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Abstract

This thesis applies modern financial option valuation methods to the problem of telecom-
munication network capacity investment decision timing. In particular, given a cluster of
base stations (wireless network with a certain traffic capacity per base station), the objec-
tive of this thesis is to determine when it is optimal to increase capacity to each of the base
stations of the cluster.

Based on several time series taken from the wireless and bandwidth industry, it is argued
that capacity usage is the major uncertain component in telecommunications. It is found
that price has low volatility when compared to capacity usage. A real options approach
is then applied to derive a two dimensional partial integro-differential equation (PIDE) to
value investments in telecommunication infrastructure when capacity usage is uncertain and
has temporary sudden large variations.

This real options PIDE presents several numerical challenges. First, the integral term
must be solved accurately and quickly enough such that the general PIDE solution is rea-
sonably accurate. To deal with the integral term, an implicit method is suggested. Proofs
of timestepping stability and convergence of a fixed point iteration scheme are presented.
The correlation integral is computed using a fast Fourier transform (FFT) method. Tech-
niques are developed to avoid wrap-around effects. This method is tested on option pricing
problems where the underlying asset follows a jump diffusion process.

Second, the absence of diffusion in one direction of the two dimensional PIDE creates
numerical challenges regarding accuracy and timestep selection. A semi-Lagrangian method
is presented to alleviate these issues. At each timestep, a set of one dimensional PIDEs
is solved and the solution of each PIDE is updated using semi-Lagrangian timestepping.
Crank-Nicolson and second order backward differencing timestepping schemes are studied.
Monotonicity and stability results are derived. This method is tested on continuously

observed Asian options.
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Finally, a five factor algorithm that captures many of the constraints of the wireless
network capacity investment decision timing problem is developed. The upgrade decision
for different upgrade decision intervals (e.g. monthly, quarterly, etc.) is studied, and the
effect of a safety level (i.e. the maximum allowed capacity used in practice on a daily basis—

which differs from the theoretical maximum) is investigated.
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Chapter 1

Introduction

As evidenced by the current over-capacity in long haul optical fibre networks, it is clear
that current telecommunication industry investment decision mechanisms need to be re-
evaluated. Traditional capital budgeting techniques such as net present value and internal
rate of return are now recognized as being deficient in dealing with strategic management
of corporate investments over time. These traditional methods do not take into account
management’s ability to respond to changing business conditions. Consequently, traditional
methods can provide misleading estimates of the value of corporate investments under
uncertainty. Moreover, these methods do not provide a clear indication of how management
should respond to new conditions (e.g. when should a corporate investment project be
mothballed or abandoned completely, or when should its scale be expanded).

The real options approach is an emerging alternative methodology which addresses these
deficiencies. It uses techniques adapted from those developed for valuing and hedging
financial derivative contracts (e.g. options, futures). In particular, optimal actions for
management are determined using dynamic programming methods, and these in turn are
used to calculate the value of a corporate investment project.

This thesis is directed toward demonstrating the use of real options decision making
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tools for optimal capacity choice for network planning in telecommunications. Given a set
of possible capacity upgrade levels, a telecommunication firm has to decide which level is
optimal to upgrade to under uncertain factors. We aim to find the percentage (in terms of
the maximum equipment transmission capacity) at which level it is optimal to upgrade.
To the best of our knowledge, this approach has not been used previously. Dixit and
Pindyck [35] study the problem of incremental upgrade in the context of a multi stage
project in the oil industry. Dangl [26] presents a model where a firm has only one chance
to determine optimal investment timing and optimal capacity. Once the capacity is fixed
the project output upper bound is fixed and cannot be adjusted later. Our approach
can be viewed as a combination of both of these methods. The firm investing into new
equipment can upgrade its network at any time, independently of the equipment lead time,
and different levels of capacity are reachable. Based on a real options approach a partial

integro-differential equation (PIDE) for the investment decision timing problem is derived.

1.1 Contributions

The main contributions of this thesis are as follows. In Chapter 2 we show that the main
underlying risk factor when investing in telecommunications is capacity usage. Capacity
usage is very volatile, while the spot price paid by customers per unit of traffic has very low
volatility. Based on these observations and some empirical studies, a two factor stochastic
process is presented to model telecom traffic. Using a real options approach a partial
integro-differential equation (PIDE) is then derived for the investment value. The real
options PIDE has two features which make numerical solution challenging: an integral
term, and convection dominance. We examine these two numerical issues separately.

In Chapter 3 we show that:

e the jump diffusion term of an option pricing PIDE can be discretized explicitly, and
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when coupled with a fully implicit treatment of the usual PDE, the resulting timestep-

ping method is unconditionally stable.

e if an implicit timestepping method is used, the solution of a dense matrix can be
avoided by using a simple fixed point iteration scheme to solve the discretized algebraic

equations. This iteration is shown to be globally convergent.

e it is possible to develop a method for efficiently computing the jump integral term
using FFT methods. No assumptions are made about the probability density for the
jump term, except that the jump size density has finite expectation. This general
approach requires the evaluation of correlation type integrals, as in [92]. We also

show how to eliminate the wrap-around effects which often plague FFT methods.

e in contrast with previous work, the grid is not assumed to be equally spaced in either
the underlying asset price or its logarithm. This is a major advantage for the pricing
of contracts with barrier provisions, which typically require fine grid spacing near

barriers in order to achieve sufficient accuracy.

e the discrete penalized equations which result from the discretization of the differential-
integral complementarity problem for pricing American options on assets which follow
a jump diffusion process, can also be solved using a fixed point iteration. Sufficient

conditions at each timestep for the global convergence of this iteration are also derived.

e the method developed here uses implicit timestepping for both the correlation integral
term and the American constraint. As a result, higher order convergence (in terms
of timestepping error) is obtained when compared with previous methods which treat

the correlation integral or the American constraint explicitly.

In Chapter 4 we show that:



CHAPTER 1. INTRODUCTION 4

e using the methods developed in Chapter 3, quadratic convergence is obtained when
pricing a wide variety of financial options. Even if the initial conditions are not
smooth, such as for digital options or Parisian options, quadratic convergence was

recovered.

e for typical values of the timestep size and Poisson arrival intensity, the fixed point
iteration scheme used to handle the jump integral term converges very rapidly (the
error is reduced by two orders of magnitude at each iteration). Given typical market
parameters [5], three iterations per timestep are enough for the fixed point algorithm

to achieve convergence to a reasonable tolerance.

e when pricing American options under the jump diffusion process, the number of iter-
ations per timestep is relatively unchanged compared to pricing vanilla options under

the jump diffusion process.

In Chapter 5 we show that:

e a semi-Lagrangian method can be used to price continuously observed Asian options
(which is a prototypical example of convection dominance), where the underlying asset
is assumed to follow a jump diffusion process. The implementation suggested here
reduces this problem to solving a decoupled set of one dimensional discrete partial
integro-differential equations at each timestep. This makes implementation of this
method very straightforward in a software library which is capable of pricing discretely

observed path dependent options [95].

e in the fully implicit case, the semi-Lagrangian method is algebraically identical to a
standard numerical method for pricing discretely observed Asian options, when the

observation interval is equal to the discrete timestep [94].

e since the discretized problem at each timestep reduces to a set of decoupled 1d PIDEs,
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we can make use of the techniques developed in Chapter 3 to prove certain properties
of the discrete scheme, including convergence of the iterative method used to solve the
implicit discrete equations. In the fully implicit case, it is straightforward to prove [

stability:.

e even if second order timestepping methods are used, convergence as the mesh and
timestep is refined occurs at a less than second order rate. The problem can be
traced to the non-smoothness of the payoff function. The SL approach contrasts with
the method traditionally used in industry (see [95]) where high order timestepping
schemes are used but the jump condition is applied explicitly resulting only in linear

convergence.
In Chapter 6 we show that:

e the methods developed for path dependent options, where the underlying follows a
jump diffusion process, can be applied to the telecom investment problem. The limi-
tations of the algorithm presented in [31] are eliminated by solving a five factor path
dependent problem. This enables us to consider different upgrade decision intervals

independent of equipment lead time.

e today’s upgrade decision, in terms of the optimal upgrade percentage, increases as the

value of the market price of risk increases.

e when considering jumps in capacity usage, the volatility and the growth rate also
change which affects today’s upgrade decision. It is found that jumps in capacity

usage delay the decision to upgrade.

e by developing appropriate penalty functions which assign a cost to poor quality of
service, we can combine both financial and quality of service criteria. This approach

requires managers to assign a cost to quality of service issues. Penalty functions could
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be real financial incentives provided to users (e.g. during high blocking periods, all

calls are free), or they could be based on customer churn rates.

1.2 Outline

The remainder of this thesis is organized as follows. Chapter 2 presents a two dimensional
partial integro-differential (PIDE) equation to value investment into telecommunication
equipment. This equation is the foundation of the optimal decision timing investment prob-
lem we are solving in this thesis. However, before developing algorithms, several numerical
issues must be addressed.

The two factor investment value PIDE has an integral term that must be handled care-
fully. Chapter 3 proposes a method for handling the jump integral term in an implicit fash-
ion. To validate this approach, a one dimensional PIDE taken from the financial derivative
pricing literature is considered. Chapter 4 presents several numerical tests of convergence
for a wide variety of financial options.

Chapter 5 addresses the issue raised by the absence of diffusion in one direction of the
two factor investment value PIDE by using a semi-Lagrangian method. This method is
tested on the two dimensional PIDE used to price continuously observed Asian options.
This problem was selected since the convective term becomes infinite as time moves closer
to today; making this is an extremely difficult problem.

Finally, Chapter 6 applies modern financial option valuation methods to the problem
of wireless network capacity investment decision timing. In particular, given a cluster of
base stations (with a certain capacity per base station), we determine when it is optimal
to increase capacity for each of the base stations contained in the cluster. Based on the
real options formulation of Chapter 2, a five factor algorithm that captures many of the

constraints of wireless network management is developed. This optimal upgrade algorithm
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maximizes the value of the investment to the network operator. Conclusions are finally

outlined in Chapter 7.



Chapter 2

The Investment Problem

In this Chapter, the fundamental risk factor in telecommunication equipment investments is
identified. Based on several time series taken from the wireless and bandwidth industries, it
is argued that capacity usage is the major uncertain component in telecommunications. Al-
though revenue to the owner of a network is the prevailing price times the usage, it is argued
that price has low volatility compared to usage. Consequently, as a first approximation, we
can consider price to be deterministic. Using statistical tests, a stochastic process is then
suggested for modelling capacity usage. Finally, a real options approach is applied to derive
the partial integro-differential equation (PIDE) to value investments in telecommunication

infrastructure.

2.1 Background

The value of any corporation is primarily determined by the quality of the investment
decisions made by that firm. Suboptimal decisions can damage a business, sometimes
irreparably. In many cases, suboptimal decisions are made because the right information is

not collected or simply because there is not enough data. However, in some cases the fault
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lies in the method used to make that decision.

Net Present Value (NPV) and Internal Rate of Return (IRR) are the traditional methods
used to quantify the value of an investment opportunity [35, 85]. For example, the NPV of a
project is the difference between how much the project is worth (in terms of the discounted
future cash flows it is expected to generate) and the capital expenditure it requires. If
the difference between the two is greater than zero, then an investment should be made.
Otherwise, the investment should not be made. Closely related to the NPV, the IRR on a
project is the required return that results in a zero NPV when it is used as the discount
rate.

However, it is now widely recognized that NPV or IRR do not capture the optionality
embedded in investment projects. The NPV approach, as traditionally applied, fails to
sufficiently account for much of the optionality inherent in corporate investments. The
reason is that a firm with an opportunity to invest is in effect holding an option analogous
to a financial American call option [52]. For example, a company often has the option to
abandon a project or expand if the output exceeds expectations. Another problem with
traditional NPV lies in the estimation of the appropriate risk-adjusted discount rate.

As an alternative, the real options approach [35, 85] can be used to effectively model
investment flexibility. Real options theory does not render the traditional NPV methods
obsolete, but it does help to capture the flexibility often present in an investment. Note
that, provided the values of all options are appropriately included in the analysis of a project
investment, the NPV approach will give the same conclusions as the real options approach.

This thesis studies the problem of optimal telecommunication investment decisions.
Wireless telephones, video conferencing and email are now regarded as essential communica-
tion tools, dramatically impacting how people approach personal and business communica-
tions. As new network infrastructure is built and competition between companies increases,

subscribers are becoming ever more critical of the service and voice quality they receive from
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network providers. Network operators must provide a guaranteed level of service to cus-
tomers while maximizing profit. The current environment, with decreasing revenue per unit
of traffic and increasing demand on networks from new features in equipment, places strain
on network managers.

While a number of publications discuss the use of real options theory for optimal in-
vestment timing (e.g. [35, 85] and references therein), very little work has been done in

telecommunications planning and management [26].

2.1.1 A Question of Demand

In order to use the real options approach to analyze investment decisions in telecommuni-
cations, the principal factors that are likely to affect the profitability of these investments
must be identified.

As we shall see, in the telecommunications industry, the fundamental uncertain factor
driving profitability is the amount which can be sold, as opposed to the price received per
unit. This situation is in contrast with traditional financial markets where the price is the
dominating factor. For example, the owner of an optical fiber network faces this type of
situation. New wavelength services allow the user to purchase limited capacity for days
or even hours [47]. Effectively, users pay only for the bandwidth that they use. Similarly,
revenues to the owner of a wireless network are determined by the prevailing price per
minute and the amount of traffic. Consequently, the revenue to the owner of the network
is determined by the prevailing price and the amount used.

A study of both bandwidth and wireless traffic data revealed some interesting facts.
Capacity usage is highly volatile. Although traffic has increased, it has done so in an
extremely erratic fashion (see Figure 2.1). Our estimates of volatility for bandwidth usage
are in the range of 80% to 150% per year, and volatility for wireless usage is in the range

of 50% to 90% per year [31, 33]. This can be compared with a volatility of 15% to 30% per
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year for most major stock indexes.
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with the most traffic.

FIGURE 2.1: Time series capacity usage examples.

By comparison, price has shown a downward trend with relatively low volatility. Average
revenue per wireless user is decreasing with relatively little uncertainty (Figure 2.2). Sim-
ilarly, bandwidth prices have systematically decreased over the last few years (Table 2.1).
As a result, in our opinion capacity usage is the main risk factor for telecommunication

investments.

Table 2.1 Prices for lines with different maximum transmission rates. Prices are in
$/year/DS-0 mile. A DS-0 line has a maximum transmission rate of 64 kbps.

Q11999 Q12000 Q1 2001 Q1 2002
0C-3  0.013 0.0l 0.0082  0.0055
0C-12  0.012 0.01 0.0066  0.0045
0C-48  0.01 0.0095  0.0054  0.0035
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FIGURE 2.2: Price paid on average by wireless network subscribers in dollars per minute. The price
s obtained by dividing the average revenue per user by the usage per user. These data were obtained
from Bell Canada quarterly financial reports.

2.2 Modelling Capacity Usage

Capacity usage has obviously increased but this growth has been rather erratic (see Fig-
ure 2.1). While it would be possible to identify other uncertain factors such as, for example,
technology advances or price per unit of traffic, in this thesis we consider only a single risk
factor, the capacity used. Depending on the benefits of the approach presented here and its
recognition by the telecommunication industry, it may be possible to consider in the future
more complex models.

Any variable whose value changes over time in an uncertain way is said to follow a
stochastic process [52]. As a first approximation, our basic assumption is that capacity

usage () can be modeled by a geometric Brownian motion process [52] defined by

dQ = uQdt + cQdZ, (2.1)

where p is the drift rate or growth rate [89], o is the volatility and dZ is the increment of a
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Gauss- Wiener process [52, 89]. The Gauss-Wiener process increment can be written as
dz = ¢Vdt, (2.2)

where ¢ is a random variable drawn from a normal distribution with zero mean and unit
variance. The degree of randomness is determined by the volatility o. In effect, when
modelling capacity usage using equation (2.1), we are assuming that the logarithmic relative
traffic changes are normally distributed [52]. In the absence of randomness (¢ = 0), equation

(2.1) has the solution

Q= Qoexp ( / tmu)du), (2.3)

where Qg is a constant.

Before proceeding any further, the validity of equation (2.1) must be demonstrated. It
is beyond the scope of this thesis to present all the different telecom usage time series that
were made available to us. As such, equation (2.1) will be validated by focusing on a single
time series taken from the wireless industry. For a more extensive analysis of bandwidth
and wireless capacity usage data, readers are referred to [31] and [33]. Note that the model
validation results presented in both of these papers are the same as the one outlined below.

An initial analysis of the capacity usage showed strong autocorrelation of the time series
within each week (see Figure 2.3 (A)). This is not surprising, since we expect that there
will be repetitive patterns within each week. To filter out this effect, network capacity
usage is averaged for the entire year for each day of the week separately, and the day with
the highest average total daily capacity usage is chosen. This same day each week is then
chosen to estimate week to week effects (see Figure 2.3 (B)).

Prior to estimating the drift term p and the volatility o, the dates corresponding to
vacation periods and sudden changes are smoothed out using interpolation. Major holidays

are known events for low network capacity usage and should not be considered when com-
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(A) The stars indicate the weekly highest traffic (B) The data corresponds to the highest average
days. day traffic per week. This day is chosen based on

the average network traffic that day encounters
throughout the year. Once that day is found, it
remains the same for the rest of the year.

FIGURE 2.3: One year wireless traffic data. This data is collected at daily intervals during one
hour. This hour corresponds to the hour of the day with the most traffic. It is often referred to as
the bouncing busy hour.
puting the drift and the volatility. The major holidays are based on the Canadian calendar.
An analysis of the data showed significant anomalous behavior on vacation dates. Studies
also indicated that the month of December has lower traffic than the rest of the year. Con-
sequently, the month of December is ignored since the decrease in traffic is a non-random
event. Furthermore, by investigating graphically the different time series, it was possible to
detect large drops in network traffic. These drops appeared across several time series and
did not correspond to any major holidays. These were perhaps due to equipment failure
(as suggested by our industrial contacts [64]). For now these changes will be smoothed out.
They will be considered later (see Section 2.2.1).

Figure 2.4 presents the results once the holidays, and suspicious events, have been

removed or smoothed out from the time series presented in Figure 2.3.
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FIGURE 2.4: One year wireless traffic data. This data is collected at daily intervals during one
hour. This hour corresponds to the hour of the day with the most traffic. It is often referred to as
the bouncing busy hour in the industry.

Table 2.2 Details of the Ljung-Box statistical test for the wireless time series. The data
in the time series represents the minutes bouncing busy hour traffic. The Ljung-Box test
is executed at the 5% significance level. H is a boolean decision variable. H = 0 indicates
acceptance of the null hypothesis that the model fit is adequate (no serial correlation at the
corresponding element of lags); H = 1 indicates rejection of the null hypothesis. P-values
are the significance levels at which the null hypothesis of no serial correlation at each lag
in Lags is rejected.

Before the month of December | After the month of December
lag 1 2 3 4 1 2 3 4
H 0 0 0 0 0 0 0 0
pvalue 0.62 0.78 0.73 0.83 0.7 0.93 0.85 0.92

If the stochastic process defined by equation (2.1) is a good model for capacity usage,
then the detrended logarithmic relative traffic change time series should contain only random
data (see Figure 2.4). To assess the hypothesis that data contains only white noise, the

Ljung-Box O-statistical test is used [23]. Tests are conducted at the 5% significance level
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for the period before and after December for different lags (e.g. lag = 1, 2, 3 and 4). For
example, if both tests (before/after December) (see Figure 2.4) return 0 for lag equal to 4,
then the data is random. If at least one of the tests returns 1 at lag 4 then it cannot be
determined whether the data is random.

Table 2.2 presents the results. The Ljung-Box Q-statistic lack-of-fit hypothesis test
indicates that traffic data is random (H = 0). Consequently, equation (2.1) is a reasonable
fit to model traffic. Table 2.3 presents volatility and growth rate estimates for different

wireless capacity usage time series. Bandwidth results can be found in [31].

Table 2.3 Result summary table for different time series (different switches in Toronto).
The Ljung-Box test is executed at the 5% significance level. The Ljung-Box test H = 0
indicates random data, i.e. equation (2.1) is a good fit to the data.

Time series  Drift term p %/ (year) Volatility (filtered data) o %/(year)?  Ljung-Box test

A -24.75 90.69 0
B 40.84 4.7 0
C 72.46 32.74 0

2.2.1 Jumps in Capacity Usage

Under the stochastic process described by equation (2.1), it has been possible to study the
problem of optimal network investment for both bandwidth and wireless [31, 33]. While
interesting results were obtained with such a simple model, the assumption of ignoring
sudden large variations in capacity usage may limit our model. In particular, it is conceivable
that rare events of large magnitude may affect network operators’ upgrade decisions.

In order to determine how these rare events affect the previous model (2.1), a comparison
of the capacity usage data with and without the sudden large variations is presented in
Figure 2.5. It must be emphasized that in this comparison the vacations effects are still
suppressed using interpolation and the month of December is ignored; the only difference

are the large deviations in capacity usage which were previously suppressed.
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FIGURE 2.5: Quantile-Quantile plots comparing the logarithmic relative traffic changes when the

Jumps in capacity usage are ignored or included.

In Figure 2.5, two Quantile-Quantile plots are presented [89]. A Quantile-Quantile plot

is a common way of visualizing the difference between two distributions. The better the
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fit between the two distributions, the closer the line is to straight. The first Quantile-
Quantile plot (see Figure 2.5(b)) corresponds to the case when the sudden large variations
in capacity usage are ignored. The line is reasonably straight, confirming once again that
equation (2.1) is a good fit for capacity usage (assuming that it is valid to remove the rare
events). However, when the sudden large variations in capacity usage are reintegrated into
the time series, the lognormal assumption is no longer adequate. In particular it is observed
that the tails of the distribution lie away from the straight line (see Figure 2.5(d)).

To alleviate this problem, equation (2.1) is augmented so as to include jumps in capacity
usage [66]. In contrast with financial markets where if stocks jump in value, they tend to
stay at this level, we observe that when capacity usage exhibits a sudden large variation,
usage always returns very quickly to its previous level (see Figure 2.5(c)). This behaviour
is not uncommon for nonfinancial instruments. The same pattern is observed for electricity
spot prices [71]. But this is where the similarity between capacity usage and electricity
ends. Indeed, while electricity spot prices tend to stay at around the same value over time,
telecom traffic on the other hand continues to increase randomly over time. Consequently,

we suggest the following process for capacity usage

dQ = a(n—Q)dt+ (J—1)QdY
(2.4)

dn = nudt+nodZ,
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where,
Q is traffic (unit of traffic), 7 is the mean (unit of traffic),
p is the growth rate (per year), o is the volatility (year—'/2),
dZ is an increment of a Gauss-Wiener process, dY is a Poisson process,

0 with probability 1 — A\dt,
dy = A is the Poisson arrival intensity (per year),
1 with probability Adt,

« is the reversion speed (per year), and J — 1 produces a jump from @ to QJ

Intuitively, (2.4) implies that traffic is increasing randomly following a geometric Brow-
nian motion stochastic process, and from time to time there are sudden temporary jumps

(e.g. snow storms, power failures, earthquakes), followed by a return to the geometric

Brownian motion trend.

45510 510
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to random events o jumps in traffic due

to random events
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FIGURE 2.6: Illustrative sample paths followed by capacity usage over time.

A few illustrative sample paths for capacity usage are simulated using equation (2.4).
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Figure 2.6 presents the results for two different scenarios. In one case the jump sizes are on
average negative (see Figure 2.6(a)), while in the other case the jump sizes are on average
positive (see Figure 2.6(b)). The jump size distribution is assumed to follow a lognormal
distribution as in [66]. We observe that in the case of negative jumps (see Figure 2.6 (A)),

capacity usage appears to be similar to the wireless time series presented in Figure 2.6 (B).

2.3 Investment Valuation Model

Let V(n,Q,t) be the value of an investment dependent only on @, n and time ¢. Using the
extended version of It6’s lemma for the jump diffusion process (2.4) [89, 35, 5], the process

followed by V(n,Q,t) is given by
dV = (GV + R)dt + 0dZ + wVdY, (2.5)
where R represents the revenue in dollars per year,
GV = Vi +aly = QVo + 1y + 3P0 Vo, (26)

and

0 =onV,, WwV=V(naQJt)—V(naQ,t). (2.7)

Let us pick two investments V; and V5 expiring at some future time (> t). From equation

(2.5) we have

dVi = (GV4 + Ry)dt + 0,dZ + wV;dY,

dVy = (GVa + Ry)dt + 02dZ + wVadY.
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Both V1 and V5 have the same factors of uncertainty dZ and dY . Let x1 be the fraction of
the amount invested in V; and x5 be the fraction of the amount invested in V5 such that

x1 + w9 = 1. The return dII on the portfolio I is given by

dll = x1dVy + x2dVs

= (r1GV1 + z1 Ry 4+ 22GVa + 2 Ro) dt

+ (x191 + 332(92) dZ + (:Elw‘/l + $2(4)V2) dY (28)
Choosing x1 = 62 and xy = —0, we have 2161 + x262 = 0, then equation (2.8) becomes
dll = (l’lgvl 4+ x1 Ry + 220G Vo + Z‘QRQ) dt + (.’Elwvl + .%'QwVQ) dy. (2.9)

In (2.9), one of the uncertain factors dZ has been eliminated, however the other uncertain
factor dY remains. In [66], the argument is made that if A # 0 then it is not possible to
build a riskless portfolio II. If we are willing to assume that jumps in capacity usage can
be diversifiable (i.e. not correlated with the market portfolio) then equation (2.9) can be

written as

E[dH] = (£1GV1 + 21 Ry + x2G V5 + xoRo) dt + (:BlE[le] + 332E[wv2]) Adt. (2.10)

Here, E[-] is the expectation operator, defined by

and g(J) is the probability density function of the jump size. Since jump risk is diversifiable,

the expected return of the portfolio IT given by (2.10) must be equal to the risk free rate since
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all the uncertain non-diversifiable factors have been removed. Equation (2.10) becomes

T’(@QVl — 91‘@)dt = [CC1QV1 +x1 Ry + 129G Vo + 2o Ry + (xlE[wvl] + CCQE[WVQ]) )\] dt. (2.11)

It follows that

GVi+ Ry + AE[wVi] —rVi GVa+ Ry + AE[wVa] — 13

= 2.12
o, % (2.12)

Define ¢ as the value of each side of equation (2.12), i.e.
GVi+ Ry + AE[wVi] — Vi GVa+ Ry + AE[wVa] — rV3 _¢ (2.13)

(91 92

In real options theory ( is often referred to as the market price of risk. It is a measure
of the extra reward expected for taking on risk scaled by a measure of risk. Dropping the

subscripts in equation (2.13), then if V' is an investment dependent on @, n and ¢, such that
dV = (GV + R)dt + 0VdZ + wVdY,

then

GV —rV+ R+ AEWV] =6C. (2.14)

Substituting G from equation (2.6), § and w from equation (2.7) into equation (2.14), we
find

Wra(n—Q)VQJr%nQanrm+77(M—C0)V77—7“V+R+)\E[V(777 QJ,t)—V(n,Q,t)] =0. (2.15)
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Equation (2.15) can then be rewritten as

Vital— Qg+ R+ A [ V0nQLOg()T
+ %772021/,7,7 +n(p — o)V, — (r+A)V =0. (2.16)

For clarity of presentation, let us redefine GV = 10?0V, +n(u—(o)V,—(r+A)V. Equation

(2.16) becomes

Vi~ a(y—Q)Vg = R+)\/OOO Vn,QJ.4)g(J)dJ + GV. (2.17)
Let 7 =T —t (i.e. T represents the time going backward) equation (2.17) is written as

Vi +a(Q—nVo = R+ A /OOO V0, QJ, 7)g(J)dJ + GV, (2.18)

Equation (2.18) is a parabolic partial integro-differential equation (PIDE).

Remark 2.1 (Market price of risk versus discount rate). As discussed in [85], the
discount rate used should reflect the riskiness of the investment. However, the riskiness
of the investment depends on future decisions, and hence cannot be constant. Trigeorgis
[85] argues that the market price of risk approach is the correct method to apply when the
riskiness of the investment changes overtimes compared to the expected discounted cash flow

method [35].

2.4 Modelling and Numerical Issues

The goal of this thesis is to use equation (2.18) to solve the problem of optimal network
investment. However, several issues remain to be addressed. From a modelling point of view,

algorithms must be developed to solve the optimal network investment problem taking into
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account real world constraints such as maintenance costs, upgrade costs or equipment lead
time.

From a numerical point of view, equation (2.18) presents several challenges. First,
equation (2.18) is a two dimensional partial integro-differential equation (PIDE) with no
diffusion in the capacity usage (@) direction. Second, equation (2.18) contains an integral
term that must be handled efficiently.

In the following chapters, numerical algorithms for handling the integral term and the
convection dominance problems will be presented. We develop methods for discretizing the
PIDE (2.18) containing the jump integral term in a fully implicit fashion. This requires
careful design of efficient methods for computing the jump integral term. A semi-Lagrangian
method is used to alleviate the problem of convection dominance (no diffusion) in the
capacity usage direction. Finally, we put together all these techniques to solve equation

(2.18) in the context of optimal telecommunications investment.

2.5 Summary

In this chapter, we have shown that the main underlying risk factor when investing in
telecommunication is capacity usage. Capacity usage is very volatile while the spot price
paid by customers per unit of traffic has very low volatility. Based on these observations
and some empirical studies, a two factor stochastic process was presented to model capacity
usage. Using a real options approach a partial integro-differential equation was then derived

for the investment value.



Chapter 3

Jump Diffusion: Algorithms

The two dimensional partial integro-differential equation (PIDE) that was previously de-
rived in Chapter 2 presents several numerical challenges. In particular, the jump integral
term must be solved accurately and quickly. In this chapter, a method to solve the jump in-
tegral term in an implicit fashion is proposed. To validate our approach, a one dimensional

PIDE taken from the financial derivative pricing literature is considered.

3.1 Introduction

Before proceeding any further, let us introduce the notion of financial derivatives. Finan-
cial derivatives are contracts whose payoff depends on the outcome of future events. For
example, the holder of a call option has the right but not the obligation to buy a financial
asset at a fixed price at some future time. Similarly, a put option confers the right to sell
a financial asset for a fixed price at some future time. Suppose that a financial asset X is
currently worth $100. An investor who owns this financial asset may purchase a put option
to sell the asset at $100 at some future time to protect his investment from a possible de-

cline in price. However, what is the fair market value of such an option? By fair value, we

25
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mean the value of the contract such that it cannot be bought from one party and sold to
another guaranteeing a risk free profit. This valuation approach is often referred to as the
no-arbitrage approach [52, 89].

Based on a no-arbitrage approach, Black and Scholes derived a linear parabolic partial
differential equation (PDE) for the fair price of an option on a stock [17, 65]. However, there
is increasing empirical evidence that the assumption that stocks follow a geometric Brownian
motion stochastic processed is flawed [42]. To alleviate this problem numerous avenues
of research have been explored which either extend the Black-Scholes model or explore
completely new approaches. Among these extensive works, the jump diffusion model [66]
and the stochastic volatility model (which could include jumps as well) [13, 83, 10] appear
to be the most popular among practitioners.

Unfortunately, most of the existing methods for pricing options under jump processes
are confined to vanilla European options [52]. There has been very little work of practical
significance on numerical methods for pricing exotic or path-dependent options (e.g. dis-
cretely observed barrier, lookback, and Asian options) [89]. The method suggested by [4]
is an explicit type approach based on multinomial trees. As is well-known, such methods
have timestep limitations due to stability considerations, and are generally only first or-
der correct. Zhang [92] develops a method which treats the jump integral term in explicit
fashion, and the remaining terms in the PIDE implicitly. Unfortunately, rather restrictive
stability conditions are required. Meyer [67] uses the method of lines to value American
options where the underlying asset can jump to a finite number of states. More recently, a
method based on use of a wavelet transform has been suggested by [63]. The basic idea is
to use a wavelet transform to approximate the dense matrix discrete integral operator by
dropping small terms. Andersen and Andreasen [5] use an operator splitting type approach
combined with a fast Fourier transform (FFT) evaluation of a convolution integral to price

European options with jump diffusion, where the diffusion terms involve non-constant local
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volatilities. This paper [5] demonstrates that a jump diffusion model combined with a local
volatility surface calibrated to real data, results in stable fitted parameters. However, it is
unclear how an operator splitting approach can implicitly handle American options.
Consequently, the objective of this chapter is to present a robust and efficient numerical
method for solving the jump integral term which arises from the jump diffusion model PIDE.
We limit ourselves to pricing options under the jump diffusion model, but this framework is
also applicable to credit risk models or more complex valuation models such as stochastic

volatility with jumps.

3.2 The Basic Model

Let S represent the underlying stock price. Movements in this variable over time are

assumed to be described by a jump diffusion process of the form
dsS
< = pdt + odZ 4 (J —1)dY, (3.1)

where p is the drift rate, o is the volatility associated with the continuous (Brownian)
component of the process, dZ is the increment of a Gauss-Wiener process, dY is a Poisson
process which is assumed to be independent of the Brownian part (note that dY = 0
with probability 1 — Adt and dY = 1 with probability Adt, where A is the Poisson arrival
intensity), and J — 1 is an impulse function producing a jump from S to SJ.

Under equation (3.1), the stock price S has two sources of uncertainty. The term ocdZ
corresponds to normal levels of uncertainty while the term dY describes exceptional events.
If the Poisson event does not occur (dY = 0), then equation (3.1) is equivalent to the usual

stochastic process of geometric Brownian motion assumed in the Black-Scholes model [17].
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If, on the other hand, the Poisson event occurs, then equation (3.1) can be written as

ds
T, (3.2)

where J — 1 is an impulse function producing a jump from S to SJ. Consequently, the
resulting sample path for the stock S will be continuous most of the time with finite negative
or positive jumps with various amplitudes occurring at discrete points in time.
Let V(S,t) be the value of a contingent claim that depends on the underlying stock price
S and time t. As is well-known, the following backward PIDE may be solved to determine
V.
1 o0
V., = 502521/53 + (r—X&)SVg —rV + <>\/ V(SJ)g(J)dJ — )\V) , (3.3)
0

where 7 =T — ¢ is the time until expiry at date T, r is the continuously compounded risk
free interest rate, kK = E[J — 1] denotes the expected relative jump size, and g(J) is the
probability density function of the jump amplitude J with the obvious properties that VJ,
g(J) > 0 and [;* g(J)dJ = 1. For brevity, the details of the derivation of equation (3.3)
have been omitted (see [66, 89, 5]) details can be found in Appendix A. An important
special case is where the jump size probability distribution is lognormal [66, 84]. In that

case, the probability density function is given by

_ (log(J)—v)?
o)) = il Gl o), (3.4)
V2myJ 7

where v is the mean and 72 is the variance of the jump size probability distribution. For

future convenience, note that equation (3.3) can be rewritten in a slightly different form as

1 o0
V, = 5025%/55 +(r—A&)SVs — (r+ AV + A/ V(S J)g(J)dJ. (3.5)
0
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Note that, as discussed in [5], if the parameters A, v are obtained by calibration to market

data they should be regarded as risk adjusted (i.e. Q measure not P measure).

3.2.1 Boundary Conditions

As S — 0, equation (3.5) reduces to

V,=—rV. (3.6)

As S — 00, we make the common assumption that

Ves~0 ; S—o00 (3.7)

which means that

V~A(T)S+ B(r) ; S— . (3.8)

Assuming equation (3.8) holds, then equation (3.5) reduces to

1
V, = 502521/35 +7SVsg -7V ; S — . (3.9)

Consequently, at both S = 0,5 — oo, the PIDE (3.5) reduces to the Black-Scholes PDE,
and the usual boundary conditions can be imposed. Note that in equation (3.9) Vi, is

retained in the PDE for numerical stability purposes.

3.3 Implicit Discretization Methods

This section explores discretization methods for the PIDE, where the terms not involving

the jump integral are handled implicitly. A straightforward approach to the numerical
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solution of equation (3.5) would be to use standard numerical discretization methods for
the non-integral terms [84], in combination with numerical integration methods such as
Simpson’s rule or Gaussian quadrature. However, such an approach is computationally
expensive, as noted by [84]. It is more efficient to transform the integral in equation (3.5)
into a correlation integral. This allows efficient FFT methods to be used to evaluate the
integral for all values of S.
Let
00
7(S,7) = /0 V(S 7)g(])d. (3.10)

Using the change of variable

exp(y)
S

exp(y)

y =log(SJ), J = ,and dJ = dy, (3.11)

and substituting (3.11) into (3.10), we obtain

Z(S,7)= /00 V (exp(y),7) g (exp(y)) exp(y) dy. (3.12)

—0o0

Letting f(u) = g(u)u, equation (3.12) becomes

(S, 7) = /_ Z V (exp(y), 7) f <ex1;(y)) dy. (3.13)

Let x = log(S), V(z,7) = V (exp(x),7) = V(S,7) and f(logy) = f(y). To avoid notational

clutter, the dependence of V on 7 is suppressed from now on. Substituting into equation
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(3.13), we have

= /WV@+yV@WM- (3.14)

Note that f(z) is the probability density of a jump of size x = logJ. Equation (3.14)
corresponds to the correlation product ® of V(y) and f(y) [77). As a result, a discrete
form of equation (3.14) can be computed efficiently using a fast Fourier transform (FFT).
Equation (3.14) can be written as

I=V®f. (3.15)

If f is an even function (f(x) = f(—x)), then (3.15) corresponds to the convolution product
[77].

As a specific example, consider the probability density function suggested by [66, 84]:

exp ()

V2myJ

9(J]) = (3.16)

It follows that if f(J) = g(J)J, then

f(z) = g(exp(z))exp(z) (3.17)

B exp (—(x;;)Q)
= mexp(x) (3.18)

_ ) (%) . (3.19)

V21

Let E[-] be the expectation operator. Then, E[J] = exp(v + 72/2), which means that
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k= E[J —1] = exp(v +~2/2) — 1.
We can write the correlation integral (3.14) in discrete form as

j=N/2

L= Y, VigliAy+0((Ay)?), (3.20)
j=—N/2+1

where I; = I(iAx), V; = V(jAx),

. 1 zj+Ax/2
fi= A:c/ As/2 f(z)dz, (3.21)

and z; = jAz. Note that we have assumed that Ay = Az, and that in (3.20) N is selected
sufficiently large so that the solution in areas of interest is unaffected by the application
of an asymptotic boundary condition for large values of S. In particular, we assume that
VN/2+j, j > 0 can be approximated by an asymptotic boundary condition. In practice,
since fj decays rapidly for [j| > 0, this should not cause any difficulty. Also note that
V_ N/2+j:J < 0, can be interpolated from known values Vj since these points represent

values near S = 0. An important property to note is that

f; =0, Vj
j=N/2
> FiAy<i (3.22)
j=—N/2+1

This follows because f(y) is a probability density function and ?j is defined by equation
(3.21).

The discrete form of the correlation integral (3.20) uses an equally spaced grid in log S
coordinates. While this is convenient for a FFT evaluation of the correlation integral, it is
not particularly suitable for discretizing the PDE (details of the FFT evaluation of equation

(3.20) will be given in section 3.7). We use an unequally spaced grid in S coordinates for
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the PDE discretization [Sy, ..., Sp]. Let

VR = V(Si, 7). (3.23)

(2

Now, V; will not necessarily coincide with any of the discrete values Vj in equation (3.23).
Consequently, we linearly interpolate (using Lagrange basis functions defined on the S grid)

to determine the appropriate values, i.e. if
ST(J-) < eIne < ST(j)+17 (3.24)

then

Vi =vr)Vrg + (1= vr@) Vegr + 0 (ASrgy41/2)?) (3.25)

where 1y ;) is an interpolation weight, and AS; 1/, = Sit+1 — S;. We are now faced with
the problem that the integral I; is evaluated at a point S = e* which does not coincide
with a grid point S;. We simply linearly interpolate the Z; to get the desired value. If

eruk) < §p < e*um+1, then

Z(Sk) = b In + (1 = éne) I+ + O (€710 — ent+1)?) (3.26)

where ¢ry() is an interpolation weight. Note that

0< e <1. (3.27)
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Combining equations (3.20), (3.25), and (3.26) gives

j=N/2

Z(S) = >, x(Vik,j)f;Ay, (3.28)
j=—N/2+1

where V = [Vj, V1, ..., V,] and

X(V k. 53) = by [Yra ) Veaw)+i) + = dram i) Veae) +i)+1)
+ (1= dnry) [Vrae)+149) Veamy+145) + = Yraue)r14) Vo) +1-45)+1) -

(3.29)

For future reference, note that x(V,k,7) is linear in V, and that if « = [1,1,...,1]’, then it

follows from properties (3.27) that
x(t,k,j) =1 Vk,j. (3.30)

We can now consider the complete discretization of equation (3.5). The integral term is
approximated using equation (3.28). We use a fully implicit method for the usual PDE, and
then use a weighted timestepping method for the jump integral term. Letting V" denote

the solution at node ¢ and time level n, the discrete equations can be written as

VP L4 (o + B + 7+ N AT] — ATV — At V!

i+1
j=N/2 j=N/2
=V +(L=0)AT Y x(VL i) fAy+0ATx > x (V6 5) f;Ay.
j=—N/2+1 j=—N/2+1

(3.31)

Note that 8; = 0 corresponds to an implicit handling of the jump integral, whereas 6; = 1

indicates an explicit treatment of this term.
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Discretizing the first derivative term of equation (3.5) with central differences leads to

N B 0?5’? B (r — Ak)S;
i,central — (Sz — Si—l)(SH-l _ Si—l) Si-i-l — Si—l
0} L = A)Ss (3.32)

ﬁi,centml = (Si+1 - Sz)(Sz-I—l _ Si—l) Si+1 - S .

If o central OF Bi centrar is negative, oscillations may appear in the numerical solution.
These can be avoided by using forward or backward differences at the problem nodes,

leading to (forward difference)

o _ 0?57
Blorwerd G S 1) (Sis1 — Sic1)
0252 (r—Ak)S;
i,forward — o + ’ 3.33
Biforward (Sit1 — Si)(Six1 — Si—1)  Sit1—S; (8:33)
or (backward difference)
025? (r—Ak)S;
Q5 backward = -
backward G S 1) (Si1 — Sic1) 85— Sia
262
%i5i (3.34)

5i,backward = (Six+1 — Si)(Si+1 — Si—1) '

Algorithmically, we decide between a central, forward discretization at each node for equa-
tion according to Algorithm 3.1.

Note that the test condition in Algorithm 3.1 guarantees that «; and (§; are non-negative.
For typical parameter values and grid spacing, forward or backward differencing is rarely
required for single factor options. In practice, since this occurs at only a small number of
nodes remote from the region of interest, the limited use of a low order scheme does not
result in poor convergence as the mesh is refined. As we shall see, requiring that all a; and
B; are non-negative has important theoretical ramifications.

As S — 0, equation (3.3) reduces to V. = —rV, which is simply incorporated into the
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Algorithm 3.1 For each node %, central, forward or backward discretization is selected
such that o; and (3; are positive
if A central >0 and 5i,centml > 0 then
O = O central
/6i = Bi,centml
else if 3; forward > 0 then
O = O forward
ﬁi = /Bi,forward
else

Q= O backward
672 = ﬂi,backward
end if

discrete equations (3.31) by setting «; = 5; = 0 at S; = 0. In practice we truncate the S
grid at some large value S, = Smax, where we impose Dirichlet conditions at p = imax.
These Dirichlet conditions can be determined by substituting equation (3.8) into equation
(3.9), and using the option payoff as an initial condition. This is done by replacing equation
(3.31) at S = Smax = Sp with the specification that V]'D”Jrl is equal to the relevant Dirichlet
condition.

We now proceed to consider the stability of the discretization (3.31). In particular, the

following result is obtained:

Theorem 3.1 (Stability of scheme (3.31)). The discretization method (3.31) is uncon-

ditionally stable for any choice of 05,0 < 05 < 1, provided that

Qg ﬁl > 07'

the discrete probability density ?j has the properties (3.22);

the interpolation weights satisfy (3.27);

o, A>0;

a Dirichlet boundary condition is imposed at S = Spax.-
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Proof. Let V™ = [Vi*, V",..., V']’ be the discrete solution vector to equation (3.31). Sup-

pose the initial solution vector is perturbed, i.e.
Vo=V 4 E (3.35)

where E" = [Ef, ..., E}]" is the perturbation vector. Note that E}' = 0 since Dirichlet
boundary conditions are imposed at this node. Then we obtain the following equation for

the propagation of the perturbation (noting that x is a linear operator)

EMYL+ (05 + B + 7+ NAT] — ArBEM — At B

j=N/2 j=N/2
:Ezn_’_(l_eJ)AT)‘ Z X(En+lvzaj)f]Ay+9JAT>\ Z X(En,l,j)f]Ay,
j=—N/2+1 j=—N/2+41

i=0,...,p—1. (3.36)

Defining
IS = max |E4[", (3.37)
(2

it follows from properties (3.22), (3.27), and (3.30) and «;, 3; > 0 that

IEP L+ (05 + Bi + 174+ NAT] S |E|% + (1 — 0)ATA|E|Z + 0,A7M E||%,
+ ATB| B + Aoy | EFY, (3.38)

i=0,...,p— 1. (3.39)
This implies

|EM 1+ (i + Bi + 7+ NAT] < (AT6; + ATay) | B||H!

+El% + (1= 0)ATA| Bl + 05AT|E|%.  (3.40)
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Now, equation (3.40) is valid for all ¢ < p. In particular, it is true for node m, where
max [E]1| = B, (3.41)
(2

Writing equation (3.40) for ¢ = m gives

I 1+ (r + 0,0 AT] = || B2, (1 + 6,A7N), (3.42)
and thus
1+ 0;ATN)
E n+1 < |E n (
I < VB s )
< ||F|5%. O (3.43)

Remark 3.1 (Unconditional stability with explicit evaluation of the integral).
When discretizing the correlation integral term explicitly (65 = 1) the scheme presented
in equation (3.31) remains unconditionally stable. Note that in [92] a conditionally stable
method was developed. The conditional stability was a result of a slightly different timestep-

ping approach compared to that in equation (3.31).

3.4 Crank-Nicolson Discretization

The discretization method used in the previous section is only first order correct in the time

direction. In order to improve the timestepping error, we can use a Crank-Nicolson method.
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Such an approach results in the following set of discrete equations

AT

= n+l AT
2

A
vt [1 + (i + B+ 7+ A) } - 77@"/2“ 7042“/531

A A A
:X/i”{l—(ozi—i-&%—r—k)\) T}-f—;ﬂi " i

it1 Tt Taivﬁl

2
j=Nj2
+ (1 - HJ))‘AT Z X(Vn+17 Za])?jAy
j=—N/2+1
j=N/2
+OAAT > x(V™i ) fAy. (3.44)
j=—N/2+1

A full Crank-Nicolson method is obtained by setting 6; = 1/2 in equation (3.44). If we

define the matrix M such that

j=N/2

n n Ar AT AT AT -
—[MV"; =V, (ai+5i+7“+/\)7—7ﬁi i+1_7aiVifl_7/\ Z x(V"™,4,5) f Ay,
j=—N/2+1
(3.45)
then we can write equation (3.44) as
[I— MV = [+ M]V™ (3.46)

Alternatively, we can define D = [I — M|~ " [I + M], so that equation (3.46) can be written
as

V" = (D)"V°. (3.47)

Note that the notation (D)™ refers to D raised to the power of n. Consequently, an initial
perturbation vector E° will generate a perturbation at the nth step, E", given by E" =
(D)"E.

The stability of the operator D is defined in terms of the power boundedness of D. If

n is the number of timesteps and p is the number of grid nodes, then given some matrix
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norm || - ||, we say that D is strictly stable if
1(D)"loo <1 Vn,p. (3.48)
Following [48], strong stability is defined as
[(D)"le <C Vn,p, (3.49)
and algebraic stability is defined as
(D)oo < Cn®p? Vn,p. (3.50)

where C, s,q > 0 are constants independent of n and p.

Algebraic stability is obviously a weaker condition than either strict or strong stability.
Note that the Lax Equivalence Theorem states that strong stability is a necessary and
sufficient condition for convergence for all initial data. Weaker algebraic stability yields
convergence only for certain initial data. For a more detailed discussion of this, see [48].

If u; are the eigenvalues of D, then a necessary condition for strong stability is that
|pi| < 1, and that any |u;| = 1 has multiplicity one. From equation (3.45) and properties

(3.22), we have that

e The off-diagonals of M are all non-negative.

e The diagonals of M (excluding the last row) are strictly negative.

e Assuming that r > 0, Z?igMij <0fori=0,...,p—1.

e The last row of M is identically zero due to the Dirichlet boundary condition.

It then follows that all the Gerschgorin disks of M are strictly contained in the left half of

the complex plane, with one eigenvalue identically zero. Hence all the eigenvalues of D are
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strictly less than one in magnitude, with one eigenvalue having modulus one. As a result,
D satisfies the necessary conditions for strict stability.

However, since D is non-symmetric, this is not sufficient for power boundedness of D
[18]. As discussed in [56] and [58], we can guarantee algebraic stability by examining the -y
numerical range of the matrix M. In the case v = 1, the numerical range of M coincides
with the convex hull of the Gerschgorin disks of M when the maximum norm is used in

equation (3.50). These results can be summarized in the following theorem:

Theorem 3.2 (Algebraic Stability of Crank-Nicolson Timestepping). If the dis-
cretization satisfies the conditions of Theorem 8.1, then the Crank-Nicolson discretization

(3.44) is algebraically stable in the sense that
I(D)"[los < Cn'/? Vn,p,

where C' is independent of n, p.

Proof. Since all the Gerschgorin disks of M are in the left half of the complex plane, this

follows from the results in [58]. O

In fact, we believe that the algebraic stability estimate is overly pessimistic. For the case
of constant coefficients with a log-spaced grid, in Appendix C we show using Von Neumann
analysis that Crank-Nicolson timestepping with the correlation product is unconditionally
strictly stable. However, it is interesting to note that if we use Crank-Nicolson weighting
for the PDE terms and an explicit method for the jump diffusion term (f; = 1 in equation
(3.44)), then a Von Neumann analysis shows that this method is only conditionally stable

(AMAT must be sufficiently small).
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3.5 Fixed Point Iteration Method

When using an implicit discretization, it is computationally inefficient to solve the full
linear system because the correlation product term makes the system dense. Consequently,
in this section we explore the use of a fixed point iteration scheme to solve the linear system
which results from an implicit discretization of the correlation product term. This idea was
suggested in [84], but no convergence analysis was given.

Define the matrix L such that
—[LV"]; = V" (i + Bi + 1+ NAT — ATV — AT V]!, (3.51)

and the matrix B such that

j=N/2
i j=—N/2+1

Note that [B - V"] is a linear function of V™. Thus we can write a fully implicit (§ = 0) or

Crank Nicolson (6 = 1/2) discretization as
[[— (1 =0 L)V = [T+ 0L]V" + (1 — O)ANATBV™ L ON\ATBV™. (3.53)
Note that the entries of the matrix B have the property

0<bj<land Y by <1, (3.54)
J

a fact that will be important in the convergence analysis later. Dirichlet boundary conditions
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are enforced at ¢ = p by setting

Lij = 05 i=p
bij =0 5 1= P
vt o= v (3.55)

In order to avoid algebraic complication, we assume that the Dirichlet condition at .S, is
independent of time. We can then derive the fixed point iteration method presented in
Algorithm 3.2. Note that in Algorithm 3.2, the matrix vector multiply BV* is computed

in N log(N) flops using a fast Fourier transforms (FFT).

Algorithm 3.2 Fixed point iteration scheme to evaluate the jump integral term implicitly.
Let (V)0 =yn
Let Vk —_ (Vn—i-l)k

for £k =0,1,2,... until convergence do
Solve
[I— (1 =)L VF = [[+60L] V" + (1 — O)AATBV* 4 OAATBV"
if max; %‘Zﬁﬂ\) < tolerance then
Quit
end if
end for

Letting ef = V"t — V¥ the convergence of the fixed point scheme (see Algorithm 3.2)

can be summarized in the following theorem:

Theorem 3.3 (Convergence of the fixed point iteration). Provided that
e «;,3; >0 (see Section 3.3);
e the discrete probability density ?j has the properties (3.22);
e the interpolation weights satisfy (3.27);

e 7r>0,A>0;
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e Dirichlet boundary conditions (3.55) are used

then the fized point iteration Algorithm 3.2 is globally convergent, and the mazximum error

at each iteration satisfies

(1 =0)\AT
1+ (1 —-6)(r+NAT

1" oo < lle"loo

Proof. Tt is easily seen from the iteration Algorithm 3.2 that e* satisfies

[I—(1—-6)L) e = (1 —0)N\ATBE. (3.56)

Following the same steps used to prove Theorem 3.1, we therefore obtain

(1 —0)AAT
1+ (1-0)(r+NAT

1" oo < Il oo

<[le*le. O (3.57)

Note that typically AAT < 1, so that

1€ oo 2 [l€¥ [0 (1 — O)AAT, (3.58)

which will result in rapid convergence. It is also interesting to observe that the number of

iterations required for convergence is independent of the number of nodes in the S grid.

3.6 American Options

In the following, we extend our numerical framework to handle American options. An
American option has the additional feature that it is permitted to be exercised at any time

during its lifetime. The valuation of American options is therefore more challenging since
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at each timestep, given S, the value of the option must be found and it must be determined
whether or not it is optimal to exercise. This problem is often referred to as the free
boundary problem [89].

Previous work on numerical methods for American options under jump diffusion used
an explicit timestepping method for the jump integral term, and a standard linear com-
plementarity solver to solve the algebraic linear complementarity problem at each timestep
[92]. This method is only first order correct in time, and conditionally stable. In contrast,
the method in [5] is second order correct in time for Bermudan (discretely early exercisable)
options.

We develop an implicit timestepping approach, which has the potential of second order
accuracy in the time direction. We use a penalty method [44, 93] to enforce the American
constraint. As discussed in [44], a penalty method can be easily extended to multifactor
models [93], and to nonlinear models such as uncertain volatility and transaction costs [73].
It is a common misconception that penalty methods result in poorly conditioned algebraic
problems. This is shown not to be the case in [44].

If we define

0252
2

£V =V, — (T Ves (= €SV — 0V 2 [ V(SD0aT) 359
0

and if V*(S,7) is the payoff, then the American option pricing problem can be stated as

LV >0
V-V*>0
(LV =0) vV (V =V*=0) (3.60)

where the notation (LV = 0)V (V — V* = 0) denotes that either (LV =0) or (V —V* =0)
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at each point in the solution domain. Equations (3.60) can be written more compactly as

[70]

min(LV;V -V*) = 0. (3.61)

Remark 3.2 (Viscosity solution). It is well known that there is in general no smooth
solution to equation (3.61). In what follows it will be understood that we are seeking viscosity
solutions to equation (3.61). We note that the degeneracy of LV as S — 0 causes no
particular difficulty in the case of viscosity solutions. A detailed discussion of the existence
and uniqueness of viscosity solutions to equation (3.61), can be found in [70, 8]. In addition,
sufficient conditions to ensure convergence of a discrete numerical scheme to the viscosity
solution, is given in [11]. Finally, an application of the results in [11] to the case of European
options with jump diffusion is given in [21]. Due to the non-local property of the integral
term, care must be taken when considering viscosity solutions. A localization procedure is

used in [24] in order to precisely characterize viscosity solutions for jump models.

3.6.1 The Penalty Method

The basic idea of the penalty method is simple. Equation (3.5) is replaced by the nonlinear

PIDE [41]
0252 00
V: = 5 Vss—F(’l"—)\K,)SVS—(’I“-F)\)V-F)\/ V(SJT)g(J)dJ + pmax(V*—V,0), (3.62)
0

where, in the limit as the positive penalty parameter p — oo, the solution satisfies V' > V*.

As shown in [44], in the case where A = 0 (no jumps) the penalty method can be used to
obtain an approximate solution to the discretized complementarity problem (3.60) at each
timestep. For details regarding the penalty method, we refer the reader to [44].

Let V* be the vector of payoffs obtained upon exercise, and let the diagonal matrix P
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be given by

Large if V" <V
PV, = (3.63)
0 otherwise.

Then the matrix form of the discrete equations for the penalized method is given by

[I—(1—0)L+ PVt =

[+ 0LV 4+ (1 — 0,)AATBV™ L + 0, ATBV" + [P(VTH] V*. (3.64)

Dirichlet boundary conditions are enforced at ¢ = p by setting

Lij = 05 i=p

Pj =03 i=p

bij = 0; i=p
AR A (3.65)

In order to avoid algebraic complication, we assume that the Dirichlet condition at .S, is

independent of time.

Remark 3.3 (Stability of a fully implicit discretization). It is straightforward to
show, via a mazimum analysis, that setting 6 = 0 in equation (3.64) results in an uncondi-

tionally stable method for any 057, 0 <07 < 1.

3.6.2 The Matrix Iteration

In order to solve equation (3.64), Algorithm 3.2 is augmented as to include the penalty
vector P (assuming 0 = 6;).

The matrix vector multiplies in Algorithm 3.3 (BV*) can be computed in O(N log N)
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Algorithm 3.3 Fixed point iteration scheme to solve the free boundary problem under the
diffusion process.
Let (Vn+1)0 =yn
Let Vk: — (Vn—I—l)k
Let Pk = P((VT1)F)
for £ =0,1,2,... until convergence do
Solve

[I —(1—9)L+ Pk} VEHL = [T+ 0L] V" + PEV* 4 (1 — 0)AATBVF 4 OAATBV™

. ey
if max; Wm < tolerance then
Quit
end if
end for

operations using an FFT (see Section 3.7). Consequently, the work for each iteration is

dominated by the forward and backward FFTs.

3.6.3 Convergence of the Iteration

In the following, we consider the problem of convergence of the iteration scheme (3.3). For
clarity, the proofs of the different lemmas and theorems can be found in Appendix D. Our

main result can be summarized in the following theorem

Theorem 3.4 (Convergence of iteration (3.3)). Let L, B and P* be given by (3.51),
(3.52) and (3.63), respectively. Assume that a; > 0,5; > 0 in equation (3.51), that B has
the properties (3.54) and that we use a Dirichlet boundary condition in (3.65). Then the
iteration Algorithm 8.3 is globally convergent to the unique solution of equation (3.64) for

any initial iterate Vo,

Proof. See Appendix D. O
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3.7 Details Regarding Evaluation of the Correlation Integral

To complete the discussion of our numerical algorithm, we need to consider issues such as
evaluating the jump integral term, interpolation, and wrap-around effects. Note that each
iteration of the Algorithm 3.2 requires evaluation of a correlation integral for all points on
the PDE grid.

Fast evaluation of this integral using FFT methods necessitates transformation to an
equally spaced grid in = = log(S) coordinates. If the original PDE grid is equally spaced
in log(.S), then there is clearly no difficulty. However, this type of grid spacing is highly
inefficient for cases involving discontinuous payoffs or barriers. We therefore prefer not to

restrict the type of grid used for the original PDE. Recall that the correlation integral is

1) = [ Ve + )T,

or, in discrete form
j=N/2

L= Y ViylAy+0((Ay)?),
j=—N/2+1

where Z; = Z(iAx), V; = V(jAz), and f; is defined by equation (3.21). We have also
assumed that Ay = Az, and that V(logS) = V(S).

Now, V; will not necessarily coincide with any of the discrete values Vj in equation
(3.31). Consequently, we will linearly interpolate to determine the appropriate values, as in
equation (3.25). Since equation (3.20) has the form of a discrete correlation, FFT methods

are an obvious choice to compute this efficiently. Assuming that f is real, then
FET(I)x = (FFT(V))k(FFT(f));, (3.66)

where (-)* denotes the complex conjugate. Since f(z) is the probability density of z = log J,



CHAPTER 3. JUMP DIFFUSION: ALGORITHMS 50

which is a specified function, we can simply precompute FEFT(f) on the required equally
spaced grid in z coordinates. We can then carry out an inverse FF'T to obtain the values of
the correlation integral on the equally spaced x = log S grid. A further interpolation step
is required to obtain the value of the correlation integral on the original S grid (equation
(3.26)).

We can summarize the steps needed to generate the required values Z(Sg), k =0,...,p

into Algorithm 3.4.

Algorithm 3.4 Summary of the steps needed to generate the required values I(Sy), k =
0,...,p using a fast Fourier transform.

1 Interpolate the discrete values of V' onto an equally spaced log(S) grid . This generates
the required values of V.

2 Carry out the FFT on this data.

3 Compute the correlation in the frequency domain (with

precomputed FFT (?)), using equation (3.66).

4 Invert the FFT of the correlation.

5 Interpolate the discrete values of Z(x;) onto the original S grid.

Note that as long as linear or higher order interpolation is used, this procedure is second
order correct, which is consistent with the discretization error in the PDE and the midpoint
rule used to evaluate the integral (3.20).

In principle, we can avoid the interpolation steps in the above procedure if we use special
techniques for computing the FFT for unequally spaced data. There are several methods
for computing the inverse FFT problem (i.e. given unequally spaced data, determine the
Fourier coefficients), as well as the forward FFT problem (given the Fourier coefficients,
determine the inverse transform values on an unequally spaced grid) [88, 37, 76]. However,
it should be noted that we are not particularly interested in obtaining highly accurate
estimates of the discrete Fourier coefficients, as we simply need to evaluate the correlation
integral correct to second order. A discussion of methods for applying FFT techniques to

unequally spaced data is given in Appendix F. An alternative approach, based on a Fast
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Gauss transform is discussed in Appendix E. For our purposes there is no particular benefit
in terms of accuracy in using these other methods. We will use the interpolation method
(3.4) followed by the standard FFT to calculate our illustrative results in Chapter 4.
Another issue requiring attention is that the FFT algorithm effectively assumes that the
input functions are periodic. This may cause wrap-around pollution unless special care is
taken when implementing the algorithm. The integral (3.13) is approximated on the finite

domain

1) = [ Vet p) T (3.67)

Ymin

The PDE part of the PIDE (3.5) is computed using the finite computational domain

[0, Sax], using the discrete grid Sy, Si, ..., Smax. Initially, we chose

Ymax = 10g<5max)

Ymin = log(Sl), (3.68)

assuming S > 0. Note that ymin = log(S1) since normally Sy = 0, so that log(Sp) = —oc.
Generally, f(y) (which represents the probability density of a jump of S — S.J where

y = logJ) is rapidly decaying for |y| > 0. However, V(y) does not decay to zero near

Y = Ymin, Ymax- Lypically, V(S) < Const. S as S — oo, and V(S) ~ Const. as S — 0, or in

y = log S coordinates,

V(y) < Const. ¢Y, y — o0 (3.69)

~ Const., y — —oo. (3.70)

This will cause undesirable wrap-around effects if we use an FFT approach to evaluate
the integral (3.67), since the discrete Fourier transform (DFT) is effectively applied to the

periodic extension of the input functions. To avoid these problems, we extend the domain
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of the integral to the left and right by a size which reflects the width of the probability
density. In other words, we use the values V(4),y € [ymin — AY ™, Ymax + Ay™T] as input to
the correlation evaluation (3.66).
In order to determine values in the extended region, we solve the following PDE-PIDE
in the region [0, SmaxeAer].
Ve = —rV
S=0
1 00
Ve = 5o7SVss +(r— AR)SVs — (r + AV + A /0 V(Smgm)dn  (3.71)
0< 8 < Sna
V, = 302521/55 +rSVs — 1V (3.72)

+
Smaz <8 < SmaxeAy

The validity of equation (3.72) can be justified by assuming that V(S) is a linear function
of S in the extended domain. This is a common assumption in financial application. The
extended region [Spaz, SmaxeAw] can be regarded as a buffer zone which reduces the effect
of FFT wrap-around. Note that we have assumed that Sy, is sufficiently large so that it
is valid to assume that approximation (3.9) holds.

The values of V(u) for u € [Ymax, Ymax + Ay ] are estimated using simple linear interpo-
lation. The values in the left extension can be determined from interpolation on the original
S grid.

This extended domain is then used as input to the forward FFT, the correlation compu-
tation (in the spectral domain), and the inverse FFT. The values in the domain extensions
are affected by wrap-around and are discarded. This causes no difficulty in the right exten-
sion. In the left extension, we actually need an estimate of the value V(Sp = 0). This is

obtained from the solution of V; = —rV at S = 0. In Appendix B, we show how to estimate
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Ay, Ay~ so that the errors due to wrap-around are within a user specified tolerance.

An alternative approach for evaluating the correlation integral could involve a fast Gauss
transform (FGT) [50]. This method has complexity of O(N) and does not require an equally
spaced grid. The use of this method has been explored in the general option pricing context
by [22]. In the particular case of jump diffusion, this approach would work for the case
where the jump size is lognormally distributed. It is not clear if it could be applied for
other jump distributions. We have carried out some numerical experiments using public
domain FGT software, and it appears that the FFT approach used here is superior to the
use of FGT, at least for grid sizes of practical interest (details are presented in Appendix E).
Note that all of the theoretical results given previously would be unchanged if the FGT were
used instead of the FFT.

3.8 Remarks about the Viscosity Solution

Viscosity solution theory [11] allows us to show uniform convergence to the solution without
requiring a priori smoothness of the solution (e.g. digital payoffs [75]) or non-degeneracy of
coefficients. In particular, conditions for numerical schemes which guarantee convergence to
the viscosity solution were developed by [11]. For a full description of the terminology and
technical details, readers are referred to [11] and the references therein. The main result of

[11] is presented in Theorem 3.5.

Theorem 3.5 ([11], page 12). Given a PDE which satisfies the strong comparison prin-
ciple, then a discretization scheme which is consistent, stable and monotone converges to

the viscosity solution.

Remark 3.4. Although convergence is guaranteed, the results of Barles [11] says nothing
about the rate of convergence. Barles [11] result was extended to the case of non-linear

PIDEs in [21, 24].
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Normally any reasonable discretization scheme is consistent, although there are some
technical problems in proving consistency on finite computational domains for PIDE’s, due
to the nonlocal nature of the jump integral term. See [21, 24] for details of proofs of con-
sistency for trapezoidal rule evaluation of the jump integral term on a finite computational
domain.

The most interesting requirement for convergence of a discrete scheme to the viscosity
solution is monotonicity. A scheme which is monotone also satisfies a discrete comparison
principle which means that the discrete solution satisfies certain no-arbitrage inequalities
[24]. As a result, in the following the monotonicity of scheme (3.62) is investigated.

We begin by considering equation (3.62) discretized fully implicitly. For clarity of pre-

sentation, the fully implicit discretization (# = 0, (3.64)) is rewritten in matrix form as
[[ — ATL — AATB|V™ T =y 4 p(vnthy(vr — v, (3.73)
At each node (5;), equation (3.73) can be written as
gi(VI AV V) = V= [(I=ATL=AATB)V" i+ PV (VA =V = 0 (3.74)

where {Vj”H}i is to be interpreted as the set of values Vj"H,j #iand j=1,...,p.

Definition 3.1 (Monotone discretizations). A discretization of the form (3.73) is

monotone if

gi(VI AV 0TV 4 o) > g (VI AV V) Y g A
Vol >0, Vot >0, (3.75)
gi(Vi 4+ o T VI VM) < g (VT AV L V) VY £
1 1 7 4 1 J

Vot >0 (3.76)
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Remark 3.5. In the viscosity solution literature [11], only condition (3.75) is used to define
monotonicity. However, in the conservation law literature [59, 46] monotonicity is usually

defined including condition (3.76).

Lemma 3.1 (Monotonicity of the discretization (3.74)). The fully implicit discretiza-

tion (3.74) is unconditionally monotone.

Proof. From Lemma D.3, matrix [[ —A7L—AA7TB]is an M matrix. Asaresult —[(/—A7rL—
)\ATB)‘/J-”—H]i is a non-decreasing function of {V]"H}z The term P(V;"tH(V* — V") is
a non-increasing function of V"™, Similarly, —[(I — A7L — )\ATB)V]”H]Z- is a decreasing

function of V;-"H. Hence the discretization is monotone from Definition 3.1. OJ

Remark 3.6 (Extension to uncertain volatility /transaction costs). It is simple to
extend scheme (3.74) to the case of a nonlinear model with uncertain volatility or transaction
costs. Based on Remark 3.2 and the results in [73], it is then straightforward to show

convergence to the viscosity solution.

Crank-Nicolson is only conditionally monotone, hence only conditionally satisfies the
sufficient conditions in [11, 21]. However, if the Rannacher modification of Crank-Nicolson
is used, then, consistent with the results in [73], our experimental computations indicate
that fully implicit and Crank-Nicolson timestepping converge to the same solution. We con-
jecture that convergence to the viscosity solution can be obtained under somewhat weaker

conditions than strict monotonicity as suggested in [11].

3.9 Summary

The main results of this chapter are as follows:

e We proved that the jump diffusion term can be discretized explicitly, and, when

coupled with a fully implicit treatment of the usual PDE, the resulting timestepping
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method is unconditionally stable.

e We proved that a simple fixed point iteration scheme can be used to solve the dis-
cretized algebraic equations, and that this iteration is globally convergent. In fact,
for typical values of the timestep size and Poisson arrival intensity, the [, error is

reduced by two orders of magnitude at each iteration.

e We also developed a method for efficiently computing the jump integral term. We
made no assumptions about the form of the probability density for the jump term
except that the density had finite activity [66, 24]. This general approach required
the evaluation of correlation type integrals, as in [92]. We also showed how to eliminate
the wrap-around effects which often plague FFT methods. The correlation integral

term can be rapidly computed using FFT methods.

e In contrast with previous work, we did not assume that the grid was equally spaced in
either the underlying asset price or its logarithm. This was a major advantage for the
pricing of contracts with barrier provisions, which typically require fine grid spacing

near barriers in order to achieve sufficient accuracy.

e We developed an iterative method for solving the discrete penalized equations which
result from the discretization of the differential-integral complementarity problem for
pricing American options on assets which follow a jump diffusion process. We have
also derived sufficient conditions for the global convergence of this iteration scheme

(at each timestep).

e Unlike previous work, the method developed here uses implicit timestepping for both
the correlation integral term and the American constraint. As a result, we may obtain
higher order convergence (in terms of timestepping error) compared with previous

methods which treat the correlation integral or the American constraint explicitly.
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A major advantage of the method developed here is that it is straightforward to add
a jump process to existing option pricing software. In particular, existing software, which
uses an implicit approach for valuing American options, can be simply modified to price
American options with jump diffusion. Non-linear pricing models (transaction costs, un-
certain volatility) can also be easily extended to model jumps, as well as path dependent

pricing problems (Asian, Parisian) [95].



Chapter 4

Jump Diffusion: Numerical Results

In Chapter 3, an implicit method was developed for the numerical solution of option pricing
models where the underlying process follows a jump diffusion process. Proofs of timestep-
ping stability and convergence of a fixed point iteration scheme were provided. In the

following, numerical tests of convergence for a variety of options are presented.

4.1 Results

This section presents numerical results for various options, including vanilla European and
American options, digital options, and options with barrier features. Unless stated oth-
erwise, we use the Crank-Nicolson discretization scheme (3.44). The discrete system of
equations is solved using the fixed point iteration Algorithm 3.2 with a convergence tol-

erance of tol = 1079,

For the American option tests, the penalty term is set to 1/tol
[44].
We begin by considering European options under the assumptions that the continuous

part of the underlying stock price process follows geometric Brownian motion and that the

proportional jump size is lognormally distributed, where the jump size distribution g(J) is

58
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given by

(_ (log<J>—u>2)
e 272
V2ryJ

This allows us to check the accuracy of our algorithm against the analytic solution of [66].

g9(J) = (4.1)

Table 4.1 contains the input parameters. These are roughly the same as those estimated

by [5] using European call options on the S&P 500 stock index in April of 1999.

Table 4.1 Input data used to value European options under the lognormal jump diffu-
sion process. These parameters are approximately the same as those reported in [5] using
European call options on the S&P 500 stock index in April of 1999.

o 015 r 005
v 045 v -0.90
A 010 T 0.25
K 100.00

We are particularly interested in the convergence properties of the algorithm as the grid
is refined. For each test, as we double the number of grid points we cut the timestep size
(A7 = .01 on the coarsest grid) in half. The convergence ratio presented in the tables below
is defined in the following way. Let

AT = max (7" — ™),
n

AS = maX(SiH — Sz)

Note that we are allowing here for the possibility of using variable timestep sizes (to be
explained below), although most of our tests will simply use a constant timestep size. If we
then carry out a convergence study letting h — 0 where AS = Const. h, AT = Const. h,

then we can assume that the error in the solution (at a given node) is Vapprox(h) = Vexact +
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Const. h¢, and the convergence ratio is defined as

VaPPTOX(h/2) — VaPPTOX(h) )
Vapprox(n/4) = Vapprox(h/2)

R= (4.2)

In the case of quadratic convergence ({ = 2), then R = 4, while for linear convergence

(E=1), R=2.

Table 4.2 Value of a European put option at S = 100 using Crank-Nicolson timestepping
for linear, quadratic and cubic interpolation. The interpolation schemes are used to transfer
data between the non-uniform S grid and the uniform log-spaced FFT grid. The input
parameters are provided in Table 4.1. The convergence ratio R is defined in equation (4.2).
The exact solution is 3.149026. The number of points used for the FFT grid is 2%, where «
is the smallest integer such that the number of nodes in the non-uniform S grid p < 2.

Size of No. of Linear Quadratic Cubic

S grid | Timesteps | Value R Value R Value R
128 25 3.146361 | n.a. | 3.145896 | n.a. | 3.146361 | n.a.
255 50 3.148354 | n.a. | 3.148249 | n.a. | 3.148354 | n.a.
509 100 3.148856 | 3.973 | 3.148831 | 4.039 | 3.148832 | 4.175
1017 200 3.148983 | 3.949 | 3.148977 | 3.990 | 3.148977 | 3.287
2033 400 3.149015 | 4.001 | 3.149014 | 4.007 | 3.149014 | 3.997
4065 800 3.149023 | 3.997 | 3.149023 | 4.002 | 3.149023 | 3.997

Recall that interpolation is required to transform data from the clustered PDE grid to
the equally spaced log S grid, and vice versa. In Table 4.2, we compare linear interpolation
(see equations (3.25)-(3.26)) with quadratic and cubic Lagrange interpolation for a vanilla
European put option with different number of points on the FFT grid.

In Table 4.2 we observe quadratic convergence to the exact solution for all three inter-
polation schemes. Note that our earlier theoretical analysis for stability and convergence of
the fixed point iteration was based on linear interpolation. This was required because linear

interpolation is the only Lagrange interpolation method which has non-negative weights.



CHAPTER 4. JUMP DIFFUSION: NUMERICAL RESULTS 61

Table 4.3 Value of a European call option using Crank-Nicolson timestepping. The input
parameters are provided in Table 4.1. The convergence ratio R is defined in equation (4.2).
The exact solution is 0.527638 at S = 90, 4.391246 at .S = 100, and 12.643406 at S = 110.
The number of points used for the FFT grid is 2%, where « is the smallest integer such that
the number of nodes in the non-uniform S grid p < 2%. Quadratic interpolation is used.

Size of No. of S =90 S =100 S =110

S grid | Timesteps | Value R Value R Value R
128 25 0.526562 | n.a. | 4.388091 | n.a. | 12.641501 | n.a.
255 50 0.527379 | n.a. | 4.390462 | n.a. | 12.642942 | n.a.
509 100 0.527574 | 4.186 | 4.391050 | 4.039 | 12.643290 | 4.125
1017 200 0.527622 | 4.042 | 4.391197 | 3.991 | 12.643377 | 4.008
2033 400 0.527634 | 4.046 | 4.391233 | 4.005 | 12.643399 | 4.059
4065 800 0.527637 | 4.023 | 4.391243 | 4.002 | 12.643404 | 4.049

Although it is not the case for these particular parameter values, our numerical experiments
indicate that quadratic interpolation is often more accurate than linear interpolation (al-
though the rate of convergence is theoretically the same for both methods). Consequently,
in all subsequent examples we will use quadratic interpolation. In Table 4.3 we show the
convergence rate for a call option using the data in Table 4.1. For each value of S in
Table 4.3, we observe second order convergence.

Next, we present the delta Vg and gamma Vgg of the solution of a European call option
in Figure 4.1. In both figures, we observe that the option values, delta and gamma are

smooth.

4.1.1 Non-Smooth Payoffs

We now consider the issues raised by the presence of a discontinuity in the payoff. Oscilla-
tions are more likely to be a problem in this context if we use Crank-Nicolson timestepping,
and, unless care is taken, rates of convergence can be reduced. A detailed discussion of
this can be found in [75] for the case without jumps. Following [78], it is possible to re-

store quadratic convergence if any discontinuities in the payoff (arising either due to the
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FIGURE 4.1: Call option values, delta (V) and gamma (Vsg) for Crank-Nicolson timestepping with
128 points with initial timestep 0.01. The input data is contained in Table 4.1.

payoff function itself in the case of a digital option, or from the application of a discretely
observed barrier) are ly projected onto the space of linear Lagrange basis functions, and a
fully implicit method is used for a small number of timesteps after any discontinuities arise.

We will refer to this technique as Rannacher timestepping. While this method does ensure

200
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FIGURE 4.2: The digital payoff figure 4.2(a) is lo projected onto the space of basis functions 4.2(b).
This approach combined with Rannacher timestepping restores quadratic convergence [75].

quadratic convergence, it does not guarantee the absence of oscillations. Typically, however,

the use of the fully implicit timesteps smooths out the function enough that oscillations are

not a problem.

Table 4.4 Value of a European digital put option using Rannacher timestepping and [y
projection. The input parameters are provided in Table 4.1. The convergence ratio R is
defined in equation (4.2). The exact solution is 0.854898 at S = 90, 0.387153 at S = 100,
and 0.077923 at S = 110. The number of points used for the FFT grid is 2%, where «
is the smallest integer such that the number of nodes in the non-uniform S grid p < 2%
Quadratic interpolation is used.

Size of No. of S =90 S =100 S =110

S grid | Timesteps Value R Value R Value R
128 25 0.855540 | n.a. | 0.387139 | n.a. | 0.077539 | n.a.
255 50 0.855058 | n.a. | 0.387151 | n.a. | 0.077830 | n.a.
509 100 0.854938 | 3.988 | 0.387152 | 7.157 | 0.077899 | 4.160
1017 200 0.854908 | 4.059 | 0.387153 | 2.219 | 0.077917 | 3.896
2033 400 0.854900 | 3.990 | 0.387153 | 3.590 | 0.077922 | 3.970
4065 800 0.854899 | 3.991 | 0.387153 | 4.124 | 0.077923 | 4.005

120
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We now investigate the application of Rannacher timestepping in the jump diffusion
context for a digital put option which pays $1 at maturity if the underlying stock price is
below the strike price, and zero otherwise. Table 4.4 presents a convergence study for the
digital put with jumps, using Rannacher timestepping (with two fully implicit steps) and
lo projection. As shown in this table, quadratic convergence is generally achieved, though
perhaps a bit more erratically than for the vanilla payoff as shown in Table 4.3. Figure 4.3
provides plots of the solution value for a digital put along with the hedging parameters
delta (V) and gamma (Vgg).

We continue our numerical tests by pricing a butterfly spread using call options (i.e.
purchasing a low strike call, selling two middle strike calls, and buying a high strike call).
This provides an interesting test because the payoff pattern has a sharp kink at the middle

strike.

Table 4.5 Value of a European butterfly call option option using Rannacher timestepping.
The input parameters are provided in Table 4.1, except that the options used have strike
prices of 90, 100, and 110. The convergence ratio R is defined in equation (4.2). The exact
solution is 2.280396 at S = 95, 2.397189 at S = 100, and 2.004577 at S = 110. The number
of points used for the FFT grid is 2% such that « is the smallest integer p < 2%, where p is
the number of nodes in the non-uniform S grid. Quadratic interpolation is used.

Size of No. of S =095 S =100 S =110

S grid | Timesteps | Value R Value R Value R
128 25 2.279206 | n.a. | 2.396078 | n.a. | 2.002380 | n.a.
255 50 2.280140 | n.a. | 2.396983 | n.a. | 2.004147 | n.a.
509 100 2.280352 | 4.396 | 2.397166 | 4.947 | 2.004494 | 5.093
1017 200 2.280385 | 6.565 | 2.397182 | 11.412 | 2.004557 | 5.510
2033 400 2.280394 | 3.509 | 2.397188 | 3.043 | 2.004573 | 3.939
4065 800 2.280396 | 4.437 | 2.397189 | 5.125 | 2.004576 | 4.228

Table 4.5 presents our convergence test results. Rannacher timestepping is used. We
observe quadratic convergence, though it is somewhat erratic. When comparing the numer-

ical and analytic solution, we note that our algorithm produces very accurate answers, even
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FIGURE 4.3: Digital put option value, delta and gamma for Rannacher timestepping. The input
parameters are provided in Table 4.1.

on the coarsest initial grid with 128 nodes and 25 timesteps. No oscillations are present in

the solution or its derivatives (see Figure 4.4).
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FIGURE 4.4: Butterfly call option values, delta and gamma for Crank-Nicolson timestepping with

128 points with initial timestep 0.01.
timesteps are used to smooth the initial data.

4.1.2 Probability Density function

The input data is contained in Table 4.1.

Two Rannacher

Our next numerical tests incorporate the use of an automatic timestep size selector as de-

scribed in [54]. It is not generally possible to achieve second order convergence for American
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options using constant timesteps [44]. An initial timestep is given and the next timestep is

computed according to

dnorm
n+2 __ .
AT = mim |V(S¢,T"+AT"+1)*V(Si»7n)\
max( D,|V(S¢,T”+AT"+1)|,\V(S¢,T")|)

AL (4.3)

where dnorm is a target relative change (during the timestep) specified by the user. The
scale D prevents the timestep selector from taking an excessive number of timesteps in
regions where the value is small. In general it is set to D = 1.0 for options valued in
dollars.

The first test to incorporate variable timesteps involves an alternative distribution for
the jump size. Kou [55] suggests the double exponential distribution for the log jump size,

observing that it has desirable analytical properties. In the model of [55],

f(x) = pm exp(—maz)H(x) + qna exp(nez)H(—2), (4.4)

where m; > 1,72 >0, p>0,g=1—p > 0, and H(-) is the Heaviside function. As noted

in [55], the condition n; > 1 is used to ensure that the proportional jump and stock price

have finite expectation. In this model, k= E[J — 1] = Py + IR — 1.

To provide a basis for comparison with the lognormal distribution, we attempted to find
parameters for the double exponential distribution which match those used for the lognormal
distribution given in Table 4.1. This did not work well for those parameters, as the mean
is too far below zero, resulting in only the left tail of the double exponential being used.
To remedy this, we shifted the lognormal mean from its value of —.90 in Table 4.1 to —.10.
We then performed a numerical search to find parameters to match the first three central

moments of the two distributions as closely as possible. We obtained values of p = 0.3445,

n1 = 3.0465, and 79 = 3.0775. Figure 4.5 shows the double exponential probability density



CHAPTER 4. JUMP DIFFUSION: NUMERICAL RESULTS 68

+ double exponential
—— normal

>
*
* ¥
ok FRKH A A kx|

0.8

0.6

04l

0.2

FIGURE 4.5: QOwerall comparison of the normal (u = —.10,v = .45) and double exponential proba-
bility density functions (p = 0.3445, n; = 3.0465, ne = 3.0775).

function and the normal probability density function for our parameter values. Note that
the double exponential distribution has a discontinuity at zero. This can be expected to

cause some problems for our numerical integration using an FFT method.

Table 4.6 Value of a European vanilla call option using Rannacher timestepping with
variable timestep sizes for the double exponential probability density function (4.4). The
timesteps are selected using equation (4.3), with dnorm = 0.1 on the coarsest grid, and
divided by two for each grid refinement. The input parameters are ¢ = 0.15, r = 0.05,
A=0.1,T = 0.25, K = 100, n; = 3.0465, n2 = 3.0775, and p = .3445. The convergence
ratio R is defined in equation (4.2). The exact solution is 0.672677 at S = 90, 3.973479 at
S =100, and 11.794583 at S = 110. The number of points used for the FFT grid is 8 x 2,
where « is the smallest integer such that the number of nodes in the non-uniform S grid

p < 2% Quadratic interpolation is used.

Size of No. of S =90 S =100 S =110

S grid | Timesteps | Value R Value R Value R
128 34 0.671314 | n.a. | 3.969969 | n.a. | 11.78927 | n.a.
255 65 0.672213 | n.a. | 3.972476 | n.a | 11.79248 | n.a.
509 132 0.672535 | 2.791 | 3.973107 | 3.972 | 11.79367 | 2.688
1017 266 0.672630 | 3.358 | 3.973322 | 2.936 | 11.79416 | 2.431
2033 533 0.672660 | 3.225 | 3.973407 | 2.511 | 11.79438 | 2.244
4065 1067 0.672670 | 2.917 | 3.973445 | 2.281 | 11.79448 | 2.130
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FIGURE 4.6: Call option value, delta and gamma for Rannacher timestepping using the double
exponential probability density function (4.4). The input parameters are provided in the caption to

Table 4.6.

Table 4.6 presents numerical convergence tests for pricing a European call option. In an

attempt to deal with the discontinuity at zero, the number of points used on the uniform-

spaced = grid has been oversampled to a greater extent than in the lognormal case. In

particular, the number of points on the FFT grid is 8 x 2, where « is the smallest integer

200
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such that 2¢ is at least equal to the number of nodes in the S grid. Rannacher timestepping
is used. In contrast to our earlier examples, we do not obtain second order convergence
here. Instead the results indicate convergence at a linear (or perhaps slightly higher) rate
to the exact solution. Despite the discontinuity, we observe smooth solution plots for the
solution value, delta, and gamma in Figure 4.6.

Note that other numerical experiments indicate that we can achieve quadratic conver-
gence in the double exponential case if we restrict the parameters so that the distribution
is continuous at zero (i.e. set p = 0.50,7; = n2). This still requires a heavily oversampled
FFT grid relative to the lognormal case in order to adequately capture the sharp peak of

the distribution.

4.1.3 American Numerical Examples

In this section we give a number of numerical examples which illustrate the performance
and convergence of our iteration scheme for American options. The examples are chosen
to demonstrate that for practical parameters values, the iterative method for solving the
discrete nonlinear algebraic equations at each timestep converges rapidly. In fact, the num-
ber of iterations required for convergence of European options (with jumps) is on average,
almost the same as the corresponding American option. We also verify that quadratic con-
vergence is obtained as the grid and timesteps are refined, for Crank-Nicolson timestepping.
In [44] the authors showed experimentally that in order to restore quadratic convergence
when pricing American put options, a timestep selector must be used. Consequently, as in

[44] we use a timestep selector (4.3) based on a modified form of that suggested in [54].

American Put Option Example

As a first example, we consider the case of an American put option under a jump diffusion

process.
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Table 4.7 Value of an American put, under jump diffusion process, S = 100, ¢ = 0. The
input parameters are provided in Table 4.1. The label [ins is the total number of iterations
required in algorithm (3.3), for all timesteps. The label Change is the change from one
level of refinement and the next. The label Ratio is the ratio of changes. Crank-Nicolson
(modified using Rannacher [79] smoothing) and fully implicit timestepping is used with the
timestep selector defined by (4.3), where dnorm = .05 and the initial timestep A7 = .005,
on the coarsest grid. Grid and timestep sizes are reduced by half on each refinement.

Size of No. of Crank Nicolson

S grid | Timesteps | Itns Value Change R
127 40 121 | 3.2373512 n.a. n.a.
254 100 239 | 3.2404239 | .0030727 | n.a.
508 218 507 | 3.2410657 | .0006418 | 4.8
1016 453 1044 | 3.2412099 | .0001442 | 4.5
2032 924 2106 | 3.2412435 | .0000336 | 4.3

Size of No. of Fully Implicit

S grid | Timesteps | Itns Value Change R
127 40 122 | 3.2257718 n.a. n.a.
254 100 254 | 3.2349932 | .0092214 | n.a.
508 218 507 | 3.2383450 | .0033518 | 2.8
1016 454 1044 | 3.2398533 | .0015083 | 2.2
2032 924 2060 | 3.2405629 | .0007099 | 2.1

Table 4.7 shows the results for a convergence study. The timestep selector (4.3) is used.
The Rannacher modification for Crank-Nicolson timestepping suggested in [79] (initial two
steps fully implicit, followed by Crank-Nicolson thereafter) is used, since the payoff is non-
smooth. Table 4.7 also shows the results for fully implicit timestepping.

Bates [14] developed an analytic approximation for pricing American options under the
jump diffusion process of [66]. When comparing with our numerical algorithm, we found
that the analytic approximation of [14] is quite accurate for the out of the money case where
S = 110, about eight cents too low when S = 100, and around seventy cents too low for

the in the money case with S = 90. This suggests that (at least for our parameter values),
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Bates’ [14] approximation is not very accurate (in terms of absolute pricing error), unless
the option is deep out of the money.

Since the ratio of changes R in Table 4.7 appears to be approaching four as the grid
and timesteps are refined, this indicates that convergence is approximately quadratic in AS
and A7. Table 4.7 also indicates that the average number of iterations per timestep for
algorithm (3.3) is of the order 2 — 3.

Figure 4.7 compares the jump diffusion solution (jumps) for an American option with a
constant volatility Black-Scholes solution (no-jumps). To ensure a consistent basis for com-
parison, the volatility used in the no-jump model is the implied volatility which reproduces
the jump model price at S = K = 100. For a European call Timp = .1886. Note that the
jump model is significantly more valuable than the non-jump model at .S = 110, due to the
high probability that a downward jump in the asset price can occur. Figure 4.8 shows the
delta (Vg) and gamma (Vgg) for the jump and no-jump models.

15

jumps

Price

no jumps

I I
85 90 95 100 105 110
Stock

FI1GURE 4.7: The American put option value under the jump diffusion model is compared to the
no-jump model (i.e. Black-Scholes). The no-jump model has an implied volatility which gives the
same price as the jump model for a European option at the money. The input data is presented in
Table 4.1. For the jump model the value of the American put option at the strike (K = 100) is
V = 3.24116, while the value of the American put option under the no-jump model is V = 3.25682.



CHAPTER 4. JUMP DIFFUSION: NUMERICAL RESULTS 73

Gamma

no jumps

no jumps

-0.15

15 I I I I 02

I I I I
85 90 95 100 105 110 85 90 95 100 105
Stock Stock

(A) American put option delta. (B) American put option gamma.

FIGURE 4.8: American put option delta (Vs), and gamma (Vss), jump diffusion model compared
with model with no jumps. The no-jump model has an implied volatility which gives the same price
as the jump model for a European option at the money. Data as in Table 4.1.

American Butterfly Example

A more challenging numerical example is given by the solution to an American butterfly.

Recall, a butterfly option has the payoff

V* = max(S— K1,0) — 2max(S — (K1 + K2)/2,0) + max(S — K»,0) ,  (4.5)

(i.e. purchasing a low strike call K7, selling two middle strike calls (K7 + K3)/2, and buying
a high strike call K5). This provides an interesting test case because the payoff pattern has
a sharp kink at the middle strike. In our example, we assume the existence of an American
style contract which specifies the payoff (4.5) (K; = 90, K2 = 110), and we assume that the
option can only be exercised early as a unit.

Table 4.8 shows a convergence study for the American butterfly. On each refinement,

new nodes are inserted between each pair of coarse grid nodes and the timestep size is

110
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approximately halved. Two timestepping methods were used. The implicit American con-
straint used Algorithm 3.3. The explicit American constraint used the following modifi-
cation. Using the notation introduced in equation (3.64), we iterate for V¥*1 (setting the

penalty term to zero)

AAT AAT

[I— 2]V’f“ [T+ ]vn + —ka + =5 BV, (4.6)
After the iteration has converged, we then set
Vit = max(V*, VL) | (4.7)

In this case, we would expect that the time truncation error is O(A7). In fact, this is clearly
demonstrated in Table 4.8, since the ratio of changes appears to be asymptotically four for
the implicit Crank-Nicolson American approach (which indicates quadratic convergence)
compared to the asymptotic ratio of 2 (linear convergence) for the explicit American method.
It is interesting to see from Table 4.8 that the number of iterations for the implicit American
method is only slightly greater than for the explicit American technique. This indicates
that we can impose the American constraint implicitly at very little computational expense
compared to an explicit constraint method.

For comparison, we also show in Table 4.8 the results for a fully implicit discretization of
the PDE term, an explicit evaluation of the correlation integral, and an explicit application

of the American constraint. More precisely,

[[— LV™™ = V™ 4+ AATBV"

Vol = max(VF, V) | (4.8)

This method is unconditionally stable (a straightforward extension of the proofs in



CHAPTER 4. JUMP DIFFUSION: NUMERICAL RESULTS 75

Table 4.8 Value of an American butterfly, S = 105, ¢ = 0, under the jump diffusion
process using the data presented in Table 4.1. American constraint applied implicitly is
presented first. Algorithm (4.6-4.7): American constraint imposed explicitly. Algorithm
(4.8): fully implicit PDE, explicit correlation integral, explicit American constraint. Itns
is the total number of iterations required in algorithm (3.3), for all timesteps. Change is
the change from one level of refinement to the next. Ratio is ratio of changes. Data as in
Table 4.1. Crank-Nicolson timestepping is used with the timestep selector defined by (4.3),
where dnorm = .05 and the initial timestep At;;t = .005, on the coarsest grid. Grid and
timestep sizes are reduced by half on each refinement.

Size of No. of Implicit American constraint
S grid | Timesteps | Itns Value Change | R
127 44 133 | 5.2490795
254 111 249 | 5.2511148 | .0020353
508 246 546 | 5.2515158 | .0004010 | 5.1
1016 511 1130 | 5.2515839 | .0000689 | 5.8
2032 1042 2280 | 5.2516010 | .0000171 | 4.0
Size of | No. of Method (4.6-4.7)
S grid | Timesteps | Itns Value Change | R
127 43 129 | 5.2296200
254 111 222 | 5.2429331 | .0179502
508 246 492 | 5.2475702 | .0046371 | 3.9
1016 511 1022 | 5.2496169 | .0020467 | 2.3
2032 1041 2082 | 5.2506144 | .0009975 | 2.1
Size of | No. of Method (4.8)
S grid | Timesteps | Itns Value Change | R
127 43 43 | 5.1997845
254 111 111 | 5.2310288 | .0312443
508 246 246 | 5.2423694 | .0113406 | 2.8
1016 511 511 | 5.2471667 | .0047973 | 2.4
2932 1041 1041 | 5.2493929 | .0022262 | 2.0

Theorem 3.1 [29] shows this), and is clearly the cheapest method (per timestep). It is

also obvious that this method is consistent and monotone, and hence satisfies the sufficient
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conditions for convergence to the viscosity solution [11, 21]. However, convergence is clearly
only first order. As shown in [44], an explicit application of the American constraint can
result in oscillations in gamma near the exercise boundary.

Figure 4.9 shows the value of an American butterfly, with the jump diffusion model
(jumps) and the constant volatility Black-Scholes model (no-jumps). As described earlier,
the constant volatility Black-Scholes model uses an implied volatility which reproduces the
jump model price at S = 100 for a vanilla European call. The corresponding delta and

gamma are shown in Figure 4.10.
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FIGURE 4.9: American butterfly option value, jump diffusion model compared with model with no
Jumps. The no-jump model has an implied volatility which gives the same price as the jump model
for a European option at the money. Data as in Table 4.1 K1 = 90, Ko = 110. For the no-jump
case the American put option is valued using o = 0imp = .1886.

It is common in financial applications to impose the boundary condition Vgg = 0,5 —
0o. Consequently, we have repeated our numerical experiments using the boundary con-
dition Vgg = 0,5 — oo , which has the result that the coefficient matrices are no longer
M-matrices and our convergence proofs no longer apply. In all cases the number of iterations

required for convergence was virtually identical to the case where a Dirichlet condition was
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(A) American put option delta. (B) American put option gamma.

FIGURE 4.10: American put option delta (Vs), and gamma (Vsg), jump diffusion model compared
with model with no jumps. The no-jump model has an implied volatility which gives the same price
as the jump model for a European option at the money. Data as in Table 4.1. For the no-jump case
the American put option is valued using 0 = 0y = .1886.

imposed. The solutions also agreed up to six figures.

4.1.4 Exotic Options

The last set of results to be presented are for the case of a European call option with a
Parisian knock-out feature. The particular case we consider here is an up-and-out call with
daily discrete observation dates. This contract ceases to have value if S is above a specified
barrier level for a specified number of consecutive monitoring dates. This can be valued by
solving a set of one-dimensional problems which exchange information at monitoring dates
[86]. It is easy to incorporate jumps by simply adding a jump integral term to each of the
one-dimensional problems. Other path-dependent contracts such as Asian options can also
be handled using this approach of solving a set of one-dimensional problems [95].

For our test, the barrier is set at S = 120 and the required number of consecutive daily

observations for knock-out is 10. We consider the lognormal jump distribution case with the

130
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same input parameters as in Table 4.1. Note that we specify the barrier observation interval
as 1/250, based on 250 trading days per year. In Table 4.9, we present our convergence
results. We use constant timestepping (A7 = .002 on the coarse grid) and the solution is
lo projected after each barrier observation date. Rannacher timestepping is used after each

observation. As expected, quadratic convergence is obtained.

Table 4.9 Value of an up-and-out Parisian call option using Rannacher timestepping with
constant timesteps (A7 = .002 on the coarsest grid) and ls projection. The input parameters
are given in Table 4.1. The barrier is set at S = 120 and 10 consecutive daily observations
are required to knock-out. The convergence ratio R is defined in equation (4.2). The number
of points used for the FFT grid is 2%, where « is the smallest integer such that the number
of nodes in the non-uniform S grid p < 2%. Quadratic interpolation is used.

Size of No. of S =90 S =100 S =110

S grid | Timesteps Value R Value R Value R
101 125 0.524766 | n.a. | 4.193418 | n.a | 8.762555 | n.a.
201 250 0.523168 | n.a | 4.212131 | n.a | 8.779253 | n.a.
401 500 0.522761 | 3.930 | 4.216747 | 4.053 | 8.782267 | 5.540
801 1000 0.522660 | 4.002 | 4.217902 | 3.997 | 8.783008 | 4.068
1601 2000 0.522634 | 4.015 | 4.218192 | 3.990 | 8.783199 | 3.875

In Figure 4.11, we compare the solutions of a Parisian call knock-out option with discrete
daily observation dates with and without jumps.

We observe in Figure 4.11 that the difference in pricing can be significant for these
parameter values, depending on the underlying asset price. The largest differences are near
S = 110, where the model with jumps produces values of about 8.78 (as shown in Table 4.9),
but the values for the no-jump model are around 7.25. For S ranging between about 98
and around 119, the jump model produces higher option values, but outside this range (in

either direction) the model without jumps produces higher values.
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FIGURE 4.11: Parisian knock-out call option with discrete daily observation dates with and without
gumps. The barrier is set at S = 120 and the number of consecutive daily observations to knock-out
15 10. In the no-jump case the Parisian knock-out call option is priced using o = Gipmy = .1886.

Table 4.10 Number of iterations for a European call option under jump diffusion using
Crank-Nicolson timestepping. The input parameters are provided in Table 4.1. The con-
vergence tolerance tol is defined in Algorithm 3.2.

Number of points N | Timesteps | Iterations (tol = 107%) | Iterations (tol = 10~9)
128 25 7 100
255 50 150 200
509 100 300 390
1017 200 600 600
2033 400 1091 1200
4065 800 1600 2400

4.1.5 Remarks on Numerical Examples

It is worth concluding this section by making some comparisons with another method which
have been proposed in the literature. When pricing options under the jump diffusion process,
the main computational cost is the evaluation of the integral term of (3.5). The approach
presented in [5] is based on a FFT-ADI finite difference method. This method evaluates the
convolution integral twice at each timestep, thus requiring a total of four FFT computations

(two forward FFTs, and two reverse FFTs). Note that the method in [5] is second order
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accurate and unconditionally stable for European options. If NV is the number of timesteps,
and p the number of nodes in the S grid, then both the method in [5] and the method in
this work have complexity O(Np logp).

In Table 4.10, we see that the number of iterations required for convergence (at each
timestep) depends on the convergence tolerance. For a typical convergence tolerance of 1076,
at most three iterations per step are required (on average). In this case, about six FFT
computations are required per timestep. Consequently, for vanilla European options (with
jumps), the method of [5] may be more efficient than the pure Crank-Nicolson timestepping
method developed here. However, in the case of American options, it is not clear how the
approach in [5] could be modified to handle the early exercise constraint implicitly, unless
some form of iteration is used. In contrast, our technique can handle implicit treatment of

the American constraint in a straightforward fashion.

4.2 Summary

The main results of this chapter are as follows:

e We showed that quadratic convergence was obtained when pricing a wide variety of
financial options. Even if the initial conditions were not smooth (such as for digital

options or Parisian options), quadratic convergence was recovered.

e We showed that for typical values of the timestep size and Poisson arrival intensity,
the Il error is reduced by two orders of magnitude at each iteration. On average
three iterations per timesteps were enough for the fixed point algorithm to achieve

convergence.

e We showed that when pricing American options under the jump diffusion process, the
number of iterations per timesteps is relatively unchanged compared to pricing vanilla

options under the jump diffusion process.
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e In contrast with previous work, we did not assume that the grid was equally spaced
in either the underlying asset price or its logarithm. Linear interpolation between the

option grid and the fft grid did not affect the rate of convergence.

e Unlike previous work, the method developed here uses implicit timestepping for both
the correlation integral term and the American constraint. As a result, we obtained
higher order convergence (in terms of timestepping error) compared with previous

methods which treat the correlation integral or the American constraint explicitly.



Chapter 5

Semi-Lagrangian Approach for

Path Dependent Options

Recall equation (2.18) from Chapter 2, which gives the value of investment in telecommu-

nication equipment:

Vi+an—Q)Vo+R+ A\ /Ooo Vn,QJ,t)g(J)dJ

1
+ 57]2021/,7,7 +n(p—Co)V, = (r+ )V =0. (5.1)

The objective of this thesis is to solve equation (5.1) to determine when it is optimal to add
new capacity to existing telecommunication infrastructure. In the two previous chapters
(Chapter 3 and 4), an efficient method was presented to handle the integral term in equation
(5.1). However another important numerical issue must be dealt with before proceeding any
further. Equation (5.1) is a two dimensional PIDE with no diffusion in the demand direction
(Q). Classically, equations with no diffusion are solved using non-linear flux limiters [95, 94].
In this thesis, a semi-Lagrangian method is proposed as an alternative to solve equation

(5.1). To validate our approach, we consider a two dimensional PDE taken from the financial

82
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derivative pricing literature. A financial application (i.e. Asian option) was selected since

the convective term becomes infinite as 7 — T, hence this is an extremely difficult problem.

5.1 Introduction

An Asian option gives the holder a payoff that depends on the average price of the un-
derlying asset over a specified period of time. Asian-style derivatives have a wide variety
of applications in equity, energy, interest rate, and insurance markets. To the best of our
knowledge, they were first introduced in [20]. For an historical review of Asian options, see
[19].

Asian derivatives are very popular for several economic reasons. First, since the volatility
of the average price is less than the volatility of the price, Asian options are less expensive
than regular vanilla options. Second, while for some classes of derivatives it is possible
for large market participants to manipulate the price of illiquid commodities, it is much
harder to manipulate the average price over a period of time. Finally, companies are often
more interested in the average price of oil or foreign exchange rate, than the underlying
price or rate, when considering long term projects. For example, airline companies are
certainly more interested in buying oil based on its average price instead of its spot price.
Consequently, pricing Asian options accurately is critical.

The price of an Asian option at any time is a function of both the underlying asset at
that time and the average of the underlying prices up to that time; as such these options are
considered path-dependent. In practice, Asian option contracts specify that the average is
monitored discretely. A typical situation would be to base the average on the daily closing
price. In [34] it is shown that if daily averaging is used, then for typical market parameters,
for options with expiry times more than three months, for all practical purposes (i.e. 1%

accuracy) these options can be considered as being continuously monitored. In addition,
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if we need to price long term (greater than one year) Asian options, then using timesteps
of one day (which would be required in a discrete observation model [95]) would clearly be
computationally wasteful. Consequently, in this chapter we focus on continuously observed
Asian options. For details on numerical methods for discretely observed Asian options, we
refer the readers to [28, 27, 95, 45].

In general, a two dimensional PDE must be solved to price an Asian option. In certain
special cases, for example, constant volatility, no barrier features, and a floating strike
contract, this problem can be reduced to a one-dimensional PDE [8]. However, in the
general case (i.e. American style, asset dependent barriers or volatility), the two dimensional
PDE cannot be reduced to one dimension. This PDE is difficult to solve, since the pricing
equation has no diffusion in one of the coordinate directions. In [94, 96], a non-linear flux
limiter was used to retain accuracy while preventing oscillations. In [62], the first order
hyperbolic term was discretized using a first order upwind type method, resulting in at
most first order accuracy. In [69], a semi-Lagrangian (SL) method was used to discretize the
hyperbolic term in the average direction. Semi-Lagrangian schemes were first introduced by
[36] and [72] for atmospheric and weather numerical predictions. These are time marching
schemes that integrate convection-diffusion equations by tracing the characteristic backward
in time. These schemes are used to reduce numerical issues raised by convection dominated
equations. In principle, provided an appropriate time discretization and a high enough
order of interpolation to recover values at the feet of the characteristic curves [43, 2, 16],
then SL methods are able to have greater than first order convergence as the grid and the
timestep size are reduced. As such SL schemes can provide much more accurate solution
when comparing to the more traditional methods for pricing Asian options where high
order timestepping schemes (e.g. Crank-Nicolson, second order backward differencing) are
used but the jump condition is applied explicitly. For example, this standard approach

was demonstrated in [95], and only first order (in time) convergence was obtained. The
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semi-Lagrangian approach is particularly attractive, since only a small change to existing
software (which uses the traditional approach of an explicit jump condition) is required to

obtain higher oder convergence.

5.2 Mathematical Model

Let S represent the underlying stock price. Potential paths followed by the stock can be
modeled by the stochastic process given by equation (3.1).

When the average is monitored continuously [12, 89, 45], the arithmetic average A is

defined as
4 — gS(u)du
t )
g4 = B tA)dt. (5.2)

Using standard arguments [12], the value of an option depending on the average A (5.2)

and S (3.1) is given by

(5—4)

1 o0
Vi + 50252‘/35 + Va4 (r—=Ag)SVg — (r+ NV + )\/ V(SJ)g(J)dJ =0, (5.3)
0
where 7 is the continuously compounded risk free interest rate. Since we are solving back-
ward in time from the expiration time ¢ = T to the present time ¢t = 0, equation (5.3)
becomes

(5-4)

V. — %U2SQVSS + Va+ (r—e)SVs — (r + MV + A/ V(ST)g(J)dJ, (5.4)
0

where 7 =T —t. It is important to note that equation (5.4) has no diffusion term in the A

direction and this is the source of many numerical difficulties [94].
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In order to completely specify our problem, boundary conditions for equation (5.4) must
be specified. For the terminal boundary conditions, a number of common payoffs for pricing

different types of Asian securities can be used. Typical examples include
o fixed strike call: V(S,A,7 =0) = max(A — K,0),
e fixed strike put: V (S, A,7 = 0) = max(K — A,0).
For the non-terminal boundary conditions, at S = 0 equation (5.4) reduces to

—A
V, = Va—1rV. 5.5
T—r4 " (5:5)

Note that no boundary conditions are required at A = 0 or as A — oo, since the charac-
teristics of the PIDE are outgoing in the A direction. The boundary condition at S — oo
is, however, more difficult to specify and requires additional justification. If we make the

common assumption that Vgg — 0 as S — oo, then this implies that

V ~ f(A1)S+g(A 1) (5.6)

as S — oo which then means that equation (5.4) becomes

V, = S AVA +7rSVs —rV. (5.7)
T—71

For A very large and S — 0o, we can approximate the solution to equation (5.7) (see [68]

for details) by

V =~ Hy(1)A+ Ho(1)S + Hs(T) (5.8)
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so that

D —rT7 D —rT —rT7
Vo~ 718 (T —7)A+ r—]{(l—e )+ Da| S+ Dse (5.9)

where D1, Do, D3 are independent of (S, A, 7) and are determined by the payoff. For ex-
ample, for a fixed strike call, D1 = 1, Dy = 0, D3 = —K. We then use equation (5.9) at all

points on S = Syax (which is clearly an approximation for A small) so that

D
Vg o~ [ﬂi(l —e M)+ Dz] ;S — 0. (5.10)

Substituting equation (5.10) into equation (5.7) gives

—A
V, = <§ Va4 v(S, 1) — 7“V> ;S — o0, (5.11)
-7

where

Dy

v(S, 1) = [TT(1 —eT) + DQ] rS. (5.12)

The use of approximation (5.10) is discussed in [68], where it is mentioned that estimate
(5.10) is in fact an upper bound for Vg. It must be admitted that use of equation (5.9) at
all points along S = Spax is not rigorously justified. However, we note that other authors
[62] simply specify that the boundary condition at S = Spax is set to the payoff. In [62],
the size of the computational domain is increased as the grid size is reduced, so that the
effect of poor specification of the boundary condition becomes negligible. In any case, some
numerical experiments are included with varying choice of Spax to show that in practice
this specification is not critical.

In practice, we solve for the solution of equation (3.61) on the finite computational
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domain [0, Spax] X [0, Amax]. Usually Smax = Amax. If Smax is sufficiently large, then the
errors introduced by imposing condition (5.11) are small in regions of interest. This will be
verified in some numerical experiments.

For the payoffs mentioned earlier, the corresponding formulas for v(r, S) are given by
o fixed strike call: v(S,7) = LPS

o fixed strike put: v(S,7) =0 .

5.3 Semi-Lagrangian Discretization

This section explores different discretization methods for the partial differential equation
using the semi-Lagrangian approach. Before proceeding any further, let us introduce the
following definitions. We use an unequally spaced grid in S coordinates for the PDE dis-
cretization [Sy, ..., Simaz|, and similarly use an unequally spaced grid in the A direction
[Ao, ... Ajmaz). Let

Vil =V (Si, 4;,7") (5.13)

denote the solution at asset price node S; for the average A; and time level n. Let £ be the

differential operator represented by
1
LV = 5023%@5 + (r — Ak)SVs — (r + AV, (5.14)

and
IV =) / TSIV (5.15)
0

Equation (5.4) can then be rewritten as

(5—4)

-7

v, — Va=LV+1IV. (5.16)
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We use standard finite difference methods to discretize the operator LV (see Chapter
3 and [73]). If we impose boundary condition (5.11), and use forward and backward dif-
ferencing as appropriate, it is easy to see that the discrete form of [I — LV]; (where [ is
the identity matrix) is an M-matrix. As discussed in [73], for typical values of o, r, upwind
differencing of the Vg term in equation (5.16) is required only rarely, and usually remote
from regions of interest, so that in practice this does not impact solution quality. Requiring
the discrete form of LV to be an M-matrix has interesting theoretical properties. In the
following, we denote the discrete form of LV at S = S;, A = A;, 7 = 71" by (EV)Zj.

Keeping S constant, the Lagrangian derivative along a trajectory A = A(S,7) is

DV oV 0V dA

= = a2l 1
Dr or + 0A dr (5.17)
Along the trajectory
dA  A-S
e 5.18
dr T -7 (5.18)
equation (5.16) can be written as written as
DV
— =LV +TIV. (5.19)
Dr

Let A= A(S;, Aj, 7", 1) be a trajectory satisfying equation (5.18), which passes through

the discrete grid point (S;, 4;) at 7 = 7" Let V"

igintl) — V(Si, A" ,7") be the

3 (in+1)

value of the option price at the feet A;."”( = A(SZ-,AJ-,T"H,T”) of the characteristic

i,n+1)

curve defined by equation (5.18). Note that A;?(i 1) will not necessarily coincide with a
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grid point A;. A;L(m +1) is determined by solving
dA A-5;
dr T -7’
A=A;; r=7"H
™ (dA
n _ An+1

from 7 = 7"+ to 7 = 7. In general, the integration in equation (5.20) must be computed
numerically and the integration method should have an error one order higher than the
timestepping method used to approximate the Lagrangian derivative [2]. Figure 5.1 graph-
ically presents how the value V;”J(m 1) is found by tracing back along the characteristic

path A = A(S;, Aj, 71 7).

n+1
Tn+1 Vvi,'
< ——dA _ S—A
dr — T-7
r
n n
™ i1 Vi
n
/ V, 45(imt1)

FIGURE 5.1: The value of V", 1) = = V(S;, Al a1y ") is traced back along the characteristic

path A = A(S;, Aj, 71 7). V(Sl,A”(Z 1) ™) is found by interpolation along the A direction.

Discretizing equation (5.19) along the characteristic trajectory for different timestepping

schemes gives, in the case of fully implicit timestepping:

Vnﬂ—l o

Vi .
i,j(i,n+1) n+1 n+l
Ay = (ﬁV)m + (IV)M , (5.21)
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for Crank-Nicolson timestepping (CN),

n+1
Vii Vi

z’Z‘(i,nH) 1 el _— 1 .
A = [+ @] + 5 [y + @] - (5:22)

and for second order backward differencing (BDF) [15]

1y/n+1 _ n
Vi~ 2Vitmen)

AT

2 "4,j(i,n+1) _ (['V)Zjl + (l—v)zj—l (523)

For ease of exposition, we have written equation (5.23) for constant timesteps. This is
trivially generalized to non-constant timesteps [15].

Unlike traditional applications of the semi-Lagrangian approach where the characteristic
curve must be estimated numerically, for Asian options the solution along the characteristic
curve can be determined exactly. Regarding S as a constant, and solving equation (5.18)
gives

C

A:Si+T—T’ (5.24)

where C' is a constant. At 7 = 7"+, A= A?H, so that

(Si _ A;}-l—l)(Tn—i-l _ T")

3 . _ An+1
At tlme Tn . A:’;’(Z,TL*F].) = A] T g 5
(Si . An+1)(7_n+1 _ ,rnfl)
: -1 . —1 _ +1 J
At time 7" : A;L(i,nH) = A7 + T — o1 , (5.25)

where T > 77t1 > ™ > 7=l Tt is interesting to observe that for the last step when

7"+t = T equation (5.25) simplifies to A?(i ntl) = A?(;;H) = 5;.

The various quantities (+) in equations (5.21-5.23) are determined by interpola-

n
1,j(4,n+1)

tion along lines of constant S = .5;. Assuming that the S derivatives and the integral term
are discretized using second order accurate methods, then it follows from [16] that at least

quadratic interpolation should be used for (-) so as to retain global second order

n
i,j(i,n+1)



CHAPTER 5. SEMI-LAGRANGIAN APPROACH FOR PATH DEPENDENT
OPTIONS 92

convergence.

5.4 Semi-Lagrangian Timestepping and Discrete Observation

It is common to consider continuously observed Asian options as the limit of discretely
observed Asian options as the observation interval tends to zero [28, 84]. In this section,
we show that if the discrete sampling period is equal to the discrete PDE timestep, then
a fully implicit, discretely sampled model is algebraically identical to a fully implicit semi-
Lagrangian discretization of a continuously observed model. In the following, for simplicity
the effect of the boundary condition (5.11) are ignored.

Consider the discrete average computed at discrete averaging times ¢\ = [At.

k=l

Aty = %ZS(tk). (5.26)

k=1

Equation (5.26) can be written

S(tlJrl) _ A(tl)

AW = AW+ =

(5.27)

Now, when using a PDE method to price a discretely observed Asian option, we consider
that V= V/(S,A,t), and regard (S, A) as independent variables. Suppose we have N
observation dates, at the times At,2At, ..., NAt = T. Then at the I’th observation date we

must have, by no arbitrage [89]

V(S, AT, ¢ = V(S A, 1),
S — A(th

A = A(YH + I

: (5.28)

where tUTD+ ¢+~ are the instants just after and before the observation date 1. Note
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that A(t'*1) is regarded as constant for ! < ¢ < t/¥2. Now let | = N —k, so that k counts

backwards. Note that 78 = kA7 and that
t=IAt = (N — k)At =T — (kA7) = 7F, (5.29)

and similarly #+1 = 7571 As well, we have that t(HD+ = 7(=1)— (+D)— — +(-=D+ apd

writing jump condition (5.28) in terms of 7 =T — ¢, gives

V(S,A(Tk)ﬂ'ki) = V(S,A(Tk+1),7k+),
S — A(Tk‘H)

A(TF) = A(TFY) + N

(5.30)

Note that in this case we regard A(7%*!) as fixed during 7% < 7 < 7F+1,

Consider the case of a discretely observed European Asian option. In this case we solve
V., = LV+IV (5.31)

on the domain [0, Simaz] X [0, Ajmaz], with the jump conditions (5.30) imposed at observation
times. Away from observation dates, if we discretize equation (5.31) in the A direction, then
equation (5.31) represents a set of one dimensional PIDEs, which communicate only through
jump conditions [28].

We can write the jump condition (5.30) as

V(S AF 7F7) = V(S AR AR
(S — AHDHAT

Ak — Ak+1
* T — 71k

(5.32)

where we have used the notation A(7%) = AF.

Recalling that A*t1 is constant during 7%T < 7 < 7+t~ then a fully implicit dis-
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cretization of equation (5.31) gives

oAkl (k41— AR+l K+
V(Si, AL (D7) — v (G, AR 7R
AT

= (LV)E 4 @v)itt (5.33)

Note that this is a set of independent one dimensional PDEs (there are no A derivatives
in equation (5.33), A?H appears only as a parameter). Using the jump condition (5.32) in

equation (5.33) gives

V(Si’A?+1’7-(k+1)—) - V(S; A?(i,kJrl)’Tk_)
AT

f+1 f+1
(LV)i; +(@V)i]

(S —AMhHAT

= (5.34)

k _ k+1
Ajipry = A7+

which we recognize from equation (5.21) and equation (5.25) as being algebraically identical
to a semi-Lagrangian, fully implicit discretization.

Note that in order for this result to hold, we must have discrete observations at ¢t =
At,2At, ..., NAt, i.e. no observation at t = 0. Of course, in the limit as At — 0, adding an

extra observation at ¢ = 0 will be the same to O(At) as the semi-Lagrangian solution.

Remark 5.1. As discussed in [95], it is straightforward to show that the common lattice
methods used to price Asian options [53] are simply explicit finite difference methods for
discretely observed models of Asian options. In many lattice applications, the observation
interval is set to the lattice timestep, hence the continuously observed price is computed in
the limit of vanishing timestep. A straightforward extension of the results above can be used
to show that these lattice methods are simply explicit semi-Lagrangian methods. In this case,
it 1s also easy to derive the conditions on the order of interpolation and the spacing on the
lattice in the average direction to ensure optimal convergence. We note that, as discussed
in [95], this is a point of confusion in the finance literature, and has led to schemes which

are not, in fact, convergent [12].
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5.5 Properties of the Discrete Equations

In the following, the properties of the discrete equations are investigated. We first, note that
the algebraic equations (5.34) are decoupled for each line of constant A; at each timestep,
resulting in a set of one dimensional discrete PIDEs. Hence we can use the techniques in
Chapter 3 and in [44, 73, 29, 32] to prove certain properties of the discretized equations. In

the following we give sketches of the proofs of these properties.

5.5.1 Preliminaries

Define the matrix L such that

[L- V]”]Z = A7 (LV);; + interpolation error, (5.35)
and

A\ [B : V;"] = (IV)Z]. + interpolation error, (5.36)

i
where V" is the vector of discrete solution values [V}”L = V(A;,S;, ") for fixed A;. A
detailed description of B and L are given in Chapter 3 equations (3.51) and (3.52). To
avoid algebraic complication, the discrete equations, and the method used to solve the alge-
braic equations, are described only for the fully implicit and Crank-Nicolson timestepping

methods. The reader should have no difficulty generalizing the results to the BDF case.

Let ®"*! be the Lagrange interpolation operator such that
(@™t vm),; = V(S Al n1),T") + interpolation error (5.37)

where ®"! is a linear operator for any order (linear, quadratic) of interpolation. Then the
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matrix form of the discrete equations is given by

[I—(1=6)LIV/"* " = [@"M I + 0L+ OAATBIV"] 4+ (1—0)AATBV "™ + A7F"™! (5.38)

J
for j =1,...,jmaz. Here 6 = 0 is fully implicit, and § = 1/2 is Crank-Nicolson timestep-
ping. The term an+1 is used to approximate the boundary condition at S = Sjq:. The

boundary condition is also enforced at ¢ = imax by setting

Limax,l = 0Oand Bimar,l =0 (539)
forl=1,...,jmazx and letting
0 ,1 # imax
[Fj"“] = (5.40)
! (1 — ) v(S;, 7 + 0v(S;, ™) i = imax

where v(5, 7) is defined in equation (5.12).

The choice of interpolation scheme is discussed in [45] and [43]. Specifically, if the
interpolation error does not get damped out, the global interpolation error after N timesteps
is O (W), where ¢ = 2 for linear interpolation, ¢ = 3 for quadratic interpolation and
AShax = max;(Si+1 —S;). Assuming second order in space and time truncation errors, the

global discretization error is

(Asmax)q

AT + (ASmax)2 + (AT)Q , (5.41)

global discretization error = O

If we assume ASyx = const.h and AT = const.h, then equation (5.41) reduces to

global discretization error = O [min((hq_l, hQ)] (5.42)



CHAPTER 5. SEMI-LAGRANGIAN APPROACH FOR PATH DEPENDENT
OPTIONS 97

5.5.2 Monotonicity, Stability and Convergence of the Nonlinear Iteration

As in Chapter 4, we may have non-smooth solutions to equation (5.4). This may be due
to the degeneracy of the diffusion operator (no diffusion in the A direction), and due to
possible non-smoothness in the payoff function. In these cases, we seek the viscosity solution
to equation (5.4) [11]. In the following we investigate the properties of equation (5.38)
concentrating on monotonicity and stability as in Chapter 4.

It is convenient to gather together a set of conditions required for the following results:
Conditions 5.1.

o [ — L] is an M-matriz [equation (5.38)];

o [B-V[; =3 bixVij [equation (5.35)], 0 <by <1 and D ) by <1;

e Linear interpolation is used [equation (5.37)];

e Boundary conditions (5.39) and (5.40) are employed.

Remark 5.2. These conditions are satisfied if we use the discretization methods presented

in Chapter 3.

Lemma 5.1 (Stability of the fully implicit scheme (6§ = 0, equation (5.38))).
The discretization method (5.38) is unconditionally stable provided that conditions 5.1 are

satisfied.

Proof. The use of semi-Lagrangian timestepping decouples the discrete equation at each
timestep into a set of one dimensional discrete PIDEs. Consequently, using similar argu-
ments as in Theorem 3.1, Chapter 3, it follows that equation (5.38) for § = 0 is uncondi-

tionally stable. O

Lemma 5.2 (Monotonocity of the discretization). The fully implicit discretization

(5.38) is monotone provided that conditions 5.1 are satisfied.
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Proof. This proof is a trivial extension of the proof of Lemma 3.1, Chapter 3, and is omitted.

O]

Remark 5.3 (Extension to nonlinear models). It is completely straightforward to
include a transaction cost or uncertain volatility model in the basic option pricing PDE
[75], which makes the PDE nonlinear (even in the European case). For example, using the
methods in [75], it is a simple exercise to extend the above stability and monotonicity results

to the case of an American Asian option, with jumps and transaction costs [30].

Theorem 5.1 (Iterative solution of the discretized equations). The nonlinear alge-
braic equations (5.38) are solved using Algorithm 5.1. Provided that the conditions 5.1 are

satisfied, then the fized point iteration Algorithm 5.1 is globally convergent.

Proof. The discrete equations (5.38) are decoupled for each line of constant A;. Hence the
issue of convergence of Algorithm 5.1 reduces to the convergence of each set of equations

for constant j, hence the results follows from Theorem 3.3 in Chapter 3. O

Algorithm 5.1 Fixed point iteration scheme to price Asian option using a semi-Lagrangian
approach.

Let (VZLJrl)O — V'jn
Let Vj — (an+1)]€

for £k =0,1,2,... until convergence do
Solve ke L
[I—(1=0)L]V; = [¢" I+ 0L +OAATBIV"] + (1 = 0)AATBY; + ArF
: V)
if max; WVZZ“D < tolerance then
Quit
end if
end for

Remark 5.4 (Monotonicity of Crank-Nicolson (§ = 1)). Crank-Nicolson is only con-

ditionally monotone, hence only conditionally satisfies the sufficient conditions in [11, 21].
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However, if the Rannacher modification of Crank-Nicolson is used, then, consistent with
the results in [73], our experimental computations indicate that fully implicit and Crank-
Nicolson timestepping converge to the same solution. We conjecture that convergence to the
viscosity solution can be obtained under somewhat weaker conditions than strict monotonic-

ity as suggested in [11].

5.6 Computational Details and Numerical Results

This section presents numerical results for various options and payoffs. We begin our
presentation of results by an analysis of the convergence rate of a continuously observed
fixed strike Asian option with no jump (A = 0). We use an unequally spaced grid in the A, S
directions, on the domain [0, Simaz] X [0, Ajmaz], With Ajmaz = Simaer (details regarding the
grids that are used in this Chapter can be found in Appendix I). Probabilistic arguments
can be used to determine an appropriate value for Simas [84]. We use Simaz = 50K, where
K is the strike. We describe below some tests which were carried out to verify that the effect
of imposing boundary conditions at S = 50K results in insignificant error. The convergence
tolerance in iteration (3.3) was tol = 107%. If Crank-Nicolson or BDF timestepping is
used, then quadratic interpolation is used in equation (5.37). If fully implicit timestepping
is employed, then linear interpolation is used in equation (5.37).

Given an A grid discretization, the discrete PDEs (5.21-5.22) become decoupled. At
each timestep, we have a set of independent one dimensional discrete PDEs to solve. This
property makes solution of the continuously observed Asian option straightforward to im-
plement, given an existing library which supports pricing of path dependent options.

As pointed in equation (5.42), it is necessary to use at least a quadratic Lagrange
interpolation scheme to find the solution along the characteristic curve, if we hope to obtain

quadratic convergence. This will, however, result in a scheme which is not monotone. The
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convergence ratio R is defined by equation (4.2).

Table 5.1 Value of a continuously observed fixed strike European Asian call option (no
jumps) with constant timesteps. The input parameters are o = .1, r = .1, T' = .25 and
K = 100. We compare the results given using the Vecef [87] one dimensional model, and
the semi-Lagrangian method presented here. Crank-Nicolson timestepping was used.

semi-Lagrangian Vecer 1-D PDE [87]
Size of No. of S =100 Size of No. of S =100

S and A grids timesteps Value R S grids  timesteps Value R
51 25 1.857193 n.a. 51 25 1.839863 n.a.
101 50 1.853254 n.a. 101 50 1.848642 n.a
201 100 1.852120 3.475 201 100 1.850851 3.974
401 200 1.851781 3.338 401 200 1.851407 3.979
801 400 1.851660 2.815 801 400 1.851546  3.987

Table 5.1 shows results for a low volatility case, European Asian option (no jumps),
using the semi-Lagrangian approach. In this special case, the two dimensional PDE can be
reduced to one dimension [87], which we refer to as the Vecet PDE [87] in the following.
Results obtained by solving the Vecet PDE numerically are also given in Table 5.1.

In Table 5.1, we observe that the convergence ratio R for the semi-Lagrangian method
is not quadratic (R # 4), while for the Vecer PDE [87] quadratic convergence is found. As
discussed in [87], the Vecer PDE is not convection dominated, hence it is straightforward
to obtain accurate numerical solutions. We remind the reader that this clever reduction
to one dimension cannot be used for American options. The non-smooth payoff greatly
affects the convergence of the semi-Lagrangian method. There is very little diffusion in the
A direction, and the payoff non-smoothness at the strike is not smoothed out during the
solution phase. It is probable that since quadratic interpolation is used in the A direction
in order to determine the values of the solution at the feet of the characteristic curves (see
Figure 5.1), the interpolation may be affected by the non-smooth payoff, and may lower the

observed rate of convergence.
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Next the effect of the boundary condition (5.11) at S = Simas is considered. Two
different values for Sjnq: are used and the results are presented in Table 5.2. This table
seems to indicate that there is a negligible error for options of this maturity incurred by
setting Simaz = BOK. All subsequent results will be reported imposing condition (5.11) at
Simaz = DOK.

Table 5.2 Value of a continuously observed fixed strike Asian call option at S = K = 100,
constant Crank-Nicolson timestepping. The input parameters are ¢ = .1, r = .1, T = .25,
K = 100. Convergence ratios (4.2) are presented for different timestepping schemes. The
right boundary of the space discretization [0, Sjnq.] domain is truncated at different values.

Simaz =5Hx K Simaz =50 x K
Timesteps S, A grid nodes Value S, A grid nodes Value
25 51 1.857193 54 1.857193
50 101 1.853254 109 1.853254
100 201 1.852120 217 1.852120
200 401 1.851781 433 1.851781
400 801 1.851660 865 1.851660

Figures 5.2 and 5.3 graphically present the solution V' and the first derivative of the
solution with respect to the stock price Vg when Crank-Nicolson is used. The plots are all
smooth and do not exhibit any oscillations. While not shown here, Vgg also did not show
any oscillations.

We now explore numerical convergence for pricing Asian options for large values of
volatility o. Table 5.3 presents our results. As expected quadratic convergence is recovered.
In this case, a sufficient amount of diffusion in the S direction appears to compensate the

little diffusion in the A direction.

5.6.1 An In Depth Study of the Convergence Ratio

The results of the previous section indicated that the semi-Lagrangian approach, coupled

with Crank-Nicolson timestepping, results in quadratic convergence for large volatilities.
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FI1GURE 5.2: Value of a European fixed strike Asian
put using Crank-Nicolson with constant timestepping
(AT = .01). 51 grid points are used both in the A and
S direction. The input parameters are 0 = .1, r = .1,

T = .25, and K = 100.

FIGURE 5.3: First derivative value of a European
fized strike Asian put using Crank-Nicolson with con-
stant timestepping (AT = .01). 51 grid points are
used both in the A and S direction. The input param-
eters are c = .1, r=.1, T = .25, and K = 100.
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Table 5.3 Value of a continuously observed fixed strike Asian call option with constant
timesteps at S = K. The input parameters are o = .5, r = .05, T = .25 and K = 100. We
compare the results given using the Vecet 1-D PDE [87], and the semi-Lagrangian method
presented here. Crank-Nicolson timestepping was used.

semi-Lagrangian Vecer 1-D PDE [87]
Size of No. of S =100 Size of No. of S =100
S and A grids timesteps  Value R S grids timesteps  Value R
51 25 6.010203 n.a. 51 25 6.009821 n.a.
101 50 6.015092 n.a. 101 50 6.014848 n.a
201 100 6.016344  3.905 201 100 6.016251  3.582
401 200 6.016651 4.085 401 200 6.016619 3.816
801 400 6.016723 4.219 801 400 6.016713 3.915

But, for small volatility values, quadratic convergence was not recovered. The goal of
this section is to explore in detail different numerical techniques that could improve the

convergence rate.

Table 5.4 Value of a continuously observed fixed strike Asian call option at the strike, con-
stant timesteps. The input parameters are o = .1, r = .1, T = .25, K = 100. Convergence
ratios (4.2) are presented for different timestepping schemes: implicit, Crank-Nicolson and
second order BDF.

Implicit timestepping CN timestepping BDF timestepping

Size of No. of S =100 S =100 S =100
S and A grids  timesteps Value R Value R Value R
51 25 1.911865 n.a. 1.857193 n.a 1.86096 n.a.
101 50 1.880801 n.a. 1.853254 n.a 1.854310 n.a.
201 100 1.865907 2.086 1.852120  3.475  1.852416 3.513
401 200 1.858681 2.061 1.851781  3.338  1.851868 3.453
801 400 1.855112 2.025 1.851660  2.815  1.851686 3.014

Table 5.4 presents the convergence rate results for different timestepping schemes for
small volatility (o = .1 and r = .1). For implicit timestepping linear convergence is recovered
(R = 2), as expected. However for higher order timestepping schemes such as Crank-

Nicolson and second order backward differencing, quadratic convergence is not found (see
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Table 5.4).
To try to remedy this problem, the initial payoff function is smoothed out. A classic
method for handling discontinuities involves averaging the initial data. Specifically, values

at each point are replaced with an average value over nearby space. Mathematically, we set

K+484
PAYOFF o thed (Sin Aj) = / * PAYOFF(S;, A)dA. (5.43)

AA
K-

For a complete description of various smoothing methods the readers are referred to [75].

Table 5.5 Value of a continuously observed fixed strike call Asian call option at the strike
with constant timesteps. The initial payoff is smoothed using the average scheme described
by equation (5.43). The input parameters are ¢ = .1, r = .1, T = .25, and K = 100.
Convergence ratios (4.2) are presented for different timestepping schemes: Crank-Nicolson
and second order BDF.

CN timestepping BDF timestepping
Size of No. of S =100 S =100

S and A grids timesteps Value R Value R
ol 25 1.870322 n.a. 1.874276 n.a.

101 50 1.856377 n.a. 1.857462 n.a.
201 100 1.852873 3.981 1.853179 3.925
401 200 1.851963 3.849 1.852053 3.803
801 400 1.851704 3.513 1.851731 3.497

Table 5.5 contains the convergence rate results. From a convergence point of view,
the ratios have improved in comparison with the convergence ratio without smoothing (see
Table 5.4). However, quadratic convergence is still not obtained. From a theoretical point
of view, all the convergence analysis for semi-Lagrangian scheme are based on the smooth
properties of the solution [16, 43]. If the solution is smooth then quadratic convergence is
recovered. However, if the solution is non-smooth, then we can expect some reduction in
the convergence rate.

To confirm our intuition that the non-smooth payoff is in fact the reason why quadratic
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Table 5.6 Value of a continuously observed Asian call option at the strike with constant
timesteps. The input parameters are A7 = .01, ¢ = .1, r = .1, T = .25 and K = 100.
Convergence ratios (4.2) are presented for the Crank-Nicolson timestepping scheme.

Call option (PAYOFF(A, K) = H(A — K)(A — K)?)

Size of No. of S =100
S and A grids timesteps Value R
51 25 0.081607 n.a.
101 50 0.080608 n.a.
201 100 0.080438 5.827
401 200 0.080408 5.800
801 400 0.080403 5.456

convergence is not recovered, we create an artificial payoff that has the property of being
quadratically smooth in the A direction, e.g. PAYOFF(A,K) = H(A — K)(A — K)?,
where H(x) is the Heaviside function. In this case quadratic convergence is recovered for
both Crank-Nicolson and second order backward differencing. Table 5.6 shows detailed
convergence results for Crank-Nicolson timestepping.

Several other approaches were considered in an effort to improve convergence. We tried
to use Rannacher timestepping [78]; two or more implicit timesteps are taken before revert-
ing to a higher order timestepping scheme such as Crank-Nicolson for example. Numerical
experiments indicated that this did not improve the convergence rate. A convergence rate
of approximately 3.5 is found in this case. Adaptive timestepping was also considered [44]

but this technique did not improve the convergence rate.

5.6.2 American Asian Option under Jump diffusion

In the following we present the convergence results when pricing a continuously observed
fixed strike Asian option under the jump diffusion process. We assume that the jumps in
the asset price are lognormally distributed [66] (see Chapter 3, equation (3.4)). The input

parameters are presented in Table 4.1.
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Table 5.7 contains the convergence rate results. We observe that quadratic convergence

is still not obtained with the added diffusion due to the integral term.

Table 5.7 Value of a continuously observed fixed strike Asian call option at the strike under
the jump diffusion process, constant timesteps. The initial payoff is smoothed using the
average scheme described by equation (5.43). The input parameters are presented in Table
4.1. Convergence ratios (4.2) are presented for different timestepping schemes: implicit,
Crank-Nicolson and second order BDF.

CN timestepping BDF timestepping
Size of No. of S =100 S =100

S and A grids timesteps Value R Value R
51 25 2.417380 n.a. 2.420687 n.a.

101 50 2.406342 n.a. 2.407350 n.a.
201 100 2.403495 3.877 2.403782 3.738
401 200 2.402749 3.816 2.402834 3.761
801 400 2.402539 3.554 2.402564 3.521

Table 5.8 Value of a continuously observed fixed strike put American Asian option (under
jump diffusion) with constant timestepping. Crank-Nicolson timestepping is used. The
input parameters are defined in Table 4.1. This table presents convergence rates with and
without jumps. Iterations refers to the total (over all timesteps) of the maximum number
of iterations required for any value of j (see Algorithm 3.3) at each timestep. For the no
jump case the Asian American put option is priced using ¢ = oimp = .1886.

No jump Jumps
Size of No. of No. of (S = 100) No. of (S = 100)
S and A grids  timesteps iterations Value R iterations Value R
51 25 7 2.220443 n.a. 99 2.044636 n.a.
101 50 160 2.195726 n.a. 167 2.018530 n.a
201 100 319 2.188555  3.447 340 2.012220  4.138
401 200 692 2.186717  3.903 716 2.010691  4.126
801 400 1397 2.186243  3.874 1609 2.010281  3.728

Table 5.8 compares the value of an American Asian fixed strike put option with the value
of an American Asian fixed strike put option when the underlying stock follows the jump

diffusion process described by [66]. Second order backward timestepping is used and the
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initial payoff is smoothed out using equation (5.43). We observe that quadratic convergence

is not recovered. The convergence ratios are = 3.5.

5.7 Summary

In this chapter we have put forward several contributions.

e We have demonstrated that a semi-Lagrangian method can be used to price con-
tinuously observed Asian options. The implementation suggested here reduces this
problem to solving a decoupled set of one dimensional discrete partial differential
equations (PIDEs) at each timestep. This makes implementation of this method very
straightforward in a software library which is capable of pricing discretely observed

path dependent options [95].

e We have shown that in the fully implicit case, the semi-Lagrangian method is al-
gebraically identical to a standard numerical method for pricing discretely observed
Asian options, when the observation interval is equal to the discrete timestep. Since
lattice methods [89] can be regarded as explicit finite difference methods it follows
that the usual binomial forest method for Asian options [53] can also be regarded as

an explicit semi-Lagrangian method.

e Since the discretized problem at each timestep reduces to a set of decoupled 1d PIDEs,
we can make use of the techniques developed in Chapter 3 and in [44, 29, 32] to
prove certain properties of the discrete scheme, including convergence of the iterative
method used to solve the implicit discrete equations. In the fully implicit case, it is

straightforward to prove [, stability.

e We have included experimental computations which indicate that, even if second

order timestepping methods are used, observed convergence as the mesh and timestep
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is refined occurs at a sub-second order rate for small values of volatility. The problem

can be traced to the non-smoothness of the payoff function.

It is straightforward to extend the semi-Lagrangian approach of this chapter to more
exotic Asian options such as American Asian options under the jump diffusion process. For

a detailed study of these particular contracts, readers are referred to [30].



Chapter 6

A Real Options Approach to
Network Management: An

Application to Wireless Networks

This chapter applies modern financial option valuation methods to the problem of wireless
network capacity investment decision timing. In particular, given a cluster of base stations
(with a certain traffic capacity per base station), we determine when it is optimal to increase
capacity for each of the base stations contained in the cluster. We express this in terms of
the fraction of total cluster capacity in use, i.e. we calculate the optimal time to upgrade
in terms of the ratio of observed usage to existing capacity. We study the optimal decision
problem of adding new capacity in the presence of stochastic capacity usage. Based on the
real options formulation of Chapter 2, a five factor algorithm that captures many of the
constraints of wireless network management is developed. This optimal upgrade algorithm

will maximize the value of the investment to the network operator.
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6.1 Introduction

In Chapter 2 (see Section 2.3) a real options approach to value investment into telecom-
munication infrastructure was presented. Given the stochastic process described by the

following equation

dQ = a(n—Q)dt+ (J—1)QdY

dn = nudt+nodZ,

the value of an investment V' depending on @, n and time 7 is given by

Ve =an—Q)\Vo+ R+ A/OOO Vin,QJ,m)g(J)dJ

1
+ 577202‘/7777 +n(p = Co)Vy— (r+A)V. (6.2)

The derivation of equation (6.2) is given in Chapter 2, Section 2.3. Solving equation (6.2)
presents several challenges; it is a two dimensional PDE with no diffusion in the capacity
usage direction ) and it contains an integral term. In Chapter 3, we presented numerical
techniques for handling the integral term. In Chapter 5, a semi-Lagrangian approach was
introduced to solve a two dimensional PDE (6.2) with no diffusion in one space like direction.
As a result, the numerical techniques developed in those chapters can now be applied to
the wireless network capacity investment decision problem.

Given a cluster of base stations (see Figure 6.1), our ultimate objective is to determine
the percentage (in terms of the ratio of observed usage to existing capacity) at which it is
optimal to add capacity to each of the base stations in the cluster. This optimal upgrade

decision will maximize the value of the investment to the network operator. Figure 6.1
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provides a representation of a simplified cluster of base stations. A typical cluster contains
at least 20 base stations. When there is too much traffic in a cluster, customers experience
blocking (i.e. calls do not get through). For example, during the power outage of August
2003, wireless clusters were under extremely high traffic. As a result many calls were not
completed.

A simplistic solution to blocking would be to conduct a traffic study at the base station
level and increase the capacity of the stations that are experiencing too much blocking.
However, due to the Code Division Multiplexing Access (CDMA) [57] technology that is
currently used in leading edge wireless networks, it is not possible to only add capacity to
the base stations where high blocking occurs. A user on a network using CDMA technology
may talk simultaneously to many base stations since a procedure called soft hand-off is used
[57]. As such, when there is too much blocking on a particular base station, all the base

stations within the cluster must have their capacity increased to maintain homogeneity.

-
s

Base station (or cell site)

ce

Sector

FIGURE 6.1: Example of a cluster. A typical cluster contains at least 20 base stations. The coverage
area or sector is generally not octagonal, but this diagram gives an idea of how a cluster look like.
With this in mind, we can characterize both traffic and grade of service/blocking prob-
ability. Traffic is measured in units of Erlangs [61]. An Erlang is defined as the average
number of simultaneous calls, or equivalently, the total usage during a time interval divided

by the length of that interval. Most network management systems measure usage during
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a one hour interval. The blocking probability is the probability that a call is blocked when
there is no channel available. The blocking probability is evaluated for the load during
bouncing busy hours. In practice, network managers study the load during bouncing busy
hours and then decide whether or not new capacity must be deployed. Based on the Erlang
mathematical models (Erlang-B or Erlang-C [61]), the relationship between blocking prob-
ability and capacity usage can be established. In this work we are going to use a blocking
probability of 2% [64].

Initially, we assume that we have an existing cluster where each base station has a base
level of capacity (i.e. capacity level zero). Using Erlang tables, this means 13.2 Erlang
of traffic can be handled at 2% blocking at each base station of the cluster. If capacity
is added to a base station (i.e. level one base station), 40 users can be accommodated,
meaning 31 Erlang of traffic can be handled at 2% blocking. The base station load at
2% blocking more than doubles when capacity is added. Table 6.1 gives a synopsis of an
Erlang table. Consequently, when considering the cluster of base stations, the capacity of
the cluster is simply the capacity of a base station multiplied by the number of base stations

in the cluster.

Table 6.1 Correspondence table between increment levels at the base station, users, Erlang
and minutes of traffic in the hour that can be approximately handled by a base station at
2% blocking [64].

level Users FErlang Minutes of traffic in the hour
0 20 13.2 2376
1 40 31.0 5580
2 60 49.6 8928
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6.2 Mathematical Model

This section explores different discretization methods for the PIDE (6.2) using the semi-
Lagrangian approach presented in Chapter 5. We use an unequally spaced grid for the PDE
discretization in 1 coordinates [1, . . ., Mimaz], and similarly an unequally spaced grid is used

in the @ direction [Qo, ... Qjmaz]- Let
Vi =V, Q") (6.3)

denote the solution with mean 7;, capacity usage ()j, and time level n. Let G be the

differential operator represented by

1
gv = 577202‘/7777 +n(p—Co)Vy, — (r+ ANV + R, (6.4)

and define ZV as

IV = A / V0, Q1)g(J)dJ. (6.5)
0
Equation (6.2) can then be rewritten as
Vi—an—Q)Vo =GV +1IV. (6.6)
Let us denote the discrete form of GV or (ZV) at n =n;,Q = Q;,7 = 7" by (QV)ZJ- or

(IV)ZJ.. The Lagrangian derivative along a trajectory @ = Q(n,7) (n =const) is

DV 89V _9vdQ

Dr ~ or TaQar

Along the trajectory
— =a(Q —n), (6.8)
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equation (6.2) can be written as

DV
= = Iv. .
5o =GV +IV (6.9)

Let Q(mi, Qj, 7", 7) be a trajectory satisfying equation (6.8), which passes through the
discrete grid point (1;,Q;) at 7 = 7""1. Let Vfg(l 1) = =V (m, Q?(i,nﬂ)’ 7™) be the value of
the investment at the departure point of the trajectory Q(n;, Q;, "+ 1), at T = 7. Note
is determined by

that Q" 1 will not necessarily coincide with a grid point @);. Q?(

i@+ i,n+1)

solving
dQ n n+1 ™ dQ
dT (Q 771) Qj(i’nJrl Q /Tn+1 (dT) dr (6.10)

from 7 = 7" +!

to 7 = 7". In general, the integration in equation (6.10) must be computed
numerically and the integration method should have an error one order higher than the
timestepping method used to approximate the Lagrangian derivative (see [2] and Chapter

5).

The characteristic curve associated with equation (6.8) is defined by

aQ _
7 = @ —m), (6.11)
-
and consequently,
Q =n; + Cexp(ar), (6.12)

where C' is constant. At 7 = 1, Q = Q?H, so that

At time ™ Q?(i,n—i—l) =+ (Q?]?+1 — ;) exp (Oz(T” B 7_n+1)) 7

At time 7771 ;.L(;;ZH) =n; + (Q;“rl —m)exp (a(r" 1 — ")), (6.13)

where T > 77+ > 77 > 77~1. Discretization of equation (6.9) along the characteristic for
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different timestepping schemes gives,

o fully implicit timestepping

Vn‘-‘,-l —yn,
MR — (vt 4 @V (6.14)

e Crank-Nicolson timestepping

vty 1
1, 2,7 (2,n+1 n n

J A7_]( ) _ 3 [(gv)ljl + (Iv)ijl} +

1

5 @)ty + @)+ (6.15)

e second order backward differencing (BDF) (constant timestepping)

1y n+1 n 1y n—1
2yt _oyn . + 2V
2 2¥) Zv](lzn+1) 2 ’L?](lvn-'_l) _ ’I’L+1 n+1
Ay = (QV)M- —i—(ZV)m- . (6.16)
Let us define the matrix G such that
n+1 _ n+1 :
[G V] L = (GV);; " + truncation error , (6.17)

where Vj"+1 is the vector of discrete solution values [anﬂ] =V (i, Qj, ™) for fixed Q.
(2

Using finite differences, the matrix (6.17) is given by
GV = —(i+Bi+r+ NV T 4+ BV o VAT R i =1, imax—1, (6.18
7 i+1 i—1 ()

where «;, 8; are chosen such that the type of approximations used for the derivatives and
second derivatives (e.g. central, forward or backward differencing) guarantees that «; and f;
are non-negative. For ¢ = 0, the matrix (6.18) reduces to a diagonal entry with ag, 5y = 0,

and for the row ¢ = imax, we set a; = 3; = 0, and set A = 0, and we impose a Dirichlet
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boundary condition (see Chapter 3, Section 3.3 for details of o; and (3;).
As discussed in Chapter 3, the integral term (ZV'); ; can be efficiently computed using

interpolation and an FFT. Effectively, (ZV) is approximated by

T V)ZL;H ~ A Z hikaZH + truncation error
k
= MH - Vj"H]i + truncation error

0<hy<1 and > hy <L (6.19)
k

Note that the jumps occur along the demand direction @); this contrasts with the model of
Chapter 5, where jumps occur along the asset direction S.

Let ®"*! be the Lagrange interpolation operator such that
(@ V™), = V(s Qi n+1),T") + interpolation error. (6.20)

In the following, for simplicity we describe the method used to solve the discrete equa-
tions (6.14), (6.15) and (6.16) only for the fully implicit (6.14) timestepping method. The
readers should have no difficulty generalizing the results to the Crank-Nicolson (6.15) and
the BDF (6.16) timestepping cases.

In the fully implicit case, the matrix form of the discrete equation (6.14) is given by

[I — ATG — AATH| V' = [@" V7] (6.21)

i

In order to solve equation (6.21), an iteration scheme (see Algorithm 6.1) is used at each
timestep to avoid solving the dense system defined by [H . Vj"'H] . Each iteration of
(2

Algorithm 6.1 requires a tridiagonal factor and solve, and a forward and back FFT for each

J-
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Algorithm 6.1 Fixed point iteration scheme to evaluate the jump integral term implicitly.

for £=0,1,2,... until convergence do
// Compute the integral term using FFT along the @); direction
// for each node 7;
Let (V0 = (V), j=0,1,..., jmax
for j=0,1,...,jmax do
~ k
Let V*] — (V}’n-l-l)k

Solve ki Ak
[[ = ATGIV; = [@"HV ]+ AATHV
?nd for (V5 =viE D)
if max; ; W‘% < tolerance then
Quit
end if
end for

Theorem 6.1 (Stability of fully implicit discretization). Assuming that matrix
[I — ATG — ANATH] is an M -matriz, ® is a linear interpolant, and Dirichlet boundary con-

ditions are used at Q = Qjmaz, then the discretization (6.14) is unconditionally stable.
Proof. This proof is omitted, since it is virtually identical to the proof of Theorem 3.1. [

Theorem 6.2 (Convergence of the fixed point iteration (Algorithm 6.1)). Assum-
ing that matriz [I — ATG| is an M-matriz (this follows from Lemma D.3 in Appendiz D),
that H has properties (6.19), and Dirichlet boundary conditions are used at Q = Qjmaz,

then Algorithm 6.1 is globally convergent to the unique solution of equation (6.21).
Proof. The proof is virtually identical to the proof of Theorem 3.3. O

Remark 6.1. Theorem 6.2 can be easily extended to the Crank-Nicolson and BDF' cases.

For Crank-Nicolson timestepping, we can prove algebraic stability as in Theorem 3.2.



CHAPTER 6. A REAL OPTIONS APPROACH TO NETWORK MANAGEMENT: AN
APPLICATION TO WIRELESS NETWORKS 118

6.3 Algorithm

Our ultimate objective is to determine the optimal time for an equipment upgrade. This is
found as a byproduct of calculating the value of the network operator’s investment in equip-
ment. We use a dynamic programming approach to maximize the value of this investment,
and this in turn will give us the optimal upgrade strategy.

For ease of exposition we begin by ignoring the upgrade decision entirely and simply
describe how to calculate the value of an investment for a fixed level of capacity. Let @Q be
the capacity level. We consider an investment horizon of T' = 5 years [64]. At this date, the

value of the investment is assumed to be given by

V(n,Q,Q,T) = f(n,Q).

Our methods can be used with any suitable choice of f(n, @), but for simplicity we assume
that the value of all capital investment at T is equal to its salvage value, and we further
assume that this salvage value is zero (i.e. f(n,Q) = 0). Implicitly, we are assuming that
new technology renders all existing equipment obsolete at T. Our dynamic programming
approach solves backwards from this investment horizon date to today. We suppose that
revenues R accrue continuously, and are given by R(n,Q,Q,7), measured in dollars per

year. Equation (6.2) can be written as

Ve = aln— QVo + R(1,Q,@,7) + A /O V0, QJ,7)g(J)dJ

1
+ 577202‘/?777 +n(p—Co)Vy — (r+ A)V. (6.22)

Equation (6.22) is the valuation equation for a given capacity level @, where the network
operator receives continuous revenues. The next step is to introduce maintenance costs. We

assume that these are constant over time and are paid at discrete time intervals Tyaint (€.8.
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monthly). With time running backwards, let 7. . and 7.} . = denote 7. . = Tmaint — €

_l’_
and Tmaint

= Tmaint + € Where € > 0 and € << 1. Equation (6.22) is then augmented by the

condition

V(777 Q7 @7 T$aint) = V(777 Q: @7 Tr;aint) - MATmaintn (623)

where M is the maintenance cost in dollars per year and ATaint is the time interval between
maintenance payments (expressed as a fraction of a year).

Finally, the possibility of upgrading to a higher level of capacity must be taken into
account. This adds considerable complexity. We need to keep track of the maximum
capacity of each cluster. This will be a discrete variable @Q,,,, where there are myax possible
capacity levels, indexed by m = 0, 1,...,mmax — 1. We allow upgrades to any higher level of
capacity (e.g. we could upgrade to the highest possible level, skipping all intermediate levels
[31]). In other words, we could upgrade from Q,, to Q,,, where u € {m +1,..., Mmax — 1}.

The decision of whether or not to upgrade (and to which level) is assumed to be made
periodically, at a discrete set of observation times tops = {0, Atops, 2Atebs, - - - - Typically,
we will let Atohs = 1 month. If a decision is made to upgrade at some time ¢, € tobs, then
the actual upgrade is completed at t,, + . We assume that /Aty is an integer. Note
that 9 is the amount of time necessary to order and set up the equipment.

Due to the fact that the dynamic programming approach works backwards in time, at
any time in t,ps we cannot know when (or if) an upgrade decision was made, and to which
capacity level. Hence, we have to solve for all possible times at which an upgrade could
occur, and all possible capacity levels for an upgrade. In addition to the variable u described
above which indicates the capacity level of a potential upgrade, we need an additional
discrete counter variable [ to track the times at which upgrades might occur. [ ranges from
0,1,...,lnax Where Iy = %Obs. I = 0 corresponds to the value of the investment at the

existing level of capacity. The value of [ > 0 corresponds to the amount of time elapsed
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(working backwards and measured in terms of A7, = Atfgps) since a potential upgrade
was completed. For example, suppose that ¥ = 3 months (A7ps = 1 month), and lax = 3.
If [ = 1, then the equipment came on-line 1 month ago, and the upgrade decision will be
made 2 months from now.! Similarly, if I = 2, the equipment was on-line 2 months ago,
but the actual decision of whether or not to upgrade will occur 1 month from now. If [ = 3,
the decision to upgrade will be made immediately, and the equipment was operational 3
months ago. Note that at each observation time 7o = T — tops, the value of [ changes. Let
77 (77) denote backwards time right before (after) an observation time, and let [~ and I+

be the value of the counter variable at 7= and 7+. Then we have

It =1"+1if I < lpax (6.24)

This is because the elapsed time will be incremented by one if we have not yet reached the
time when the upgrade decision occurs.

Our valuation function now depends on six variables: the mean reversion level 7, the
level of capacity usage Q, the existing capacity level Q,,, the upgrade decision indicator
u, (which indicates that a decision has been made to upgrade to capacity @,,) the discrete
time counter variable I, and backwards time 7: V = V(n,Q,Q,,,u,l,7) (as well as the
periodic maintenance costs). We use the notation u = m,l = 0 to indicate the value of the
investment at the existing level of capacity.

The only remaining factor to include is the cost of upgrading. Let Cy,—q,(7);—i—1 denote
some (possibly time-dependent) designated partial payment from [ to [ — 1 of the total cost

of upgrading from a cluster with maximum capacity @,, to one with maximum capacity

'Recall again that time is running backwards in the dynamic programming approach being described
here. In terms of forward time, the upgrade decision has been made in the past and the equipment will
be installed in the future; but in backwards time the upgrade decision will be made in the future and the
equipment installation has occurred in the past.
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Q,-2 We assume that these upgrade costs are paid at the observation times 7ops, implying

that

V(77, Qvama u, l T;E)S) = V(na Qv@mvual - 137(;35) - Cm%u(7_>l—>l—1a 1=2,... 5 Imax

(6.25)
where u =m+1,..., Mmax — 1, chl;s = Tobs + € and 7| = Tops — €, € > 0, and € << 1. At
[ =1, we have

V(n,Q,Qmu, 1, 7h ) =V (10,Q,Qy,u,0,7..). (6.26)

Note that we have assumed that upgrade costs are prepaid (going forward in time) so that
Cim—u(77)1—0 = 0. Equations (6.26) and (6.25) indicate that partial upgrade costs are
assumed to be paid at the beginning of the month (going forward in time) and it is pos-
sible to upgrade from @Q,, to @,,, but the new equipment will not be ready for some time.
For example, suppose that ¢ = 3 months, Ao,y = 1 month and [, = 3, then upgrade
costs are paid at times 0, 1,2 going forward in time (see Figure 6.2). Thus going backward
in time equation (6.25) represents partial payments for positions 2,1 (i.e. [ = 3,2) and
equation (6.26) indicates what occurs at position 3 (i.e. { = 1) (see Figure 6.2). Further-
more, as we will see in more detail in the next section, when working backward in time,
upgrade costs are paid before upgrade decisions are made, and as a consequence we need to
store V(n,Q,@m,u,lmax,T&)s) into a temporary variable TMP(n,Q,@m,u,lmaX,To_bs) be-
fore equation (6.25) is applied. This temporary variable is then used in deciding to upgrade
(This will be discussed in detail in Algorithm 6.4).

At each upgrade decision date, 7,,, we maximize the value of the investment V' by

comparing the value of the investment in the current level of capacity with that of all

2The designated partial payment can be specified in a variety of ways. For instance, with three months
lead time, one-third of the cost could be paid in each of the three months. Alternatively, all of the cost could
be paid up front.
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Forward time

FIGURE 6.2: This figure illustrates the sequence of payments, suppose that 9 = 3 months, ATyps = 1
month and lyax = 3, then partial upgrade costs are paid at times 0, 1,2 going forward in time. Thus
going backward in time equation (6.25) represents partial payments for | = 3,2 and equation (6.26)
indicates what occurs at time | = 1.

possible completed upgrades to higher capacities. This implies

V(1,Q, Qpym, 0,75;,) =

max [V(n, Q,Q,,,m, 0, Tup)s TM P(n, Q,Q,,,u, Imax; Tup) — Cm—>u(7'7)0—>lmax] , (6.27)
for u = m+1,...,Mmax — 1, 7f, = Tp + €, and 7, = Typ — €, € > 0, and € << 1.
Equation (6.27) indicates that a decision to add capacity will only be taken if the value of
the investment with the extra capacity exceeds the value of the investment without it. An
important assumption implicit in equation (6.27) is that while new equipment is ordered,
installed, and tested, the current stream of revenue is not interrupted. In other words, while
there is lead time, there is no down time. It would be straightforward to extend the analysis

in this thesis to the case of finite down time.
Following the financial option valuation literature, the implication of the extra state
variables m, [, and u is that we have to solve a set of partial differential equations of the
form of equation (6.22), one for each upgrade possibility. Let V (1, Q,T)m 4, denote the

value of an investment given the continuous variables 7, (), and the discrete variables m, u,
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and [. Then we have to solve a collection of problems

TImaut 04(77 - Q)%’l + R(U, Q, va 7-) + )‘/ V(U, QJ, T)g(‘])d‘]
or oQ 0
1 2 282Vmul aVmul
- ~ MU — — 2
+ 5T n(p — Co) 5 (r+ AV, (6.28)

where the revenue function R(-) now explicitly depends on the capacity level via m, and
updating rules analogous to equations (6.23) for maintenance costs?, (6.25) for upgrade

costs, and (6.27) for upgrade decisions are also applied.

6.3.1 Further Details About the Algorithm

In this section, a more complete description of the algorithm that we use is presented. For
simplicity, we assume that A7ghs = ATaint = ATup s0 that Tops = Tmaing = Tup. Note
that A7y, corresponds to the time interval between upgrade decisions (e.g. one month, six

months, one year). At observation times, then any of the following events can take place:
e maintenance costs are paid;
e partial or complete payments are made for capital expenditures;
e decisions about possible upgrades are made; and
e upgrades come on-line.

In our application, the exact sequence of events at observation times is as follows. Working
backwards in time, we assume that maintenance costs are paid first, followed by upgrade
costs, partially completed upgrades move one step closer to completion, then upgrade deci-
sions are made, and finally upgrades come on-line. Figure 6.3 graphically presents the order

of events that could happen at any observation times.

3Note that the maintenance costs are assumed to depend on the capacity level, i.e. M = M,,.
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Upgrades come-on line (previously decided)
Upgrade decisions
: Upgrade cost payments

Maintenance cost payments

> i > i‘( > |" Forward time
« « -« Backward time

FIGURE 6.3: Sequence of events at observation times. Working backwards in time, we assume that
maintenance costs are paid first, followed by upgrade costs, partially completed upgrades move one
step closer to completion, then upgrade decisions are made, and finally upgrades come on-line.

We now give some more details about the revenue function. As noted above, it is

assumed that the owner of the cluster receives continuous payments. For the maximum

capacity @ (measured in minutes per bouncing busy hour), we have

R(1, Q; @y 7) = min(Q, Q) P(7). (6.29)

The price function P(7) is given by

P(1) = Pyexp (—(T — 7)), (6.30)

where Py has units of dollars per year and ¢ is a decay parameter. The payment received
can be no larger than the maximum capacity of the cluster multiplied by the price. Con-

sistent with our earlier observation (see Figure 2.2 in Chapter 2), we assume that price is a
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known decreasing function of time.

Turning to upgrade costs, recall that Cy,—,(7);—;—1 is a designated partial payment of
the upgrade cost from a cluster of maximum capacity Q,, to one with maximum capacity
Q,- These upgrade costs are assumed to decay exponentially over time with the same
parameter 3 as the price term above.*

Next we provide a more complete summary of our algorithm. As noted above, a variety
of events can occur at observation times, but for simplicity we denote the time (working
backwards) before any of these events as 7~ and the time following the event as 7. The
length of time between observation times is A7 = 1 month. For illustrative purposes, we
assume here that the lead time required for the upgrade is 3 months. We can think of the

algorithm as having the following steps:

e Step 1: Impose the condition V,,, ,;(n,Q,0) = f(Q) at the investment horizon date
T =0.

e Step 2: Solve the collection of PDEs (6.28) to the first observation time.

e Step 3: Consider the observation time as a time when maintenance costs are paid.
Update the solution by subtracting these costs, as described in the pseudo-code given

in Algorithm 6.2.

e Step 4: Consider the observation time as partially completed upgrades move one
step closer to completion, upgrade costs are paid and completed upgrades to higher
capacity levels become available. The solution updating is shown graphically in Figure

6.5. Pseudo-code is given in Algorithm 6.3.

e Step 5: Consider the observation time as an upgrade decision date and apply equa-

“More precisely, only the total cost of an upgrade is assumed to decline over time. If the upgrade costs are
paid at observation dates throughout the lead time interval, then the individual payments for a particular
upgrade do not decay exponentially.
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tion (6.27). This is sketched in the pseudo-code provided in Algorithm 6.4, and

depicted graphically in Figure 6.4.

e Step 6: If 7 = T, terminate. Otherwise, solve the collection of PDEs to the next

observation date and 