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Abstract

This paper describes a modification of a possibilistic clustering method based on the concept
of allotment among fuzzy clusters. Basic ideas of the method are considered and the concept
of a principal allotment among fuzzy clusters is introduced. The paper provides the description
of the plan of the algorithm for detection principal allotment. An analysis of experimental
results of the proposed algorithm’s application to the Tamura’s portrait data in comparison
with the basic version of the algorithm and with the NERFCM-algorithm is carried out. A
methodology of the algorithm’s application to the dimensionality reduction problem is
outlined and the application of the methodology is illustrated on the example of Anderson’s
Iris data in comparison with the result of principal component analysis. Preliminary
conclusions are formulated also.

Keywords: possibilistic clustering, fuzzy tolerance, allotment among fuzzy clusters, typical
point, membership degree, dimensionality reduction

1. Preliminaries

In general, cluster analysis refers to a spectrum of methods, which try to divide a set of
objects X = {x,,...,x,} into subsets, called clusters, which are pairwise disjoint, all non empty

and reproduce X via union. Heuristic methods, hierarchical methods, optimization methods
and approximation methods are main approaches to the cluster analysis problem solving.
Clustering algorithms in general can also be divided into two types: hard versus fuzzy.
Hard clustering assigns each object to exactly one cluster. In fuzzy clustering, a given pattern
does not necessarily belong to only one cluster, but can have varying degrees of memberships
to several clusters. Heuristic methods of fuzzy clustering, hierarchical methods of fuzzy
clustering and optimization methods of fuzzy clustering were proposed by different
researchers, but the most widely used is the FCM -algorithm. Conceived by Dunn [5] and
generalized by Bezdek [2], this family of algorithms is based on iterative optimization of a
fuzzy objective function. Many fuzzy clustering algorithms are proposed by other researchers.
Moreover, a possibilistic approach to clustering was proposed by Krishnapuram and Keller
[8]. A concept of possibilistic partition is a basis of possibilistic clustering methods and the
possibilistic membership values g, 1</<c, 1<i<n can be interpreted as the values of

typicality degree. The possibilistic approach to clustering can be considered as a way in the
optimization approach in fuzzy clustering because all methods of possibilistic clustering are
objective function-based methods. Different fuzzy clustering algorithms are described by
Sato, Sato and Jain [9] in detail.

The most widespread approach in fuzzy clustering is the optimization approach.
However, heuristic algorithms of fuzzy clustering display high level of essential clarity and
low level of a complexity. Some heuristic clustering algorithms are based on a definition of a
cluster concept and the aim of these algorithms is cluster detection in conform to a given
definition. These algorithms are called direct clustering algorithms [13]. Direct heuristic
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algorithms of fuzzy clustering are simple and very effective in many cases. The algorithm of
Couturier and Fioleau [4] is a very good illustration for these characterizations.

An outline for a new heuristic method of fuzzy clustering was presented by Viattchenin
[12], where concepts of fuzzy «-cluster and allotment among fuzzy « -clusters were
introduced and a basic version of direct fuzzy clustering algorithm was described and the
version was called the AFC -algorithm. The basic version of direct fuzzy clustering algorithm
requires that the number ¢ of fuzzy « -clusters be fixed. The allotment of elements of the set
of classified objects among fuzzy clusters can be considered as a special case of possibilistic
partition. These facts were demonstrated in [14], [15]. That is why the basic version of the
algorithm, which is described in [12], can be considered as a direct algorithm of possibilistic
clustering and the algorithm can be called the D—AFC(c)-algorithm. The D-AFC(c)-
algorithm is a basis for other clustering algorithms [13], [14].

The main goal of this paper is a detailed consideration of a modification of the
D—AFC(c)-algorithm, which is oriented at detection of the unknown least number of
compact and well-separated fuzzy clusters. For this purpose, the concept of the principal
allotment among fuzzy o -clusters is introduced in the paper. So, the modification can be
called as the D—PAFC -algorithm. The contents of this paper are following: in the second
section basic concepts of the method considered, the concept of a principal allotment is
introduced and the general plan of the D—PAFC -algorithm is proposed, in the third section a

numerical example of application of the D—PAFC -algorithm to the Tamura’s portrait data in
comparison with the D—-AFC(c)-algorithm and with the well-known relational fuzzy
clustering NERFCM -algorithm of Hathaway and Bezdek [7] is given, in the fourth section a
methodology of the D—-PAFC -algorithm’s application to the solving of the problem of

reduction of analyzed features space dimensionality is described and illustrated on the
Anderson’s Iris data example in comparison with the result of conventional principal
component analysis, in the fifth section some final remarks are stated.

2. General Plan of the D-PAFC-algorithm

Let us remind the basic concepts of the possibilistic clustering method based on the concept
of allotment among fuzzy clusters, which was proposed in [12]. The structure of the set of
objects can be described by some fuzzy tolerance, that is — a fuzzy binary symmetric reflexive
intransitive relation. The concept of fuzzy tolerance is the basis for the concept of fuzzy « -
cluster. That is why definition of fuzzy tolerance must be considered in the first place.

Let X ={x,,...,x,} be the initial set of elements and 7 : X x X —[0,1] some binary fuzzy
relation on X ={x,,..,x,} with g (x;,x;)€[0,]], Vx;,x; € X being its membership
function.

Definition 1. Fuzzy tolerance is the fuzzy binary intransitive relation which possesses the
symmeltricity property
Hr (X, x ;) = pp (X ,%,), Y, x, € X, (D
and the reflexivity property
Hr(x;,x;)=1,Vx; e X (2)

Let us consider basic concepts of the method. Let X = {x,,...,x,} be the initial set of

objects. Let T be a fuzzy tolerance on X and « be « -level value of 7', « €(0,1]. Columns

or lines of the fuzzy tolerance matrix 7 are fuzzy sets {A',.., 4"} on X .Let {4',..,A4"} be
fuzzy sets on X, which are generated by a fuzzy tolerance 7 .

Definition 2. The « -level fuzzy set A(]a) = {(xl-,,uAl (x;))] My (x)za}, x,eX, l€{l,...,n} is

fuzzy a -cluster or, simply, fuzzy cluster. So, A(la) cA, ae(0]], 4" e{d",...,A"} and pu,
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is the membership degree of the element x; € X for some fuzzy cluster A(la), ae(0,1],
le{l,...,n}. Value of « is the tolerance threshold of fuzzy clusters elements.
The membership degree of the element x;,€X for some fuzzy cluster

Alyy» @ €(0,1],1€[1,n] can be defined as a

H (x;), x; € ALIz
My = >
0, otherwise

3)

where an « -level AL ={x; e X| oy (x;,)za}, ae(0,1] of a fuzzy set A" is the support of

the fuzzy cluster A(/a). So, condition A4 = Supp(A(/a)) is met for each fuzzy cluster A{a),
ae(01], I[1,n].

In other words, if columns or lines of fuzzy tolerance 7 matrix are fuzzy sets {4',..., A"}
on X then fuzzy clusters {A(la),...,A("d)} are fuzzy subsets of fuzzy sets {4',..., 4"} for some

value «a, a €(0,1]. The value zero for a fuzzy set membership function is equivalent to non-

belonging of an element to a fuzzy set. That is why values of tolerance threshold « are
considered in the interval (0,1]. So, a fuzzy cluster can be understood as some fuzzy subset

originated by fuzzy tolerance relation stipulating that the similarity degree of the fuzzy subset
elements is not less than some threshold value. In other words, the value of a membership
function of each element of the fuzzy cluster is the degree of similarity of the object to some
typical object of fuzzy cluster. So, membership degree can be interpreted as a degree of
typicality of an element to a fuzzy cluster. Moreover, membership degree defines a possibility

distribution function for some fuzzy cluster A(la), a €(0,1]. The fact was demonstrated by
Viattchenin [15] and the possibility distribution function is denoted by 7,(x;).

Definition 3. If T is a fuzzy tolerance on X, where X is the set of elements, and
{A(la) soees Al } 1 the family of fuzzy clusters for some o, then the point z’é € A; , for which

rf, =argmax i, Vx; € A; (4)

is called a typical point of the fuzzy cluster A(la), ae(0,1], I€[l,n].

Obviously, a typical point of a fuzzy cluster does not depend on the value of tolerance
threshold. Moreover, a fuzzy cluster can have several typical points. That is why symbol e is
the index of the typical point.

Definition 4. Let RY(X) = {A(la) [l = Le,2<c< n} be a family of fuzzy clusters for some
value of tolerance threshold o € (0,11, which are generated by some fuzzy tolerance T on the
initial set of elements X = {x,,...,x,}. If condition

iyh >0, Vx,;eX %)

=1

is met for all fuzzy clusters A([a), I =1,c,c<n, then the family is the allotment of elements of

the set X ={x,,...,x,} among fuzzy clusters {A(]a) |l = Le,2<c< n} for some value of the
tolerance threshold « .

It should be noted that several allotments RY (X)) can exist for some tolerance threshold
« . That is why symbol z is the index of an allotment. The condition (5) requires that every
object x;,i= 1,n must be assigned to at least one fuzzy cluster A(Ia), I=1,c,c<n with the
membership degree higher than zero. The condition 2 <c¢<n requires that the number of
fuzzy clusters in R?(X) must be more than two. Otherwise, the unique fuzzy cluster will
contain all objects, possibly with different positive membership degrees. The definition of the
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allotment among fuzzy clusters (5) is similar to the definition of the possibilistic partition [8].
That is why the allotment among fuzzy clusters can be considered as the possibilistic partition
and fuzzy clusters in the sense of definition 2 are elements of the possibilistic partition.
However, the concept of allotment will be used in further considerations.

Definition 5. Allotment R; (X) = {A(la) |l = 1,_n} of the set of objects among n fuzzy clusters

Jor some tolerance threshold o is the initial allotment of the set X = {x,,...,x,}.

In other words, if initial data are represented by a matrix of some fuzzy 7 then lines or
columns of the matrix are fuzzy sets A cX,l= I,_n and level fuzzy sets
A('a), l=lLnaec (0,1] are fuzzy clusters. These fuzzy clusters constitute an initial allotment
for some tolerance threshold « and they can be considered as clustering components.

Thus, the problem of cluster analysis can be defined in general as the problem of
discovering the unique allotment R*(X), resulting from the classification process, which

corresponds to either most natural allocation of objects among fuzzy clusters or to the
researcher's opinion about classification. In the first case, the number of fuzzy clusters ¢ is
not fixed. In the second case, the researcher's opinion determines the kind of the allotment
sought and the number of fuzzy clusters ¢ can be fixed.

If some allotment R (X ):{A(’a) |/ =1,_c,cSn} corresponds to the formulation of a

concrete problem, then this allotment is an adequate allotment. In particular, if condition
c
04l = x, (©)
I

and condition
card(A}, N A))=0,YA4(y), Ayl = m,a e (0,1], (7)

are met for all fuzzy clusters A(’a), I=1,c of some allotment RI(X)= {A(’a) = Le,e< n}

then the allotment is the allotment among fully separate fuzzy clusters.

However, fuzzy clusters in the sense of definition 2 can have an intersection area. If the
intersection area of any pair of different fuzzy cluster is an empty set, then conditions (6) and
(7) are met and fuzzy clusters are called fully separate fuzzy clusters. Otherwise, fuzzy
clusters are called particularly separate fuzzy clusters and w={0,...,n} is the maximum
number of elements in the intersection area of different fuzzy clusters. Obviously, for w=0
fuzzy clusters are fully separate fuzzy clusters. So, the conditions (6) and (7) can be
generalized for a case of particularly separate fuzzy clusters. Condition

> card(A}) > card(X), VA, € R (X), a € (0,1], card (RS (X)) =c, (8)
1=l
and condition

card(Al, A} ) S w, VA, Al 1 #m, a € (0,1], )

are generalizations of conditions (6) and (7). Obviously, if w=0 in conditions (8) and (9)
then conditions (6) and (7) are met.
The adequate allotment R (X) for some value of tolerance threshold «, a €(0,1] is a

family of fuzzy clusters which are elements of the initial allotment R;(X) for the value of «

and the family of fuzzy clusters should satisfy either the conditions (6) and (7) or the
conditions (8) and (9). So, the construction of adequate allotments
RY(X )={A(’a) |7 =1,_c,c§n,ae(0,l]} for every « is a trivial problem of combinatorics.
Several adequate allotments can exist. Thus, the problem consists in the selection of the
unique adequate allotment R*(X) from the set B of adequate allotments, B ={R"(X)},
which is the class of possible solutions of the concrete classification problem and

B={R?(X)} depends on the parameters the classification problem. The selection of the
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unique adequate allotment R*(X) from the set B={RZ(X)} of adequate allotments must be
made on the basis of evaluation of allotments. The criterion
p 1y
RRI(X),a) =2 —2 u—a-c, (10)
=1 1y =1
where ¢ is the number of fuzzy clusters in the allotment RZ(X) and

n, = card(A4, ),A(Ia) € RY(X) is the number of elements in the support of the fuzzy cluster

A(la), can be used for evaluation of allotments. Maximum of criterion (10) corresponds to the
best allotment of objects among ¢ fuzzy clusters. So, the classification problem can be
characterized formally as determination of the solution R*(X) satisfying

R*'(X)=arg max F(RY(X),a), (11)
)

R¥(X)eB(c
where B={R?(X)} is the set of adequate allotments corresponding to the formulation of a
concrete classification problem. The criterion (10) can be considered as the average total
membership of objects in fuzzy clusters of the allotment R”(X) minus «-c. The quantity

a - ¢ regularizes with respect to the number of clusters ¢ in the R (X).

Detection of an unknown minimal number of compact and well-separated fuzzy clusters
can be considered as the aim of classification in some situations. So, the following concept
was introduced by Viattchenin [13].

Definition 6. Allotment R; (X)= {A(la) |Z:1,_c,a € (0,11} of the set of objects among the
minimal number ¢, 2<c<n of fully separate fuzzy clusters for some tolerance threshold o,
a €(0,1] is the principal allotment of the set X = {x,,...,x, }.

So, principal allotment must satisfy conditions (6) and (7). There is a five-step procedure
of classification:

1. Calculate «-level values of the fuzzy tolerance 7 and construct the sequence
O<ay<a <...<a,<...<ay <1 of a-levels; let {:=1;

2. Construct the initial allotment R/ (X) = {A(la) |[=1,n},a= a, for the value o, from
the sequence 0< ¢, <o <...<a,<...<a, <1;
3. The following condition is checked:
if for some fuzzy cluster A(/a) € R} (X),a =a, the condition card(A(la)) =n
is met
then let /:=/+1 and go to step 2
else construct the allotments, which satisfy conditions (6) and (7);
4. The following condition is checked:

if for «, allotments RZ(X) satisfying conditions (6) and (7) are not

constructed
then let /:=/+1 and go to step 2
else construct the class of possible solutions of the classification problem

B* ={R!(X)},a=«, for a,;
5. The following condition is checked:
if condition card(B“)>1 is met
then calculate the value of the criterion F(RY(X),a) for every allotment
R (X)e B“

and the result of the classification R*(X) must be constructed as follows:
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if for some unique allotment R (X) e B the condition (11) is met
then the allotment is a solution R*(X) of the classification problem;
else  if condition card(B* ) =1 is met

then the unique allotment R%(X)e B is a solution R*(X) of the
classification problem.

l
(@)

number of fully separate fuzzy clusters and the corresponding value of tolerance threshold o
are results of classification.

The principal allotment R;(X)={4,, |/ =1Lc,a(0,1]} among the unknown least

3. A Numerical Example

Let us consider an application of the proposed D—-PAFC -algorithm to the classification

problem for the following illustrative example. The problem of classification of family
portraits coming from three families was considered by Tamura, Higuchi and Tanaka [11].

The number of portraits was equal to 16 and the real portrait assignment among three
classes is presented in Figure 1.

FAMILY 1 FAMILY 2

: GRANDMOTHER

. PARENT

. CHILD

> O

FAMILY 3

Figure 1: Real portrait classification.
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The subjective similarities assigned to the individual pairs of portraits collected in the
tabular format are presented in Table 1.

1 2 314|567 |89 1011 ]12]13]14]15]16
1.0
0.0]1.0
0.0]00]1.0
00/00]04]|1.0
0.0/0.8]0.0]0.0]1.0
0.5/00]02]02]0.0]1.0
0.0/08]0.0]00]04]0.0]1.0
04]02]02]05[00[08[0.0]1.0
00[04]00]08[04[02[04]0.0]1.0
10{0.0]00]02]02]00/00]02]00]02]1.0
11/00/05/02]02]00]00]08]0.0]04[02]1.0
1210.0]00]02]08/00/00]00[00]04]08]0.0]1.0
13/108]00]02]04/00/04]00]04]0.0]0.0[0.0[0.0[1.0
14100]08]00/02/04/00/08]00]02]02]06[0.0[0.0]1.0
15{00]00]04/08/00]02]00]0.0]02]0.0[00[{02]02]0.0]1.0
16/06]00]00/02/02/08[00]/04]00]00][00[00]04]02]00]1.0

Table 1. The matrix of subjective similarities.

O (0 [ [N [N | [W[IN|— |~

In fact, the matrix of subjective similarities is the matrix of a fuzzy tolerance. That is why
D—PAFC -algorithm can be applied to the matrix directly. The application of the D—PAFC -
algorithm to the classification problem was made in comparison with the basic version of the
algorithm and the NERFCM -algorithm of fuzzy clustering [7] for the number of classes
c¢=3. In order to compare the proposed algorithm with the well-known relational fuzzy
clustering NERFCM -algorithm, we transformed the initial matrix into a dissimilarity matrix
by complementing the relationship degrees. The membership values originating from all
experiments are presented in Table 2.

Numbers of Membership values
objects, i From the From the From the
NERFCM -algorithm | D—AFC(c)-algorithm | D—PAFC -algorithm
U Uy Us; Hii Hoi Hsi M | Hoi | Hi | Hyi

0.64 | 0.17 | 0.19 1.0 0.0 0.0 105100100100
0.10 | 0.79 | 0.11 0.0 1.0 0.0 10010100100
032 | 026 | 042 | 0.0 0.0 02 [00)00]04]0.0
0.08 | 0.06 | 0.86 | 0.0 0.0 08 100]00]08]0.0
025 | 049 | 026 | 0.0 0.8 00 [00)08]0.0]0.0
0.72 | 0.12 | 0.16 | 0.5 0.0 0.0 11.0]0.0]0.0]00
0.09 | 0.81 | 0.10 | 0.0 0.8 00 [00)08]0.0]0.0
0.56 | 0.19 | 0.25 0.4 0.2 0.0 108100100100
021 | 0.30 | 049 | 0.0 0.4 04 100/04]00]0.0
027 |1 029 | 044 | 0.0 0.0 08 100]00]00]10
0.20 | 0.57 | 0.23 0.0 0.5 0.0 100]05]00]0.0
0.18 | 0.17 | 0.65 0.0 0.0 1.0 100 0.0]00]0.38
0.55 | 0.19 | 0.26 | 0.8 0.0 0.0 104 ]00]00]0.0
0.13 | 0.73 | 0.14 | 0.0 0.8 0.0 100]08]00]0.0
025 | 021 | 0.54 | 0.0 0.0 02 100]00]10]0.0
0.65 | 0.16 | 0.19 | 0.6 0.0 0.0 1081001007100

[E [ S [S— (U — —
~AEI SIS |S ||| |un|s|w||—

Table 2. The results of applications of clustering algorithms.
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The fuzzy c -partition P(X) is produced by the NERFCM -algorithm. So, condition

C
Du,; =1 is met for the membership values u,, 0<u, <1, 1</<c¢, 1<i<n originating
=1

from the NERFCM -algorithm. If the maximum memberships rule is applied to the matrix
Pyyo =lu;l, I=1...,c, i=1,...,n of the fuzzy c-partition P(X), then the result of the
NERFCM -algorithm application to the Tamura’s data is similar to the real portraits
classification.

By executing the D—AFC(c) -algorithm for three classes, we obtain the allotment R"(X)

among particularly separate fuzzy clusters, which corresponds to the result, is received for the
tolerance threshold o = 0.2. The ninth element of the set of objects is belonging to the second
class and to the third class and membership values are equal, 1,4 = 1159 = 0.4. Obviously, the

membership function obtained from the D—-AFC(c)-algorithm is sharper than the

membership function resulting from the NERFCM -algorithm.
After application of the D—PAFC -algorithm to the matrix of the initial data, the principal

allotment R}O,'4 (X) among four fuzzy clusters, which corresponds to the result, is received for
the tolerance threshold o =0.4. By executing the D—-PAFC -algorithm we obtain the

following: the first class is composed of 5 elements, all belonging to Family 1; the second
class is formed by 6 elements, where five elements correspond to Family 2 and one element
corresponds to Family 3; the third class consists of 3 elements, all belonging to Family 3, and
the fourth class contains 2 elements, all from Family 3. So, the union of the third and fourth
classes is the class, which corresponds to Family 3 and there is one mistake of classification.
The ninth element of the set of objects is the misclassified object.

The value of the membership function of the first fuzzy cluster is maximal for the sixth
object. So, the sixth object is the typical point of the first fuzzy cluster. The membership value
of the second object is equal one for the fuzzy cluster, which corresponds to the second class
and the second object is the typical point of the second fuzzy cluster. The membership value
of the fifteenth object is equal one for the third fuzzy cluster. That is why the fifteenth object
is the typical point of the fuzzy cluster which corresponds to the third class. The value of the
membership function of the fourth fuzzy cluster is maximal for the tenth object. So, the tenth
object is the typical point of the fuzzy cluster which corresponds to the fourth class.

The matrix of the allotment can be illustrated by a diagram. Membership functions of four
classes are presented in Figure 2.

Hii

10

]
0.8
07
o]
05
0.4
0.3

0.2

0.1

S I A N N N N A S SN NN S S M S

Figure 2. Membership functions of four classes obtained from the D-PAFC-algorithm.
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Membership values of the first class are represented in Figure 2 by e, membership values
of the second class are represented in Figure 2 by o, membership values of the third class are
represented in Figure 2 by m, and membership values of the fourth class are represented in
Figure 2 by o.

4. A Methodology of Dimensionality Reduction Based on the D-PAFC-
algorithm

Problems of data visualization and reduction of the analyzed feature space dimensionality are
very important in the process of data analysis. Feature selection is meant here to refer to the
problem of dimensionality reduction of the data which initially contain a high number of
features. The selection aims to choose the minimal number of the original features which still
contain the information essential for discovering of substructure in the data, while reducing
the computational complexity imposed by using many features. Different feature selection
methods were briefly described by Ghazavi and Liao in [6]. An application of fuzzy
clustering methods to the problem of feature selection was outlined in [3].

The D-PAFC -algorithm can be applied to solve the problem of reduction of feature

space. The basic idea of the approach is that features can be classified and a typical point of
each fuzzy cluster can be considered as an informative feature. In other words, the approach
can be considered as a version of the method of extremal grouping of features. So, a
methodology of solving the problem of reduction of feature space dimensionality can be
described as follows:

1. The initial data are contained in the matrix of attributes X,  =[%/], i=1,...,n,

t=1,...,m. So, the matrix of correlation coefficients r, _ =[r(x',£)], t=1....m,

mxm

k =1,...,m can be constructed as follows:

~tonky ctk
r(xL,xN) =—"+, (12)
s's
12 ~t YA = 1&/. =1 2 = 14,
where ¢, :—Z(xl.’ —x’Xxf —xk>, (s")? :—Z(xi —x’) ,and £ ==Y %/ .
n =1 n =1 n iz
2. The matrix of correlation coefficients for the data can be normalized as follows:

(r(fc',fc") —m]icnr(fc’,fck)j
1,

Soat nk
F(xxN) = — —. (13)
' maxr(x',%")—minr(z',5")
1,k 1,k

So, the matrix of correlation coefficients after normalization can be treated as a
matrix of fuzzy tolerance relation. The D—PAFC -algorithm can be applied directly

to the matrix of normalized correlation coefficients.
3. Typical points of fuzzy clusters of the received principal allotment Rj (X) can be
selected as most informative attributes.

An application of the methodology to data visualization can be illustrated on the
Anderson’s Iris data example. The Anderson's Iris data set consists of the sepal length, sepal
width, petal length and petal width for 150 irises [1]. The problem of classification is to
classify the plants into three subspecies on the basis of this information. Let us consider the
problem of most informative feature selection.

The Anderson’s Iris data forms the matrix of attributes X, 5, =[%/], i=1,...,150,
t=1,...,4, where the sepal length is denoted by %', sepal width is denoted by %*, petal

length is denoted by x* and petal width is denoted by x*. A matrix of correlation coefficients

JIOS, VOL. 33, NO. 1 (2009), PP.205-217
213



VIATTCHENIN AN ALGORITHM FOR DETECTING...

Fig = [F(&",%)], t=1,....4, k=1,....,4 can be constructed using formula (12). The matrix of

correlation coefficients presented in Table 3.

rGLE | R 32 33 I
5 1.0000 | -0.1176 | 0.8718 | 0.8169
2 | -0.1176 | 1.0000 | -0.4284 | -0.3661
s 0.8718 | -0.4284 | 1.0000 | 0.9629
4 0.8179 | -0.3661 | 0.9629 | 1.0000

Table 3. The matrix of correlation coefficients for the Anderson’s Iris data.

After application of the formula (13) to the matrix of correlation coefficients a matrix of
fuzzy tolerance relation was constructed. The matrix is presented in Table 4.

FELE5) 3! 32 33 IS
I 1.0000 | 0.2176 | 0.9102 | 0.8725
T 02176 | 1.0000 | 0.0000 | 0.0436
s 0.9102 | 0.0000 | 1.0000 | 0.9740
o 0.8725 | 0.0436 | 0.9740 | 1.0000

Table 4. The matrix of correlation coefficients after normalization.

The D—-PAFC -algorithm was applied directly to the matrix of normalized correlation

coefficients. The principal allotment R}’;W (X) among two fuzzy clusters was obtained.

Results of the application are presented in Table 5.

Class Attributes
),(\7 1 )’(\f 2 )2 3 )’(\f 4

1 0.0000 | 1.0000 | 0.0000 | 0.0000
2 0.9102 | 0.0000 | 1.0000 | 0.9740

Table 5. The results of D-PAFC-algorithm application: the attribute assignment.

By executing the D—-PAFC -algorithm we obtain two fuzzy clusters in the principal
allotment R)*'**(X) . The second feature %* is the typical point of the first fuzzy cluster and

the third feature %* is the typical point of the second fuzzy cluster.

So, features %> and %’ can be selected as most informative indexes and the two-
dimensional projection of the Anderson’s Iris data can be constructed. The projection is
presented in Figure 3.

Two well-separated classes are visualized. The first class corresponds to Iris Setosa. The
second class corresponds Iris Versicolor and Iris Virginica. Objects known to be Iris Setosa
are represented by m in Figure 3, while those known to be Iris Versicolor are represented by o
in Figure 3, and Iris Virginica are represented by x. Obviously, the approach to the data
visualization can be very useful in the exploratory data analysis.

Notable that the result is similar to the result, obtained from conventional principal
component analysis [10]. An interpretation of the obtained principal components can be made
on a basis of the factor loading. The factor loading is defined as a correlation coefficient

between v -th principal component z, and the 7 -th attribute &', 7 =1,...,m as follows [10]:
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f(z,.8) =

coviz,,x'}

Wiy

(14)

where V{z,} is variance of z, V{%'} is variance of %', and cov{z,,%'} is covariance

between z, and %'. f(z,,X")
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Figure 3. Two-dimensional projection of the Anderson’s Iris data.

In Table 6, each value shows the value of the factor loadings (14) which can show the
relationship between each principal component and each attribute.

Attributes Principal components
z z, z, z,
3! 0.89 | 0.36| 0.28 | 0.04
32 -0.46 | 0.88 | -0.09 | -0.02
33 0.99 | 0.02 | -0.05 | -0.12
F2 0.96 | 0.06 | -0.24 | 0.08

Table 6. Factor loading in principal component analysis.

From the results, we can see how each component is explained by the attributes. This is

related to the interpretation of each component.
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In Table 6, the first principal component is mainly explained by the attributes, sepal
length, petal length, and petal width. Moreover, we can see a high correlation between the
second principal component and the attribute sepal width.

From the comparison between the results of Tables 5 and 6, we can see like results. In
particular, values of the membership function of the first fuzzy cluster of the principal

allotment RS’”"Z (X) can be interpreted as normalized values of the factor loadings
f(z,,%"), t=1,...,4 in Table 6 and values of the membership function of the second fuzzy
cluster of the principal allotment Rp°'"(X) can be considered as normalized values of the

factor loadings f(z,,%"), ¢ =1,...,4 in Table 6.

5. Final Remarks

In conclusion it should be said that the concept of fuzzy cluster and allotment have an
epistemological motivation. That is why the results of application of the possibilistic
clustering method based on the allotment concept can be very well interpreted. Moreover, the
possibilistic clustering method based on the allotment concept depends on the set of adequate
allotments only. That is why the clustering results are stable.

The D—-PAFC -algorithm of possibilistic clustering is proposed in the paper. The

algorithm is based on the concept of the principal allotment among fuzzy clusters and an
unknown minimal number of compact and well-separated fuzzy clusters is the result of
classification. The result can be very useful in the exploratory data analysis. Moreover, the
D—PAFC -algorithm does not depend on parameters and can be applied directly to the data

given as the matrix of tolerance coefficients. This means that it can be used with the objects
by attributes data, by choosing a suitable metric to measure similarity or it can be used in
situations where objects by objects proximity data is available. The results of application of
the D—PAFC -algorithm to the Tamura’s portrait data show that the D—PAFC -algorithm is a

precise and effective numerical procedure for solving classification problem.
A methodology of application of the D—PAFC -algorithm to the problem of reduction of

feature space dimensionality and feature selection is proposed as well. The methodology can
be considered as a version of the method of extremal grouping of features. The result of
application of the methodology to the Anderson’s Iris data shows that the methodology is a
simple and effective tool for dimensionality reduction and can be applied for data
visualization.

The D—-AFC(c)-algorithm can be applied for a selection of subset of most appropriate

weak fuzzy preference relations from the set of all weak fuzzy preference relations in group
decision process [16]. However, the proposed D—PAFC -algorithm is seems as a more

appropriate numerical procedure for solving the problem of discriminating fuzzy preference
relations, because a problem of cluster validity can be solved immediately.
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