; the number of users who send feedback to the
BS (or equivalently, the number of active feedback channels), and ii) Fs; the total

amount of information conveyed through all the feedback channels.

3.3 Asymptotic Analysis

3.3.1 The average number of users sending feedback to the

BS

In this section, we define the amount of feedback as the average number of users
who send feedback to the BS. It is assumed that the SNR (P) is fixed. In Theo-
rems B.2H3 Al we provide the necessary and sufficient conditions in order to achieve
lim oo CRTZ =1 and limy_,o Csum — Rs = 0. Before that, we give the definition

of the user selection strategy as follows:

Definition 3.1 The user selection strategy S is defined as the decision rule in

2Here, by scheme we mean the way the transmitter selects the user to communicate with, the

way it allocates the power between the users, and the way it performs precoding.
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which each user i, based on its knowledge about its own chcmnelH, decides whether
or not to send feedback to the BS. More precisely, the user selection strategy S can
be defined as a binary indicator variable Ig(i), i = 1,--- , N, which is equal to 1 if
the user i sends feedback to the BS and 0 otherwise. Note that the user selection
strateqy is assumed to be fized during the whole transmission period and agreed in

advance between the BS and the users.

Theorem 3.2 Consider a MIMO-BC with N users (N — o0), which utilizes a
fized user selection strateqy S. Let N be the number of users who send information
to the BS in this strategy. Then, the necessary and sufficient condition to achieve

limpy_ oo % =1 is having
E{Ns} =y, (3.2)

where g > 1.

Proof- Necessary Condition- Let us denote Gg as the set of users who send in-
formation to the BS using strategy S. In other words, Gg is the set of users for
which Ig(k) = 1. Define pg(k) as the probability that user k belongs to Gg, i.e,
Pr{Is(k) = 1}. Since we consider a homogeneous network, this probability is inde-
pendent of k, and we denote it by pg. Therefore, Ng = |Gs| is a Binomial random
variable with parameters (N, ps), and we have E{Ns} = Npg.

To compute Cgum, and R, we use the basic Bayes formula. In general term, if

we have a partitioning (P, P¢) of the sample space of the channel realizations H,

3Note that since the users are not aware of the other users’ channels, their decisions are solely

based on their own channels.



Feedback in MIMO Broadcast Channels 62

and for any function of the channel realizations F(H), we have

Ex{F(H)} = Ewnp{F(H)|H € P}Pr{H € P}+
Ewjpe {F(H)|H € P} Pr{H € P°}. (3.3)

Here, the strategy S is defined to partition the sample space to P = Ag and P¢ =
A§, where Ag is the set of all channel realizations for which Is £ (Ig(1),-- -, Is(N)) =

0, in other words, the set of all realizations that no users are sending feedback to

Y

the BS under user selection strategy S, which occurs with probability (1 — pg)¥
and A§ is the complement of Ag (Figure B1]).

C
Ag

Given a user selection strategy S,

we partition the sample space of all channel
realizations (A) to Ag

and Ag

Figure 3.1: Definition of the events Ag and A§

Substituting F(H) by Rs(H), the achievable rate of scheme S when the channel
realization is ‘H, using the above equation, we have
Rs = Ex{Rs(H)}
= Epas {Rs(H)|As} Pr{ds} + Ep g {Rs(H)|AS} Pr{AS}. (34)
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Note that for any realization of the channels H = {H;}¥ ,, the maximum achievable

sum-rate equals to:

N
Iy + Y HIQ,H,

n=1

Coam(H) = max In

X , (3.5)
5 Tr(Qn)=P

which is derived based on the perfect CSI assumption at the BS. Therefore, for

any scheme S, we have
Eoyac {Rs(H)|AS} < R, (3.6)

where

N
Ry =Eyag | max  InfTy+ > HIQH,| | AS
S Tr(Qu)=P n=1

Note that R is the expected value of the maximum sum-rate (assuming perfect

CSI) corresponding to those channel realizations in AS. Also, since conditioned on
As, no users send feedback to the BS, there is no CSI at the transmitter. Hence,

for any scheme &, we have
Epas {Rs(H)As} < RES (3.7)

where RN = By, {CNSF(H)| As}, ie., the maximum expected sum-rate when

the CSI is not available at the BS, conditioned on Ag. Combining ([B2), (B8) and
B1), we obtain

Rs < Pr{As}RIC™ + Pr{AS}R,
= (1—ps)"RES + [1— (1= ps)V] Ro. (3.8)

Moreover, if we substitute F(H) by Csum(H) in (B3), and define

R = EH\AS {Csum(H)|AS} )
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noting that Ry = Eyy AS {Csum(H)|A§}, we conclude
Csum = Pl"{.As}Rl + Pr{Ag}RQ (39)

Subtracting both sides of (B) and (B3, we obtain

Com — Rs > (1 —ps)N(R1 — ROS. (3.10)
Since
N
max In Iy + Z:Hn Q.H,| >In <1 + PII}%X | H x| ) :
> Tr(Qu)=P n=1
we have
Rl Z E{ln <1+sz}€x||H]7k||2)‘Ag} y (311)
s

where H,; denotes the jth row of Hy. The right hand side of ([BII) can be

lower-bounded as,

RHETID) > E{ln <1+szszHj,kH2)‘Ag,‘é}Pr{%\As}, (3.12)
3

where ¢ is the event that max; [|H,x||* > ¢, for some chosen ¢. Hence,

Pr{Ag, €}
Pr{Ags}
|~ Pe{AS) — Pr{El)
Pr{As}

T C
— (1 + Pt) (1 - %) , (3.13)

where € is the complement of €;. Pr{%} can be computed as

RHEIN) > In(l+ Pt)

> In(1+ Pt)

Pr{CgtC} = PT{II}%XHHJ,kHzSt}

Mol NK
@ (1 -3 e_t> , (3.14)
m=0 ’

—_
~+~

s
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where (a) comes from the fact that ||H,x||* has chi-square distribution with 20/

degrees of freedom [32]. Now, assume that

E{Ns} = Nps # g, (3.15)

i.e., Nps = O(1). Choosing t = "2 from (BId)), we obtain

KVN(n N)M—1

Pr{€C} = ¢ 2t el (3.16)
Moreover, noting Pr{As} = (1 — ps)"¥ and Nps = O(1), we have
Pr{As} = ©(1). (3.17)

Substituting (B10) and (BID) in (BI3) yields
RHEID) > In (1 + g lnN) (1 -0 (e_W[HO(l)]))
= InlInN +0(1). (3.18)
Moreover, using the fact that in a homogeneous MIMO-BC (when the users’ chan-

nels have the same statistical behavior) with no CSI at the transmitter, the maxi-

mum sum-rate is achieved by time-sharing between the users [31], we can write

P
S = Bu s L] 4]
P 2
< KEg, 444 In 1+M||Hk” As
(a) P 2
< Kln 1+MEHk|As{||Hk|| }‘AS}
(®) P Eg, {|H:|*}
Kn{l4 ——t—F—"~-
= n( TN Pr{As)
PK
n( * Pr{As})
B1D

=" o), (3.19)
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where (a) comes from the concavity of In function and (b) comes from the fact

that Em, {||Hkl*} > En,jas {||Hil|*| As} Pr{As}. Combining (BII), (BIF), and
(BT9), and substituting in (BI0), under the assumption of ([BIH), we get

Coum — Rs 2> (1 — MTM)N Inln N + O(1)]

~ e EWNstinin V.

Rs e EWNsHnIn N
< 1- . 3.20
Csum B Csum ( )

=

As a result, noting that Cyym ~ M Inln N [26], we obtain

E{Ns} # g = lim Rs 41 (3.21)

sum

Sufficient Condition- Let us define the strategy S as selecting M users randomly

among the following set:
Gs = {k|Amax(Hy) > t}, (3.22)

where Apax(Hy) is the maximum singular value of HyHY and ¢ is a threshold
value. After selecting the users, the BS performs ZFBF, where the coordinates
are chosen as the eigenvectors, corresponding to the maximum singular values of
the selected users. In [T9], it has been shown that for a K x M matrix A, whose

elements are i.i.d Gaussian, we have

tMAK=20=1(1 4 O(e~ 1))

ps = Pr{dmax(A) >t} = (M (K) (3.23)
Hence,
E{Ns} = Nps
Nt T2 (14 O(e Mt )) (3.24)

T(M)L(K)



Feedback in MIMO Broadcast Channels 67

Having E{Ns} = g, yields,
t=InN+(M+K-2)InlInN —g. (3.25)

Utilizing ZFBF at the BS, and defining

R*E2MEx{In|1+ IGs| > M 3,

P
Tr { [’HH'H} _1}

we can write

Rs > R*Pr{|Gs| > M}, (3.26)

T. . .
where H = [gz—;,max| ggz,max| e | ggm,max] in which 8simax = )\max(Hsi)V57maxa L=

1,-+-,m, and Vg, nax is the eigenvector corresponding to maximum singular value
of the ith selected user (s;), and m = min(M, |Gg|).

ns = Pr{|Gs| > M} can be computed as follows:

N = 1 —Pr{|gs| < M}

S (N)p?(l —pg)¥ "

, (3.27)

I
(]

&
S
<
P
3
L
i
2
S
©

Y
—_
I

where (a) results from the facts that () < 2% and (1 — pg)V ™™ < e=WV=mps,

Since Npg = g, we have ng ~ 1.

Moreover, we can lower-bound R* as
R* > MInP — MEn{X(H)||Gs| > M}, (3.28)

where X (H) £ In (Tr { [’HH'H} _1}>. In Appendix [E], it has been shown that

Ey { X(H)| |Gs] > M} < ln¥ + (M — 1) In(2M?). (3.29)
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Using the above equation and (B:28) and selecting ¢ > In N, yields,

PIn N
R*> Mln ( - ) — M(M —1)In(2M?). (3.30)
Substituting R* and ng in (B2H), and having the fact that Cyym ~ M Inln N [26],
yields
Jim f"i =1 (3.31)
|

Remark - Although in Theorem 2it is established that for having limy_ . =5 =

CS U1

1, it is required that E{Ns} — oo, as shown in the proof of the sufficient condition,

E{Ns} does not need to scale with N.

Theorem 3.3 For any user selection strateqy S, the necessary condition to achieve

limy_ o0 Coum — Rs = 0 is having
E{Ns} =Inlnln N + g. (3.32)
Proof - Assume that
E{Ns} #Inlnln N + g. (3.33)
Similar to (BI), we can write
Com — Rs = (1—ps)"V[Ri — REP. (3.34)

Following the same approach as in Theorem B2, under the assumption of (B33),
we can show that Ry > Inln N + O(1), and RS = O(Inlnln N). Hence,

Com —Rs > (1—pg)V [InIn N + O(Inlnln N)]

—

@) BN HI+O0(ps)] InIn N + O(Inlnln N)]

(b)

—

o~ (E{Ns}=InlnIn N) [1+o(1)]. (3.35)
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(a) comes from the facts that E{Ns} = Npg and In(1 — pg) = ps + O(p%), and (b)
results from writing Inln N as eV noting that e®Vs10(Ps) — 14 (1). Defining

d = E{Ns} — InlnIn N, it follows that
Csum - RS z e_d7 (336)

meaning that in order to have limy_ o Coum — Rs = 0, we must have d — oo.
Note that d does not need to scale with N. In fact, as shown in (B30), —d gives
a lower bound on In (Csym — Rs), which must approach —oo, if we want to have

Csum — Rs — 0. As a result,
E{Ns} #Inlnln N + g = ]\}im Coum — Rs # 0. (3.37)

[ |
The above theorem simply implies that if E{Ns} does not have an infinite difference

to Inlnln NV, it is not possible to achieve limy_ o Coum — Rs = 0.

Theorem 3.4 A sufficient condition to achieve limy_,oc Ropt — Rs = 0 is having
E{Ns} = MInlnln N + g. (3.38)

Proof - Consider the Random Beam-Forming strategy, introduced in [26]. In this
strategy, the BS randomly constructs M orthogonal beams and transmits data to
the users with the maximum SINR for each beam. Assuming each user’s antenna

as a separate user, we define the following set:
Gipr = (K13, SINR[Y >}, m=1,--- M, (3.39)

where SINR,(;Z) is the received SINR over the ith antenna of the kth user, for the

mth transmitted beam. Grpr = U%:l gf({"];)F is the set of users who send feedback
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to the BS. The achievable sum-rate by this scheme, denoted by Rgrgr, is lower-

bounded as

RRBF > M1n1+t {ﬂ@}

> MIn(1+1) (1 - Z Pr{@g}> , (3.40)

where Z,, is the event that \QRBF| > 1, and Z¢ is the complement of Z,,.

For a randomly chosen user k, we define

(m) &

p. = Prike gRBF

= Pr {U %’g’:) }
i=1

K
< Yo, (3.41)
i=1

where %’,(ﬁ) is the event that SINR,(JZ) > t and 77,27;) = Pr{%’,(ﬂ)}, which is inde-
pendent of k, i, m, and we denote it by n. Moreover, p,(fm) is independent of &k, m,
and is denoted by p. Hence, p < Kn.

To evaluate the right hand side of (B40), first we compute Pr{Z¢} as follows:

Pr{7l} = (1—n)*N

(1 . %) = (3.42)

IN

Therefore,

K
> MlIn(1+t)[1 — Me M) (3.43)

RHEAD) > MIn(l+t) [1 M (1 - E)KN}

Under the condition of ([B38), which implies that E{Ngpr} = M Inlnln N + g,
and having the facts that E{Ngrpr} = M Np and n =

—Mt/P

aTnm=T [26] and writing p
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as p =T, where T tends to a constant in the interval [1, K] as N — oo H, we can

write
o~ Mt/P
NTW ~ hllnlnN-l—g
P P
St o~ M[lnN—(M—l)ln<MlnN) -
In (Inlnln N + g) + In T}. (3.44)

Substituting ¢ in (BZ3) yields

P
Rrpr > Mln(1+MlnN+O(lnlnN)>><

(1—Me 7). (3.45)

Using the above equation and having the facts that Cg,y = M In (1 + ﬁ InN + O(lnln N ))
[26], and E{Ngrpr} ~ M Np, we have

o (111111]\7) N M26_(IE{N]{{{BF}—IH1HIHN)[1 + o(1)]

Csum - RRBF

In N
= o(1), (3.46)

where (a) follows from the fact that E{NVggr} = M Inlnln N + ¢g. Consequently,
th—>oo Csum - RRBF = 0.
[

4This results from the fact that for any sets {A;}X, we have Pr{4;} < Pr{Ufil A} <

Zfil Pr{A;}, which incurs that n < p < K. Defining T £ %, it follows that 1 < T < K. Note

that, T' can be any arbitrary function of N. However, when N — oo, T converges to a constant

number between 1 and K.
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3.3.2 Amount of bits fed back to the BS

In this section, we study the minimum amount of feedback required at the BS, in
terms of the number of bits H, in order to achieve the maximum sum-rate capacity.
It is assumed that the SNR (P) is fixed and the number of bits fed back by each

user is an integer.

Theorem 3.5 The necessary and sufficient condition to achieve limy_ o C?Ti, =1

for any user selection strategy S is having
E{Fs} =9, (3.47)

where Fg is the total number of bits fed back to the BS.

Proof- Necessary condition- The proof of the necessary condition easily follows
from Theorem B2, and the fact that the number of bits fed back by each user is
an integer.

Sufficient Condition- Consider the Random Beam-Forming scheme. Given any
function f(N) £ E{Ns} = g, we set the threshold # as the solution to the following
equation:

e—Mt/P B f(N)

_ 3.48
1+ )M~ MNT’ (348)

where T is a constant between 1 and K. By selecting t as the above equation,
using the same approach as in the proof of Theorem B4, it can be shown that

limpy o0 CR—S = 1. Since the users in ggg’F only need to send the index m to the BS,

5In fact, it is more precise to express the amount of feedback in terms of binits, as it is assumed
that the users who do not send any information to the BS do not contribute to the total amount

of feedback.
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the total amount of feedback bits is equal to [log,(M)]f(N) = g. Consequently,
it is possible to achieve limy_. % = 1, with any infinitely large average number

of feedback bits (but not necessarily scaling with N).
|

Theorem 3.6 The necessary and sufficient condition to achieve limy_, o Coum —

Rs = 0 is having
E{Fs} =O(Inlnln N) + g. (3.49)

Proof- The proof follows from Theorems and B4, with the same approach
as that of Theorem B
|
Remark 1- From the above theorems, it follows that the Random Beam-forming
scheme is optimum in the fixed SNR regime, in the sense of achieving the maximum
sum-rate with the minimum order of the required amount of feedback.
Remark 2- Using the conventional ZFBF (with the user selection algorithm as
in the proof of the sufficient condition in Theorem B.2), assuming that the selected
users quantize the eigenvectors corresponding to their maximum singular values

and feed back the quantization indices to the BS, from 5], it can be shown that
Roe — R < Mn (1+ Py(ln N)27 57, (3.50)

where Rzr denotes the achievable sum-rate of ZFBF when the BS has perfect

CSI from all the selected users, R% is the achievable sum-rate when the BS only

has the quantization indices of the selected users’ channels, B is the number of

quantized bits for each selected user, and 7 is a constant depending on the quan-
M—1

tization method, which is shown to be lower-bounded by *+ [45]. From the
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above equation, it follows that in order to achieve limy_ o % = 1, we must have
B> % Inln N + o(Inln N), and in order to achieve limy_, o Coum — R%)F =0, the
condition B > % Inln N + g must be satisfied. In other words, the minimum
required amount of feedback to achieve the maximum sum-rate must scale at least
as Inln N. This implies that although the proposed user selection algorithm in
Theorem B2, along with utilizing ZFBF, is shown to be optimal in terms of the
average number of users who send feedback to the BS, in terms of the average

number of feedback bits, it is not optimal.

3.3.3 Variable SNR Scenario

In the previous section, the SNR (P) is assumed to be fixed. In this section,
we study the scaling law of the minimum amount of feedback in order to achieve
the maximum sum-rate, when the SNR itself is a function of N. To this end,
we consider two special regimes of low SNR and high SNR. Since achieving the
optimum sum-rate requires the square magnitudes of the selected coordinates to
behave as In IV, the effective SNR of the selected links scales as Pln N. Hence,
low SNR and high SNR regimes are defined by the regions of PIn N = o(1) and
PlIn N = w(1), respectively.

Low SNR Regime
In this regime, it can be shown that [39]

Csum ~ PE{Nmax} (3.51)

where Nyax = Maxy Amax(Hy). In other words, the optimum strategy requires the

BS to perform beam-forming on the eigenvector corresponding to the maximum of
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the largest eigenvalues among the users. Having the fact that E{nmpax} ~ In N [19],
it follows that in the low SNR regime, as Ropt ~ PIn N = o(1), the achievability

of the optimum sum-rate for a given strategy S is defined by limy_. 7301 =1

Theorem 3.7 The necessary and sufficient condition in order to achieve the op-

timum sum-rate throughput in the low SNR regime is:
E{Ns} =g,

and

E{Fs} =g.

Proof - Following the approach of Theorem and using the equations (B10),
BI3), BI), and BId), we have

Csum - RS > (1 - pS)N (Rl - R,IXSSI) ) (352>
(1- 505 Ge ) "
R, > Wn(1+Pt)|1- T
1 ( ) (1 _ ps)N

NK

@ 5l (1 — oo Lre t) (3.53)
- (1 —ps)V ’ '
and
PK
NCSI

(a) comes from the low-SNR assumption and the fact that for r < 1, In(1+z) ~ .

Under the assumption of E{Ng} = Npg # ¢ and choosing t = %, we have
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Ry~ w and RﬁSSI = O(P). Noting that Csyn ~ Pln N, we can write

Rs NR1— RS
< 1-(1—pg)V b —As
Csum - ( pS) Csum
~ 1 B 6_]E{NS}
2
< 1 (3.55)
As a result,
. Rs
E{Ns} # g = th C <1. (3.56)

sum

The necessity of E{Fs} = g directly follows from the above equation.
Sufficient condition - In this part, we prove that for any given g > 1, one can
achieve the maximum sum-rate such that E{Ns} < g and E{Fs} < g. Assume

that the users in the following set:
Gs £ {k|Amax(Hy) > t}, (3.57)
where
t £ max (lnN+(M+K—2)1nlnN—%ln(g),lnN), (3.58)

quantize the eigenvector corresponding to their maximum singular value, using
a quantization code book W, which consists of L = 9% randomly selected unit
vectors in the M-dimensional space (Random Vector Quantization (RVQ)). The
BS selects one of the users in Gg at random and serves this user, performing beam-
forming on the direction of its quantized eigenvector. The achievable sum-rate of

this scheme can be lower-bounded as
Rs = E{m(1+PUS )} [1- (1 ps)]
PE{|@7B2} [1 - (1 - pg)"]

Q

—~
S
N

> PLE{|®7B[}[1 -], (3.59)
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where pg £ Pr{k € Gg} for a randomly chosen k, ® denotes the eigenvector

corresponding to the maximum singular value of the selected user, and ® denotes

the quantized version of ®. (a) comes from the fact that (1—pg)"Y < e VPs. Using

B23), we can write

tM+K—26—t .
et e 1 A
ps TN () [1+0(e"t™h)]
(’@ 1 in ﬁ (lnN)M+K—2
S ronrE) TU\NTT N
— min ,(In M+K-2
Lo Nes o o((min (va.0n0) )), (3.60)
where (a) comes from ([BES). We have
0 2 |27
= max || (3.61)
ClelW
From Appendix [, it follows that the pdf of 6, 2 |®%¢;|? is obtained from
fo,(0) = (M —-1)(1-6)"2 0<6, <1 (3.62)

Hence,

Fy(0) = [Fy(0))"
— [1-(-aM1". (3.63)
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From the above equation, E{f} can be lower-bounded as

E{0} = / 0£,(6)d0

0

Ve
—_
LT
o\
o |
| —
I =
=
z |
L ti
o,
= I
~—
(oW
=

v Lo [ it

= M—l ; u e u

(©) L=t [ 1 . o0

> 1_M—1{/0 u?w%du%—/1 e‘“du]

_ (1

N M—1

(d) v et

Y 197z (] ) 3.64
(1+57=1) (364

In the above equation, (a) comes from the fact that [1 — ,uM_l]L < e M ()

results from the change of variable u = Lu™~1. (¢) comes from the fact that as
2—M

M > 2, % < 0, and as a result, for u > 1, ui1 < 1. (d) follows from the

definition of L as 2. Combining B31), B5N), B59), BB0), and BT), and
the fact that E{npa} = In N + O(Inln N) [19], yields,

Pt

—0s e !
1—27= —)<1+M_1>

[1 _ 6_@(min (\/57(1nN)M+K72))

C m N1—>H<1>o PE{nmax}
— 1 (3.65)
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Moreover, we have

E{Ns} = Nps
(R610)
< Vg
< 4 (3.66)

and

E{Fs} = E{Ns}logy(L)
<

< g, (3.67)

which completes the proof of Theorem B

[
High SNR Regime
The sum-rate capacity in this regime can be written as [26],
P
Csum = M In (M InN+ O(Plnln N)) . (3.68)

Theorem 3.8 i) The necessary condition to achieve limy_. ngfn =1 in the case
of K < M, and also K = M and SNR regime of In P = O(Inln N), is having
E{Ns} = g. ii) in the case of K = M, and the regime of In P = w(lnln N), it is

possible to achieve limy_ CRT‘Z = 1 without any CSI at the BS.

Proof - Proof of i): Similar to the proof of Theorem B2, we can write

Com — Rs = (1—ps)V(R1 — RIS. (3.69)
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From [T9], R, can be lower bounded as

M P )
RiZEQ D In(1+ 0]
j=1

As} : (3.70)

where
0]2- = max max XHHkHHkX
k X
s.t. xix =1
=H
Eix=0, (3.71)
and E; £ [vq|--+|v;_4], in which v;, i =1,---,j — 1, is the optimizing parameter

X, in the maximization of ¢7. In other words e maximizin arameter x 1s
, in th t f 2. In oth ds, th t

found in the null space of the previously selected coordinates. Defining €, =
{ﬂ;‘il (02 > 1) }, similar to (BI3), we can write
R > (14 L) (1o BHED)
b= M Pr{Ag}
(@) P M Pr{o? <t}
> MIn(1+—t)|1-=5 g 72
- ”(*M)( nigy ) O

where (a) comes from the union bound for the probability. From [19], Lemma 3,

we have

Pric?<t}< Y (]f)GK,M_j+1<t>i[1—GK,M_j+1<t>]N—", (3.73)

i=N—j+1

where Gy, (t) is defined in [T9], Lemma 1.
In

N

Setting ¢ = %5, and using the result of [T9], Appendix IV, on the asymptotic
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behavior of Gy, ,,(t) for large t, we have

st} s ()b-e(25)

i=N—j+1

(=)

< NI-lp=@(VN@uNMFTK==1)

= o0 (Nj_le_\/ﬁ> . (3.74)
Substituting in (BZZ2), we obtain
PIn N o( NM~1e=VN)
> Min {1 1-— . .
Rl = Il( + oM ) ( Pr{As} (3 75)

Assuming Npg # g, noting that Pr{As} = (1 — ps)", incurs Pr{As} = O(1),
which yields

PIn N
> — o(NM~1e=VNY) | .
R > Mln(1+ i )(1 o( NM-Le )) (3.76)
Moreover, using (BI9), under the condition of Npg # g, we have
P
RIS < KIn (M) +0(1). (3.77)

Substituting in (B:69), yields

Coum —Rs > (1 —pg)V [(M— K)In <§ln]\7) +KInlnN+06(1)]|.
(3.78)

In the case of K < M, from the above equation and noting Cgu, ~ M In (ﬁ In N ),
it follows that

Rs ~ ] (1—ps)N (M - K)
Csum ~ M
e~ Nos (M — K)

Q
—_
[

(3.79)
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Hence, having Npg # g results in

) Rs
lim

N,P—o00 Csum

<1. (3.80)

Moreover, in the case of K = M, similar to ([B7d), we can write

1-— Nnln N
Rs <1 U=ps) I (3.81)
Csum In P + Inln N

Therefore, for the regime of In P = O(Inln N), having Npg # ¢ incurs limy_, C?Tsm +
1.

Proof of ii): In the case of K = M and In P = w(Inln N), assume that no
CSI is available at the BS. In this case, the best strategy, as mentioned earlier,

is time-sharing between the users. The achievable sum-rate in this case can be

written as
Rs = EJIn|I+ P ot
s = n M 2= 8
P H
~ Mln(MHE{ln\Hka\}
= MInP+0(1). (3.82)
As a result,
lim Rs i MInP
Nmesum T NZeMInP+ MInln N
= 1. (3.83)
[ |

Theorem 3.9 The necessary condition to achieve limy_, o Csum — Rs = 0 in the

case of K = M is having

E{Ns} =Inlnln N + g, (3.84)
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and in the case of K < M is having
E{Ns} =InIn(Pln N) + g, (3.85)

for the values of P satisfying Inln(PIn N) = o(N).

Proof - The proof easily follows from (B8 and the approach used in the proof

of Theorem
[ |
Theorem B9 implies that in the case of K = M, the average number of users
sending feedback to the BS does not need to grow with the SNR H In the case of
K < M, writing InIn(PIn N) as Inlnln N+1In (1 4+ 253 it turns out that for the

values of P such that In P = O(Inln N), the condition E{Ng} = Inln(PIn N) + g
is equivalent to E{Ng} = Inlnln N + g, which implies that E{Ns} does not need

to grow with SNR. Moreover, for the values of P satisfying In P = w(lnln V), the
condition ([FBH) reduces to E{Ns} = Inln P + g, which incurs that the average
number of users sending feedback to the BS must grow at least double logarithmic
with SNR.

In the previous section, we have observed that the Random Beam-forming
scheme introduced in [26] is asymptotically optimal in the sense of achieving the
maximum sum-rate with the minimum order of the required amount of feedback, in
the fixed SNR regime. The question here is for what ranges of SNR this optimality

holds. The following theorem answers this question:

Theorem 3.10 The necessary and sufficient condition to achieve limy_, o Coum —

6This statement will be made rigorous in the proof of Theorem BIA
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Rrer = 0 is hcwmgH
In P # Q(In N) (or equivalently, In P = |o(In N)| ). (3.86)

Proof - Necessary condition - The sum-rate throughput of Random Beam-forming

scheme can be upper-bounded as

M
Repr = E {Z In (1 + SINRI(Q;;) }
m=1

< Mh (1 + E{SINR(™) }) , (3.87)

max

where SINR{"™ denotes the maximum received SINR over the mth transmitted

beam. Defining X, . = SINR™)  for all values of t, we can write

E{ X} — /0 frn (2)da
- [ - Fe @l
0

<t / 11— Fy, ()]dz, t>0. (3.88)
t

_ Mz

Having the fact that Fx(z) =1— ﬁ [26], where X £ SIN RE?Z), we can write

o Mz NK
(& P
E{X < 1—- 11— —— . .
{ max}_t+[ ( (1+5.17)M_1> dz (3.89)

Assuming that In P = Q(In N), i.e., limy_ o % = ¢, where ¢ > 0, we define

LInN —-1ilnP], c<1;

P
WIHN, 021

t &

(3.90)

It is assumed that each received antenna is treated as a separate user.
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Substituting ¢ in (B:89) yields,

> NKe 7
E{ X} < t+/ (1—exp{—#131
t

INE
+
o\

8
=
=
®
.

IA
+
o\

8
=
=
m|

|
o
S

2—M
< t+(—) NEe ¥ [1+O ﬁ)}
D {4 NKe % {1+O<\/Lﬁ)}
SN = 3mP[1+0(&)], e<t
< ;V[iMlnN[12+o(TN)], VP . (3.91)

where (a) comes from the fact that 1 — e < z, Va, (b) comes from the fact that

Mt
t > £ InN (from BA0)), which incurs % < \/—%, (c¢) comes from the fact

1+t
that since t > % In N, for x > t, we have 1 +x > ﬁ, and (d) comes from the fact

that M > 2 and as a result (%)2_1\/] < 1. Noting that Cgyy = M In (%) +o(1),

and using (BX7), (B89), B90), and BTI), we can write

“m (1= g2 10 (), e<t;
@) -l [1+0 (E)], e>1

Csum - 7—\)fRBF >

(3.92)
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Noting that in the case of ¢ > 1, \/—PN = o(1), it follows from the above equation

that
InP=QInN)= A}im Csum — Rrpr # 0. (3.93)

Sufficient condition - Assume that In P # Q(In N). Rgpr can be lower-bounded

as

V

max

Repr > Mln(1+t)Pr{SINRf§;X>t’...’SINR(M)>t}

M

> Mn(l+1) |1 Pr {SINREIT&Z( < t}]
m=1

= Mn(l1+¢t)[1—M(Q1—n"]

> Mn(l+t)[1— Me V], (3.94)

(m) '
where n £ Pr{SINR;’ <t} = ﬁ [26]. Setting
P P
t= % {ln]\f— (M — 1)lnM - MlnlnN} ,

it is easy to show that n > % and hence,

P P M
Rrer = MIn (1+M {lnN—(M—l)lnM—MlnlnN}) (1—W)_

(3.95)

Since In P # Q(In N), it follows from the above equation that limy_ . Csum —
Rrpr = 0.

|
Theorem B0 implies that the Random Beam-forming scheme is not capable of
achieving the maximum sum-rate when In P = Q(In N). In other words, the Ran-

dom Beam-forming scheme is not efficient in the high SNR regime. In fact, it is
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easy to show that the multiplexing gain of this scheme is zero. In the region of
In P = |o(In N)|, following the approach of Theorem B4 it can be shown that with
the number of feedback bits scaling as M [log, M| InIn(PIn N) + g, the maximum
sum-rate capacity can be achieved.

The weak performance of Random Beam-Forming in the high SNR regime is
due to the fact that the interference from the other users dominates the noise
term. It can be shown that in order to achieve the maximum sum-rate, we must
have limp_,o, [(P) = 0, where I denotes the interference term. In other words,
the interference term must be negligible compared to the noise. The Random
Beam-Forming scheme can be considered as the quantization of the users’ channel
vectors by M orthogonal code words. Since the number of code words is fixed, the
quantization error, which is translated to the interference, grows with the SNR.
This suggests that at high SNRs the channel of the users must be known at the
BS with higher precision. This can be performed by increasing the size of the
quantization code book and more efficient methods of channel quantization. Some

efficient algorithms for channel quantization have been proposed in [52 53,6465

Theorem 3.11 Consider a MIMO-BC with N users (N — o0), each equipped
with K receive antennas, in which the base station communicates with M of them
with the total power constraint P (P — o0). Assume that each user quantizes
its channel matrix and sends the quantization index to the transmitter. Then,
for any quantization method chosen by the users, any user selection strategy and

any known precoding scheme chosen by the transmitter, the necessary condition to
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achieve limpy_ oo Coum — c;%m =0, in the case of K < M, is having

E{Fg} > Inln(PInN)+¢ + ﬁj\g{ (M —i)In(PInN) —InN + ¢"]",
- (3.96)
and in the case of K = M is having
E{Fo} > InlnlnN +g, (3.97)

for some ¢’ > 1, ¢" > 1 and g > 1, where Fq and C,, are the total number of

bits fed back to the BS, and the mazimum achievable sum-rate, when the BS only

has the quantized CSI, respectively, and a* = max(0, a).

Proof - In order to prove the theorem, we assume that the BS selects M users, and
transmits xq, - -+, X7, with covariance matrices Qq, - -, Qas, respectively. Since
for a fixed set of transmit covariance matrices, Dirty-Paper Coding is proved to
achieve the Marton’s region [7] (which is proved to be the highest known achiev-
able region in BC), we consider this coding scheme for the proof of this theorem.
In Lemmas B T2HITA we state the necessary conditions for the transmit covari-
ance matrices and the selected users, in order to achieve the maximum sum-rate
capacity. Then, in Lemma BTH we associate those conditions with the size of
quantization codebooks, utilized for the quantization of the selected users’ channel

matrices. Combining the results of the lemmas, the theorem is proved.

Lemma 3.12 The transmit covariance matrices of the selected users, maximizing
the sum-rate capacity in a MIMO-BC with N — oo wusers, are rank one, with

probability one.
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Proof - Assume that the selected users are indexed by 1 to M. Then, the sum-rate

capacity can be written as [

M _1
Csum = K 1 I_I'sz 7rzH7];IZ I+Hﬂz (e Hfz )
max > In (1) Qn(i) <>( <><ZQ<>> <>>

@7

> Tr{Qi<p = g
(3.98)
where the expectation is taken over the channel matrices Hy,--- ,Hy,. Using
the duality between the MIMO-BC and MIMO Multiple Access Channel (MIMO-
MAC), expressed in [5], the sum-rate capacity can be written as follows:
M
Com = Ba,m, max oI+ Z HIPH,|, (3.99)
> Trp;y<p =1

where P,’s are the corresponding covariance matrices in the dual MIMO-MAC.
We first prove that to achieve the maximum sum-rate capacity, P;’s must be rank
one, with probability one.

Since P;’s are positive semi-definite, we can write them as UX A, U;, for some
unitary matrix U; and diagonal matrix A;. Defining Z, = U,H; and writing

Ai = Dia‘g(pih o 7piK>7 we have

M M
I+ H'PH| = In I+ZZfAiZi'
i=1 =1
M K
= W T+> > mZ0"Z:(1)|,  (3.100)
=1 [=1

M
where Z;(l) denotes the Ith row of Z;. Having the fact that |A| < (%) for
any positive semi-definite matrix A, the right hand side of the above equation can
be upper-bounded as

In|T+ Z Z pilzi(l)HZi(l)

i=1 [=1

M K
: a1 Z:(1)||?
< M (HEZZIZZZJI\ZN 101 ) (3101
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Now, assume that there exists a user k, such that py; = ©(P) and py; = O(P), for
some 1 < [,7 < K. In other words, this matrix is asymptotically of rank at least

2. We have

1ZDI* + 1 Ze(DI* < 11Z]?
= [[H[*. (3.102)

In [26], it has been shown that ||H|[2,., < InN + MK Inln N, with probability
one. This incurs that at least one of ||Z(1)]|*> and [|Zx(5)||* must be less than
I NEMERInN - Without loss of generality, assume that [|Z(j)[|* < 2AHMERRN,
Having py; allocated to the coordinate (k, j) and using [BI0), yields

B < max M1n< Zz 121 L pallZi(l )HQ)
(zz> M
Pil=

( )
=P- Pkj
i || 2
wax g S S gz
Mln 1+ szl P— Pkj

M

—~
S
N

P — o1
< Mln (1 PN+ O(Inln N) + %HZ’&&X) (3.103)
where
M K
A
r= H}’%X + Z Z le ,
(@D #(k.5) i=1 1=1
2= pu=P—py;

and ||Z||?,.. = max;, ||Z;(1)]|?. In the above equation, (a) comes from the fact that
the solution to the maximization problem in the second line is to allocate the rest
of the available power (P — py;) to the coordinate with the highest norm. By a
similar argument as before, we can show that ||Z||?,, < In N + MK Inln N, with
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probability one. Hence, using the above equation,

_ Pkj

RH BI03) < M In (1 L F MT In N + O(Inln N)]) . (3.104)

Having the fact that Ceyn = M In (% In N + O(lnln N)), and using the above

equation, we have

Inln N
- ) (3.105)

Co — RH @I > Min ( —%)H}( =
Hence, having py; = ©(P), incurs limy_,o Csum — RH (BI03) > 0. In other words,
in order to have limy_ o, Csum — RH (BI03)) = 0, for each user k, there must be at
most one py,, scaling as ©(P), and the rest must scale as o(P). In the following,
we will show that with probability one, for each user exactly one pg,, is non-zero,
and the rest are zero.

Using (BI0T) and having the fact that S5, [|Zx(i)||> < InN + MK Inln N
with probability one, it follows that the right hand side of (BII) is upper-
bounded by M In (ﬁ In N ), which is proved to be the maximum achievable sum-
rate throughput in MIMO-MAC. Hence, in order to achieve the maximum sum-
rate, the inequality in (BI01) must be turned into the equality, which means that
S M S paZi(1)7Z(1) must behave like £ In N(I+o(I)). Moreover, since from
each user at most one singular value can scale as fast as In NV [50)], it follows that
the maximum singular values of the selected users must scale as In NV, and their
corresponding powers must scale as ﬁ + o(P).

Now, assume that there exists ¢, such that limy_ % < 1, but p; # 0.

In the above, we have seen that p; = o(P). The sum-rate can be upper-bounded

8A = o(I) means that all the singular values of A are o(1).
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as
R S Csum(P - le) +
~1
In [T+ pal| Zi(D)[Pe:() " :(0) [ T+ Z pimZ(m)" Z;(m)
(4, m)#(l 1)
(a) pullZi(1)]” "
Lobit n N (1 + o(1))
P — p; N 2
O (7,011 In N(1 —|—0(1))) +In | 14 5= _leH 40l
M —PLIn N(1+o(1))
(© P Mpjy 1Z;(1)]? pil
= MIn{—InN(1 1 - 1-— — 1
n(Mn (14 o ))) P ( N +0(P), (3.106)
where ¢;(1) = ”32—83”, and Ceum (P — pi) denotes the maximum sum-rate when the

power constraint is P — p;;. (a) comes from the fact that achieving the maximum

throughput of Cyum(P — pi) requires that

I+ Z pimZi(m) T Z;(m) = P;/’“ In N (I+o(I)).
(7, m)#(l )
(b) comes from the fact that Coum(P — pu) = MIn (522 In N(1+4 o(1))), and
finally (c) results from the fact that p; = o(P), and using the approximation
In(1+ z) = z, for x < 1. Suppose that instead of allocating p; to the coordinate
(1,1), it is allocated to the coordinate corresponding to the maximum eigenvalue
of any of the selected users. Let us denote the achievable sum-rate of the system
in this case by R*. Since the maximum singular values of the selected users scale
as In N, the second term in the last line of the above equation scales as o(%%) and

we have

o Mpa 1Z:(1)]* pi
R =R =3 <1 o ) o). (3.107)



Feedback in MIMO Broadcast Channels 93

As a result, if p; > 0, R* > R, which incurs that in order to achieve the maximum
sum-rate py; must be zero with probability one. Having this and the fact that
from each user at most one coordinate has the gain scaling as fast as In N with
probability one [50)], it follows that to achieve the maximum sum-rate in the dual
MIMO-MAC, the transmit covariance matrices must be rank one with probability
one. Using the result of [5], the following equation holds between the covariance
matrix of the user with the encoding order j in the MIMO-BC, denoted by Q ),
and the covariance matrix of the user with the reverse decoding order 5 in the dual

MIMO-MAC, denoted by Py

Qr(j) = Ma(j)Pr(y MZ (3.108)

m(5)

where My ;) is an M x K matrix. Since P,(;) is proved to be a rank one matrix

with probability one, it follows from the above equation that Q(;) is also rank one
with probability one, which completes the proof of Lemma

|

Lemma implies that the transmit covariance matrix for the jth user can

be written as
Q; = ®;®], (3.109)
where @, is a unit vector and p; is the allocated power to the jth user.

Lemma 3.13 The necessary condition for achieving the maximum sum-rate is
that {®;})L,, defined in the above equation, form a semi-orthogonal basis for CM,

i.e, |®F®;| = o(1), i # j, with probability one.
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Proof - The sum-rate can be upper-bounded as

Il
&=

K
M) [V @)@+ () v () @)

))

(3.110)

where (a) comes from ignoring the interference terms, A;(z) denotes the [th or-

dered singular value of H;H  and v;(i) denotes its corresponding eigenvector.

Having the facts that A;(i) = In N + o(In V), which has been proved to be the
necessary condition to achieve the maximum sum-rate (in Lemma BI2), and
|H:||? = Y, M(i) = InN + o(InN), with probability one 6], it follows that
S (i (i) [vi(i <I>Z-}2 = o(In N). Having this and Ceum = M In (£ In N + o(In N))
[26], it follows that to achieve the maximum sum-rate we must have A (i) |v{’ (i) ®; ‘2 =
In N[1+ o(1)], ¥i,1 < i < M. Noting A\ (i) = InN + O(Inln N), we conclude
‘v{{(i)@if =1+0(1), V1 <i < M. In other words, the coordinate of the trans-

mit covariance matrix for each user is almost in the direction of the eigenvector

corresponding to the maximum singular value of that user.
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The rate of the ¢th encoded user can be upper-bounded as

1
Rw(z) = E<{In|I+ H Qw(z <I + Hw(z (Z Q7r ) ))

7>

M
1 -1
< o 3 E{ln|l4+ HypQuoH,) (T+Hoo Qoo HE,) |-

Jj=i+1

(3.111)
Substituting Q¢ and Qg(;) from BI0J) yields

< b MIEII oW (1 9 af )
Rer@y < W Z 0L Pr(iy N (i) W) ()( + Pr(i) e Y n () m)>

j=i+1
(i)
o . Pr(i) L) "
M- {1n (1 + Pty (i) P [I 1o, i) | e
2 L+ pr(iy Iy
1 M
= o > E{In(1+ pre) } +
— 1 =
Jj=i+1
prany P T2
E<{In|1-— T+ oo ]w(i)|‘1’71r{(i)ﬂﬂ(j)|2
Pr) (i) L+ priy L7
®) .
Y E{ln L+ pr(ayie(iy) } +

(%)
Pr(i) N (i p7r(j)I7T )
Pr(@)Nr@G) 1 + pW(j)In(j)

7'(' ) H‘rr 7 (bTr 7
where 7r) £ [ Ha@a) % 1) 2 [Ha @)% Tay £ lgry, Qg 2
Br0®26)(g) comes from the facts [I+ AB| = [T+ BA| and
||H7\'(Z)@7\'(])H
(%)
. -1 Pri) L) H
(Iﬂ)w(')f( () s ) =1 5 () Q)
NEr(G)om() 1+ ooy " (i) J (4)

()
and (b) comes from the concavity of In function. From the above equation, and

noting the facts that E {ln (1 + pw(i)m(i))} < In (ﬁ In N + o(ln N)) and Ceym =
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Mn (£ InN +o(InN)), it follows that in order to achieve the maximum sum-

rate, the term

g
O pﬂ]
n(1-g{_Lr00@ = 2 122 e
1+p7r(i)777r(i)1+pﬂ(])[ )

m(j

must approach zero for all ¢ and j > ¢, which incurs that

7 (#)
m(e) N (e Pr IT(' .o .
E{ Pr(i)"Im(i) () 7 () |\Il7r(2 |2} =o(1) Vi,j>i.

L+ pr(iylin(i) 1 + Pr(i) (JZ

: Pr ()N (i ~
Since pr;) — oo (as P — o0), and 7.4 ~ InN, the term W ~ 1,
with probability one. Writing vy (m(i)) as @) ®ru) + vi(7(i))*t and @ as
Tr(i) V1 (ﬂ'(l))"—q)j‘f(l)), where A (i) = <I>f(i)vl (77'(7,)), 0] £ Vi (W(Z))H‘I)ﬂ—(l), Vi (W(Z))J_
denotes the projection of vy (7 (7)) over the null space of ®, ;) and <I>7{(Z. denotes the

N0
projection of @, ; over the null space of v (r(i)), x = E {% \IIWH(Z Q)2 }
P n(s)
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can be written as

( 2
7r 7 H H
R 0 0 | H @)
= @) (0
L+ pry L) M) ()
; 2
va(z)Vl(W(i)) + (I)jr_(i)):| H, He) ®r(j)
= E Pr(j) '
L+ peii Iy (i)
; \N\HYTH 1 = H ?
(@ (\%a)\ ‘Vl(W(Z)) H o He) Py ‘(q’wm) Hw(i)HW(i)‘I)W(j))
> ]E pﬂ'(ﬂ) '
14 pw(j)];r((;-; N (3)
\
( 2
(®) ' (\%(n\ Amax (7(2)) [ V1 (7 ()T @) | = Ammax (7(0)) | D4, ||)
> ]E pﬂ'(ﬂ)
— 7 (2) .
1+ Pr(j )] ) N (3)
\
© Pr(4) max(ﬂ-(Z N\ LH L 2
=z E{ =0 (W(z’)} Maw(n‘l’n(i) +vi(m()] Bag| — H‘Pw(nH)
L+ priiy L)

Ve

E{(\%(i)\ || |70 B | = Vi (@)1 = (| @5 )2} :

where Apax(7(7)) denotes the maximum singular value of HW(Z H.;. (a) comes
from the fact that |a + b|> > (Ja| — |b])%. (b) results from the facts that vy (7 (i))

is the eigenvector corresponding to the maximum singular value of Hy(;), and hence,
2

H
v (m (i) "H Hay = Amax(m(i))va (7 (4)) ", and also (‘1’#@) H ) Hay®r)| <

|22
and finally (d) results from the facts that ] = [[Hx) W(J)H < Amax(7(1)),
\ |5 @] = [Va(m (@)l

and |vy| < 1. Since ‘V{{(Tr(i))‘bﬂ(i)‘ =1+ o(1), it follows that || = Vx| =
1+ o(1) and [[vi(m() ]| = |k,

’ [0y By + va (i) 4] B

(1). Hence, the necessary condition to

2
max(7(1)). (¢) comes from the fact that 1) = || Hrq) P H2 < Aax(7(2)),

(3.113)
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2
= o(1), Vi, j > i, with prob-

achieve the maximum sum-rate is having ‘@ﬂ(l D
ability one. In other words, ®,(;) and ®(;) must be semi-orthogonal to each other
with probability one, which completes the proof of Lemma B.T2

Remark - 1t is worth to note that the right hand side of (BII0) achieves the max-
imum sum-rate of M In (14 £ In N[1 + o(1)]) if the power is uniformly allocated

to the coordinates, almost surely. In other words, p; = +:[1 4 o(1)].

Lemma 3.14 Defining ¢; = vi!(n(i))X;, where ¥; £ [®ris)| - |®rar)], and
vi(m(2)) denotes the eigenvector corresponding to the mazimum eigenvalue of the

ith encoded user, assuming Dirty-paper Coding, the necessary condition to have

limy oo Coum — R — 0, in the case K < M —i+1is |||]* = o (PliN) and in the

case K > M —i+1 is ||&]]* = o(1), with probability one.

Proof - Consider the user with the encoding order ¢. The rate of this user can

be upper-bounded as

-1
Rw(z) < E In |T+ HT((Z Q7r (4) ) (I + HT((Z Z Q7r ] 7r(2 )
j=i+1
M
= E 1HI+Pﬂﬂiwﬂ%w¢ﬂuﬂﬂ@(f+ﬂﬂn[}:f%m¢ﬂﬂ¢ﬂﬂ
J=i+1
Writing the SVD of Hy;) as Ug;)Ar) Vf(i), we have
Rey < E{In [T+ prioh (7 (i) @r(iy By W] (3.115)

—1 . . M
where W 2 (I4+ G)™", in which G 2 Ary VI [0, pry @r) @2 | Ve AL,
2 AV i)

and W) )

Having the facts that v{(7(i))®. = 1+ o(1),



Feedback in MIMO Broadcast Channels 99

vii(n(i))®ri = o(1), j # 1 (Lemma BI3), M(7(i)) ~ InN, and \;(7(i)) =
o(lnN), j # 1 (Lemma BIJ), we have ¥, = [1 + o(1),0(1),---,0(1)]". In
other words, as N — oo, W, approaches to the vector [1,0,---,0]”. Using

I+ AB| = I+ BA|, we can write

Rey < E{In (14 proyha(m(i) B W) }
~ E{In (14 pry i (7()) Wiy [1+0(1)]) } (3.116)

where A;; denotes the (7, j)th entry of matrix A. Using the concavity of In function,

and having the facts that A\ (7 (i)) = In N + o(In N) with probability one, we have
Ry < In (14 proy(In N)E{Wy }[1+0(1)]). (3.117)

Since the necessary condition to achieve the maximum sum-rate is having R, =
In(£ In N) + o(1), Vi, the above equation implies that the necessary condition to
have limy_ o Csum — R = 0 is having E{W;} = 1+ o(1), which incurs that Wy,
must scale as 1 + o(1), with probability one. In the following, we calculate Wy;.

G=A,,VH

(%)

[ijviiﬂ pw(j)@ﬂ(j)@f(j)] Vﬂ(i)Af(i) can be written as

G = Zee"z", (3.118)

where Z 2 [ M)V ARV (7 }H, and
CE [va i+1) (I)ﬂ(z-l-l ‘ |\/ Pr(M (bT((M}

Z0© can be written as [ET|QT}T, where 2 2 \/\(7(i))vi(7(i))® and Q £ Z, 0,

and

Z, 2 [V u(x(i)vs <z’>>|-~-|wK(w(z’))vK(w(z'))}H.
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Substituting in the above equation yields

(=] =t
G = ) (3.119)
=2 QOf
As a result, Wy; can be written as
T+ QO
Wy, = ———
M I+ G|
T+ Q01|

- rrool SNCRED
(T +1EI) T+ Q94 + S, (~ 116Gy |A(Cy)

where A(Cj;) denotes the minor of Cy; and C £ G+1. |A(Cy;)| can be computed

as

ACH = 3 1A4(GyY), (3.121)

1Lji¢A;
where A 4,(Gy;) denotes a sub-matrix of A(Gy,), resulted from deleting the rows
and columns corresponding to the elements in A;, and A; is an arbitrary subset
of {1,2,---,K}. Note that Ay(Gy;) = A(Gy;), where () denotes the null set.

Similarly, we can write

T+ Q0" =Y |A4(Gn)l. (3.122)
19}2;41'
Substituting (B1Z1]) and (BI122) in (BI120), after some manipulations, we obtain

I+ QO
1+ QQ7| + |G| + [[E]126: + Y10 (—1)7+1Gy 65

where 6, = i |A4 (Gyy)| and 6; & > i |A4;(G1j)|. Two situations can
1¢.A; 1,j¢A;
Af;é(/) f{i#@

occur here:
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e Case I; K > M — i+ 1: In this case, since G is of rank at most M — i,
|G| = 0 in the above equation. We have observed that in order to achieve the
maximum sum-rate pr(;) = 1 [1 + o(1)], which incurs |Gy = © (PfM (X)),
k.l # 1, where A éQ)\g(w(z')), -+ Ag(m(9))], and f0™(X) denotes a function

of A, with order m . Having this, it can be easily proved that

K
IZI[P0: + > (=1)7'Guy6; = © (PE2E|P 2 (X))
j=2
and
1+ Q| =0 (PXFE2(X)gD(N)) . (3.124)

Using this and (BIZ3), it follows that the necessary condition to satisfy
Wi =1+ 0(1) is having ||E[|? = o (PgV(A)). Since ¢V(A) = o(In N), this

condition can be written as || E||* = o (PIn N).

o Case II; K < M — i+ 1: In this case, G is full-rank with probability one

and with a similar argument as in the previous part, we can show that
G =0 ([[E[*P* F52(N)gD (V) .

Hence, using (B123) and BI2)), the necessary condition to satisfy Wi, =
1+ o(1) is having ||Z]]*> = o (1).

and A\ (7(i)) ~ In N, we have |¢]|*> ~ y}alnn;

Having the facts that pr;) ~ 4
Therefore, the conditions of ||E||?> = o(PInN) and ||E||* = o(1) are translated

into [|&]|* = o(1) and ||&||* = o (55 ). respectively, which completes the proof of

9 A function f(z1,--- ,2,) is said to be of order m, if it can be written as e e, :C?”(j),

where Y, ai(j) = m, Vj.
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Lemma B.T4
|
Remark - Note that since
M
leill> = > v (w(0) @),
j=i+1

it follows that for case 1,
Vi (7(0))®ry> =0(1), i+1<j<M,

and for case 2,

: 1 » .

In other words, achieving the maximum sum-rate imposes an orthogonality con-
straint between the eigenvector corresponding to the maximum singular value of
each user and the coordinates of the transmitted signal for users with higher en-
coding orders. This orthogonality constraint is much more restrictive in the second
case.

In Lemmas B T2H3 T4l we have proved that, for any user selection strategy and
any known precoding scheme, in order to achieve the maximum sum-rate capacity,

the following constraints must be satisfied with probability one:
e The maximum singular values of selected users must behave as In N.
e The transmit covariance matrices must be rank one.

e The transmit coordinates must be almost orthogonal to each other. More-
over, they must be almost in the direction of the eigenvectors corresponding

to the maximum singular values of the selected users.
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e The transmit power must be allocated almost uniformly among the selected

users.

Having the above constraints satisfied, depending on the number of receive anten-
nas, an orthogonality constraint must be satisfied between the eigenvector corre-
sponding to the maximum singular value of each user and the transmit coordinates
of the users with higher encoding orders, with probability one. Now, the question
is that, taking the effect of quantization into account, how accurate should the BS
know the channels of the selected users such that the above constraints are satis-
fied. For this purpose, we focus on the last constraint and associate ||¢;||? with the

size of the quantization cookbook for the ith encoded user in the following lemma:

Lemma 3.15 Let L; be the size of the codebook used for the quantization of Hy.

Then, for any quantization method and any value of 6, we have

Pr{||e;||? > 0} > [max (o, 1- 1L, (Aj__ll) eM—i)}N. (3.125)

Proof - Since the transmitter only knows the quantized information about the
channel matrices, we can write vy (7 (4)) as vi(7(7)) + Avy(m(i)), where vy (7 (7))
is perfectly known by the transmitter and can be considered as a deterministic

vector, and Avy(m(7)) is unknown to the transmitter. Hence, we have
& = [Wi(r(@) +Avi(r(i)]" X
= bﬂ(i) + AXW(Z-), (3.126)

where b, = VI (m(i))X; is a 1 x (M — i) vector, known to the transmitter, while

Ax,) = AvE ((i))X; is an unknown 1 x (M — i) vector. We can write

lell* = min b, + Avy () Xy, (3.127)
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where v;(n) denotes the eigenvector corresponding to the maximum singular value
of the nth user, Avy(n) denotes the error in vi(n) due to the quantization of H,,
and b, £ v(n)Y;. In fact, in the above equation, it is assumed that all users
quantize their channel matrices, and ||¢;||? is lower-bounded by the minimum error.
Since Avy(n) are i.i.d random variables, it follows that p, £ ||b, + Ax,|?, where

Ax, £ AvH(n)X;, are independent from each other. Hence,
N
Pr{lle]* >0} > []é. (3.128)
n=1

where &, = Pr{u, > 0}. &, can be lower-bounded as follows:

(@) L
& > 1 —Pr{U I, — di)* < e}

=1

®) Li
> max <o, 1- ZPI {lIxn — di|” < 9}) : (3.129)

=1

where ¢;, [l = 1,---,L;, are the corresponding quantization code words for the
quantization of x,, = v (n)Y;, and d; £ ¢; — b,. (a) comes from the fact that all
the quantization bits are not necessarily utilized for the quantization of x,, , and
(b) results from the union bound for the probability.

Since the columns of Y,;, namely {@W(j)}jﬂii 41, are semi-orthogonal to each
other, x, £ vi/(n)Y; can be approximated by y,, which denotes the projection
of vi(n) over the (M — i)-dimensional sub-space spanned by {®,(;)}};,,. More

precisely,

Xp =y [I+ o(I)] . (3.130)

10T fact, if we denote the original quantization code words, utilized for the quantization of
H,, by {el}lL:il, we can write ¢; = f(e;), 1 <1 < L;, where f(.) is a mapping which depends on
the quantization method. Since the mapping f(.) is not necessarily one-to-one, it follows that

the number of distinct elements in the set {c;}/, is at most L;.
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As vi(n) is an isotropically distributed unit vector in C**™  the pdf of y,, can be

computed from [36] as

plyw) = e (1= Iall?) ™l <1 3131

Combining (B130) and BI31), Pr {||x, — d;||* < 6} can be computed as

/ p(x,)dx,
Crr—i(d;,V0)

/ p(yn)dyn
Car—i(dy,V0)
) (M —1)! /
_ dyn
oM=i(i —1)! Crr—i(di,V0)
M -1
_ (—)'vol (CM—i(dla \/5))

M= — 1)

(Af__ 11) oM~ (3.132)

Pr{lx,—d|*<60} =
G130

INE

—
=
=

where C,,(t,r) denotes the m-dimensional sphere (in the complex space) centered
at t with radius r, and vol(v) denotes the volume of the region v. (a) comes from
the fact that that from EI3T), p(y,) < %, and (b) results from the fact

that the volume of a sphere with radios d in the m-dimensional complex space is
equal to Z-d*™. Substituting (FI32) in (BIZ), we have
M—1 ,
£, > max <o, 1-— Li( . )eM—Z) : (3.133)
Z —
Substituting in (B128), Lemma easily follows.
[ |

In Lemma BT4, we have shown that in order to achieve the maximum sum-

1
PIn N

rate, in the case K < M — i+ 1, we must have ||¢]|? = o ( ) and in the case

K > M — i+ 1, we must have ||¢]|> = o(1), with probability one. In other words,



Feedback in MIMO Broadcast Channels 106

in the first case,

1
Pr{||ei||2 > PIHN} =o(1), (3.134)

and in the second case,
Pr{||ei||2 > 1} =o(1). (3.135)

Combining the above equations with (BI2H), it follows that for the user with the

encoding order 7, such that ¢« < M — K, we must have

(s 1) ] ) - = o (220

and for the users with the encoding order greater than M — K|

L—w (%) . (3.137)

Therefore, in the case of K < M, the total amount of feedback can be written as

M-K

B(Fo) 2 E(NG}+ Y loga(L)])’

1
/ o . =+
Inln(PInN) +g¢ + 13 ;:1 (M —¢)In(PInN) —InN + ¢"]",

—~
=
=

(3.138)

for some ¢’ > 1 and ¢” > 1, where Ny denotes the number of users who send
feedback to the BS. (a) comes from the fact that at least Ng users send one bit
and (M — K) users each send [log,(L;)]" bits to the BS, where L; is computed

from (BI3d). (b) results from (BRH) and BI30).

In the case of K = M, (BI31) does not impose any constraints on L;. Hence,

the total amount of feedback can be lower-bounded as

E{Fq} = E{Ng}
= Inlnln N + g, (3.139)
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which completes the proof of Theorem B.T1l
|

Although the above theorem gives us the necessary conditions for the amount
of feedback to achieve the maximum sum-rate, the achievability of those conditions
is not clear. A subsequent theorem gives the sufficient condition for achieving the
maximum sum-rate.

From the above theorem the following observations can be made:

i) In the case of K < M, for the asymptotic scenario of P — oo, the mini-
mum amount of feedback per user in order to achieve the maximum sum-rate grow
logarithmically with SNR. More precisely, in the region In P = w(Iln N), the total

(M—K)(M+K—1

amount of feedback must be at least ) ) In P, which means that the

minimum amount of feedback per user must be %h‘% This logarith-
mic growth is also shown for the fixed-size networks in [45], when the BS performs
ZFBF. Moreover, for the fixed SNR scenario, this theorem implies that the mini-
mum amount of feedback bits per user does not need to grow with /N, which agrees
with the result of Theorem B, where we showed that the maximum sum-rate is
achievable by a fixed amount of feedback per user.

ii) The more interesting observation is that, in the case of K = M, the above
theorem does not impose any constraints on the minimum amount of feedback bits
per user, even for the asymptotic scenario of P — oco. One may argue that this is
not surprising as in this case, the transmitter can select the user which maximizes
the single-user capacity (with a fixed amount of feedback per user, regardless of
SNR), and communicates with that user, without knowing its channel. In [50], we

have shown that this argument is not valid, as limy_, o Csum — RTpMA = M In M.

In other words, there is a constant gap between the achieving sum-rate and the
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maximum sum-rate. In fact, the reason that this case differs form the case K < M
is the “interference hiding”. Since each user has M coordinates and the number of
interfering coordinates is M — 1, the transmitter can wisely hide the interference
coordinates in the null-space of the signal coordinate, and thus the receiver does not
see any interference. In other words, the transmitter does not need to “mitigate”
the interference, which requires much more precise information about the channels.
As a result, unlike the case K < M, the total amount of feedback does not need

to grow with SNR.

Theorem 3.16 The sufficient condition for achieving the mazimum sum-rate,
such that limy p—.oo Csum — R = 0, in the case of K < M s

E{Fo} = ﬁ [M(M —1)InP — M(K —1)Inln N — o(In N)]* + w(Inln(P1n N)),

(3.140)
and in the case of K = M is
E{Fo} =MInlnln N + g. (3.141)

Proof - The proof is based on the two algorithms given in the following, in the
cases K < M and K = M. We show that by using these algorithms one can
achieve the maximum sum-rate throughput of the system in each case, while the
total amount of feedback satisfies (B140) and (BI4Tl), respectively.

Case K < M:

Consider the following algorithm:

1. Set the thresholds ¢, 3, and e.

2. Define
So =1{k| Amax(k) > t},
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where Apax(k) is the the maximum singular value of the kth user.

3. All users in Sy quantize the eigenvector corresponding to the maximum singu-
lar value of their channel matrix, denoted by vy, using the quantization code
book C = {cy, -+ ,cy5}, where {cl}lzjl are 1.i.d. unit vectors with uniform

distribution (RVQ). The quantized vector of vy, denoted by vy is selected as

Vi = arg max|vi'c.

4. All the users in the set
81:{]{7680‘ |Vk<’\k‘2>1—€}

send one bit to the BS. The BS selects one user in §; at random and inform
this user (s1) to feed back its eigenvector. User s; feeds back the quantization
index corresponding to its eigenvector to the BS. The BS sends this index to

all the users in the set S§; — {s;}.
5. For m = 2 to M the following steps are repeated:
— Define S,, = {k € Sm_l} VAV, ]?P< ﬁ}. All users in S, send one
bit to the BS.

— The BS selects one user in S,, at random and informs this user (s,,) to

feed back its corresponding eigenvector.

— User s, feeds back the quantization index corresponding to its eigen-

vector to the BS. The BS sends this index to all the users in the set
S — {sm}-
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6. After selecting the users and receiving their quantized eigenvectors, the BS
forms the beams {®,,, })"_,, such that ®,,, is in the null-space of Vs, j # m

(Zero-Forcing Beam-Forming). In other words, ®I' v, =0, Vj # m.

7. The BS forms the transmitted signal as
M
x=> &, (3.142)
j=1

where z,, ~ CN(0, %) is the intended signal for the user s;.

8. At the receiver s,,, the received vector y,,, is multiplied by uf | where u,,,
denotes the left eigenvector corresponding to the maximum eigenvalue of the

user S, to form ry = ufﬂ Vs,,- Then, the decoding is performed.

Defining the event @ 2 NY_ {|S,.| # 0}, the sum-rate can be upper-bounded

as

R = Pr{Q}Ro+Pr{Q°} Ryc

Z PI"{Q} RQ

(@) M

> 1= Pr{|S.| =0} R, (3.143)
m=1

where R denotes the average sum-rate conditioned on Q and (a) comes from the
union bound for the probability. To compute Rg, we calculate the rate of each

user conditioned on Q. For this purpose, the received signal by the s,,th user is
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simplified as follows:

_ H
/rsm - usm ysm

= ugn H,, x + n,, |
@ \/)\max(sm)vf;x + 2,
= Vumax(5m)VE @020, + >V Amax(5m)VE @42, + 24, (3.144)
j#m
where z;, ~ CN(0,1) is AWGN and (a) comes from writing SVD for Hy, . In
the above equation, the first term contains the desired signal and the rest are the
interference and noise terms. Hence, the rate of this user can be written as

£)\rﬂaX m H ¢8 ?
R, —E {m <1 + 2 (m) [V5, s , . (3.145)
> it A7 Amax(sm) [VE @7+ 1

Sm

We can write

v, =al v, +vE (3.146)

Sm?

A~
|2 $H

Sm Sm

where « v,,, and Gjm is the projection of v, over the sub-space perpen-

. ~ . . 2 .
dicular to v, . Using the above equation, Vg L‘I>8j‘ can be written as

= }(a” Vs, +Vi )H‘I>8j ’

Sm Sm

S

@ ’ (vJ_m)H (I)sj 2

< |90

= 1-¥v,.|, (3.147)

where (a) comes from the fact that v @, =0, j #m, by the algorithm. Condi-
tioned on Q, we have Ayax(sm,) >t and Wgnvsm‘z > 1 — e. Therefore, the rate of
the s,,th user, conditioned on Q, can be lower-bounded as

PLIGH & 2
Rsno = In 1+% : (3.148)
1+ =



Feedback in MIMO Broadcast Channels 112

In Appendix [H, we have shown that having § = o(1) and ¢ = o(1) guarantees
v <I>sm‘2 = 1+ o(1). Having this, it follows that choosing t = In N + o(In N)

Sm

and € = o ) incurs Ry 10 = In(1+ £ InN +o(lnN)). Similarly, we can

PN
show that the same rate is achievable for the other selected users. Hence, Rg =
M In (1 + % In N + o(ln N)) and as a result, limp y_.oo Csum — Ro = 0. Using this
fact and (BI43), it follows that the sufficient condition to achieve limp n—, oo Coum —
R =0is {zﬁle Pr{[S,,| = 0}} Ro = o(1), which incurs Pr {|S,,| = 0} = o (m)
Since Syy € Sy—1 C -+ - € &y, it suffices to consider only Sy;. Defining ¢, £ Pr{k €

Sy} for a randomly chosen user k, we have
g = Pri{dma(k) >t |viV, > <Bm=1,--,M—1[viVi|* > 1—8}149)

Since the events A; £ {Apax(k) > t}, Ay £ {|vIV, P <B,m=1,--- , M -1}
and Az = {|vl/¥;|? > 1 — €} are independent of each other, g, can be written as

Hle ki, Where q; = Pr{A4;}. We have

—

a

G @(e—ttM-i-K—Z)’

g 2 0N, (3.150)

~

—~
=

where (a) comes from [19], and (b) comes from [50]. Furthermore,
Qg3 = 1— Pr{|v,?9k|2 <1-— e}
L
= 1- l_IPr{|V,?cl|2 <1l—¢€}
I=1

W oo (1-et

_LE]Wfl

Q

1—e

IN

LMt (3.151)
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where L £ 28 and (a) results from Appendix [Al Combining (BI50) and (BI51),

we can write

Pr{|Sy| =0} ~ (1—q)"
= (1 — gridrogrs)”
> [1 _ e (e—ttM+K—2ﬁM—1L€M—1>}N

~ exp {—0O (Ne ¢MTE2gM-1LeM-1)1 (3.152)

Hence, in order to have Pr{|Sy/| =0} =0 ( ), it suffices to have

1
In(PIn N)

L= @( (Inln(Pln N) + g) (ﬁe)_(M_l)N_lett_(MJrK_z)). (3.153)

Choosing 3 = o(1), t = (1 —a)InN, and € = where «,d = o(1), and

_6
Pln N’
substituting in the above equation, we obtain
L = @( (Inln(Pln N) + ¢) [PIn N]M~1(38)~ M-V N=[ly N]—<M+K-2>)
- @( (Inln(Pln N) + g) PM~[In N]—<K—1>(55)—<M—1>N—a). (3.154)

Having B = [log,(L)]™, yields

1

B=—
In2

(M —1)InP— (K —1)lnln N +Inlnln(PIn N) + g — o(In N)]73.155)

Using the above equation, the total amount of feedback can be written as

E{Fo} = MB+) E{|Sn[}

M
= MB+) (N-m+1)Pr{k€S,}
m=1

= MB +w(lnln(PlnN))
= [M(M—-1)InP—M(K —1)Inln N — o(ln N)]" + w(lnln(P1n N)),
(3.156)
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where (a) comes from the fact that selecting L as in (Z53]), results in NPr{k €
Su} = nln(PIn N) + g, and hence, NPr{k € S,,} ~ NPr{k € Sy} M =
w(nIn(P1In N)).

Case K = M:

Consider the following algorithm:

1. Set the thresholds ¢ and e.

2. Define
So = {k| Amax(k) > t},

where Apax(k) is the the maximum singular value of the kth user.

3. The BS selects a unit vector ®,, at random and sends this vector to all users

in SQ.
4. All the users in the set
81:{]{3680’ ‘V,?‘I’sl‘2>1—€},

where v, denotes the eigenvector corresponding to the maximum eigenvalue
of user k, send one bit to the BS. The BS selects one user in §; at random

indexed by s;.
5. For m = 2 to M the following steps are repeated:

— The BS selects a unit vector ®, such that it is orthogonal to the

Sm

m—1

i1ioy, and sends it to the users in Sp.

previously chosen vectors {®;

— Define S,, = {k € 80‘ vi®, |2 >1-— e}. All users in S,, send one
bit to the BS.
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— The BS selects one user in S,, at random indexed by s,,.

6. The BS forms the transmitted signal as

M
x=>» &, 1z, (3.157)
m=1

where z,, ~ CN(0, L) is the intended signal for the user s,,.

7. At the receiver s,,, the received vector is multiplied by R;,ll/ 2, where

P
A HytH
R,, 21+ 7 H @ UH
j#m

to form r, = R, 2ysm. Then, the decoding is performed.

Sm

As can be observed, this algorithm is very similar to the previous algorithm, with
the difference in the quantization code book and decoding. In this algorithm, the
quantization code book contains only one code word at each step, which is variable
and decided by the BS, while in the previous algorithm the quantization code book
is fixed and the number of code words grow with SNR. Moreover, the receiver uses
all coordinates for decoding the signal, while in the previous algorithm the decoding
is only performed in one coordinate. In fact, in the case of K < M, using all the
coordinates does not provide any gain, while in the case of K = M, it does. In the
case of K = M, if any of the sets S,,, m =1,---, M, is empty, the BS selects any
user at random and communicates with that user, setting the transmit covariance
matrix equal to ﬁl. This provides a rate scaling as M In P, without requiring any

amount of feedback.
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Defining the event @ £ NY_ {|S,.| # 0}, similar to (BI43), we can write
R = Pr{Q}Ro+[1 - Pr{Q}| R

— Ro—[1-Pr{Q}] [Ro -~ RE|
> Ro— (Z Pr{[S,,| = 0}> [RQ - R%ﬂ , (3.158)

where RI%SC denotes the achievable rate, when the BS selects one user at random
and communicates with that user, conditioned on Q¢. It is easy to show that
R = MIn P+ 6(1).
The rate of the user s,,, conditioned on Q, can be computed as
P
Rsjo = E{ln I+ MHM@S"L@;’{UH;L{”R;{ Q}. (3.159)

For e = 0(1) and t ~ In N, and using the equations (B110) and [BI23)), it follows

that
P
Rsm|Q Z E {hl (1 + —t(l - 6)W11)}
M
P
— In (1 + N[+ 0(1)]) , (3.160)
where W = R!. Hence,
P
Ro=MIn (1 + 7 In N1+ 0(1)]) : (3.161)

C

and as a result, Coum — Ro = 0o(1). Therefore, having the fact that Rgo — RI%S ~

MInIn N, we can show that 7, £ Pr{|S,| # 0} = o(x), Vm, guarantees

Coum — R = 0(1). n,, can be written as (1 — g,,)", where ¢, = Pr{k € S,,,}, for a

randomly chosen user k. ¢,, can be computed as

Gm = Pr{nax(k) > t}Pr{|vi®, [*>1—¢}
(a) e—ttM+K—2

~ WGM*, (3.162)
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where (a) comes from [19] and [50]. Consequently,

e tpM+K -2 N
S § L E—
[(M)I'(K)
ety M+K—2 ,.
~ o Nonrm < (3.163)

Choosing € = v and t =In N + (K — 1)lnIn N —InlnlnIn N — In'(M)I'(K) —

w (lnlnllnN) results in Nhm = 0 ( ) and hence> having th,P—>oo Csum —R=0.

_1
Inln N

The amount of feedback can be computed from

E{Fo} = E{Zl&nl}
= N anm

(@)
~ Y In(n,"
m=1
= MInlnln N + g, (3.164)

where (a) comes from the fact that n,, = (1 — g,,,) ~ e~ Nom,
[ |
Remark 1- Comparing the necessary and sufficient conditions on the minimum
amount of feedback for achieving the maximum sum-rate, it turns out that the
proposed algorithm in the case of K < M is asymptotically optimal by a constant
multiplicative factor, in terms of the required amount of feedback, in the region
In P = w(ln N). Moreover, in the case K = M, the proposed algorithm is optimal
by a constant multiplicative factor, in terms of the required amount of feedback,
for all ranges of SNR.
Remark 2- Comparing the two cases K < M and K = M, it follows that the
minimum amount of feedback in the first case grows logarithmically with SNR

while in the second case it does not grow with SNR.



Feedback in MIMO Broadcast Channels 118

Remark 3- In the case of K < M, when InP # Q(lnN), it is possible to
achieve the maximum sum-rate by using a finite-size quantization code book for
all the users (Random Beam-Forming). However, in the case of In P = w(ln N),
the size of the quantization code book must grow polynomially with SNR. In the
case of K = M, it is possible to achieve the maximum sum-rate with finite rate
quantization for all ranges of SNR. In other words, Random Beam-Forming is
always optimal in this case. Note that, however, the decoding must be performed
in all the coordinates.

Remark /- The first algorithm can be considered as the generalization of Ran-
dom Beam-Forming, when the number of beams vary with SNR. This algorithm is
very similar to the algorithm proposed in [5], with the difference in limiting the

number of candidate users and thus reducing the amount of feedback furthermore.

3.4 Conclusion

In this chapter, the minimum required amount of feedback in order to achieve
the maximum sum-rate capacity in a MIMO-BC with large number of users and
different ranges of SNR is studied. In the fixed SNR and low SNR regimes, we
have proved that to achieve the maximum sum-rate the total amount of feedback
from the users to the BS must be infinity. However, it does not need to scale with
N. Moreover, in the fixed SNR regime, in order to reduce the gap to the sum-rate
capacity to zero, the amount of feedback must scale at least as Inlnln N, which
is achievable by the Random Beam-Forming scheme introduced in [26]. Moreover,
it is shown that the optimality of Random Beam-Forming scheme only holds for

the region In P # Q(In N). In the regime of In P = Q(N), we consider two cases.
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In the case of K < M, we prove that the minimum amount of feedback in order
to reduce the gap between the achievable sum-rate and the maximum sum-rate
to zero grows logarithmically with SNR, which is achievable by the “Generalized
Random Beam-Forming” scheme proposed in [5I]. In the case of K = M, we
show that by using the Random Beam-Forming scheme with the total amount
of feedback not growing with SNR, the maximum sum-rate capacity is achieved,

provided that the decoding is performed in all the received coordinates.



Chapter 4

Fairness in the Scheduling

4.1 Introduction

With the development of personal communication services, one of the major con-
cerns in supporting data applications is providing quality of service (QoS) for
all subscribers. In most real-time applications, high data rates and small trans-
mission delays are desired. Most data-scheduling schemes proposed for current
systems have concentrated on the system throughput by exploiting multiuser di-
versity [I7,56, 657,68, 69]. In cellular networks, by applying multiuser diversity,
the time-varying nature of the fading channel is exploited to increase the spectral
efficiency of the system. It is shown that transmitting to the user with the highest
signal to noise ratio (SNR) provides the system with maximum sum-rate through-
put [60]. The opportunistic transmission is proposed in Qualcomm’s High Data
Rate (HDR) system [56].

Although applying multiuser diversity through the scheme in [60] achieves the

maximum system throughput, QoS demands, including fairness and delay con-

120
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straints, provoke designing more appropriate scheduling schemes. The schemes
that consider delay constraints have been studied extensively in [17,61 62 63,64,
60l 66l 67, 68, 69, 70, 71, [75], [72, [73,[74). In [61], the authors propose an algorithm
which maintains a balance between the throughput maximization, delay, and out-
age probability in a multiple access fading channel. The tradeoff between the
average delay and the average transmit power in fading environments is analyzed
n [62]. In [63L64], authors propose scheduling metrics that combine multiuser di-
versity gain with the delay constraints. In [65)], the scheduling scheme is designed
based on maximizing the effective capacity [(6] which is characterized by data rate,
delay bound, and delay-bound violation probability triplet. The throughput-delay
tradeoff of the multicast channel is analyzed for different schemes in a single cell
system [66]. This trade-off has been obtained for more general network topologies
in [67]. In the static random network with n nodes, the results of [67] show that the
optimal tradeoff between throughput 7, and delay D, is given by D,, = ©(nT},).
They also show that the same result is achieved in random mobile networks, when
T,, = O(1/v/nInn). The first studies on achieving a high throughput and low de-
lay in ad-hoc wireless networks are framed in [58], [68], and [69]. This line of work
is further expanded in [67,[70,[71] by using different mobility models such as the
random walk and the Brownian mobility models. Neely and Modiano [71] consider
the delay-throughput tradeoff only for mobile ad-hoc networks. They investigate
the delay characteristics by using the redundant packets transmission through mul-
tiple paths. In [(2], the authors have proposed and compared different scheduling
achemes based on the users’ channel qualities and their remaining job times, in the
downlink of a MIMO wireless cellular packet data system in fast and slow channel

variation scenarios. In [73], the authors have analytically characterized the schedul-
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ing gain achieved by opportunistic schedulers with both single-user and multi-user
multiplexing, and showed that the average delay grow double-exponentially with
the overall throughput, with any opportunistic (single-user time-sharing or multi-
user multiplexing) scheduling. In [4], the authors consider a wireless downlink
communication system, where the channels are characterized by frequency-selective
fading, modeled as a set of M parallel block-fading channels, and a frequency-flat
distance-dependent path loss. They compare delay-limited systems (which impose
hard fairness) with variable-rate systems (which impose proportional fairness), in
terms of the achieved system spectral efficiency C' (bit/s/Hz) versus Ej/Ny, and
find simple iterative resource allocation algorithms that converge to the optimal
delay-limited throughput for orthogonal (FDMA/TDMA) and optimal (superposi-
tion/interference cancellation) signaling. In the limit of large number of users and
finite M, the authors find closed-form expressions for C' as a function of E,/Ny
and show that in this limit, the optimal allocation policy consists of letting each
user transmit on its best subchannel only.

In [75], the delay is defined as the minimum number of channel uses that
guarantees all n users successfully receive m packets. Reference [75] studies the
statistical properties of the underlaying delay function. However, the delay con-
straint is assumed to be soft, meaning that this scheme aims to minimize the total
average network delay and there is not any delay constraints for the individual
users.

In this chapter, we consider a hard delay constraint D for each user, which
is enforced by the application or physical limitations (e.g. buffer size). We de-
fine a dropping event as the event that there exists a user who does not meet

the desired delay constraint. We propose a scheduling scheme for maximizing the
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throughput of the system, while satisfying the delay constraint for all users. The
proposed scheduling algorithm works based on setting a threshold on the channel
gain of the users and among the users with channel gains above the threshold,
the user with the minimum Packet Expiry Countdowns (PEC), which is defined
as the remaining time to the expiration of that users’ packet, is served. By doing
asymptotic analysis, it is proved that by selecting the threshold level properly, the
proposed scheduling algorithm achieves the maximum throughput, maximum fair-
ness, and minimum delay in the network, simultaneously, in the asymptotic case
of N — oo. The analysis is based on characterizing the probability mass function
of PEC in terms of N, D , and the threshold value, and evaluating the network
dropping probability accordingly. It is also demonstrated that the Round-Robin
(RR) scheduling, which focuses on maximizing the fairness and minimizing the
delay in the network, and Multi-User Diversity (MUD) scheduling, which focuses
on maximizing the throughput in the system, are two extreme cases of the pro-
posed algorithm, where the former suffers from the weak performance in terms
of throughput and the latter increases the network delay by a factor of In N.
Moreover, we have introduced a new notion of performance in the network, called
“Average Throughput”, which is defined as the product of the packet arrival rate
and the amount of information per channel use in each packet, and proved that the
proposed algorithm maximizes the Minimum Average Throughput in a broadcast
channel. It is demonstrated that the proposed scheduling outperforms the conven-
tional multiuser diversity scheduling and Round-Robin scheduling in terms of the
Minimum Average Throughput, by factors In N and Inln N, respectively. It is also
established that the proposed algorithm reaches the boundaries of the capacity re-

gion and stability region of the underlying system, simultaneously. The proposed
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algorithm is also generalized to MIMO Broadcast Channels (MIMO-BC) by mod-
ifying the Random Beam-Forming scheme proposed in [26]. It is shown that the
proposed algorithm is capable of achieving the maximum throughput, maximum
fairness, and minimum delay, simultaneously, in the asymptotic case of N — oo.
Moreover, it maximizes the Minimum Average Throughput in a MIMO-BC.

The rest of the chapter is organized as follows. In section 2], the system model
is introduced and the proposed algorithm is described. Section is devoted
to the asymptotic analysis of the proposed algorithm. Section B4l describes the
generalization of the proposed algorithm for MIMO-BC, and finally, section

concludes the chapter.

4.2 System Model and Proposed Algorithm

4.2.1 System Model, Assumptions, and Definitions

In this chapter, a downlink environment in which a single-antenna Base Station
(BS) communicates with a large number (V) single-antenna users, is considered.
We assume a homogeneous network, where the channel between each user and
the BS is modelled as a zero-mean complex Gaussian random variable (Rayleigh

fading). The received signal at the kth terminal can be written as
Yk = hyx + ny, (4.1)

where x denotes the transmitted signal by the BS, which is assumed to be Gaussian

with the power constraint P, i.e., E{|z|*} < PH, hy ~ CN(0,1) denotes the channel

!'Note that the power constraint here is per frame, i.e, is independent of the channel realiza-

tions.
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coefficient between the BS and the kth terminal, and nj; ~ CN(0,1) is AWGN.
We assume that block coding for error free transmission is performed over frames,
where the information content of a frame is called packet. In addition, we assume
that the frame length is constant (unit of time), while the information content
of a frame can potentially vary depending on the capacity of the corresponding
channel realization. As we will see later, the proposed method results in almost
equal information content (packet length in bits) for all the frames. It is also
assumed that only one user is served during each frame. The channel coefficients
are assumed to be constant for the duration of a frame, and change independently
at the start of the next frame (block fading model). The frame itself is assumed to
be long enough to allow communication at rates close to the capacity. This model
is also used in [75] and [26].

It is assumed that the users have delay constraint D. In other words, the delay
between two consecutive received packets should not be greater than the duration
of D frames. Otherwise, the transmitted packet will be dropped. The network
dropping event, denoted by %, is defined as the event that dropping occurs for any
user in the network. We define a parameter v for each user, which denotes the
expiry countdown of that user’s packet, i.e., the remaining time to the expiration
of the packet. v is expressed in terms of an integer multiple of the frame length.
At the end of each frame, the expiry countdown of each user is decremented by
one, except for the user which is served during that frame. For this user, the expiry
countdown is set to D at the start of the next frame. Therefore, for all users v < D
(Fig. EET0). Since the channel model is independent block fading, and the network
topology and the proposed scheduling algorithm are symmetric with respect to

the users, it can be easily shown that there exists a steady state for the system
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t=j+1

k=1 k=2 k=K
CEE - E

—oo < w(j) < D, Vk, j

Vi, vi(4) # vi(4), for i # k
Vi, ve(j+ 1) = w(j) — 1, for k # s, vs(j +1) = D,

where s is the user which is serviced during the jth frame
Figure 4.1: A Schematic figure for the expiry countdown.

(no matter what the initial state is), in which the statistical behavior of the users’
expiry countdowns is independent of the time index. In the steady state, since in
each frame only one user is served by the transmitter, the expiry countdown of the
users are distinct in each time. All the results derived in this chapter are based on
the assumption that the system is in the steady state.

In this chapter, we are interested in maximizing the throughput and fairness in

the network. First, we give the definitions of throughput and fairness:

Definition 4.1 The throughput is defined as the average sum-rate of the system,

when the average is computed over all the channel realizations.

Definition 4.2 Consider a scheduling .. Then, the Fairness Factor (FF) for

this scheduling is defines as

Dmin(y)

(4.2)
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where Dy () denotes the minimum value of D such that Pr{#} — 0, using
scheduling .7 .

Dljﬁnition 4.3 A scheduling . is said to achieve the maximum fairness, if FF(.%) =
1

4.2.2 Proposed Scheduling Algorithm

The proposed scheduling algorithm is described as follows:
Algorithm 1:

1) The BS chooses a threshold O, and sends it to all users.

2) Let us define
S 2 k| |ef? > 0}, (4.3)
All users in S send a confirmation message to the BS.

3) Among the users in S, the BS serves the one with the minimum v (ezpiry

countdown).

In the proposed algorithm, the threshold © is set to trade-off the throughput vs.
the fairness in the system. If © is chosen to be very large, then the scheduling
tends to maximize the throughput. If © is chosen to be very small, the algorithm

tends to maximize the fairness in the network.

2This definition is motivated by the fact that for Round-Robin scheduling (which is known to
be the most fair scheduling), Dy, = N.
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4.3 Asymptotic Analysis

In this section, we analyze the network dropping probability, denoted as Pr{#},
in terms of the number of users N, and the delay constraint D, for the proposed
scheduling. We consider the asymptotic case of N — oo and derive the condition
for D such that Pr{#} — 0. To this end, the probability mass function (pmf) of
v, denoted as f,(v), is characterized in terms of D, N, and ©. First, we consider

two special cases of the proposed algorithm:

4.3.1 Special Case I; © = 0:

In this case, the user with the minimum v is served. In other words, the quality
of channel does not play any role in the scheduling. The set S which is defined in
E3) is simply the set of all users.

Theorem 4.4 For © =0, f,(v) can be obtained as follows:

L D_-N+1<v<D
fiv)y=¢ ¥ . (4.4)
0 v<D-N

Proof - Let us define vy, (t) £ minges vx(t), where v (t) denotes the expiry count-

down for the kth user at time t. We have

a

Privam(t) =1} = > Prin(t) =1L u(t) > i # k}
k=1

—~
=

—~
=
=

NPI‘{I/l(t) = l, l/g(t) > l, s ,VN(t) > l}
NPr{v(t) = [}Pr{wa(t) > 1,--- ,un(t) > | vi(t) = 1}4.5)

where (a) follows from the fact that as in each channel use only one user is served,

the random variables v;(t)’s are distinct in each time slot ¢, and (b) results from
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the symmetry between the users. We have
Pr{w(t) > 1,- - ,un(t) >l wnn(t) =1} =0, for | >D—N+1, (4.6)

which results from the fact that for [ > D — N 41, there are at most N — 2 possible
choices for each of v;(t), i = 2,---, N, and since v;(t) are distinct, the assignment
problem has no solution. Moreover, we can write,

Pr{v(t)=1-1} = Pr{int—-1)=12°0t—-1)}, (4.7)

where 2} (t—1) represents the event that user k is served during the (t—1)th frame,
and 2;¢(t — 1) denotes the complement of 2} (t — 1). Since we are studying the
behavior of the system in its steady state condition, it follows that the statistical
properties of v4(t) and Z;(t — 1) are independent of the time index. Hence, we

can drop the time index in the above equation and write
Pr{iy, =1-1} = Pr{y, =102}
= Pr{u, =1} (1 = Pr{Zk|v, = 1})
= Pr{ve =1} (1 = Pr{vnn = l|lue = 1}). (4.8)

Combining (@) and (£F), and noting that Pr{y, = [} = f,(I) and Pr{vn, =
lNog =1} =Pr{ry > 1,--- ,uy > ljvy = [} (by the symmetry), we have

LU=1)=f,() = fL,(O)Pr{re > 1,--- ,un >y =1} (4.9)
Substituting (E0) in @), we get
L) =f,(l—=1), for D-N+2<[<D. (4.10)

Since during each frame, exactly one user is served, there is always one user with

expiry countdown equal to D in the system. In other words,

Pr{t\j(uk = D)} =1 (4.11)

k=1
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Since the events v, = D, k= 1,---, N, are mutually exclusive, it follows that
N
Z Pr{v,=D} = 1
k=1
=) @ L (4.12)
N

where (a) comes from the fact that Pr{vy, = D} is the same for all k, and is equal

to f,(D). Combining (I0) and (EIH), we have

1

foll) =%+ D-N+1<i<D. (4.13)

Since 327 f,(I) = 1, from the above equation it follows that
(1) =0, | <D-—N, (4.14)

which completes the proof of Theorem 4l

|
The above theorem implies that the pmf of v is a step function which is only non-
zero in the interval [D — N + 1, D]. Since the probability of dropping for any given
user can be expressed as >,____ f,(1), it follows from the above equation that for
D > N, the dropping probability for each user is zero and as a result, the network
dropping probability is zero.

This scheduling is exactly the Round-Robin scheduling, when the users are
served based on a pre-determined order. One can observe that this scheduling is
the most fair scheduling (FF = 1), as all the users have the same opportunity
for being served, regardless of their channel quality. However, due to disregarding
the effect of channel quality in the scheduling, the achievable throughput is not
good. More precisely, it can be easily shown that the achievable throughput of this

scheduling scales as ©(1).
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4.3.2 Special case II; © = max; |hg|*:

In this scheduling, |S| = 1. In other words, the user with the best channel quality
is served during each frame. This results in the conventional scheduling to exploit
the multiuser diversity and achieves the maximum sum-rate throughput in the

system [[(7].

Theorem 4.5 For the Special Case II, f,(v) is equal to

f.(v) = % <1 - %)D_Vu(p — ), (4.15)

where u(.) denotes the unit step function.

Proof - Similar to ([£8), we can write

fl=1) = f(l) (1 = Pr{Zk[vy. = I})

2 L0 -Pr{2i))

Y na (1 = %) , (4.16)
where (a) comes from the fact that the selection of users is performed regardless
of the value of their ezpiry countdown. (b) results from the fact that the fading
process is block-wise independent, and as a result, the probability that the channel

norm of any user is the highest during a frame is % From the above equation, the

pmf of v can be written as

fo(l) = 1, (D) <1 - %) . 1<D. (4.17)

From (EId) and noting that ZID:_OO fu(l) =1, we have f,(D) = +. Hence,

£00) = % (1 _ %) (D —1), (4.18)
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where u(.) denotes the unit step function. Hence, the pmf of v follows the expo-

1

nential distribution with the parameter 1 — +

Theorem 4.6 For N — oo, the necessary and sufficient condition to have Pr{#} —

0 for the special case II is
D=NInN + w(N). (4.19)

Proof - Sufficient Condition: Using (LI8)), the dropping probability for a user k,

denoted as Pr{%}, can be written as

Pr{z} = > f0)

l=—

~ €W, (4.20)

The network dropping probability (Pr{Z}) can be written as Pr{U]kV:1 Py }. Using

the union bound for the probability, we have

Pr{#} < iPr{%}

E20)
= e (4.21)

Hence, having D = NIn N + w(N) guarantees Pr{#} — 0.

Necessary Condition: We can write

Pr{#} = 1-Pr { N @g} . (4.22)

k=1
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The dropping event for the kth user, %, is equivalent to v, < 0. Hence, the above

equation can be written as

Pr{%#}

—
S
=

S

€20

—
Ve

1—=Pr{ry >0,---,vy >0}
N

1—Pr{v; > 0} [[ Pr{wx > 0j1 > 0,1 >0, , 1y > 0}
k=2

N Z(a&"’?ﬁl) fl/1,~~~,uk,1(a1a T aa'k—l)
1-P >0 =t
r{n }g ( Pr{v; >0, -+, 11 > 0}

Pr{v, > 0lyy = aj, o = ag, -+ ,vp_1 = ak_l}) (4.23)

N Z(al,"-,ak,l) .fl/l,“',l/k,l(a'la e 7a'k—l)
1 — Pl"{Vl > 0} H ( 1<a; <D
k=2

Pr{v; >0, -+, 11 > 0}

Pr{v), > 0y, & {a1, az, - - >ak—1}}>

N Z(a&"’?ﬁl) ful,---,uk,l(alu e 7ak—1>
1-P > 0 ==
r{n }g ( Pr{v; >0, -+, 11 > 0}

Pr{v; > 0} — Zf:_ll fu (ai)> (4.24)
1- Zfz_ll fu(ai)

N
1- H Pr{v, > 0}
k=1

fe-97

1 — e NO-%)" (4.25)

where (a) follows from the fact that the only dependency among 14’s is that they

are distinct random variables, (b) results from the fact that

Pr{uk>0}—2§;1l fz/k (ai) <
S e

Pr{v; > 0}, and (c¢) results from the fact that (1 —z)" < e, Vn >0,z < 1. It
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follows from the above equation that in order to have Pr{#} — 0, we must have

D
e_N(l_%) — 1, which incurs N (1 — %)D — 0. Since N — o0, we can write

1 P Din(1—+4
N<1—N) — NePhl-w)

|

_ Ne-Ba+oq/wn)

_ NN aso(/N)) (4.26)

Hence, N (1 — %)D — 0 is equivalent to W — 00, which incurs D = N In N+
w(N). This completes the proof of Theorem EG.

|
The above theorem states that the minimum delay constraint in order to have
small dropping probability in the network must scale as fast as N In N. Compared
to the Round-Robin scheduling (Case 1), we have a factor of In N increase in the
Fairness Factor (or equivalently, a factor of In NV increase in the network delay),

which is due to ignoring v in the scheduling

4.3.3 Proposed Algorithm; The general case:

In the previous sections, we have studied our proposed scheduling algorithm in
two extreme cases, where one extreme focuses on achieving the maximum fair-
ness, and the other extreme on achieving the maximum sum-rate throughput. In
general, it is possible to have a trade-off between the fairness and throughput, by
adjusting the threshold value. Now, the question is, whether or not, it is possible

to simultaneously achieve the maximum throughput and the maximum fairness of

3Tt should be noted that this scheduling is long-term fair, i.e., all the users are equally served
over a long period of time. However, with our definition of fairness (which can be called short-term

fairness), this scheduling is away from the maximum fairness by a factor of In N.
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the system. The following theorem shows this is indeed possible in the asymptotic

case of N — o0.

Theorem 4.7 Consider the proposed algorithm in the asymptotic case of N — oo.

Then, for the values of © satisfying
InN—-2InlInN<© <InN —-15InlnN, (4.27)

one can simultaneously achieve:
I- Mazimum Throughput:

lim Cyun — R = 0, (4.28)

N—oo

i which Cyy denotes the maximum achievable sum-rate in the broadcast channel
and R denotes the achievable sum-rate of the proposed algorithm, and

1I- Mazimum Fairness:
. D . . .
lim N 1, while Pr{#} — 0 (or equivalently, A}lm FF=1). (4.29)

Proof - The steps of the proof are as follows: in Lemma 8, we study the
behavior of f,(I) and derive a difference equation satisfied by f,(l). In Lemma
19, we derive an explicit solution for this difference equation. Based on this
solution, in Lemma ELT0, we present a sufficient condition such that the conditions
lim oo % — 1 and Pr{#} — 0 are satisfied simultaneously. Finally, the theorem

is proved by deriving a lower-bound on the achievable sum-rate, based on the

threshold level given in (EE27).

Lemma 4.8 Defining Dy = D — v/ Nngy(ng — 1), where ng = 3(In N)?, for Dy <
I < D, we have f,(1) = % [1 —o(1/N)], and forl < Dy, f,(l) satisfies the following
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difference equation:
L) = £1=1) = nf )1 =pR @ 1+00VN)], (430)
where p=¢e=°, n & ﬁ, and F,(.) denotes the CDF' of v.

Proof - Similar to (.8), we have
Sl =1) = fu(1) (1 = Pr{vmin = I,k € S|y = 1}), (4.31)
where v, = ming{vg|k € S}. Having the fact that
pEPr{keS} =¢°, (4.32)

which is resulted from the exponential distribution for |h;|? (as a result of the
Complex Gaussian distribution for hy), and the independence between the users’

channels, it follows that |S| is a Binomial random variable with parameters (N, p).
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As a result, we have

N
Pr{vmn =Lk €Sl =1} = > Pri{vmm =1k €S, [S| =nly =1}

n=1

N
= ) Pr{[S|=nkeS |y =1} x
n=1

Pr{vmm =l|vx = 1,|S| =n, k € S}
N
2N Pr{|S| = n,k € S} x
n=1
Pr{vmm =l|vx, =1, |S| =n,k € S}
N
N-1 n N—n
= Z(n_l)p (1-p)"" x

n=1

Pr{vmm =l|vxy =1, |S| =n,k € S}

= i:l (g:ll)p”(l —p)" 7" x

Pr{v; > 1,i € S,i # k|lv, =1,|S| =n,k € S},
(4.33)

where (a) comes from the fact that the events |S| = n and k € S are independent
of the event v (t) = I. In fact, the event v (t) = [ is a function of {h.(j)}_,, j < t,
while the events |S(t)| = n and k € S(t) are functions of {h(t)}2_,, and because
of the independent block fading assumption, are independent of {hy(j)}&_,, j < t,
and consequently independent of v (t) = I.

To evaluate the right hand side of the above equation, we need to find the

following probability:
Pr{v, > ;i€ S,i # klv, =1,|S| =n,k € S}, (4.34)
which is, by symmetry, equal to

Pr{vy > 1,- - ;v > v, =1}, (4.35)
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noting that v (t) and hg(f) are independent random variables. An upper-bound

on this probability can be given as bellow:

Pr{vy >0, ;v 1 >1l|lv, =1} = Pr{yy >y, =1} x
n—1
HPI‘{I/Z' >y > v > Ly, &.8p)
=2

—~
e
N

< [Pr{v; > | v,

{Gi(l)} o " (4.37)
L0 |

where (a) follows from (E24)), in which we have shown that Pr{y; > [|v, >

=

Lo+ ,v;-1 > 1} < Pr{y; > [}, and by following the same approach we can show
Pr{v; > l|lvy > 1, ,v;_1 > Lv, =1} < Pr{y; > |y, =1}, and (b) results from

the fact that the only dependency between v; and v, is that they are distinct, and

hence (v; > l| v, = 1) is equivalent to (v; > [| v; # ), with the probability of f;ﬁl&),
where G, (1) =1 — F,(I).
In order to lower-bound Pr{v; > l|vy > 1, ,v;_1 > l,v, = [}, we need to derive

an upper-bound on f,(I). Since f,(l) is an increasing function of | (from (E31)),
it follows that

fo(l) < fu(D), VL. (4.38)

However, unlike the previous cases, f,(D) # +. This results from the fact that

using the proposed algorithm in the general case, it is probable that no user is

served. Defining the event 2 (t) 2 |Jn_, Zi(t) as the event of serving at least one
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user in frame t, we have
Pr{Z (1)} = Pr{[S(t)| > 0}

N
= 1-[]Pr{m* <0}
k=1

= 1-(1-¢9". (4.39)
Noting that In N —2InIn N < © < In N — 1.5Inln N, we have % <e®<
(ln]y)z, and hence, (1 — €_®>N < e~MmMN™ Moreover, Pr{.2 (t)} in terms of f, (D)

can be written as

Pr{Z(t)} = Y Pr{w(t+1)=D}

= Nf,(D), (4.40)

where the first line comes from the distinction of v,’s and the second line follows

from the symmetry between the users and dropping the time index. Combining

(E39) and [EAQ) yields,

£(D) = = [1= |0 (=)

} , (4.41)

which is less than % Combining ([E38) with the above equation yields

Vi (4.42)

1
fl/(l> S N7
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Similar to (E23) and [E24), we can lower-bound ¢ = Pr{y; > l|vy > 1,--- v >

l,v, =1} as follows:

Z(aly”'yaifl) fVlv"'vViflyVn (a1> oy (i1, l)

5 =
PI‘{I/l >l, , Vi1 >l,l/n:l}
PI‘{I/,' > l| Vi =0Q1, ", Vi1 = Q;j—1,Vp = l}

Z(al,m,ai,l) ful,-n,yi,l,un (ah e, Qi—1, l)

I<ap<D

- PI"{I/1>Z,'-',I/Z'_1>Z,I/n:l} %
PI‘{VZ' > l‘ v; ¢ {al, s ,ai_l,l}}
Z(aly'”yaifl) fV17"'7Vi717Vn (a1> o, (i1, l)

PI‘{I/l > l, y Vi1 > l,l/n :l}
Pr(vs > 1} = ) fulan)
1— Z_:ll fl/i(ak> - sz(l>
Z(al,m,ai,l) ful,m,zxi,l,un (ah oy (i1, l)
l<CLkSD %
- PI‘{I/1>Z,"',VZ'_1>Z,I/7LZZ}
i—1
(Pr{ui >1-) fw(ak)>
k=1
(a) — 1
> G(l) - ZT (4.43)

where (a) follows from the fact that f,,(ax) < =+, Vay, (equation IZZ)). From the

above equation and [@34), Pr{v; > [,--- ,v,—1 > l| v, = [} can be lower-bounded
as
n—2 i
Pr(y > - vy > v, = 1} 2 ] (G,,(l) . N)' (4.44)
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Using the above equation, and defining ng £ 3(In N)? and Dy £ D—+v/Nng(ng—1),

a lower-bound on Pr{v; > {,--- ;1,1 > l|v, = [} is given as,
Pr{vy > 1, -+ ,vp_1 > v, =1} > g(n,l), (4.45)

where

gn.l) 2 { [ (GV(Z) — %) | < Dy and n < ng (4.46)

0 Otherwise.

As we will see later, the form in (46 is more convenient to carry out our subse-

quent derivations.

From (£33), E34), E30), and [@3D), an upper-bound on Pr{vy, = [,k €

S|y, = 1} can be obtained as follows:

skt < 3 (4 pre (00 )

Ze\n-1 - £.0)
-2 (e ()

5 () 0

< (pG,,(l)(l—l—%) —i—l—p)N_l

2p Gy(1) )N—l
N(1 —pF,(1))

< n(l—pFu(l))N_l <1+]37121Li(2)) _

N—1 2p Gy (1)

~ n(l—pF,0)" e
9D 1 -pE0)N 1+ 0p)), (4.47)

— p(=p R (1 n
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where n £ 1. (a) comes from the facts that VI, f,(I) < + (equation (EZ3)),
and for z sufficiently small, -~ < 1+ 2z, (b) results from F,(l) < 1, and (c)
follows from the fact that since In N —2Inln N <© <In N — 1.5Inln N, we have

1.5
(ln]]\\/[) <p_€_® < (lnN

, which implies that p = o(1).
Moreover, from ([{33)), [E3H), and [{4H), a lower-bound on Pr{v,, = [,k €

S|y =1}, for | < Dy, is given as follows:

No/N -1
Pr{vmn =Lk €Sy =1} > > < )p"(l —p)""g(n,1)

n=1 n—1
_ ; (JZ_ f)p"(l —p)N‘":ijj (Gv(l) - %)
S S T ov)

By repeated application of ({E37]) and using ({41) to upper-bound Pr{vy, = [,k €

S|vp = 1}, we obtain

fo(D) = f.(Do) < Z nf, (1) (1= pF, 1)) ™ 1+ O(p)]

=Dy
2 A=l (1 2B o)
< D —]\130+1)6—<N 2(1=252) 1 4 O(p)), (4.49)

where (a) comes from the fact that f,(I) < + and as a result F,(I) > 1 — 22

1
N N
>

which implies that F,(I) > 1 — 2520 for I > D,. Having the facts that D —

Dy ~9vV/N(InN)* and In N —2Inln N < © < InN — 1.5Inln N, which results in

% <p< (ln—N, and n = <& ~ p, the right hand side of the above equation
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can be upper-bounded as

9 th 6 —(In 1.5
RHEZY) < <N3/2) e~ N, (4.50)

Substituting in [@Z9) and using EZT), noting that e=™M"? = o(1/N), we obtain

fu(Dg) = % 14 o(1/N)]. (4.51)

Since f,(I) is an increasing function of [, it follows from the above equation that
1
fu(l) = N [14+o0(1/N)], VI,Dy<1<D. (4.52)

The above equation incurs that for [ < Dy, G, (1) > 2P0 = "O(joﬁ_l). As a result,

| (1 — m> in (£48) can be lower-bounded as

=
S
S
|
o

(a

I(-5om) & T mmm)

e
1=
Q)
2
2l
:
|

_(ng—1)(ng=2)
— e 2\/ﬁn0(n071)

1+ 0(1/@), (4.53)

where (a) follows from the fact that n < ng, and (b) results from the fact that

as ¢ < ng, m < 1, which implies that 1 — m ~ e YNnolng-1),

Moreover, similar to (1), we can write ¥ £ 3" (V" Hpr(1—p)N="G, (1) as
- - N -1 —n n
v o= ala-pno = X (Y ra - e
N-1
_ N-1 -
a-pr = Y (Y - ]

(1= pE ) = [N = 1)pp)>] , (4.54)

Y
=

—~
S
N

Q
3
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where (a) results from the Gaussian approximation for a Binomial distribution

(In N2
N

with parameters (n,p), when np — oco. Noting ng = 3[In NJ? and p < , it
follows that ng > 3(N — 1)p. Substituting in the above equation, and having the
fact that Q(x) = ﬁe‘xz/ 2 for large enough z, the right hand side of the above

equation can be lower-bounded as

RH@ED) > 5|(1—pF )" — e 2 0r], (4.55)
Having the facts that (1 — pF,(1))" ™" ~ e W=DpF() > o~(N=Dp RH ([@HH) can be
lower-bounded as

RH @FE) > n(l—pF,(0)" " [1— e V=1r]

a

2 n(1—pF,0))N ' 1+0Q1/N), (4.56)

—
~

where (a) follows from the fact that as p > %, we have e-V=YP = O(1/N).

Combining [@ZR), EX3), EF), @), and @H), we have
Pr{vmm = Lk €Sy =1} >= n(1—pF,0)"" [1 +0 (1/@)] (4.57)
for | < Dy. Combining ([fZ7) and (1), noting that p = o(1/v/N), yields
Pr{vmm = Lk €Sl =1} = (1 —pF, )" [1 +0 (1/&)} , (4.58)
for | < Dy. Substituting in [E3T), we have
1) = fl = 1) = nfo) (0 = pE,@)" 7 140 (1YVN) ], 1< Do (4.59)

Moreover, for Dy < I < D, from ([ERZ), we have f,(I) = +[1 4 o(1/N)], which
completes the proof of Lemma FES.
n
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Lemma 4.9 The solution to the difference equation ([.30), in the asymptotic case
of N — o0, is

e(N=1)pp(l—Do)

fl/(l) ~ (N Dr

1 + e(N=Dpep(l=Do)
_ 1
f0rsome<p-77[1+0<m>].

Proof - Rewriting ({E30), we have

I < Dy, (4.60)

fol) = fu(l = 1)

af) (1 =pE)Y ! 140 (VR

9, (1) e~ N -DPROI+OE) [1+O (1/”—\7)}

nf e ™00 [y o(Np)] 140 (1/VN) ]

2 onf e ™0 110 (1/VN)] 1< Dy (461)

—
S
=

—~
=

where (a) comes from the fact that (1 + 2)" = e*1+9@)] for 2 = o(1), and (b)
results from the fact that p < [ln * and as a result, Np? = o <1 /VN )

Now, consider the following differential equation:

7' (u) = px(u)e” N-IPXW 4 < Dy, (4.62)

with the boundary conditions: z(—o00) = X (—00) = 0, and X (Do) =1 — 2520 in
which u is a continuous variable, and X (u) = [* z(¢)dt, and o =17 [1 +0 (\%)}
Writing the Taylor series for z(u — 1) about u, we have

n—i—lx(n)( )

2(u) — z(u—1) = +Z

n=2

For the second derivative of (E62), we have

(4.63)

"(u) = @x’(u)e—(N—l)pX(u) — (N — 1)pz(u)e —(N=1)pX (u)

= ' (u)eVIPXW _ (N — Dpa! (u)z(u). (4.64)
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From the above equation, noting that with the given boundary conditions for the
differential equation in ([EGJ), we have e~ (V=UPX®) < 1 (which follows from the
facts that 2/(u) > 0 and z(u) > 0, which incurs X (u) > 0), and z(u) < + (which
follows from solving (ALGJ) with the boundary condition X (Dg) = 1 — 2=P0) it
is easy to see that |2”(u)| < ¢|2/(u)|. Similarly, we can show that |2 (u)| <

2L |2/ (u)]. Substituting in ([E63), noting that p ~n ~p < [1HZJVV]2

, yields

x(u) —x(u—1)

o' (u)[1+ O(p)]
= pa(u)e VTP 4O (p)]
= nl’(u)e (N-1)pX (u |:1 + 0 <1/\/_>} u < D(), (465)

—
=

—~
=

where (a) comes from ([L62)) and (b) follows from the facts that ¢ = n [1 +0 (\/Lﬁ)}
and ¢ = O(1/v/N). We also have

u
a

X(u) = Y [X(v) = X(v—1)]

—
=

u

2 Y a@)1+0), (4.66)

where (a) results from the fact that X(—oco) = 0, (b) follows from writing the
Tailor series for X (v — 1) about v, and (¢) comes from the the fact that |2/(v)| <
ox(v), Yo [EBD), and also |z (v)| < 2" 1¢"|2'(v)|, demonstrated earlier. Defining
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Z(u) 25" (v) and using the above equation and (EE6H), we have

z(u) —z(u—1) = no(u)e”W-DpXW® [1 +0 <1/\/N>}
n(uw)e V-DPZ@I+0() [1 L0 (1 Nﬁ)]
= pr(u)e” N-DPZW) [1+ O(Np?)] [1 +0 <1/\/]_V>}
= pa(u)e”W-DpZ [1 +0 <1/\/N)} , (4.67)

—
=

—
=

where (a) results from the fact that ¢ ~ p, and (b) follows from the fact that
p < W and as a result, Np* ~ o (1/\/]_\7> (similar to (b) in (EEE])). The above
equation incurs that the solution of (fL62) also satisfies (LG1). More precisely,
for any value of [, | < Dy, there exists a ¢ such that ¢ = n [1 +0 <\/_1N>]’ and
fu (1) ~ x(l), where f,(1) is the solution of (1) and z(l) is the solution of (ELGZ)
at u = [. This suggests us to solve the differential equation (EL62), instead of the
difference equation (EE6T]), assuming the same boundary conditions. The boundary
conditions are z(—00) = f,(—00) = 0 and X (Dy) = F,(Dg) = 1 — 252 The
second condition comes from the fact that f,(I) = <, for I > D.

By taking the integral from both sides of (L62), we obtain

_ ' —(N=-1)pX (u) 4.68
x(u) N —Tp 1)pe +c. (4.68)

Noting that X (—o0) = z(—00) =0, ¢ = . Substituting e~V=DpX () by £

Y
(N=1)p

from ({62)), we come up with the following differential equation:
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which can be solved as follows:

' (u) @z’(u)
- = ¢
r(u) 1 - %x(u)
T ) R (4.70)

N—
1— Sy (y)

where b is the constant of the integration, to be determined by the other boundary

condition. Solving the above equation, z(u) can be written as

Ae#®
LL’(U) 14 A(N Dp egou’ (471)
where A = ¢b. Using ([E6S) and (EETT), we have
1 AN = 1)p )
Xu)=———h(1+——=¢e""). 4.72
) (N —1)p ( @ (472)
Applying the condition X (Dg) = 1 — 2520 yields
()0 _ _D—-Dg _
A = leml N>_qe¢m
(N —=1)p
~ P (N=Dp—gDo
~ —2 , 473
(N —=1)p 17)

where the second line comes from the facts that (N — 1)p > 1 (since p > %)

and p(D — Dy) < 1 (since p < (lnN and D — Dy ~ 9v/N(In N)*). Substituting
A in ([ETI), we have

e(N=1)p o(u—Do)

2(u) ~ (N Dp

1+ e(N=Dpep(u—Do) * (4.74)

One can easily check that 2(Dg) ~ <, which is consistent with ET). Combining
(ETA) with the fact that f,(I) ~ z(I), Lemma EE3 easily follows.

[
Although the derived analytical pmf in ([E74) is valid in the asymptotic regime of
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Figure 4.2: f,(I); comparison between simulation and computation.

N — oo, figure shows that the analytical expression in (E74)) indeed works for
finite number of users. In this figure, f,([) is depicted for the proposed scheduling
algorithm with the threshold values of 2 and 3, assuming N = 300 and D = 500.
As can be observed, the curves derived by simulation almost follow the curves
derived by computation of f,(I) from 4.

Figure I3 shows the plots of f,(I) for different values of threshold ©. The plots
of f,(I) for the Round-Robing scheduling and the maximum-throughput schedul-
ing are also given for comparison. It is observed that as the value of threshold
decreases, f, (1) merges to that of Round-Robin scheduling, while by increasing the

threshold value, it merges to that of the maximum-throughput scheduling.

Lemma 4.10 Setting Dy = g (N — 1)+%, for some ¢ such that p =n [1 +0 <\/—1ﬁ)} ,
yields Pr{#} — 0, while satisfying limy_.oc 2 = 1.
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Figure 4.3: Comparison of f,(I) for different schedulings; D = 5000, N = 3000.
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Proof - We have seen earlier that the dropping probability for each user is
equal to F,(0). Using the union bound for the probability, it follows that having
F,(0) ~ o) guarantees Pr{#} — 0. Using ([E7T2) and ([EZ3), we have

1

F,(0) ~ X(0) = N = T1)p

In (1 + N =bp=ebo) (4.75)
for some ¢ =17 [1 +0 (\/iﬁ)] From the above equation, the condition F,(0) =

0 (%) can be equivalently written as

eWN=1p=pDo _ o(p).

It can be easily verified that having Dy = i(N— 1)+ %, results in eN—1Pe—¥Do —

1 1

+, Which satisfies the above condition (since 3 = o(p)). Furthermore, since © <
InN — 1.5Inln N, it follows that ¢ ~ n ~ p > W, which incurs that h“TN <

\/%. Combining this with the facts that limy_, o i =land D = Dy+9v/N[In N]*
(which follows from the definition of Dy), we have limy_ % = 1. This completes
the proof of Lemma ET0.

[

The achievable sum-rate of the proposed algorithm can be lower-bounded as

follows:
R = RyPr{Z}+RycPr{2}
>  RaPr{Z}
(@)
> In(1+ PO)Pr{2}
E39 15
> In(1+PoO)[1- )0 (exm) H . (4.76)

where R and R 4c denote the achievable sum-rate conditioned on 2" and 2°¢,

respectively, and 2°¢ (complement of 2) is defined as the event that |S| = 0. In
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the above equation, (a) follows from the fact that conditioned on 2", the channel
gain of the selected user is greater than ©, and hence, the achievable sum-rate is
lower-bounded by In(1 4+ PO).

From the above equation and noting the facts that Csyy ~ In(1 + Pln N +
O(Inln N)) 6], and © > In N — 2Inln N, we have

R - O(lnlnN)

In N
= A}im Coam — R = 0. (4.77)

Combining the above equation with Lemma FLT0 completes the proof of Theorem
291
|

Remark 1- Since D = N is the smallest delay constraint in order not to have
any dropping in the network, the above theorem simply implies that the proposed
scheduling algorithm is capable of achieving the maximum throughput and mini-
mum network delay, simultaneously.

Remark 2- Assume that the information data delivered to the users are put
in packets, which are stored in the transmitter buffer and each packet is mapped
to a coded frame, consisting of n channel uses, and transmitted over the channel
(Fig. E4l). Assume that the Packet Arrival Rate (PAR) for user k to be fixed
and equal to 7, (measured as the number of arrived packets per unit time, i.e.,
one frame duration) and the amount of information in each packet of that user to
be nRy. In order to have arbitrary small outage probability, Ry, £k = 1,---, N,
must be inside the capacity region of the underlying broadcast channel, which
implies that Ry < Cqum, Vk. Moreover, in order to have arbitrarily small dropping
probability in the network, the vector consisting of the PAR of the users, denoted

by r = (r, -+ ,ry), must be inside the stability region of the network [78]. More
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: Coded frame for user k
.
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n Channel uses
Total Rate = nRy,

k
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_ 1 X
D=7 ‘ ® Each data packet is transmitted by a coded frame

® The time unit is equal to the duration of each coded frame

® The total information in each packet of user k is nRy,

0 .- 0 User K

® The Packet Arrival Rate (PAR) for user k is equal to 7,

® The latency between any consequative packet of user & is Dy,
Figure 4.4: Transmission of data packets over the broadcast channel

specifically, for ry = ry = --- = ry = r, this condition reduces to r < % H From
this discussion, it follows that the maximum r and Ry, k =1,---, N, in order not
to have any dropping or outage in the network scale as % and Cgum, respectively.
The above theorem states that the proposed scheduling is capable of achieving
the maximum values of » and Ry, k = 1,--- , N, simultaneously. In other words,
the proposed algorithm reaches the boundary of the capacity region and stability
region of the network, simultaneously. The following corollary illustrates this fact

from a different perspective:

Corollary 1 Consider a Broadcast system illustrated in Fig. where the trans-
mitter has the buffer size of one packet for each user and the Packet Arrival Rate
(PAR) for the kth user is v and the amount of information in each packet for

user k is nRy. Let us define the “average throughput” of user k (normalized per

4Note that this is based on the assumption that at each frame, only one user is served.
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channel use) asH
% =S rkRk. (478)

Then, for any scheduling scheme, any rate vector R = (Rq,--+ ,Ry) supported

by the channel (decoding error approaches zero), and for any PAR vector r =

(r1,--+,7N), the necessary condition for Pr{} — 0 is having
Inln N
A mi <
T nin min T < N (4.79)

which 1s achievable by the proposed algorithm.

Proof - Necessary Condition - Consider a long interval of time T'. Defining A (t)
as the indicator variable taking one when the user k is served during the frame t,

and taking zero otherwise, we have

WE

ARy < Coum, V1<t <T. (4.80)
k=1

The above equation comes from the fact that the rates (Rq,---,Ry) must be

supported by the channel. Taking the summation with respect to ¢, we can write

i i ARy < CoumT. (4.81)

t=1 k=1
Since Pr{#} — 0, the arrival rate of the packets must be less than or equal

to their service rate, over a long period of time, almost surely. In other words,

Zthl Ai(t) 2 Try, Vk,1 < k < N, with probability one. Substituting in the above

5This definition is motivated by the fact that there is a time delay of % between two con-
secutive packets of user k, and as a result, the average amount of information per channel use

delivered to user k is equal to 7, Ry.
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equation yields

Y (PN, (4.82)

where (a) comes from [26]. Combining ([LT8) and [R2), yields

>t T
ymln — N
InlInN InP
< +
N N
Inln N
rvn; . (4.83)

Sufficient Condition - Consider the proposed algorithm, with the condition of
Theorem 7, i.e.,  In N —2Inln N < © < InN — 1.5Inln N. It is realized from

Lemma ELT0 that selecting r;, = % for all users, where D is obtained as follows:

ngw—n+%¥+%ﬁmNﬁ

guarantees Pr{#} — 0. Furthermore, the channel can support the rate
Riy=In[1+P(InN —-2InlnN)]|,

with probability Pr{2"} (which is almost equal to 1 from [39)), for all users.

Hence,

S In[l1+P(InN —2Inln N)]
- D
Inln N

~ (4.84)

ymin
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In the above corollary, the minimum average throughput, denoted by Zin,
is defined as the measure of performance. The average throughput itself can be
interpreted as the average amount of information (per channel use) delivered to
a user over a long period of time. This measure is suitable for the real-time
applications, where the packets have certain amount of information and certain
arrival rates. Note that in the above corollary, we have assumed that the users have
the buffer size of one, which is a very restrictive assumption in wireless networks.
For the realistic scenarios, this constraint is more relaxed. However, since we have
shown the optimality of our proposed scheduling for this assumption, it easily
follows that this optimality holds for more relaxed assumptions, as well.

Computing Z;, for the two special cases of the proposed algorithm, i.e.,

maximum-throughput scheduling (7M7) and Round-Robin scheduling (Z5%),

yields,
Inln N
MT
Tain NInN’
1
A — 4.85
min N ( )

Therefore, the proposed algorithm outperforms these conventional scheduling al-
gorithms by a factor of In N and Inln N, respectively.

The above corollary states that the proposed scheduling scheme maximizes the
minimum average throughput of the system while making the network dropping
probability arbitrarily small in the asymptotic regime of N — oo, for all the
threshold values in the interval [In N — 2Inln N,In N — 1.5Inln N]. However, for
finite number of users, it is not possible to simultaneously maximize the minimum
average throughput and make the network dropping probability zero. In fact, for a

given constraint on the dropping probability, the minimum average throughput will
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Minimum Average Throughput

3+ = = = Network Dropping Probability =0.1 S <
““““ Link Dropping Probability = 0.01 N
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~
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Figure 4.5: Minimum average throughput vs. the threshold value.

be a function of the threshold value, which is desired to be maximized. Figure
shows the plots of the minimum average throughput versus the threshold value, for
different assumptions on the link and network dropping probabilities. The number
of users N is set to 3000 and the SNR value P is set to 0 dB. As can be observed,
for each plot, there is an optimum threshold value for which the minimum average
throughput is maximized. Moreover, by making the constraint on the dropping

probability more restrictive, the optimum threshold value decreases.
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4.4 Extension to the MIMO-BC

So far, we have assumed that the transmitter and the receivers are all equipped with
single antennas. In this section, we assume that the transmitter has M antennas,
while the receivers have single antennas. The main difference between this case and
the previous case is that for SISO-BC, serving one user at each time (TDMA) is
optimal in terms of achieving the maximum throughput of the system [77], while in
the MIMO-BC, this is not the case. Therefore, we must apply some modifications
to our proposed algorithm, to make it suitable for MIMO-BC.

4.4.1 System Model and Proposed Algorithm

The channel model for the kth user is assumed to be

Yk = hypx + ny, (4.86)

CM><1

where x € is the transmitted signal with the power constraint E{xx} < P,

h;, € C*M ~ CN(0,1) is the channel vector, n, ~ CN(0,1) is AWGN, and y;, is
the received signal by the kth user.
Algorithm 2:

1) Set the threshold Y.

2) The BS selects M orthogonal unit vectors, denoted by ®,---, ®,,, ran-

domly, and sends it to all users.

3) Among each of the following sets:

Sp={kl SINR"™ >7T}, m=1,---,M, (4.87)
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the BS serves the user with the minimum ezpiry countdown. In the above

P H |2
equation SINR( = M
4 ’ K [EDDBNE AT s

plus Noise Ratio (SINR) on the mth transmitted beam, by the kth user.

is the received Signal to Interference

As can be observed, this algorithm is a variant of Random-Beam-Forming scheme

proposed in [26], where the expiry countdown is considered in the scheduling.

4.4.2 Asymptotic Analysis

In this section, we analyze the performance of the proposed algorithm in the asymp-
totic case of N — oo. Similar to the SISO case, it is interesting to investigate the
possibility of achieving the maximum throughput and fairness of the system, si-

multaneously, which is performed in the following theorem:
Theorem 4.11 Using Algorithm 2, for the values of Y satisfying
P P
% NN —(M+1)InlnN] < 7T < % InN — (M +0.5)Inln N|, (4.88)

we have limy_, o Coum — R = 0, and limpy_ # = 1, while satisfying Pr{#} — 0.

Proof - Using the same approach as in the proof of Theorem E.7, we first derive

fo(v) in terms of N, D, and Y. Consider the following sets:
S;é{k)keAm, SINR]gm)>T}, m=1,.- M, (4.89)

where A,, £ {k| @2 > |h,®72,Vj # m}. For simplicity of analysis, we
assume that the step 3 of Algorithm 2 works based on S, instead of S,,. It
is obvious that S/, C S,,. However, since M [h @72 = ||h]|?> < InN +

O(Inln N), with probability one [26], it follows that having SINR,(;”) > T, where
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T ~ ﬁﬁ InN and 3 > %, yields & € A,,. This implies that for the values of T
satisfying (L8], we have S;, = S,,,, with probability one. Rewriting (), we have

foll=1) = £, (1) (1 = Pr{Z[v = 1}). (4.90)
Pr{Zk|vx = I} can be written as follows:

Pe{Zilve =1} ¥ Pr{2ikeS|m=1

M
> Pr{Zi,k €S| =1, T} Pr{ | =1}

m=1

M
= Y Pr{Zk €8y =1, F,}Pr{F}

m=1

M
© % S PH{ 2k € Syl = 1 P

m=1

= Pr{2Zi keS8, |vi=1, %}, (4.91)

where S’ £ Un]\ff:lS;n, and .Z,, = {k € A,}. In the above equation, (a) results
from the fact that 2, C (k € §’), in order words, the necessary condition for
user k to be served is being in any of the sets S/,, s = 1,---, M. (b) results
from the independence of the events v, = [ and %, . (c) follows from the

fact that conditioned on .%#,,, ie. k € A,,, k € & incurs k € S/

m?

and also
the fact that Pr{.#,} = 1-. (d) follows from the symmetry between the terms
Pl"{%k,]{? S S;n‘l/k = l,gm}, m=1,---,M.

®In fact, Z,(t) is a function of {hg(t)}2_,, while the event v4(t) = [ is a function of
{hi(j)}_,, j < t. Since the channel model is assumed to be independent block fading, the

independence of vy = [ and %, easily follows.
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We have

—
S
=

N N
YD Pr{Z k€S, IS, =n|Anl =5 | v =1,7,}

n=1 s=n

> Pr{| Al = s|Fn} x

n=1 s=n

Pr{k €S, [S,|=n | [Aul =5, T}

Pr{Z, ke S v =1, %}

—
=
=

x Pr{Zilvi =1,|S,| =n,|An| =5,k €S} (4.92)

In the above equation, (a) follows from the fact that S/, C A,,, and hence s > n.
(b) results from the facts that the events |A,,| = s and k € S/, are independent of
v, = | (As explained in the footnote), and k € S/, is a subset of .%,,.

Pr{|A,,| = s|#.} can be computed as

Pr{|A,.| =s ke A,}
Pr{k € A}

() (5

where (a) follows from the facts that Pr{k € A,,} = -, and |A4,,| is a Binomial

Pr{|A,.| = s|#.} =

—~

random variable with parameters (N, ﬁ) In order to compute
Pr{k € S},,|S),| = n|[Au| = s, Fu} |

we first compute ¢ = Pr{k € S/,|.%,,} as follows:
Pr{ke S ke A,}

¢ Pr{k € A}
@ Pr{keS, keA,}
N Pr{k € A}
= MpPr{k € A,|k € S}, (4.94)
_ My
where p £ Pr{k € S,,} = W [26]. In the above equation, (a) results from the

fact that (k € S,) = (k € Si) (k € A,,). Note that as Pr{k € A, |k € S,,} = 1,
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it follows that ¢ = Mp. Having ¢ from the above equation, we can write

/ / s—1 n s—n
Pr{kesm,|8m|:n\|Am|=s,3fm}:(n_l)q 1= (49)

Substituting Pr{|A,,| = s|.#,} and Pr{k € S, |S,| = n||An| = s, Zp,} from
(#394) and ([@IH), and noting that conditioned on |S),| = n, %} is independent of
| A | = s, RH (E92) can be written as

ez = S22 (3 (57 (-

n=1 s=n

Pr{%ﬂwf = l, ‘S;n| = n,k S S;n}
M-N\"& /N1 ¢ \"
-0 (57) B0 (75) -
Pr{%ﬂwf = l, ‘S,ln| = n,k S 87/71} X

SN G

s=n

() 205D (%)

Pr{Zklv, =1,|S,| =n,k €S, } x

G ]
GO EOR

As can be observed, the above equation is very similar to ({L33), and by a similar
argument we can show that
Pr{v;>li=1,--- ,ni#kly,=101S,|=nkeS } <
Pr{Z | vs =1,|S,,| =n,ke S} <
Pr{v, >l,i=1,--- ni#k|v=0LIS, |=nkeS,} (4.97)
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In the above equation, the first inequality results from the fact that having v; > [,
i # k, implies that the kth user has the minimum expiry countdown among S/,
and hence, will be selected. The second inequality follows from the fact that the
kth user must have the minimum expiry countdown in S/ in order to be selected,
i.e., no user in S/ should have a smaller expiry countdown. Noting the symmetry
of the problem with respect to the users and the fact that the events v; > [ (or

v; > 1) are independent of |S/,| =n and k € S, the upper bound can be written

as Pr{vy; > 1,--- ,v,_1 > l|lv, = [}, which is by the chain rule equal to
Pr{vy >, - jvp1 >y, =1} = Pr{yy >y, =1} %
rﬁPr{m >y >0, vy > Ly, =1}
- (4.98)
Consider the following probability:
Pr{v, = Lilv; = b}, i #J. (4.99)
For [y = I, the above probability can be upper-bounded as
Priv; = Llv; =L} < fu(b). (4.100)

The above inequality comes from the fact that Pr{y; = l1,1v; = 1} < Pr*{y; =
i} = f2(l), which is shown in Appendix [ A brief explanation of this would
be, there are M (M — 1) possibilities for the users ¢ and j to be selected in the
same frame (since there are M possibilities for assigning each of them to any of
the beams and they can not be assigned to the same beam), while in the term
Pr?{v; = [, } all the M? possibilities are encountered.

Also, for [y # Iy, we have

fo(ly) < Pr{y; = ll|Vj =1} < M (4.101)

I- fu(l2)



Fairness in the Scheduling 164

To prove the above equation, first we note that the ratio W is the same

for all [; # l5. In other words, the condition v; = I, scales the probabilities of the
outcomes v; = [y by the same value for [y # [5 in the conditional sample space. To

establish (EI0T), let us denote z = W, l; # l,. We have

Z Pr{y; = U\I/j =l}+Pr{y, = 12‘7/]‘ =L}t = L

u#la
=3 fw)z+Pr{y,=bly=5L} = 1
u#lo
1—Pr{y; = by, =
p= Hvi = bly; = b} (4.102)

1- fl/(l2)
Therefore,

PI‘{I/Z' = ll‘l/j = lg} = fy(ll).l’

_ LW -Privi=by =L}

1- fV(l2)
Using (ET00) and the fact that Pr{y; = ly|v; = I} > 0, (EIO) easily follows.
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Using (E100) and (EI0T), the upper-bound in (E9Y), denoted by t;, can be

further upper-bounded as

t

IA

—~
=
=

IA

—
INe

PI‘{I/i Zl‘yl Zl7 y Vi1 Zl7Vn:l}

Z fl/17"'7l/i—1(a17 o 7ai—1|Vn = l)

(a1, ,ai—1)
1<a1<D,,l<a;—1<D

Pr{v; > l|vy =ay, -+ ,vic1 = i1, v, = 1}

Pr{vy > 1, - jv;_1 > |y, =1} .

Z fl/17"'7l/i—1(a17 o 7ai—1|Vn = l)

(a1, ,ai—1)
1<a1<D,,l<a;—1<D

[Pr{y; > 1,% | 2} + Pr{v; > |, % | 2}]

Pr{vy > 1, jv;_1 > |y, =1} .

Z fl/17"'7l/i—1(a17 T 7ai—1|Vn = l)

(a1, ,a;—1)
l<a1<D,,l<a;—1<D

[Pr{@ | 2YPr{v, > 1|V, 2} +
Pr{#C | 2YPr{v; > 1| #°, Q}}

Pr{vy > 1, - jv;_1 > |y, =1} X

Z fVlv"'7Vi—1(a'17 te aa'i—1|7/n = l)

(a1, ,a;—1)
l<a1<D, - l<a;—1<D

[Pr{@ | 2} + Pr{v, > 1| ¥°, Q}}

Pr{yl 217 y Vi1 Z”Vn:l} 8

Z fl/17"'7l/i—1(a17 T 7ai—1|Vn = l)

(a1, ,ai—1)
<a1<D,,l<a;—1<D

i—1
[Z Pr{v; = ap} + Pr{v; =1} + Pr{v; > 1| %, Q}]
k=1

Pr{vy > 1, jv;_1 > |y, =1} %

Z -fV17"'7Vi71(a'1> te aa'i—1|7/n = l)

(a1, ,a;—1)
l<a1<D, - ,l<a;—1<D

Pr{yl 217 y Vi1 Z”Vn:l} 8

Priv, > 1} — Y5y fular) = £u(D)

[i fula) + £ul) +

1= fular) — £

(4.104)
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where % £ U;;ll{’/z' =yt Hvi=vtand 22 {vy =ay, - ,vi1 = a;_1,vp = 1}
In the above equation, (a) results from (EI00), which incurs that Pr{#|2} <
S Pr{y; = ap} + Pri{y, = 1} = 07 fulag) + fo(1), (b) results from (@),
noting that conditioned on #'¢, 2, the points ay, - - - , a;_1, [ are excluded from the
sample space. (c) results from: (i) upper-bounding f,(ax), &k = 1,---,i — 1, and
fo(1) by %, which is due to the facts that f,(I) < f,(D) and f,(D) = Pr{2;} < &,
where Pr{%}} is the probability that user k is being selected in a frame H, and
(ii) upper-bounding Privety-$is o) 1@ by Pr{y;, > 1} =G,(l —1).

1- ZZ 11fu(ak) f(
Using the above equation and ([98), the upper bound in ([EQ7) can be upper-

bounded as

M
Pr{vy > 1, vp1 > v = z}<H< (1-1) NZ). (4.105)

"In fact, Pr{2%} < % follows from the union bound on the probability. More precisely,
denoting %k(m) as the event that user k is assigned to beam m, using the same argument as in

the SISO case, one can show that Pr{ﬁ?fk(m)} < &, and hence, Pr{2}} = Pr{Ui\;{:1 B?fk(m)} <X
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Moreover, to lower-bound the lower bound in ([EEJT), we first lower-bound ¢, £

Pr{v, >y > 1,--+ ,v;_1 > v, =} as follows:
foro i (@r, -+ yai—q v, =1)
t, > —
= ( Z : Pr{l/1>l,-~-,yi_1>l\l/n:l}X
l<ar<D o l<ay 1<D
PI‘{VZ' > l‘ V1 =0Q1, ", Vi1 = Qj_1,Vp = l}
_ Z fu1,~~~,ui,1 (a1> o aa'i—1|l/n - l) v
P Pr{ny > 1, v > llv, =1}
I<ar<D o l<ay 1<D
[Pr{?!/ | 2)Pr{v; > 1| %, 2} +
Pr{# | 2}Pr{y, > 1| %, 2}
Z Z fl/l,---,ljifl(alv"' 7ai—1‘yn:l> %
(a1, 1) PI'{I/l >l, ,Vicq >l|l/n:l}
l<a1§[1):'“:l271171§[)
Pr{# | 2}Pr{v, > 1| %, 2}
g Z fv1,~~~,ui,1 (a1> o aa'i—1|l/n - l) %
(a1, me1) PI'{I/l >l, ,Vicq >l|l/n:l}
l<a1§[1):“‘:lé;/1ifl§D
Pr{#° | 2 Pr{y; > I}
_ Z fu1,~~~,ui,1 (a1> o aa'i—1|l/n - l) %
P Pr{ny > 1, vy > llv, =1}
l<ar<D - lcay 1<D
(1—-Pr{# | 2}) Pr{y; > I}
(Zb) Z fv1,~~~,ui,1 (a1> o aa'i—1|l/n - l) %
i Pr{vy > 1, v > llv, =1}
l<ar<D o l<ay 1<D
i1
(1 =Y fular) — fu(l)> Pr{y; > I}
k=1
(c) M;i
> G(l) - — (4.106)

N Y
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where (a) results from (EEI0N) which implies that Pr{y; > | %% 2} > Pr{y; >
1}, (b) follows from (EIM), which incurs that Pr{# |2} < S f,(ax) + f.(1).
Finally, (c) results from the fact that f,(v) < &, and writing Pr{y; > [} as G, (l).

Using the above equation, the lower-bound in (E97) can be lower-bounded as

n—1 .
M
Pr{vy > 1+ vpoy > v, =1} > [ ] (Gy(z) - WZ) : (4.107)
=1

Similar to the approach used in the SISO case, by defining ny = 3(In N)? and

Dy = D — /Nng(ng — 1), first we show that for Dy < 1 < D, we have f,(I) ~ %

For this purpose, by repeated application of ({E90), and using (1), (E92), (EI4),
(E97), and EI0H), we have

£(D) = f(Do) < > Wi, (4.108)

where W, £ M N (VO () (1= %)N_n | (G,(I = 1) + %), In Appendix
[1l it has been shown that W, is upper-bounded as M Wﬁ,—(ln N)'® wwhich implies

that

fV(D) - fV(DO) < (D — DO)MWS_(IHN)LE)
(ln N)6 6_(1n N)L5
VN
= o). (4.109)

~ 9M

Moreover, f,(D) can be written as Pr{Z;} H, which denotes the probability that
user k is selected in a frame. This probability can be expressed as Pr{Un]\ff:l Z, k(m)},

where %”k(m) denotes the event that the kth user is assigned to the mth beam.

$More precisely, f,, 1) (D) = Pr{2i(t —1)}, where the the time index are removed due to the

steady state condition.
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Defining 2™ & Uff:l %c(m), which is the probability that the mth beam is

assigned to some user, we have

Pr{2 ™} = 1-Pr{S, |=0}

1—(1-Pr{kes P

-5

1— e NuM

—
S
=

S

1— e M (4.110)

where (a) follows from the definition of ¢ in (fE94)), and (b) results from the fact that
& ~p> W, Having the fact that the events %”k(m), k=1,---,N are mutually

exclusive, i.e., beams can not be assigned to multiple users simultaneously, we have

N
Pr{(}m//‘(m)} — Z Pr{%(m)} > 1-— 6—(lnN)1‘5
k=1

1 o
= Pr{2,"} > N(1—e—<lnN> ) (4.111)

where the second line results from the symmetry between the users. Moreover,

since the sets S), m = 1,--- M are disjoint, it follows that the events %c(m),
m =1,---, M are mutually exclusive. Therefore, using the above equation,
P _ - (m) % __—(InN)LS
{2 —;Pr{% b (1 e ) (4.112)

Combining the above equation with [EI109), it follows that

£.0) = % [1 +o (Ne-UHNf‘S)} , Dy<1<D. (4.113)

In other words, in the interval [Dq, D], f,(I) is almost constant.
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In the region I < Dy, by defining the following functions:

[T5 (G =D+ 5, n<ng

gu(n,l) = : (4.114)
1 n > ng
and
n—1 iM
(G —-8), n<n
gi(n,1) = [ (G0 = 5) - (4.115)
0 n > ng

where ng = 3(In N)?, using the equations ([EEXT), [EITH), and EIOD), it follows
that

an, ) <Pr{Zlve =1,|S,,| =n, k€S, } < guln,l), (4.116)

where Pr{Z|vx =1, |S,,| =n,k € S,,} is the probability we need to find in order
to compute Pr{Z;|vy = {} in [@3H). From the above equation, Pr{%Z;|v, = [}

can be upper-bounded as follows:

P2 —1) < MY (]Z__ll) (Y (1--L)" " gutmn,

I
3
3
N\
=
S
—_
N———
Ve
=[<=

o> (TN ) )T (417
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a
where 7 = L. In the above equation, (a) results from taking the terms 2L
M

1]%

outside the summation and make a change of variable n — 1 to n. Since f,(I) ~ &£

for Dy <1 < D, it follows that G, (Dg) ~ M(D]\?DO) = M"%_l), which implies that

G,(l-1)> %, for Dy <1 < D. Therefore, the term H?Zl (1 + W%)

can be written as

1<1+W]\f—1)) = ilj<1+\/ﬁno(ino—1)>

n

(2

Y 140 (L) (4.118)
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where (a) results from the fact that as i < ny, m < 1, and (b) follows

from n < ny. Having the above equation, RH ([EITT) can be written as

RH ([IIT0) = ng(zv;1) (%)"(1—%)”"@(1-1)% [1+0<\/Lﬁ)]+

IA
3
M-
Py
=
S
ot
N———
/N
==
3

no+1
@ q N-1 1
s o (F5) )+
0 no — (N — 1)%

VO =14 (1= )
e LU A) {1 Lo (L)} 4 e N0
- VN
(c) —(N=1)ZF,(I) { ( 1 ) —(N—l)i}
= ne M 140 —=) +e M

n \/N
@ (DR [1 Lo <L)} , (4.119)
VN

In the above equation, (a) follows from approximating the tale of the Binomial
random variable with the Gaussian ((.) function. In deriving (b), we first ap-
proximate [1—LF,(I—1)]" 7" by eeW-DiHA0D) — o~ N-DHFEO-LO] which
follows from ¢ < 1. Using the fact that as & [InN — (M +1)InInN] < T <
In N — (M +0.5) Inln N], we have - < (1n]]\>7)2’ which implies that ng > 3(N —
1)L, and also the fact that for z > 1, Q(z) < e /2, Q (M) is
(V=15 (1)
upper-bounded as e 20V=D37. (¢) results from the facts that: (i) as f,(I) <
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M. we have eVDIMD = 14 0(q) = 1+ O(

), and ii) since F,(I) < 1,
e~ W=D (M) > e=(N-D37 and as a result, e 20037 < e=(N-Di7 e 2(N-1 77 A0),
Finally, (d) follows from the fact that e-(V-1r = <\/__>’ which is due to the
fact that ¢ > M2 10.

Similar to (E111) and (EII9), a lower-bound for Pr{Z}|v; = [} can be given

as follows:

PH%MzﬂzzMXXﬁ_J< ) (1= gt

() 0-8)  e0-2)
_ e DR [1 L0 (L)] ' (4.120)

VN
Comparing ([ELIT9) and [EI20), it follows that

q 1
Pﬂ%w%zn=nfw*wﬂmb+0(7ﬁﬂ‘

Substituting in (1), we reach the following difference equation in the region
[ < Dy:

(4.121)

R = =) = upe 0550 ro ()]

Comparing the above equation with ([30), it is realized that the above difference

equation is the same as the difference equation obtained in the SISO case, with

the difference in replacing N by %, and p by ¢. Therefore, all the results stated

in Lemmas LT are valid for the MIMO case, by substituting N by %, which
completes the proof of Theorem ETTI

|

In fact, algorithm 2 basically separates the MIMO-BC into M “virtual” SISO-

BCs by assigning the users to the beam for which the maximum SINR is attained.
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Therefore, the analysis of f,(l) is similar to the case of SISO-BC, discussed in
the previous section. However, there are two main differences: i) In SISO-BC,
all the users are always served by the same transmitter, while in MIMO-BC the
users are switched independently between the virtual transmitters, from frame to
frame. This causes vy,---,vx (The packet expiry countdown of the users) not
to be necessarily distinct. However, we have shown in the proof of Theorem ETT]
that this does not affect the analysis. ii) The sizes of the virtual SISO-BCs (A4,,)
are not fixed. In fact, |A,,|, m = 1,--- , M, are Binomial random variables with
parameters (N, %) Using Gaussian approximation for the Binomial distribution,

we can write

N N Ne
Pri—(1-e<|Au <=00+e¢r=1-2Q M (4.123)
M M N 1 1
(1 —37)
m2
Setting € = W, and using the approximation Q(x) ~ ﬁe‘T for z > 1,
the above equation can be written as
N N 1

Therefore, with probability one, the size of the sets A,,, scales as % [1 -0 (@ )} .
Following the above discussions, MIMO-BC can be considered as M parallel SISO-
BCs, each serving approximately % users. The network dropping event () can be
considered as the union of the dropping events for the SISO sub-channels, denoted

by AB,,, m=1,--- M. From the union bound for the probability, we have

Pr{#} < > Pr{%,}

— MPr{%,). (4.125)
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where the second line comes from the symmetry between the events %,,,. Following
[In N5 [In N]? _
v <p< —FJ-and D =
g% + % +9v/N[In N]*, guarantees Pr{%,,} — 0, and hence, Pr{%} — 0. Note

_MY '
that as p ~ % [26], the condition % <p< W incurs that

the steps of proof for Theorem B, and setting

P P
% NN —(M+1)InlnN] < 7T < % InN — (M +0.5)Inln N].  (4.126)

Noting that Cyum ~ M In(1+L In N+O(InIn N)) [26], it follows that limy—co Coum—
R =0.
|

Theorem ELTT] implies that the proposed scheduling algorithm is capable of
achieving the maximum sum-rate throughput, while guaranteeing lim_, o, % =
1, where Dy, is the minimum value of D such that Pr{#} — 0. Noting that [2%]
is the minimum value of D in MIMO-BC to have Pr{#} — 0, (using Round-Robin
scheduling, assuming that M users are served during each frame), it follows that
the proposed scheme achieves the maximum sum-rate and maximum fairness in
the network, simultaneously.

Defining the minimum average throughput as in (1), it is straightforward to
show that for the proposed algorithm,

MInln N
o~ —_— 4.12
Trnin N (4.127)

which is asymptotically the maximum achievable value in MIMO-BC.

4.5 Conclusion

In this chapter, a single-antenna broadcast channel with large (V) number of users

is considered. It has been assumed that all users have hard delay constraint D. We
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have proposed a scheduling algorithm for maximizing the throughput of the system,
while satisfying the delay constraint for all users. By characterizing the network
dropping probability, in terms of N, D, and the threshold value in the algorithm,
it has been shown that by using the proposed algorithm, it is possible to achieve
the maximum throughput and maximum fairness in the network, simultaneously,
in the asymptotic case of N — oco. Moreover, we have introduced a performance
measure in the network, called “Minimum Average Throughput”, and proved that
the proposed algorithm maximizes the maximum minimum average throughput in
a broadcast channel. Finally, the proposed algorithm is generalized for (MIMO-
BC), and shown to be optimum in the sense of achieving the maximum throughput
and maximum fairness in the network, simultaneously, in the asymptotic case of

N — oo.



Chapter 5

Capacity of Rician MIMO

Broadcast Channels

5.1 Introduction

Multiple-input multiple-output (MIMO) systems have proved their ability to achieve
high bit rates on a scattering wireless network [1,2]. In a MIMO broadcast chan-
nel, the base station equipped with multiple antennas communicates with several
users. Recently, there has been a lot of interest in characterizing the capacity
region of this channel [B,6L7K]. In these works, it has been demonstrated that
the sum-rate capacity of MIMO broadcast channels can be achieved by applying
dirty-paper coding (DPC) [9] at the transmitter.

Despite the fact that the sum-rate capacity of Gaussian MIMO-BC is known, it
is still interesting to study the behavior of sum-rate capacity in various scenarios.

[79] compares the achievable sum-rate of MIMO-BC for DPC to that achieved by

using linear precoding schemes, and characterizes the gap between the achievable

177
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sum-rates in the high SNR regime. [39] compares the achievable sum-rate of DPC
to that of Time Division Multiple Access (TDMA) for a Gaussian MIMO-BC. [26]
considers a MIMO-BC with a large number of users and shows that i) the sum-
rate capacity of the system scales as M Inln N, when N is the number of users in
the network, and ii) a simple scheme of “Random Beam-Forming” asymptotically
achieves the sum-rate capacity as N — oo. References [25,60,80] consider the
same network set-up and prove that one can achieve the sum-rate capacity of the
system by utilizing Zero-Forcing Beam-Forming at the transmitter, provided that
the user selection is performed wisely. In [34] the scaling laws of the sum-rate
for fading MIMO Gaussian broadcast channels using time-sharing to the strongest
user, DPC and beamforming, is derived for the asymptotic case of N — oo. In all
the mentioned papers ( [[9]- [34]), the channel model is assumed to be Rayleigh
fading. Therefore, it is of interest to investigate the sum-rate capacity of MIMO-
BC, assuming more general channel models.

One of the most widely-used models for the wireless channels is Rician fading.
This model is suitable for wireless links when there is a line of sight (LOS) link
between the transmitter and receiver. Several papers in the literature consider
Rician fading in the context of point-to-point MIMO communications. In [K1]], the
authors derive the exact capacity of MIMO Rician channel, when perfect Channel
State Information (CSI) is available at the receiver, but the transmitter has neither
instantaneous nor statistical CSI. Reference [82] studies the capacity of MIMO
Rician channel in the high and low SNR regimes, for both coherent and non-
coherenet communications. it is shown in [82] that in the low SNR regime, the
specular component of the channel completely determines the form of the optimum

signal whereas in the high SNR regime it has no effect on the optimum signal
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structure. In [83], the authors consider the min-capacity of a MIMO Rician channel
with an unknown deterministic specular component. [84] analyzes the capacity of
a MIMO Rician channel with isotropically random rank-one specular component,
when the channel is unknown at both the transmitter and receiver sides.

In this chapter, we consider a Rician MIMO-BC, in which a transmitter equipped
with M antennas communicates with N (N > 1) single-antenna users. The chan-
nels are assumed to be perfectly known at both the transmitter and receiver sides.
The asymptotic (in terms of the number of users) sum-rate capacity of the system,
as well as the capacity-achieving strategies, are derived. The main results of the
chapter are as follows: i) in the region of K = o(In N), where K denotes the Rician

factor, the sum-rate capacity scales as M In(1 + %n), where P denotes the SNR

In N
1+

and n £ which is achieved by Zero-Forcing Beam-Forming (ZFBF) along
with a low-complexity user selection algorithm that considers only the scattered
component of the users’ channels, ii) in the region £ = w(InN), in the case of
co-located transmit antennas, the capacity scales as In(1+ M P), which is achieved
by TDMA, iii) in the region K = w(ln N), in the case of isotropically-distributed
specular components, the sum-rate capacity behaves as M In(1 + P), which is
achieved by ZFBF, along with a user selection algorithm that considers only the
specular component of the users’ channels. Simulation results confirm the validity
of analytical results.

The rest of the chapter is organized as follows. In B2 we introduce the system
model. Section is devoted to analyzing the asymptotic sum-rate capacity of

the underlying system. Some simulation results are presented in section B4l and

finally, section concludes the chapter.
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5.2 System Model

In this work, a MIMO-BC in which a base station equipped with M antennas
communicates with N users, each equipped with single antennas, is considered.

The received signal by user k can be written as

yr = Hgx + ny, (5.1)

(CM><1 ClxM

where x € is the transmitted signal, H; € is the channel vector
from the transmitter to the kth user, which is assumed to be perfectly known at
the receiver side and provided to the BS via a noiseless feedback channel H, and
ng ~ CN(0,1) is the AWGN at this receiver.

Under Rician channel model, Hy can be written as

Hk = \/1 — Tka -+ \V Tkak, (52)

where Gy, is a circularly symmetric zero mean unit variance Gaussian vector, re-
flecting the scattered component and by is a unit-norm vector representing the

specular component of the channel, and r, is a constant related to the Rician fac-

tor ICp, H via 1y, = Kfil. We consider two scenarios for by: (i) The entries of Hy are
i.i.d Gaussian with mean b;, and variance 1 — |b;|?, where b, is a complex number

|2 _ &%

satisfying |bx|* = rg. In this case, it is easy to observe that by = \/—Ml’ where

1 is the vector of all ones. This model corresponds to the case that the transmit

'In fact, the BS does not need to have the perfect CSI about all the users’ channels. However,
the partial CSI that the BS receives through feedback is based on the perfect CSI that the

receivers have.
2Rician factor is defined as the ratio of the power of the specular component to the power of

the scattered component.
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antennas are co-located, and consequently, the specular components from all trans-
mit antennas to each of the users are equal H . ii) The vector by is isotropically
distributed in the unit sphere. This model has been used in [84]. It is assumed
that 7y is fixed for all the users during the whole transmission period and is equal
to a constant r,i.e., ri =r9=--- =71y =T.

We assume that the transmitter has an average power constraint P, i.e.,
E{Tr(xx*)} < P.

The power constraint is assumed to be per frame. In other words, the power
constraint is independent of the channel realization. The channels are assumed to
be quasi-static block fading, in which each channel H;, is drawn randomly at the
start of each transmission frame and remains constant for the whole transmission
frame, and changes independently to another realization in the start of the next
frame. The frame itself is assumed to be long enough to allow communication at
rates close to the capacity. Defining the sum-rate capacity of the system in the
channel realization H = {H;} |, when the transmitter has perfect CSI about
all users’ channels, as Csum(H), the average sum-rate capacity, denoted as Cgym,
is defined as the average over time of Cyym(H), which is by the ergodicity of the
channel, equal to Ey {Csum(H)}. Csum is shown in [5] to be equal to

N
Ly + Y H;PH,

k=1

: (5-3)

Coum = Ex ¢ max In
Py
S P,=P

where P is the transmit power allocated to the kth user.

3Note that however, the specular components from each transmit antenna to different users

are not necessarily equal.
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5.3 Asymptotic Analysis; Capacity Computation

In this section, we compute the capacity of MIMO-BC under Rician fading, in the
asymptotic scenario of N — oo. To this end, we consider two cases; (i) K = o(In N)
and (ii) £ = w(In N). For each case, we provide a lower-bound and upper-bound

for the capacity and prove that as N — oo, these bounds converge to each other.

5.3.1 K=o(nN)

Theorem 5.1 The capacity of the underlying MIMO-BC' in the case of K =
o(In N) equals

P InN
Cowm = M In <1+M1+K) +o(1), (5.4)

which 1s asymptotically achievable by ZFBF.

Proof - The proof is based on the upper-bound and lower-bound given as fol-

lows:



Capacity of Rician MIMO Broadcast Channels 183

Upper-bound

Using (B£2), the upper-bound for the sum-rate capacity can be derived as [26]

Com < ME{ln( +—||H||max)}

_ ME{ln (40 mnekrumubkn]fm)}

2
@ ME{m 1—|——max 1/ H ”1+IC
= 1
{n( v 1+,Cncrnm)

5 (G + 25

In |1+
L+ e 1G]
(0) P 1
< L ane
< ME {ln (1 + 71 n K||G||max) +
2VEM ||G||max N KM
FA+K)+ ||G||?nax FAL+EK) +IG]
< Mn(1+— G|2..) ) + ME +
< (14 (16 ) + { YT
ME KM | (5.5)
FA+K) + Gl
where (a) follows from the facts that r = H—K and ||bg|| = 1, (b) results from

upper-bounding In(1+z) by z, and (c¢) follows from the concavity of In(.) function
which incurs that E {In (1 + 5% Gl2.) } <In (14 HF%E{IG|2,}). Defin-
ing A £ 2(14+K),t £In N+ (M —-3)Inln N, and A as the event that |G|, <,
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we have

2 |Gl | [ 2V Gl
E{ }__E{ VAL, m}ﬁmu+

A+ [|G[F
E{mf_wwmxwﬁpﬂwq
A+ (|G
< @Pr{ﬂ} + 2@, (5.6)
where the second line results from the fact that %ﬁ’@i’;{ < ﬁ and also the
function % is decreasing for ||G||%,. > A, noting that as A = o(In N) (since

K =o(InN)), we have t > A. By a similar approach, the third term in RH(EIT0)

can be upper-bounded as

E{ M } M oy + KM (5.7)

FAL+K) + Gl A+t
In Appendix [K] it has been shown that Pr{(} = o (+). Noting that &L = O(1)
and IC = o(In N), which incurs that IC = o(t), we have

2R Gl |
E{ TG }_0(1), (5.8)
and
KM
E{(H%memjzd” 59

Substituting in (BI10), the upper-bound on the sum-rate capacity can be written

as

Com < M1 (14 T B (G} ) +o)
— M (1 + %) +o(1), (5.10)

where the second line follows from the fact that E {||G|?,.} = In N + O(Inln N)
6.
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Achievability: Scheduling based the scattered component

Consider the following algorithm:

Algorithm 1
e Set the threshold t =In N + (M — 3)Inln N
e Among the users in the following set:
S = {kl |Gxl* > t}, (5.11)
select one user at random. Call this user s;, and define S; =S — {s1}.
e For m =2 to M, repeat the following:

— Denote the set of selected users up to the (m — 1)th step as A, =
{51, ,8m_1}. Define S,, =S — A,,.

— Define P,, as the sub-space spanned by the scattered channel compo-

nents of the users selected in the previous steps, i.e., {vy, ;-”:_11, where
Vi = i k=L N
— Let {‘bj};-”:_ll be m — 1 orthonormal bases for P,,. Then,
m—1
Sm = arg gg‘lsi ; ‘Vk'i'ﬂ . (5.12)

In the above algorithm, the user selection is solely performed based on the scattered
component of the channel. First, the users with scattered channel gains above the
threshold t are candidated. After that, the algorithm tries to find a set of semi-
orthogonal channel vectors out of the candidate users. To this end, at each step of

the algorithm, the user whose scattered channel vector is the most orthogonal to
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the sub-space spanned by the previously selected users’ scattered channel vectors is

selected. After selecting the users, the BS performs zero-forcing beam-forming on

the (whole) channel vectors of the selected users. Defining H £ [HT, |HSM]
and u = [uy, -+ ,up]? as the information vector for the selected users, we have
x = H 'u. (5.13)

Therefore, the achievable sum-rate of this scheme can be written as

P
R = MEg {m <1+Tr{[HHH]_1}>}. (5.14)

Defining 9B as the event that L = |S| > In N, € as 6(G”) > 1 +2M (InN)~ 2T D,
and © as the event that ||Gl|%,. < t7, where §(A) denotes the orthogonality
defect [37] of A, ||G|]?,, = max; ||Gy||?, and t+ £ In N 4+ M Inln N, we have

P
R = ME In|1+ B,C,D ,Pr{B,C, D} +
H|‘B,€,’D{ Il( Tr{[HHH]_1}>’ } r{ }

P
ME . In|1+ BCUECUDC Y x
H|BCUeCuDC { ( Tr {[HHH]_1}>‘

Pr{®B¢ U ¢’ uD}

MEgs.c0 {m (1 o {[Him]—1}> ' B, e,z)} Pr{B, ¢, D)}
(Mlnp - MEH‘%@{IH (T {[HHH 1}) ) B, ¢ @}) Pr{B)Pr{¢|B} x

v

v

Pr{®[B, ¢}. (5.15)

In Appendix [, it has been shown that Pr{®8} = 1+ o(+) and Pr{¢|B} =
1+o0(55), and Pr{®[B,¢} =1+ 0 (=)
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Defining G £ [GT |---|GT

SM
can be written as
I e\ 1 MK
Hyy] 1L _ - 0
Tr{[H H] } — Tr{ <1/’C+1G+1/1+’CB> (‘/KHG“/HKB)
_ —1
= (IC+1)Tr{ GHG+\/MIC(GH]B+IB%HG)+MICBHB} }

2 (K+1Tr { ©G - 20 /KTHGTCH] }

(b) - -1
< (K+ 1)Tr{ Amin {G'G} I —2M ICTr{(GHG}I] }

], and B £ [b%]---[bT, )", the term Tr { [HH] '}

SM

]

= MK +1) (uin {76} — 21 ICTr{GHG}>_1. (5.16)

In the above equation, (a) follows from the facts that for any two positive definite
matrices A and B: i) if A < B, then Tr{A} < Tr{B}, ii) if A < B, then
B! < A7l iii) BB = 0, and iv) G"B + BYG = —2,/MTr{GHG}I. The latter
results from the fact that for any M x M matrices A and B, and any M x 1 unit

norm vector X, we have

x" (A"B+B"A)x = 2R{x"A"Bx}
> —2|Ax||Bx|
> =21/ Amax(A) Amax(B)
> —2/Tr{AHA}Tr{BEB}, (5.17)

where Apax(A) denotes the maximum eigenvalue of A? A. This implies that

IM(C)| < 2/Tr{AHA}Tr{BEB},
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i=1,---,M, where \;(C) denotes the ith singular value of C = A”B + B#A.

Hence,

A'B +BPA = —2/Tr{AHA}Tr{BAB}L (5.18)

Substituting A by G and B by B, noting that Tr{B#B} = M, (a) follows. Also,
(b) results from the fact that G¥G = Ay (G”G) 1.
Conditioned on B and D, Tr{G”G} is upper-bounded by Mt*. Defining £ £

2M (In N)_2(Ml*1>, conditioned on €, we have

M 2
my i |Gl
§ (G") = |(GiHG| <l+e¢
(@) tM
RN <l+e
[12, X (GHG)
tM
- TrGHG) - Amin(GHG) M1 <lte
I —Amin
Amin (GEG) [ ) }
(©) tM
= <1+e¢, (5.19)

o (676 1"

M-1
)

where (a) follows from the fact that conditioned on 9B, we have [|G]|> > ¢, (b)
results from the fact that knowing A, (GH G), the product of the rest of the

eigenvalues is maximized when they are equal, i.e.,

M M-1

[1» (G"G) < Auin (G"G)

1=1

Mt+ — Ain (GHG)
M—1

and (c) follows from the fact that conditioned on ©, Tr (G¥G) < Mt*.
) H
Defining v £ /\"”"E%SG), from the above equation, we can write
YO =) (1))

e (5.20)
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Since t = InN + (M —3)Inln N and t* =In N 4+ M Inln N, it follows that £ >

1 — 2nN * Hence, using the inequality (1 — z)" > 1 —nz, for 0 < z < 1, we
have (t%)M > 11— % Moreover, using the fact that ;= > 1 — ¢, the above

equation can be rewritten as

V(M — )M
where 1) £ W + e. Since the function f(y) = % is an increasing

function of v over the interval [0,1], writing the Tailor series of f(y) about 1,

noting that f(1) =1, f(1) =0, and f”(1) = — 5, we have

Y — )M
=y LY
M(1—~)°
20r-1) =
—=v>1- W (5.22)

Having the fact that ¢ = O <(ln N)~ 2~ 1>> the above equation yields that con-
ditioned on B, € and D,

Mnin (GG) = ¢+ [140 ((mzv)—mﬂ
= InN [I—I—O ((lnN) 4(M 1))]’ (5.23)

where the second line follows from the fact that t+ = In N+MInln N =In N [1 + O (IIL;LNN)] =
In N [1 +0 ((ln N)_4(Ml*1> )] . Substituting in (EI8]) yields that conditioned on B,



Capacity of Rician MIMO Broadcast Channels 190

¢, and D,

Tr { g ‘1} < M(K+1) (t+ [1 +0 ((m N n)} - QMW) -

= w :1 +0 ((lnN)‘WlfD) +0 (\/%)}

@ w :1 +0 ((lnN)_‘l(lel))]

- % 140 () )], (5.24)
where (a) follows from the fact that T =0 <\/T> <(ln N)~ T 1>> Sub-
stituting in (5I5) yields

R > M (% [1 0((1nN) o= 1>>])Pr{€8,€,©}
® {Mln (%) 0 ((n Ny~ 0= >)} {1+0 (1 1N)}
— Mn (%) i) ((m N~ n) (5.25)

Since K = ofln K), it follows that In (77205} = In (1+ 7245 4 o(1). Noting
this fact and comparing the above lower-bound with the upper-bound derived in

(ET0) completes the proof of Theorem BIL

5.3.2 K=w(nN)
Co-located transmit antennas

In this scenario, the specular components from all transmit antennas to each re-

ceiver are equal. In other words, by = \/Zeil M, Where 1,; the all-one vector with

size M. However, the scattered component of all users’ channels follow the circu-
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larly symmetric complex Gaussian distribution. The following theorem gives the

capacity of MIMO-BC in this scenario:

Theorem 5.2 The capacity of MIMO-BC' in the case of K = w(InN) and co-

located transmit antennas scales as
Coum = In(1 4+ M P) 4 o(1), (5.26)

which is achievable by TDMA.

Proof - Like the proof of Theorem B, we first give an upper-bound on the
sum-rate capacity and then, by giving an achievable rate which is asymptotically

equal to the upper-bound the theorem is proved.
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Upper-bound: Writing the sum-rate capacity of MIMO-BC from (B3]), we

have

Csum

INE

INS

N
By { max In Ty + > H{PH,
> Pp=P k=1

N
Ee ¢ max In |y -+ Z [\/1 “ G+ \/rkak} " p [\/1 Gy + \/rkak}

by
> Py=P
Eﬁ{ n}jax In IM+rMZbHPkbk
Zpk k=1
N N
In IM+< r(1=r)M Y [G{ Pby + b P.Gy] + (1= 1) > by Piby ) P}
k=1 k=1
N
E@{ H}Dax In (I, +71 M(ZPk> 1| +
ZPk 1
In

k=1

}

N N
k=1

In (14 rMP) +

N
E@{ max In Ly + /r(1 —r)M Z (G Piby + b PGi] + (1-1) ) G PGy }
ZPk k=1
In(1+7P)+

Py M

S 2P (V= M {GEby} + (1= )T {GlGy })
ME@{ max In [ 1+ },
S P=P

(5.27)

where ® 2 {G;}Y_, and P £ (IM+7’P1]I\{/[1M)_1. In the above equation, (a)

follows from i) I+ AB| = [I+ BA|,

| =1+7rP1y1%
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noting that 1,,1%, = M, and ii) as P < I, we have

N N
In Iy + <\/r(1 — )M Y [GIPiby + b PGy + (1 - 1) Zb,kabk> P| <
k=1 k=1
N N
In Ty +/r(1=r)M > [GY Pib + b BGy] + (1— 1) Y bf Piby|.
k=1 k=1

M Triay\ M :

oreover, (b) results from the fact that for any A =0, |A| < (=57 ) . Noting
that Tr{G{'bi} = Tr{b/Gi} < [|Gilllbill = 7Gxl and Tr{G{G} =
|G#||?, the second term in the right hand side of the above equation, denoted by

R5, can be further upper-bounded as follows:

S 2P (VT = DIG + (1= 7)1Gil?)

Ry, < MEg n}gax In|1+

) M
> P,=P
” P (VT =G s + (1= 1) |G )
= ME{In|1+
M
E{lGlmax} | E{lIGlRax}
(b) P( + max >
< M1+ VI+K 1+K
M
O(vInN) , O(InN)
(o) Min 1+P< VI+K + 1+IC)
B M
(d)
= o(1), (5.28)

where ||G||max = maxy, [|Ggl|. In the above equation, (a) results from the fact that
the solution to the optimization problem in (B28) is to allocate all the transmit
power to the user with the highest scattered gain. (b) follows from i) the concavity
of In function along with the Jensen’s inequality which enables us to move the

expectation inside the In, and ii) the fact that r = HLK, which incurs that » < 1,
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and 1 —r = . (c) results from [26], in which it is shown that |G|, =
In N + O(Inln N) with probability one, which incurs that E{||G|?..} = O(In N)
and E{||G||lmax} = O(VIn N), and finally, (d) follows from the assumption of K =

w(In N) and the fact that In(1 + o(1)) = o(1). Substituting Ry in (27) yields

Coum < In(1+7rPM)+o0(1)

< In(l+PM)+o(1), (5.29)

where the last line comes from the fact that » < 1.

Achievability - In order to show that the sum-rate given in (.20) is achievable,
we propose a random selection scheme, in which the transmitter selects a user at
random and communicates with that user. Therefore, the maximum achievable
rate is equal to the capacity of a MISO Rician channel, expressed as bellow:

R = Enu

k

m(%x In (1 + HkQHkH)
Triqi<p
= E{ln(1+ P|[H*)}

2
> E{ln <1+P‘\/TM—\/1—r||GkI|‘ )} (5.30)
Let us define € as the event that ||G4||> <InN. R can be lower-bounded as

R > E {m (1 +P’W— mnekuf) ’ ez} Pr{¢}

a

= In(l1+ PrM +o(1))Pr{¢}

—
=

—~
=

D (1 + PM) + o(1). (5.31)

In the above equation, (a) follows from the assumption of £ = w(InN), which

implies that conditioned on &, /1 — |Gyl = \”/% = o(1). (b) follows from

i) as ||Gg||* has Chi-Square distribution with 2M degrees of freedom, Pr{€¢} ~
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(Al/’;l_vaﬁ!vN = o(1) and ii) as r = 25 and K = w(In N), we have r = 1+ 0 (). This
completes the proof of achievability and hence, the proof of Theorem

The case of isotropic specular components

In this case, it is assumed that the specular component of all users’ channels, i.e.,
by, k= 1,---, N, are isotropically distributed in the unit sphere. The difference
between this case and the previous case is that in the case of co-located transmit
antennas, there is only one available coordinate in the system (the coordinate of
1,,) for transmission, and as a result, we don’t have the M-fold capacity increase,
as we expect in Gaussian MIMO-BC. However, in this case, by wisely selecting the
users one can achieve the M-fold capacity increase. The following theorem gives

the capacity in this case:

Theorem 5.3 The capacity of Rician MIMO-BC' in the case of K = w(In N) and

1sotropic specular components is equal to

Coum = M In(1 + P) + o(1). (5.32)
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Proof - Upper-bound: In [26], Appendix B, an upper-bound on the capacity of
MIMO-BC is given as

P
am < ME<In {1+ —|H]|?
Con = 21210 (15 T80 ) |

P 2
< ME{ln <1+M‘\/7~M+\/1—ry|(;y|max‘ )}
(a) P 2
< Mln<1+ME{’\/rM+\/1—r||G||maX })
0

2 Mln (1 + % ‘\/W+0(1)‘2)
= MIn(1+rP)+o(1)
2 Mn(1+ P)+o(1). (5.33)

In the above equation, (a) follows from the concavity of In function along with
the Jensen’s inequality, (b) results from the fact that ||G||max = O(In V) and since
1—7r =% = o(g), we have VI —7[|Gl[max = o(1), and (c) results from
r=1+o(1).

Achievability; Scheduling based on specular component Consider the following
algorithm:
Algorithm 2

e select one user at random. Call this user s;, and define S; = S — {s,}.
e For m =2 to M, repeat the following:

— Denote the set of selected users up to the (m — 1)th step as A, =
{51, ,8m_1}. Define S,, =S — A,,.

— Define P,, as the sub-space spanned by the specular channel compo-

m—1

nents of the users selected in the previous steps, i.e., {by; i
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— Let {®,}7; ! be m — 1 orthonormal bases for P,,. Then,
= arg min Z by @Y. (5.34)

o After selecting the users, the BS performs zero-forcing beam-forming on the

5]%i|

(whole) channel vectors of the selected users. Defining H = [H? |- --|H

T

and u = [uy,--- ,upy]" as the information vector for the selected users, we

have

x = H 'u. (5.35)

Defining the event § = {§(B”) < 1+ ¢} and Q = {Tr{G"G} <In N}, where

B = [b7]--|by,]", G = [GT|---|Gs,]", and ¢ £ 2MN"207-5 | similar to
(ETH), we have
R > ME In |1+ r 5,9 Pr{F, Q} (5.36)
- H|S,Q TI‘ {[HHH]_I} Y 9 . .

Since by’s are isotropic unit vectors, Pr{F} can be computed similar to Pr{€|®B},
which is performed in Appendix [, and shown to be 1 + o(+) . Moreover, since
the scattered component is not considered in the selection, it follows that G can be
considered as an M x M circularly symmetric complex Gaussian matrix, and as a
result, Tr{G” G} has Chi-Square distribution with 2M? degrees of freedom which
implies that Pr {Tr{G”G} > In N} = M];V;—:ifrw[l +o(1)] = O (%)
Therefore, Pr{Q} =1+ O (%) =0 (\ﬁ> Having computed Pr{§} and
Pr{Q}, noting that as the specular and scattered components of the channels are

independent, § and and £ are also independent, we have

Pr{3, ) = 140 ( ! (5.37)

)

4To this end, it is sufficient to substitute In N by N in the steps of proof.
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Similar to (14, Tr { [H7H] _1} can be upper-bounded as
4 -1
T {[HH] "} < K+ )T { (MKB"B - 201 /KTH{GTG 1) }

(K +1)Tr { (MK (78) 1 - 20 KTH{GHGH) _1}

- (1 + %) (Amm (B"B) — 24/ @) ) : (5.38)

Conditioned on £, we have Tr{G”G} < In N, and since K = w(In N), it follows
that 24/ w = 0o(1). Moreover, conditioned on §, i.e., §(B¥) < 1+ ¢, and
following the equations (EI9)-(B23) with ¢t = t* = 1, we have

IA

Anin (BYB) =1+ 0 (N~ ). (5.39)
Combining the above equation with (E38) yields
H -1
T {[H7H] '} < 1+ o(1). (5.40)

Substituting in (B30), noting (B.31), we have
R > MIn(1+ P)+o(1), (5.41)

which completes the proof of Theorem
|
Remark - Comparing the sum-rate capacity of the system in the two cases of co-
located transmit antennas and isotropic specular components when K = w(In N),
it follows that in the first case, the capacity grows logarithmically with M, while
in the second case it scales linearly with M. Moreover, since (1 + )M > 1+ Mz,

YV, M, it follows that

Cisotropic > Cco—located. (542)

sum sum
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5.3.3 K =0(InN), Isotropic specular components

The following theorem gives the asymptotic sum-rate in this case:

Theorem 5.4 The sum-rate capacity of the system in the case of K = O(In N)

and isotropic specular components can be obtained as

Coun = M In (1 +P [1 + \/%r> +o(1), (5.43)

YNET
where n = limpy 0 %

Proof - Upper-bound: Similar to (B33)), we can write

2
Com < M1n<1+%E{)\/rM+V1—r||G||max })

2

IGII3

max

1+ K

= MIn 1+§E i\/rM—l—

@ M (1 + % [\/TM +/n1 + 0(1)]]2)

Y Mn (1 +P {1 + \/%D +o(1), (5-44)

where (a) follows from the facts that i) |G|/, = In N + o(ln N), with probability

max

one, and ii) n ~ }é‘ﬁ, and (b) results from the fact that as £ = O(In V), we have
r~ 1

Achievability; Scheduling based on both specular and scattered components: Con-
sider the following algorithm:

Algorithm 3:

e Select the thresholds t =In N —2.5Inln N and v = ﬁ
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e Construct the following set:

So 2 {k| R(vi, b)) >1 -7}, (5.45)

where $(x) denotes the real part of z, and v, £ |Igill’ k=1,--- N.

e Among the users in the following set:
S & {k € Sol |Gl* > t}, (5.46)
select one user at random. Call this user s;, and define S; = S — {s;}.
e For m =2 to M, repeat the following:

— Denote the set of selected users up to the (m — 1)th step as A, =
{51, ,8m_1}. Define S,, =S — A,,.

— Define P,, as the sub-space spanned by the scattered channel compo-

nents of the users selected in the previous steps, i.e., {vy; ;-”:_11.
— Let {®;}7" be m — 1 orthonormal bases for P,. Then,
m—1
Sm = arg ]?61‘181;1” ; ‘Vk@f‘ . (5.47)

— After selecting the users, the BS performs zero-forcing beam-forming on

the (whole) channel vectors of the selected users, i.e.,
x =H 'u. (5.48)

As can be observed, the above algorithm is very similar to Algorithm 1, with

the difference in putting an extra constraint for the user selection, which is, the
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scattered and specular components of the selected users must be almost in the
same direction.

Defining the events B, €, and ®© as in the proof of the achievability part of
Theorem Bl similar to (B21H), we have

R > MEgge» {ln (1 + Tr{[HiIDH}]_l}> ' ‘B,C,@} X
Pr{B}Pr{¢|BPr{D|B, ¢}. (5.49)

Pr{€|B} and Pr{®|B, €} can be computed from Appendix [Das 1 + o () and

InN
1+0 (L), respectively. For computing Pr{®8}, we first compute ¢ £ Pr{k € S}

InN
as follows:
¢ = Pr{R(vi,bi) >1—7,||Gy]* >t}

—
S
=

Pr{R(vi, bi) > 1 — y}Pr{||G||* > t}

—
=
=

> Pr{z(vi,by) > 1 —0.57}Pr{cos [O(vib})] > 1—0.57} Pr{||Gs|* >t}
© (0.57)M—1gﬁ [1+0(1/1)] (5.50)
(d) V212 N Inln N

~ a(M-1)IN {HO( In N )} ’ (5:51)

where O(z) denotes the phase of a complex number z, and for any 1 x M vectors

%. In the above equation, (a) follows from the

u and v, z(u,v) is defined as
facts that i) z(vg, bg) is a function of only the direction of Gy and for Gaussian
vectors, norm and direction are independent, and ii) by and v; are independent of
cach other. (b) comes from the fact that since R(vy,, by) = (v, by,) cos [O(vibf!)],
having the events z(vg,by) > 1 — 0.5y and cos [O(vgbfl)] > 1 — 0.5y yields
R(vi,by) > 1—7, and also the fact that the norm and phase of v; b} are indepen-

dent of each other. (c) results from i) as by and vy are two independent isotropic
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unit vectors, the pdf of Z £ z(vy, by,) is computed in Lemma 3, as
pz(z) = (M -1)(1-2)"? = Pr{Z>1-~}=-"", (5.52)

ii) for small enough x, cos(x) ~ 1 — %2, and hence, the event cos [O(vybf)] > 1 —
0.5 is equivalent to |©(vy, by)| < /7, and since O(vy, by) is uniformly distributed
between 0 and 27, we have Pr{cos [©(G;bf)] >1—0.57} ~ 4, and iii) Since
|G||? has Chi-square distribution with 2M degrees of freedom [32], it can be
shown that

(M1t
Pr{||G|* >t} = m[1+0(1/t)]. (5.53)
Finally, (d) follows from substitution of ¢ = InN — 25InInN and 7 = = in
ER0).

Similar to (14, Tr { [HH] _1} can be written as

H -1 . 1 H \/M’C H H MK H
T {[EE T = T GG+ = (G"B+B"G) + ——B"B

(5.54)

In Appendix [M], it has been shown that z(Gy,, Gs,) < ¢, for i # j, where € =

1- L ~2M(ln N)_2<Ml*1>. As a result, conditioned on B, €, and
1+2M(In N) 2(M-1)
®, we have

2
‘GsiGi < 12 (5.55)

Moreover, since conditioned on B, ||G,,||? > t, we have

G"G = D, (5.56)



Capacity of Rician MIMO Broadcast Channels 203

where D is an M x M matrix with I;; = ¢ and D;; = GsiGg. Since % =
140 (B from (B53) it follows that 2 = I4+eO(I), where O(I) denotes a matrix

whose eigenvalues are O(1). Moreover, since In N ~n and ¢t =In N —2.5Inln N,

we have
——G"G =nl+o(I 5.57
LG = L ol (557
For computing YMEF, where F £ G”B + B”G, we need to find F;; = G, bl +
b, G/ = 2R (Gslbf ) = 2|G,,||R (vsl ) Vi, j. For i = j, due to the algorithm,

we have Fy; > 2v/t(1 —~). Also, fori # j, F ;; can be upper-bounded as 2 ’Gsl o

Writing by, as a” ;t a v , where VJ‘_ is perpendicular to v, j = b, Vsj, and
|vi| = 1. Hence,
J
Fij < 2|Gybl
H

= 2|G (a”vs +ozlvl>

() .

< 2 GSZVS ‘l'}a ‘HGSZH

(b)

2 [\/E+ 27t+}
VIO (Ve). (5.58)

where (a) follows from i) |a+b| < |a|+1b], ii) |a”| <1, and iii ’Gsz vy ’ < ||Gs, |,
2(Gy,, Gy, ), which is conditioned on €

and (b) results from i) ‘G v

Si

and ® upper-bounded by vitte, and ii) ‘aﬂ = \/1 — ‘ay} \/1 by, v \
V1= [R(b,vi)]® < /T= (T - 7)? < y/27. This implies that F = 2v/Z [T + \ﬁO( ).
Consequently, noting that In N ~ nK and ¢t =In N — 2.5Inln N, we have

i = 2/nM [I+ oI (5.59)

IC+1 -
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Finally, having the facts that [BfB] = ||b;||* = 1, and for i # j,

1

[B7B],,

v

= |b,b”

Si

H
— I Lol I Lt
= <o¢i Vs, T Qv ) |GV, + a5 v

H
< Vsi VSj

+la |+ lag | + lag [lag |

< Vet 2V/27+ 4,
= O(Ve), (5.60)

in which (a) follows from the facts that i) |ay| <1, |ay| < 1lof | <1, a5] <1,

and ii) }Vsivg} <1, Vjivg} <1, Vjivjo} < 1, and (b) results from the facts that

i) |aj'| < /27 and conditioned on €, |v,, vl < /e, we have BB = I+ /¢O(I),
and consequently,
MK
——B"B = MI I). 61
il +/€O(1) (5.61)

Combining (&24)), (B21), (BR9), and (BE1) yields
Tr{[]HIH]HI]—l} _ Tr{[n1+0(1)+2\/WI+O(I)+MI+\/EO(I)F}

- T { [(ﬁ + VM) + 0(1)] _1}

(@) M o
Lo (\/ﬁ+\/ﬂ)2+ (1), (5.62)

—



Capacity of Rician MIMO Broadcast Channels 205

where (a) follows from the fact that [I+ o(I)]™! = I+ o(I). Substituting in (B.29)
yields

R

v

Mln (1 +P [1 + \/% 2 + o(1>> Pr{B}Pr{¢|B}Pr{D|B, ¢}
= [Mln <1+P l1+ \/%]2> +o(1) [1+O (ﬁ)}
= MIn <1+P [1+\/%} 2) + o(1). (5.63)

This completes the proof of Theorem B4l

5.4 Simulation Results

In this section, we examine the analytical results in the previous section by simula-
tion. Figures present the plots of the sum-rate capacity versus the number
of users, for different values of Rician factor = 1, = 10, and £ = 100, re-
spectively. The SNR (P) is assumed to be 10 dB in these figures and the number
of transmit antennas M is set to 2. Also, the plots of the achievable sum-rate for
ZFBF and TDMA are given for comparison. The user selection algorithm used for
ZFBF is the same as Algorithm 1 in chapter @l As can be observed in th figures
the following observations can be made: i) The sum-rate capacity of the system
in the case of isotropic specular components is larger than the sum-rate capacity
in the case of co-located transmit antennas. ii) In the case of isotropic specular
components, ZFBF performs well for all values of IC, while in the case of co-located
transmit antennas the performance of ZFBF is degraded significantly by increas-

ing /C. iii) in the case of co-located transmit antennas and K = 100, the sum-rate
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Sum-rate Capacity, Isotropic Specular Components
= = = Sum-rate capacity, Co—located antennas

—8— ZFBF, Isotropic Specular Components

= B = ZFBF, Co-located antennas

w —Pp— datas

sum-rate [bits/sec/Hz]

al’_/,_,/v/"’—"

10° 10°

Number of users

Figure 5.1: Sum-rate capacity versus the number of users; I = 1.

of TDMA is almost close to the sum-rate capacity, which is compatible with the
result of Theorem B2

Figure B4l presents the plots of sum-rate capacity versus SNR for different
values of Rician factor and two cases of isotropic specular components and co-
located transmit antennas. It is assumed that N = 100 and M = 2 in this figure.
As can be observed, by increasing the value of the Rician factor, the difference
between the sum-rate capacity of the system in the two cases of isotropic specular
components and co-located transmit antennas increases. Moreover, the slope of
the curves in the case of isotropic specular components is equal to 2, regardless
of the value of K, while the slope of the curves in the case of co-located transmit
antennas decreases with K, but increases with SNR. However, for high values of
SNR, the slope of all curves approaches 2, implying that the multiplexing gain of
the system is 2, regardless of the distribution of the specular components and the

value of the Rician factor.
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Figure 5.2:

Figure 5.3: Sum-rate
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capacity versus the number of users; C = 100.
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Figure 5.4: Sum-rate capacity versus SNR; N = 100.
5.5 Conclusion

In this chapter, we have derived the asymptotic sum-rate capacity of MIMO-BC
with large number of users in a Rician fading environment. It is observed that in
the region K = o(In V), the capacity achieving strategy is exactly the same as the
Rayleigh fading case. In the region K = w(Iln N), the sum-rate capacity depends
on the distribution of the specular component; in the case of co-located transmit
antennas, it is demonstrated that TDMA achieves the sum-rate capacity and the
capacity grows logarithmically with the number of transmit antennas. In the case
of isotropically distributed specular components, ZFBF along with a user selection
strategy which selects M users with semi-orthogonal specular components is shown
to be optimum. Moreover, the sum-rate capacity grows linearly with the number

of transmit antennas.



Chapter 6

Conclusion and Future Research

This dissertation focuses on scheduling in large-scale MIMO downlink systems.

In chapter B, we consider a Rayleigh fading MIMO-BC with large number of
users and propose an efficient sub-optimum algorithm that assigns the coordinates
of transmission space to different users in order to achieve the best performance
in terms of the sum-rate throughput. It is assumed that the zero-forcing beam-
forming is used at the base station as the precoding scheme. The algorithm starts
by setting a threshold value. By applying Singular Value Decomposition (SVD)
to all users’ channel matrices, only the eigenvectors whose corresponding singular
values are above the set threshold are considered. Then, among these candidate
eigenvectors, the algorithm chooses a set of size M which are nearly orthogonal
to each other. For the asymptotic case of N — oo, we give the necessary and
sufficient conditions for the threshold value in order to achieve the optimum sum-
rate capacity, such that the difference between the sum-rates approaches zero.
Moreover, it is demonstrated that the complexity of search and the amount of

feedback required at the base station is significantly reduced. Simulation results

209
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indicate that the proposed algorithm performs well for practical scenarios as well.

In chapter B a large-scale Rayleigh fading MIMO-BC is considered, in which
the channel state information is provided from the users to the transmitter via
feedback links. First, we define the amount of feedback as the average number
of users who send information to the BS. In the fixed and low SNR regimes, our
results show that it is not possible to achieve the maximum sum-rate with a finite
amount of feedback. Moreover, in the fixed SNR regime, in order to reduce the
gap between the achieved sum-rate and the optimum value to zero, the amount
of feedback must be greater than Inlnln N. In the second part, we define the
amount of feedback as the number of information bits sent to the BS. In the fixed
SNR regime, our analysis shows that the minimum amount of feedback, in order to
reduce the gap to the optimum sum-rate to zero, scales as O(Inlnln N), which can
be achieved using the Random Beam-Forming scheme proposed in [26]. However,
the optimality of Random Beam-Forming only holds for the region In P # Q(In N).
In the regime of In P = Q(In N), we consider two cases. In the case of K < M, we
prove that the minimum amount of feedback bits to reduce the gap between the
achievable sum-rate and the maximum sum-rate to zero grows logarithmically with
SNR, which is achievable by the “Generalized Random Beam-Forming” scheme,
proposed in [51]. In the case of K = M, we show that by using the Random Beam-
Forming scheme and the amount of feedback not growing with SNR the maximum
sum-rate capacity is achievable.

In chapter @l we consider a hard delay constraint D for each user, which is
enforced by the application or physical limitations (e.g. buffer size). We define
a dropping event as the event that there exists a user who does not meet the

desired delay constraint. We propose a scheduling scheme for maximizing the
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throughput of the system, while satisfying the delay constraint for all users. The
proposed scheduling algorithm works based on setting a threshold on the channel
gain of the users and among the users with channel gains above the threshold,
the user with the minimum Packet Expiry Countdowns (PEC), which is defined
as the remaining time to the expiration of that users’ packet, is served. By doing
asymptotic analysis, it is proved that by selecting the threshold level properly,
the proposed scheduling algorithm achieves the maximum throughput, maximum
fairness, and minimum delay in the network, simultaneously, in the asymptotic
case of N — oo. The analysis is based on characterizing the probability mass
function of PEC in terms of N, D , and the threshold value, and evaluating
the network dropping probability accordingly. It is also demonstrated that the
Round-Robin (RR) scheduling, which focuses on maximizing the fairness and min-
imizing the delay in the network, and Multi-User Diversity (MUD) scheduling,
which focuses on maximizing the throughput in the system, are two extreme cases
of the proposed algorithm, where the former suffers from the weak performance
in terms of throughput and the latter increases the network delay by a factor of
log N. Moreover, we have introduced a new notion of performance in the network,
called “Average Throughput”, which is defined as the product of the packet arrival
rate and the amount of information per channel use in each packet, and proved
that the proposed algorithm maximizes the Minimum Average Throughput in a
broadcast channel. It is also established that the proposed algorithm reaches the
boundaries of the capacity region and stability region of the underlying system,
simultaneously, in the asymptotic case of N — oco. The proposed algorithm is also
generalized to MIMO Broadcast Channels (MIMO-BC) by modifying the Random

Beam-Forming scheme proposed in [26]. It is shown that the proposed algorithm is
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capable of achieving the maximum throughput, maximum fairness, and minimum
delay, simultaneously, in the asymptotic case of N — oo, in a MIMO-BC.

In chapter Bl we consider a Rician MIMO-BC, in which a transmitter equipped
with M antennas communicates with N (N > 1) single-antenna users. The chan-
nels are assumed to be perfectly known at both the transmitter and receiver sides.
The asymptotic (in terms of the number of users) sum-rate capacity of the system,
as well as the capacity-achieving strategies, are derived. The main results of the
chapter are as follows: i) in the region of K = o(log ), where K denotes the Rician
factor, the sum-rate capacity scales as M log(1 + %n), where P denotes the SNR

A log N
and n = T

which is achieved by Zero-Forcing Beam-Forming (ZFBF) along
with a low-complexity user selection algorithm that considers only the scattered
component of the users’ channels, ii) in the region L = w(log V), in the case of co-
located transmit antennas, the capacity scales as log(1 + M P), which is achieved
by TDMA, iii) in the region K = w(log N), in the case of isotropically-distributed
specular components, the sum-rate capacity behaves as M log(1 + P), which is
achieved by ZFBF, along with a user selection algorithm that considers only the
specular component of the users’ channels. Simulation results confirm the validity

of analytical results.

6.1 Future Research Directions

The dissertation can be continued in several directions as briefly explained in what
follows.
The results of the chapters Pl and Bl is based on the assumption that the feedback

links between the transmitter and the receivers are noise-less. A natural extension
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to these results can be considering noise in the feedback links and study the effect
of the feedback channel noise on the results and also efficient ways of channel
quantization and transmission through the feedback links.

In chapters 2HA it is assumed that the channels are block fading, i.e., there is no
correlation between the channel gains in the consecutive blocks, and also, there is
no correlation between the transmit antennas or any of the receivers’ antennas. It
is interesting to investigate the effect of the temporal or spatial correlation on the
results of these chapters. Moreover, in chapter B, the arrival process of the packets
is assumed to be deterministic with a constant rate. An extension to the results
of this chapter is to consider other arrival processes (like Poisson) and study the
possibility of simultaneously achieving the maximum throughput and maximum
short-term fairness in this scenario.

In chapter Bl the asymptotic sum-rate capacity of the systems is derived in
terms of the number of users and the Rician factor. However, the SNR is assumed
to be fixed throughout this chapter. Hence, it is interesting to consider a variable
SNR scenario (like in chapter Bl), and investigate the behavior of the sum-rate

capacity with SNR.



Appendix A

Proof of Lemma

In this appendix, we derive the probability density function of O(7, j) = [V |V max]?.
For simplicity of notation, V; na.x is denoted by ¢;, and V; yax is denoted by ¢,.
Since ¢; and ¢; are the eigenvectors of two independent matrices whose entries
are independent CN(0,1), it follows from [36] that ¢; and ¢; are independent
isotropically distributed unit vectors in CM, with the following probability density
function:

0.0) = () = 0566 1), (A1)

Moreover, this probability density function does not change by multiplying any
M x M unitary matrix O, i.e.,

foo,(0) = [4.,(0). (A.2)
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Now, define u = ¢f ¢;, and let © be a unitary matrix whose first row is equal to

¢;. We can write

u = ¢;0"0¢;

= [©¢]" O¢;
= [10...0]¢;
= ¢,(1), (A.3)

where qb;- = ©¢;, and (b;(l) is the first element of qb;-. Since © is unitary, ¢; and
gb;- have the same pdf. Hence, the probability density function of qb;-(l) is the same
as that of ¢;(1), and can be computed as [36]

M-1 M—2

Ful) = foyy () = =—— (1= |uf?) (A.4)

Using the above equation, the probability density function of O(i,j) = |u|*> will be

equal to

fO(i,j)(Z) = f|u\2(z)
fu(V/2)
Ve
21\/2 fu(\/2)
2Vz
= (M —-1)(1—2)M2 (A.5)



Appendix B

Proof of (2.63)

1

, are nearly orthogonal to each other, they

Since the selected vectors {Vsi’max};;
form a basis for the sub-space spanned by them. We call this sub-space P;_;. In
the following, we denote Vj max, the eigenvector corresponding to the maximum
singular value of user k, by ¢, for the simplicity of notation.

Any vector v € CM can be represented as
i—1
v = VL+Z<¢%,V> bs;, (B.1)
j=1

where vt is the project of v on the null space of P;_;, denoted by Pi-,, and
<¢5j,v> = qﬁgv

Defining the event C; = {O(s1,k) < a, -+, 0(s;-1, k) < a} H, the conditional
probability in (Z63)) can be written as

ki = Prob{O(s;, k) <a| C}. (B.2)

IRecall the definition of o which is E(Ig).
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Using (Z254]), we can write C; by

G = {lofon? < oo |0 ol <}

Hence, (B2) can be expressed as

Ky = PrOb{|¢Z¢k‘2 < Oé) ‘¢g¢k|2 <o, 7|¢5,1¢k|2 < OK} .

Using (Bl), we can write ¢y, as
i—1
¢k - QS]J{)_ + Z <¢8ja ¢k> ¢Sja
j=1

and ¢, as
i—1
G = Ou+ D (s 0si) ;.
j=1

Hence, [ ¢;|* can be computed as,

i—1
o = | (ot ob) + X {6 0n) (90,00 +

—_

i—1

Z <¢8 ) ¢53 ¢Sla Cbk <¢53, ¢Sl> .
;

1—

j=1

Defining
Uy = <¢l ¢1§>
Uz = Z <¢s ’¢31> <¢SJ’ ¢k>
1:1 i—1
uz = ZZ <¢s >¢8J> ¢sla ¢k <¢8j? ¢sl> )
j=1 I=1

I#j
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we have

|¢Z¢k|2 = |u1|2 + |u2|2 + |u3|2 + 2§R{u1u£{} + 2§R{uQu§{} + 2%{u1u§1}, (B.9)

where R{z} denotes the real part of z. An upper bound for |¢5 ¢r|? is given by

[0 0nl” < Jual® + Juzl” + [us|* + 2 |(fuz] + Jus]) + 2|uz]lus]. (B.10)

Having the facts that ||¢;[|* < ||¢x]|* = 1, and [|¢5[|* < [|¢s,[|* = 1, we can write

H, |2 Jus |? || 2
9 0kl” < T 2+2 T l(IU2I+IU:‘3|)+(IU2|+IU3|)
% . [z
= O (¢, )+2\/O(¢k7 ) (| + Jus)) + (Jua| + |us))?
2
= ( O(¢¢,¢;)+\u2|+|u3\). (B.11)

Also, a lower bound for [¢¢;|* can be given as

0L oel* > Jual® = 2fun|(ua| + |us]) — 2Juz| |us|
> O (¢, ¢5) llow 1% ll¢s ||2 21/ O (o1, 0%) (Jual + [us]) ¢ (1|05 — 2luallus]
> O ((bk, ) —24/0 ((bi, qbi)(\uﬂ + |ug|) — 2|ug||us|.  (B.12)

Using (B3) and (B), we have

i—1 1—1

g ll* =1 - Zw%kﬁ+ZZ<¢k,¢sJ><¢sJ,¢sl> (G, 0n),  (BI3)

7=1 [=1
I#5

and

i—1

i—1 i—

’ - Z Z <¢si’ <Z§5j> <¢Sj7 ¢Sl> <¢5l7 ¢sl> . (B14>
j=1 I=1
25

1—1
1512 H
ol =1 |0,
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Conditioned on C;, and knowing that the set {¢,, }3‘:1 is €(N)-orthogonal (or equiva-
lently, Ma-orthogonal, i.e., \qbggbsf < Ma,j,l=1,--- i), from (BS) we conclude
the followings:
lus| < (i—1)VMa,
lus| < (i —1)(i —2)Ma’/?,
el > 1= (i—1a—(i—1)(i-2)VMa®?
([

Therefore, using (B.I1), (BI2), and (BIH) the upper bound and lower bound for

2 > 1—(i—DMa—(i—1)(i—2)M3?a??, (B.15)

|0 |?* can be rewritten as

o oi|* < ( O (¢, o5) +(i—1)ma+(i—1)(@'—2)Ma3/2) . (B.16)

and

e dnl> > AO(¢r,65;) —2B1/O (¢, 6%) — C, (B.17)

where
A = (1=(i=Da—(i- 1 -2)Via"?) x
(1 G~ Da - 1) - DMVITa?),

B=(i—1)vVMa+ (i—1)(i —2)Ma*? and C = 2(i — 1)2(i — 2)M>/2a°/2.
Using (B2), (BI9), and (B.I1) we have

Ki > Prob{{\/(’)(qbﬁ,(b;)+(i—1)\/ﬂa+(i—1)(i—2)Ma3/2 2<a}

— Prob {(9 (o, 01 < [\/5— (i —1)VMa+ (i —1)(i — 2)Ma3/2]2}

— Prob {0 (6, ¢%) < a —2(i — 1)VMa*? + O(az)} , (B.18)
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and

ki < Prob{ AO (¢, ¢, ) —2B\/O (o, k) — C<a}

B+\/B2+A(C+a)}

= Prob{ (9 qﬁk,(bL T

= Prob qsk,qsL ) < Va+(i—1)VMa+O(a 3/2)}

- Prob{ (6, 65) < a+2(i — 1)VMa*? + O(a2)} . (B.19)

Since ¢y and ¢, are the projections of ¢;, and ¢, over Py, a (M — i+ 1)-
i

J_
" gl |I¢sﬁll’

distributed unit vectors in P;-,. Therefore, using Lemma EZF the probability

and

dimensional subspace of CM*! can be considered as uniformly

density function for O (¢;, ¢-) can be given as
To(oren)(2) = (M —i)(1 = 2)" 7 (B.20)

Having (B20), and using (BI8) and ([BI9) we can write
/a+2(i—1)ma3/2+0(a2)

ki < (M —i)(1 — )Mtz
0
= 1- [1 —a—2(i—1)VMa®? + O(a2)] B
= (M —i)a+2(M—i)(i— 1)VMa*? + 0(a?), (B.21)
and
a—2(i—1)vMa3/2+0(a?) '
Ki > / (M —i)(1 —2)M"1dz
0

- 1- [1 —a+20i — )M + O(a2)] "
= (M —i)a—2(M —4)(i — 1)VMa*? + O(a?). (B.22)
From (B21)) and (B22) we conclude

ki = (M —i)a+ O(a??). (B.23)



Appendix C

Proof of Lemma

Let us define
p = Prob{An.x(Hy) > t}, (C.1)

where t =In N + (M + K — 1) Inln N. Using (2223), the above probability proba-
bility can be written as

tM+K_2

p = F(M)?}?;é)_t) [1+0@t™)]

N+ (M + K — 1) Inln N2 4 O ([In NJM+E=3)
F(M)F(K)elnN+(M+K—1)lnlnN
Inln N

1
N NTOOTR) ¢ <N[1nN]2>' (C.2)
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Using the above equation, the probability in (2275) can be computed as,
n = 1—(1-p~
= 1—exp (—Np + O(Np2))

= 1—exp [—

PONOT(K) N (%)]
= {1 - SRR O (HTJ]V)}
= 0 <ﬁ) . (C.3)




Appendix D

We have observed that B = HH" is an M x M matrix whose diagonal elements
behave like In N + f(N), where f(N) = o(In N), and its non-diagonal elements
scale as O(e(N)In N). For simplicity of notation, we define §(N) = In N + f(N)
and p(N) = O(e(N)In N).

Let us define A,, as a m x m matrix whose diagonal elements scale like #(V), and,

its non-diagonal elements scale like p(N). Hence, all diagonal elements of B~ can
| Anr—1]
|Anl

It can be easily shown that

be written as

Al = [0(N)]™ + O([B(N)]"?[p(N)]?)
I N]™ + O (In NJ"h(N)), m=2,---,M. (D.1)

where hA(N) = max (f(N) : e(N)) = 0(1). Consequently, we can write any diagonal
element of B! as
[In NJM=1 + O ([In N]M~1h(N))

[In NJM + O ([In NJMh(N))
= ImN]7"+ O (h(N)InN]™). (D.2)

B =

— | —
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Appendix E

Proof of Lemma

For the proposed method, we have seen that the achievable sum-rate can be lower-

bounded as

P
Rpwp > Eg{ Mn HTr{[HHH]‘I}
> MinP — MEs {In (T { [H"1]}) }. (B.1)

where H is the “ selection coordinate matrix”, defined in (29).

In [37], it has been shown that
ol *las]|* < 6(B),  i=1,--- M, (E.2)

where b;, ¢ = 1,---, M, are the columns of B, a M x M matrix with the or-
thogonality defect §(B), and a;, i = 1,---, M, are the columns of A = (B71)#,

Similarly, we can write

ol lla]|* < 6(A),  i=1,--- M. (E.3)
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Defining B = ‘H ™!, and using the above equation, we can write
) M
T ())<= b

< Zﬂ” ) (E.4)

2l

where a;, is the ith column of H™, which is equal to gg . Having the fact that

lgs, |2 >t (by the algorithm), we can rewrite ([E4) as

T ([Hm) ) < M. (E.5)

Defining X(H) = InTr ([’H’HH}_l)’ Y(H) = In M§é (t’HH)

and Fyy(.) as the CDF of the random variable W, we have

, Z(H) = Ind(H"),

E{X(H)} < E{Y(H)}
M
M o
= 1117 —i—/ 2fzm)(2)dz
0
M [e.e]
0
M o ;
= o+ /1 [1 — Fyopgmy(e )] dz. (E.6)
It can be easily shown that §(H™) = §(¥), where ¥ = [¥,| - ]J\IJM] is the matrix
HE.
M.

= 7H27 i=1,--
| ]
Since the rows of H are chosen randomly among the pre-selected eigenvectors, and

consisting of the normalized columns of H™, ie., ¥;

due to the fact that the eigenvalues of a zero-mean circularly symmetric Gaussian

matrix are independent of their corresponding eigenvectors, ¥ can be considered
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as a M x M matrix whose column are M randomly selected unit vectors. We have

1
() = @
1
T 1
where ; is the square norm of the project of ¥;,; over the sub-space spanned
by {\Ilj};":l’ P;. Now, consider ®,,---,®,;, to be an orthonormal basis for the
M-dimensional space, where {'13]-};:1 are a basis for P;. Therefore, ¥, ; can be
represented as (¢1 41, -, ¥ii+1,0,---,0), where 9,1, is the project of ¥, over
®;. In [36], the joint probability density function of \Ilgle = (Y141, Yiig1) 18

given as,

f‘p(z‘) (¢) F(M> M—i-1 ‘

0, = —ror—p (= 1P) (E.5)

Using the above equation, the probability density function of v; = ||\IIZ(3Z1 |? can be
written as

(M)

fri(z) = Wzi_l(l — )M, (E.9)

which corresponds to the Beta distribution with parameters (i, M — i).

Using (EX), (EX9), and independence of v;’s [4], we have

Prob {§(®) >} < Prob {max; > 17w

M—-1
= 1= [ v (1—r—ﬁ), r>1,  (E.10)

i=1
where I, 5(.) denotes the Incomplete Beta Function, with parameters (r, s). In [38],

it has been shown that

L(r+s)a"(1 — )5t
L(r+1)[(s)

I.s(z) = + 1 s1(x), Vr,seZ, (E.11)
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which incurs that
Lg(x) > Iy161(x), Yz el0,1].
Consequently,

Liv—i(z) > In—1q(w)

Using (ET3) and (EI), we can write,

Prob {§(¥) >r} <1-— (1 — M’W) e :

Combining (Ef) and (EI4), we have

E{X(H)} < ln¥ +/loo {1 - (1 —eM"l)(M_l)2] dr

(M—1)?

m

= oy ((M_ 1)2)(—1)m+1 /loo e

m=1

u (M—1>21_<1_6—ﬁ
= In—+(M-1
n—+(M-1) m; —
(M—1)?
M 1
< In—+(M-1) —
t —m
M
< ln7+(M—1)[2ln(M—1)+1].

Substituting ([E.13) into (EJl) and having ¢ = In N, we get

Riwy > Mn (% In N) _ MM = D)2In(M — 1)+ 1].
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(E.12)

(E.13)

(E.14)

(E.15)

(E.16)
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As a result,

~ 1. (E.17)



Appendix F

Proof of Lemma 2.11]

Achievability of the maximum multiplexing gain

Using ([EZ]), the multiplexing gain achieved by the proposed method, denoted by

T'Prop, Can be lower-bounded as

M1n P — MEyy {ln (Tr { (M H] _l})}

TProp = lim

P—oo In P
H1-1
_ M_MAEQOEH{IHTIE?;H | }} (F.1)

Following the proof of Lemma in Appendix E, and using equations ([E.Q),
and (ETH), and the union bound for the probability, we have

B {InTe { (1) '} < 1n¥+<AL4) /100 {1—(1—(3»1"1)(”[_1)2} dr

< 1n¥ (M = D2In(M —1) +1] (Z\Z) (F.2)

A

where L is the number of preselected eigenvectors in the first step of Algorithm 1.

Since L < NK, we have Ey {ln Tr { [’H’HH}_I}} < 00, the second term in ([ET])
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approaches zero, and as a result 7p,op, > M.

For the optimum strategy, the sum-rate can be upper-bounded as [39],

P
Com < My, {10 (14 1)}, (F.3)

where |[H||?,, is the maximum Frobenius norm of all channel matrices. This ran-

max

dom variable can be considered as the maximum of N x?(2M K) random variables
which has the pdf of the form

aME=L exp(—x)

T y(z, MK)N, (F.4)

fimpz.. (@) =N

where y(z, MK) = [~ %du. So, using (E£3) and ([E24)), we can write the

upper bound for the sum-rate as

oo P aME-L exp(—1x)
wm < M [ In(1+—z)N MEK)YN"dz.  (F.
Com < M [ a1+ )N o ME) ()
Thus, using the above equation, we have
. Csum
"opt = Plgréo In P
v aMElexp(—x)
MInP M In(=—=)N MK)N-1
- In P
= M. (F.6)

Since for any values of P and N, Cyum(P, N) is the maximum achievable sum-
rate , ropy Will be the maximum achievable multiplexing gain in MIMO-BC. Hence,
using the above equation and having the fact that rp,,, > M, we conclude ro, =
rprop = M Therefore, the proposed method achieves the maximum multiplexing

gain in MIMO-BC.
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Achievability of the optimum multiuser diversity
gain

In the proof of theorem 2, we observed that the sum-rate achieved by the proposed
strategy, as well as the optimum one, scales like M In (% In N ) Hence, using (E.8)
the multiuser diversity gain for the optimal scheme, denoted by doyy is equal to

dop — lim —Com
OPt T NZoo rope Inln N

M In (% lnN)

= I
N MInln N
= 1 (F.7)
and for the proposed method,
R ro
dprop = lim Prop

N—oo T'pyop InIn NV

P
o M In (MIHN)
= N MInln N
- 1 (F.8)

Therefore, the proposed method achieves the maximum multiuser diversity gain

in MIMO-BC. This, completes the proof of Lemma EZTTI
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Multiplexing Gain in Random
Selection Method

In this appendix, we prove that the Random selection strategy achieves the max-
imum multiplexing gain, i.e., rrs = M. For this purpose, we consider the the
precoding scheme of zero-forcing beam-forming. We assume that the coordinates
are chosen randomly among the eigenvectors corresponding to the maximum sin-

gular value of each user’s channel matrix. Therefore, similar to (EJI), we have

Ex {ln Tr { [’HH'H} _1}}

ZFBF ‘

r > M — M lim , G.1

RS - P—oo InP ( )

where H = [g%max | 85, max } = 85, max }T, and the users sy, - -+, sps are selected

randomly. Defining B = H ™', similar to (EZ4)), we can write

{[HHH } leazllz’ (G.2)
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where a; is the ith column of H™, which is equal to g,,. Noting that ||g,,|*> =
Amax(Hs, ), we have
L S(H)

T { [ ML)

1
M H
MO(HH)
< . .
< L Ep (©3)

Using (EX0), (ETH), and (G3) we can write
e {pen ) < (D)
= InM +E{lné(H")} { (i—'”

< InM+(M-1)2In(M —-1)+ 1]+
[ 1
8 _ME{HHSAPH
< M[an(M—1)+1]+

r oo MK -1
1 1 2 exp(—x)
n _/0 x T (MK dz

= M[@2In(M —1)+1] - In(MK —1). (G.4)

Using (G)) and (G4), and noting that r45BF < rpg < M, we conclude rrg = M.



Appendix H

To evaluate Vfﬂ ®, , we define P,, as the sub-space defined by the vectors {Vs, }izm.

We can write

Vs

o= Vﬂm + ij, (H.1)
Il

where vs,, is the projection of v, over P,,, and v, is the projection of v, over

P, and P;. denotes the sub-space perpendicular to P,,. Since ®,, is perpendic-
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ular to all the vectors in the set {Vy, }izm, it belongs to P;,

‘V‘I) ’

= ’(V!m —I—VJ' )H¢'

Sm Sm
= }(bH Sm}
= Vel
2
= 1—|vl,
2 1_2%@2
m—1

=
=

Z }v VSZ

i=m+1
M

1—25
i=1

—
3)
~

i=m+1

—~
S
=

235

and we have

= 1—-(m-1)p—- Z ‘(aﬂ,ﬁsmjLif\sf) (’yl'Vsl-l-Vj;)‘z

2
+IVa I+ vl

> 1—(m—1)3— Z (|vil v,
21— m-18- S (Vi Vi)
L e m-18-3 3 (Bt pm + )

i=m+1

—~
)
=

> 1—BM—-2m—1)3—6(M —m)e.

(H.2)

In the above equation, (a) follows from the fact that {Vj,};z, form an semi-

orthogonal basis for P;. To see this, we evaluate ‘95953. }2, i,j # m, for i > j. For

this purpose, we write Vg, I

as y; Vs, + vi;, in which Vj; denotes the projection of vy,
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. A ~
over the subspace perpendicular to v,,, and 72“ = vg Vs,. Then, we have

) 2
979, |

Si J

= Iy, + v+ HG
- 72 Si S Sj

y

I HA 11H ~
i | v [+ vl v,

= o(1), (IL.3)

where the first inequality results from the fact that |a + b> < (Ja| + |b])?, Va, b,
the second inequality follows from the facts that ‘%“‘ <1, }Vf 953.} < /B (by the

oI, the third inequality results from the fact that

algorithm), and ‘ [Vj;] s

Ve l? =1-|viv,

, ? which is by the algorithm upper-bounded by ¢, and finally,
the last line follows from the assumptions of € = o(1) and 3 = o(1).

The inequality (b) in ([EL2) comes from the fact that |[vZ v,, ?

the algorithm. The equality (c¢) results from writing v, as ah v, +v; and v, as

< B fori < m by

i Vs, + vy, with the assumption of v v =0, and vl'v,: = 0. Hence, it follows
tm%ww%Wﬁ—vwwmzz—m“wmww——ww
Inequality (d) follows from the fact that ‘fy | <1, ‘ <1, WEvi| < |

and [VIVE | < ||vE ||. Inequality (e) comes from the fact that |V v, ‘ < (3 for

i > m by the algorithm, and defining p,, = HV ? and i =

Wl =1V,

2, Inequality (f) comes from the fact that Va, b, ¢, (a+b+c)? <

v = 1= |V,
3(a® + b? + ¢?), and finally, (g) results from the fact that v v, ‘2 > 1 — ¢ for all
1 <m < M. From the above equation, it can be observed that having 5 = o(1)
and € = o(1) yields ‘vi@sm‘z =1+ o(1).
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Appendix 1
Proof of (4.100)
From the definition of v;(t), we have
Pr{v(t) =1, v;(t) =} = Pr {yi(qp) =D,v;(¢) =D, () Z°0).[) %f(z)}
1=y 1=y
< pr {%w —1), 25 - 1), ﬂ 2,°(0), ﬂ %]-C(n}
=1 1=
= Pr{Zi(0 -1} Pr{Z;(v - 1) | Zi(¥ — 1)} x
Pr {ﬂ 2L | 2w —1), Z(0 - 1)} X
I=¢
Pr {ﬂ 28| 2w 1), 230 - 1), %C(l)}
I=1 =y
2 Pr{Zi(Y - D}Pr{Z;(v — )| Zi(y — )} x
Pr {ﬂ 2| 2y - 1)} X
1=y
Pr {ﬂ 28| 2w - 1), 250 - 1), %C(l)}
I=1 =y

—
2]
~

ﬁ 270

1=

.|

Privi(t) = L}Pr{Z;(¥ = 1) [ Zi(y — 1)} x

%(¢ - 1)’ ‘%(¢ - 1)’ ﬂ ‘%C(l)} )

1=y
(L1)



Proof of ([EI00) 239

where ¢ £ t—D+1;. In the above equation, (a) comes from the fact that the events
vi(v) = D and Z;(1)—1) are equivalent H (b) results from the fact that conditioned
on Z;(¢v — 1), ﬂf:w Z:¢(1) is independent of 2j(y) — 1) H Finally, (c¢) follows
from writing Pr { 2i(v — 1)} Pr {V_, 2°0) | Z:(¥ = 1)} as Pr{wi(t) = i}, For
computing o = Pr {ﬂfzw 2L | 2w —1), Z5(¢ - 1), ﬂfzw %C(l)}, we have

Pr {ﬁ 22
I=¢

where o 2 Pr {(Y_, 26() | 23 = 1), My 2:°(0) } and

t

%jw—l),ﬂ%(’(w} =op+o (1 —p), (L.2)

=4

t
o Pr {%w —1) | 2w - 1. %Cm} .
=y
From the above equation, o can be written as

P {NL, 200 | 250 - 0N, 250 ) — (1= o
W
w Pr{N, 20| 2w -1} - (1o
B p
o PN, 2°0| 2w -1} -0 -wr N, 2°0 | 2w -1), 2}

1
25— 1)} : (I.3)

Qe

Pr {h %C(l)
1=y

n fact, if we have 2;(¢ — 1), i.e., the user i is served in the (¢» — 1)th frame, in the next

frame its expiry countdown will be set to D. In other words, 2;(¢) — 1) results in v;(¢) = D. By
a similar argument one can conclude that v;()) = D results in Z;(¢ — 1). Therefore, this two

events are equivalent.
%In fact, since in each frame M users are served with probability one, conditioned on .2 () —1),

there are M — 1 other users which are served in the same frame. Since the rest of users are all the
same for the ith user (because of the homogeneity of the network), it follows that the condition

Z;( — 1) does not change the conditional probability Pr {ﬂfzw ZE(0) ’ Zi( — 1)}
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where Z; denotes the event that user j is excluded from the network, and hence
is never served. (a) comes from the fact that the event ﬂ;zw Z:°(1) reduces

Pr {ﬂfzdj 2L ‘ 25— 1)} (b) results from the fact that

o* > Pr {ﬁ ﬁ”jc(l)

=4

%w-l),%},

which is due to the fact that excluding the jth user from the network, increases
the chance of user 7 to be served during each frame and as a result, reduces the
conditional probability Pr {ﬂfzw 2L (1) ‘ 2 —1), ﬂf:w_l %C(l)} (c) follows
from the fact that as N — oo, the effect of excluding the user j from the network on
the conditional probability Pr {ﬂfzdj 2L (1) ‘ i — 1)} is negligible. In other

words,

Zi(¥ = 1), 9’}} ~ Pr {h 25 (1)

1=y

Pr {ﬂ 2L0) 2(0 — 1>}.
1=y

Substituting o from the above equation in the right hand side of (L) yields

Pr{n(t) = bv;(t) = b} < Pr{u(t) = L}Pr{Z;(e — )] Zi(¢ - 1)} x
P {ﬂ 200) | 250 - 1)}
I=¢

—~
S
N

PriZi(y - D[ 2y - 1)}

Pr{v;(t) = [, }Pr{v;(t) = i} Pr{2;(¢)— 1)}

M—-1
M Y

—
=
=

Q

PI‘{I/Z(T,> = ll}PI'{Vj(t> = ll}

where (a) follows from the fact that Pr{.2;(¢» — 1)} Pr {ﬂfzw Z(0) ‘ Zi(— 1)}
Pr{v;(t) = 1}, and (b) results from the fact that Pr{2;(¢ — 1)} ~ & (which we
have shown earlier in the paper in (LIT12)) and also Pr{Z;(v — 1) | Zi(¢yp — 1)} ~
%. The latter is due to the fact that conditioned on Z;(1) — 1), the network can

(14)
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be considered as a (N — 1)-user broadcast channel, in which (M — 1) beams are
to be assigned to (M — 1) users. Hence, the probability of assigning a beam to a

randomly selected user is §=1 ~ Y=L From ([d)), (I00) easily follows.
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For upper-bounding the right hand side of [LI0X), we use the fact that

M(D —1+1)

G,(1-1)< N ; (J.1)

which follows from the fact that f,(I) < 2, VI, and consequently, G,(l — 1) =
Zf:l fuv) < w. Having the above equation, RH (ET08) can be upper-
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bounded as follows:

wams < w3 (70 () ()T ()

_ N;l % n<1_%)N—"<W)n(n+l)!
o n(l—%y ] Nn(girv__i)_!1)!<n+1)[<D_l+1)n]n
(- w1 v
(d) qg\N 1
< 0(1-57) 1—(D—1+ L)y
q N
~ n(1-57)
0 MENE (12

where 7 = =Lz In the above equation, (a) follows from the fact that D —[+1 > 1
M

N-1
n

(since I < D). (b) follows from writing (* ') as (V1) 7 and canceling out n! by

nl(N—n—1

(n+1)!, which leaves the term n+1 in the numerator. (c) results from the fact that

% =(N—-1)(N—-2)---(N —n) < N", which leads to having % <

1. (d) follows from upper-bounding the sum Zivz_ol (n+1)[(D—141)n]" by an
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infinite sum »  (n+ 1) [(D — I + 1)n]" which equals to m, noting that
since D —1 < D —Dy < 9vN(InN)* and n ~ g ~ Mp < (1n]\]>7)2 , we have

M(In N)?

(D —1+1)n < 1. Finally, (e) results from upper-bounding n ~ Mp by —5~,

which is explained in the footnote, and also approximating (1 — %)N by e~ ~
e~ NP which is upper-bounded by e~ which is due to the fact that as T <
L (InN—(M+05)InlnN), p= —<0 5 @2

()T

'As it is shown in the paper, since £ (InN—(M+1)lnlnN) < T <

£ (InN — (M +0.5)Inln N), we have p = (1_‘;\4;3/;,1 < (ln]év)z.
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We have

Pr{} = Pr{|Gl. <t}

max

= (Pr{lGz <) (K.1)

Using the fact that ||Gy||*> has Chi-square distribution with 2M degrees of freedom

[32], we have
M-1 4m
Pr{|G|} <t} =1-)_ ﬁe_t. (K.2)
m=0 '

Substituting t = In N + (M — 3)Inln N, the above equation can be rewritten as

In®> N Inln N
Pr{|G|i <t} =1— i [1+0< — )} (K.3)

Substituting in ([KI), it is concluded that

o = (- o ()]

_ (%) | (K 4)
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Calculation of Pr{%}:

Consider a randomly selected user k. Using ([K2) and (K3]), we have

Pr{keS}:ln2N {1+O(IH1HN)} (L.1)

N In N

Therefore, L = |S| is a Binomial random variable with parameters (V,p), where
p = Pr{k € S}. Using the Gaussian approximation for Binomial distribution, we

have

N

et = > (Y )ra-n™

I=|In N]+1

InN — Np
¢ ( Np(1 —p)>

o Np—InN
- Q( Np(l—p)>

_ (Np=lnN)?

Q

—
S
=

Z 1 —e 2Np(l-p)
Np
> 1— Ne 2
(b)
O 10N, (L.2)
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where (a) results from the fact that Q(z) < e~*/2 and (b) follows from the fact

that Np ~ (}\‘2 ]Y,, which incurs that e=V?/2 = o(N~2).

Calculation of Pr{C|8}:

Using equation ([E7) in Appendix [E] we have

1
0(G") = 0(¥) = —r—, (L.3)
Hi]\il ' Gi
where ¥ £ [v/ |VSM} and 3; denotes the projection of v,,,, over Pj,,, which
denotes the null space of P;1, the subspace spanned by {v,; }j |- Defining ¢ £
1-— L from ([[3), Pr{¢%|B} can be written as
1+2M(In N) 2(M-1)
M-1
Pr{¢|B} = Pr{Hﬁi<1—e %}
i=1
(a) M‘lp {ﬁ N %}
i <1 — =
B =1 ' M
0 M-l
< Pr {ﬁl <1— (InN) =i %} , (L.4)

=1

where (a) follows from the fact that the event [[)1;" 8; < 1 — € is a subset of the
event UZ:I { B < 1— —} To show this, we observe that if none of the events
{B; <1- ﬁ}izzl occur, it means that [[;" 3 > (1- M) > 1—e. Also, (b)
results from the fact that as N — oo, 2M(In N)_m <L

From the algorithm, 3; can be written as 1 — minges,,, ki, Where z;; denotes

the projection of vj over P;;;. The probability density function (pdf) of 2, is
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given in the equation (E9J) in Appendix [E] aSH

LM) M—i-1

i (2) = =—————=2" (1 — B L.5
Since V’s are i.i.d. random variables (since the channel vector of users are in-
dependent of each other), it follows that z;,’s are also ii.d.. Hence, defining

21— (lnN)_%Ml*l), we have

—
=

r{z; >1—-60)""

Pr {8 < 0|B} (P
(1 ZM 2(1 - ‘9))L_i

=
=

S (1 )Ll

- (1 : )
In N

(C) InN—1i

© (- vaw)
In N

_ (ﬁ) | (L.6)

In the above equation, (@) results from the fact that |S;+1| = L — ¢, and (b) follows
from the the fact that I; 3y;(0) > Iny—11(0) = 6M~1. (¢) comes from the fact
that conditioned on 9B, L > In N. Combining the avove equation with ([.4]) yields
Pr{¢“B} = o (), which implies that Pr{€|B} =1+ 0 ().

Computation of Pr{®|%B, ¢}

To compute Pr{®|B, €}, we first note that since the norm and direction of circu-

larly symmetric complex Gaussian vectors are independent of each other and hav-

I'Note that since the norm and direction of circularly symmetric complex Gaussian vectors

are independent of each other, the distribution of 2y ; is independent of the condition B.
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ing the facts that B and ® depend solely on the norm of {G;}Y_; and € depends
only on the direction of these vectors, it follows that %6 and ® are independent of

€. Therefore, we can ignore € in the condition and write

Pr{®|B,¢} = Pr{D|B}
Pr{®,B}
Pr{B}
U;) Pr{®} — Pr{®B°}
- Pr{B}

(L.7)

Since we have already computed Pr{®} in this appendix, it suffices to compute
Pr{®}. Pr{®°} is computed in Appendix [Al and shown to scale as O (3ly)-

Hence,

o) - L0l o

1
=1 _
+O(lnN

=

. (L.8)

N—
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Conditioned on €, we have Hf\il_l > L —1—ec Since f; <1, this
1+2M(In N)_ 2(M-1)
incurs that 5; > 1 — ¢, Vi. In other words, 7; < ¢, where v; denotes the projection

of v, over P;; ;. Now, consider {<I>j}§:1 as j orthonormal bases for P; ;. Since

Vs; € Piy1, Vj < i, we can write

Vsj = Zalq)l, (Ml)
=1
where 32'_, |a;|? = 1. Therefore, for all 4,7, j <, we have

Z(G3i+17G3j) = Z(VSHUVSJ')

2
H

Sj

i
Z alH (VSiJrl Q){{)
=1

7
23 el
=1

= %

VsV

2

IN

€, (M.2)

< (i lal?) (i [bf?), not-

. 2
where (a) follows from the fact that ‘2;21 albl‘
ing that S, Jay|? = 1.
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