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Abstract

Mixture models provide a natural framework for unobserved heterogeneity in a population.
They are widely applied in astronomy, biology, engineering, finance, genetics, medicine,
social sciences, and other areas.

An important first step for using mixture models is the test of homogeneity. Before
one tries to fit a mixture model, it might be of value to know whether the data arise
from a homogeneous or heterogeneous population. If the data are homogeneous, it is not
even necessary to go into mixture modeling. The rejection of the homogeneous model may
also have scientific implications. For example, in classical statistical genetics, it is often
suspected that only a subgroup of patients have a disease gene which is linked to the marker.
Detecting the existence of this subgroup amounts to the rejection of a homogeneous null
model in favour of a two-component mixture model. This problem has attracted intensive
research recently. This thesis makes substantial contributions in this area of research.

Due to partial loss of identifiability, classic inference methods such as the likelihood ratio
test (LRT) lose their usual elegant statistical properties. The limiting distribution of the
LRT often involves complex Gaussian processes, which can be hard to implement in data
analysis. The modified likelihood ratio test (MLRT) is found to be a nice alternative of the
LRT. It restores the identifiability by introducing a penalty to the log-likelihood function.
Under some mild conditions, the limiting distribution of the MLRT is 1/2x2+1/2x? where
X2 is a point mass at 0. This limiting distribution is convenient to use in real data analysis.
The choice of the penalty functions in the MLRT is very flexible. A good choice of the
penalty enhances the power of the MLRT. In this thesis, we first introduce a new class of
penalty functions, with which the MLRT enjoys a significantly improved power for testing
homogeneity.

The main contribution of this thesis is to propose a new class of methods for testing ho-
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mogeneity. Most existing methods in the literature for testing of homogeneity, explicitly or
implicitly, are derived under the condition of finite Fisher information and a compactness
assumption on the space of the mixing parameters. The finite Fisher information condition
can prevent their usage to many important mixture models, such as the mixture of geo-
metric distributions, the mixture of exponential distributions and more generally mixture
models in scale distribution families. The compactness assumption often forces applicants
to set artificial bounds for the parameters of interest and makes the resulting limiting dis-
tribution dependent on these bounds. Consequently, developing a method without such
restrictions is a dream of many researchers. As it will be seen, the proposed EM-test in
this thesis is free of these shortcomings.

The EM-test combines the merits of the classic LRT and score test. The properties of
the EM-test are particularly easy to investigate under single parameter mixture models. It
has a simple limiting distribution 0.5x3 + 0.5x?, the same as the MLRT. This result is ap-
plicable to mixture models without requiring the restrictive regularity conditions described
earlier.

The normal mixture model is a very popular model in applications. However it does not
satisfy the strong identifiability condition, which imposes substantial technical difficulties in
the study of the asymptotic properties. Most existing methods do not directly apply to the
normal mixture models, so the asymptotic properties have to be developed separately. We
investigate the use of the EM-test to normal mixture models and its limiting distributions
are derived. For the homogeneity test in the presence of the structural parameter, the
limiting distribution is a simple function of the 0.5x2+0.5x% and x? distributions. The test
with this limiting distribution is still very convenient to implement. For normal mixtures
in both mean and variance parameters, the limiting distribution of the EM-test is found

be to x3.
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Mixture models are also widely used in the analysis of the directional data. The von
Mises distribution is often regarded as the circular normal model. Interestingly, it sat-
isfies the strong identifiability condition and the parameter space of the mean direction
is compact. However the theoretical results in the single parameter mixture models can
not directly apply to the von Mises mixture models. Because of this, we also study the
application of the EM-test to von Mises mixture models in the presence of the structural
parameter. The limiting distribution of the EM-test is also found to be 0.5x3 + 0.5x7.

Extensive simulation results are obtained to examine the precision of the approximation
of the limiting distributions to the finite sample distributions of the EM-test. The type I
errors with the critical values determined by the limiting distributions are found to be close
to nominal values. In particular, we also propose several precision enhancing methods,
which are found to work well. Real data examples are used to illustrate the use of the

EM-test.
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Chapter 1

Introduction

1.1 Mixture Models

Since the work of Pearson (1894), finite mixture models have been widely used in many
disciplines such as astronomy, biology, engineering, genetics, medicine, social sciences and
so on. Mixture models can be easily applied to the data set in which two or more sub-
populations are mixed together. Due to its flexibility in modeling, finite mixture model has
enjoyed intensive attentions over the past years, from both a practical and a theoretical
viewpoints.

Typically, there are two situations where mixture models are called for. The first situ-
ation is where there are some group labels or covariates that characterize the distributions
of response variables, yet, this information is missing, not measured or unavailable when
the data were collected. A simple albeit artificial example, is when the data consists of the
heights of graduate students at the University of Waterloo. If at the time we collected the
data, gender information was not recorded, the population is deemed non-homogeneous

due to factors including the gender differences. Because the height distributions for the fe-



2 Hypothesis Testing in Finite Mixture Models

male and the male are unlikely the same, it is better to model the height data by a mixture
of two parametric distributions, for example, a mixture of two normal distributions.

In some situations, the data are known to be a mixture of several sub-populations. The
statistical problem might be to make inference on the membership of each sample in the
data set. For example, given the height information of an individual student, the objective
is to infer the gender for this student. One possible approach is to model the height data by
a mixture of two normal distributions. Given the height information, one may compute the
posterior probability of the individual being a female. In more complex applications, the
number of homogeneous sub-populations may not be known. In this case, the statistical
problem might be cluster analysis.

We finish this section by two examples to illustrate the wide spread applications of

finite mixture models.

Example 1.1.1. A data set presented in Newcomb (1886) and Pearson (1894) consists
of measurements on the ratio of forehead to body length for 1000 crabs from the Bay of
Naples. The histogram of these measurements exhibited obvious asymmetry and a single
normal distribution could not capture this asymmetry very well (McLachlan and Peel, 2000,
P3. Fig. 1.1). Weldon (1893) guessed that the reason for the asymmetry might be that the
population contained two subspecies of crabs. When the data were collected the labels for
the subspecies were not available. This explanation motivated the fitting the data set by a
mixture of two normal distributions (Pearson, 1894). Obuviously, this is a typical example

for the first situation we discussed.

Example 1.1.2. Genetics studies offer good examples of the second situation. Recent
circadian clock studies using gene expression times suggested that there exist some common
circadian-related genes in two different tissues of mouse. These common genes may not be

synchronized in phase or peak expression times. Instead, some circadian-related genes may
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be delayed by 4 to 8 hours in peak expression in one tissue relative to the other (Panda et al.,
2002). The statistical and genetical question of interest is to distinguish the synchronized
genes from genes that are systematically lagged in phase/peak expression times across two
tissues. Liu et al. (2006) used a mizture of two von Mises distributions to cluster 48

common genes in heart and liver tissues into two groups.

1.2 Basic Definitions

As discussed in the last section, mixture models are typically used to model data that
arise from a heterogeneous population. Suppose the whole population can be divided into
m sub-populations and for each subpopulation, the data can be modeled by a parametric
distribution. The marginal distribution for the whole population is then a mixture model.
The general definition for a mixture model is given as follows.
Definition 1.2.1. Let f(x;0) be a parametric density function which comes from a known
family of distributions {f(x;0), 6 € © C R%, d > 1}. Let VU be a distribution function
defined on ©. Then the distribution with the following density function is a mixture distri-
bution:

Fasw) = [ flaso)ino) (1)
We call ¥ the mixing distribution and f the kernel function or component density. If ¥ has
finitely many support points 0; € ©, j =1,2,...,m, with corresponding weights a1, ..., oy,

(j>0,j=1,...,mand Y 7", a; = 1), that is,
V() = a;I(0; <),
=1

then (1.1) becomes
fla; ) = Z%‘f(fc; 0;)- (1.2)
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We call this model a finite mixture model with m components; m is called the number of
components or the order of the mizture model; the weights (av, . . ., ay,) are called the mizing

proportions, and the support points (01, ...,0,,) are called the component parameters.

In the above formulation of the finite mixture model, the number of components m is
considered fixed. But of course in many applications, the value of m is unknown and has to
be inferred from the available data, along with the mixing proportions and the component
parameters.

For general mixture models as in (1.1), the parameter space consists of mixing distri-
butions. For finite mixture models as in (1.2), when m is known, the parameter space is

finite dimensional and we write it as
0 = {\p(e) = a0, <0): Y a;=1,a; 20,0, €O, for j = 1,...,m}. (1.3)
j=1 j=1

In Example 1.1.1, Pearson (1894) used the following normal mixture model:

flait) = = =S o (T )+ (T, (14)

2mo] 01 2moy 02

where ¢ is the density function for standard normal distribution. For this model, m = 2,

a1 = 1 -, Oy = &, 91 = (,U/ho-l)v 92 = (,U/27O-2)7 a‘nd
2
V(p,0) =Y a;l(n; < p,o; < o).
7=1

A very important concept associated with the mixture model is identifiability, which
is the foundation for estimation problems. The estimation of ¥ will become meaningless
if the parameters in ¥ are not identifiable. In general, a parametric distribution family is
said to be identifiable if different parametric values give different members of the family.

The identifiability for the finite mixture model is defined similarly. That is,
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Definition 1.2.2. Let f(x; W) = > | o f(x;0;) be the member of a parametric family of
finite mizture models, where U € Q and Q is given in (1.3). This class of finite mizture

models is said to be identifiable if for any two members f(x; V) and f(xz; V™),

*

D aif(xs0;) = s f(x;67)
=1 j=1
if and only if m =m*, (ay,...,qn) = (of,...,ak.) and (01,...,0,) = (05,...,605.) after

permuting the component labels.

Teicher (1963) showed that except for mixtures of uniform densities, many finite mix-
tures of continuous densities, especially univariate mixtures of normals, mixtures of expo-
nentials and Gamma distributions, are generally identifiable. These results are extended to
multivariate families such as multivariate mixtures of normals, see Yakowitz and Spragins
(1968). Mixtures of discrete distributions need not to be identifiable, for example, mixtures
of binomial distributions are not identifiable if the common size parameter for binomial dis-
tribution is smaller than 2m —1. Whereas finite mixtures of Poisson distributions (Teicher,
1960) as well as finite mixtures of negative binomial distributions (Yakowitz and Spragins,
1968) are identifiable. See Titterington et al. (1985, Section 3.1) for a detailed account of
the identifiability of finite mixture models. Many of the above mentioned mixture models
are also strongly identifiable. Strong identifiability was first introduced by Chen (1995),
which is required in developing some useful asymptotic results in hypothesis testing in
finite mixture model, see Chen and Chen (2001), Chen et al. (2001, 2004).

We finish this section with the following comment on the identifiability for the finite
mixture model. As we mentioned before, the mixture of normal distributions, the mixture
of Poisson distributions and so on, are identifiable or even strongly identifiable. However,
when m is quite large, some of the mixing proportions becomes close to 0, these mixture

models are close to non-identifiable in the sense that the mixture density with m com-
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ponents might be empirically indistinguishable from one with fewer than m components.
Because of this, in some applications, people use the mixture model with continuous mixing

distribution instead of finite mixing distribution.

1.3 Literature Reviews

1.3.1 Estimation in Mixture Models

Over the past years, a variety of methods have been developed for estimating the param-
eters in finite mixture models. Four of them are widely used in practice and cited in the
literature, they are method of moments, minimum-distance method, maximum likelihood
method and Bayesian method. The method of moments is the earliest method for esti-
mating the parameters in finite mixture models. In Pearson’s classic paper, he used this
method for estimating five parameters in normal mixture models (1.4). Moment estima-
tors enjoyed a wide application until computers were fast enough to find the maximum
of the log-likelihood function. Based on the method of moments, several useful diagnostic
tools had been developed for mixture models, see Lindsay (1989a, 1989b) and Lindsay
and Roeder (1992a). Even today, the moment estimators still serve as useful initial values
for iterative numerical methods such as EM algorithm to compute maximum likelihood
estimates; see Lindsay (1995). Some developments about moment estimators can also be
found in Lindsay and Basak (1993), Furman and Lindsay (1994a, 1994b), Lindsay (1995),
Withers (1996) and Craigmile and Titterington (1998).

Another general method for estimating the mixing distribution W in finite mixture
model is to minimize the distance between the empirical distribution and the mixture
distribution or the distance between the kernel density estimation and the mixture density.

Titterington et al. (1985) gave a detailed review of the minimum-distance estimators.
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Maximum likelihood estimator can also be viewed as a special case of minimum-distance
estimators, simply because it minimizes the Kullback-Leibler (1951) distance between the
empirical distribution and the mixture distribution.

Due to the rapid improvement in computing power, finding numerical solutions of a
likelihood equation becomes feasible. Likelihood-based inference has enjoyed fast develop-
ment and plays an important role in the scope of finite mixture models. Let Xi,..., X,
be a random sample from the mixture model f(z; V) in (1.2). The log-likelihood function

of U is given by

() = D log f(Xi W) = Y log { D, f(Xi:6) .

The maximum likelihood estimator (MLE) of U is defined to be

A

U = arg max (V)

when this exists. For finite mixture models, the explicit expression for the MLEs are typi-
cally not available, and a number of numerical algorithms have been developed for maxi-
mizing the log-likelihood function. Expectation-maximization (EM) algorithm of Dempster
et al. (1977) is the most popular method for finding the MLE. This is because a finite mix-
ture model is a special case of the model for incomplete data, to which the EM algorithm
can be easily applied. In the following, we give some details on the EM algorithm for the
mixture of two components. The general idea of EM algorithm is similar and can be easily
applied to mixture models with more than two components.

Suppose X1, ..., X, is a random sample coming from the mixture model:

(1—a)f(z;01) + af(x;0z).

In the EM framework, the data can be viewed as incomplete since their associated component-

indicator variables, Iy,...,I,, are missing, where I; = 1 if X; comes from f(z;60;) and



8 Hypothesis Testing in Finite Mixture Models

I; = 0 if X; comes from f(x;6;), i =1,...,n. From this point of view, the complete data
are {(X;,1;),7 = 1,...,n}. Note that I,...,I, can be seen as a random sample from
distribution Bernoulli(a). Hence the complete log-likelihood is given by

n

16(0) = [(1 = I){log(1 — a) + log f(Xy;61)} + Ii{log() +log f(Xi;62)}],  (1.5)

i=1
where W(0) = (1 —a)I(6h < 0)+ al(fy <0).
Let U be the value initially specified for U. On the first iteration of the EM algorithm,
the E-step requires the computation of the conditional expectation of ¢ (W) given the data

X1,...,X, and the initial value U© for ¥. That is,
QW ¥Y) = E{l; (V)| X1, ..., X, ¥V},

In general, on the k + 1 iteration, the E-step requires the calculation of Q(W, ¥(®), where
U*) is the value of ¥ after the kth EM iteration. Since the complete-data log likelihood,
[£(W), is linear in the unobservable component indicator variables I/s, the E-step (on the
k + 1 iteration) simply requires the calculation of the conditional expectations of Is given
the observed data Xi,...,X,,. The conditional expectations are the posterior probabilities
of X!s belonging to the second component. As in McLachlan and Peel (2000, P20), for
(k)

the E-step, we update the conditional expectations or the posterior probabilities (w;""'s)

as follows:

&) £(X.: oF)
wgk)zE(MXi;‘I’(k)): @ ffk)“ 2 ) ON i=1,...,n.
(1—a®)f(X30,7) 4+ a® f(Xi;057)

In the M-step, on the k + 1 iteration, we update ¥ by maximizing Q(¥, ¥*)) with
respect to ¥ € Q. Let W*+1) be the updated value for W. That is,

(k+1) _ (k)
v argrql}ggQ(\If, Wi,
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Due to the convenient structure of function Q(W¥, ¥*)), the maximization can be accom-

plished as follows:

o) — ngk)/n,
oY = argmaxy {(1 - wi")log f(Xi;61)},

(b+1) . ® .
oy = argg;gg;{wi log f(X;:02)}.

In many situations, the above optimization problem has explicit solutions. One such
example is the mixture of normal distributions. In some other situations, it maybe hard to
find a close form for W in the M-step. In the so-called generalized EM (GEM) algorithm
(Dempster et al., 1977), in the M-step, U+ is not necessarily required to be a maximum

of Q(W, ™)) but a value that makes
Q(\I](k+1)7 \If(k)) > Q(\I/(k), \I/(k))

for K =0,1,2,.... Several generalizations, particularizations, and accelerated versions of
the EM algorithm have been proposed; see McLachlan and Krishnan (1997) and references
therein.

The E and M steps are iterated repeatedly until the difference
1 (UEFD) = 1,(0 )]

changes by an arbitrarily small value. One nice property of the EM (or GEM) algorithm

is the so-called monotonicity property. That is,
ln(\ll(k+l)) > ln(\I’(k))

for k =0,1,2,.... This property is the fundamental reason behind the local convergence of

the algorithm under some very general conditions. See Wu (1983). In some applications,
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we often modify the likelihood function by adding a penalty p(«) to 1,(V) and try to find
the maximum of pl,(V) = [,(V) + p(«). In this case, the idea of the EM algorithm is
still applicable. We only need to make a minor modification in the M-step for updating o.

That is,

kD)

- - )1 1 3

arg anel[%)i:] { n Zw og(l—a)+ Zw og(a) + p(a)

With this adjustment, the EM algorithm retains the property (Dempster et al. 1977)
Pl (WHHY) > pl, (WH)

for k=0,1,2,....

Due to its monotonicity property, the sequence {I,(U*)) : k =0, 1,...} must converge
to a local mode when the log-likelihood function is bounded above. Denote the limit of the
log-likelihood value by [*. Dempster et al. (1977) showed that under some weak conditions
on the kernel function, [* is a local maximum of [,(V) if the sequence is not trapped
at some saddle point. Wu (1983) gave a more rigorous treatment of the convergence
properties of the EM algorithm in a general setup. Further details about the convergence
of EM algorithm can be found in the monograph of McLachlan and Krishnan (1997).

The EM algorithm was initially criticized that it did not automatically provide an
estimate of the covariance matrix of the MLEs. A number of methods have been suggested
for estimating the covariance matrix of the MLE of the mixing distribution W. Most

suggestions are based on the observed information matrix /(W) given by
I(0) = —021,(V)/0vovuT.

There are two typical methods to estimate or approximate the observed information matrix.

The first method replaces ¥ by the MLE U in the above formula. This method involves
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the calculation of the second derivative of the log-likelihood function with respect to W.
The second method extracts the observed information matrix from the complete-data log-
likelihood. Especially, if Xi,..., X, are independent and identically distributed (I.I.D.),
the approximation has a very simple form, which only contains the first derivative of the
complete log-likelihood function. The details can be seen in McLachlan and Krishnan
(1997) and McLachlan and Peel (2000).

In spite of its popularity in the application of finite mixture models, the ordinary MLE
are not well defined or not consistent under many classes of important mixture models,
such as the normal mixture model given in (1.4). Under this model, the MLE is not well
defined since [,(¥) — oo by letting py = X; and ¢ — 0 with other parameters fixed.
Several remedies have been suggested in the literature to account for this case. Hathaway
(1985) and Tan et al. (2006) discussed the use of the constrained MLE, Chen et al. (2007)
investigated the properties of the penalized MLE. The Penalized MLE and the constrained
MLE are shown to be strongly consistent and asymptotically efficient under normal mixture
models in both mean and variance parameters.

The fourth method for estimating W is the Bayesian method. Let L,(Xq,..., X,|V)
be the likelihood function of . In the framework of the Bayesian approach, one needs
to assume that a prior distribution p(¥) on ¥ is available. Using Bayes’ theorem, we can

obtain the posterior density p(¥| X7, ..., X,), which is given by
p(V|X1,. .., Xp) o< Ly (X, ..., X0 |9)p(0).

As summarized in Frithwirth-Schnatter (2006), there are two main reasons why people may
be interested in using the Bayesian method in finite mixture models. Firstly, including a
suitable prior distribution for ¥ in the framework of the Bayesian approach may avoid
spurious modes when maximizing the log-likelihood function. The idea for the penalized

MLE in Chen et al. (2007) can be seen as putting a proper prior distribution on the variance
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parameters. Secondly, when the posterior distribution for the unknown parameters is
available, the Bayesian method can yield valid inference without relying on the asymptotic
normality. As warned by McLachlan and Peel (2000, p.68), the asymptotic theory of the
MLE can apply only when the sample size n is very large. Hence the second advantage of
the Bayesian method become obvious when the sample size n is small.

Unfortunately, for the likelihood function L, (Xq,..., X,|¥), it is impossible to find the
conjugate prior for ¥, which means whatever prior p(¥) we choose, the posterior distribu-
tion p(¥| X7, ..., X,) may not belong to any tractable distribution family. This problem no
longer poses serious obstacle to the application of Bayesian method after the widespread
use of Markov Chain Monte Carlo (MCMC) methods. The main idea of Bayesian esti-
mation using the MCMC methods followed Dempster et al. (1977) by realizing a mixture
model is a special case of incomplete data problem with the missing component indicator
variables I,...,I,. After introducing I,...,I, or the data augmentation, the idea of
Bayesian estimation was to estimate the augmented parameter ([y, ..., I,, V) by sampling
from the complete-data posterior distribution p(1,...,I,, ¥|Xy,...,X,), which consists
of two main steps. In the first step, given the component indicator variables Iy, ..., I,,
we are back in the complete-data Bayesian estimation. In many situations, we can simu-
late the parameter ¥ by using Gibbs sampling. In the second step, given the simulated
parameter ¥, for the ith observation, we can sample I; based on the posterior probabil-
ity. More details can be seen in Tanner and Wong (1987), Gelfand and Smith (1990) and
Frithwirth-Schnatter (2006).
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1.3.2 Nonparametric Maximum Likelihood Estimate and Local

Mixture Model

The review in the last subsection about the estimation methods in finite mixture model are
under the assumption that the order of finite mixture model is known. When the order of
the mixture model is unknown or the mixing distribution is not discrete, one may employ a
non-parametric assumption on the mixing distribution. A nonparametric maximum likeli-
hood estimate (NPMLE) of W is a distribution function which maximizes the log-likelihood
function over all possible mixing distributions (Laird, 1978). The identifiability problems
for the NPMLE of a mixing distribution have been studied by Teicher (1963), Barndorff-
Nielsen (1965), Chandra (1977), Jewell (1992) and Lindsay and Roeder (1992b). With
the identifiability, the NPMLE has many interesting properties, such as the consistency
of the NPMLE under very general conditions (Kiefer and Woldowitz, 1956 and Leroux,
1992). The most important result, so called “fundamental theorem of the nonparametric
maximum likelihood esitmation”, is summarized in Lindsay (1995).

Part 1. Euxistence, discreteness and uniqueness. There exists an NPMLE which is
discrete with no more than h distinct support points, where h is the number of the distinct

points in the data set. Further, fitted log-likelihood values, namely,

(10g f(Xl; \i])v e '710g f(Xm \i))

are unique, where W is the NPMLE of ¥. That is, even if two distributions both maximize
the log-likelihood, the log-likelihood vectors are equal. The mathematical tool for proving
this part is the convex geometry, see Lindsay (1983) and Marriott (2002) for details.

The second part of the fundamental theorem is on how to determine whether a given
distribution function ¥ is the NPMLE or not. A useful tool for this investigation is called

the directional derivative. Given two mixing distributions W, and W, the directional
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derivative of (V) at ¥, towards ¥, is defined to be

lim (1 —e)Wo+ eV} —1,(Vo)

D(\IIM\I]O) = faestt c
. f(Xi;‘I’l) - f(Xi;‘I’o)
; f(Xi; W)

If ¥y is a point mass function at 6, the gradient function is defined to be

— [(Xi30) = F(Xi; V)
PO =2 TRy
Intuitively, if ¥y is the NPMLE, then [,,(¥) can not increase in any direction starting from
Uy, hence the gradient function D(#; W) should be non-positive.
Part I1. Gradient characterization and support point properties. The distribution func-

tion W is the NPMLE of ¥ if and only if
D(0; V) <0 V6.

Further, the supports of ¥ are contained in the set of # such that D(6; ¥)=0.

The fundamental theorem has important applications. It provides the basis for the
algorithms for computing the NPMLE of the mixing distribution. For the details of the
computational methods for finding the NPMLE, the reader is referred to the monographs
by Lindsay (1995) and Béhning (1999).

An alternative and useful tool for understanding and making inference on mixture
model, which allows for unknown number of discrete components, or continuous mixing
distributions, is the use of the local mixture model (Marriott, 2002). The idea behind the
local mixture model is to assume that ¥ is close to a point mass function at some fixed

point §y and then approximate f(x; V) by

Fla; @) = f(a;600) + > M f®(;60),

k=2
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where
k

£ ) = T 360).
Here f(x;00) +> 1o M f®)(;60p) is called the local mixture model of f(z; ¥) with order 7.
By this approximation, the integral in (1.1) has been changed to a function with r param-
eters. Some traditional methods, such as the Bayesian method can be easily applied. This
idea has been proved to be powerful and efficient in measurement error modeling (Marriott,
2003), in Bayesian prediction (Marriott, 2002), in lifetime data analysis and influence anal-
ysis (Critchley and Marriott, 2004). Further, the idea of the local mixture model has been
applied to exponential family (Anaya-Izquierdo and Marriott, 2007a) and the scale disper-
sion mixture (Anaya-Izquierdo and Marriott, 2007b). Marriott (2007) studied several ways

in which the local assumption about ¥ can be relaxed.

1.3.3 Order Selection in Finite Mixture Models

Testing the number of components or the order m in a mixture model is an important
problem when the prior information on m is unavailable. In some applications, m is the
crucial parameter under consideration. For example, in cluster analysis, m is the number
of clusters contained in the data; in latent structure analysis, m is the number of latent
classes required to provide a reasonable model; in genetic analysis, if a quantitative trait is
determined by a simple gene with two alleles, m = 2 means that the mode of inheritance
is dominant, whereas m = 3 or more means the mode of inheritance is additive or more
complex in nature. In other applications, m determines the model complexity. We may be
interested in determining how large m needs to describe the data adequately; for parsimony,
we prefer the less complex model.

Due to its importance, accessing the number of components or order selection in a finite

mixture model has attracted the attention of many statisticians. In the literature, there
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are at least five types of order selection methods: information-based methods, for example,
Akaike information criterion (AIC) and Bayes information criterion (BIC) (Leroux, 1992);
penalized distance-based methods (Chen and Kalbfleisch, 1996, James et al., 2001 and
Woo and Sriram, 2006); penalized log-likelihood based method (Chen and Khalili, 2006);
Bayesian method (Carlin and Chib, 1995, Richardson and Green, 1997, Gruet, et al., 1999,
Stephens, 2000, Ishwaran et al., 2001) and testing hypothesis-based method (Chen, 1998,
Dacunha-Castelle and Gassiat, 1999, Chen et al., 2001, Chen and Chen, 2003, Liu and
Shao, 2003, Chen et al., 2004, Charnigo and Sun, 2004, Chen and Kalbfleisch, 2005).

The AIC (Akaike, 1973) and the BIC (Schwarz, 1978) were first designed for the model
selection problems. The AIC criterion aims to minimize the Kullback-Leibler distance
between the true distribution and the distributions for the candidate models, while the
BIC criterion tries to maximize the posterior probability in the space of all candidate
models. For the order selection problem in finite mixture models, the AIC criterion selects
the order to minimize

A

—21, (V) + 2d

and BIC criterion selects the order which minimizes

A

—20,(V) + dlogn,

where W is the MLE of ¥ and d is the number of free parameters in ¥ under the given order,
respectively. Under some regularity conditions, the order selected by the BIC is consistent
(Keribin, 2000). The AIC and the BIC are asymptotically optimal under some criteria for
the regular models. However, due to the non-regularity of the finite mixture model, these
optimality properties do not hold in the framework of the mixture model. For this reason,
several other information based criteria have been developed, for example, bootstrap-based

information criterion (Ishiguro et al, 1997) and cross-validation-based information criterion

(Smyth, 2000).



Introduction 17

The penalized distance method is another popular method for the order selection in fi-
nite mixture models. There are several distance-based methods proposed in the literature.
Let us reviewed three of them, other methods use the similar ideas. Chen and Kalbfleisch
(1996) suggested choosing the order which minimizes the penalized distance between the
empirical distribution function and the fitted cumulative distribution function with given
order. They showed that under some conditions, the estimated order is strongly consistent
for the true order. James et al. (2001) consider the order selection problem in normal
mixture model in both mean and variance parameters. They proposed choosing the order
by minimizing the penalized Kullback-Leibler distance between two density functions: the
kernel density function of the true density function and the convolution of a normal density
function and the density of finite normal mixtures with given order. They showed under
certain conditions, the order estimator is consistent. Woo and Sriram (2006) considered
choosing the order which minimizes the penalized Hellinger distance between the nonpara-
metric kernel density function and the density function of finite mixture with given order.
Their simulation results showed that the order estimation is robust to model assumptions.

The idea of the penalized log-likelihood based method (Chen and Khalili, 2006) is sim-
ilar to the penalized distance method. The innovative part is the penalty functions added
to the log-likelihood function. Chen and Khalili (2006) suggested putting two penalty
functions to prevent the two types of over-fitting. The first penalty is to prevent any of the
mixing proportions getting too close to 0. The second penalty function is to prevent fitting
a model containing several sub-populations which only differ slightly. Under some regular-
ity conditions, the estimated order is strongly consistent. The advantage of this method is
that it does not need to compare all the candidate models. By choosing a suitable tuning
parameter, the method can select the order automatically. How to determine the suitable

tuning parameter in a computation-easy way is still under investigation.
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In the literature, there are two types of Bayesian methods considering the order selection
for finite mixture model. The first type of method is to apply trans-dimensional MCMC
to sample from the joint posterior density p(m,V,,| X1, ..., X,), where ¥,, the mixing
distribution with m components. The major difficulty is that the number of parameters is
not fixed when sampling from the posterior distribution. There are three popular methods
in this category, which are product-space MCMC (Carlin and Chib, 1995), reversible jump
MCMC (Richardson and Green, 1997) and birth and death MCMC (Stephens, 2000). The
second type of method is to compute the marginal density p(X7, ..., X,|m) for all possible
orders and further to apply the Bayes’ rule to quantify the posterior evidence for each
order. The challenge is the computation of the marginal density. A lot of papers have been
contributed to the approximation and the estimation of the marginal density, for example,
sampling based approximation and density ratio based estimation, see Frithwirth-Schnatter
(2004) for detailed reviews and comparisons. Based on the decomposition of the marginal
density function, Ishwaran et al. (2001) proposed a weighted Bayes factor method, which
can consistently estimate the order of the finite mixture model.

The fifth method for the order selection is the testing hypothesis-based method. In the
past a few decades, statisticians devoted substantial effort to the hypothesis testing problem
in finite mixture models. One popular method for testing the number of components
is the C'(a) test proposed by Neyman and Scott (1966). The C'(«) test is a score test
of homogeneity against heterogeneity. One advantage for this method is that the test
statistics is not affected any specific mixture alternatives, and its limiting distribution is
distribution free. When the kernel function f(z;6) comes from the exponential family, the
C'(a) test simply measures the difference between the sample variance and the theoretical
variance under the null model (Lindsay, 1995 and Anaya-Izquiordo and Marriott, 2007b).

The C'(a) method is also known to be asymptotically best in the sense of best power under



Introduction 19

local alternatives, but it is not efficient for detecting non-local alternatives (Chen, 1998).
Here, the local alternative, intuitively, means that the distance between the null model and
the alternative model is small. That is, some components have mixing proportions close
to 0 or 1, and other components have component parameters close to each other.

The method of moments is not only used for estimating the unknown parameters in a
finite mixture model, but it has also been applied for testing the number of components.
Lindsay (1989b) suggested a statistic for testing the order of the finite mixture model based
on the determinant of the moment matrix (Lindsay, 1989a) of the mixing distribution W.
For testing homogeneity in the mixture models, the suggested statistic is equivalent to
C(a) test statistic for distributions in the exponential family (Lindsay, 1989b). The same
idea was also used to test the order in the mixture of exponentials (Heckman et al., 1990).
As Lindsay (1989b) pointed out this idea could not be directly used for testing the order
of the finite mixture models in the presence of a structural parameter, for example, normal
mixture models with same and unknown variance for each component.

The likelihood ratio test (LRT) is the most extensively used method in the parametric
hypothesis test. The LRT statistic has a chi-squared null limiting distribution not de-
pending on the true distribution for regular models and this property makes it easy to
use. Due to the non-regularity of the finite mixture models, the large sample property of
likelihood-based tests was an enigma until Ghosh and Sen (1985) and Hartigan (1985).
For the test of homogeneity, the limiting distribution of the LRT statistic often involves a
Guassian process, see Chen and Chen (2001), Dacunha-Castelle and Gassiat (1999), and
Liu and Shao (2003). The percentiles of such a statistic is very hard to determine and
hence the result on LRT is hard to implement in practice (Alder, 1990 and Sun, 1993).

The modified likelihood ratio test (MLRT) proposed in Chen (1998), Chen et al. (2001,
2004) and Chen and Kalbfleisch (2005), restores the simplicity of the likelihood based
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test by adding a penalty function on the mixing proportions. The limiting distribution
of the MLRT statistic is chi-squared or a mixture of chi-squared distributions for a large
variety of mixture models. The modified likelihood method has the advantage of giving a
natural and general approach to testing problems in finite mixture models. The MLRT is
asymptotically locally most powerful. Simulation indicates that the MLRT is more efficient
compared to C'(«) test when the Kullback-Leibler distance between the null model and the
alternative model increases. Due to the penalty function, the MLRT may be inefficient
when one of the mixing proportions is close to 0 or 1.

Charnigo and Sun (2004) proposed another class of D-test for testing the order of
mixture models. The D-test statistic measures some L? distance between the best fitted
uni-component model and the alternative model. This method enjoys the advantage that
the statistic has a closed-form expression in terms of parameter estimators for a large
class of kernel densities. In addition, a weighting function can be used to achieve high
power of the D-test. The percentiles of the test statistic are usually obtained via computer
simulation. Simulation studies in Charnigo and Sun (2004) suggested that the D-test and
the MLRT are competitive.

1.4 Main Contributions and the Presentation of the

Thesis

In some applications, prior information on the order of the finite mixture is known, and
our task is reduced to select the order out of a few competitors. The most important albeit
also most simple example is to choose between a homogeneous model vs a mixture model
with two components. In these applications, it is often sensible to conduct a hypothesis

test with the homogeneous model as the null model. For example, in classical statistical
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genetics, it is often suspected that only a subgroup of patients have a disease gene which is
linked to the marker. Detecting the existence of this subgroup amounts to the rejection of
a homogeneous null model in favour of a two component mixture model (Ott, 1999). In the
literature testing for homogeneity, or specifically, testing for homogeneous model against
an alternative of mixture of two components, has attracted substantial research recently.
The objective of the thesis is to make substantial contributions in this area of research.

The classical LRT is a favored method in general, its application to test of homogeneity
is not successful due to its inconvenient limiting distribution. What complicates the null
limiting distribution of the LRT is the partial loss of identifiability of mixture models. The
MLRT restores the identifiability by introducing a penalty function to the log-likelihood
function. Under some conditions, the limiting distribution of the MLRT is 1/2x2 4+ 1/2x3,
which is convenient to implement in real data analysis. The choice of the penalty functions
in the MLRT is very flexible. A good choice of the penalty enhances the power of the
MLRT. Chen et al. (2001) suggested the use of penalty function p(«) = C'log{4a (1l — «)}
with some positive constant C', where 1 — a and « are the mixing proportions for the first
and second components, respectively. A natural question is “can we find a new penalty
function which can improve the approximation of the limiting distribution while retaining
or improving the efficiency of the test under finite sample size”. Chapter 2 contributes
to the answer of this question. After detailed reviews of the LRT and the MLRT, the
new penalty function for the MLRT is suggested. Extensive simulations based on Poisson
mixtures, Binomial mixtures and Normal mixtures with known variance are conducted
to compare the performance of the two penalty functions. We find that the MLRT with
the new penalty function enjoys a significantly improved power for testing of homogeneity
when « is close to 0 or 1.

The main contribution of the thesis is to propose a new class of methods for testing of ho-
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mogeneity. Most existing methods, explicitly or implicitly, are derived under the condition
of finite Fisher information and a compactness assumption on the component parameter
space (Ghosh and Sen, 1985, Chen and Chen, 2001, Chen et al., 2001, Dacunha-Castelle
and Gassiat, 1999, Liu and Shao, 2003 and, Charnigo and Sun, 2004). The finite Fisher
information condition can prevent their usage to many important mixture models. Two
typical examples are the mixture of geometric distributions and the mixture of exponential
distributions. The compactness assumption often forces applicants to set artificial bounds
for the parameters of interest and makes the resulting limiting distribution dependent on
these bounds. Many researchers in this area dream to develop a test method without such
restrictions. In Chapter 3, a new class of methods, called EM-test, are proposed, which are
shown to be free of all these shortcomings. In this chapter, we first give more details for our
motivation by two simple and illustrative examples. Then the EM-test is described, which
is found to inherit the advantages of the classic LRT and score test (Liang and Rathouz,
1999). The asymptotic properties of the EM-test are studied for single parameter mixture
models. It has a simple limiting distribution 0.5x2+0.5x?%, the same as the MLRT. This re-
sult is applicable to mixture models without requiring the restrictive regularity conditions
described earlier. The adjustment of the limiting distribution is suggested for the finite
sample size. The Edgeworth expansion is used to approximate the non-zero proportion of
the EM-test statistic. The performance of the new method is compared with the MLRT,
the constrained LRT (Chen and Cheng, 1995 and Lemdani and Pons, 1995) and the D-test
(Charnigo and Sun, 2004) by extensive simulation. The new method works well compared
with these methods. We also illustrate the use of the EM-test by analyzing a number of
real data sets.

The normal mixture model is probably the most popular model in applications. Chen

and Chen (2003) noted that normal distribution does not satisfy the strong identifiability
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condition, which imposes substantial technical difficulties in the study of the asymptotic
properties. For example, the convergence rate of the MLE of the mixing distribution is
O,(n~#) instead of O,(n~%/*), the optimal rate for the single parameter mixture models
(Chen, 1995). Most existing methods can not directly apply to normal mixture models.
Their asymptotic properties have to be developed separately. In Chapter 4, after reviewing
the developments of the recent researchers on the homogeneity test in normal mixtures,
the use of the EM-test is investigated and its limiting distributions are derived. For the
homogeneity test in the presence of the structural parameter, a penalty function is sug-
gested to overcome the underestimation effect of the variance parameter. The limiting
distribution is a simple function of 0.5x2 + 0.5x% and 7 distributions. The test with this
limiting distribution is still very convenient to implement. For normal mixtures in both
mean and variance parameters, a penalty on the variance parameters is added to avoid the
unboundedness of the log-likelihood function. The limiting distribution of the EM-test is
found to be x3. Simulations are conducted to check the precision of the approximation of
the limiting distributions to the finite sample distribution of the EM-test statistics. A real
example is used to illustrate the use of the EM-test.

Circular data arise in many disciplines, including astronomy, biology, ecology, geology
and medicine. As a circular analog of the normal distribution on the real line, the von
Mises distribution is called the circular normal distribution. It is the most commonly used
distribution for circular data, see Mardia and Jupp (2000) for its general properties. Similar
to the normal mixture model for the linear data, the mixture of von Mises distributions
is often used to model the heterogeneity in the circular data. Interestingly, it satisfies the
strong identifiability condition and its mean space is compact. However the theoretical
results in the single parameter mixture model can not directly apply to the mixture of von

Mises distributions. In Chapter 5, we study the application of the MLRT and the EM-test
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to von Mises mixture models in the presence of a structural parameter. At the beginning of
this chapter, a general introduction about the von Mises distribution and von Mises mixture
is given, which is followed by the circular moment properties for the mixture of two von
Mises distributions. After that the asymptotic property of the LRT, the MLRT and the
EM-test in the von Mises mixture model are studied. A penalty function is introduced to
prevent the overestimation effect of the structural parameter, which significantly enhances
the precision of the MLRT test and the EM-test. Two real data sets in Grimshaw et al.
(2001) are used to illustrate the idea of these two tests.

Chapter 6 concludes the thesis and discuss additional problems for future research.



Chapter 2

More Effective Penalty Function for
the Modified Likelihood Ratio Test

2.1 Introduction

The modified likelihood ratio test (MLRT) was first introduced in Chen (1998) for testing
homogeneity in mixture of multinomial distributions. In Chen et al. (2001), the MLRT
was generalized to the mixture of general kernel functions. Since then, the MLRT has been
applied to a number of more general testing problems in finite mixture models, for example,
Chen et al. (2004) used the MLRT to test the null hypothesis of m = 2 against m > 3;
Chen and Kalbfleisch (2005) applied MLRT to test of homogeneity at the presence of the
structural parameter; Fu et al. (2007) studied the use of the MLRT to mixture models for
directional data.

For regular parametric models, the likelihood ratio test (LRT) enjoys a very simple
limiting distribution and high efficiency. Theory for the likelihood ratio test in finite

mixture models enjoyed a fast development in the past years since the work of Ghosh
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and Sen (1985) and Hartigan (1985). It is one of the most discussed method for testing
homogeneity in the literature. However due to the non-regularity of the finite mixture
models, the limiting distribution of the LRT often involves the supremum of Gaussian
process and hence the test is hard to implement because the computation of the asymptotic
quantiles for the LRT statistic is challenging (Adler, 1990 and Sun, 1993). To overcome
this difficulty, Chen (1998) and others proposed adding a penalty function to the log-
likelihood function. The resulting MLRT has a simple limiting distribution for a large
number of mixture models and it is easy to use in applications. The result is valid for a
large variety of penalty functions. The choice of a good penalty function is an important
research problem. In this chapter, we propose the use of a new class of penalty functions.
We show that the new penalty function significantly improves the power of the MLRT for

testing of homogeneity when « is close to 0 or 1.

2.2 The LRT and the MLRT

To discuss the new penalty functions, let us consider the use of the LRT and the MLRT
for testing homogeneity under the single parameter mixture models. Let Xi,..., X, be a

random sample from the mixture density:

[l V) = (1 —a)f(x;01) + of (23 62), (2.1)

where W(0) = (1 —a)I(0y <0)+al(6:<0),0,€0,i=1,2and 0 <o < 1. We wish to
test
HO : Oé(]. — a)(Ql — 92) =0. (22)

We assume O is a compact subset of real line. The log-likelihood function is given by

(01, 6,) Zlog{l—a F(X5:01) + af (X5 605)}. (2.3)
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Let (&, 0y, 6,) be the MLE of (o, 0, 65) under the full model and 6, maximize I,,(1/2,0,0)
under the null model. The likelihood ratio test (LRT) statistic is defined to be

Rn - Q{Zn(da éla é2) - ln(1/2> é0> éo)}

and the LRT rejects the null hypothesis when R, is large.

Chen and Chen (2001) studied the large sample behavior of the LRT using the so
called sandwich method. Dacunha-Castelle and Gassiat (1999) and Liu and Shao (2003)
derived the limiting distribution of the LRT using a parameter transformation technique.
Under the regularity conditions listed in Section 2.5 at the end of this chapter, the limiting

distribution is given by the following theorem.

Theorem 2.2.1. If Conditions A1-Ab5 in Section 2.5 hold, the limiting distribution of R,
under null model f(x;60y) is that of

sup{IW*(0)}?,

€0

where W (0) is a Gaussian process with mean 0, variance 1 and the autocorrelation function

cov{Z;(0) — h(0)Y;, Z;(0') — h(0')Y;}

0.0) — .
P00 = e Z:0) = hO)Y Joar (Z:0) = W0V}
Here
: _ f(Xi;0) — f(Xi;60) LV v _ f(Xi; 60)
_Y;(0) = Yi(bo) L (X5 00)
40 =gy O B gy 29

and h(0) = E{Y:Z:(60)}/ E(Y?).

We emphasize here that the Conditions A1-A5 include the compact parameter space
assumption and the finite Fisher information condition. If the parameter space is not

compact, R, may go to infinity in probability as n — oo (Hartigan, 1985, Bickel and



28 Hypothesis Testing in Finite Mixture Models

Chernoff, 1993 and Liu and Shao, 2004). It is seen that the correlation function p(¢,6’) in
Theorem 2.2.1 is meaningful only when E{Z2(0)} < co. Note that F{Z?(0)} < oo implies
that the Fisher information at o = 0 and #; = 6, or the second moment of the centered
density ratio f(x;6)/f(x;60) — 1 is finite. More discussions will be given in Chapter 3.

When the kernel function f(z;60) = (6*/x!) exp{—0x} is the probability mass function
of the Poisson distribution, the correlation function is

p(0, 9/) =

eV — 1 — v
Ve Lo 1)
where v = (0 — 0y)/v0y and v = (' — 6y)/\/p. See Chen and Chen (2001) for addi-

tional examples of the correlation function. Typically, the limiting distribution is used
to approximate the critical values of the corresponding test. In this example, we must
compute the quantiles of the supremum of the above truncated Gaussian process to obtain
the critical values, which is not an easy task (Adler, 1990 and Sun, 1993). Ghosh and Sen
(1985) suggested a discretization method to approximate the p-value of the LRT statistic.
It is to select an appropriate sequence of §; € ©, and approximate the limiting distribu-
tion by that of max;{W*(6;)}*. This idea may have the following two disadvantages in
applications (Chen et al., 2001). Firstly, the approximation may depend on the choice of
0;’s. Secondly, the asymptotic distribution of the LRT under the null model depends on
the kernel function and the true value of W. So for different kernel functions and different
values of ¥, we need to do different approximations.

To overcome the difficulty of the LRT, new tests with simple limiting distributions,
and similar efficiency are sought by researchers in this area. The MLRT is one of most
satisfying solutions.

As pointed out by Chen et al. (2001) and Anaya-Izquierdo and Marriott (2007a), there
are two sources of non-regularity which complicate the asymptotic null distribution of the

LRT:
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(1) the null hypothesis lies on the boundary of parameter space o« = 0 or a = 1;

(2) the mixture model is not identifiable under null model, that is, a = 0, & = 1 and

0, = 6, are equivalent.

The MLRT overcomes the boundary problem and non-identifiability by adding a regularity-

restoring penalty function. Let
plo(, 01,02) = (v, 01,05) + p(a)

such that p(a) — —oo0 as @ — 0 or 1 and p(«) achieves its maximal value at a = 0.5.

A main cause of non-regularity of mixture models is the possibility of @« = 0 or 1.
Because of the penalty function p(«), the fitted value of o under the modified likelihood is
bounded away from 0 and 1. Thus, the penalty has effectively placed a soft constraint on a.
Let &, 6, and 6, maximize pl, (v, 01, 65) under the full model and 6, maximize pl,,(1/2, 6, 6).
The modified likelihood ratio test statistic is then defined to be

Mn = Q{pln(d, él, 9~2) — pln(l/Q, é(), é())}
The MLRT is asymptotically distribution-free and can be conveniently implemented.

Theorem 2.2.2. If Conditions A1-A5 in Section 2.5 hold, then the asymptotic null dis-
tribution of the MLRT statistic M, is the mizture of X3 and X3 with the same weights,
i.€.

0.5%2 + 0.5x2,

where X3 is a degenerate distribution with all its mass at 0.

By Theorem 2.2.1, we have R, = O,(1). Since 0 < M,, < R,,, we get

—R, <2{p(a) —p(0.5)} <0.
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Therefore, p(&) = O,(1), which implies that & is bounded away from 0 and 1 with prob-
ability approaching 1. Hence it follows that #; and 6, must converge to the true value 6
under null model. The Taylor’s expansion at #; = 6y and 6, = 6 is then used to find the
quadratic approximation of the modified likelihood ratio statistic and typical technique of
quadratic approximation is further applied to yield the desired result. For more details,
see Chen et al. (2000). The purpose of the penalty function p(«) is to bound the fitting
of a away from 0 or 1, which is guaranteed under the finite Fisher information condition
and the compact parameter space assumption. If these two conditions are not satisfied,
the LRT statistic R, may go to infinity in probability as n — oo, then the penalty func-
tion p(a) may not fully fulfill its purpose and the simple limiting distribution may not be
applicable.

2.3 More Effective Penalty Function

According to Theorem 2.2.2; the limiting distribution of the MLRT does not depend on
the specific form of p(«), but the precision of the approximation and its power do. Chen

et al. (2001) suggested the use of penalty function
p(a) = Clog{da(l — a)} (2.6)

with some positive constant C'. For a number of mixture models such as Binomial, Poisson
and Normal in mean, Chen et al. (2001) suggested using C' = log(M) if the parameters 6,
and 6, are restricted to [—M, M]. For example, for a Poisson mixture, if 6; € [0,50], i =1,
2 we let C'=1log(50). In these cases, the influence of C' on the type I error or the power is
minor for C' within some appropriate range.

Now we motivate the new penalty function by analyzing two simulated data sets from

Poisson mixture models. We let the sample size be 200. The probability mass function of
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the first Poisson mixture model is

0.05P0is(0.127) + 0.95Pois(5.256)

and the second one is

0.1Pois(1.646) + 0.9Pois(5.373),

where Pois() denotes the Poisson probability mass function with mean 6. These two data

sets are given in Table 2.1.

Table 2.1: Simulated data sets from Poisson mixture models.

Observed values

o 1 2 3 4 5 6 7 &9 10 11

Frequency
Dataset I |7 9 10 27 32 40 30 20 11 6 8 O
Dataset II |4 11 16 22 28 28 33 33 14 5 3 3

We first compute the MLRT statistics with the penalty function in (2.6) with C' =
log(50) for the above two data sets. For the first data set, we find

(&,07,0) = (0.919,0.743,5.185) and M, = 0.881
and for the second data set, we find
(&,61,05) = (0.791,2.751,5.615) and M, = 0.960.

In view of the limiting distribution 0.5x2+0.5x%, the asymptotic p-values for the above two
MLRT statistics are 0.174 and 0.164, respectively. Thus, we do not have strong evidence
to reject the uni-component Poisson distribution hypothesis in both cases. One reason is

that the test statistic puts too much penalty on the mixing proportion when it is close to
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0 or 1. For data set I, the penalty term contributes -9.479 to M,, and for data set II, the
penalty term contributes -3.236 to M,,. It appears that the penalty in both cases played
a heavy role, hence the power of the test is severely affected. Can we find a new penalty
function, based on which the null critical values of MLRT is still close to the theoretical
values and the power of MLRT increases even when the mixing proportion is close to 0
and 17

For the validity of the asymptotic result, p(«) must decrease to negative infinity when
a — 0 or 1. The only other considerations for the choice of p(a) are computational

convenience and statistical efficiency. We suggest the following penalty function
p(a) = C*log(1l — |1 —2a|) (2.7)
for some positive C*. Our arguments are as follows. Firstly, we find
log(1 — |1 —2a|) <log(1 — |1 —2al?*) =log{4a(l — a)}.

Thus, when C' = C*, the penalty (2.7) is more severe than the penalty (2.6) which enhances
the accuracy of the approximation. Secondly, when a ~ 0.5, log(1 — |1 —2a|) ~ —|1 —2a/.
So the penalty (2.7) is a Lasso-type penalty (Tibshirani, 1996), that is, it is a continuous
function for all «, but not smooth at « = 0.5. Therefore the new penalty function has
similar properties to the Lasso-type penalty for linear regression (Tibshirani, 1996); the
probability of the fitted value of a being 0.5 is positive. In comparison, the penalty
log{4a(1 — )} is smooth at a = 0.5 and does not have this property. In conclusion, the
new penalty function can achieve the same precision under the null distribution at a lower
level of modification C*. Hence, its usage may lead to higher power.

In the simulation study to be presented, we found the MLRT statistics constructed from
the penalty functions in (2.6) with C' = log(50) and (2.7) with C* = 1 have the similar

null rejection rates for Poisson mixtures and Binomial mixtures. Figure 2.1 compares
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log(1 — |1 — 2a) and log(50) log{4a(1 — «)}. These two penalty functions are almost the
same when « is close to 0.5 and quite different when « is close to 0 and 1. Hence the
MLRT constructed from the penalty function (2.7) is expected to have larger power when

« is close to 0 and 1.

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

alpha

Figure 2.1: Comparisons of log(50) log{4a(1—a)} (solid line) and log(1—|1 —2«|) (dashed

line).

Remark 2.3.1. The two penalty functions are special cases of C'log(l — |1 — 2a|") for
some 0 < h < 2. A choice of 0 < h < 1 may further improve the power of the MLRT.
We still recommend the choice of h =1 due to the following reasons. Firstly, when h =1,

for the EM algorithm introduced in Chapter 1, o values can be easily updated in M-step as

follows:
n (k) n (k)
min { ZE1 2 0.5, if Eate <05
n (k)
a ) = 0.5, if 2= ()5

Z?:ﬂ”gk) ; Z?:ﬂ”zm
maX{W,O.5 s lfT>05
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fork=0,1,2.... Secondly, there is a natural generalization of the current penalty function
to the hypothesis testing problem with more than two components. Note that log(1 — |1 —
2a|) = min[log(2a), log{2(1 — «)}]. For the mizture model with m components, the penalty
function can be set as min{log(ay),...,log(ay,)}. However, when h < 1, the penalty

function loses the above two properties.

Remark 2.3.2. Our final comment concerns the choice of the level of modification C*. A
natural choice is C* = 1. Although a specific reason of choosing C* = 1 1is lacking, there
1s ample evidences that it is a very sensible choice in a wide range of applications. In
simulation study, C* = 1 works quite well for mizture of Poisson kernels, Binomial kernels
and normal kernels with known variance. In each new application, we recommend a pilot
simulation study to ensure that C* is chosen such that the simulated type I errors are no

more than 5.5% when the target is 5%.

2.4 Simulation Study

The purpose of this simulation study is to compare the power of the MLRT statistics
constructed using the penalty functions in (2.6) and (2.7). In the literature, there are
many others methods for testing homogeneity, such as the C'(«) test and the D-test. We
do not include the comparison of the MLRT and the C'(«) test, since this has been done in
Chen (1998) and Chen et al. (2001). We also do not include the comparison of the MLRT
and the D-test because this will be investigated in Chapter 3.

For convenience of presentation, let M, and M} denote the MLRT statistics with
penalty functions in (2.6) and (2.7), respectively. The simulation experiment was conducted
under the Poisson and Binomial kernels with size 10, and the Normal kernel with a known

variance of 1. The mean values for the null distribution and alternative distributions for
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Poisson kernel and Binomial kernel are 5, and for normal kernel are 0. Four alternative
models are selected for each kernel as follows: we set 1 — a = 0.5,0.25,0.1,0.05 and the
variances for the alternative models are set to be 1.25 times the variance under null model.

Under this setup, we have for the Poisson mixture,
a(l —a)(0; — 0y)* = 1.25,

for the Binomial mixture,

a(l —a)(l, —0y)* =1/144

and for the Normal mixture,
a(l — )b, —6y)* = 1/4.

Together we have twelve alternative models and their parameter values are summarized in
Table 2.2. We also provide the Kullback-Leibler information of these models with respect

to the corresponding null models, namely,

KL(f,9) = Eyllog{f(X)/g(X)}].

The M values were computed with C* = 1 for all kernels, and M,, values were computed
with C' = log(50) for Poisson and Binomial kernels and with C' = log(10) for the normal
kernel, as suggested in Chen et al. (2001). In each simulation run, three levels; 10%, 5%
and 1%, and two sample sizes 100 and 200 were considered. The null rejection rates were
calculated based on 20,000 repetitions and the powers were computed based on 10,000
repetitions. Table 2.3 summarizes the rejection rates under the null models. Tables 2.4,
2.5 and 2.6 present the power comparisons under the alternative models. The simulation
results show that when « is close to 0 or 1, for example, when 1 — a = 0.05, the new

penalty function significantly improves the power of the MLRT. When M is applied to
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the two simulated data sets, for data set I,

(&*, 0%, 05) = (0.947,0.460,5.128) and M* = 7.738
and for the second data set,

(&%, 0%, 63) = (0.902,1.653,5.402) and M’ = 4.176,

which gives strong evidence to reject the null hypothesis.

2.5 Appendix: Regularity Conditions

The following regularity conditions on the kernel density function are used in obtaining

the asymptotic properties of the LRT and the MLRT.

Al. Compact parameter space. © is a compact subset of the real line.

A2, Wald’s integrability conditions. (i) E|log f(X;60)| < oo, and (ii) for sufficiently small
p and for sufficiently large r, the expected values E'log{1+ f(X;0,p)} < oo for § € ©
and Elog{l + ¢(X,r)} < oo, where

fx;0,p) = sup f(z;0)

0/-6<p
and

o(z;r) = |891‘1>p f(a;0).

A3. Smoothness. The kernel function f(z;0) has common support and is three times

continuously differentiable with respect to 6. The first two derivatives are denoted

by f'(x;0) and f"(x;0).

A4. Strong identifiability. The kernel function f(x;0) is strongly identifiable, ie.
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(a) for any two mixing distribution functions ¥; and W, with two supporting points

such that
/f(:)s; 0)dv,(0) = /f(x;@)dllfg(é’), for all z,

we must have ¥, = Wy;

(b) for any 60, # 05 in ©,
2
> {ajf(@;0;) + b f'(2:6;) + ¢ f"(236;)} = 0
j=1
implies that a; = b; =¢;, j =1, 2.

A5. Strong law of large numbers. There exists a g with finite expectation such that

(a) |Yi(0)]? < g(X;) and |Z;(0)]> < g(X;) for all 6 € ©;

(b) 121(0)]* < g(X;) for 8 € N(6y), where N(6y) is some neighborhood of 6.
Remark 2.5.1. Condition A5 is sufficient to ensure that the process
n2 Y {Zi(0) — Zi(00)}/(0 — 60)]
i=1

is tight in a small neighborhood of Oy, see Billingsley (1968).
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Table 2.2: Parameters in Poisson, Binomial and Normal mixture models.

Model 11—« 91 92 100K L

Poisson mixtures:
I 0.50 3.882 6.118  1.751
IT 0.25 3.064 5.645  2.017
I11 0.10 1.646 5.373  2.827
vV 0.05 0.127 5.256  5.081

Binomial mixtures:
I 0.50 0.417 0.583  1.989
IT 0.25 0.356 0.548  2.059
I11 0.10 0.250 0.528  2.358
vV 0.05 0.137 0.519  2.846

Normal mixtures:
I 0.50 -0.500 0.500  1.358
II 0.25 -0.866 0.289 1.444
I11 0.10 -1.500 0.167  1.842
v 0.05 -2.179 0.115  2.583
KL: Kullback-Leibler information.
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Table 2.3: Null rejection rates (%) of the MLRT statistics.

M, My
Level 10% 5% 1% 10% 5% 1%

Poisson mixtures

n=100 97 50 10 99 52 1.1
n=200 99 49 09 100 5.1 1.0
Binomial mixtures

n=100 95 49 10 98 51 1.1
n=200 97 49 10 99 51 1.1
Normal mixtures

n=100 96 47 1.0 95 4.7 1.0
n=200 98 48 1.1 9.7 4.7 1.1
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Table 2.4: Power comparisons of the MLRT statistics under Poisson mixture models.

Model — 10% 5% 1%
M, M M, M M, M:

n

n = 100
I 62.9 62.5 494 488 254 25.0
IT 65.2 65.5 51.9 51.8 27.7 27.8
IIT  65.8 68.8 53.8 57.5 31.3 356
IV. 716 82.0 63.1 764 476 62.6
n = 200
I 83.2 82.8 742 73.7 50.8 49.5
IT 84.8 849 76.3 T76.3 54.3 53.8
IIT 859 884 781 822 60.1 6538
IV. 90.8 96.5 87.0 952 782 91.0
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Table 2.5: Power comparisons of the MLRT statistics under Binomial mixture models.

Model — 10% 5% 1%
M, M; M, M: M, M
n =100
I 676 669 540 53.0 295 285
I 679 67.5 542 53.3 29.9 29.5
Il 654 66.6 52.6 541 30.0 31.9
IV 643 695 524 59.7 329 40.5
n = 200
I 873 87.0 780 774 55.6 53.8
Il 867 86.6 781 77.7 55.6 54.3
I 85.7 86.7 76.5 785 56.0 58.6
IV 835 8.0 749 822 574 685
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Table 2.6: Power comparisons of the MLRT statistics under Normal mixture models.

Model — 10% 5% 1%
M, M M, M M, M:

n

n = 100
I 63.8 63.7 51.3 50.5 26.6 26.2
IT 63.2 63.3 50.5 50.1 26.9 26.7
IIT 622 625 49.5 498 279 285
IV. 599 61.6 49.7 51.5 30.6 33.2
n = 200
I 84.0 83.9 751 749 494 47.7
IT 83.3 83.1 744 744 49.0 47.3
I 823 823 734 739 50.7 51.2
IV. 793 815 71.9 75.0 539 57.0




Chapter 3

EM-test in Single Parameter Mixture
Models

3.1 Motivation

In the last chapter, we reviewed the MLRT method and proposed a new class of penalty
functions. In general, the MLRT is very convenient to use and widely applicable. At the
same time, there are still many useful finite mixture models to which the MLRT can not
be directly applied. To address this problem, we propose a new class of testing methods.
We first provide some motivating insights.

Many first order asymptotic results in standard parametric models are based on the
fact that the asymptotic distribution of the score vector is very tractable. However even for
very simple mixture models the behaviour of the score and the shape of the log-likelihood
function can be very different from the standard first order results. Consider, the mixture
distribution in (2.1),

fla:0) = (1 —a)f(z;:01) + af(x;0z).

43
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The score vector with respect to o at o = 0 is based on

f(55§92)
f(x;01)

It is immediately clear that if the covariance of this score is not finite then all standard

0
—log f(x; V) |a=0 = —1.

Jda

asymptotic results based on the limiting normal distribution of the score will not hold.

Example 3.1.1. Let Xy,..., X, be a random sample from the following mizture of expo-
nentials:

(1 —a)Ezp(1) + aExp(0),

where Exp(0) denotes the exponential distribution with mean 0. The score statistic for «

at o = 0 and 0, = 1 is given by

s0) =3 [y

which is a centered density ratio. Under the null model where o = 0, however, we find

nU0° g < 9
B{s(epy={ @ 0
00 if g > 2.

Hence the only way to ensure a finite Fisher information is to restrict the range of 6 to be

less than 2.

Many inference procedures which are based on the shape of the log-likelihood function
rely on this shape being approximately quadratic. The log-likelihood function for simple
mixture models such as (2.1) in fact can be very far from a quadratic, see Anaya-Izquierdo
and Marriott (2007a, 2007b) and Marriott (2007). Furthermore the shape can be domi-
nated by a few highly influential observations even when the model is correctly specified,

Marriott (2007).
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Example 3.1.2. Consider a simple normal mizture model given by (1 — a)N(0,1) +
aN(u,1) with p € © C R. It is common to consider the likelihood ratio test for the
hypothesis

Hy:ap=20

based on a random sample X1, Xo, ..., X,. Hartigan (1985) showed that the likelihood ratio
statistic goes to oo in probability as n — oo when © = R. That is, the classical chi-square

limiting distribution result of Wilks (1938) is not applicable.

In order to be able to use standard testing procedures many authors have been forced
to make assumptions regarding the existence of the Fisher information and compactness
of parameter spaces.

As pointed out in Anaya-Izquierdo and Marriott (2007a), the homogeneity testing prob-
lem in (2.2) can be challenging since the mixture can be close to the unmixed model in two
quite distinct ways. One is that the two components ¢, and 6 in (2.1) are both close to 6.
Secondly the components might be very far from each other but the mixing parameter is
very close to 0 or 1. It is in the second case that the Fisher information in the a-parameter
direction causes most problems. Furthermore if this mixing parameter is much smaller
than the inverse of the sample size then it is effectively not estimable. It should be noted
that the MLRT employs a penalty function to prevent the manifestation of this ill effect.
Yet the MLRT still relies on the compactness assumption and the finiteness of the Fisher
information.

Finding an effective and convenient method for the test of homogeneity has challenged
statisticians for a long time. Hartigan (1985) was the first to notice this challenge and
provided the Example 3.1.2 above as a case where standard methods fail.

Although Bickel and Chernoff (1993) and Liu and Shao (2004) successfully derived the

limiting distribution of the LRT under this specific model, the general problem under more
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useful models where O is not compact remains open. Recent advances are mostly obtained
by confining the mixing parameter(s) into a compact space (Dacunha-Castelle and Gassiat,
1999; Chen and Chen, 2001; Liu and Shao, 2003, etc).

In addition, either explicitly or implicitly, these results are based on the assumption
that all density ratios, f(x;0)/f(x;6y), has finite second or even higher moment under H,
for all 6 € ©, where f(x;60p) is the true distribution under the null hypothesis. Thus they
are assuming the Fisher information is finite. To better explore the problem, we show what
happens when a score test proposed by Davies (1977) is attempted. We present this case

as follows.

Example 3.1.1. (Continued) We wish to test the homogeneity null hypothesis
Hoa(e—l):O

According to Davies (1977), for each given 6, we first calculate a score statistic as the
derivative of the log-likelihood function with respect to o at o = 0.
As a general rule, the test statistic is to be defined as
sup n~Y25(0)/\/E{S(6)?}.
€
The score test is clearly not sensible because the supremum is effectively restricted to the

range of 0 < 2 by the implicit assumption regarding the finiteness of the Fisher information.

Similar comments also apply to tests based on the log-likelihood. Investigation reveals
that a finite Fisher information is explicitly or implicitly assumed in all the papers we are
aware of (Chen and Chen, 2001; Chen et al. 2001, 2004; Dacunha-Castelle and Gassiat,
1999; Ghosh and Sen, 1985; Liu and Shao 2003, and Charnigo and Sun, 2004).

In this chapter, we propose an EM-test that is completely free from the two difficulties
illustrated by the above examples. The EM-test statistic has a simple limiting distribution
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0.5x2+0.5x7 for mixture models with single parameter kernel function. We further discuss a
precision enhancing technique to improve the chi-square approximation to the finite sample
distribution of the test statistics.

The remainder of this chapter is organized as follows. In Section 3.2, we first introduce
the EM-test and then we examine the asymptotic properties of the EM-test subsequently.
Finally a higher order adjustment for the non-zero proportion is investigated, which en-
hances the precision of the type I error calibrated by the limiting distribution. In Section
3.3, simulation studies are used to examine the performance of the EM-test, followed by the
application of the EM-test to some real data examples in Section 3.4. For the convenience

of presentation, the regularity conditions and proofs are deferred to Section 3.5.

3.2 The EM-test and Its Asymptotic Properties

3.2.1 Testing Procedure

Let X1, X5,..., X, be a random sample of size n from a two-component mixture model
(2.1). We are interested in the homogeneity testing problem given in (2.2). The modified

log-likelihood function is defined as follows.

pla(a, 01, 60,) = Z log{(1 — ) f(X:;61) + af(Xi;02)} + p(a)

= l,(a,61,02) +pl)

where [,,(av, 01, 65) is the usual log-likelihood function defined in (2.3) and p(«) is a penalty
function on « such that p(«) achieves the maximal value at o = 0.5. The role of the
penalty function p(«) has been discussed in Chapter 2.

We propose an EM-test procedure for homogeneity as follows. For each fixed o = aq €
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(0,0.5], we compute a penalized likelihood ratio test statistic of the form

Mn(a(]) = 2{pln(0407 9017 902) - pln(0-57 50, éo)}

with 0y and g being the maximizers of pl,(ag, 01, 02) and 0o being the maximizer of
pl(0.5,0,0).

Because 0 < g < 0.5, the mixture model is fully identifiable. It is easy to verify that
when n — oo, we have 6y, — 6y = 0,(1) and py — 6y = 0,(1). Consequently, we can
show that M, (ap) has a simple x?-type null limiting distribution without imposing any
restrictive conditions. It is thus mathematically very convenient to conduct a test based on
M, (ap). Note that if the data are from an alternative model with « far from «y, this test
is likely to be inefficient. To improve the power, we adopt an EM-like algorithm (Dempster
et al., 1977) to iteratively update M, («), for a fixed and finite number of times, between
a and (01,6,). In addition, we choose a number of initial values of aq to accelerate this
process so that only a few iterations are necessary to capture the true value of 6 if the data
are from the alternative model. We then use the maximum value of M, (ap)’s as our test
statistic.

The EM-test statistic is best explained by the following pseudo code.

Step 0. Choose a number of initial « values, say aq, ag, ..., a; € (0,0.5]. Compute
0y = arg m(gixpln(o.f), 0,0).

Let j=1,k=0.
Step 1. Let a§k) = qj.
Step 2. Compute

(057,032 = ang s pla(0), 61,0)
1,V2

and

MP) (o) = 2{pl, (', 6% 6%y — 1, (0.5, 6, o)}

i 7510 Y52
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Step 3. For i = 1,2,...,n, compute the weights which are the conditional expectations
in the E-step,
k)
*) ( f(Xi; 9](2 )
Wij~ = ®) PN PR
(1-af )f(Xu W)+ ol £ 65)

Now following the M-step, let

ozg-kﬂ) = arg mgx{(n - sz(f)) log(1 — ) + ng—f) log(a) + p(«)},
i=1

i=1
9( = argmax{z 1-— log f(X:;01)}
and
9](.1;-1-1) = arg H}géjx{;wl(f) log f(X;62)}.
Compute

M (ay) = 2{pl(af V657 057) — pl (05,60, 80)}.

051
Let k = k + 1 and repeat Step 3 for a fixed number of iterations in k.
Step 4. Let j =354+ 1, k=0 and go to Step 1, until j = J.

Step 5. For each k, calculate the test statistic as

EM¥ = max{M®¥(a;),j =1,2,...,J}.

In the above algorithm, fixing o to be one of ;s and choosing a fixed finite number of
iterations on k can be seen as two soft compactness conditions. Under these two conditions,
when the data are from the null model f(x;6y), we can show that the value of « will be in
a small neighborhood of the initial value of o and the values of #; and #, are in the small
neighborhood of 6 after k iterations. So the limiting distribution of EM®) will not rely
on the finite Fisher information condition and the compact parameter space assumption.

If the index k was allowed to grow unboundedly this nice property may disappear.
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The EM-test is partially motivated by the score test proposed by Liang and Rathouz
(1999). It is originally designed for the case when 0; = 6 is known and 0y = 6 is unknown,
and the testing problem is

Hy:a(f —6y)=0.

For this problem, similar to Example 3.1.1, the score statistic for a at a = 0 and 6, = 6,

is given by

u X;: 0
50 =3 [y 1)

Liang and Rathouz (1999) proposed to first choose an fixed « value from (0, 1]. Given this
@, a maximum likelihood estimator of 6 is then obtained. Denote this estimator by 6,.
The score test statistic is defined to be T}, = a.S (éa) Under some conditions this statistic
enjoys a y’-type limiting distribution under the null hypothesis. Simulation shows that for
a number of mixture models, this method has very good power properties too.

The score test of Liang and Rathouz (1999) can be directly used for the models in
Examples 3.1.1 and 3.1.2. In both tests, a pre-chosen value of the mixing proportion is
utilized. However, the EM-test employs the likelihood ratio statistic which is more efficient
than the score statistic by general consensus. In addition, the EM-test iterates to find a
more suitable mixing proportion which improves efficiency, while the score test has no such
mechanism. Namely, it uses a single « value regardless of the actual fitting of the data.

The MLRT can be regarded as the limiting case of the EM-test. When the number of
iterations k — 0o, and under the assumption that the EM-algorithm converges to a global
maximum, then the EM-test statistic becomes the modified likelihood ratio test.

It is of interest to point out that the EM-test does not have any global /local maximum
problems which can occur in other existing methods. In Figure 3.1, we plot the M,sk)(a)
values of £ = 0,5, 10 based on two simulated data sets, one from a null model and another

from an alternative model. Under the null model, the iteration does not increase the value
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of M,sk)(a) much and its value at & = 0.5 dominates. In comparison, under the alternative,
the value of M{" (o) increases at o = 0.1 with &, and it dominates. Hence, the EM-test

retains the most relevant value unlike the MLRT which searches exhaustively.

Data from Poisson(5) Data from 0.05Poisson(1)+0.95Poisson(5.5)

0 | s &
o $ © e
—~ O —
S s 3
= ¢ = e
= e S
] § A
< 4
- [ )
10 ~ 3
©
s T
T T T T T T T T T T
01 02 03 04 05 01 02 03 04 05
« o

Figure 3.1: The M,Sk)(a) at« =0.1,0.2,...,0.5, k =0,5,10 (e: 0 iteration; A: 5 iterations;

*: 10 iterations).

By removing the penalty term p(a), the EM-test reduces to the ordinary likelihood
ratio test when the number of iterations k£ = co. However note that the likelihood ratio
test has a complex limiting distribution available only under more restrictive conditions.

Chen and Cheng (1995) and Lemdani and Pons (1995) proposed a constrained test by
requiring €y < « for some fixed positive constant ¢, € (0,1/2]. There are some similarities
between that method and the EM-test, because the EM-test requires pre-chosen mixing
proportions be larger than 0. However, the EM-iteration allows us to recoup the mixture

models with smaller mixing proportions while the other method does not.
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3.2.2 Asymptotic Results for the EM-test

Under very general conditions, for fixed finite £ and any finite set of pre-chosen «;, we show
that the test statistic EM® has simple limiting distribution 0.5x2 + 0.5x3. The details

are in the follow theorems with proofs given in Section 3.5.

Theorem 3.2.1. Suppose that f(x;0) satisfies Conditions B1-B5 given in Section 3.5,
and p(«) is a continuous function such that p(a) — —oo as « — 0 or 1 and it attains its
mazximal value at o« = 0.5. Under the null distribution f(x;0y), we have, for j =1,...,J

and any fizved finite k,

and
ml = (1 — a0 — 6y) + iV (81 — 5) = 0,(n"17?).

Based on the above results, we can easily derive the null distribution of EMP.

Theorem 3.2.2. Assume the same conditions as in Theorem 3.2.1, and that one of a;’s

is equal to 0.5. Under the null distribution f(x;0y), and for any fived finite k, as n — oo,
EM® 2 0.5x2 + 052

Remark 3.2.1. (Understanding the limiting distribution). Let n = o(1 —«)(6y —02). The
test of homogeneity is to test n = 0 against the alternative n # 0. Intuitively, the limiting
distribution of the EM-test statistic should be x3. Note that the following two groups of
parameters: (a,01,0) and (1 — «, 03,0,) give the same density function in (2.1). Due to

symmetry, we can assume 01 < Oy without loss of any information. Therefore the parameter
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space for n is restricted to the non-positive part of the real line and the null hypothesis is on
the boundary of the parameters space. Chernoff (1954), Self and Liang (1987) and Lindsay
(1995) all provide discussion on the limiting distributions when the null hypothesis is on the
boundary. The limiting distributions in this case are often the mizture of x* distributions
instead of x3.

Another way for understanding the limiting distribution is from the point view of mo-
ment. Let us use the two-component normal mixture model with same and known variance
of 1 as the example. Without loss of generality, we further assume that the mean of the
two-component normal mixture model is 0. Under this setup, the test of homogeneity is to

select one model between N(0,1) and (1 — a)N(u1,1) + aN (s, 1) with
(1 —a)u + apy =0.
For any given a € (0,0.5], the second moment for the mizture model is given by
E(X?) =1+ api + (1 — a)us,

which is greater than or equal to 1, with the equality holding when the mixture model is the

homogeneous model. So the test of homogeneity is equivalent to testing
Hy: BE(X?) =1 versus H, : B(X?) > 1.

The null hypothesis is on the boundary of the parameter space, and so the limiting distri-

bution in this case is the mizture of x? distributions.

Remark 3.2.2. For each given o € (0,0.5], M,(«) can be written as the summation of
two terms: one is from the likelihood function and the other from the penalty. Under the
null model, the first term has the same quadratic approximation for all o values. Howewver,

different o values result in different sizes of penalty. Since the penalty p(«) attains the
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mazimum value of 0 at o = 0.5, including o = 0.5 implies that the limiting distribution is

determined by the quadratic approzimation only, and hence has the simplest form.

We emphasize here that Conditions B1 — B5 do not include the condition that the
mixing parameter is confined in a compact space, nor conditions on finiteness of the Fisher
information. Hence, the EM-test is both more convenient in applications and more widely
applicable.

Based on the above result, the EM-test rejects the null hypothesis when EM,(Lk), for a
prechosen k, is larger than some quantile of the limiting distribution. In theory, we can
choose a dense set of « in the interval (0,0.5] as our initial values and iterate the EM-like
algorithm many times. Simulation studies suggest that three initial values (0.1,0.3,0.5) for

«, and one iteration are enough to arrive at an efficient EM-test statistic.

3.2.3 Precision Enhancing Methods

Before the EM-test is fully implemented, we suggest two precision enhancing measures to
further improve its utility. In applications, the limiting distribution of the test statistic is
usually used to provide a critical value for rejecting the null hypothesis. However when the
sample size is not large, the calibration via the limiting distribution might not be precise
enough. One way to improve the calibration precision is to choose a good penalty function.

For the validity of the asymptotic result, p(«) must decrease to negative infinity when
a — 0 or 1. Other considerations include computational convenience and statistical effi-
ciency. Based on our discussions in Chapter 2, the penalty function in (2.7) is recommended
for computing the EM-test statistics.

The next precision enhancing measure is motivated from the following observation. By a
quick inspection of the limiting distribution, it is suggestive that (1—p,)x2+p. X5 with p, =
Pr(EM,(Lk) > () may better approximate the finite sample distribution. Because of this, a
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good approximation for p, can be useful. Let u(f) and o?(f) be the mean and variance
under the homogeneous model, respectively. Further let S = E[{X; — u(f)}*] — o*(f)
being an over-dispersion measure. The mixture model is not justified unless possibly when
S > 0. Note that S, = >1" (X; — X)?/n — 6%(f) provides consistent estimation of the
over-dispersion measure S, where 6%(f) is the consistent estimate of o(f). Intuitively, if
S, < 0, the homogeneous model should be not rejected. Therefore we approximate p,, by
Pr{S, > 0}.

In the following proposition, we use the Edgeworth expansion to find the leading term

of this probability. We omit the proof because it is a routine application of the techniques

in Hall (1992, p. 56).

Proposition 3.2.1. Under null hypothesis, if E(X?) < co, then

N - 1 b e
o~ Pr{S, > 0} = 0.5 + %(a—g) +o(nV?), (3.1)

where

— 3
a = lim nl/zE{L} and b = lim n1/2E{S”7E(S")} .
A Var(Sh) neo Var(8S,,)

Further, if BE(X{°) < oo, then the remaining term o(n="/2) in (3.1) can be strengthened to
O(n=3/?).

In the above proposition, the Edgeworth approximation relies on the condition F(X?%) <
oo. Note that there exists some distributions, such as the Exponential distribution and the
Geometric distribution, which satisfy this condition or even the condition E(X{°) < oo,
but do not satisfy the finite Fisher information condition. So the condition F(X?) < oo is
not restrictive compared with the finite Fisher information condition. The quantities a and
b may depend on unknown parameters, in which case we replace them by their consistent

estimates under the homogeneity model.
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For many commonly used distributions, we can compute a and b analytically and the
results are presented in the Table 3.1. In the Poisson and Binomial examples, we can

replace the unknown 6 by its maximum likelihood estimate under the null model.

Table 3.1: Edgeworth approximations of p,, for commonly used kernel functions.

Kernel Edgeworth approximation
N(p, od) 0.5 — g + Op(n™?)
Pois(0) 0.5— 6‘2% + O, (n=3/?2)

: 1 (3N—11)6(1=6)+1 —3/2
Binom(N,0) | 0.5 W69(1_9)\/N(N—1)+Op(n )

Exp(0) 0.5 — 3\/2% + O, (n=3/?2)

o2 in the normal kernel is assumed known

Needless to say, we recommend the use of penalty function (2.7) for the EM-test to-
gether with the higher order adjustment. These two practical considerations enhance the

performance of the new method.

3.3 Simulation Study

Our simulation study examines many aspects of the EM-test and related issues.

First, we examine the precision of the Edgeworth expansion for p, = Pr(EMr(Lk) >
0). We consider null models with kernels N(0,1), Pois(5), Pois(3), Exp(5) (mean=>5),
Exp(1) (mean=1), Binom(10,0.3) and Binom(10,0.5). In each case, we generated random
samples of sizes n = 100 and 200. The non-zero proportions of the EM-test statistics are
calculated based on 20,000 repetitions for each kernel. The penalty function in (2.7) with
C* =1 and two sets of initial values for «, (0.1,0.2,0.3,0.4,0.5) and (0.1,0.3,0.5), are used

to compute the EM-test statistics. Note the non-zero proportions of the EM-tests are
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almost the same. Hence only the non-zero proportions of the EM-test statistics based
on the second set of a are presented. The simulation results are summarized in Table
3.2. Clearly, (3.1) gives a very good approximation to p, in all cases considered. Another
observation from the simulation is that the non-zero proportions are not affected much by
the value of C*. For example, if the data are generated from Fxp(5), when C* changed
from 1 to 1.5, the non-zero proportion changed from 0.395 to 0.393 for n = 100, and from
0.423 to 0.422 for n = 200; if the data are generated from Fxp(1), when C* changed from
1 to 1.5, the non-zero proportion changed from 0.396 to 0.394 for n = 100, and from 0.425
to 0.422 for n = 200.

Next, the Poisson mixture model is used to compare the performance of the MLRT
and the EM-test when limiting distribution for both statistics are available. The setup
for Poisson mixture model in Section 2.4 is used in this simulation. For the MLRT and
the EM-test, we use the penalty function in (2.7) with C* = 1. We computed the null
rejection rates based on 20,000 repetitions and the powers based on 10,000 repetitions.
The outcomes are summarized in Tables 3.3 and 3.4. We find that the null rejection rates
of both the MLRT and the EM-test in all cases are close to the nominal values. The power
of the EM-test and the MLRT are almost same for all four models especially when |a— 0.5
is not too large. As we pointed out earlier, the MLRT statistic is the EM-test statistic
with k = oo. The crucial point is: the asymptotic property of the EM-test is applicable to
more general mixture models. We also find that there is no need of using more than three
initials values of o or more than 1 iteration in EM-like algorithm. Additional initial values
or iterations do not meaningfully improve the power.

We now study the EM-test under the models where the asymptotic results of the MLRT
or the LRT are not applicable. Exponential kernel is used in this simulation. We set the

mean of the mixture model 5 in all cases and the same parameter values for alternative
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Table 3.2: Simulated non-zero proportions of the EM-test statistics.

Edgeworth
Kernel MO EMY  EMP Approximation — Std
n = 100
N(0,1) 0.449  0.449  0.449 0.453 0.0035
Pois(5) 0.449  0.449  0.449 0.451 0.0035
Pois(3) 0.448  0.448  0.448 0.450 0.0035
Binom(10,0.5) | 0.453  0.453  0.453 0.457 0.0035
Binom(10,0.3) | 0.453  0.453  0.453 0.457 0.0035
Exp(5) 0.395  0.395  0.395 0.394 0.0035
Exp(1) 0.396  0.396  0.396 0.394 0.0035
n = 200
N(0,1) 0.463 0.463  0.463 0.467 0.0035
Pois(5) 0.465 0.465  0.465 0.465 0.0035
Pois(3) 0.465 0.465  0.465 0.465 0.0035
Binom(10,0.5) | 0.467  0.467  0.467 0.470 0.0035
Binom(10,0.3) | 0.468  0.468  0.468 0.469 0.0035
Exp(5) 0.423 0423  0.423 0.425 0.0035
Exp(1) 0.425 0.425  0.425 0.425 0.0035
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Table 3.3: Null rejection rates (%) under Poisson kernel.

Level MLRT EMYY EMY M2 MO BMY By

n = 100
10% 9.9 9.8 9.8 9.8 9.8 9.8 9.8
5% 5.2 5.1 5.2 5.2 5.1 5.1 5.1
1% 1.1 1.1 1.1 1.1 1.1 1.1 1.1
n = 200
10% 10.0 9.9 9.9 9.9 9.8 9.8 9.9
5% 5.1 4.9 5.0 5.0 4.9 4.9 4.9
1% 1.0 1.0 1.0 1.0 0.9 1.0 1.0
Results in columns (3, 4, 5) used a = (0.1,0.2,0.3,0.4,0.5).
Results in columns (6, 7, 8) used o = (0.1,0.3,0.5).

models as in Table 3.5. Although the limiting distributions of the LRT (denoted by R,,)
and the D-test (Charnigo and Sun, 2004) are not available, these tests be done by using
simulated quantiles under some null models. They are included in the simulation to serve
as efficiency barometers.

The definition of the D-test (Charnigo and Sun, 2004) is given as follows. Let (&, 0y, 65)
and (0, 0) maximize (e, 61,05) and 1,(1/2,0,0) respectively. The D-test statistic is
defined as

D= dzn) = [ {(1- a0+ as(aid) — flasbo)} de

A weight function can also be incorporated in this definition to enhance the efficiency of
the D-test. Charnigo and Sun (2004) considered weighting functions z and z* for testing

homogeneity in mixtures in exponential family distributions. We call these two weighted
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Table 3.4: Simulated powers (%) under Poisson mixture alternatives at the 5% level.

Model MLRT EMY EMY eBrM® MO BMY EBEMP

n = 100
I 48.8 49.0 49.0 49.0 49.0 49.0 49.0
IT 51.8 51.8 51.8 51.9 51.8 51.8 01.8
IT1 27.5 57.1 57.3 57.4 56.8 97.1 57.2
IV 76.4 72.0 74.3 74.5 72.0 74.3 74.5
n = 200
I 73.7 73.9 73.9 73.9 73.9 73.9 73.9
II 76.3 76.5 76.5 76.5 76.4 76.4 76.4
I1I 82.2 81.6 81.7 81.8 81.5 81.7 81.7
IV 95.2 91.5 92.2 92.4 91.5 92.2 924

Results in columns (3, 4, 5) used o = (0.1,0.2,0.3,0.4,0.5).
Results in columns (6, 7, 8) used a = (0.1, 0.3,0.5).

versions of the D-test statistics as d;(2,n) and ds(2,n).

The MLRT can also be calibrated by simulated quantiles, but it is bounded by the EM-
test and the LRT and therefore is not included. The constrained LRT (Chen and Cheng,
1995; Lemdani and Pons, 1995) is applicable under the same conditions as the EM-test.

Its test statistic is defined as

a€leo, 1—¢o], 01, 02

Ry(eg) =2 { sup Lo, 0y, 05) — zn(o.5,é0,é0)} ,

for some user chosen positive constant ¢, € (0,0.5]. We find that it has large type I errors
unless we choose a large value of ¢5. Through some pilot simulation studies, we found that

we have to select ¢y as large as 0.45 to have its type I errors comparable with those of
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Table 3.5: Parameters in four exponential mixture models.

-« 01 0, A 100KL
Model I 0.50 3.129 6.871 3.50 1.008
Model I 0.25 2.128 5.957 2.75  0.956
Model IIT ~ 0.10 0.757 5.471 2.00 1.252
Model IV~ 0.05 0.127 5.256 1.25 1.996

A: variance of mixing distribution.

KL: Kullback-Leibler information.

EM-tests. We thus included the constrained LRT with ¢y = 0.45 in our simulation.

Software for calculating the critical values of the D-test for the Exp(1) distribution can
be found at http://stat.cwru.edu/ rjc12. For other null distributions, some transformations
as suggested in Charnigo and Sun (2004) must be used. We computed EMP for k = 0,1,2
with C* = 1 and « € {0.1,0.3,0.5} first. Their type I errors are also somewhat larger than
the nominal values, we hence also computed the EM-tests with C* = 1.5. The null rejection
rates of the EM-tests, D-tests and constrained LRT calibrated by limiting distributions or
by critical values obtained from references are in Table 3.6, The EM-tests and constrained
LRT have reasonably accurate type I errors. The D-test statistics may not sufficiently
invariant to allow transformation of critical values between the Exp(1) and the Ezp(5)
null distributions. We note that the EM-tests are slightly over-sized but not too severely
with both choices of C* =1 and C* = 1.5. Both meet the recommendation criterion set in
Remark 2.3.2, that is, choose a C* value large enough such that the simulated null rejection
rates is no more than 5.5% at 5% significance level.

The power calculations of all methods were done using simulated quantiles to ensure

objective comparisons. In general, the efficiency of the EM-test is much better than other



62 Hypothesis Testing in Finite Mixture Models

Table 3.6: Null rejection rates (%) of the EM-test, the constrained LRT and the D-test

under exponential mixtures.

cr=1 C* =15
Level d(2,n) di(2,n) do(2,n) EMY EMY EM?” EM" R,(0.45)
n =100
10% 188 124 8.3 11.0 111 105 105 10.8
5% 122 5.1 4.0 5.8 6.0 5.3 5.4 5.5
1% 4.0 0.8 0.8 1.2 1.3 1.1 1.1 1.1
n = 200
10% 19.7 149 104 105 106 102  10.2 10.5
5% 135 7.3 4.3 5.5 5.5 5.2 5.2 5.3
1% 5.0 1.0 0.7 1.2 1.3 1.1 1.2 1.1

methods. The D-test based on d(2,n) is less efficient than the EM-test when « is close to
0.5, but more efficient for alternatives when « is close to 1. This result may not be very
useful because the type I error of the d(2,n) based D-test is hard to control. An interesting
result is that the EM-test is much more efficient than the LRT when « is close to 0.5. Due

to the penalty function, the EM-test is expected to lose power when « is close 0.

3.4 Applications and Real Examples

In this section, we analyze a number of well-known real data sets to further demonstrate

the use of the EM-test.

Example 3.4.3. First, we apply the EM-test to the data studied in Proschan (1963).

The data consist of the times of successive failures for the air conditioning system of
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Table 3.7: Simulated powers (%) of the D-test, the EM-test, the constrained LRT and the

LRT under exponential mixture alternatives at the 5% level.

cr=1 C*=15

Model d(2,n) dy(2,n) dy(2,n) EMY EMY EMY EM" R,045) R,
n =100

I 176 301 326 336 334 341 340 346  29.8

I 221 307 303 310 308 313 313 312 279

111 354 319 243 292 206 276 279 249 326

v 495 219 101 322 329 284 200 176 423
n = 200

I 263 481 512 534 533 536 536 541 47.6

i 345 493 477 480 480 475 476 474 44.6

111 546 517 398 458 460 421 425 375 521

v 664 349 124 468 486 422 436 225 615

each member in a fleet of 13 Boeing 720 jet airplanes. Proschan (1963) performed the
Kolmogorov-Smirnov test to the pooled data, a total of 213 observations, to determine
whether the exponential distribution offered a good fit of the pooled failure times. At the
level of 0.05, the Kolmogorov-Smirnov test failed to reject the null hypothesis of exponential
fit. However, the exponential distribution did not fit the pooled failure times very well.
Figure 3.2 gives the plot of the log empirical survival curve for the pooled data and the log
theoretical survival curve under the exponential model. Proschan (1963) observed that the
log empirical survival curve lies consistently below the theoretical curve when the failure
time is less than 150 and lies consistently above the theoretical curve when the failure time

is larger than 150.
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Log empirical survival function

0 100 200 300 400 500 600

Failure times (Airplane pooled data)

Figure 3.2: The log empirical (points) and null theoretical (solid line) survival functions of

the airplane pooled data.

Proschan (1963) further used a more refined analysis to show that the failure distribu-
tion for each airplane separately was exponential, but for some airplanes the rates were
different.

So it will be reasonable to assume the pooled failure times follows a mixture of exponen-
tial distributions. Now we conduct the test of homogeneity for the pooled data. The MLEs
under the mixture model for (a, 6y, 65) is (0.430,128.286, 46.506). Since 6, /6, = 2.758 > 2,
most existing methods of testing the homogeneity are strictly not applicable because the
density ratio may have infinite second moment, or infinite Fisher information. In contrast,
a rigorous EM-test can be conducted. Accord to our simulations, C* = 1.5 is a good choice
for the level of modification for the pooled failure times. We computed the EM-statistics
with C* = 1.5 and three initial values (0.1,0.3,0.5) of o, and found EMY = EMY = 6.221.
With the sample size of 213, according to Table 3.1, p,, will be well approximated by 0.427.
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In view of the adjusted limiting distribution 0.573x2 4 0.427x%, the asymptotic p-value for
EM-test is 0.005. For the constrained LRT, we have R,,(0.45) = 6.30 with the asymptotic
p-value 0.005. We also calculate the LRT statistic, R, = 6.31. We simulated the quantiles
of the LRT statistic with 10,000 repetitions and found the simulated p-value for the LRT is
0.019. So for the pooled failure data, the EM-test and the constrained LRT give stronger
evidence than the LRT to reject the homogeneous exponential fit. We should note that
the above analysis only tells us the two-component exponential mixture model provides a
more suitable fitting for the pooled data than the homogeneous exponential model. If we
want to know what is the order of the mixture if the finite mixture model is used or which
model, the finite mixture model or the mixture model with continuous mixing distribution,

is more suitable for the pooled data, further analysis needs to be conducted.

Example 3.4.4. The second example considers the failure times of a computer in 257
unspecified units, which can be found in Cox and Lewis (1968) Table 1.3. Since the units
are unspecified, there may exist the heterogeneity in the failure times. Our interest is to
test whether this heterogeneity can be easily detected or not. We conducted the test of
homogeneity and found that the asymptotic p-value of the EM-test and the constrained
LRT are all less than 0.00001. Figure 3.3 shows the plot of the log empirical survival
curve and the log theoretical survival curve under the homogeneous exponential model.
Clearly, the homogeneous exponential model does not fit the data. Yet the pool fit might
be purely caused by the two largest observations. Hence we remove these two observations
and reanalyzed the remaining data. The homogeneous model is rejected by all methods
with very small p-values. To better show the difference between the EM-test and other
methods, we delete the largest 7 observations and reanalyze the remaining data. The EM-
test statistics with C* = 1.5 and three initial values (0.1, 0.3, 0.5) of a, are EMY =10.484
and EMY = 10.582, with the asymptotic p-values 0.0005. The constrained LRT is found to
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be R, (0.45) = 0.632, with the asymptotic p-value 0.185. We also calculate the asymptotic
p-value for the C'(«) test, which is found to be 0.442. In this case, the EM-test has much
stronger evidence than the constrained LRT and the C'(«) test to reject the homogeneous

exponential model.

Log empirical survival function

0 1000 2000 3000 4000

Failure times (Computer data)

Figure 3.3: The log empirical (points) and null theoretical (solid line) survival functions of

the computer data.

3.5 Appendix: Regularity Conditions and Technical
Proofs
Regularity Conditions for the EM-test

The proofs are based on the following regularity conditions on the kernel density func-

tion.
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BI.

B2.

B3.

B4.

B5.

Wald’s integrability conditions. (1) E|log f(X;60y)| < oo, and (ii) for sufficiently small
p and for sufficiently large r, the expected values E'log{1+ f(X;0,p)} < oo forf € ©
and Flog{l + ¢(X,7)} < 0o, where
f(z;0,p) = sup f(z;6)
6'—6|<p
and

p(w;r) = sup f(z;0).
10>
(iii) limg|—oc f(;0) = 0 for all z except on a set with probability zero.

Smoothness. The kernel function f(z;6) has common support and is three times

continuously differentiable with respect to 6. The first two derivatives are denoted

by f'(x;0) and f"(x;0).

Identifiability. For any two mixing distribution functions ¥; and ¥y with two sup-

porting points such that
/f(a:; 0)d¥,(0) = /f(a:, 0)dW4(0), for all x,
we must have W, = WU,.

Strong law of large numbers. For some neighborhood N(6y) of 6y, there exists a g

with finite expectation such that

Yi(0)I° < g(X3), 1Z:(0)° < g(X3) and |Z](0)* < g(X5).

Positive definite. The covariance matrix of (Y;, Z;) is positive definite.

Remark 3.5.1. The conditions imposed for the EM-test are markedly weakened when

compared to the MLRT or other likelihood based methods. Firstly, the parameter space of 0
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need not be bounded any more. Secondly, we only require E{Y;(0)*} < oo for 6 in a small

neighborhood of 0.

Techinical Proofs
We put two preliminary results as two lemmas here first. The first is seen as the

extension of the results in Wald (1949).

Lemma 3.5.1. Suppose that Condition B1 holds. Let (a,0,,0,) be some estimators of
(cr,0y,05) such that 6 < a <1—9 for somed € (0,0.5]. Assume that

L(, 01, 05) —1,(0.5,60,0) > ¢ > —o0.
Then under null distribution f(z;6y), 01 — 0y = 0,(1) and 0, — 0y = 0,(1).
Proof. The parameter space under the full model (2.1) with the restriction becomes
A=1[0,1—-0] x0O x 0O,

When the null model is true, the “true” parameter values form the set {(«, 6y, 0y) : § <
a<1-4}.

Our proof in principle is similar to that of Wald (1949), but has some important differ-
ences.

First, for some positive constants € and r, let
A(OA7 6, T) = {(0/7‘91792) S Au |O/ o Oé| <€ “91| >, |92| > T}
and define

(s a,€,r) = sup{a/f(z;01) + (1 — o) f(2;62,) : (o', 6},65) € A(as€,7)}.
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By Condition B1, it is obvious that for all small enough e and large enough 7,
E{logy(X;e,r)} < E{log f(X;600)}
under the null distribution f(X;6y). Hence, by the law of large numbers,
Prlsup{l,(a/,07,0,) : A(a;€,7)} — lo(c,0,60) > c] — 0

almost surely for any ¢ > —oo. By the classical arguments on the compact set [d, 1 — ] for

«, the above conclusion is easily extended to
PI'[SU_p{Zn(O/, 9/17 eé) : (0/7 9/17 9;) S A} - ln(av 907 00) > C] —0

where A = Us<o<1-sA(as €, 7).

Next, the same conclusion and the proof are applicable to
B(a,by;e,1) = {(,0],02) € \;|o/ — | <€, (0] — 61| < e |b2] >r}
and hence also to
B=U{B(a,b;¢e,1): 6§ <a<1-—9,|01] <r}.

In plain words, the log-likelihood at any parameter point with either one of ¢; and 6y very
large trails the log-likelihood at the true parameter point by an infinite amount.

What left is to prove the same conclusion for parameter points in the compact comple-
ment of AU B but outside any small neighborhood of («, 6y, 6y). However, this is the same
as the classical consistent result by Wald (1949).

We hence conclude the proof. O

Lemma 3.5.2. Suppose the same conditions of Theorem 3.2.1 on f(z;0) and p(«) hold.
Let (@, 01,05) be some estimators of (v, 01, 0y) such that under the null hypothesis,

él — 90 = Op(1> and 92 — 90 = Op(1>
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and & — o = 0,(1) for some ag € (0,0.5]. If for all n and X, ..., X,,
plo(a, 01, 05) — pl,(0.5,00,0y) > ¢ > —o0,
then under the null distribution f(x;6y),
0, — 6y = O,(n~1"), 6y — 6y = O, (n~ %)
and
my = (1 —a)(0; — 6p) + @@y — 0) = O,(n~"?).

Proof. For i = 1,...,n, let W; = Z; — BY; with 3 = E(Y,Z,)/E(Y?). Note that Y;
and Z; are defined in (2.4) and (2.5), respectively. Further, let m = m; + fmy with
My = (1= @)(01 — 00)* + a(fz — 0)*.

By the condition of the lemma, #; and , are in a small neighborhood of , in probability.

Therefore, by the Taylor’s expansion at 6y, we get:

2{pl,(@, 61, 063) — pla(0.5,60,00)} < 2{L(@,01,02) — 1,(0.5,600,60)}
<2 {mY; +maWit — {m? > Y2 +m3 Y W21+ 0,(1)) + 0,(1)
' i—1 i—1

(S, W01 | (S, 1)
SLWE v

We do not have cross terms in the second line because Y; and W, are uncorrelated. The

<

+ 0,(1). (3.2)

last inequality is simply the property of the quadratic function and the non-negativeness
of ms.
Together with the condition that pl, (&, 61, 05) —pl,,(0.5, 6, 6y) > ¢, the above inequality

implies that

2y We = mi{3 S WEHL+0,(1)} = O,(0).



EM-test 71

Because Y. W; = O,(n'/?) and Y. | W2 = O,(n), we get my = O,(n"/?). Due to the

condition that @ = ag + 0,(1) and 0 < ay < 0.5, we further conclude that
9_1 — 0 = Op(n_1/4) and 9_2 — 0y = Op(n_1/4)-

Similarly, we have m = O,(n~/2) and therefore m; = O,(n~/2). These conclude the
proof. O
Let (&, 61,0,) be some estimators of (a, 61, f,) with the asymptotic properties as before.

Define

Qu(e) = (n— Zw") log(1 — a) + Zw log(a) + p(a)
= Ru(a) +p(a)
with -
df({(i; 6) _
(1—a)f(X;;01) +af(Xi;0z)

Let a* = argmax, @,(a). The following lemma considers some asymptotic properties

w; =

regarding a*.

Lemma 3.5.3. Suppose the same conditions of Lemma 3.5.2 hold. Under the null distri-

bution f(x;60y), we have |&* — ap| = 0,(1).

Proof. Fori=1,2,...,n, let

< _ f(Xi;91 _ f(Xi792)
% == “>{m -1 {f<Xi;eo> -1
= MY+ (1 —a)(0; — 00)°Zi(0,) + a0y — 00)*Zi(05),

where Y; and Z; are defined in (2.4) and (2.5). Thus,

max |;] < |my| max |Y;| + me max{ sup |Z;(6)|}.
1<i<n 1<i<n 1<i<n 0N (0o)
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By Condition B4 and a result on order statistic in Serfling (1980, page 90), we have

max{ sup |Z;(0)|} = o0,(n'/?) and max |Y;| = 0,(n'/?).
it s [Z0)) = op(n%) and x|V = o,(n*)

Consequently, we have max; |§;| = o0,(1).

Expanding f(Xi;éj) at éj =0y, 7 =1,2, we get
f(Xz'§ éz) - f(Xz'§ 51)

w—a = a(l-a) (1—a)f(X;;0)) +af(X;;0,)
= a(llf_csia){(ez — 01)Y; + (62 — 00)* Zi(02) — (61 — 00)* Zi(61)}.

Hence, putting & = n~'>"""  w;, we have

& —a
= {0 = 00D+ (B = 00)°YZi(B2) — (B — 00D Zi(01) }O,(n7)
= 0,(1).

By this result and the assumption that & — oy = 0,(1), we have
& —ap = 0,(1)

and hence it suffices to prove that a* — & = o,(1).
Note that R, («) is a binomial log-likelihood. It attains its maximum at and decreases

from @ in both directions. For any € > 0 and o > & + 2¢, by the mean value theorem,
R,(a) — Ry(a&) < R,(a+2€) — Ry(a+¢) =€eR,(€)

for some & € [@+¢€, &+ 2¢|. It is easy to verify that R/, () — —oo in probability as n — oo

uniformly for £ in this range. On the other hand, we have

pla) — p(@) = p(a) — p(ag) + 0,(1) = Oy(1).
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Hence, with probability approaching 1,
Qn(a> - Qn(&) = Rn(a> - Rn(&) + {p(Oé) _p(&>} — =0

uniformly for any a > a + 2¢. Hence, we must have a* < & + 2¢ in probability. Similarly,
we can show that a@* > & — 2e in probability. Therefore, we have a* = & + 0,(1) as

claimed. O

Proof of Theorem 3.2.1

By the property of the EM algorithm (Dempster et al. 1977), the definition of a§k) and

others, for any finite k, we have

pla (a0 0%)) > pl, (o, 01,6')) > pl(;, b0, 60).

Therefore

k
Lo, 05, 60) = (e 60,60) = p(af”) = p(af)

> play) — p(0.5) > —oc.

By Lemma 3.5.1, we have shown that 9](-2) and 9?% are consistent for 6. Because of this,

the conclusions of Lemmas 3.5.2 and 3.5.3 apply. Hence, we find

1
o — s = ay(1)

and both
61 — 6y = Oy(nY); 6% — 6y = O,(n"/4).

The above conclusions can then be used to show the same conclusions are true for a§-2),
Hﬁ) and Gg). By mathematical induction, the conclusion of the theorem is true for all finite

k. O
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Proof of Theorem 3.2.2

Due the properties proved in Theorem 3.2.1, the inequality (3.2) is applicable. Hence
for any (4, k), we have

(o W) (i, Y)°

(k)
2{pln( a; 79]1 7992 ) _pln(0’5790790)} < ZZ ) W2 Z;LZI Y;-2 + 0117(1>‘
It is obvious that
" Y2
2{sup pla(0.5,6, ) — pla(0.5, 0o, o)} = 2= 4 5 (1),
0cO Zi:l Yz
Hence, we have
ﬂ_ VVZ +12
2yt 05 08) — suppta(03,0.0)) < LT E 4o 1)
i=1 Vi
At the same time, it is simple to show that
n W; 12
2{pl, ( ) o) gt ) —suppl,(0.5,0,0)} > (i, W)} + 0,(1)

@ V51,050 n 2
06 i Wi

when a; = 0.5. Thus,
2
ag = {2V’

Consequently, the limiting distribution is given by 0.5x2 + 0.5x3. O

+ 0,(1).



Chapter 4

EM-test in Normal Mixture Models

4.1 Introduction

After its first application in Pearson (1894), the normal mixture model has become one
of the most popular model in real data analysis, see Reoder (1994), McLachlan and Peel
(200), Chen and Chen (2003), Chen and Kalbfleisch (2005), Tadesse et al. (2005) and
Friwirth-Schnatter (2006).

An example of great interest arises in genetics, in which one wants to know if there
exists a major gene corresponding to a trait of interest. Assume that this major gene (if
exists) has two possible alleles (say A and a) and further assume that A is dominant over a.
Suppose the phenotypes or the trait values for the individuals with and without allele A are
distributed by N(u1,0?) and N(us,03) distributions, respectively. Then if the major gene
exits, the phenotype of a randomly selected individual from the population follows a two-
component normal mixture model; if not, it follows uni-component normal distribution.
The test for the presence of a major gene in principle is the test of homogeneity under the

normal mixture model.

75
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The test of homogeneity under normal mixture models is an important and challenging
problem. Due to the lack of strong identifiability, the asymptotic properties of the LRT
and the MLRT under normal mixture models are substantially different from those under
regular one-parameter mixture models. The asymptotic properties of the LRT and MLRT
have attracted the attention of many statisticians. Chen and Chen (2003) is the first
paper addressing the asymptotic property of the ordinary likelihood test statistic under the
univariate normal mixture model in the presence of a structure parameter (o7 = o3 = o?).
Chen and Kalbfleish (2005) investigated the use of the MLRT under the same model,
and found the MLRT does not have a simple limiting distribution, but has a very useful
stochastic upper bound which has y3 distribution. Qin and Smith (2004) investigated the
same problem and claimed that the limiting distribution for the MLRT is 0.5x% + 0.5x3.
Yet this limiting distribution does not fit well with the finite sample distribution of the
MLRT. Our simulations on normal mixture models reveal that the zero-proportions for
the MLRT statistic under the null hypothesis are around 20% when the sample sizes are
between 100 and 200. Clearly, this limiting distribution is not very useful to determine the
critical value of the MLRT. In comparison, the x3 distribution is found to provide a good
fit for the tail distribution of the MLRT (Chen and Kalbfleisch, 2005).

For normal mixture models in both mean and variance parameters, we could not find
many theoretical results on the limiting distribution of the LRT or the MLRT. The general
results in Dacunha-Castelle and Gassiat (1999) and others are not applicable to normal
mixture models. Most publications focus on simulating the quantiles of the LRT statistics.
Wolfe (1971) suggested that the y? distribution provides a good approximation for the null
limiting distribution of the LRT. However, McLachlan (1987) presented simulation results
and suggested that the y2Z distribution provides a better fit to the null limiting distribution
of the LRT than the x3. Feng and McCulloch (1994) found that the null distribution of
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the LRT depends on a lower bound placed on the component variances.

In this chapter, we investigate the use of the EM-test to normal mixture models and
derived its limiting distributions under two situations. For the test of homogeneity in the
presence of the structural parameter (o} = 03 = ¢?), the limiting distribution is a simple
function of 0.5x2 + 0.5x3 and x? distributions. The test with this limiting distribution is
still very convenient to implement. Its accuracy is examined with extensive simulations,
and is very satisfactory. The power of the test is comparable to the MLRT coupled with
X2 distribution. For normal mixture models in both mean and variance parameters, the
limiting distribution of the EM-test is found be x3. Simulations are also conducted to

confirm that the quantiles of limiting distribution provide accurate critical values of the

EM-test. We include a real data example to illustrate the use of the EM-test.

4.2 Normal Mixture Models in the Presence of the

Structural Parameter

4.2.1 The EM-test Procedure

Suppose X, ..., X, is a random sample from
(1 — )N (p1,0%) + aN (i, 0?).
We are interested in testing
Hy: ol —a)(pug — p2) = 0. (4.1)

For the above testing problem, the log-likelihood function is given by

L, i, iz, 0) = Y log{(1 = ) f(Xi; 1, 0) + f (X5 pa, 0) },
i=1
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where f(x; i, o) is the probability density function of normal distribution with mean g and
variance o2.

For the testing problem (4.1), Chen and Chen (2003) first noted that normal density
function is not strongly identifiable, which is a consequence of

(9f2(x;u,<f)| ) :20f(x;u,<f)| i
aMQ (p,02)=(0,1) 8(0.2) (p,02)=(0,1)-

A direct effect of the above equality is that u?, y2 and o2 are fully confounded together
apart from the confounding between j; and p5. So the first moment and the second moment
of the mixture model can not uniquely determine the values of u?, u3 and 0. To detach
them, we need to go for the third and forth moments. Because of this, Chen and Chen
(2003) found that the convergence rates for the MLEs of the mixing distribution and o
under the null model are O,(n~'/%) and O,(n~1/*), respectively, which imposes substantial
technical difficulties in the study of asymptotic properties. Note that the variance of the
mixture distribution is the sum of the component variance o2 and the variance of the mixing
distribution. Fitting a mixture model to data arising from a uni-component normal model
tends to result in a smaller fitted component variance. This bias effect tends to make the
LRT or the MLRT somewhat liberal, which is one possible reason that the upper bound
X4 provides a good fit for the tail distribution of the MLRT. If we adjust the bias of the
estimation of o2 under the null model, it will make the estimation of o biased under the
alternative model.

As discussed in Chapter 3, under single parameter mixture models, the limiting distri-
bution of the EM-test does not require the compactness of the parameter space and has
comparable power to the MLRT. With the additional parameter, the asymptotic property
of the EM-test obtained in Chapter 3 can not be directly used. It is of great interest to
study the application of the EM-test to the testing problem (4.1).

To overcome the under-estimation effect, we define the modified log-likelihood function
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for the EM-test as follows:

plo(a, ps pro, 0) = (o, pa, pi2, o) + pulo) + pla),

where p, () is a penalty function on o2, which will be allowed to depend on the data, and
p(a) is a penalty function on « such that p(a) achieves the maximal value at & = 0.5. The
role of the penalty function p(«) has been discussed in Chapter 2. The penalty function
pn(0) will be selected to prevent the underestimation of o? under the null model.

The idea of the EM-test in Chapter 3 can be applied to normal mixture models in
exactly the same way. For given a = ag, we compute a modified likelihood ratio test

statistic as follows

M, (ag) = 2{pl, (g, u&) s 115, 7@ = plo (0.5, fio, fio, 60)},

with (,u((ﬁ), ,u((]%), o)) being the maximizer of pl, (o, i1, pto, o) and (fig, 59) being the max-

imizer of pl, (0.5, u, p, o). Several EM iterations will be applied between o and (u1, 2, o)
to capture more relevant parameter values if the data are from an alternative model. The
value of M, (ap) will be updated accordingly. Several ag will be used simultaneously to
accelerate the process. The EM-test statistic will be defined by the maximum value of
these outcomes with a given number of iterations.

The analytic form of the EM-test statistic is not convenient to present. Instead, we
provide the following pseudo code.

Step 0. Choose a number of initial « values, say oy, as, ..., ay € (0,0.5]. Compute

(,&Oa 6-0) = arg T%Pln(l/?, s [y U)'

Let j =1,k=0.
Step 1. Let Oé;k) = qj.
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Step 2. Compute

k) (k) _(k k
(N§1)7N§'2)70'](' )) = arg Inax pln(oz§- )nu’lv fa, O)

p, p2, o
and
MP () = 2{pla(eg” gt 153, 037) = pla(1/2, fro, o, 60)}-
Step 3. For i = 1,2,...,n, compute the weights which are the conditional expectations

in the E-step.

k k) _(k
W™ = 04( )f(Xi;u§-2),0'](- ))
ij = k k k k) (k)
(L )X 19, 01) + o )
Now following the M-step, let
ag»kﬂ) = arg max{( — Z log )+ wa log(a) + p(a)},

k1
,u§1+): 1-w w X/Zl_
k1 k k
A = S /Sl
i=1 i=1
(k+1)

1 < (k) k+1 k+1)
o; = arg mj}x{ - ﬁ;(l —wy ) (Xi — ~ 5.2 Zw )2
—g log +pn(a)}.
Compute

k+1 k+1 k+1 k+1 A A A
ME D () = 2{ply (@l uH) W50 oYYl (172, fio, fio, 60) -

Let k = k + 1 and repeat Step 3 for a fixed number of iterations in k.
Step 4. Let j =5+ 1, k=0 and go to Step 1, until j = J.
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Step 5. For each k, calculate the test statistic as
EM® = max{M®¥(a;),j =1,2,...,J}.

The homogeneous model is rejected when the EM-test statistic is larger than some
critical value. The critical value will be determined by the limiting distribution of the

EM-test statistic, which will be studied in the next subsection.

4.2.2 Asymptotic Behavior of the EM-test

We study the asymptotic properties of the EM-test under the following conditions on the
penalty function p, (o).

Cl. pylac;aXy+0b,...,aX, +b) =pu(o; Xy, ..., X,).
C2. sup,.omax{0,p,(c)} = o(n) and p,(1) = o(n).

C3. pl (o) = 0,(n'/*) for ¢ € N(1) with p/, () being the first derivative of p, (o) and N(1)
being a small neighborhood of 1 .

Remark 4.2.1. Under Condition C1, the EM-test has the invariance property, which is a
desirable property of statistical inference for location-scale models. Condition C2 controls

the influence of p,(c) on the log-likelihood function.

The following theorem assesses the asymptotic orders of (aﬁ-k), uy;), uy;), UJ(»k)) under the

null hypothesis. The proofs will be given in Section 4.2.4.

Theorem 4.2.1. Suppose Conditions C1-C3 hold, and p(«) is a continuous function such
that p(a) — —o0 as a — 0 and it attains its maximal value at o = 0.5. Under the null

distribution N (o, 08), we have, for j =1,...,J and any fived finite k,
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(a) if aj = 0.5, then

ol —a; = 0,(n7Y),
k _
N§'1) —po = Oy(n 1/8)7
k _
w — o = Opn™®),
oy = Ot
(b) if oj # 0.5, then
o —a; = O,
k _
/“Lgl) —Ho = Op(n 1/6)7
k _
p o = Oy,
Uﬁk) -0y = Op(n_l/?’)

), (F) (k))

It is of interest to note that the convergence rates of (uy; ;Mo 05 ) depend on the

choice of initial a value. The reason behind this strange phenomenon is the loss of the

strong identifiability of normal mixture models. More discussions will be given after the
(k)

next theorem. When a; = 0.5, after several iterations, a;
(k)

J

is no longer 0.5. However the
problem does not reduce to Case (b), because a;” is still in a very small neighborhood of
0.5, while in Case (b), ¢ is outside a fixed small neighborhood of 0.5.

Based on the results in Theorem 4.2.1, we derive the limiting distribution of EMP

and the proof will also be deferred to Section 4.2.4.

Theorem 4.2.2. Assume the same conditions as in Theorem 4.2.1, and that one of o ’s is

equal to 0.5. Then under null distribution N(uo,02), and for any fived finite k, as n — oo,

Pr(EM® < z) — F(z — A){0.5+ 0.5F(z)},
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where F(z) is the cumulative density function (cdf) for x3 and

A =2 max {p(«a;) — p(0.5)}.

a;#0.5
The results in Theorems 4.2.1 and 4.2.2 needs some interpretations. We can understand
them from the point view of moments. Without loss of generality, we assume that the
mean and variance of the normal mixture model (1 — a)N (p1,02) + aN (s, 0%) are 0 and
1, respectively. The test of homogeneity is to choose one model between N(0,1) and

(1 —a)N(py,0%) + aN(ug, 0?) with
(1 — )y + apy =0 and (1 — a)u] + aps +o* = 1.

First, let us consider the case when « is fixed to be 0.5. Since the first moment of the
mixture model is equal to 0, the mixture density is symmetric and the third moment of the
mixture model is 0. Therefore the third moment can not tell the difference between the
homogeneous model and the mixture model. After some calculations, the forth moment of

the mixture model is found to be
E(X{) =3 = (u] + 13), (4.2)

which is smaller than 3 or equal to 3 with the equality holding when the mixture model

reduces to the homogeneous model. Hence the test of homogeneity is equivalent to testing
Hy: BE(X}) =3 versus H, : B(X}) < 3.

The null hypothesis is on the boundary of the parameter space, so the limiting distribution
of M,(0.5) is 0.5x2 + 0.5x3. When « is fixed to be ag € (0,0.5), we can tell the difference
between the homogeneous model and the mixture model from the third moment. Note
that

E(X?) = (1 - ao)ui + aops,
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which can be greater than 0 or less than 0 and becomes 0 when the mixture model is the

homogeneous model. Therefore, the test of homogeneity is equivalent to testing
Hy: BE(X}) =0 versus H, : B(X}) #0.

In this case, the null hypothesis is the interior point of the parameter space, so M, (ap)
has the asymptotic distribution x? + 2{p(ag) — p(0.5)}. The term 2{p(c) — p(0.5)} is due
to the penalty function. Since the third moment and the forth moment are asymptotically
orthogonal, the limiting distribution of the EM-test involves the maximum of two inde-
pendent distributions: the x? and the 0.5x2 + 0.5x3. The presence of A in Theorem 4.2.2
is because of the penalty function.

We can also understand the order assessment results in Theorem 4.2.1 from the point
view of moments. If « is fixed to be 0.5, the MLE of the forth moment has the asymptotic
order n~/2 and so from (4.2), the asymptotic orders for the MLEs of p! and p3 are n='/2.
Therefore the MLEs of ; and s have the asymptotic orders n='/8. If o is fixed to be
oy € (0,0.5), the MLE of the third moment has the asymptotic order n=*/2. Similar
arguments used before can lead to the result that the asymptotic orders for the MLEs of

w1 and iy are n=/6.

4.2.3 Simulation Study

In this section, we use simulation to study the accuracy of the limiting distribution of the
EM-test statistics for the test of homogeneity in normal mixture models in the presence
of the structural parameter. We also compare the power of the EM-test and the MLRT
proposed in Chen and Kalbfleisch (2005). For this purpose, we introduce the definition
of the MLRT in Chen and Kalbfleisch (2005). Let (&, fi1, fi2, ) and (fi9, ¢) be the maxi-
mizers of pl, (v, 1, po, o) and pl, (0.5, p, p, o) with p, (o) = 0 and p(«a) = log{4a(l — a)},
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respectively. The MLRT statistic is defined to be

M, = 2{l,,(&, fu1, f12, 6) — 1,(0.5, fio, fto, 60) }-

We use the upper bound Y2 distribution to compute the critical values as in Chen and
Kalbfleisch (2005) to calculate the simulated null rejection rates. To ensure the compara-
bility, we use the same penalty function p(«) as in Chen and Kalbflesich (2005).

For the EM-test statistics, we choose the penalty function

() = —{sn/02 + log(az/sn)}, (4.3)

where s, = Y7 (X; — X)?/n. The penalty function p, (o) is equivalent to placing an
inverse gamma prior on o2. It is easy to check that p, (o) satisfies all Conditions C1-C3.
It is also seen that with this p, (o), aﬁk) has a closed form expression in Step 3 of the EM-
iteration. Note that the asymptotic property of the EM-test is valid even when p, (o) = 0.
The purpose of using the penalty function p, (o) is to prevent the underestimation of o2
under the null model. The penalty function p,(¢) is maximized at s,,, the MLE of the o2
under the homogeneous model. This penalty will push the estimation of the o2 towards
Sn, which will improve the approximation of the limiting distribution of the EM-test to its
finite sample distribution. From this viewpoint, the penalty function p, (o) plays the role
of the higher order adjustment.

For the penalty function p(«), we use

pla) = log(1 — |1 —2a).

The combination of p, (o) and p(«) results in accurate type I errors for the EM-test statis-
tics as we will see.
Similar to single parameter mixture models, we conduct the simulation with two groups

of initial values for a: (0.1, 0.2, 0.3, 0.4, 0.5) and (0.1, 0.3, 0.5). We generate 20,000 random
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samples from N(0, 1) with sample size n (n=100, 200, 500). The simulated null rejection
rates are summarized in Table 4.1. The EM-test and the MLRT both have very accurate

type I errors, especially EM with three initial values (0.1, 0.3, 0.5) of a.

Table 4.1: Simulated type I errors (%) of the EM-test and the MLRT under normal mixture

models in the presence of the structural parameter.

Level EMY EMWY BMP® EMO BEMY  EMPZ MLRT

n = 100
10% 8.9 9.1 9.2 9.2 9.9 10.2 10.9
5% 4.6 4.8 4.8 4.6 5.1 2.3 2.7
1% 0.9 1.0 1.0 0.9 1.0 1.1 1.2
n = 200
10% 9.3 9.4 9.5 9.7 10.0 10.3 9.8
5% 4.6 4.8 4.8 4.7 5.0 5.1 5.0
1% 1.0 1.1 1.1 0.9 1.1 1.1 1.1

n = 500
10% 9.6 9.6 9.7 9.9 10.1 10.2 8.7
5% 2.0 2.0 5.1 4.9 5.1 5.2 4.5
1% 1.1 1.1 1.1 1.0 1.1 1.1 0.9
Results in columns (2, 3, 4) used a = (0.1,0.2,0.3,0.4,0.5).
Results in columns (5, 6, 7) used o = (0.1,0.3,0.5).

For the power comparison, we select four alternative models. The parameters are shown
in Table 4.2. The powers of the EM-test statistics and the MLRT statistics are calculated
based on 10,000 repetitions and they are presented in Table 4.3. We use the simulated

critical values to ensure fairness. The results tell us that the EM-test statistics based on
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three initial values have almost the same power as those from five initial values. Combing
the type I error results and the power comparison results, we recommend the use of EMY
with three initial values (0.1, 0.3, 0.5) of « in applications. We also observe that the
EM-test and the MLRT have comparable power. The EM-test has higher power when
the mixing proportion « is close to 0.5, while the MLRT statistic performs better when
the mixing proportion « is close to 0. However, as in the previous chapter the limiting
distribution of the EM-test does not require the compactness of the parameter space, while

the upper bound result of the MLRT does.

Table 4.2: Parameters in alternative normal mixture models in the presence of the struc-

tural parameter.

l—a 6 0, o 100KL
Model I 0.50 1 -1.25 1 2978
Model IT  0.25 1 -1.25 1 3.872
1
1

Model III  0.10 1.25 -1.25 4.202
Model IV 0.05 1.25 -1.5 3.108
KL: Kullback-Leibler information.

4.2.4 Technical Proofs

The null limiting distribution of the EM-test statistic does not depend on the true values
of u and 2 under the null model. Therefore, without loss of generality, we may assume
that the null distribution is N (0,1) in our asymptotic investigation.

Let us first study the consistency of the estimator of (uq, 9, 0). We assume that a
random sample X7, ..., X, is drawn from the null distribution N(0,1). All the setups are

the same as in Theorems 4.2.1 and 4.2.2.



88 Hypothesis Testing in Finite Mixture Models

Table 4.3: Simulated powers (%) of the EM-test and the MLRT under normal mixture

models in the presence of the structural parameter at the 5% level .

Model EMY EMY EMP EMP EMY EM® MLRT
n = 100
I 45.5 45.2 44.9 46.0 45.4 45.3 37.9
II 48.0 47.8 47.6 47.0 47.1 47.2 46.5
I1I 44.7 44.8 44.8 43.9 44.1 44.3 51.6
v 31.7 32.6 32.9 32.4 32.9 33.2 44.4
n = 200
I 76.3 76.1 76.2 76.6 76.6 76.6 69.2
II 81.1 81.0 81.0 80.6 80.7 80.7 80.6
I1I 79.0 79.1 79.2 78.5 78.6 78.7 84.7
v 61.3 61.7 61.9 62.2 62.5 62.7 74.6
Results in columns (2, 3, 4) used a = (0.1,0.2,0.3,0.4,0.5).
Results in columns (5, 6, 7) used a = (0.1,0.3,0.5).

Lemma 4.2.1. Let (@, i1, i, 0) be any estimators of («, py, p2, o). If
pln(@a s 2, 6) - pln(05> 0,0, 1) > > —00

and & € [0,1 — 0] for some § € (0,0.5], then under the null model N(0,1), iy = o0,(1),
fio = 0,(1) and 6 — 1 = 0,(1).

Proof. The idea of the proof is to first show that & is bounded below with probability
approaching 1 and then apply the result in Kiefer and Wolfowitz (1956) to show the

consistency of (fiy, fiz, 7).



EM-test in Normal Mixture Models 89

Let A={i:|X; — | <|ologo| or | X; — pa| < |ologol|}. For any index set, say S, we
define
ln(aa M1, f2, 0 S) = Z lOg{(l - a)f(sz M1, U) + a.f(Xza M2, U)}a

ies
hence 1, («, p, po, o) = lp(a, p, po, 03 A) + Ly (o, gy, po, o3 A°).
Let n(A) be the number of observations in set A. Note that when i € A, the mixture
density is no larger than 1/v/2702, therefore

1
(o, pi1, pa, 05 A) < —n(A)log V2mo? = —§n(A) log(270?). (4.4)
When i € A°, the mixture density is no larger than exp{— log® ¢ /2}/v2m02, so
1
(v, piy, po, 05 A9) < —§n(Ac){log(27r02) +log® o'} (4.5)
Combining (4.4) and (4.5), we have
1 oy 1 2
ln(aa M1, f2, U) < —§nlog(27ra ) - §{n - n(A)} log 0.
After some simple calculations, we get
1 o 1 2
(@, pi1, 2, @) = 1(0.5,0,0,1) < = > X7 —nlog(o) - 5{n—n(A)}log’o.
i=1

By the definition of set A, its size decreases when o goes to 0. Therefore there exits a

positive € such that when o < ¢,

n(A) <n/2

almost surely and uniformly in pq, ue and o. For brevity, we do not include all the details,
see Chen et al. (2007) for the proof of a similar result. Note that when ¢ is small enough,
for any o < €,

1
Zlogza—i-loga >1,



90 Hypothesis Testing in Finite Mixture Models

which will be used later.

When o < €, under the null model N(0,1), as n — oo,
RS 2 n. 2
(o, py, o, 0) — 1,(0.5,0,0,1) < 5 ;Xi —nlog(o) — 1 log® o

1= oo n
< §;XZ —n:—§+0(n),

almost surely. In the last step, we use > | X? = n + o(n), which is a direct result from
the strong law of large numbers. Since sup,,-, max{0, p,(0)} = o(n) and p, (1) = o(n), and

p(a) < p(0.5), when o < ¢, under the null model N(0, 1), for large enough n,
pln(av M1, 2, U) - pln(057 07 07 1) S _g + O(n)

Thus for any estimator (&, i1, fiz, ) such that pl, (&, i1, iz, ) — pl,(0.5,0,0,1) > ¢ > —o0,
it is clear that under the null model N(0, 1),

lim P(e <a)=1.

n—~0o0

This result is equivalent to placing a positive constant lower bound for the variance
parameter for searching the maximal value of pl, (v, 11, f12,0). Thus, the consistency of
(fi1, fio, @) is covered by the result in Kiefer and Wolfowitz (1956). Note that their proof

can be modified to accommodate a penalty of size o(n). O
Lemma 4.2.2. Let (&, i1, fig, @) be any estimators of («, 1, p2, o) such that
plo(@, fin, fiz, ) — pl,(0.5,0,0,1) > ¢ > —c0.

If a@ — ag = o0,(1) for some ag € (0,0.5], then iy = O,(n~'8), iy = O,(n~Y*) and
52 —1=0,(n"*).
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Proof. Fori=1,...,n, let
Y, =X;, Z; = (X? —1)/2,U; = (X} - 3X;)/6 and V; = (X! — 6X7 + 3)/24. (4.6)
Further, let
51 = 1M1, 59 = My + 6> — 1, 53 = mg3 and 54 = My — 3m3 (4.7)

with m; = (1 —a)i@l + (1 —a)iab, j = 1,2,3,4.

Following the result in Lemma 4.2.1, (i1, fio, 0) are in a small neighborhood of (0,0, 1)
in probability. Therefore the result in (28), page 363 in Chen and Chen (2003) is easily
modified for 2{l,(a, fi1, fiz,7) — 1,,(0.5,0,0,1)}. Hence

2{pZN(d> Ha, H2, 5) - pln(0'5> 0, 07 1)}
< 2{ln(0_‘7 1y Lo, 5) - ln(0'57 0,0, 1>} + 2{pn(5) - pn(1>} + 2{])(0_6) - p(0-5)}

< zgliYi — 5%&1@2{1 +0,(1)}
=1 =1

+232izi - sgizgg +0,(1)}
i=1 i=1

+253§:U,- — sgiUE{l +0,(1)}
i=1 i=1

+2§4§:Vi — 5?12”:‘/3{1 +0,(1)}
i=1 i=1

+op(n'/*)(5% = 1) + 2{p(a0) — p(0.5)} + 0,(1). (4.8)

The term o,(n'/*)(2 — 1) in the last step, is obtained by using the mean value theorem
on p,(d) —p,(1) and by Condition C3. The term 2{p(ca) — p(0.5)} + 0,(1) in the last step
comes from that & — ap = 0,(1) and p(«) is a continuous function of a.

Note that using the fact |z| < 1+ a4,

lop(n*/*)(6 = 1)| < 0,(1){1 + (0 — 1)}
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By Lemma 4.2.3 to be shown,

(72 —1)* = Op{ is?}

i=1

Therefore o,(n'/*)(% — 1) is a higher order term of the quadratic terms in (4.8) and can

be omitted from expansion in (4.8). Note that

Zz IYV2

The same conclusion is applicable to other three terms. Hence

253V, - ZY2{1+op )< Ze L )y = 0,00,

o
IA

2{pln(@7 ,alu ﬁg, 5) - pln(057 07 07 1)}

< 285) Y-8ty YP{lI+0,(1)} +0,(1)
i= i=1

O,(1).

IN

Therefore

251y Yi— 5> YPHL+0,(1)} = O,(1).
i=1 i=1
Because Y1 Y; = O,(n'/?) and Y7, Y2 = n + o0,(n), we get
5 = 0,(n?). (4.9)

Similarly, we have

5, =0,(n7'?), j =23 4. (4.10)

Due to the condition that & = oy + 0,(1) and 0 < oy < 0.5, we further conclude that
fir = O,(n™Y®), fia = O,(n™Y%) and 5% — 1 = O, (n~V/%)

by using the results in Lemma 4.2.3. O
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We skipped two technical details in the above proof and they will be covered in the

following Lemma.

Lemma 4.2.3. Let (@, i1, i, 0) be any estimators of («, p1, p2, o) such at

fir = 0p(1), fiz = 0,(1), 3> — 1 = 0,(1)

and & € [6,1 — 0] for some 6 € (0,0.5]. Then

:op(§|§j|),— (Z 1), and 0% - 17 (ZM

Proof. Since i1 = 0,(1), jia = 0,(1), 3% —1 = 0,(1), then 5; = 0,(1), where §; is defined in

(4.7), j =1,2,3,4.
According to the definition of §; in (4.7), we have

M1 = —S1 — 7,[]2. (411)
—

Plugging (4.11) in the definitions of 53 and 54 in (4.7) and using the condition a € [0, 1 — 0]

for some 0 € (0,0.5], we obtain

S3 = %uz + 0,(51) (4.12)
54 = ol (—1(5_Ck($36a )/Tzl + 0p(51)
_ ad (_16_5‘;)365‘ )ﬁ% —3(1 — 2a)j1253/{2(1 — @)}
+3(1 - 200) 1253 /{2(1 — @) } + 0p(S3)
~ —ﬁng + 0p(51) + 0, (53). (4.13)

Hence
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and consequently by (4.11)
4
/T% = OP(Z ‘§j|)-
j=1

From the definition of s, in (4.7), we further conclude

(5" —1)? =op(i|§j\).
0

Now we show that after finite number of iterations, the fitted value of o remain in an
infinite small neighborhood of the initial value under the null model. Let (@, fi1, fiz, 7) be

some estimators of («, pu1, f12, o) as before. Define

H,(a) = (n-— Zwl) log(1 —a) + Zwi log(a) + p(a)
= Ru(a) +p()
with
_— af(Xi; fi2,0)
" (1=a)f( X, 0) + af(Xi; fig, 0)

Let a* = argmax, H,(«). The following lemma considers some asymptotic properties

regarding a*.
Lemma 4.2.4. Let (&, i1, fio, @) be any estimators of (c, pi1, p2, o). Suppose
plo(@, fin, fiz, ) — pl,(0.5,0,0,1) > ¢ > —c0.

If & — apg = Oy(n~Y*) for some oy € (0,1), then under the null distribution N(0,1), we

have &* — ag = O,(n~1/4).
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Proof. Putting & = n~'Y_ " w;, we have

Following the results in Lemma 4.2.1, (ji1, fi2, &) are in a small neighborhood of (0,0, 1) in
probability. Therefore, by the Taylor’s expansion at (0,0, 1) of the function on the right
hand side of (4.14) to order 1, we get

n

(fiz — i)Y Vi + Op(n){fi; + 3 + (6° — 1)}

1=1

G—a = (1—a)a‘

n

= 0,(n71%).

Here in the last step, we use the order assessment results in Lemma 4.2.2. Due to the
assumption that @ — ag = O,(n1/*), we have & — ag = O,(n~1/*) and therefore it suffices
to prove that a* — & = O,(n~4).

First, using the similar arguments in Lemma 3.5.3, we have
a* —a=o,(1).
Next, note that
H,(6) = Ro(&@) +p(a) < Hyp(@") = Ru(a”) +p(a’)

and R} (&) = 0. By applying the first order Taylor expansion at & for R, (a*), the above

inequality becomes
Ra() +p(&) < Ru(a)+ Ry(n)(a” —a)* + p(a”),

for some 7 between & and a*. Hence

o
IA
=
Qi
N
|
i~
—~
[oN
S~—
Il
“BQ
—~
=

—R.(n)(a" — &)
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Note that n = ag + 0,(1) and hence

“R'() = ————(1—4) + =6 = ——— {1+ 0,(1)}.
(7]) (1 o 77)2( ) 772 Oé(](l _ aO){ p( >}
So it is easily seen that a* — & = 0,(n~"?) = O,(n~*) as claimed. O

Lemma 4.2.5. Let (@, ji1, i, 0) be any estimators of («, p1, p2, o). Suppose
plo (&, fig, fiz,7) — pl,,(0.5,0,0,1) > ¢ > —o0.
(a) Ifa—0.5=0,(n"*), then
2{pl,(&, fi1, 1o, @) — pl,(0.5,0,0,1)}
< (i Yi)° i i Zi)° n {m Vi)
DR D D 2im Vi

(b) If @ — ag = 0,(1) for ap € (0,0.5), then

+ 0p(1).

pa = Op(n_l/6)> 2 = Op(n_l/G)a 72 —1= Op(n_l/g)
and

2{pln(d> la1> la2> 5) - pln(05> Oa 07 1)}
o i Y . (Xin1 Z)? . i U)?
DD D DN/ D

+2{p(ag) = p(0.5)} + 0p(1).
Proof.  (a) When a — 0.5 = O,(n~'/*), from (4.9), (4.12) and Lemma 4.2.2, we get
§3 = Op(n_l/4) : Op(n_g/g) + 0p(51) = Op(n_l/2>-

So the third quadratic function in (4.8) becomes 0,(1). Further from (4.9), (4.10) and

(4.13), we obtain 5, = —2Ji3 + 0,(n~%/?), which is always non-positive in probability.
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Using the property of a quadratic function and Lemma 4.2.2, the upper bound (4.8)

can be strengthened to

2{pln(6‘a lab la2> 6) - pln(05a O> Oa 1)}
< 25 Yi+5mY Zi+say Vit
i=1 =1 =1

S Y2+ 5> ZF+ 51 VIHL+o0,(1)} + 0,(1)
=1 =1 7

(i, Yi)? i (i1 Zi)? i (i V) )

DD S D4, 2 i Vi
(b) If @ — ap = 0,(1) for ag € (0,0.5), then from (4.9), (4.10) and (4.12), we get fip =
O,(n=%/%). Together with (4.11), we further have ji; = O,(n~'/%). From the definition

+0,(1).

of 3 in (4.7), we conclude 6% — 1 = O,(n~'/3).

Next, from (4.13) and the above results, it is seen that 54 = 0,(n"1/2). So the forth
quadratic function in (4.8) becomes 0,(1). Using the property of the quadratic func-
tion and Lemma 4.2.2; the upper bound in (4.8) can be strengthened to

2{pln(6‘a lab la2> 6) - pln(05a O> Oa 1)}
< 25 Yi+HY Zit+5Y Ul
i=1 i=1 i=1

—{E%ZYE - EEZZ? + %ZUE}{l +0,(1)} + 2{p(0) — p(0.5)} + 0,(1)

(>, Y)? . (>, Zi)? . (>, Ui)?
DR Yo 27 > U7

+2{p(ao) — p(0.5)} + 0,(1).

Proof of Theorem 4.2.1
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By the property of the EM algorithm (Dempster et al., 1977), the definition of aﬁ-m and

others, for any finite &k, we have

k k k k 0 0)
pl ( E)mu§1)mu§2)a ]()) >pl ( ] )>:U“§1)’M§2)’ ]( )Zpln(Oéj,0,0,].).

Therefore

pla (@ 1 0 ™y — pl,,(0.5,0,0,1) > play) — p(0.5) > —

)

Following Lemma 4.2.4, o’ —a; = O,(n~/*). By mathematical induction, we can further

have

ag-k) —a; = 0y(n~'").

Hence the conclusions in Lemmas 4.2.2 and 4.2.5 can apply to prove the results in Theorem

4.2.1 is true. O

Proof of Theorem 4.2.2

According the classic results for the regular models, we have that

(LY, (D27
YLV YL 2

Due the properties proved in Theorem 4.2.1, the conclusions in Lemma 4.2.5 are applicable.

2{sup pl,,(0.5, p, p, o) — pl,,(0.5,0,0,1)} = + 0,(1).
1,0

So immediately, we have

(>, Vi) )2
MW (0.5) < T

+ 0p(1)

and for a; # 0.5,

Mflk)(aj) < (gn 1232 + A+ 0,(1),

where A is defined in Theorem 4.2.2. Hence

n -12
EM,” < max ZZ:l Uf + DY

+ 0,(1).
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It is seen that the upper bound is also achievable. Therefore,

i Ui)? {i Vo))
EM® = max (Zln_l + A, L
Zi:l U7,2 Zi:l ‘/i2

It is easy to verify that U; and V; are uncorrelated. Further, Y"1  U;//nand Y1 Vi/\/n

+ 0,(1).

are jointly asymptotical bivariate normal and therefore asymptotically independent. Con-
sequently, the limiting distribution is given by F(x — A){0.5+ 0.5F(z)} with F(z) being
the cdf of x? distribution. O

4.3 Normal Mixture Models in Both Mean and Vari-

ance Parameters

4.3.1 The EM-test Procedure

In the last section, we applied the EM-test to normal mixture models in the presence of
the structural parameter and studied its asymptotic properties. In this section, we apply
the EM-test to the test of homogeneity in the normal mixture model when both mean and

variance parameters are unconstrained. Suppose Xi,..., X, is a random sample from
(1 = a)N(u1,07) + aN (2, 03).
Our interest is to test
Hy:a=0ora=1or (u,o}) = (ua,03). (4.15)

The log-likelihood function for the above testing problem is given by

Lo, pu, pig, 01, 02) = Zlog{(l — o) f(Xi5 1, 01) + af (Xi; pia, 02) }
i—1
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For the testing problem (4.15), apart from the non-strong identifiability of normal
mixture model, the asymptotic properties of the LRT or the MLRT are further complicated

due to the following two special technical difficulties.

(1) The log-likelihood function is unbounded because for any given n, 1, (o, pt1, pi2, 01, 09) —
oo when p; = X and 03 — 0 with other parameters fixed and hence the MLEs are

not well defined;

(2) Normal kernel does not satisfy the finite Fisher information condition, i.e., under the

null model N(0,1),

can be infinity for some p and o > 0.

Because of these two difficulties, especially the second one, the limiting distributions of
the LRT and the MLRT are still under investigation. As we discussed in Chapter 3, the
EM-test is a likelihood based method, whose asymptotic results are free from the finite
Fisher information condition. It could be a useful method for the current testing problem.
As with the EM-test in the last section, we first introduce a modified log-likelihood function

as follows:

plo(a, pa, pro, 01, 02) = (@, i, p2, 01, 02) + pp(o1) + pu(o2) + p(a), (4.16)

where p, (o) is used to prevent the fitted value of 02 to be close 0 and p(«) is added for
the same purpose as in the last section. Note that it is not necessary to choose an additive
penalty function for 0? and o3. This choice is to enable efficient numerical computation in
the calculation of the EM-test statistic to be defined. The EM-test statistic is defined in
exactly the same way as in last section except that the modified log-likelihood function in

the definition is replaced by the function in (4.16) and the maximization must be performed
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with respect to five parameters (v, y11, fi2, 01, 02) under the alternative model. The analytic
form of the EM-test statistic is not convenient to present. Again, we provide the following
pseudo code instead.

Step 0. Choose a number of initial « values, say aq, as,...,a;. Compute

(f10, 60) = arg %agpln(1/2,u, [, 0,0).
Let j =1,k=0.
Step 1. Let aﬁ-m = qj.
Step 2. Compute

k k k
(MEl)mu§2)a j(1)70](2)) = argul B;aa)i UQpln(a§' )a,ula M2, O1, 02)

and

M(k (aj) _2{pl ( J 7/~l’§1)7/~l’§2)7 ](Ilf)v ](g) pl (1/2 ,Ll,o,,u(],O'(],O'(])}

Step 3. For i =1,2,... n, compute the weights, which are the conditional expectations

in the E-step,
k k) _(k
k) al )f(Xi§N§'2)> ](2))

Wij (k) k k)y
’ (1 - Oé )f(Xlu /J’jl ) ( )> + Oé f(Xlu :u’]2 ) ](2))
Now following the M-step, let

Oé§-k+1) = arg mgx{(n — sz(f)) log(l — Oé) -+ ng—f) log(Oé) + p(oz)}a
i=1

=1

(k+1) -

k k
P = Z(l B wz(j))Xi/Z(l — wy))
ppt = Y/ Z% ’

k I k k 1 k
ot = argn}rzllx{ o 22(1- wi) (X — plyt)? —52(1—w§j>)1oga%+pn(al)},

1= i=1

1

k+1 k k+1)

Pt _ argmgx{-prz%)( = a0y }:% log 73 + pa(02) }.
7 21
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Compute

MED(ay) = 2{pla (0 iy ™ ol 0l = pla(1/2, fro, o 60, 60) -

Let k = k + 1 and repeat Step 3 for a fixed number of iterations in k.
Step 4. Let j =541, k=0 and go to Step 1, until j = J.
Step 5. For each k, calculate the test statistic as

EM® = max{M®¥(a;),j =1,2,...,J}.

The EM-test rejects the homogeneous model when EMT(LR), for a prechosen k, is larger
than some critical value. The critical value will be determined by the limiting distribution

of the EM-test statistic, which will be studied in the next subsection.

4.3.2 Asymptotic Behavior of the EM-test

We study the asymptotic properties of the EM-test under the following conditions on the
penalty function p,(¢) in addition to the Conditions C1 and C2:

C4. p (o) = 0,(n'/%) for ¢ € N(1) with p (o) is the first derivative of p,(c) and N(1)

being a small neighborhood of 1 .

C5. pu(0) < 4(logn)*log(c), when o < 1/n as n is large enough.

The first theorem considers the consistency of (aﬁ-k), uy;), uy;), ny), O'y;)). The proof will

be given in Section 4.3.4.

Theorem 4.3.1. Suppose Conditions C1-C2 and C4-C5 hold, and p(«) is a continuous
function such that p(a) — —oo0 as « — 0 and it attains its mazimal value at o = 0.5.

Under the null distribution N(pg,02), we have, for j =1,....J and any fized finite k,

aﬁ-m —aj = 0py(1), and ,ug.l,? — p1o = 0p(1) and a](.]Z) —o09=0,(1), h=1,2.
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Based on the above consistency result, we can get the null distribution of EMP for

any given o, j =1,2,...,J, and finite k. The proof will be deferred to Section 4.3.4.

Theorem 4.3.2. Assume the same conditions as in Theorem 4.53.1, and that one of a;’s

is equal to 0.5. Under null distribution N(uo,03), for any fized finite k, as n — oo,
EM® KR X

It is surprise to see that the additional scale parameter in the model makes the limiting
distribution much simpler. This is in sharp comparison to the case for the likelihood
ratio test. We interpret this phenomenon from the point view of moments. Without
loss of generality, we assume the mean and variance of the normal mixture model (1 —
a)N (1, 02) + aN(uy,03) are 0 and 1, respectively. The test of homogeneity is to choose
one model between N(0,1) and (1 — a)N (1, 0?) + aN(p2,03) with

(1 —a)uy +apy =0and (1 —a)(p? +0?) +a(us +o3)=1.
Let 8) = p? +0? — 1. When « is fixed to be o € (0, 0.5] (for simplicity, let ag = 0.5), the
third moment and the forth moment of the mixture model are found to be
E(Xf) = 3 b,
E(X{) = 367 —2ui +3.

It is easy to verify that {E(X?), B(X{)} = {0, 3} if and only if the mixture model is the

homogeneous model. So the test of homogeneity is equivalent to testing
Hy: {E(X}), B(X])} = {0,3} versus H, : {E(X}), B(X])} # {0, 3}.

As seen in Figure 4.1, {0, 3} is the interior point of the parameter space of { F(X?}), B(X{)}.
Therefore the limiting distribution of the EM-test in this case is y3. Clearly, this limiting

distribution is convenient for the calculation of the critical values for the EM-test statistics.
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Forth moment

T T T T T
-1.0 -0.5 0.0 0.5 1.0

Third moment

Figure 4.1: The parameter space (area inside the solid line) for { F(X?3), BE(X})}.

4.3.3 Simulation Studies

Now we use the simulation studies to examine the finite sample performance of the limiting
distribution for the EM-test and the choice of the penalty function p, (o). We also compare
the power of the EM-test and the MLRT. Here the MLRT statistic is defined as
M, = 2{ sup  pla(a, p1, pi2, 01, 02) —pln(0-5aﬂ0,ﬂ0>5o,5o)} -
,p1,12,01,02
Although the limiting distribution for the MLRT is not available. It is included in the
simulation to serve as an efficiency barometer.

The penalty function p,(c) used in Section 4.2.3 is found to satisfy all Conditions C1-
C2 and C4-C5. As we mentioned before, this penalty function is equivalent to placing an
inverse gamma prior on o2. When we have one isolated point in the data, this penalty
function or the inverse gamma prior provides extra information for estimating the variance

parameters, which will prevent the degenerate situation. Therefore, we choose the same
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type of penalty function as in Section 4.2.3 for p, (o). Based on our simulation results, we

suggest the use of the following two penalty functions, p,(c) and p(«),
palo) = —0.25{sn/02 + log(az/sn)} and p(a) = log(1 — |1 — 2a|).

The combination of p,(0) and p(a) results in the EM-test statistics with accurate type I

eIrors.

Table 4.4: Simulated type I errors (%) of the EM-test under normal mixture model in both

mean and variance parameters.

Level EMY MY EM® EMO BMY  BMP

n = 100
10% 10.8 10.9 10.9 10.5 10.6 10.6
5% 9.5 5.9 5.6 5.3 5.4 5.4
1% 1.2 1.2 1.2 1.1 1.2 1.2
n = 200

10% 10.7 10.7 10.7 10.4 10.5 10.5
5% 5.4 5.4 5.4 5.1 5.2 5.2
1% 1.1 1.1 1.1 1.0 1.0 1.0
n = 500

10% 10.3 10.4 10.4 10.1 10.2 10.2
5% 5.3 5.3 5.3 5.2 5.2 5.2
1% 1.0 1.0 1.0 1.0 1.0 1.0

Results in columns (2, 3, 4) used o = (0.1,0.2,0.3,0.4,0.5)

Results in columns (5, 6, 7) used o = (0.1,0.3,0.5)

In simulations, the type I errors are calculated based on 20,000 samples from N(0,1).
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In a similar way to to Section 4.2.3, we use two groups of initial values (0.1, 0.2, 0.3, 0.4,
0.5) and (0.1, 0.3, 0.5) to calculate EM. The simulation results are summarized in Table
4.4. The EM-test statistics based on (0.1, 0.3, 0.5) give accurate type I errors.

For power comparison, we select five alternative models. The parameters are shown
in Table 4.5. The powers of the EM-test and the MLRT are calculated based on 10,000
repetitions and they are presented in Table 4.6. Since the limiting distribution of the
MLRT is unavailable in this case, the critical values have to be simulated if we forcefully
implement it. In this sense, the MLRT is not truly a viable method. Because we need
a yardstick for the EM-test, we decide to carry out the MLRT nevertheless using the
simulated critical values. The comparison should provide us information on whether the
EM-test happen to be poor in the current case. As will be seen, the EM-test passed this
test and works well. The simulation results tell us, EM,(LO) and EMT(LI) based on three initial
values (0.1,0.3,0.5) of o almost have the same power as the MLRT. Further increasing the
number of the iterations or the number of initial values on a may not increase the power of
the EM-test statistics. So in applications, we suggest the use of EMT(LO) or EM,(Ll) based on
three initial values (0.1, 0.3, 0.5) of . In Table 4.5, the last alternative model is also used
to check whether the penalty function p, (o) can handle the case when the data have some
isolated points. In the 10,000 repetitions, the estimations of o? and o3 are all far away

from 0. That is, the penalty function p, (o) efficiently prevents the degenerate situation.

4.3.4 Technical Proofs

In this subsection, we first prove some general results and then apply these results to show
Theorems 4.3.1 and 4.3.2. Without loss of generality, the null distribution is assumed to
be N(0,1).

Lemma 4.3.1. Suppose that Conditions C1-C2 and C5 hold. Let (&, iy, fio, 01, 02) be any
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Table 4.5: Parameters in alternative normal mixture models in both mean and variance

parameters.

l—a 6 0 o1 oy 100K L
Model I ~ 0.50 0.75 -0.75 1.20 0.80 4.258
Model I 0.25 0.65 -0.65 1.20 0.80 4.647
Model III'  0.10 0.85 -0.85 1.20 0.80 4.611
Model IV 0.05 1.15 -1.15 1.20 0.80 4.974
Model V. 2/n 1.50 -1.50 0.75 0.25 -
KL: Kullback-Leibler information.

estimators of (o, py, po, 01, 02) such that 6 < a <1—4 for some § € (0,0.5]. Assume that
pln (&, fi, fiz, 01,02) — plp(0.5,0,0,1,1) > ¢ > —o0.
Then under null distribution N(0,1), fip, = 0,(1) and 6, — 1 = 0,(1) for h =1,2.

Under Conditions C1-C2 and C5, Chen et al. (2007) proved that if pl,, (&, fi1, fio, 01, 02) —
pl,(0.5,0,0,1,1) > ¢ > —o0, then

U(p,0) =Y a;l(i; < p,6; < 0)
is a consistent estimator of
\IIO(:U’70-> = [(O <pl< 0>7

the mixing distribution under the null model. Using the condition that o € [§,1 — ¢] for
some 0 € (0,0.5], Lemma 4.3.1 follows directly.

Let (&, fi1, iz, 01, 02) be some estimators of (v, u1, pi2, 01, 02) as before. Define

Hy(a) = (n— Zw") log(1 — ) + Zw log(a) + p(a)
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Table 4.6: Simulated powers (%) of the EM-test and the MLRT under normal mixture

models in both mean and variance parameters at the 5% level.

Model EMY EMY EMP EMP EMY EM® MLRT
n = 100
I 47.8 47.8 47.7 479 AT.7 A7.7 47.6
II 55.1 55.1 54.9 55.4 55.2 55.0 54.7
I1I 55.9 55.9 25.8 56.2 55.9 55.9 55.6
v 58.4 58.4 58.4 58.7 58.4 58.4 58.4
\Y% 48.7 48.7 48.6 48.9 48.6 48.6 48.8
n = 200
I 81.9 81.8 81.8 82.1 81.9 81.9 81.6
II 87.5 87.4 87.4 87.8 87.6 87.6 87.3
I1I 86.0 85.9 85.9 86.2 86.1 86.1 85.9
v 87.3 87.2 87.2 87.5 87.4 87.4 87.1
\Y% 46.7 46.5 46.5 46.9 46.7 46.7 46.6
Results in columns (2, 3, 4) used a = (0.1,0.2,0.3,0.4,0.5).
Results in columns (5, 6, 7) used a = (0.1, 0.3,0.5).

with
0 — df(Xi;ﬂ2’U2)
(1= a) f(Xy; i, 01) + af(Xi; fig, 02)

Let a* = argmax, H,(«). Using the same techniques in Lemma 3.5.3 and Lemma 4.2.4,

we have the following lemma considering the asymptotic properties of a*.

Lemma 4.3.2. Let (&, fiy, fio, 01, 02) be any estimators of (a, p, po, 01, 02) such that under
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null hypothesis,

fn = 0y(1) and 6, — 1 = 0,(1), for h=1,2.
If |& — | = 0,(1) for some o € (0,1). Then under the null distribution N(0,1), we have
@ — | = 0,(1).

The results in Lemmas 4.3.1 and 4.3.2 will be used to prove Theorem 4.3.1 as follows.

Proof of Theorem 4.3.1

By the property of the EM algorithm (Dempster et al., 1977), the definition of aﬁ-m and

others, for any finite k, we have

k k k 0 0
pl ( §)>:u§1)>:u§2)7 ](1)7 ](2)) >pl ( ] ),IU§1),,U§2), ](1)7 ](2)) >pl (Oé],O 0a1>1)

Therefore

k k
pla(@? 1 1) o o) — pla(0.5,0,0.1,1) > play) — p(0.5) > —

By Lemma 4.3.2, we find

1
ag» ) a; = 0,(1).

Then applying the results in Lemma 4.3.1, we get
,uﬁ) — 0 =0,(1) and 0](-}1) —1=0,(1), h=1,2.
Applying this conclusions repeatedly, it is seen that
a®™ —a; = 0,(1), ,ug.l,? — 0 =0,(1) and a](.l,? —1=0,(1), h=1,2.

is true for all finite k. O
We now study the asymptotic distribution of the EM-test. We employ here the “sand-
wich method” to derive the limiting distribution of the EM-test statistic EMYP under the

null hypothesis.
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Suppose (&, fi1, fi2, 01, 02) are the estimators of (a, g, p2, 01, 02) such that i, = 0,(1)
and o, —1 =o0,(1), h=1,2,and § < a < 1—¢ for some 0 € (0,0.5]. In the first stage, we
derive an upper bound for 2{pl, (@, ji1, fi2, 71, 72) — pl, (0.5, fig, fto, 0, 00)} and then apply
the result to EM.

Note that
2{pln(@7 /]’17 /]’27 5-17 5-2) - pln(057 laOv ﬂ07 6-07 6'0)}
= 2{ln(077 lab la27 517 52) - ZTL(057 laOv ﬂOv 6-07 6'0)
+pn(51) _pn(l) +pn(5—2) _pn(l) +p(d) _p(05)}
< 2{l,(&, [in, fiz, 01, 02) — 1,(0.5, fig, fLo, G0, G0o)
= Tln(a7ﬁ17ﬁ2761752> +T2n+r3n(61752>7
where

T1n (@, fin, flg, 01, 09) = 2{1,(&, [i1, iz, 01, 52) — 1,(0.5,0,0,1,1)},
ron = 2{1,(0.5,0,0,1,1) — 1,,(0.5, jig, fio, F0, T0) }
and
r3n(01,02) = 2{pn(01) — Pn(1) + pn(F2) — pu(1)}.

To analyze ry,, express ry, = 2> . log(1 + 5;), where

5, — (1_a){%—1}+a{%—1}.

By the inequality 2log(1 + z) < 2z — x? + 2/323, we have

Tin < Qiéi - Zn:(S? + 2/327355’.
i=1 i=1 i=1
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Forl=1,2,3,4and s = 1,2, 3,4, we define

mys = (1 — @)y (67 — 1)° + ajiy(65 — 1)°.

Using the Taylor’s expansions for f(X;; fin, ) up to order 4, h = 1,2, we have
4
[ + s\ _ f(l’s) (Xz 0 1) (1)
52’ - s — ;
Z< s )ml* I+ ) (X:0,1) ™

and the remainder term ;) = S eV satisfies

i=1"in
2 5
e = 0, 32D lmllof — 17 (4.17)

h=1 k=0

Here fU9)(X;; i, 0) is defined to be

a1, ) = 07 f (i 1, 0)/{Op'D(0%)), 15 > 0.

Note that when £ =0, 1, 2,

2

2
W3 b 1P < 00 Y I -1
h=1

and when k = 3,4,

2
Op(n'*) Y |il"lo7 = 1P < Op(n'/? Z|Mh| 7k —11.
h=1
Therefore, (4.17) is simplified to
&) = Oy ()|l + |anl’loy — 1| + |7 — 11°}.

Absorbing the term m; s such that [ 4+ 2s > 5 into the remainder term, we have

4
[+sY _ FE9 (X550, 1)
o X 4.1
0 > ( s )ml”(us)!f(xi;o,m“’" (4.18)

+2s=1
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with

n 2
e = D €n=0,(n")Y {|ml’ +inl*|o} — 1] + |l (57 — 1) + |57 — 1]*}(4.19)
=1 h=1

Note that all the other terms in 9; have been considered in the above absorption. For

example,

2 2
Op(n')imzz = Op(n'?) Y jii (o7 = 1)* < Op(n'?) Y |iin| (o} — 1)°
h=1

and , ,
Op(n')mo s = 0,(n'?) Y (0 = 1)* < O, (n*?) Y " |oi — 1.
h=1 h=1
Using the fact that |2z < 1+ 22, we have
O, (n'*)| oy — 1] < Op(n){|f” + a0 — 1)}

So (4.19) reduces to

n 2
e = Y € =0,(n"*)> {|ml* + il (57 — 1)* + |57 — 1} (4.20)
=1 h=1

Next we come to simplify the dominant term of ¢;. By calculation, (4.18) further

reduces to
0 = Y+ 12+ t3U; + 14V + €in,
where Y;, Z;, U; and V; are the same as those defined in (4.6) and

1?1 = ﬁll’o, {2 = mgo + ’ﬁlo@, 1?3 = ﬁlg,o + 3771171 and 1?4 = ﬁl4,0 + 6771271 + 3771072. (421)
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Note that the remainder term for square term and cubic term will be as high as €,. So
rin (@, fi1, fig, 01, 02) < 2{5&3)@ + EQZH:ZZ- + Egzn:Ui + ij:%}
i=1 i=1 i=1 i=1
BV +BY 7+ BY U+ EY VA 4 0,(1)
i=1 i=1 i=1 i=1
+2/3{t1iY,- + tgiz,- + tgiUi + miv;}?’ + Op(en).
i=1 i=1 i=1 i=1

It is easy to verify that (Y;, Z;, U;, V;) are mutually orthogonal, therefore we do not have

the cross term in the above square term. Further using the inequality
(a+b)* <4(a® +b%), a,b >0

repeatedly, we have that

{EY Vit B3 Zi+ By Ui+ L) Vil

i=1 i=1 i=1 i=1
16{[T YOI + B Z + BP0 + 1PVl |
i=1 i=1 i=1 i=1
4
= o,m{ Y I}

=1
t

4
72
L (>

which means the cubic term is dominated by the square term. Hence,

IN

= o,(n){

=1

rin(Q fi1, fl2, 01,02) < 2{5125/1' + E2ZZi + stUi + 1?42‘/1'}
i1 i1 i1 i1

—{EY YP+EY ZP+ 6y Ui+ ity VPIHL+o,(1)}
i=1 i=1 i=1 i=1

+0, (). (4.22)
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Our next step is to show ¢, is also a high order term than the square term. From (4.20),

the key point is to show that

n){ iff} (4.23)

1=1
which is an immediate consequence of the following lemma.
Lemma 4.3.3. Suppose (&, i1, flo, 01, 09) are the estimators of (o, pi1, fia, 01, 02) such that
under null hypothesis, fi, = 0,(1) and 5, —1 =0,(1), h=1,2 and 6 < a < 1—9 for some
0 € (0,0.5]. Then under null distribution N(0,1),

i = op{i\m}, (72— 1)* = op{i\m} and (5} {im hon=

Proof. Because i, = 0,(1) and 75, — 1 = 0,(1), h = 1,2, we have ¢, = 0,(1), | = 1,2,3,4.
Let 3, = i2 + 32 — 1, h = 1,2. According to the definitions of #; and #, in (4.21), we can

obtain the following relationships:

g = ti/a—(1—-a)n/a, (4.24)
By = bj/a—(1-a)h/a (4.25)

Plugging (4.24) and (4.25) into the definitions of ¢3 and 4 in (4.21) and using the condition

that § < @ <1 — 4 for some § € (0,0.5], we can easily show

t_3 = 31 — d{ﬂlﬁl — %Ml} + Op(tl) + Op(t ) (426)
o= st m - 201 = ffj)gj il )n;*} +o,(B) + 0,(Ea). (4.27)

From (4.26) x {ﬂ + 202D g } —(4.27) X [i1, we get

= 0;1)@1) + Op(£2) + 010(53) + 010(54)-
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Using the fact @ € [0, 1 — 4], for some 6 € (0,0.5], we conclude that

i = (Z ). (4.28)

From (4.27) x fi; and the above result, we have
4
i = o, Y [al).
=1
From the definition of 3, it is seen that
4
(o = 1) < 2073 + i) = 0, ( 1),
=1

From (4.27) x B + (4.26) x 207355380 73 40 d (4.28), we get

3a2

4

B =0, (D 10l

=1
Using the inequality (a + b)> < 4(a® + b%), a,b > 0 and the definition of 3;, we obtain
) 1
(@3 = 17 4B + ml®) = 0p( D1l
=1
Other parts can be done similarly. O
Combining (4.22) and (4.23), the upper bound in (4.22) can further reduce to

Tin (@, fir, flo, 01,02) < 2{5125/2 + 52ZZ1' + ngUi + 542‘/2-}
i—1 i—1 i—1 i—1

BV B 22+ B U2+ B VA1 4 0,(1)§4.29)
i=1 i=1 i=1 =1

According to the classic results about regular models, we have

RE BT i S (40
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Now we come to analyze 73, (71, 02). Using mean theorem on p,(54) — p,(1), h = 1,2, and

Condition C4, we can get
ron(01,52) = op(n'/%)(|0} — 1] + |75 — 1))

< 0p(1) + 0p(n**){(

ot -
4
= op(1) + o, () { D [0}
=1
4

< o,(1)+ op(n){ 3 Ef} (4.31)

=1

In the above second step, we use the fact that |#| < 1 + |z/|?, and in the third step, we

apply the result in Lemma 4.3.3. Combining (4.29) and (4.31), we have

Tin(Q, fir, fiz, 01, 02) + T3, (01, 02)
< €LY Yi+h) Zi+lsy Ui+l Vi)
i=1 i=1 i=1 i=1
—{EY Y24+ BY 2+ 8> UP+6) VPHI+o0,(1)} +0,(1).  (4.32)
=1 i=1 i=1 =1

Inequality (4.32) implies rq, (@, fi1, fiz, 01, 02) + r'3,(71, 2) is stochastically bounded by the

maximum of the following quadratic function:

Q(t1,ta,t3,ts) = 2{15125/2 + t2ZZi + t3ZUi + t4ZVi}
i—1 i—1 i—1 i—1
YV BY 2 B0 YV
i1 i1 i1 i1

We see that Q(t1, s, t3,t,) is maximized at t; = #;, | = 1,2, 3,4, with

51:2 Y, Lf Zle f Z?:lUi n Z?:lvi

2111/2 2= Z sz = ZLU? and t4 = ZTJ/? (4.33)
and
Pt fa t Z U n ‘/;2
@i tatot) = % 2) (% 1122) (yf 11U2) +(%ZV2) +0p(1).



EM-test in Normal Mixture Models 117

This implies that

T1n (@, fi1, fi2, 01, 02) + T3, (01, 02)
oY) (i Z)? (X U)? (i Va)?
= = = = 1). 4.34
S sy Tynz tynm o tol o sy

Combining (4.30) and (4.34), we can have the following lemma.

Lemma 4.3.4. Suppose Conditions C1-C2 and C4-C5 hold. Let (&, fi1, iz, 01, 02) be any
estimators of («, pu, ft2, 01, 02) such that under null hypothesis, fi, = 0,(1) and &, — 1 =
0p(1), h =1,2, and 6 < & < 1—¢ for some § € (0,0.5]. Then under null distribution
N(0,1),

2{pln(0_é, lab la27 517 52) - pln(057/:l’07 la(b 6-07 6-0)}
i U)o V)
< Z”1U2 Z”IVQ + 0,(1). (4.35)
=11 i=1"1

This result is going to be used to establish Theorem 4.3.2 as follows.

_|_

Proof of Theorem 4.3.2

According to Theorem 4.3.1, we can get that (4.35) also serves as an upper bound for
EMY. Now we come to show that the upper bound is also achievable.

Let @ = 0.5 and fi;, and 62, h = 1,2, be the solutions for the following four equations:

(12 + 120 = i
1260+ 1/26, = 1y
3pfh = 13

337 — 24 = U

where 3, = 07 — 14 u3, h = 1,2. Note that from (4.26) and (4.27), 3u15; and 337 — 2uf

, (4.36)

are the dominant term of ¢35 and ¢4, respectively. By setting the equations in the way of

(4.36), it is easy to show the solutions exist as follows
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From the last two equations of (4.36), we need to solve the following equation for i;:
(1) = 68 + 3tapi — i3 = 0, (4.37)

Note that g(0) < 0 and g(u3) — oo as 1 — 00, therefore there exists a positive solution for
p3. Let fi; be the smallest positive solution. With fi;, we find 1 from the third equation
of (4.36), and then from the first two equations of (4.36), we can get jis and (5. Therefore,
the solutions for the four equations in (4.36) exist.

Note that directly solving the equation in (4.37), we can further get fi; = 0,(1). From
(4.36), we conclude

fiz = 0,(1), 67 —1=0,(1) and &5 — 1 = 0,(1).
Using the relationships in (4.26) and (4.27), we have
tr =1 +o0,(n"1?), 1 =1,2,3,4, (4.38)

where ?; is similarly defined in (4.21) with (&, fi1, fio, 51, 52 ) being replaced by (&, fi1, fia, 51, 52).
By (4.33) and (4.38), (&, fi1, flo, 01, 02) are such that

rln(daﬁla,&%&l?&Q)
LY (L Z (LU (S V)R
1= 1= 1= 1= 1). 4.39
STyr tosw oz TS e oy g el (439)

Note that using the similar techniques in Lemma 4.3.3, we can show

4
32— 1" =0 { D Il}, h=1,2
=1

and hence
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Applying the mean value theorem,
7“3”(5'1, 5’2) = Op(l). (440)
Combining (4.30), (4.39) and (4.40), we have

2{pln(&7 /117 /127 5-17 5-2) - pln(057 la(]v /:l’Ov 6'0, 6-0)}
" U)? "V?
(22;1 2) 4 (Zzn—l 2) + Op(l)-
Zi:lUi Zi:l‘/;

So if one of ;s is equal to 0.5, then

EM®

v

2{ sup  pl,(0.5, pu1, pt2, 01, 02) — pl, (0.5, fug, fro, 60, G0) }
(p1,p12,01,02)

Z 2{pln(&7ﬂ17ﬂ275—175—2)_pln(0'57ﬂ07ﬂ07a—07a—0)}
" U)? " Vi)?
(Zz;l 2) + (Zzn—l 2) + 0p(1).
Zi:lUi Zi:l‘/i

That is, the upper bound for EM,(Lk) is also an lower bound. Hence

EIM(k) (Z?Zl Uz)z (Z?:l ‘/;)2

= n + n
Zz’:lUvi2 Zi:l‘/;’2
)

Consequently, the limiting distribution of et

+ 0p(1).

is given by 3. O

4.4 Application and Real Example

Mixtures of multivariate normal distributions have been widely used in cluster analysis
in multi-dimensional data sets, see McLachlan et al. (2002) and Tadesse et al. (2005). In
many applications, only a small subset of variables is useful for cluster analysis. Including
the unnecessary variables in cluster analysis could complicate or even mask the recovery
of the clusters (see Tadesse et al. 2005 and the references therein). Variable selection has

become a very important step before using the mixture of multivariate normal distributions
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in cluster analysis. McLachlan et al. (2002) and Charnigo and Sun (2004) suggested con-
ducting the test of homogeneity for each variable to examine whether or not this variable
is important for clustering.

To see how the EM-test might work in this situation, we apply it to Fisher’s Iris data.
This data set consists of 150 four-dimensional variables for three species of iris (Iris setosa,
Iris versicolour, Iris virginica). Four measurements, sepal length, sepal width, petal length
and petal width, are taken for each plant. The Iris data has been analyzed by several
authors (see, e.g., Tadesse et al, 2005) in the framework of classification and clustering.

For illustration purposes, we take the first measurement, sepal length, for the first
two species of iris: Iris setosa and Iris versicolour, which results in 100 observations in
total. For the sepal length measurement, we test whether or not this variable is useful for
cluster the two species of iris. Before conducting the formal test, we do some preliminary
analysis for the 100 observations. Figure 4.2 is the Q-Q plot of this measurement, which
suggests some deviance from the uni-component normal model. A rigorous EM-test can
also be conducted. The analysis results are presented in Table 4.7. The results show strong
evidence to reject the homogeneity in sepal length measurements. The Q-Q plot and the
rigorous EM-test both favor the two-component normal mixture model. So the sepal length
measurement is potentially important for clustering. Note that from our analysis we can
only conclude that the two-component normal mixture model provides a more suitable
description about the data than the homogeneous normal model. If we want to know
whether or not the data is from a uni-component nonnormal model, we have to rely on

some other methods or the scientific background behind this data.
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Table 4.7: Homogeneity testing results for the sepal length observations under two normal

mixture models.

Normal mixture model

Normal mixture model

(0f =03 = 0?) (0f # 03)
Measurement MLRT vV Y
Sepal length 7.693 5.847 7.548
Asymptotic p-value | 0.021 0.017 0.023
Simulated p-value | 0.026 0.017 0.025

Results for the EM-test used o = (0.1,0.3,0.5)

Normal Q—-Q plot of 100 sepal length observations

7.0

6.0 6.5
|

Sample Quantiles
5.0

4.5

Theoretical Quantiles

Figure 4.2: The Q-Q plot of the sepal length observations.
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Chapter 5

Homogeneity Test in Mixture of

Circular Distributions

5.1 Introduction

Circular data, which are measured in the form of angles or two dimensional orientations,
arise commonly in many disciplines, including astronomy, biology, ecology, geology, physics
and medicine. Examples of such data include the direction of flight of birds or the orienta-
tion of the movement of animals, wind and ocean current directions, circadian and other
biorhythms. Describing and analyzing such data statistically poses a lot of interesting and
challenging problems. For example, the sample mean defined for linear data is no longer
appropriate to measure the center of circular data. Suppose two turtles moved at 10° and
350° measured clockwise from north. Their arithmetic mean is 180°, due south, while the

two movements point toward north.

!The paper Chen, et al. (2007), based on this chapter, has been accepted for publication in Canadian

Journal of Statistics.
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The followings are several key monographs regarding the theory of circular statistics.
Batschelet (1981) contains the descriptive and inferential tools for circular observations
with a wealth of excellent examples. Fisher (1993) provides a nice introduction to statisti-
cal methods for analyzing circular data including an interesting historical overview of the
subject. Mardia and Jupp (2000) cover a wide variety of topics in statistics of directional
data. Jammalamadaka and Sengupta (2001) present the latest developments in circular
statistics. Statistical inferences in circular or directional mixture models have been dis-
cussed by many authors, such as Stephens (1969), Fraser, et al. (1981), Hsu, et al. (1986),
Kim and Koo (2000), and Holzmann, et al. (2004).

As a circular analog of the normal distribution on the real line, the von Mises distribu-
tion is the most commonly used distribution for circular data. The von Mises distribution
also has two parameters, one represents the mean direction and the other describes the
variation around the mean direction, called the concentration parameter. When the data
are drawn from a heterogeneous population, mixtures of von Mises distributions with same
concentration parameter are often used, see Grimshaw et al. (2001) for an example in ge-
ology. At the same time, it might be of value to know whether the data arise from a
homogeneous or heterogeneous population. If the data are homogeneous, it is not even
necessary to go into mixture modeling. Similar to the linear case, unless the components
are fairly distinct, testing the order or the number of components in a circular mixture is
a challenging problem.

The following is an illustrating example involving the orientation directions of elongate

bones due to Grimshaw et al. (2001).

Example 5.1.1. Information about the flow directions of ancient rivers (paleoflow direc-
tion) helps scientists better understand how certain rock units are oriented, which in turn

leads to more efficient exploration of natural resources and better understanding of land-
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scape development and climate change. Primary bedforms are usually used to interpret the
paleoflow direction, since the orientation of the foreset lamination of the bedforms paral-
lels to the current direction. However, bedforms are often masked or destroyed by various
physical and chemical processes, scientists then have to analyze other available data to ob-
tain information on the paleoflow direction. Morris et al. (1996) proposed the use of the
oritentation of elongate bones to identify the paleoflow direction. The Dinosaur National
Monument and Dry Mesa Dinosaur Quarry are two ideal quarries for comparison of direc-
tions of elongate bone and paleoflow, since both dinosaur bone and well-preserved bedforms
exist.

The measurements on elongate dinosaur bones are axial data with period w, since there
is no reason to make a distinction of two ends of the fossil bone. In order to use the vectorial
probability models, one can double the angles modulo 2m. The values of the transformed
axial data then range from 0 to 2w. Dinosaur National Monument and Dry Mesa Dinosaur
Quarry have 444 and 555 dinosaur bones direction measurements, respectively.

As mentioned in Grimshaw et al. (2001), elongate bones can be classified into two
categories: symmetrical and asymmetrical. Symmetrical bones tend to orient themselves
vertical to the paleoflow direction, while asymmetrical bones, which display additional bone
mass on only one end, tend to orient themselves parallel to the paleoflow direction. The
primary interest of Grimshaw et al. (2001) is to make a rigorous comparison of dinosaur
bone direction with primary bedforms. If these two directions are same, the scientists
will have some confidence for the use of dinosaur bone orientations to estimate paleoflow
direction when the bedforms are not visible. Before doing that, the statistical problem of

interest is to test whether there exist two types of elongate bones in the two quarries.

In the above example, since we do not have prior information on the orientation di-

rections of the two types of bones, a two-component von Mises mixture in mean direction
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with the same but unknown concentration parameter is suitable. In this case, we have
a straightforward test of homogeneity problem. Interestingly, unlike the normal mixture
model at the presence of the structural parameter, von Mises mixture model satisfies the
strong identifiability condition and the parameter space of the mean direction is compact.
Therefore the theoretical results for normal mixture model do not apply to the mixture
of von Mises distributions. In this chapter, we study the application of the MLRT and
the EM-test to von Mises mixture models at the presence of the structural parameter.
The remainder of this chapter is organized as follows. In Section 5.2, we study the cir-
cular moment property for a mixture of two von Mises distributions. The results suggest
that the structural parameter tends to be overestimated when a two-component von Mises
mixture is used to fit the data arising from a homogeneous von Mises distribution. This
phenomenon motivates an additional penalty on the large values of the structural parame-
ter. The asymptotic results of the MLRT and the EM-test are developed in Section 5.3. In
Section 5.4, we present some simulation results and analyze the data sets in Example 5.1.1.
Some additional discussions are given in Section 5.5. For the convenience of presentation,

all the proofs are deferred to Section 5.6.

5.2 The von Mises Distribution and Circular Moments

The von Mises distribution was first introduced as a statistical model for directional data
by von Mises (1918). It plays a key role in statistical inference for circular data. Because
of its importance and similarities to the normal distribution on the line, it is also called the
circular normal distribution. The von Mises distribution M (u, x) has probability density

function (pdf)
1

277'[0(/{)

f;p,w) = exp{rcos(z —p)}, |z[ <,
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where |u| < 7 and k > 0. The function Iy(x) is the normalizing constant and is known
as the modified Bessel function of the first kind and order zero. In general, the modified
Bessel function I, of the first kind and order p (sometimes also called Bessel function of

purely imaginary argument) is defined by

27
L(k) = i/ cos(pz) exp(k cos x)dx.
2m Jo
Also, we define
I1(x)
A(r) = )
() To(r)

Properties of these functions can be found in Abramowitz and Stegun (1965).

Figures 5.1 and 5.2 give plots of three density functions of M (0, 1), M (0,2) and M (0, 3)
on the interval [—7, 7] and on the circle, respectively. In Figure 5.2, the unit circle serves
the role of the x axis in the linear plot in Figure 5.1. The distance between the plotted
line and the unit circle is the value of the probability density function. If we cut at the
point 7 and stretch the plot such that the unit circle becomes the real line, we will get the
linear plot in Figure 5.1. It is seen that these probability density functions are unimodal
and symmetric about pu, and as k increases, the density function becomes more peaked at
L.

The measures of location and dispersion of circular data are defined differently from
those for linear data. Let X be a circular random variable. The circular mean direction

and the circular variance can be defined as

CE(X) = argmin 1E{2 —2cos(X — p)}

pE[—m,m
and
CVar(X) = E[2 — 2cos{X — CE(X)}], (5.1)

respectively. We may note that 2 — 2 cos(X — p) = 4sin®{(X — p)/2}. Hence, the circular

mean is the minimum point of a trigonometry distance, and the circular variance is the
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Figure 5.1: Three densities of von Mises distribution on [—, 7.

resulting minimum value. Replacing the sine function in the definition by the identity
function leads to the usual mean and variance for linear data.

For the von Mises distribution M (u, k), the mean direction is x and the circular variance
is 2 — 2A(k). As k increases, the circular variance decreases and the distribution places
more mass close to the mean direction. Hence & is also called the concentration parameter.

We now give the circular mean and variance for a mixture of two von Mises distributions.
Let X be a circular random variable with distribution (1 — a)M (u1, <) + aM (uz, k) for

some k£ > 0. Then, for any u, we have

Elcos(X — )} = A(k)cos(n — M)\/1 — a1 — a)sin? (2 3 2y,

where n € [—m, ] is an angle such that

Ml—Mz)
2

cosn = {(1 — «) cos g + ozcosu2}/\/1 — 4a(1 — a) sin?(
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pdf

Figure 5.2: Three densities of von Mises distribution on the circle.

and

H1 — M2
).

sinn:{(1—a)sin,ul—l—asin,ug}/\/l—4a(1—a)sin2( 5

Hence, we have

CE(X) = arg max E{cos(X —pu)} =n.

Consequently, by (5.1)

CVar(X) =2 — 2A(/@)\/1 — da(1 — a)sin2(2 5 F2y .

It is seen that the variance of a heterogeneous model, where a(1 — a) # 0 and p; # po,
is larger than that of a homogeneous model with the same k. Thus, because A(k) is an
increasing function of &, fitting a heterogeneous model to data arising from a homogeneous

model tends to result in a larger fitted concentration parameter.
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5.3 Asymptotic Properties of Likelihood-based Tests

Assume that a circular random sample X, ..., X}, is drawn from the von Mises mixture
distribution (1 — a)M (u1, k) + aM (p2, k), where 0 < o < 1, =7 < g, po < 7 and £ > 0.

We are interested in testing
Hy:a(l—a)(u —p2) =0 (5.2)

versus the full model. This section focuses on the asymptotic properties of likelihood-based

testing procedures.

5.3.1 The Likelihood Ratio Test

The log-likelihood function can be expressed as

Lo(a, g, pio, k) = —nlog Iy(k) +Z log[(1—a) exp{x cos(X;— 1) } +aexp{x cos(X; — pa) }.

Let jip and kg be the MLEs under the null hypothesis and let &, fi1, fio and & be the MLEs
under the full model. The likelihood ratio test (LRT) statistic is defined as

Rn - 2{ln(d7 /lla ,&27 "%) - ln(05> ﬂOa ﬂOa "%0)}

Without loss of generality, let M (0, ko) be the null distribution.

The MLEs have some interesting properties as stated in the following two lemmas.

Lemma 5.3.1. Assume that the distribution of the random sample X1, ..., X, is given by
M(0, ko) for some ko > 0. Let & be the MLE of k under the full model (1 — o)) M (p1, k) +

aM (ua, k). Then there exists a constant 0 < A < oo such that

lim P(i < A) = 1.

n—0o0
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As a consequence of Lemma 5.3.1, the parameter space under consideration can be
reduced to a compact one for theoretical derivations. With identifiability (Fraser, et al.
1981, Holzmann, et al., 2004), Lemma 5.3.1 implies the consistency of the MLEs, which is

a direct application of the result in Kiefer and Wolfowitz (1956). The proof is omitted.

Lemma 5.3.2. Assume that the distribution of the random sample X1, ..., X, is given by
M(0, ko). Let &, fu1, fia, and k be the MLEs of o, 1, p2, and k under the full model
(1—a)M(py, k) +aM (ug, k). Then (1—a&)fiy + Gjis — 0, (1—&)a2 +ajiz — 0 and & — Ko

in probability, as n — oo.
The asymptotic distribution of the LRT statistic is given in the following theorem.

Theorem 5.3.1. Let X1,..., X, be a random sample from the mizture distribution (1 —
a)M(p1, k) + aM(pg, k), where 0 < o < 1, = < pg, o < m and k > 0. Let R, be the
LRT statistic for testing Hy : a1l — a)(puys — pa) = 0. Then under the null distribution
M (0, ko), as n — oo,

Ry % sup {CT ()},

|| <7

where ((u), || < 7, is a Gaussian process with mean 0, variance 1 and autocorrelation
p(s,t) which is given by

g9(s,1)
{g(s,8)g(t, 1)}

p(87t>: Y fOTS,t%O,

NI=

where

1 rlolko{(cos s + cost — 1)% + (sin s + sin )2} 2]

g(s>t) g IO(/{O) —1
_ A%(kop)(cos s — 1)(cost — 1) o Al sin s sin
T~ Alro)ro — Ao(mg) FoAdlro) dl (5:3)

Chen and Chen (2003) gives the asymptotic distribution of the LRT statistic in a

two-component normal mixture with a structural parameter. In comparison with the
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result above, their Gaussian process contains a spike at 0. More discussions on the subtle

difference between normal and von Mises mixtures will be given in Section 5.5.

5.3.2 The Modified Likelihood Approaches

Similar to the asymptotic results obtained in other finite mixture models, this limiting dis-
tribution of the LRT is not convenient to use in practice. An obvious alternative approach
is the MLRT, which has been found easy to apply in the literature. Let the modified

log-likelihood function be

plo(a, pi1, po, &) = Ly(ov, pn, o, &) + p(ev). (5.4)

The MLRT statistic is defined as
M:; = 2{pln(d*> [’\LT? ﬂ§> "%*) - pln(1/2’ ﬂ3> /:LS? '%8)}’

where (&%, i}, 15, £*) maximizes pl, (o, i1, fi2, k) over the region 0 < a < 1, —7 < pq, po <
7, k > 0, and (4§, i, ~g) maximizes pl,(1/2, u, p, k) which is the modified log-likelihood
function under the null hypothesis.

The result in Theorem 5.3.1 is instrumental in analyzing the asymptotic properties
of the MLRT. The limiting distribution of the MLRT can be shown to be a mixture of
chi-squared distributions, which is very convenient to implement in practice. However
simulation studies indicate that the finite sample distribution of the above MLRT statistic
under the null model is not well approximated by this null limiting distribution unless the
sample size is very large. Two accuracy enhancing measures are hence proposed in the

next subsection.
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5.3.3 Accuracy Enhancing Methods

Due to the moment properties discussed in Section 5.2, x tends to be overestimated by
the MLE or the modified MLE under the heterogeneous model. As a consequence, the
finite sample distribution of the MLRT statistic is stochastically larger than the limiting
distribution which inflates the type I error rate. To overcome this problem, we propose
penalizing the fit with larger values of k. More specifically, we suggest adding — log(x + 1)
to pl, in (5.4) and the resulting modified likelihood function becomes

plu(e, pu, pa, &) = ln(, o, pia, k) — log(k + 1) + p(a). (5.5)

The corresponding MLRT statistic M,, is defined in the same fashion as M. The limiting
distribution of the new MLRT is not affected by this additional penalty. The result will be
presented in next subsection. The penalty function — log(x+1) is a decreasing function on
r with the upper bound 0. It prevents the overestimation of x under the null model and
improve the type-I error of the MLRT statistic. The second enhancing method is to select
a more effective p(a). As we discussed in Chapter 2, we choose p(a) = C*log(1 —|1—2a|).
Both enhancing methods are found to be effective as will be demonstrated by simulation

studies.

5.3.4 The EM-test

In this subsection, the EM-test is adapted to the testing problem in (5.2). Under the

current model, the EM-test procedure is carried out as follows.

Step 0: Choose a number of initial a values, say 0 < aq, as,...,a; < 0.5. Compute

(fio, Ro) = argmax plu(1/2, , p, &)
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with pl,, given by (5.5).
Let j=1and k= 0.

Step 1: Let aﬁ-m = qj.

Step 2: Compute

k k k
(187, 1y k) = arg max pl,(al, 1, 2, )

M1, M2, K
and
Oé] Dln J 7:“’]17:“’]27 J DPin 7”07:“’07’%0 .
Step 3: For v = 1,2,...,n, compute the weights, which are conditional expectations in
the E-step,

k ok
iy (k) k k
(1—af >f<XZ,uﬂ : 5 >> + o f(X6 ), 1)
Now following the M-step, let

n

a§k+1) = arg moz}x{(n — Z wg?)) log(1 — ) + Z wg?) log(a) + p(a)},

i=1 i=1

,ug.’;“) = argmax { Z(l - wgﬁc)) cos(X; — ,ul)},

M1

i=1
- argnzﬁx{iwff’ws<&—w>},
G = arg max [“{Z (1 —wi) cos(X; — uly ™) + Zw cos(X; — pls )}
—nlog{Ily(k)} —log(k + 1)} :
Compute

k+1 k+1 k+1 k+1 A A
M (ag) = 2{pla(af Y ufy iy w ) = pla(1/2, 5, i, 7))

Let £ =k + 1 and repeat Step 3 until fixed number of iterations in & .
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Step 4: Let j =75+ 1, k=0 and go to Step 1, until j = J.
Step 5: Calculate the EM-test statistic

EM® = max{M®(a;), j=1,2,...,J}.

With these preparations, we present the asymptotic results of the MLRT and the EM-

test together in the following theorem.

Theorem 5.3.2. Let X;,...,X,, be a random sample from the von Mises mixture distri-
bution (1 — a)M (p1, k) + aM(pz, k), where 0 < o <1, —1 < g, pe <, kK > 0. Suppose
that p(«) is a continuous function such that p(a) — —o0 as a« — 0 or 1 and it attains its

mazximal value at o = 0.5. Then under the null distribution M (0, ko), as n — oo,

(a) M, = L2+

(b) if one of the initial o values is equal to 0.5, then for any fized finite k, EMP A

3XG + 37
Intuitively, we should choose large values of J and k to ensure the efficiency of the test.
However, our simulation suggests that EMY with (a1, an,a3) = (0.1,0.3,0.5) captures
most power of M,,, which was also observed in Chapter 3. The reason for the necessity of

including o = 0.5 in the above theorem is the same in Theorem 3.2.2. See comments in

Remark 3.2.2.

5.4 Simulations and Applications

Simulation studies were conducted to assess the performance of the proposed testing pro-

cedures. Let

Ry =2{ sup 1,(1/2, 1, p2, k) — 1a(1/2, fuo, fio, Fo) }-

K142,
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Let EM,Sk), M, and M} denote the EM-test, the MLRT with pl,, defined by (5.5) and the
MLRT with pl,, defined by (5.4), respectively. The penalty p(«) for all those tests is chosen
to be p(a) = C*log(1 — |1 —2¢). The choice of C* has some influences on the type I error
of the test. Simulation studies are often used to find a suitable range of C*. In the current

testing problem, C* = 3 has been found satisfactory.

Table 5.1: Simulated null rejection rates (%) of the MLRT and the EM-test statistics.

K =2 K=3
n  Level EMY EM{" M, M: R EM" EM{" M, M R
100 10% 103 104 107 133 120 101 103 107 15.0 13.6

100 5% 5.1 2.3 204 72 6.3 5.0 5.1 5.5 86 7.0
100 1% 1.0 1.2 1.2 1.8 14 1.1 1.2 1.3 22 16
200 10% 9.8 9.8 10.0 119 11.2 10.0 10.0 104 13,5 12.6
200 5% 5.1 5.1 2.3 6.7 59 5.1 5.1 524 76 6.5
200 1% 1.1 1.2 1.3 15 1.2 1.1 1.2 1.2 20 14

The empirical null distributions of the test statistics were calculated based on 10,000
repetitions for various combination of n(= 100, 200) and k(= 2, 3). The simulated null
rejection rates of the above test statistics are reported in Table 5.1. Clearly, the simulated
type I error rates of M are much larger than nominal values and the problem gets worse
with larger x. Note that increasing C* should lower the simulated levels. However, even if
C* = oo, at which M} reduces to R}, the simulated type I errors are still larger than the
nominal levels. On the other hand, the simulated null rejection rates of M, and EMP
are very close to the nominal levels and they do not depend much on the sample size nor
on the size of the concentration parameter. Thus the penalty function —log(x + 1) is very

important.
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Table 5.2: Simulated powers (%) of the MLRT and the EM-test at the 5% level.

k=2 k=3
n 1-—a EMO MY M, EM® EMY M,
100 0.05 58 6.1 6.2 240 247 244

100 0.10 11.2 19.7  20.7 70.6 73.0 727
100 0.25  80.1 84.0 84.1 99.6 99.9 999
200 0.0 7.5 8.0 8.1 47.2 04.8 548
200 0.10 379 44.8 458 97.0 975  97.5
200 025 964 98.6  99.0 100.0 ~ 100.0  100.0

To compare the power of the tests, we considered the following alternative models
(1—a)M(r/2,Kk) +aM(—7/2, k),

with (1 —a)(= 0.05,0.10,0.25) and x = 2,3. Simulated critical values were used for power
calculation and the power was calculated based on 10,000 repetitions. The results are in
Table 5.2. It is seen that with one iteration and three initial values for «, the test based
on EMY captures most power of M,.

Now we turn to the analysis of two real data sets in Example 5.1.1. For the Dinosaur
National Monument data set, we find M,, = 26.81, EMY = 26.68 and EM" = 26.77,
which suggest that there is strong evidence to reject uni-component von Mises distribution.
For the Dry Mesa Dinosaur Quarry data set, we find MY = pmY = M, = 0, all suggest
lack of evidence to reject the uni-component von Mises distribution. In Figure 5.3, we plot
the fitted uni-component von Mises density functions and the kernel density functions of
the two dinosaur data sets. For the Dinosaur National Monument data set, two functions

differ substantially which is consistent to the conclusion of our formal test. For the Dry
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Mesa Dinosaur Quarry data set, it appears the uni-component von Mises distribution fits
the data very well which explains the insignificant outcome of the formal test.

Dinosaur National Monument data Dry Mesa Dinosaur Quarry data

—— Kernel density - = - Uni—component von Mises density

Figure 5.3: Kernel and uni-component von Mises densities.

5.5 Discussion

The von Mises distribution is often regarded as normal distribution for circular data.
However, the von Mises mixtures have quite different properties from normal mixtures.
Most notably, the von Mises mixture is strongly identifiable. Because of this, the MLRT
has quite different asymptotic properties when applied to normal mixtures and von Mises
mixture models. For von Mises mixtures, the convergence rates of the MLEs of the mixing
distribution and x are O,(n~**) and O,(n~'/?) respectively, and the limiting distribution
of the MLRT has a simple form, which are different from the conclusions for normal
mixtures (Chen and Chen 2003, Chen and Kalbfleisch 2005). At the same time, when

k goes to infinity, the von Mises distribution converges to a normal distribution and the
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strong identifiability of the von Mises distribution weakens, which is reflected in (5.13) in
the proof of Theorem 5.3.1. Although for each given s, the ratio in (5.13) remains o,(1),

the asymptotic approximation requires larger n for larger .

5.6 Appendix: Technical Proofs

Preliminaries and Notation.

Define
Ul = - = - { ]{ (())(((?;)) )= ! — [[;0((’:))) exp{( — o) cos X} — 1],
v = koo k)
_ j}i’zz)) fexp{r cos(X; — 1) — 1o 08 X;} — exp{ (i — r) cos X, }.
sy = Ylbm) = Yil0.m)

I
and let Y;(0,r), U;(ko) and Z;(0) be their continuity limits. For convenience, we put
Yi(p) = Yi(p, ko), Vi = Yi(0), U; = U;(ko) and Z; = Z;(0). The following proposition

assesses the stochastic orders of some relevant stochastic processes.

Proposition 5.6.1. Indexed by the parameters k € [kg — 0, kg + 3] for some 6 > 0, and

|| < 7, the following processes are tight

= 072 {Ui(k) = Ui}/ (k — ko),

= WY i)~ Vi

= 72 {Yi(p, ) = Yi(w)}/ (5 — ko),
= 72 {Yilp) = Yi— pZi} /.
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Proof. According to Billingsley (1968, p.95), it suffices to verify the following Lipschitz

conditions are satisfied:
E{U;; (k1) — Up(k2)}* < B(ky — k2)?,

E{Y, (1) = Y, (42)}* < B(pu — pa)?,
B{Y, (pu, k1) = Yy (12, 52) }* < Bl(pn — p2)? + (w1 — 52)7),
E{Z(11) = Z3(p2)}* < B(pa = pio)?
for some constant B. Consider the following functions

U(k)—=U;  Yip) =Y Yi(p,r)—Yi(p) and E(U)_Y;'_sz"

K—HKy It K — Ko I

The Lipschitz condition is satisfied if the derivatives of the above functions have bounded
second moments uniformly in g and x. This is obvious since their second moments are

continuous in y and k inside a compact parameter space. ]

Proof of Lemma 5.3.1 Note that

(1—a) exp{k cos(X;—p1) }+aexp{r cos(X;—pua) } < exp[r{max(cos(X;—pu1), cos(X;—pua))}H.

Thus we have

ln(a, pu, pia, k) < —nlog (k) + K Z[max{cos(Xi — 1), cos(X; — p2) .

Using (A.4) in Mardia and Jupp (2000, p. 349) we have, as Kk — o0,

e

Io(k) = {1+0(1)},
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hence

Lo(a, pin, proy k) < —nk + g log(2mk) + /@Z[max{cos(Xi — 1), cos(X; — p2) ] + 0,(1)
= —/{Z [1 — max{cos(X; — u1), cos(X; — u2)}| + glog(%m) + 0,(1).

Let S(p1,p2) = E[1 —max{cos(X — u1),cos(X — p2)}]. Note that 1 — max{cos(X; —
1), cos(X; — po)} is a uniformly continuous function in | X;| < 7, |py| < 7 and |us] < .

So the uniform strong law of large numbers implies

ST [1 = max{eos(X; — i), cos(X; — pa)}] — St 12),

almost surely and uniformly in || < 7 and |pe| < 7 (see Rubin, 1956). For any | X| <,
we have

1 — max{cos(X — p1),cos(X — ps)} >0,

where the equality holds only if X = p; or ps, which has zero probability to occur when
0 < Ko < co. Therefore, under the null distribution M (0, ko) with kg > 0, S(u1, pto) is

continuous and positive, for all the values of p; and us. Thus,

g = min S(u1, pe) > 0.
K142

Then with probability approaching one uniformly in «, pq, po, and x,

ln(Oé’ A1 2, KJ) < _n{q’% - 10g(27ﬂ€)/2} + Op(l)'
Clearly, there exists a A > 0 such that when x > A, we have gk — log(27x)/2 > 0. Note

that 1,,(0,0,0,0) = 0. The function I, («, p1, 2, k) — 1,(0,0,0,0) < 0 in probability when
k > A. This shows that lim P(k > A) = 0 for some constant A. O

Proof of Theorem 5.3.1 By symmetry, we assume that 0 < o < 1/2 instead of 0 < o < 1.
Let

,rn(avlu’la M2, KJ) = 2{ln(avﬂla M2, KJ) - ln(ovﬂ()a :&07 ’%0>}
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Also, let ri, (o, 1, po, k) = 2{l,(, p1, pi2, k) — 1,(0,0,0, k) } and re, = 2{1,(0,0,0, ko) —
1.0, fio, flo, ko) }- Then the LRT statistic R, = r,(&, i1, fio, &), and r,(a, pg, o, k) =
rln(anulnuﬁa '%) + Ton.

We study R,, through quadratic expansions of ry,, and ry,. We work on r,, first. Express

7’1”(0(, M, 2, KJ) =2 Z log(l + 52)7

i=1

where
f(Xi§N17 fi) f(Xi;,u% ff)
= (1 —a) oy —1
6Z ( a){f(XwO? K’O) } +a{ f(XwOa'%O) }
We can also write J; as
0; = (k — ko)Ui(k) + (1 — a)puaYi(p, k) + apaYi(pe, k). (5.6)

By Lemma 5.3.2 and the assumption that 0 < « < 1/2, under the null distribution,
fi1 = 0,(1) and Gfia = 0,(1). Hence, for asymptotic consideration, we only need to expand
r1, at pp values in an arbitrarily small neighborhood of 0. Expansion of ry,, with respect

to o will be done in

(€) = {lpa| > €} and Qa(e) = {|p2| < €}

for arbitrarily small € > 0, respectively. Let R, (¢, ) denote the supremum of r, over ;(e)
and R, (e, I1) denote the supremum of r,, over 5(€). Then R, = max{R,(¢, 1), R,(e, I])}.
Since /& is a consistent estimator of k¢ as shown in Lemma 5.3.2, we need only expand 7y,
with respect to & in [kg — 0, ko + d] for some arbitrarily small 6 > 0.

We first analyze R, (e, I). In the region of {2y, we expand ¢; as follows

b = (k—ko)Ui(ko) + (1 — )1 Y;(0, ko) + apaYi( o, ko) + €in

= (k= ro)U; + (1 — a)1Yi + apaYi(p2) + €in,
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where ¢;, is the remainder term. Let ¢, = Z?Zlem. By Proposition 5.6.1, we can show
leal < n"P{(k = r0)? + o + p7}0,(1).

Since the remainder resulting from the square and cubic sums has at least the order of the

remainder from the linear sum, we have

Tln(Oé, M1, U2, K,) S QZ(SZ — Z(S? + %Z(gf
=1 i=1 =1

= 2> {(k—r0)U; + (1 — a)puYi + apaYi(pa) }

—Z{(“ — ko) Ui + (1 — @)Y + apsY;(p2) }?
+n2{(k — Ko)? + a® + 1230, (1) + n{(r — ro)® + &> + 13}0,(1). (5.7)

Note that, under the null distribution M (0, ),
) = 1= A(ko)/ro — A%(ko),
E(Y2) = K()A(K,Q),
}

Wiy = Alko)(cos pz = 1)/ s,
E{Yi(12)Yi} = roA(ko)sin pia/ o

Let
1 E{Y;i(112)U; } E{Yi(112)Y;}
Vi) = - [¥ile) = St U - S
_ _ A(ko)(cos p2 — 1) o sinig
= ) - S e Y Y

and V; = V;(0) be the continuity limit of V;(ps). Then

(k — ko)U; + (1 — a)pY; + apaYi(pe) = t1U; + 62Y; + t3Vi(pe),
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where t3 = au? and

A(ro)(cos iy — 1)

ti = K—Ko+ ts,
' O 3{1 = A(ko) /Ko — A2(ko)}
sin
tg = (1 - Oé)/Jq + £2t3.
125)

It is easy to verify that U;, Y; and Vj(uy) are mutually orthogonal for all ps. We
restrict our attention to a small neighborhood of (¢, %5,t3) = (0,0,0) as suggested by the
consistency results of the MLEs in Lemma 5.3.2. Consequently, we may regard t;, t, and

ts as 0,(1). We have

Tin(Q i, plo, k) < QZ{tlUi+t2Yi+t3Vi(M2)}
i—1

—i{t?Uf + 1Y+ 13V () {1 + 0, (1)} (5.8)

i=1
The remainder terms in (5.7) are summarized in the o,(1) in (5.8). Furthermore, the right-
hand side of (5.8) is asymptotically less than or equal to the maximum of the following
quadratic function

Qtr,to,t5) =2 {0U; + Vi + 13Vilpa)} — > {BUF + 657 + 13V (n2)}.
i=1 =1

Note that for any fixed € < |pua] < 7, t3 > 0 and Q(t1,t2, t3) is maximized at (¢, t9,t3) =
(11:1, {2, 53), where

ty = and 3 =-"S———.

YUY Y2 > Vi (p2)
Thus

ooy B LTy UV ) o
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On the other hand, the classic analysis gives

a0 = 200(0,0.0,00) = 10, o)} =~ =0 IS0

Combining (5.10) and (5.11) yields

R,(e,I) < sup {3 Vi) ] +0,(1).

e<|pal<m > Vf(/m)

We thus obtained a upper bound for R, (e, ). We next show that this upper bound is
achievable.

For € < |pus| < m fixed, let &, fi; and & be the solutions for «, p; and k of (5.9). Then
a = 0,(n"?), iy = 0,(n"Y?) and & — Ko = O,(n~/?) uniformly in 5. Note that

Tln(da lala Ha2, '%) = 2252 - 2512(1 + ﬁi)_27
=1 =1

where |7;] < |0;] and &; is equal to 6; in (5.6) with o = &, py = iy and & = &. Since Uj(k)
and Y;(u, k) are bounded functions for | X;| < 7, |u] < 7, and k € [kg — , Ko + J], we have

max <i<, |0;| = O,(n~/2) = 0,(1). It follows that uniformly in € < |uo| < 7,

max [75;] = o,(1).

Then we can easily get
Tln(&a /11, M2, I%) = 2252 - {1 + Op(l)}zglz
i=1 =1

By (5.9), &, fi; and K are such that

R () (10 o
sup Tn(aa,ula,u%'%)_ p Z‘/;z(,UQ) + p(l)

e<|pa|<m e<|pa|<m

That is,

IR () 91108
Rn(e,I)_K'W}'oSW =ty o) (5.12)
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This concludes the analysis of R, (e, I).

Next, we try to expand R, (e, IT). Since the MLEs of y1 and x are consistent, in addition
to |ue| < €, we can restrict pq and k in the following analysis to the region of || < e and
|k — Kko| < €, respectively.

In the sequel, &, i1, fi2 and & denote the MLEs of a, uy, o and x within the region

defined by 0 < a < 1/2, |u1| <€, |pe| < € and |k — Ko| < e. We write
0 = (k—ko)Ui +miY; + moZ; + €,

where €, is the remainder term, m; = (1 — @) + apg and my = (1 — a)pu? + api. Let

€n = Y i €. By Proposition 5.6.1, we find

en = n'%(k — £k0)20,(1) +n2my (kK — Ko)O,(1)

Fnl2(1 = a)ud0,(1) + nV a0, ().
Using the facts [2x] < 1+ 22 for any x and |pus| < € and |k — ko| < €, we have
len] < neO0,(1){(k — ko)® +mi +m3} + €O,(1).

Note that n=! 3" {(k — ko)Ui + m1Y; + maZ; }* converges to a positive definite quadratic

form in kK — kg, my; and my. Thus

Yo (k= ko)Ui +miY; + mo Zi?
S 1{(/{ - K;))U' - mllY- n ij'}Q < (|k = ko| + [ma| + |ma])O0,(1) < €O,(1).  (5.13)
i=1 1 (3 7

Using a few similar techniques employed for R, (¢, I), we have
rin(a s o, k) <02 {(K = Ko)Us + Y + moZ}
i=1

— zn:{(l‘{, — I{Q)UZ’ + lei + m2Z2}2{1 + EOp(l)} + EOp(l)(514)

1=1
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We now conduct the orthogonal transformation as follows
(FL — Iio)UZ' + lei + ngZ- = SlUi + lei + m2Vi,

where

B A(ro)
2{1 — A(/{())//{() — A2(/€0)}

S1 = KR — Ko my.

Thus, (5.14) becomes

rin(oy i, po, ) < QZ{SlUi+m1Yi+m2Vi}

i=1

= {s1Ui + myY; + maVi} {1+ €0,(1)} + €O, (1)

i=1

= 2 Z{slUi + lei + mgv;}

1=1

= {07+ miY? + m3VPH1 + €0,(1)} + €Oy(1).

i=1

According to the same technique leading to (5.10), we get

Pin(G, fin, fia, ) < {14+ €0p(1)} [{ingz} ﬁ%ﬁ +HZZV§;+] +€e0y(1).
Recall
7“2”:2{[”(0,0,0,/{0)—ln(o,ﬂo,ﬂo,lﬂlo)}:—{gléfz} —{g})z;r ‘l‘Op(l)
Then,
e Op(1) [{XU}F  {ZVi} (Vi
mam 0= To,m T e | T omrsy Tt
Therefore
Ru(e,I1) < M +€0,(1). (5.15)

2 V7
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Next, let & = 1/2, and fi1, fi and & be determined by

o xu Y

=& =y md = {oph (5.16)

and moy = W

It is easy to see that

rM@wwzg%giﬁn (5.17)

and hence

Ro(e, II) > HZZLV};P +0,(1). (5.18)

For any € > 0, R,, = max{R, (¢, 1), R,(¢,1])}. Combining (5.12), (5.15) and (5.18), we

have
(OO 20 N ) DL 173 8
Ry < max { SVE  hen 2 V()

+€0y(1) } + 0,(1)

and

(> Vi {2 Vi(u) "}
R, > max {W, 65;121'39 S V2 (1) } +0,(1).

By the uniform strong law of large numbers and the tightness of the process of Y,*(u),

the process
O VR Vi), lul <=
converges weakly to a Gaussian process ((p) with mean 0, standard deviation 1 and the

autocorrelation function p(s,t) which is given by

g(s,t)
{9(s,8)g(t,t)}2

where g(s,t) = E{Vi(s)Vi(t)}. By letting n — oo and then ¢ — 0, we conclude that

p(s,t) = ,  for s, t #£0,

R,, converges in probability to sup|u|§ﬂ{c+(,u)}2. The only thing left is to calculate the
function g(s,t). The result in (5.3) follows by some tedious but simple calculations. [
In order to prove Theorem 5.3.2, we need the following lemma which states the consis-

tency property of the modified MLEs.
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Lemma 5.6.1. Let Xi,...,X, be a random sample from the mizture population (1 —

a)M (1, k) + aM (e, k). Under the null distribution M (0, ko),

(a) iy = 0,(1), & — o = 0,(1) and

(12 5. 59) ~ pa(1/2.0.00m0) = AEPE BT 4o 0 9

(b) 1} = 0y(1), 1 = 0,(1) and &* — ko = 0,(1).

Proof. (a) Note that fi§ and i are the modified MLEs of ;1 and x under the null model,
hence the consistency of ji; and &g follows from the classic theory. Using this consistency
result, we have

Plo(1/2, fi5, iy, 75) —pln(1/2,0,0, ko) = 20> _log f(Xi: iy, i&5) — Y _ log f(Xi; 0, o) }+0p(1).

i=1 i=1

Thus, the proof of (5.19) for the modified likelihood reduces to the proof of the classical
result for the usual LRT. Then, the result follows.

(b) Firstly, we prove that the modified MLE of a is bounded away from 0 or 1 in
probability. Note that

0< M, = 2{pl(&", [i7, i3, &) = pla(1/2, fi5, [15, 7))}
< 2Apln (&7, i1, i3, K7) = pla(1/2, fro, fio, o) }
= 2{ln(a", i3, g, £7) — log (K" + 1) + p(a”)
—1n(1/2, 1o, fio, Ro) + log(Ro + 1) — p(0.5)}
< R, +2{p(&*) — p(0.5)} + 2log(ko + 1)

= R,+2{p(&") —p(0.5)} + 2log(ko + 1) + 0,(1).

The last step uses the consistency of ky. By Theorem 5.3.1, R, = O,(1), which implies
<

b(1
p(a*) — p(0.5) = O,(1). Hence there exists €y > 0, such that P(eg < &* < 1—¢)) — 1
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as n — o0o0. Hence, the problem reduces to the consistency of the modified MLEs in a
compact and identifiable parameter space. Consequently, the consistency of the modified

MLESs follows. ]

Proof of Theorem 5.3.2 (a) By (5.11), (5.19) and the consistency of #*, we have

Mn = Tln(é‘*v /ffv /];7 ’%*) + Ton + 2{]9(6(*) - p(05)} + OP(1>

< (&0 5 R + 0p(1). (5.20)

Since (i, fi5, £*) are consistent estimators of (0,0, ko), R,(€,II) can serve as an upper
bound for r,(&*, i3, i, ). Combining (5.18) and (5.20), we have
{ovi )
Mn < Z V2 + Op(l).

We take fi1, fio and & as determined by (5.16) when & = 1/2. Then & — k¢ = 0,(1) and so

= Tn(@, fi1, fi2, k) + 0p(1)
B2V 0

The result in the last step follows from (5.17). Combining the above results, we have

vy
Mn = T‘/f + Op(l).

Consequently, the limiting distribution of M,, is given by % Xe + % Xi-
(b) Obviously,

EM®™ < M, < %‘QZ}Z + 0,(1).
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If one of a;’s is equal to 0.5,

S N Vi)
EMy(Lk) Z 2{pln(0'57/~l’17,u27 KJ) _pln(1/27lu’07lu’07 HO)} - % . Op(1>.

Hence

gt _ ISV

TS VE + 0p(1).

Consequently, the limiting distribution of EMY" is given by xXe+ 3. O
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Chapter 6

Future Work

In this chapter, we will first provide a summary of what has achieved in the thesis. The
techniques employed in this thesis and the new method proposed are seen to be applicable to

much more general mixture models. We also outline a number of future research problems.

6.1 Summary of the Current Achievements

In this thesis, we have considered a number of hypothesis testing problems in finite mix-
ture models. More specifically, we study the homogeneity test in two-component mixture
models.

In Chapter 2, we discussed the problem of choosing a more effective penalty function
for the MLRT. The MLRT with the new penalty enjoys a significant improvement on the
power for testing homogeneity when the true mixing proportion is close to 0 and 1. The
simulation studies suggested that the simulated null rejection rates are very close to the
theoretical values by setting the level of modification to be 1.

In Chapter 3, motivated from designing a homogeneity test procedure for geometric

153
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mixture models, exponential mixture models and mixture models on the scale parameter,
we proposed a new class of methods (EM-test) for testing homogeneity in mixture models
with two components. The EM-test combines and exceeds the advantages of the score
test (Liang and Rathouz, 1999) and the MLRT (Chen, 1998, Chen et al. 2001, 2004). We
find that the EM-test has a simple null distribution, is more efficient, and has broader
applications than the MLRT and other methods. The EM-test also compares favorably to
the D-test and the constrained LRT.

In Chapter 4, we considered the use of the EM-test to the test of homogeneity in normal
mixture models. For the test of homogeneity at the presence of the structural parameter, a
penalty function on the variance parameter is suggested to overcome the under-estimation
effect. The limiting distribution is a simple function of 0.5x3 + 0.5x? and x? distributions.
The test with this limiting distribution is still very convenient to implement in applications.
For normal mixture models in both mean and variance parameters, the penalty functions
on the component variance parameters are added to the log-likelihood function to avoid the
unboundedness of the log-likelihood function. The limiting distribution of the EM-test is
shown to be x3. The simulation results review the good fitting of the limiting distributions
to the finite sample distributions of the EM-test statistics.

In Chapter 5, we applied both the MLRT and the EM-test to test of homogeneity in the
mixture of circular distributions, especially, the mixture of von Mises distributions with
unknown but equal concentration parameters. A new penalty function on « is suggested to
overcome the over-estimation effect of k. The MLRT and the EM-test are applied to test
of homogeneity. Simulation studies suggested that the EM-test based three initial values of
a, (0.1, 0.3, 0.5), and one iteration, and the MLRT have comparable power. The EM-test
has null rejection rates very close to nominal values. Two real data sets in Grimshaw et

al. (2001) are used to illustrate the idea of two tests.



Future Work 155

In the next a few sections, we present some research problems which are the natural

extension to the development of what have been achieved so far.

6.2 Homogeneity Test in Mixture Models with Multi-
dimensional Parameters

In Section 4.3, we discussed the application of the EM-test to test of homogeneity under
normal mixture models in both mean and variance parameters. The EM-test has been
proved to have a simple limiting distribution in this case. The normal mixture model
in both mean and variance parameters is a special case of mixture models with multi-

dimensional parameters, namely, the density function is given by

(1 —a)f(z;01) + af(x;0), (6.1)

where 6;,0, € © C R, d > 2. Dacunha-Castelle and Gassiat (1999) and Liu and Shao
(2003) found that the limiting distribution of the LRT for testing of homogeneity in mixture
models with multi-dimensional parameters is much more complicated than the univariate
case even if the mixture density in (6.1) is strongly identifiable and the kernel function
f(x; p, k) satisfies the finite Fisher information condition. Due to the nice properties of
the EM-test discussed before, one of our future research directions is to extend and apply
the idea of the EM-test to test of homogeneity in mixture models with multi-dimensional
parameters.

One possible way for extension is to follow the pseudo code described in Section 3.2.1
step by step to calculate the EM-test statistics. In Section 4.3, we followed this idea and
applied the EM-test to normal mixture model in both mean and variance parameters. The

application was proved to be successful. The EM-test enjoys a simple limiting distribution.
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When this idea is applied to mixture of general distributions, such as mixture of gamma
distributions and mixture of multivariate normal distributions, the limiting distribution of
the EM-test may still be tractable, but not as neat as in normal mixture models. The
main reason is that we may have several cross terms in the asymptotic expansion of the
expression of the EM-test statistic.

Another way for extension is called “one dimension at one time”. Note that for calcu-
lating the EM-test statistics, the crucial step is to first find an initial value for (a, 6y, 6,)
for the EM-iterations, which is the Step 2 of the pseudo code described in Section 3.2.1.
The idea of “one dimension at one time” differs from the original one on how to choose
the initial value for («a,6q,605). We suggest only allowing one dimension can have differ-
ent values on two components when we find the initial value for («,6;,6s). By allowing
the first dimension can have different values on two components in Step 2 of the pseudo

code in Section 3.2.1, we can calculate an EM-test statistic EM,(LI;)

EM®

n2 7"

Similarly, we have

e EMT(L];). The final test statistic is defined to be
k
EM® = max{EM® h=1,... d}.

Since we only allow one dimension can have different parameters on two components at the
first stage, other parameters can be treated as the structural parameters. Our application
experiences in the normal mixture model and the von Mises mixture models at the presence
of structural parameter suggest that EMT(L(,)L) may have a simple y2-type limiting distribution.
Further, intuitively, finite number of iterations will not change the values of (a, 6y, 6,) too
much under null hypothesis, we expect EMT(L]Z), h =1,...,d, will still enjoys a simple Y-
type limiting distribution. Then the second type of EM-test is expected to have a simple
limiting distribution, the maximum of some y>-type distributions.

In our future research, we will give a comprehensive comparison of these two ideas from

the theoretical and practical issues.
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6.3 Testing the Order in Finite Mixture Models

Apart from the homogeneity test, testing the order of the finite mixture model is also an
interesting, challenging and more general problem.

In Chen et al (2004), the MLRT is applied to test
Hy:m =2 versus H, : m > 2.

The asymptotic null distribution for the MLRT test statistic was shown to be a mixture

of x2, x? and x3. A more general problem is to test
Hy:m = qo versus H, : m =p > qo,

or more specifically,

Hy:m = qo versus H, : m = qy + 1, (6.2)

Dacunha-Castelle and Gassiat (1999) and Liu and Shao (2003) investigated the use of
the LRT. They found that the limiting distributions for the LRT are in general related
to the supremum of some the Gaussian processes. Not only it is hard to determining the
quantiles of the supremum of a general Gaussian process, but the structure of the Gaussian
process in these results is also very complex. The application of the MLRT has so far only
met with limited success such as the one in Chen et al. (2004). We envisage that the
EM-test idea could be more effective in developing convenient statistical procedures. We
have started working on this problem, yet due to the nature of the problem, it is likely a

long term effort.
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6.4 Data Adaptive Level of Penalty of the MLRT and
the EM-test

The choice of penalty function, particularly the choice of the level of modification, is a
crucial step in the implementation of the MLRT or the EM-test. A new class of penalty
functions was introduced in (2.7) and it was found to have some superior properties. At
this stage, the level of the modification was mostly determined by simulation studies. It
appears that the effectiveness of the MLRT and the EM-test are not greatly affected by the
level of modification. Yet it would be ideal if a data-driven procedure with some theoretical
justification can be found. Continued effort on this research problem is part of my future

research plan.
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